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Solutions for Section 1.1 


1.1 SOLUTIONS 1 


CHAPTER ONE 


Exercises 





1. 


10. 


11. 


12. 


Since t represents the number of years since 1970, we see that f(35) represents the population of the city in 2005. In 
2005, the city’s population was 12 million. 
Since T = f(P), we see that f(200) is the value of T when P = 200; that is, the thickness of pelican eggs when the 
concentration of PCBs is 200 ppm. 
If there are no workers, there is no productivity, so the graph goes through the origin. At first, as the number of workers 
increases, productivity also increases. As a result, the curve goes up initially. At a certain point the curve reaches its highest 
level, after which it goes downward; in other words, as the number of workers increases beyond that point, productivity 
decreases. This might, for example, be due either to the inefficiency inherent in large organizations or simply to workers 
getting in each other’s way as too many are crammed on the same line. Many other reasons are possible. 
The slope is (1 — 0)/(1 — 0) = 1. So the equation of the line is y = x. 
The slope is (3 — 2)/(2 — 0) = 1/2. So the equation of the line is y = (1/2)a + 2. 
Using the points (—2, 1) and (2, 3), we have 
3-1 2 1 
Sl = =~ = -=-. 
a2) 4 


Now we know that y = (1/2) + b. Using the point (—2,1), we have 1 = —2/2 + b, which yields b = 2. Thus, the 
equation of the line is y = (1/2)a + 2. 





Slope = = 2 so the equation is y — 6 = 2(x — 2) or y = 2a 4 2. 


2—(-1) 
“a3 : 5 a) ae . 
Rewriting the equation as y = — 3% + 4 shows that the slope is — 3 and the vertical intercept is 4. 


Rewriting the equation as 


__2,,2 
ener a, 


shows that the line has slope —12/7 and vertical intercept 2/7. 


Rewriting the equation of the line as 


1 
y= 52+ 2, 


we see the line has slope 1/2 and vertical intercept 2. 


Rewriting the equation of the line as 


we see that the line has slope 2 and vertical intercept —2/3. 


(a) is (V), because slope is positive, vertical intercept is negative 
(b) is (IV), because slope is negative, vertical intercept is positive 
(c) is (1), because slope is 0, vertical intercept is positive 

(d) is (VI), because slope and vertical intercept are both negative 
(e) is (ID), because slope and vertical intercept are both positive 
(f) is CIID), because slope is positive, vertical intercept is 0 





13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 
22. 


23. 


24. 
25. 
26. 
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(a) is (V), because slope is negative, vertical intercept is 0 
(b) is (VI), because slope and vertical intercept are both positive 
(c) is (1), because slope is negative, vertical intercept is positive 
(d) is (IV), because slope is positive, vertical intercept is negative 
(e) is (III), because slope and vertical intercept are both negative 
(f) is (II), because slope is positive, vertical intercept is 0 
The intercepts appear to be (0, 3) and (7.5, 0), giving 

6 


3 
SI i ee 
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The y-intercept is at (0, 3), so a possible equation for the line is 


2 


(Answers may vary.) 
y—c=m(a—a) 
Given that the function is linear, choose any two points, for example (5.2, 27.8) and (5.3, 29.2). Then 


99-278 14 _ 


53-52 O01 = 


Slope = 


Using the point-slope formula, with the point (5.2, 27.8), we get the equation 
y — 27.8 = 14(a — 5.2) 


which is equivalent to 
y = 14” — 45. 


y = 5x — 3. Since the slope of this line is 5, we want a line with slope —4 passing through the point (2, 1). The equation 
is (y—1) =—}(e—-2),ory=—}a+ f. 


The line y + 42 = 7 has slope —4. Therefore the parallel line has slope —4 and equation y — 5 = —4(ax — 1) or 
y = —4a + 9. The perpendicular line has slope ey = + and equation y — 5 = +(x 1) or y = 0.252 + 4.75. 








The line parallel to y = ma + calso has slope m, so its equation is 
y=m(rx—a) +b. 


The line perpendicular to y = maz + c has slope —1/™m, so its equation will be 
1 (@—a) +b 
= —-—(x—- : 
7 m 
Since the function goes from z = 0 to x = 4 and between y = 0 and y = 2, the domain is 0 < a < 4 and the range is 


O<y<2. 
Since x goes from | to 5 and y goes from | to 6, the domain is 1 < 2 < 5 and the range is 1 < y <6. 


Since the function goes from x = —2 to x = 2 and from y = —2 to y = 2, the domain is —2 < x < 2 and the range is 
—2<y<2. 
Since the function goes from x = 0 to x = 5 and between y = 0 and y = 4, the domain is 0 < a < 5 and the range is 


O<sy<4 


The domain is all numbers. The range is all numbers > 2, since x > 0 for all x. 


Sead : : ‘ 1 
The domain is all x-values, as the denominator is never zero. The range is 0 < y < 3 


The value of f(t) is real provided t? — 16 > 0 or t? > 16. This occurs when either t > 4, or t < —4. Solving f(t) = 3, 


we have 
ft? -16=3 
??-16=9 
t? = 25 


1.1 SOLUTIONS 3 


so 





‘ Ag 
27. We have V = kr®. You may know that V = 37 


28. If distance is d, then v = <. 


29. For some constant k, we have S = kh?. 
30. We know that E is proportional to v*, so E = kv®, for some constant k. 


31. We know that N is proportional to 1//?, so 


k 
N= pz for some constant k. 


Problems 





32. The year 1983 was 25 years before 2008 so 1983 corresponds to tf = 25. Thus, an expression that represents the statement 
is: 


f(25) = 7.019 


33. The year 2008 was 0 years before 2008 so 2008 corresponds to t = 0. Thus, an expression that represents the statement 
is: 


f (0) meters. 


34. The year 1965 was 2008 — 1865 = 143 years before 2008 so 1965 corresponds to t = 143. Similarly, we see that the 
year 1911 corresponds to t = 97. Thus, an expression that represents the statement is: 


f(143) = (97) 


35. Since t = 1 means one year before 2008, then t = 1 corresponds to the year 2007. Similarly, £ = O corresponds to 
the year 2008. Thus, f(1) and f(0) are the average annual sea level values, in meters, in 2007 and 2008, respectively. 
Because | millimeter is the same as 0.001 meters, an expression that represents the statement is: 


(0) = f(1) + 0.001. 


Note that there are other possible equivalent expressions, such as: f(1) — f(0) = 0.001. 


36. (a) Each date, t, has a unique daily snowfall, S, associated with it. So snowfall is a function of date. 

(b) On December 12, the snowfall was approximately 5 inches. 

(c) On December 11, the snowfall was above 10 inches. 

(d) Looking at the graph we see that the largest increase in the snowfall was between December 10 to December 11. 
37. (a) When the car is 5 years old, it is worth $6000. 

(b) Since the value of the car decreases as the car gets older, this is a decreasing function. A possible graph is in Figure 1.1: 


V (thousand dollars) 


(5, 6) 








a (years 


Figure 1.1 


(c) The vertical intercept is the value of V when a = 0, or the value of the car when it is new. The horizontal intercept 
is the value of a when V = 0, or the age of the car when it is worth nothing. 


38. 


39. 


40. 


41. 


42. 
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(a) The story in (a) matches Graph (IV), in which the person forgot her books and had to return home. 

(b) The story in (b) matches Graph (ID), the flat tire story. Note the long period of time during which the distance from 
home did not change (the horizontal part). 

(c) The story in (c) matches Graph (III), in which the person started calmly but sped up later. 

The first graph (I) does not match any of the given stories. In this picture, the person keeps going away from home, 

but his speed decreases as time passes. So a story for this might be: J started walking to school at a good pace, but since I 

stayed up all night studying calculus, I got more and more tired the farther I walked. 

(a) f(30) = 10 means that the value of f at t = 30 was 10. In other words, the temperature at time t = 30 minutes was 
10°C. So, 30 minutes after the object was placed outside, it had cooled to 10 °C. 

(b) The intercept a measures the value of f(t) when ¢ = 0. In other words, when the object was initially put outside, 
it had a temperature of a°C. The intercept b measures the value of t when f(t) = 0. In other words, at time b the 
object’s temperature is 0 °C. 

(a) The height of the rock decreases as time passes, so the graph falls as you move from left to right. One possibility is 
shown in Figure 1.2. 


S (meters) 


t (sec) 


Figure 1.2 


(b) The statement f(7) = 12 tells us that 7 seconds after the rock is dropped, it is 12 meters above the ground. 
(c) The vertical intercept is the value of s when t = 0; that is, the height from which the rock is dropped. The horizontal 
intercept is the value of t when s = 0; that is, the time it takes for the rock to hit the ground. 


(a) We find the slope m and intercept b in the linear equation C' = b + mw. To find the slope m, we use 


_ AC _ 1232-8 


m= Au 68232 7 0.12 dollars per gallon. 


We substitute to find b: 
C=b+mw 


8 = b+ (0.12) (32) 
b = 4.16 dollars. 





The linear formula is C = 4.16 + 0.12w. 
(b) The slope is 0.12 dollars per gallon. Each additional gallon of waste collected costs 12 cents. 
(c) The intercept is $4.16. The flat monthly fee to subscribe to the waste collection service is $4.16. This is the amount 
charged even if there is no waste. 
We are looking for a linear function y = f(a) that, given a time x in years, gives a value y in dollars for the value of the 
refrigerator. We know that when x = 0, that is, when the refrigerator is new, y = 950, and when x = 7, the refrigerator 
is worthless, so y = 0. Thus (0,950) and (7, 0) are on the line that we are looking for. The slope is then given by 


_ 950 
— =7 

It is negative, indicating that the value decreases as time passes. Having found the slope, we can take the point (7, 0) and 
use the point-slope formula: 


m 


y— yi = m(z — 21). 
So, 


1.1 SOLUTIONS 5 


43. (a) The first company’s price for a day’s rental with m miles on it is Ci(m) = 40 + 0.15m. Its competitor’s price for a 
day’s rental with m miles on it is C2(m) = 50 + 0.10m. 
(b) See Figure 1.3. 


C (cost in dollars) 











150 Giga) 
100 
50 
0 : ‘— m (miles) 
200 400 600 800 
Figure 1.3 


(c) To find which company is cheaper, we need to determine where the two lines intersect. We let C; = C2, and thus 
40 + 0.15m = 50 + 0.10m 
0.05m = 10 
m = 200. 


If you are going more than 200 miles a day, the competitor is cheaper. If you are going less than 200 miles a day, the 
first company is cheaper. 





: A$ 55 — 40 
44. (a) Charge per cubic foot = Rafi ~ 1600-1000 ~ $0.025/cu. ft. 
Alternatively, if we let c = cost, w = cubic feet of water, b = fixed charge, and m = cost/cubic feet, we obtain 
c= b+ mw. Substituting the information given in the problem, we have 
40 = b+ 1000m 
55 = b+ 1600m. 
Subtracting the first equation from the second yields 15 = 600m, so m = 0.025. 
(b) The equation is c = b + 0.025w, so 40 = 6b + 0.025(1000), which yields b = 15. Thus the equation is c = 
15 + 0.025w. 
(c) We need to solve the equation 100 = 15 + 0.025w, which yields w = 3400. It costs $100 to use 3400 cubic feet of 


water. 


45. See Figure 1.4. 


driving speed 





time 


Figure 1.4 


46. See Figure 1.5. 


distance driven 





time 


Figure 1.5 
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47. See Figure 1.6. 


distance from exit 





time 


Figure 1.6 


48. See Figure 1.7. 


49. 


50. 


51. 


52. 


(a) 


(b) 


(c) 


(a) 


(b) 


(b) 


distance between cars 





distance driven 


Figure 1.7 


(i) f(1985) = 13 
(ii) f(1990) = 99 
The average yearly increase is the rate of change. 
f(1990) — f(1985) 99 — 13 


Yearly increase = joj SO 17.2 billionaires per year. 


Since we assume the rate of increase remains constant, we use a linear function with slope 17.2 billionaires per year. 
The equation is 
f(t) =b4-17.2t 


where f(1985) = 13, so 
13 = b + 17.2(1985) 


b = —34,129. 
Thus, f(t) = 17.2t — 34,129. 


The largest time interval was 2008-2009 since the percentage growth rate increased from — 11.7 to 7.3 from 2008 to 
2009. This means the US consumption of biofuels grew relatively more from 2008 to 2009 than from 2007 to 2008. 
(Note that the percentage growth rate was a decreasing function of time over 2005-2007.) 

The largest time interval was 2005-2007 since the percentage growth rates were positive for each of these three 
consecutive years. This means that the amount of biofuels consumed in the US steadily increased during the three 
year span from 2005 to 2007, then decreased in 2008. 


The largest time interval was 2005-2007 since the percentage growth rate decreased from —1.9 in 2005 to —45.4 in 
2007. This means that from 2005 to 2007 the US consumption of hydroelectric power shrunk relatively more with 
each successive year. 

The largest time interval was 2004—2007 since the percentage growth rates were negative for each of these four 
consecutive years. This means that the amount of hydroelectric power consumed by the US industrial sector steadily 
decreased during the four year span from 2004 to 2007, then increased in 2008. 


The largest time interval was 2004-2006 since the percentage growth rate increased from —5.7 in 2004 to 9.7 in 
2006. This means that from 2004 to 2006 the US price per watt of a solar panel grew relatively more with each 
successive year. 

The largest time interval was 2005-2006 since the percentage growth rates were positive for each of these two 
consecutive years. This means that the US price per watt of a solar panel steadily increased during the two year span 
from 2005 to 2006, then decreased in 2007. 


53. 


54. 


55. 


56. 


57. 
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(a) Since 2008 corresponds to t = 0, the average annual sea level in Aberdeen in 2008 was 7.094 meters. 

(b) Looking at the table, we see that the average annual sea level was 7.019 fifty years before 2008, or in the year 1958. 
Similar reasoning shows that the average sea level was 6.957 meters 125 years before 2008, or in 1883. 

(c) Because 125 years before 2008 the year was 1883, we see that the sea level value corresponding to the year 1883 is 
6.957 (this is the sea level value corresponding to t = 125). Similar reasoning yields the table: 


1883 1983 | 2008 
7.019 | 7.094 





(a) We find the slope m and intercept b in the linear equation S = b + mt. To find the slope m, we use 


_ AS 66-113 


When t = 0, we have S = 113, so the intercept b is 113. The linear formula is 
S = 113 — 0.94t. 


(b) We use the formula S = 113 — 0.94t. When S = 20, we have 20 = 113 — 0.94t and so t = 98.9. If this linear 
model were correct, the average male sperm count would drop below the fertility level during the year 2038. 

(a) This could be a linear function because w increases by 5 as h increases by 1. 

(b) We find the slope m and the intercept 6 in the linear equation w = b + mh. We first find the slope m using the first 
two points in the table. Since we want w to be a function of h, we take 


ma awe 171 — 166 _5 
~ Ah 69-68 © 
Substituting the first point and the slope m = 5 into the linear equation w = b + mh, we have 166 = b + (5)(68), 


so b = —174. The linear function is 
w = 5h — 174. 


The slope, m = 5, is in units of pounds per inch. 
(c) We find the slope and intercept in the linear function h = b + mw using m = Ah/Aw to obtain the linear function 





h=0.2w + 34.8. 


Alternatively, we could solve the linear equation found in part (b) for h. The slope, m = 0.2, has units inches per 
pound. 


We will let 


T = amount of fuel for take-off, 
L = amount of fuel for landing, 
P = amount of fuel per mile in the air, 


m = the length of the trip in miles. 
Then Q), the total amount of fuel needed, is given by 


Q(m) =T+L+ Pm. 


(a) The variable costs for x acres are $2002, or 0.2 thousand dollars. The total cost, C’ (again in thousands of dollars), 


of planting «x acres is: 
C= f(x) =10+0.22. 


This is a linear function. See Figure 1.8. Since C = f(x) increases with x, f is an increasing function of x. Look 
at the values of C’ shown in the table; you will see that each time x increases by 1, C’ increases by 0.2. Because C 
increases at a constant rate as x increases, the graph of C’ against x is a line. 
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(b) See Figure 1.8 and Table 1.1. 


Table 1.1 
Cost of 
planting 
seed 


10 
10.4 
10.6 
10.8 

11 
11.2 











C (thosand $) 
a0 C=10+0.22 
5 f=. 
; ; ‘— 2 (acres) 
2 4 
Figure 1.8 


(c) The vertical intercept of 10 corresponds to the fixed costs. For C = f(x) = 10 + 0.2z, the intercept on the vertical 
axis is 10 because C = f(0) = 10 + 0.2(0) = 10. Since 10 is the value of C when x = 0, we recognize it as the 
initial outlay for equipment, or the fixed cost. 

The slope 0.2 corresponds to the variable costs. The slope is telling us that for every additional acre planted, the 
costs go up by 0.2 thousand dollars. The rate at which the cost is increasing is 0.2 thousand dollars per acre. Thus the 
variable costs are represented by the slope of the line f(a) = 10 + 0.22. 


58. See Figure 1.9. 





Distance from 
Kalamazoo 
155 
120 
— Time 
start in arrive in arrive in 
Chicago Kalamazoo Detroit 
Figure 1.9 
59. (a) The line given by (0, 2) and (1,1) has slope m = 44+ = —1 and y-intercept 2, so its equation is 
y= —24+2. 


The points of intersection of this line with the parabola y = x 


? are given by 


v= —r+2 
e+r—-2=0 


(a+ 2)(a-—1) =0. 


The solution « = 1 corresponds to the point we are already given, so the other solution, x = —2, gives the x- 
coordinate of C’. When we substitute back into either equation to get y, we get the coordinates for C’, (—2, 4). 
(b) The line given by (0, b) and (1, 1) has slope m = 2! = 1—b, and y-intercept at (0, b), so we can write the equation 


for the line as we did in part (a): 


y=(1—b)x+b. 


We then solve for the points of intersection with y = x” the same way: 


x? =(1—b)x+b 
2? —(1—b)r-—b=0 
2? +(b-1)r-—b=0 
(a + b)(«—1) =0 


Again, we have the solution at the given point (1, 1), and a new solution at z = —b, corresponding to the other point 
of intersection C’. Substituting back into either equation, we can find the y-coordinate for C is b”, and thus C is given 
by (—b, b”). This result agrees with the particular case of part (a) where b = 2. 
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60. Looking at the given data, it seems that Galileo’s hypothesis was incorrect. The first table suggests that velocity is not 
a linear function of distance, since the increases in velocity for each foot of distance are themselves getting smaller. 
Moreover, the second table suggests that velocity is instead proportional to time, since for each second of time, the 
velocity increases by 32 ft/sec. 


Strengthen Your Understanding 





61. The line y = 0.5 — 3a has a negative slope and is therefore a decreasing function. 


62. If y is directly proportional to « we have y = ka. Adding the constant 1 to give y = 2x + 1 means that y is not 
proportional to x. 


63. One possible answer is f(a) = 2a + 3. 


64. One possible answer is g = Parr 
Pp 


65. False. A line can be put through any two points in the plane. However, if the line is vertical, it is not the graph of a 
function. 


66. True. Suppose we start at x = 21 and increase x by 1 unit to 2; + 1. If y = b+ mz, the corresponding values of y are 
b+ may and b+ m(a1 + 1). Thus y increases by 


Ay = 64+ m(a1 + 1) — (b+ ma1) =m. 


67. False. For example, let y = x + 1. Then the points (1, 2) and (2, 3) are on the line. However the ratios 
3 
—=2 d ~=1. 
an 5 


are different. The ratio y/a is constant for linear functions of the form y = mz, but not in general. (Other examples are 
possible.) 


68. False. For example, if y = 42 +1 (so m = 4) and x = 1, then y = 5. Increasing x by 2 units gives 3, so y = 4(3) +1 = 
13. Thus, y has increased by 8 units, not 4 + 2 = 6. (Other examples are possible.) 


69. (b) and (c). For g(a) = \/2, the domain and range are all nonnegative numbers, and for h(a) = «3, the domain and range 
are all real numbers. 


Solutions for Section 1.2 


Exercises 





The graph shows a concave up function. 

The graph shows a concave down function. 

This graph is neither concave up or down. 

The graph is concave up. 

Initial quantity = 5; growth rate = 0.07 = 7%. 

Initial quantity = 7.7; growth rate = —0.08 = —8% (decay). 

Initial quantity = 3.2; growth rate = 0.03 = 3% (continuous). 

Initial quantity = 15; growth rate = —0.06 = —6% (continuous decay). 


Since e®?°' = (ene) (1.2840), we have P = 15(1.2840)*. This is exponential growth since 0.25 is positive. We 
can also see that this is growth because 1.2840 > 1. 


Since e~°-°! = (e~°°)' = (0.6065)', we have P = 2(0.6065)’. This is exponential decay since —0.5 is negative. We 
can also see that this is decay because 0.6065 < 1. 


. P = Po(e®?)' = Po(1.2214)*. Exponential growth because 0.2 > 0 or 1.2214 > 1. 
. P=7(e~")' = 7(0.0432)*. Exponential decay because —7 < 0 or 0.0432 < 1. 


eS Se ae SN 
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13. 


14. 


15. 


16. 


17. 


18. 
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(a) Let Q = Qoa’. Then Qoa® = 75.94 and Qoa” = 170.86. So 


Qoa” 170.86 ' 
oe oe 














Soa = 1.5. 
(b) Since a = 1.5, the growth rate is r = 0.5 = 50%. 


(a) Let Q = Qoa’. Then Qoa?®? = 25.02 and Qoa®®? = 25.06. So 


0.05 
Qoa* _ 25.06 1.001 — a°:°3, 
Qoar ~ 35.02 








So 
100 
a = (1.001)3 = 1.05. 


(b) Since a = 1.05, the growth rate is r = 0.05 = 5%. 


(a) The function is linear with initial population of 1000 and slope of 50, so P = 1000 + 50¢. 
(b) This function is exponential with initial population of 1000 and growth rate of 5%, so P = 1000(1.05)'. 


(a) This is a linear function with slope —2 grams per day and intercept 30 grams. The function is Q = 30 — 2t, and the 
graph is shown in Figure 1.10. 











Q (grams) Q (grams) 
30 
Q = 30 — 2t 
t (days) t (days) 
15 
Figure 1.10 Figure 1.11 


(b) Since the quantity is decreasing by a constant percent change, this is an exponential function with base 1 — 0.12 = 
0.88. The function is Q = 30(0.88)’, and the graph is shown in Figure 1.11. 


The function is increasing and concave up between D and E, and between H and J. It is increasing and concave down 
between A and B, and between F and F’. It is decreasing and concave up between C' and D, and between G and H. 
Finally, it is decreasing and concave down between B and C, and between F’ and G 


(a) It was decreasing from March 2 to March 5 and increasing from March 5 to March 9. 
(b) From March 5 to 8, the average temperature increased, but the rate of increase went down, from 12° between March 
5 and 6 to 4° between March 6 and 7 to 2° between March 7 and 8. 
From March 7 to 9, the average temperature increased, and the rate of increase went up, from 2° between March 
7 and 8 to 9° between March 8 and 9. 


Problems 





19. 


20. 


(a) A linear function must change by exactly the same amount whenever x changes by some fixed quantity. While h(x) 
decreases by 3 whenever «x increases by 1, f(x) and g(x) fail this test, since both change by different amounts 
between « = —2 and 2 = —1 and between « = —1 and x = O. So the only possible linear function is h(x), so it 
will be given by a formula of the type: h(a) = ma + b. As noted, m = —3. Since the y-intercept of h is 31, the 
formula for h(x) is h(a) = 31 — 3a. 

(b) An exponential function must grow by exactly the same factor whenever x changes by some fixed quantity. Here, 
g(x) increases by a factor of 1.5 whenever x increases by 1. Since the y-intercept of g(x) is 36, g(x) has the formula 
g(x) = 36(1.5)”. The other two functions are not exponential; h() is not because it is a linear function, and f(x) 
is not because it both increases and decreases. 


Table A and Table B could represent linear functions of x. Table A could represent the constant linear function y = 2.2 
because all y values are the same. Table B could represent a linear function of x with slope equal to 11/4. This is because 
x values that differ by 4 have corresponding y values that differ by 11, and x values that differ by 8 have corresponding y 
values that differ by 22. In Table C, y decreases and then increases as x increases, so the table cannot represent a linear 
function. Table D does not show a constant rate of change, so it cannot represent a linear function. 


21. 


22. 


23. 


24. 


25. 
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Table D is the only table that could represent an exponential function of x. This is because, in Table D, the ratio of y 
values is the same for all equally spaced x values. Thus, the y values in the table have a constant percent rate of decrease: 


9 4.5 2.25 

i or ae 0.5. 

Table A represents a constant function of «, so it cannot represent an exponential function. In Table B, the ratio between y 

values corresponding to equally spaced x values is not the same. In Table C, y decreases and then increases as x increases. 

So neither Table B nor Table C can represent exponential functions. 

(a) Let P represent the population of the world, and let t represent the number of years since 2010. Then we have 
P =6.91(1.011)’. 

(b) According to this formula, the population of the world in the year 2020 (at = 10) willbe P = 6.9(1.011)'° = 7.71 
billion people. 

(c) The graph is shown in Figure 1.12. The population of the world has doubled when P = 13.82; we see on the graph 
that this occurs at approximately t = 63.4. Under these assumptions, the doubling time of the world’s population is 
about 63.4 years. 


P (billion people) 


13.82 


6.91 





t (years) 





Figure 1.12 


(a) We have Po = 1 million, and k = 0.02, so P = (1,000,000) (e°°”"). 
(b) P 


1,000,000 








The doubling time t depends only on the growth rate; it is the solution to 
2S (1508), 


since 1.02! represents the factor by which the population has grown after time ¢. Trial and error shows that (1.02)?° = 
1.9999 and (1.02)°° ~ 2.0399, so that the doubling time is about 35 years. 


(a) We have 
Reduced size = (0.80) - Original size 
or ; 
Original size = 80) Reduced size = (1.25) Reduced size, 


so the copy must be enlarged by a factor of 1.25, which means it is enlarged to 125% of the reduced size. 
(b) If a page is copied n times, then 


New size = (0.80)” - Original. 
We want to solve for n so that 
(0.80)” = 0.15. 


By trial and error, we find (0.80)® = 0.168 and (0.80)° = 0.134. So the page needs to be copied 9 times. 
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26. (a) See Figure 1.13. 


27. 


28. 


29. 


30. 


(b) 


(a) 


(b) 


(a) 
(b) 
(c) 


(a) 
(b) 


(c) 


customers 





time 





Figure 1.13 


“The rate at which new people try it” is the rate of change of the total number of people who have tried the product. 
Thus, the statement of the problem is telling you that the graph is concave down—the slope is positive but decreasing, 
as the graph shows. 


Advertising is generally cheaper in bulk; spending more money will give better and better marginal results initially, 
(Spending $5,000 could give you a big newspaper ad reaching 200,000 people; spending $100,000 could give you a 
series of TV spots reaching 50,000,000 people.) See Figure 1.14. 

The temperature of a hot object decreases at a rate proportional to the difference between its temperature and the 
temperature of the air around it. Thus, the temperature of a very hot object decreases more quickly than a cooler 
object. The graph is decreasing and concave up. See Figure 1.15 (We are assuming that the coffee is all at the same 
temperature.) 


revenue temperature 











advertising time 


Figure 1.14 Figure 1.15 


This is the graph of a linear function, which increases at a constant rate, and thus corresponds to k(t), which increases 
by 0.3 over each interval of 1. 

This graph is concave down, so it corresponds to a function whose increases are getting smaller, as is the case with 
h(t), whose increases are 10, 9, 8, 7, and 6. 

This graph is concave up, so it corresponds to a function whose increases are getting bigger, as is the case with g(t), 
whose increases are 1, 2, 3, 4, and 5. 


This is a linear function, corresponding to g(x), whose rate of decrease is constant, 0.6. 

This graph is concave down, so it corresponds to a function whose rate of decrease is increasing, like h(a). (The rates 
are —0.2, —0.3, —0.4, —0.5, —0.6.) 

This graph is concave up, so it corresponds to a function whose rate of decrease is decreasing, like f(a). (The rates 
are —10, —9, —8, —7, —6.) 








Since we are told that the rate of decay is continuous, we use the function Q(t) = Qoe™ to model the decay, where Q(t) 
is the amount of strontium-90 which remains at time t, and Qo is the original amount. Then 


Q(t) -_ Ope eee", 


So after 100 years, 


and 


Q(100) = Ove ere 


Q(100) 


—2.47 : 
=e = 0.0846 
Qo 





so about 8.46% of the strontium-90 remains. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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We look for an equation of the form y = yoa” since the graph looks exponential. The points (0,3) and (2, 12) are on the 
graph, so 

3 = you = Vo 
and 





12=yo-a*? =3-a", giving a= +2. 
Since a > 0, our equation is y = 3(2”). 
We look for an equation of the form y = yoa” since the graph looks exponential. The points (—1, 8) and (1, 2) are on the 
graph, so 
8=yoa' and 2=yoa' 
8 -1 
Therefore — = 





1 
=z giving a = 3, and so 2 = yoa" =Yyo- 3, so yo = 4. 
yoa a 
Hence y = 4 (4)° = 4(27*), 
We look for an equation of the form y = yoa” since the graph looks exponential. The points (1,6) and (2, 18) are on the 
graph, so 
6= yoa' and 18= you 
2 1 
Therefore a = Hoe — = = 3, and so 6 = yoa = yo - 3; thus, yo = 2. Hence y = 2(3”). 
The difference, D, between the horizontal asymptote and the graph appears to decrease exponentially, so we look for an 
equation of the form 
D= Doa” 


where Do = 4 = difference when x = 0. Since D = 4 — y, we have 





4—y=4a" or y=4-—4a*" =4(1—-a’) 
The point (1, 2) is on the graph, so 2 = 4(1 — a‘), giving a = 3. 
Therefore y = 4(1 — ($)*) = 4(1 — 27”). 


Since f is linear, its slope is a constant 





Thus f increases 5 units for unit increase in x, so 
fl) =15, f(3)=25, (4) = 30. 
Since g is exponential, its growth factor is constant. Writing g(x) = ab”, we have g(0) = a = 10, so 
g(x) = 10-0". 
Since g(2) = 10 - b? = 20, we have b” = 2 and since b > 0, we have 
b= 9/2. 


Thus g increases by a factor of \/2 for unit increase in x, so 
g(1) = 10V2, 9(3) = 10(V2)* = 20V2,  g(4) = 10(V2)* = 40. 


Notice that the value of g(x) doubles between x = 0 and x = 2 (from g(0) = 10 to g(2) = 20), so the doubling time of 
g(x) is 2. Thus, g(a) doubles again between x = 2 and x = 4, confirming that g(4) = 40. 


We see that +72 ~ 1.03, and therefore h(s) = c(1.03)°; c must be 1. Similarly + = 1.1, and so f(s) = a(1.1)°; 


a = 2. Lastly, #2 ~ 1.05, so g(s) = b(1.05)*; b & 3. 


(a) Because the population is growing exponentially, the time it takes to double is the same, regardless of the population 
levels we are considering. For example, the population is 20,000 at time 3.7, and 40,000 at time 6.0. This represents 
a doubling of the population in a span of 6.0 — 3.7 = 2.3 years. 

How long does it take the population to double a second time, from 40,000 to 80,000? Looking at the graph once 
again, we see that the population reaches 80,000 at time t = 8.3. This second doubling has taken 8.3 — 6.0 = 2.3 
years, the same amount of time as the first doubling. 

Further comparison of any two populations on this graph that differ by a factor of two will show that the time 
that separates them is 2.3 years. Similarly, during any 2.3 year period, the population will double. Thus, the doubling 
time is 2.3 years. 

(b) Suppose P = Poa’ doubles from time t to time t + d. We now have Pya't? = 2Pya’, so Poata? = 2Poa*. Thus, 
canceling Po and a‘, d must be the number such that a? = 2, no matter what t is. 
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39. 


40. 


41. 


42. 
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(a) After 50 years, the amount of money is 
P=2P. 
After 100 years, the amount of money is 
P = 2(2Po) = 4Po. 
After 150 years, the amount of money is 
P = 2(4Po) = 8Po. 


(b) The amount of money in the account doubles every 50 years. Thus in t years, the balance doubles t/50 times, so 
P= Po, 


(a) Since 162.5 = 325/2, there are 162.5 mg remaining after H hours. 
Since 81.25 = 162.5/2, there are 81.25 mg remaining H hours after there were 162.5 mg, so 2H hours after there 
were 325 mg. 
Since 40.625 = 81.25/2, there are 41.625 mg remaining H hours after there were 81.25 mg, so 3H hours after there 
were 325 mg. 
(b) Each additional H hours, the quantity is halved. Thus in ¢ hours, the quantity was halved t/H times, so 
1 t/H 
A = 325 (5) F 


(a) The quantity of radium decays exponentially, so we know Q = Qoa‘. When t = 1620, we have Q = Qo/2 so 
we = Qa, 


Thus, canceling Qo, we have 


1\ 1/1620 
a= (5) @ 


i t 
Thus the formula is Q = Qo ((3)""") = Qo © uae 
(b) After 500 years, 


1 \ 500/1620 
) = 0.80740. 


1 
Fracti ining = —.- 2 
raction remaining Oo Qo (5 
so 80.740% is left. 
Let Qo be the initial quantity absorbed in 1960. Then the quantity, Q, of strontium-90 left after t years is 
1 t/29 
Q=Qo (5) : 
Since 2010 — 1960 = 50 years, in 2010 
1 1 50/29 1 50/29 
Fraction remaining = — - Qo (5) = (5) = 0.30268 = 30.268%. 
Qo 2 2 
Direct calculation reveals that each 1000 foot increase in altitude results in a longer takeoff roll by a factor of about 1.096. 
Since the value of d when h = 0 (sea level) is d = 670, we are led to the formula 
d = 670(1.096)"/10° 


where d is the takeoff roll, in feet, and h is the airport’s elevation, in feet. 
Alternatively, we can write 
d= doa", 
where do is the sea level value of d, do = 670. In addition, when h = 1000, d = 734, so 
734 = 67001. 


Solving for a gives 


734 1/1000 
= | — = 1.00009124 

“ (io) 
so 


d = 670(1.00009124)”. 
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43. (a) Since the annual growth factor from 2005 to 2006 was 1 + 1.866 = 2.866 and 91(1 + 1.866) = 260.806, the US 
consumed approximately 261 million gallons of biodiesel in 2006. Since the annual growth factor from 2006 to 2007 
was 1 + 0.372 = 1.372 and 261(1 + 0.372) = 358.092, the US consumed about 358 million gallons of biodiesel in 
2007. 

(b) Completing the table of annual consumption of biodiesel and plotting the data gives Figure 1.16. 


Year 





Consumption of biodiesel (mn gal) 


consumption of 
biodiesel (mn gal) 
400 


200 





: t year 
2006 2008 


Figure 1.16 


44. (a) False, because the annual percent growth is not constant over this interval. 
(b) The US consumption of biodiesel more than doubled in 2005 and more than doubled again in 2006. This is because 
the annual percent growth was larger than 100% for both of these years. 
(c) The US consumption of biodiesel more than tripled in 2005, since the annual percent growth in 2005 was over 200% 


45. (a) Since the annual growth factor from 2006 to 2007 was 1 — 0.454 = 0.546 and 29(1 — 0.454) = 15.834, the US 


consumed approximately 16 trillion BTUs of hydroelectric power in 2007. Since the annual growth factor from 2005 


to 2006 was 1 — 0.10 = 0.90 and Ton = 32.222, the US consumed about 32 trillion BTUs of hydroelectric 
power in 2005. 


(b) Completing the table of annual consumption of hydroelectric power and plotting the data gives Figure 1.17. 


Year 


Consumption of hydro. power (trillion BTU) 





(c) The largest decrease in the US consumption of hydroelectric power occurred in 2007. In this year, the US consump- 
tion of hydroelectric power dropped by about 13 trillion BTUs to 16 trillion BTUs, down from 29 trillion BTUs in 
2006. 


consumption of a 
power (trillion BTU) 


35 ¢ 


25 + 





| | 
2005 2007 2009 


Figure 1.17 





year 
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46. (a) From the figure we can read-off the approximate percent growth for each year over the previous year: 


(b) 


(c) 


47. (a) 


(b) 


Year 2005 | 2006 | 2007 | 2008 | 2009 
% growth over previous yr | 25 | 50 | 30 | 60 | 29 


Since the annual growth factor from 2006 to 2007 was 1 + 0.30 = 1.30 and 


341 


——-__ = 262.31 
(1 + 0.30) 


the US consumed approximately 262 trillion BTUs of wind power energy in 2006. Since the annual growth factor 
from 2007 to 2008 was 1 + 0.60 = 1.60 and 341(1 + 0.60) = 545.6, the US consumed about 546 trillion BTUs of 
wind power energy in 2008. 

Completing the table of annual consumption of wind power and plotting the data gives Figure 1.18. 


Year 





Consumption of wind power (trillion BTU) 


The largest increase in the US consumption of wind power energy occurred in 2008. In this year the US consumption 
of wind power energy rose by about 205 trillion BTUs to 546 trillion BTUs, up from 341 trillion BTUs in 2007. 


consumption of wind ee 
energy (trillion BTU) 











700 
500 
300 
100 + 
! : year 
2007 2009 
Figure 1.18 


The US consumption of wind power energy increased by at least 40% in 2006 and in 2008, relative to the previ- 
ous year. In 2006 consumption increased by just under 50% over consumption in 2005, and in 2008 consumption 
increased by about 60% over consumption in 2007. Consumption did not decrease during the time period shown 
because all the annual percent growth values are positive, indicating a steady increase in the US consumption of wind 
power energy between 2005 and 2009. 

Yes. From 2006 to 2007 consumption increased by about 30%, which means «(1+ 0.30) units of wind power energy 
were consumed in 2007 if x had been consumed in 2006. Similarly, 


(x(1 + 0.30))(1 + 0.60) 


units of wind power energy were consumed in 2008 if x had been consumed in 2006 (because consumption increased 
by about 60% from 2007 to 2008). Since 


(x(1 + 0.30))(1 +.0.60) = x(2.08) = «(1 + 1.08), 


the percent growth in wind power consumption was about 108%, or just over 100%, in 2008 relative to consumption 
in 2006. 


Strengthen Your Understanding 





48. The function y = e 


= 5 . . . . 
0.25% is decreasing but its graph is concave up. 


49. The graph of y = 2z is a straight line and is neither concave up or concave down. 


50. 
51. 
52. 
53. 
54. 
55. 


56. 


57. 
58. 


59. 


Solutions for Section 1.3 
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One possible answer is g = 2.2(0.97)’. 

One possible answer is f(x) = 2(1.1)”. 

One possibility is y =e” — 5. 

False. The y-intercept is y = 2 + 3e~-° = 5. 

4 _+ 0, soy =5—3e * > 5. 


False. Suppose y = 5”. Then increasing x by | increases y by a factor of 5. However increasing x by 2 increases y by a 
factor of 25, not 10, since 





True, since, as t + oo, we know e— 





Bet? = 5"? = 25-5”, 





(Other examples are possible.) 


True. Suppose y = Ab® and we start at the point (1, yi), so y1 = Ab”!. Then increasing 21 by 1 gives x1 + 1, so the 
new y-value, y2, is given by 
yo = Ab™!t! = Ab™b = (Ab™)b, 


y2 = by. 
Thus, y has increased by a factor of b, so b = 3, and the function is y = A3”. 
However, if 71 is increased by 2, giving x; + 2, then the new y-value, y3, is given by 


y3 = A377? — A373? = 9A3"! = Oy. 
Thus, y has increased by a factor of 9. 
True. For example, f(a) = (0.5)” is an exponential function which decreases. (Other examples are possible.) 


True. If b > 1, then ab” — O as x2 4 —oo. If 0 < b < 1, then ab” > O as x > ow. In either case, the function 
y =a-+ab” has y = aas the horizontal asymptote. 


True, since e *' > 0ast—> oo, soy + 20 ast > co. 


Exercises 





1. 
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2. (a) y (b) 





























1.3 SOLUTIONS 


4. This graph is the graph of m(t) shifted upward by two units. See Figure 1.19. 








—4-++4 





Figure 1.19 


5. This graph is the graph of m/(t) shifted to the right by one unit. See Figure 1.20. 











Figure 1.20 


6. This graph is the graph of m/(t) shifted to the left by 1.5 units. See Figure 1.21. 











Figure 1.21 


7. This graph is the graph of m(t) shifted to the right by 0.5 units and downward by 2.5 units. See Figure 1.22. 











Figure 1.22 
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10. 


11. 


12. 


13. 


14. 
15. 
16. 
17. 
18. 


19. 


20. 
21. 
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(a) f(g(1)) =f+1)=f@)=2? =4 

(b) 9(f(1)) = 9(1?) = 91) =14+1=2 

(©) f(g(2)) = f(@+1) =(@ +1)’ 

(d) g(f(x)) = g(@”) = 27 +1 

©) f®gt) =Pt+1) 

(@) f(9(1)) = f07) = f) = VI+4 = V5 

(b) g(f(1)) = 9VIF4) = g(V5) = (V5)? = 5 

() f(g(@)) = f(@*) = va* +4 

(d) g(f(x)) = g(Ve +4) = (Ve +4 =24+4 

() fot) = (Ver OCP? =P VE+4 

(a) f(g()) = fl?) =f) =e =e 

(b) 9(f(1)) = gle") = gle) =e 

(©) f(g(x)) = f(a?) =e 

(d) 9(f(x)) = g(e*) = (e”)? =e” 

(e) f(t)g(t) = et? 

@@) f@Q) =fR-14+4)=f)=s 

(b) 9(f(1)) = 91/1) = 91) ‘i 

(c) f(g(x one = rez 

(@) g(f(e)) =9(=) =3 (= = 

(©) f(t) = 7Gt+4) =3+, 

(a) g(2+h) =(2+h)? + 2(2+h)4+3=444h +h? +44 2h43=h? +6h 411. 
(b) g(2) = 2? + 2(2) +3 =44+4+3 = 11, which agrees with what we get by substituting A = 0 into (a). 
(c) g(2+h) — g(2) = (h? +6h +11) — (11) =A? + 6h. 

(a) f+) =(t+1?+1=P 4241415074242. 

(b) f(? +1) = (41)? 415427 4141504242. 
(c) f(2)=2?+1=5. 

(d) 2f(t) : 





> 
@ 
LY 
— 
Ss 
— 
a 





)= (241)? — 2? =2241. 
z)=(z+h)? — 2? =2zh+h?. 
)=2?—(z—h)* = 2zh—h?. 
m(z+h) —m(z—h) = (z+ h)? —(z—h)? = 2? + Qhe +h? — (2? — 2hz +h?) = 4hz. 
(a) f(25) is g corresponding to p = 25, or, in other words, the number of items sold when the price is 25. 
(b) f~*(30) is p corresponding to g = 30, or the price at which 30 units will be sold. 


(a) f(10,000) represents the value of C' corresponding to A = 10,000, or in other words the cost of building a 10,000 
square-foot store. 

(b) f~'(20,000) represents the value of A corresponding to C = 20,000, or the area in square feet of a store which 
would cost $20,000 to build. 


f~*(75) is the length of the column of mercury in the thermometer when the temperature is 75°F. 























(a) The equation is y = 2x” + 1. Note that its graph is narrower than the graph of y = x which appears in gray. See 
Figure 1.23. 


y = 202 41 y = 2(a2 +1) 
] 

















Figure 1.23 Figure 1.24 
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(b) y= 2(x? + 1) moves the graph up one unit and then stretches it by a factor of two. See Figure 1.24. 
(c) No, the graphs are not the same. Since 2(x? + 1) = (2x7 + 1) + 1, the second graph is always one unit higher than 
the first. 


22. Figure 1.25 shows the appropriate graphs. Note that asymptotes are shown as dashed lines and x- or y-intercepts are 
shown as filled circles. 


(a) 
































Figure 1.25 


23. The function is not invertible since there are many horizontal lines which hit the function twice. 
24. The function is not invertible since there are horizontal lines which hit the function more than once. 


25. Since a horizontal line cuts the graph of f(x) = 2? + 3a + 2 two times, f is not invertible. See Figure 1.26. 














Figure 1.26 
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26. Since a horizontal line cuts the graph of f(x) = a? — 5a + 10 three times, f is not invertible. See Figure 1.27. 


y 


f(z) = 2° — 52410 











Figure 1.27 


27. Since any horizontal line cuts the graph once, f is invertible. See Figure 1.28. 





y 
f(x) = 2° +52 +10 
y = 30 
xv 
y=-19 








Figure 1.28 


28. 





f(—a) = (-a)* + (-2)? +1=2° —a° +1, 
Since f(—«x) # f(a) and f(—«) A — f(x), this function is neither even nor odd. 
29. 





f(x) = (-2)? + (-a)? + (-2) = -2? +2? - a. 
Since f(—ax) # f(a) and f(—«x) A — f(x), this function is neither even nor odd. 


30. Since 
f(-a) = (-2)* - (-2)? +3 =2*- 2? +3 = f(a), 





we see f is even 
31. Since 
f(-2) = (-a)? +1=-2° +1, 
we see f(—x) # f(x) and f(—x) # —f(x), so f is neither even nor odd 
32. Since 











f(-a) = 2(-a) = —22 = —f(x), 


we see f is odd. 


33. 


34. 


35. 
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Since 


we see f is even. 


Since 





we see f is odd 


Since 
f(-2) =e" +2, 


we see f(—a) # f(x) and f(—x) # —f(x), so f is neither even nor odd 





Problems 

36. f(x) =27, g(x)=a41. 
37. f(z) =a4+1, g(x) =2". 
38. f(r) = Va, g(x)=a?+4 
39. f(x) =e", g(x) = 2x 


40. 


41. 


42. 


43. 


44. 
45. 


46. 


47. 
48. 
49. 


This looks like a shift of the graph y = —x”. The graph is shifted to the left 1 unit and up 3 units, so a possible formula 

isy = —(a#+ 1)? +3. 

This looks like a shift of the graph y = «:°. The graph is shifted to the right 2 units and down | unit, so a possible formula 

isy = (w—2)?-1. 

(a) We find f~*(2) by finding the a value corresponding to f(a) = 2. Looking at the graph, we see that f~'(2) = —1. 

(b) We construct the graph of f~*(a) by reflecting the graph of f(a:) over the line y = x. The graphs of f~*(a) and 
f(a) are shown together in Figure 1.29. 











Figure 1.29 


Values of f~' are as follows 


1 





The domain of f~* is the set consisting of the integers {3, —7, 19, 4, 178, 2, 1}. 
f is an increasing function since the amount of fuel used increases as flight time increases. Therefore f is invertible. 


Not invertible. Given a certain number of customers, say f(t) = 1500, there could be many times, t, during the day at 
which that many people were in the store. So we don’t know which time instant is the right one. 


Probably not invertible. Since your calculus class probably has less than 363 students, there will be at least two days in 
the year, say a and b, with f(a) = f(b) = 0. Hence we don’t know what to choose for f~'(0). 


Not invertible, since it costs the same to mail a 50-gram letter as it does to mail a 51-gram letter. 
The volume of the balloon t minutes after inflation began is: g(f(t)) ft®. 


The volume of the balloon if its radius were twice as big is: g(2r) ft®. 


24 Chapter One /SOLUTIONS 


50. The time elapsed is: f~'(30) min. 

51. The time elapsed is: f~'(g~*(10,000)) min. 

52. We have v(10) = 65 but the graph of wu only enables us to evaluate u(x) for 0 < a < 50. There is not enough information 
to evaluate u(v(10)). 

53. We have approximately v(40) = 15 and u(15) = 18 so u(v(40)) = 18. 

54. We have approximately u(10) = 13 and v(13) = 60 so v(u(10)) = 60. 

55. We have u(40) = 60 but the graph of v only enables us to evaluate v(x) for 0 < x2 < 50. There is not enough information 
to evaluate v(u(40)). 


56. (a) Yes, f is invertible, since f is increasing everywhere. 
(b) The number f~+(400) is the year in which 400 million motor vehicles were registered in the world. From the picture, 
we see that f~' (400) is around 1979. 
(c) Since the graph of f~’ is the reflection of the graph of f over the line y = x, we get Figure 1.30. 

































































‘65 (millions) 
200 400 600 800 1000 


Figure 1.30: Graph of f—! 


57. f(g(1)) = f(2) © 0.4. 
58. g(f(2))  g(0.4) +1 


59. f(fQ)) =f 
60. Computing f 


—_~ 


g(x)) as in Problem 57, we get Table 1.2. From it we graph f(g(a)) in Figure 1.31. 


Table 1.2 
f(g(2)) 












































—3 





0.1 Figure 1.31 


61. Using the same way to compute g(f(x)) as in Problem 58, we get Table 1.3. Then we can plot the graph of g(f(a)) in 
Figure 1.32. 
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Table 1.3 


g(f(x)) 





9(f(2)) 









































2 —3 





2.2 Figure 1.32 


62. Using the same way to compute f(f(a)) as in Problem 59, we get Table 1.4. Then we can plot the graph of f(f(a)) in 
Figure 1.33. 


63. 


(a) 
(b) 
(c) 


(d) 


Table 1.4 
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—3 
Figure 1.33 


The graph shows that f(15) is approximately 48. So, the place to find find 15 million-year-old rock is about 48 
meters below the Atlantic sea floor. 

Since f is increasing (not decreasing, since the depth axis is reversed!), f is invertible. To confirm, notice that the 
graph of f is cut by a horizontal line at most once. 

Look at where the horizontal line through 120 intersects the graph of f and read downward: f~*(120) is about 35. 
In practical terms, this means that at a depth of 120 meters down, the rock is 35 million years old. 

First, we standardize the graph of f so that time and depth are increasing from left to right and bottom to top. Points 
(t,d) on the graph of f correspond to points (d,t) on the graph of f~*. We can graph f+ by taking points from 
the original graph of f, reversing their coordinates, and connecting them. This amounts to interchanging the t and d 
axes, thereby reflecting the graph of f about the line bisecting the 90° angle at the origin. Figure 1.34 is the graph of 
f~'. (Note that we cannot find the graph of f~' by flipping the graph of f about the line t = d in because t and d 
have different scales in this instance.) 
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64. 


65. 


66. 


67. 
68. 
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Figure 1.34: Graph of f, reflected to give that of f~! 





The tree has B = y — 1 branches on average and each branch has n = 2B? — B = 2(y — 1)? — (y — 1) leaves on 
average. Therefore 





Average number of leaves = Bn = (y — 1)(2(y — 1)? — (y—1)) = 2(y— 1)? — (y- 1)”. 


The volume, V, of the balloon is V = arr’. When ¢ = 3, the radius is 10 cm. The volume is then 


V= =7(10") 





40007 3 
= cm”. 


(a) The function f tells us C' in terms of q. To get its inverse, we want q in terms of C’, which we find by solving for q: 


C = 100 + 29, 
C — 100 = 2g, 
C= 100. 2 
q=—5— =f '(C). 


(b) The inverse function tells us the number of articles that can be produced for a given cost. 


Since Q = S — Se", the graph of Q is the reflection of y about the t-axis moved up by S units. 
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69. 
70. 
71. 
72. 
73. 
74. 





The graph of f(a) = —(a + 1)° is the graph of g(2) = —x® shifted left by 1 unit. 
Since f(g(x)) = 3(—3a — 5) +5 9x — 10, we see that f and g are not inverse functions. 











While y = 1/a is sometimes referred to as the multiplicative inverse of x, the inverse of f is f~'(a) = 2. 
One possible answer is g(a) = 3 + x. (There are many answers.) 

One possibility is f (2) = x? + 2. 

Let f(x) = 32, then f~'(x) = 2/3. Then for 2 > 0, we have f(x) > f~'(a). 


75. 


76. 


77. 


78. 


79. 


80. 
81. 
82. 


83. 


84. 
85. 
86. 


87. 


Solutions for Section 1.4 
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We have 
g(a) = f(x + 2) 
because the graph of g is obtained by moving the graph of f to the left by 2 units. We also have 


g(x) = f(x) +3 


because the graph of g is obtained by moving the graph of f up by 3 units. Thus, we have f(a+2) = f(x) +3. The graph 
of f climbs 3 units whenever x increases by 2. The simplest choice for f is a linear function of slope 3/2, for example 
f(x) = 1.52, so g(a) = 1.5” + 3. 

True. The graph of y = 10” is moved horizontally by h units if we replace « by x — h for some number h. Writing 
100 = 10°, we have f(x) = 100(10”) = 10? - 10” = 10°*?. The graph of f(a) = 10°*? is the graph of g(a) = 10” 
shifted two units to the left. 

True. If f is increasing then its reflection about the line y = z is also increasing. An example is shown in Figure 1.35. 
The statement is true. 











Figure 1.35 
True. If f(x) is even, we have f(a) = f(—z) for all x. For example, f(—2) = f(2). This means that the graph of f(z) 
intersects the horizontal line y = f(2) at two points, 2 = 2 and 2 = —2. Thus, f has no inverse function. 


False. For example, f(x) = x and g(x) = x? are both odd. Their inverses are f~! (2) = x and g~'(ax) = «7°. 


False. For x < 0, as x increases, x decreases, so e7”” increases. 

True. We have g(—) = g(x) since g is even, and therefore f(g(—x)) = f(g(a)). 

False. A counterexample is given by f(a) = x? and g(a) = x +1. The function f(g(x)) = (a + 1)? is not even because 
f(g(1)) = 4 and f(g(—1)) =0 44. 

True. The constant function f(a) = 0 is the only function that is both even and odd. This follows, since if f is both even 
and odd, then, for all x, f(—x) = f(x) (if f is even) and f(—x) = — f(a) (if f is odd). Thus, for all x, f(x) = — f(a) 
i.e. f(a) = 0, for all x. So f(a) = 0 is both even and odd and is the only such function. 


Let f(x) = x and g(x) = —2x. Then f(x) + g(x) = —a, which is decreasing. Note f is increasing since it has positive 
slope, and g is decreasing since it has negative slope. 

This is impossible. If a < 6, then f(a) < f(b), since f is increasing, and g(a) > g(b), since g is decreasing, so 
—g(a) < —g(b). Therefore, if a < 6, then f(a) — g(a) < f(b) — g(b), which means that f(a) + g(x) is increasing. 
Let f(a) = e” and let g(x) = e~*”. Note f is increasing since it is an exponential growth function, and g is decreasing 
since it is an exponential decay function. Then f(2)g(a) =e”, which is decreasing. 


This is impossible. As x increases, g(x) decreases. As g(x) decreases, so does f(g(x)) because f is increasing (an 
increasing function increases as its variable increases, so it decreases as its variable decreases). 


Exercises 





1. 


Using the identity e'™* = x, we have e™C/?) = 5. 
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2. Using the identity 10'°°” = x, we have 
10°45) = AB 


Ina 


3. Using the identity e'"” = x, we have 5A”. 
4. Using the identity In (e”) = x, we have 2AB. 


5. Using the rules for In, we have 


In (-) +mAB=In1l—-Ine+mnA+InB 


=0-14+mA+lnB 
=-14+mA+4InB. 





6. Using the rules for In, we have 2A + 3e In B. 
7. Taking logs of both sides 


log 3" = xlog3 = log 11 





8. Taking logs of both sides 


log 17* = log 2 
x log 17 = log2 


9. Isolating the exponential term 


20 = 50(1.04)" 


20 
= (Lo*, 
5p 7 (1.04) 


Taking logs of both sides 
2 x 
log 3s log(1.04) 


2 
log = x log(1.04) 


_ - bs(2/5) 


inion 


10. 


Ne Sp 


Taking logs of both sides 


we ($) =e (9) 


log(4/7) 
log(5/3) ns 


11 


12. 


13 


14. 


15 


16. 


17 


18. 


19. ¢ 
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. To solve for x, we first divide both sides by 5 and then take the natural logarithm of both sides. 


7 e022 


5 
In(7/5) = 0.20 
In(7/5) 
oT © 1.68. 





In(2”) = In(e**") 
xln2 = (x+1)Ine 
tin2=a2+4+1 
0.693x = 2+ 
©= 693-1 & —3.26 
. To solve for x, we first divide both sides by 600 and then take the natural logarithm of both sides. 


50 _ 2 0.4a 
600 © 
In(50/600) = —0.4x 
, — 1n(50/600) 








= 6.212. 
—0.4 e 
In(2e*”) = In(4e°”) 
In2 + In(e”) = In4 + In(e*”) 
0.693 + 3a = 1.386 + 5x 
x = —0.347 
. Using the rules for In, we get 
In7*t? = Ine’ 
(a + 2)In7 = 17x 
a(In7 — 17) = —2In7 
—2\n7 
mead 
In(10"*3) = In(5e’~*) 
(x + 3)In10 = In5+4+ (7-2) Ine 
2.303(a + 3) = 1.609 + (7 — x) 
3.3032 = 1.609 + 7 — 2.303(3) 
x = 0.515 
. Using the rules for In, we have 
22 —-1=2” 
x? —22+1=0 
(a —1)? =0 
g=1. 


4e??-3 —~e 45 
In4 + In(e?”~*) = In(e +5) 
1.3863 + 2a — 3 = 2.0436 
x = 1.839. 
_ loga 
log b’ 
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20 , — 08 (a) _ log P — log Po 
“"loga log a ‘ 


21. Taking logs of both sides yields 





Q 
, — 08 (a) 
loga ~ 
Hence A 
, — 08 (aa) _ log Q — log Qo 
nloga nloga , 
22. Collecting similar terms yields 
(3) -# 
b/ Py 
Hence é 
= log (22) 
log ($) 
a 
23. t=In-. 
3 ne 
n= 
24, in =kt,sot = - 


25. Since we want (1.5)' = e* = (e*)*, so 1.5 = e*, and k = In 1.5 = 0.4055. Thus, P = 15e°-4°°", Since 0.4055 is 
positive, this is exponential growth. 


26. We want 1.7 = e™ so 1.7 = e” and k = In1.7 = 0.5306. Thus P = 10€9°3°%, 
27. We want 0.9' = e** so 0.9 = e” and k = In0.9 = —0.1054. Thus P = 174e~9: 1054", 


28. Since we want (0.55) = e** = (e*)*, so 0.55 = e*, and k = In0.55 = —0.5978. Thus P = 4e~°-°°"8*, Since 
—0.5978 is negative, this represents exponential decay. 


29. If p(t) = (1.04)’, then, for p~' the inverse of p, we should have 


(1.04)? | = 4, 
p ‘(t)log(1.04) = logt, 


244 log t 
t) = ——— #38. log t. 
= pai 
30. Since f is increasing, f has an inverse. To find the inverse of f(t) = 50e°', we replace t with f~'(t), and, since 


f(f~'(t)) = t, we have 
t = 500° 1, 


We then solve for f(t): 


t = 500° 1) 


t eo-tt *(e) 


31. Using f(f~'(t)) =t, we see 


So 
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Problems 


32. 


33. 


34. 


35. 


36. 





The population has increased by a factor of 48,000,000 /40,000,000 = 1.2 in 10 years. Thus we have the formula 
P = 40,000,000(1.2)'/"°, 


and t/10 gives the number of 10-year periods that have passed since 2000. 

In 2000, t/10 = 0, so we have P = 40,000,000. 

In 2010, t/10 = 1, so P = 40,000,000(1.2) = 48,000,000. 

In 2020, t/10 = 2, so P = 40,000,000(1.2)? = 57,600,000. 

To find the doubling time, solve 80,000,000 = 40,000,000(1.2)'/1°, to get t = 38.02 years. 
In ten years, the substance has decayed to 40% of its original mass. In another ten years, it will decay by an additional 
factor of 40%, so the amount remaining after 20 years will be 100 - 40% - 40% = 16 kg. 


We can solve for the growth rate k of the bacteria using the formula P = Poe*’: 


1500 = 500e*?) 
, — §(1500/500) 
=. 


Knowing the growth rate, we can find the population P at time t = 6: 


P = 50003") 
= 13,500 bacteria. 


(a) Assuming the US population grows exponentially, we have population P(t) = 281.4e*" at time t years after 2000. 
Using the 2010 population, we have 


308.7 = 281.4e1°* 
In(308.7/281.4) 


k= = 0.00926. 
10 0.00926 
We want to find the time t in which 
350 = 281.4e° 0096+ 
= In(350/281.4) = 23.56 years. 


0.00926 


This model predicts the population to go over 350 million 23.56 years after 2000, in the year 2023. 
(b) Evaluate P = 281.4e°-°°?° for ¢ = 20 to find P = 338.65 million people. 


If Co is the concentration of NO2 on the road, then the concentration x meters from the road is 

C = Coe 9102842 
We want to find the value of x making C = Co/2, that is, 

_o.02542  C 

Coe 202542 S 

Dividing by Co and then taking natural logs yields 
7 1 
In (e °7%*") = —0,02542 = In (5) = —0.6931, 


so 
ax = 27 meters. 


At 27 meters from the road the concentration of NOg2 in the air is half the concentration on the road. 
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37. (a) Since the percent increase in deaths during a year is constant for constant increase in pollution, the number of deaths 
per year is an exponential function of the quantity of pollution. If Qo is the number of deaths per year without 
pollution, then the number of deaths per year, Q, when the quantity of pollution is x micrograms per cu meter of air 
is 


Q = Qo(1.0033)”. 
(b) We want to find the value of « making Q = 2Qo, that is, 


Qo(1.0033)* = 2Qo. 
Dividing by Qo and then taking natural logs yields 
In ((1.0033)*) = x In 1.0033 = In2, 


so 
In2 


°* Tn 1.0033 
When there are 210.391 micrograms of pollutants per cu meter of air, respiratory deaths per year are double what 
they would be in the absence of air pollution. 


= 210.391. 


38. (a) Since there are 4 years between 2004 and 2008 we let t be the number of years since 2004 and get: 
450,327 = 211,800e"*. 


Solving for r, we get 


450,327 _ ora 
211,800 
450,327 
n{ ——_ ) =4, 
211,800 
r = 0.188583 


Substituting ¢ = 1, 2,3 into 


211,800 e(0-188583)¢ 


we find the three remaining table values: 


2008 
450,827 


(b) If N is the number of E85-powered vehicles in 2003, then 





Year 


Number of E85 vehicles 


211,800 = Ne?-188583 


or 
211,800 


0.188583 
(c) From the table, we can see that the number of E85 vehicles slightly more than doubled from 2004 to 2008, so the 
percent growth between these years should be slightly over 100%: 


N= = 175,398 vehicles. 





Percent growth from _ aS 


—1) =1.12619 = 112.619%. 
2004 to 2008 211,800 ) on 619% 


39. (a) The initial dose is 10 mg. 

(b) Since 0.82 = 1 — 0.18, the decay rate is 0.18, so 18% leaves the body each hour. 
(c) When t = 6, we have A = 10(0.82)° = 3.04. The amount in the body after 6 hours is 3.04 mg. 
(d) We want to find the value of t when A = 1. Using logarithms: 

1 = 10(0.82)’ 

0.1 = (0.82) 
In(0.1) = ¢ In(0.82) 
t = 11.60 hours. 


After 11.60 hours, the amount is 1 mg. 


1.4 SOLUTIONS 33 


40. (a) Since the initial amount of caffeine is 100 mg and the exponential decay rate is —0.17, we have A = 100e7°''”". 


(b) See Figure 1.36. We estimate the half-life by estimating t when the caffeine is reduced by half (so A = 50); this 
occurs at approximately t = 4 hours. 


A (mg) 
100 











| 
| 
| 
| 
! t (hours) 
4 


Figure 1.36 


(c) We want to find the value of t when A = 50: 


50 = 100e°!" 
=e" 
In0.5 = —0.17t 
t = 4.077. 


The half-life of caffeine is about 4.077 hours. This agrees with what we saw in Figure 1.36. 
41. Since y(0) = Ce° = C we have that C' = 2. Similarly, substituting x = 1 gives y(1) = 2e so 


2e° = 1, 
Rearranging gives e~ = 1/2. Taking logarithms we get a = In(1/2) = — In2 = —0.693. Finally, 


1 
2) = 26e2(— m2) _ 99 2m2 _ + 
y(2) = 2e e 5 
42. The function e” has a vertical intercept of 1, so must be A. The function In x has an x-intercept of 1, so must be D. The 
graphs of x? and gi/? go through the origin. The graph of x'/? is concave down so it corresponds to graph C’ and the 
graph of x? is concave up so it corresponds to graph B. 
43. (a) B(t) = Boe? 
(b) P(t) = Pp e2-933¢ 
(c) If the initial price is $50, then 
B(t) = 50e0-087# 
Pe) =s0e"", 
We want the value of t such that 





B(t) = 2P(t) 

50 e087 — 9. 50 ¢0:083¢ 

e0-067t 
— 0.034t _ 5 
e0-033t ~ 
In2 

= = 20. : 

0.034 0.387 years 


Thus, when t = 20.387 the price of the textbook was predicted to be double what it would have been had the price 
risen by inflation only. This occurred in the year 2000. 


44. (a) We assume f(t) = Ae—™*, where A is the initial population, so A = 100,000. When t = 110, there were 3200 





tigers, so 
3200 = 100,000e~*'"1° 

Solving for k gives 

_—k-110 3200 

= = 0.0132 
. 700,000 ~ 2-018 
1 
k = ~7 5 In(0.0132) = 0.0313 = 3.13% 

SO 


f(t) = 100,000e~°-'?"*. 
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(b) In 2000, the predicted number of tigers was 
100) = 100,000e G-patey a0) = 4372. 
f( ? 


In 2010, we know the number of tigers was 3200. The predicted percent reduction is 


3200 — 4372 
ea = —0.268 = —26.8%. 


Thus the actual decrease is larger than the predicted decrease. 


45. The population of China, C, in billions, is given by 
C = 1.34(1.004)’ 
where ¢ is time measured from 2011, and the population of India, J, in billions, is given by 
I = 1.19(1.0137)'. 
The two populations will be equal when C’ = J, thus, we must solve the equation: 
1.34(1.004)* = 1.19(1.0137)* 


for t, which leads to 
1.34 — (1.0137)* _ ea) 
1.19 (1.0004) ~~ \ 1.004 J * 


Taking logs on both sides, we get 
1.0137 Sj 1.34 


1004. °° T.i9" 
_ log (1.34/1.19) 
~~ log (1.0137/1.004) 

This model predicts the population of India will exceed that of China in 2023. 


tlog 
so 
= 12.35 years. 


46. Let A represent the revenue (in billions of dollars) at Apple t years since 2005. Since A = 3.68 when t = 0 and we want 
the continuous growth rate, we write A = 3.68e"*. We use the information from 2010, that A = 15.68 when t = 5, to 


find k: 
15.68 = 3.68e*° 
4.26 =e" 
In(4.26) = 5k 
k = 0.2899. 


We have A = 3.68e°-75°°", which represents a continuous growth rate of 28.99% per year. 
47. Let P(t) be the world population in billions ¢ years after 2010. 


(a) Assuming exponential growth, we have 


P(t) = 6.9e**. 
In 2050, we have t = 40 and we expect the population then to be 9 billion, so 
9 = 6.9e", 
Solving for k, we have 
bao _ 9 
e = ele 
6.9 
hears In ( : ) = 0.00664 = 0.664% per year 
~ 40°" \69) Se Pn a 
(b) The “Day of 7 Billion” should occur when 
7 = 6.9¢e0-00664¢ 
Solving for t gives 
o.oo664t _ 7 
. ~ 69 
In(7/6.9) 
0.00664 a“ 


So the “Day of 7 Billion” should be 2.167 years after the end of 2010. This is 2 years and 0.167 - 365 = 61 days; so 
61 days into 2013. That is, March 2, 2013. 


48. 
49. 


50. 


51. 


52. 
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If r was the average yearly inflation rate, in decimals, then +(1 + r)3 = 2,400,000, so r = 211.53, i.e. r = 21,153%. 


To find a half-life, we want to find at what t value Q = $Qo. Plugging this into the equation of the decay of plutonium- 
240, we have 


5 = p~0-00011¢ 
In(1/2) 

t= —_——_ 2 1 : 
—p.00or ~~ sul yes 


The only difference in the case of plutonium-242 is that the constant —0.00011 in the exponent is now —0.0000018. 
Thus, following the same procedure, the solution for t is 
In(1/2) 

= 1 ; 

0000018 385,081 years 


Given the doubling time of 5 hours, we can solve for the bacteria’s growth rate; 


2Po = Poe®® 
In2 
k= —. 
i) 


So the growth of the bacteria population is given by: 
P= Poent/>, 


We want to find ¢ such that 
3Po = Poet t/s | 
Therefore we cancel Po and apply In. We get 
5 In(3) 
t= 
In(2) 


(a) The pressure P at 6194 meters is given in terms of the pressure Pp at sea level to be 


P = Poe %:00012h 
= Poe (—0-00012)6194 





= 7.925 hours. 


= Pye 9-74328 
x 0.4756Po or about 47.6% of sea level pressure. 
(b) At h = 12,000 meters, we have 


P = Pye 0:00012h 
= Pyel—9-00012)12,000 


= Pye 
= 0.2369Po or about 23.7% of sea level pressure. 


We know that the y-intercept of the line is at (0,1), so we need one other point to determine the equation of the line. We 
observe that it intersects the graph of f(a) = 10” at the point x = log 2. The y-coordinate of this point is then 


y = 10” = 10°? =2, 
so (log 2, 2) is the point of intersection. We can now find the slope of the line: 


mari __} 
~ log2—0  log2° 





Plugging this into the point-slope formula for a line, we have 
y— ya = m(a— «1) 


y-l= (a — 0) 





= —_ 1 & 3.321 t, 
y pea 3.32192 + 
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54. 


55. 


56. 
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58. 


59. 
60. 
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If t is time in decades, then the number of vehicles, V, in millions, is given by 
V = 246(1.155)°. 
For time t in decades, the number of people, P, in millions, is given by 


P = 308.7(1.097)°. 
There is an average of one vehicle per person when y = 1, or V = P. Thus, we solve for ¢ in the equation: 


246(1.155)* = 308.7(1.097)’, 


which leads to 


ea _ (1.155) 308.7 
1.097/  (1.097)* ~—-:246 


Taking logs on both sides, we get 
—1.155 = 308.7 


e7097 °° 246° 
__ log (308.7/246) 
~~ Jog (1.155/1.097) 
This model predicts one vehicle per person in 2054 


tlo 
so 
= 4.41 decades. 


We assume exponential decay and solve for & using the half-life: 
e *OS) 05 so k=1.21-10%. 
Now find t, the age of the painting: 


In 0.995 


—1.21-1074¢ = 
e = 0.995, so = —ar-40-7 


= 41.43 years. 


Since Vermeer died in 1675, the painting is a fake. 


Yes, In(In(a:)) means take the In of the value of the function In a. On the other hand, In?(a) means take the function 
In x and square it. For example, consider each of these functions evaluated at e. Since Ine = 1, In?e = 1? = 1, but 
In(In(e)) = In(1) = 0. See the graphs in Figure 1.37. (Note that In(In(x)) is only defined for 2 > 1.) 














Figure 1.37 


(a) The y-intercept of h(x) = In(x + a) is h(0) = Ina. Thus increasing a increases the y-intercept. 

(b) The x-intercept of h(x) = In(x +a) is where h(a) = 0. Since this occurs where «+a = 1, or x = 1—a, increasing 
a moves the x-intercept to the left. 

The vertical asymptote is where x + a = 0, or = —a. Thus increasing a moves the vertical asymptote to the left. 

(a) The y-intercept of g(a) = In(ax + 2) is g(0) = In 2. Thus increasing a does not effect the y-intercept. 

(b) The x-intercept of g(a) = In(aaz + 2) is where g(a) = 0. Since this occurs where az + 2 = 1, or « = —1/a, 
increasing a moves the x-intercept toward the origin. (The intercept is to the left of the origin if a > O and to the 
right if a < 0.) 





The vertical asymptote is where x + 2 = 0, or x = —2, so increasing a does not effect the vertical asymptote. 


The vertical asymptote is where az + 2 = 0, or « = —2/a. Thus increasing a moves the vertical asymptote toward the 
origin. (The asymptote is to the left of the origin for a > 0 and to the right of the origin for a < 0.) 


Strengthen Your Understanding 





61. 


The function — log |z| is even, since | — x] = |x|, which means — log | — x| = — log |z]. 
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62. We have 
In(100z) = In(100) + Ina. 


In general, In(100a) A 100 - Ina. 
63. One possibility is f(a) = —a, because In(—z) is only defined if —x > 0. 
64. One possibility is f(a) = In(a — 3). 
65. True, as seen from the graph. 
66. False, since log(a — 1) = 0ifw-—1=1,sor = 2. 


67. False. The inverse function is y = 10”. 





68. False, since ax + b = 0 if x = —b/a. Thus y = In(az + 6) has a vertical asymptote at x = —b/a. 


Solutions for Section 1.5 


Exercises 





1. See Figure 1.38. 
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—1_ is negative. 
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) is undefined. 





Figure 1.38 
2. See Figure 1.39. 
sin(27) = 0 
cos(27) = 1 is positive. 
tan(27) = 





Figure 1.39 
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3. See Figure 1.40. 
iw. tet 
sin — is positive 
wT, ‘ics 
cos 7 is positive 


wT, oe 
tan a 1S positive 








Figure 1.40 


4. See Figure 1.41. 
sin 37 = 0 
cos 37 = —1 is negative 
tan 37 = 0 





Figure 1.41 


‘a TT 
sin 


cos 


5. See Figure 1.42. 
) is positive. 


) is positive. 


a a 
QI Ola ol 


tan ) is positive. 








Figure 1.42 


6. See Figure 1.43. 


7. See Figure 1.44. 


8. 4 radians - a 


7 radians 


. An, ; 
sin - is negative 
4n, . 
cos a is negative 
4a 


tan ae is positive 








Figure 1.43 


. =) : = 

sin {| —— } is positive. 
3 

3 


3 


cos 





) is negative. 


tan 


LO LOS OS 


4 
4n\ : 
=) is negative. 








Figure 1.44 


= (=) ~ 240°. See Figure 1.45. 
T 


sin4d is negative 
cos4 is negative 


tan4 is positive. 








Figure 1.45 
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39 


40 


9, 


10. 


11. 


12. 


13. 


14. 


15. 
16. 
17. 
18. 


19. 
20. 
21. 


22. 
23. 
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: 180° — _ (180°) ~ _¢p° i 
—1 radian ‘> adiane = ( ) =~ —60°. See Figure 1.46. 


sin(—1) is negative 
cos(—1) _ is positive 


tan(—1) is negative. 








Figure 1.46 


The period is 27/3, because when t varies from 0 to 27/3, the quantity 3¢ varies from 0 to 27. The amplitude is 7, since 
the value of the function oscillates between —7 and 7. 


The period is 277/(1/4) = 87, because when wu varies from 0 to 87, the quantity w/4 varies from 0 to 277. The amplitude 
is 3, since the function oscillates between 2 and 8. 


The period is 27/2 = 7, because as x varies from —7/2 to 7/2, the quantity 2x + 7 varies from 0 to 27. The amplitude 
is 4, since the function oscillates between 4 and 12. 


The period is 27/7 = 2, since when t increases from 0 to 2, the value of zt increases from 0 to 27. The amplitude is 0.1, 
since the function oscillates between 1.9 and 2.1. 


This graph is a sine curve with period 87 and amplitude 2, so it is given by f(x) = 2sin (=) ‘ 
This graph is a cosine curve with period 67 and amplitude 5, so it is given by f(x) = 5 cos (=). 
This graph is an inverted sine curve with amplitude 4 and period 7, so it is given by f(a) = —4sin(2z). 
xr 


This graph is an inverted cosine curve with amplitude 8 and period 207, so it is given by f(x) = —8cos (=). 


This graph has period 6, amplitude 5 and no vertical or horizontal shift, so it is given by 


f(x) = 5sin (=:) = 5sin (=) : 


The graph is a cosine curve with period 27/5 and amplitude 2, so it is given by f(a) = 2 cos(5z). 
The graph is an inverted sine curve with amplitude 1 and period 27, shifted up by 2, so it is given by f(a) = 2—sinz. 


This can be represented by a sine function of amplitude 3 and period 18. Thus, 


f(x) = 3sin (=) : 


This graph is the same as in Problem 14 but shifted up by 2, so it is given by f(a) = 2sin (=) +2. 


This graph has period 8, amplitude 3, and a vertical shift of 3 with no horizontal shift. It is given by 


f(x) =3 + 3sin (=.) =3+3sin (<0) ; 
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24. 
3 
x z cos (- =) = cos = (by picture) 
= 0.809. 
25. 
(0,1) 
1 
sin = 
cos 
By the Pythagorean Theorem, (cos 2)? + (sin zy? = 
so (sin £)? = 1 — (cos £), and sin = \/1 — (cos 4)? = y\/1 — (0.809)? ~ 0.588. 
We take the positive square root since by the picture we know that sin = is positive. 
26. 
(0,1) 
ee 
COs +5 
cos & 
sin 5 -_ sin 5 
(1,0) L 
By the Pythagorean Theorem, (cos 4)?+(sin 4)? = 1°; so (cos 4)” = 1—(sin 4)? andcos 4 = \/1 — (sin 5)? 


1 — (0.259)? = 0.966. We take the positive square root since by the picture we know that cos % is positive. 


27. We first divide by 5 and then use inverse sine: 


: = sin(3z) 
sin '(2/5) = 32 
| 
r= me) = 0.1372. 


There are infinitely many other possible solutions since the sine is periodic. 
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28. We first isolate cos(2x + 1) and then use inverse cosine: 


1 = 8cos(2a +1) —3 
4 = 8cos(2x + 1) 
0.5 = cos(2x + 1) 
cos '(0.5) = 2441 
cos '(0.5) — 1 


= ———_——__ »_ 0.0236. 
£ 5 0.0236 





There are infinitely many other possible solutions since the cosine is periodic. 


29. We first isolate tan(5) and then use inverse tangent: 


8 = 4tan(5z) 
2 = tan(5z) 
tan '2=52 
-1 
gout 





There are infinitely many other possible solutions since the tangent is periodic. 


30. We first isolate (2a + 1) and then use inverse tangent: 


1 = 8tan(2x+1)-3 
4 = 8tan(2x + 1) 
0.5 = tan(2x + 1) 
arctan(0.5) = 27 +1 


tan(0.5) — 1 
ra ae an =) _ _ 9.268, 





There are infinitely many other possible solutions since the tangent is periodic. 


31. We first isolate sin(5z) and then use inverse sine: 


8 = 4sin(52) 
2 = sin(5z). 


But this equation has no solution since —1 < sin(5a) < 1. 


Problems 





32. (a) h(t) = 2cos(t — 7/2) 
(b) f(t) = 2cost 
(c) g(t) = 2cos (t+ 7/2) 
33. sin x? is by convention sin(z*), which means you square the first and then take the sine. 
sin? « = (sin)? means find sin « and then square it. 
sin(sin x) means find sin x and then take the sine of that. 
Expressing each as a composition: If f(a) = sin x and g(x) = x”, then 
sina? = f(g(c)) 
sin? x = g( f(x) 
sin(sinx) = f(f(2)). 
34. Suppose P is at the point (37/2, —1) and Q is at the point (57/2, 1). Then 


i(=1) 2 


SOP = Sa /2— Bnf2 


If P had been picked to the right of Q, the slope would have been —2/7-. 
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35. (a) See Figure 1.47. 


36. 


37. 


38. 
39. 











ya 
900 - 
800 fans 
700 

A 
100 + 

! ‘_ ¢ (months) 
Jan. 1 Jul. 1 Jan. 1 


Figure 1.47 


(b) Average value of population = ore = 800, amplitude = ee = 100, and period = 12 months, so B = 
27/12 = 7/6. Since the population is at its minimum when t = 0, we use a negative cosine: 


P = 800 — 100 cos (=) : 


We use a cosine of the form 
H = Acos(Bt)+C 
and choose B so that the period is 24 hours, so 27/B = 24 giving B = 7/12. 
The temperature oscillates around an average value of 60° F, so C = 60. The amplitude of the oscillation is 20° F. 
To arrange that the temperature be at its lowest when t = 0, we take A negative, so A = —20. Thus 
T 
A = 60 ~ 200s (1). 

cos | 55 

(a) f(t) =—0.5+sint, g(t) =1.5+sint, A(t)=—1.5+sint, k(t) =0.5+sint. 


(b) The values of g(t) are one more than the values of k(t), so g(t) = 1+k(t). This happens because g(t) = 1.5+sint = 
14+0.5+sint=1+ k(t). 

(c) Since —1 < sint < 1, adding 1.5 everywhere we get 0.5 < 1.5 + sint < 2.5 and since 1.5 + sint = g(t), we get 
0.5 < g(t) < 2.5. Similarly, -2.5 < —1.5 +sint = h(t) < —0.5. 


Depth = 7 + 1.5sin (34) 


(a) Beginning at time t = 0, the voltage will have oscillated through a complete cycle when cos(1207t) = cos(27), 
hence when t = Sal second. The period is ~ second. 

(b) Vo represents the amplitude of the oscillation. 

(c) See Figure 1.48. 


Vo 





| 
t 

a 

120 


ae} 





Figure 1.48 


40. (a) When the time is ¢ hours after 6 am, the solar panel outputs f(t) = P(0(t)) watts. So, 


f(t) = 10sin (Ft) 


where 0 < t < 14 is the number of hours after 6 am. 
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(b) The graph of f(t) isin Figure 1.49: 


P (watts) 
10 


7 





t (hrs after 6 am) 


Figure 1.49 


(c) The power output is greatest when sin(zt/14) = 1. Since 0 < at/14 < 7, the only point in the domain of f at 


which sin(t/14) = 1 is when 7t/14 = 7/2. Therefore, the power output is greatest when t = 7, that is, at 1 pm. 
The output at this time will be f(7) = 10 watts. 


(d) Ona typical winter day, there are 9 hours of sun instead of the 14 hours of sun. So, if ¢ is the number of hours since 
8 am, the angle between a solar panel and the sun is 


p= 0 = at where 0 < t < 9. 
The solar panel outputs g(t) = P(@(t)) watts: 
g(t) = 10sin (=) 
where 0 < t < 9 is the number of hours after 8 am. 


41. The function R has period of 7, so its graph is as shown in Figure 


1.50. The maximum value of the range is vj /g and 
occurs when 6 = 7/4. 


R 


e 
6 Is w 


R= “O sin 20 


AIA 
iA 


Figure 1.50 


42. Over the one-year period, the average value is about 75° and the amplitude of the variation is about ae = 15°. The 


function assumes its minimum value right at the beginning of the year, so we want a negative cosine function. Thus, for ¢ 
in years, we have the function 


27 
t) = 75-15 —t). 
iO) cos (Ft) 
(Many other answers are possible, depending on how you read the chart.) 


43. (a) D = the average depth of the water. 
(b) A = the amplitude = 15/2 = 7.5. 
(c) Period = 12.4 hours. Thus (B)(12.4) = 27 so B = 27/12.4 © 0.507. 
(d) C is the time of a high tide. 


44. Using the fact that 1 revolution = 27 radians and | minute = 60 seconds, we have 


S002 = 00) oy cnn 
min min 60 sec 
_, (200)(6.283) 
7 60 


=~ 20.94 radians per second. 


Similarly, 500 rpm is equivalent to 52.36 radians per second. 
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45. 200 revolutions per minute is 555 minutes per revolution, so the period is 345 


46. The earth makes one revolution around the sun in one year, so its period is one year. 


minutes, or 0.3 seconds. 


47. The moon makes one revolution around the earth in about 27.3 days, so its period is 27.3 days © one month. 


48. (a) The period of the tides is 27 /0.5 = 4% = 12.566 hours. 
(b) The boat is afloat provided the water is deeper than 2.5 meters, so we need 


d(t) =5+4.6sin(0.5t) > 2.5. 


Figure 1.51 is a graph of d(t), with time ¢ in hours since midnight, 0 < t < 24. The boat leaves at t = 12 (midday). 
To find the latest time the boat can return, we need to solve the equation d(t) = 5 + 4.6 sin(0.5t) = 2.5. 

A quick way to estimate the solution is to trace along the line y = 2.5 in Figure 1.51 until we get to the first 
point of intersection to the right of tf = 12. The value we want is about t = 20. Thus the water remains deep enough 
until about 8 pm. 

To find t analytically, we solve 


5 +4.6sin(0.5t) = 2.5 


t= ~ arcsin(—0.5435) = —1.149. 


This is the value of ¢ immediately to the left of the vertical axis. The water is also 2.5 meters deep one period later at 
t = —1.149 + 12.566 = 11.417. This is shortly before the boat leaves, while the water is rising. We want the next 
time the time the water is this depth. 

The water was at its deepest (that is, d(¢) was a maximum) when t = 12.566/4 = 3.142. From the figure, the 
time between when the water was 2.5 meters and when it was deepest was 3.142 + 1.149 = 4.291 hours. Thus, the 
value of ¢ that we want is 

¢ = 11.417 + 2- 4.291 = 19.999. 


depth in meters 
: d(t) 
10 
75 
5 


2.5 








; : : ‘_ ¢, hours since midnight 
5 10 15 20 = 25 


Figure 1.51 


49. Since b is a positive constant, f is a vertical shift of sin t where the midline lies above the t-axis. So f matches Graph C’. 

Function g is the sum of sin¢ plus a linear function at + b. We suspect then that the graph of g might periodically 
oscillate about a line at + 6, just like the graph of sin t oscillates about its midline. When adding at + b to sin t, we note 
that every zero of sint, (t,0), gets displaced to a corresponding point (t, at + 6) that lies both on the graph of g, and on 
the line at + b. See Figure 1.52. So g matches Graph B. 

Function h is the sum of sin ¢ plus an increasing exponential function e*’ + d. We suspect then that the graph of 
g might periodically oscillate about the graph of e“’ + d, just like the graph of sin ¢ oscillates about its midline. When 
adding e™ + d to sin t, we note that every zero of sin ¢, (t, 0), gets displaced to a corresponding point (t, e“ + d) that lies 
both on the graph of h, and on the graph of e°' + d. See Figure 1.52. So h matches Graph A. Note that the oscillations on 
the graph of h may not be visible for all t values. 

Function r is the sum of sin ¢ plus an decreasing exponential function —e“ + b. We suspect then that the graph of 
r might periodically oscillate about the graph of —e“* + b, just like the graph of sin t oscillates about its midline. When 
adding —e“' + b to sin t, we note that every zero of sin t, (t,0), gets displaced to a corresponding point (t, —e“’ + b) 
that lies both on the graph of r, and on the graph of —e°* + b. See Figure 1.52. So r matches Graph D. Note that the 
oscillations on the graph of r may not be visible for all t values. 
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Figure 1.52 


50. (a) The monthly mean COz increased about 10 ppm between December 2005 and December 2010. This is because the 


(b) 


(c) 


(d 


YS 


black curve shows that the December 2005 monthly mean was about 381 ppm, while the December 2010 monthly 

mean was about 391 ppm. The difference between these two values, 391 — 381 = 10, gives the overall increase. 

The average rate of increase is given by 

391— 381 1 
60-0 6 

This tells us that the slope of a linear equation approximating the black curve is 1/6. Since the vertical intercept is 

about 381, a possible equation for the approximately linear black curve is 


Average monthly increase of monthly mean = ppm/month. 


1 

y= ra + 381, 
where t¢ is measured in months since December 2005. 
The period of the seasonal CO2 variation is about 12 months since this is approximately the time it takes for the 
function given by the blue curve to complete a full cycle. The amplitude is about 3.5 since, looking at the blue curve, 
the average distance between consecutive maximum and minimum values is about 7 ppm. So a possible sinusoidal 
function for the seasonal COz2 cycle is 

= 3.5sin (=) : 

- 6 


Taking f(t) = 3.5sin (=) and g(t) = at + 381, we have 


h(t) = 3.5sin (=) + st + 381. 


See Figure 1.53. 








SE PS ALE ST DET t (months since Dec 2005) 
12 24 36 48 60 


Figure 1.53 
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51. (a) The period is 27. 
(b) After 7, the values of cos 20 repeat, but the values of 2 sin @ do not (in fact, they repeat but flipped over the x-axis). 
After another 7, that is after a total of 27, the values of cos 20 repeat again, and now the values of 2 sin 0 repeat also, 
so the function 2 sin 6 + 3 cos 26 repeats at that point. 


52. Figure 1.54 shows that the cross-sectional area is one rectangle of area hw and two triangles. Each triangle has height h 
and base x, where 








h h 
—=tand so r= : 
x tan@ 
1 h? 
A f triangle = —rh = 
rea of triangle 52 eat 


Total area = Area of rectangle + 2(Area of triangle) 
2 2 


h 
=h Par =h : 
is 2tan 0 ene 














Figure 1.54 


53. (a) Two solutions: 0.4 and 2.7. See Figure 1.55. 
(b) arcsin(0.4) is the first solution approximated above; the second is an approximation to 7 — arcsin(0.4). 
(c) By symmetry, there are two solutions: —0.4 and —2.7. 
(d) —0.4 © —arcsin(0.4) and —2.7 + —(m — arcsin(0.4)) = arcsin(0.4) — 7. 

















Figure 1.55 


54. The ramp in Figure 1.56 rises 1 ft over a horizontal distance of «x ft. 


(a) Fora 1 ft rise over 12 ft, the angle in radians is 9 = arctan(1/12) = 0.0831. To find the angle in degrees, multiply 
by 180/z. Hence 


d= aa arctan eo = 4.76°. 
T 


12 
(b) We have 
d= Ey arctan - = 7.13°. 
T 
(c) We have 
180 1 ° 
6 = — arctan — = 2.86°. 
7 arctan 50 
ale - 
ax ft 


Figure 1.56 
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55. (a) A table of values for g(x) is: 





arccos & 





(b) See Figure 1.57. 


y = arccos © - | 


-1 





lA 
= 
<~_——_. 
8 





+— Domain > 


Figure 1.57 








—1/2 a /2 e 





=] 


Figure 1.58 


(c) The domain of arccos is —1 < x < 1, because its inverse, cosine, takes all values from -1 to 1. The domains of 
arccos and arcsin are the same because their inverses, sine and cosine, have the same range. 

(d) Figure 1.57 shows that the range of y = arccosxisO <0 <7. 

(e) The range of an inverse function is the domain of the original function. The arcsine is the inverse function to the piece 
of the sine having domain [—4, 4]. Hence, the range of the arcsine is |- 5, 5]. But the piece of the cosine having 
domain [— 4, 3] does not have an inverse, because there are horizontal lines that intersect its graph twice. Instead, 
we define arccosine to be the inverse of the piece of cosine having domain [0, 7], so the range of arccosine is [0, 7], 


which is different from the range of arcsine. See Figure 1.58. 


Strengthen Your Understanding 





56. Increasing the value of B decreases the period. For example, f(a) = sin x has period 27, whereas g(x) = sin(2a) has 
period zr. 


57. The maximum value of A sin(Bz) is A, so the maximum value of y = Asin(Bx) + Cisy=A+C. 
58. For B > 0, the period of y = sin(Bz) is 27/B. Thus, we want 


27 27 
z= 23 so B= 33° 
The function is f(a) = sin(272/23) 
59. The midline is y = (1200 + 2000) /2 = 1600 and the amplitude is y = (2000 — 1200) /2 = 400, so a possible function 
is 
f(x) = 400(cos x) + 1600. 


60. False, since cos @ is decreasing and sin 6 is increasing. 
61. False. The period is 27/(0.057) = 40 


62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 


71. 


72. 


Solutions for Section 1.6 
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True. The period is 277/(2007) = 1/100 seconds. Thus, the function executes 100 cycles in 1 second. 
False. If 0 = 1/2, 37/2, 57/2..., then 0 — 1/2 = 0,7, 277..., and the tangent is defined (it is zero) at these values. 





False: When x < 0, we have sin |z| = sin(—x) = —sinaw ¥ sina. 

False: When 7 < x < 27, we have sin |x| = sinx < 0 but | sin z| > 0. 

False: When 7/2 < x < 37/2, we have cos |x| = cosx < 0 but | cos | > 0. 

True: Since cos(—a) = cos x, cos |z| = cos x. 

False. For example, sin(0) 4 sin((27)*), since sin(0) = 0 but sin((27)”) = 0.98. 

True. Since sin(@ + 27) = sin @ for all 0, we have g(6 + 27) = e%™(+2") — @8iP? — 9(6) for all 0. 


False. A counterexample is given by f(a) = sin x, which has period 27, and g(x) = x”. The graph of f(g(x)) = sin(«”) 
in Figure 1.59 is not periodic with period 27. 








Figure 1.59 


True. If g(x) has period k;, then g(a + k) = g(a). Thus we have 
f(g(a + k)) = f(g(@)) 


which shows that f(g(a)) is periodic with period k. 





True, since | sin(—a)| = | — sina| = sina. 
































Exercises 

1. As % > 00, y > 00. 
AS & — —00, y > —00. 

2. As &— 00, y > Oo. 
As x — —oo,y > 0. 

3. Since f(x) is an even power function with a negative leading coefficient, it follows that f(a) —* —oo as x —> +00 and 
f(x) > —0o as & + —00. 

4. Since f(a) is an odd power function with a positive leading coefficient, it follows that f(x) + ++-co as x + +00 and 
f(x) > —00 as & + —00. 

5. As x —> +oo, the lower-degree terms of f(x) become insignificant, and f(x) becomes approximated by the highest 
degree term of 5a:*. Thus, as 2 — -too, we see that f(a) — +oo. 

6. As x —> +00, the lower-degree terms of f(x) become insignificant, and f(x) becomes approximated by the highest 
degree term of —52?. Thus, as « —> +00, we see that f(a) + —oo and as « —+ —oo, we see that f(x) + +oo. 

7. As x —» +00, the lower-degree terms of f(x) become insignificant, and f(a) becomes approximated by the highest 
degree terms in the numerator and denominator. Thus, as « —> too, we see that f(a) behaves like _ = 3. We have 

x 

f(a) 4 3as % > +00. 

8. As x —> oo, the lower-degree terms of f(x) become insignificant, and f(x) becomes approximated by the highest 
degree terms in the numerator and denominator. Thus, as 7 — -too, we see that f(x) behaves like me = —3/2. We 

ie 

have f(a) + —3/2 as x > oo. 

9. As x —+ too, we see that 3°~* gets closer and closer to 0, so f(a) + 0 as 2 + +00. 
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10. 
11. 
12. 
13. 
14. 


15. 


16. 
17. 
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As x — +00, we have f(a) — -++oo. As + —oo, we have f(x) > 0. 
The power function with the higher power dominates as a — 00, so 0.2” is larger. 


O.1ax 


An exponential growth function always dominates a power function as  — oo, so 10e is larger. 


An exponential growth function always dominates a power function as 7 — oo, so 1.05” is larger. 
The lower-power terms in a polynomial become insignificant as « — 00, so we are comparing 2: to the leading term 
1023. In comparing two power functions, the higher power dominates as x —> 00, so 22" is larger. 
The lower-power terms in a polynomial become insignificant as 7 —> 00, so we are comparing the leading term 20s‘ to 
the leading term 32°. In comparing two power functions, the higher power dominates as a —> 00, so the polynomial with 
leading term 3x° is larger. As x —> 00, we see that 25 — 40x? + x2? + 32° is larger. 

A power function with positive exponent dominates a log function, so as x —> 00, we see that \/Z is larger. 

(1) (a) Minimum degree is 3 because graph turns around twice. 


(b) Leading coefficient is negative because y — —oo as & — 00. 
(I) (a) Minimum degree is 4 because graph turns around three times. 


(b) Leading coefficient is positive because y — 00 as Z > 00. 
(I) (a) Minimum degree is 4 because graph turns around three times. 


(b) Leading coefficient is negative because y — —oo as % —> 00. 
(IV) (a) Minimum degree is 5 because graph turns around four times. 


(b) Leading coefficient is negative because y — —oo as % —> 00. 
(V) (a) Minimum degree is 5 because graph turns around four times. 


(b) Leading coefficient is positive because y — 00 as Z > 00. 


18. (a) From the x-intercepts, we know the equation has the form 


y = k(x + 2)(@ — 1)(a — 5). 


Since y = 2 when x = 0, 


= 





2 = k(2)(-1)(—5) =k- 10 
k= 


ope 


Thus we have i 
y= g(t + 2)(a — 1)(a — 5). 


19. (a) Because our cubic has a root at 2 and a double root at —2, it has the form 


y = k(x + 2)(a + 2)(a — 2). 


Since y = 4 when x = 0, 


Thus our equation is 





20. f(x) = k(x +3)(x—1)(x—4) = k(x® — 2x” — 11x + 12), where k < 0. (k © —Z if the horizontal and vertical scales 





are equal; otherwise one can’t tell how large k is.) 





21. f(x) = kx(x + 3)(x — 4) = k(x — x? — 12x), where k < 0. (k © —2 if the horizontal and vertical scales are equal; 


otherwise one can’t tell how large k is.) 





22. f(x) = k(a + 2)(x —1)(x — 3)(x@ — 5) = k(a* — 7x? + 5a? + 31x — 30), where k > 0. (k + if the horizontal and 


vertical scales are equal; otherwise one can’t tell how large k is.) 





23. f(x) = k(x + 2)(a — 2)?(a — 5) = k(a* — 7x® + 6x? + 28x — 40), where k < 0. (k © —+ if the scales are equal; 





otherwise one can’t tell how large k is.) 


1.6 SOLUTIONS 


24. There are only two functions, h and p, which can be put in the form y = Cb”, where C and b are constants: 








a? x 
p(x) = a = (a 3 /c)b” , where C = a®/c since a, c are constants. 
h _ =1 = 5 (2-2) _ met = 25 mal 
(x) _ 5e-2 = = — = (— ) ‘ 


Thus, h and p are the only exponential functions. 


25. There is only one function, 7, who can be put in the form y = Ax? + Ba + C: 
r(v) = —a +b—Vext =—-Vex? —x+b, where A=—vé, since cis a constant. 


Thus, r is the only quadratic function. 





26. There is only one function, g, which is linear. Function q is a constant linear function whose vertical intercept is the 


constant ab? /c, since a, b and c are constants. 


Problems 


27. Consider the end behavior of the graph; that is, as x — +00 and x — —oo. The ends of a degree 5 polynomial are in 


51 





Quadrants I and III if the leading coefficient is positive or in Quadrants II and IV if the leading coefficient is negative. 
Thus, there must be at least one root. Since the degree is 5, there can be no more than 5 roots. Thus, there may be 1, 2, 3, 


4, or 5 roots. Graphs pie these five sien are shown in Figure 1.60. 


a) 5 roots b) 4 roots ¢) 3 roots ) 2 roots e) 1 root 


fh tat papa PAP 


Figure 1.60 





28. g(x) = 2x7, h(x) = 2? + k for any k > O. Notice that the graph is symmetric about the y-axis and lim;-+.. f(x) = 


2. 


29. The graphs of both these functions will resemble that of * on a large enough window. One way to tackle the problem is to 
graph them both (along with «? if you like) in successively larger windows until the graphs come together. In Figure 1.61, 
f,g and ° are graphed in four windows. In the largest of the four windows the graphs are indistinguishable, as required. 


Answers may vary. 























Figure 1.61 
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30. (a) A polynomial has the same end behavior as its leading term, so this polynomial behaves as —52* globally. Thus we 

have: 
f(x) + —coasx—-—oo, and f(x) 4 —oco as x > +00. 

(b) Polynomials behave globally as their leading term, so this rational function behaves globally as (37) /(2x?), or 3/2. 
Thus we have: 
f(a) > 3/2as%— —oo, and f(x) > 3/2asx% > +00. 

(c) We see from a graph of y = e* that 
f(x) > O0asa—+—oo, and f(x) > +00 as x > +00. 


31. Substituting w = 65 and h = 160, we have 


(a) 
s = 0.01(65°7*)(160°°) = 1.3 m?. 


(b) We substitute s = 1.5 and h = 180 and solve for w: 


1.5 = 0.01w™* (180°). 


We have Ls 
0.25 : 
= —— = 3.05. 
0.01(180°-75) 
Since w??> = w'/4, we take the fourth power of both sides, giving 


w = 86.8 kg. 
(c) We substitute w = 70 and solve for h in terms of s: 
s = 0.01(70°>)hn?’”, 
so 


po-7 — s 
0.01(709-25) * 


Since h°-”> = h®/4, we take the 4 /3 power of each side, giving 


4/3 4/3 
a 
aaa | (0.01475) (70"73) 


sO : 
h = 112.6s*/?. 


32. Let D(v) be the stopping distance required by an Alpha Romeo as a function of its velocity. The assumption that stopping 
distance is proportional to the square of velocity is equivalent to the equation 


D(v) = kv? 
where k is a constant of proportionality. To determine the value of k, we use the fact that D(70) = 177. 


D(70) = k(70)? = 177. 


Thus, 

177 

k=— 0. 1 

702 0.036 

It follows that 
_ (177 2 177 | 
D(35) = (2) on =a = 44.25 ft 
and 17 
D(140) = ( = ) (140)? = 708 ft. 
(140) (=a) ( 0)? = 708 


Thus, at half the speed it requires one fourth the distance, whereas at twice the speed it requires four times the distance, 
as we would expect from the equation. (We could in fact have figured it out that way, without solving for k explicitly.) 


33. (a) Since the rate R varies directly with the fourth power of the radius r, we have the formula 
R=kr* 


where k is a constant. 


1.6 SOLUTIONS 


(b) Given R = 400 for r = 3, we can determine the constant k. 


400 = k(3)* 
400 = k(81) 
400 
k= — wa. : 
31 938 
So the formula is 
R = 4.938r* 


(c) Evaluating the formula above at r = 5 yields 


3 
R = 4.928(5)* = 3086.42——_. 
sec 


34. Let us represent the height by h. Since the volume is V, we have 


x h=V. 
Solving for h gives 
a= V 
=a 


The graph is in Figure 1.62. We are assuming V is a positive constant. 


h 





h=V/ax? 
zx 
Figure 1.62 
35. (a) Let the height of the can be h. Then 
V=arh. 


The surface area consists of the area of the ends (each is wr”) and the curved sides (area 27h), so 
S =2Qnr? + 20h. 


Solving for h from the formula for V, we have 


Substituting into the formula for S, we get 
2V 


6 Opt Gap oe oO 
r 


Tr? 


(b) For large r, the 2V/r term becomes negligible, meaning S ~ 2mr?, and thus S' —> 00 as r > 00. 
(c) The graph is in Figure 1.63. 











Figure 1.63 
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36. 





To find the horizontal asymptote, we look at end behavior. As « > 4 


too, the lower-degree terms of f(a) become insignif- 





icant, and f(x) becomes approximated by the highest degree term of the numerator and denominator. Thus, as 7 — +oo, 
we see that 5 5 
x 
>=. 
(Ola, = 5 


There is a horizontal asymptote at y = 5/2. 
To find the vertical asymptotes, we set the denominator equal to zer 


o. When 2x + 3 = 0, we have « = —3/2 so there is 

















a vertical asymptote at x = —3/2. 
37. To find the horizontal asymptote, we look at end behavior. As x —> --oo, the lower-degree terms of f(x) become insignif- 
icant, and f(x) becomes approximated by the highest degree term of the numerator and denominator. Thus, as 7 — +oo, 
we see that i 
x 
There is a horizontal asymptote at y = 1. 
To find the vertical asymptotes, we set the denominator equal to zero. When x” — 4 = 0, we have z = +2 so there are 
vertical asymptotes at 7 = —2 and at x = 2. 
38. To find the horizontal asymptote, we look at end behavior. As x —> --oo, the lower-degree terms of f(x) become insignif- 
icant, and f(x) becomes approximated by the highest degree term of the numerator and denominator. Thus, as x —> +oo, 
we see that 5 
5x 


There is a horizontal asymptote at y = 5. 


To find the vertical asymptotes, we set the denominator equal to zero. When «* — 27 = 0, we have x = 3 so there is a 


vertical asymptote at x = 3. 








39. (a) The object starts at t = 0, when s = vo(0) — g(0)?/2 = 0. Thus it starts on the ground, with zero height. 
(b) The object hits the ground when s = 0. This is satisfied at t = 0, before it has left the ground, and at some later time 
t that we must solve for. 
0 = vot — gt? /2 = t (vo — gt /2) 
Thus s = 0 when ¢ = 0 and when v9 — gt /2 = 0, i.e., when t = 2v9 /g. The starting time is t = 0, so it must hit the 
ground at time t = 2u0/g. 
(c) The object reaches its maximum height halfway between when it is released and when it hits the ground, or at 
t = (2v0/g)/2 = vo/g. 
(d) Since we know the time at which the object reaches its maximum height, to find the height it actually reaches we just 
use the given formula, which tells us s at any given t. Substituting t = vo/g, 
U 1 v6 ve ve 
s—vu({— —<=9 aa pane egel 
g 2° \g g9 29 
_ Que _ ve _ ve 
— 2g ag 
40. The pomegranate is at ground level when f(t) = —16t? + 64t = —16¢(t — 4) = 0, so whent = Oort = 4. 
At time t = 0 it is thrown, so it must hit the ground at t = 4 seconds. The symmetry of its path with respect to 


time may convince you that it reaches its maximum height after 2 seconds. Alternatively, we can think of the graph of 


f= 





16¢? + 64¢ = —16(t — 2)? + 64, which is a downward parabola with vertex (i.e., highest point) at (2, 64). The 


maximum height is f(2) = 64 feet. 


41. (a) 


(i) If (1,1) is on the graph, we know that 
1 =a(1)?+0(1) +e=a+b+t+e. 


(ii) If (1, 1) is the vertex, then the axis of symmetry is x = 1, so 


b — 
Qa” 
and thus 
a=-—-, sob=-—2a. 
2 
But to be the vertex, (1, 1) must also be on the graph, so we know that a + 6 + c = 1. Substituting b = —2a, 


we get —a + c = 1, which we can rewrite asa = c— l,orc=1+a. 


42. 


43. 


44, 


45. 


46. 


1.6 SOLUTIONS 55 








(iii) For (0, 6) to be on the graph, we must have f(0) = 6. But f(0) = a(0”) + b(0) +e =c,soc=6. 
(b) To satisfy all the conditions, we must first, from (a)(iii), have c = 6. From (a)(ii), a = c — 1 soa = 5. Also from 
(a)(ii), b = —2a, so b = —10. Thus the completed equation is 


y = f(x) = 5a” — 102 + 6, 


which satisfies all the given conditions. 


The function is a cubic polynomial with positive leading coefficient. Since the figure given in the text shows that the 
function turns around once, we know that the function has the shape shown in Figure 1.64. The function is below the 
x-axis for x = 5 in the given graph, and we know that it goes to +-oo as x —>+ +00 because the leading coefficient is 
positive. Therefore, there are exactly three zeros. Two zeros are shown, and occur at approximately x = —1 and x = 3. 
The third zero must be to the right of z = 10 and so occurs for some x > 10. 


Figure 1.64 


We use the fact that at a constant speed, Time = Distance /Speed. Thus, 


Total time = Time running + Time walking 
3 6 





Horizontal asymptote: x-axis. 
Vertical asymptote: x = 0 and x = 2. 


(a) II and III because in both cases, the numerator and denominator each have «:” as the highest power, with coefficient 
= 1. Therefore, 


(b) I, since 





x 
Yr>—az=0 asx —- too. 
x 


(c) IL and III, since replacing x by —2 leaves the graph of the function unchanged. 
(d) None 
(e) IL, since the denominator is zero and f(a) tends to too when x = +1. 








h(t) cannot be of the form ct? or kt? since h(0.0) = 2.04. Therefore h(t) must be the exponential, and we see that 
the ratio of successive values of h is approximately 1.5. Therefore h(t) = 2.04(1.5)’. If g(t) = ct?, then c = 3 since 
g(1.0) = 3.00. However, g(2.0) = 24.00 4 3- 2?. Therefore g(t) = kt®, and using g(1.0) = 3.00, we obtain 
g(t) = 3t?. Thus f(t) = ct?, and since f (2.0) = 4.40, we have f(t) = 1.10”. 


The graphs are shown in Figure 1.65. 


(a) y (b) y (c) y 


8 

















10 





Figure 1.65 
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47. (a) R(P) = kP(L — P), where k is a positive constant. 
(b) A possible graph is in Figure 1.66. 


R 





Figure 1.66 


48. Since the parabola opens upward, we must have a > 0. To determine a relationship between x and y at the point of 
intersection P, we eliminate a from the parabola and circle equations. Since y = 2” /a, we have a = x /y. Putting this 
into the circle equation gives 7? + y? = 2x4 / y”. Rewrite this as 


This means x” = y? (since y? cannot equal —2x”). Thus « = y since P is in the first quadrant. So P moves out along 
the line y = x through the origin. 


49. (a) The graph is shown in Figure 1.67. The graph represented by the exact formula has a vertical asymptote where the 
denominator is undefined. This happens when 
2 
1-+ =0, orat v? =c’. 
c 
Since v > 0, the graph of the exact formula has a vertical asymptote where 


v =c=3-10°m/sec. 








E (10!” joules) 
5 _ 2 1 
7 ee (see ~ 1) 
3 
2 E = 4mv? 
1 
v (108 m/sec) 
1 2 3 4 5 
Figure 1.67 


(b) The first formula does not give a good approximation to the exact formula when the graphs are not close together. 
This happens for v > 1.5 - 10° m/sec. For v < 1.5- 10° m/sec, the graphs look close together. However, the vertical 
scale we are using is so large and the graphs are so close to the v-axis that a more careful analysis should be made. 
We should zoom in and redraw the graph. 


Strengthen Your Understanding 





50. The graph of a polynomial of degree 5 cuts the horizontal axis at most five times, but it could be fewer. For example, 
f(x) = x° cuts the x-axis only once. 


51. 


52. 
53. 


54. 


55. 


56. 


57. 


58. 
59. 


60. 


Solutions for Section 1.7 
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The rational function f(a) = (a? + 1)/z has no horizontal asymptotes. To see this, observe that 


e+ xe 2 
y—- =f 
x x 





vole 





for large x. Thus, y + oo as x — too. 
One possibility is p(x) = (a — 1)(a — 2)(x — 3) = 2? — 6a? + 1lx — 6. 


A possible function is 











io) = 2 a5 
One possibility is 
1 
Let f(x) = phn Other answers are possible. 
1 
Let f(x) = . This function has an asymptote corresponding to every factor 


(a — 1)(a — 2)(a — 3)--- (a — 16)(x — 17) 
in the denominator. Other answers are possible. 





1 : ‘ ; 
The function f(a) = as 5 has y = 1 as the horizontal asymptote and x = 2 as the vertical asymptote. These lines cross 


at the point (2, 1). Other answers are possible. 
False. The polynomial f(x) = x? +1, with degree 2, has no real zeros. 


True. If the degree of the polynomial, p(), is n, then the leading term is anx” with an 4 0. 

If n is odd and a» is positive, p(a) tends toward 00 as x —> oo and p() tends toward —oo as x —> —oo. Since the 
graph of p(2:) has no breaks in it, the graph must cross the x-axis at least once. 

If n is odd and a», is negative, a similar argument applies, with the signs reversed, but leading to the same conclusion. 


(a), (c), (d), (e), (b). Notice that f(x) and h(x) are decreasing functions, with f(a) being negative. Power functions 
grow slower than exponential growth functions, so k(a) is next. Now order the remaining exponential functions, where 
functions with larger bases grow faster. 





Exercises 





aa 
ror 


12. 


13. 


oe SA ae eh 


Yes, because x — 2 is not zero on this interval. 
No, because x — 2 = Oat x = 2. 

Yes, because 2x — 5 is positive for 3 < x < 4. 
Yes, because the denominator is never zero. 
Yes, because 27 + x?/* is defined for all x. 
No, because 27 + x~* is undefined at x = 0. 
No, because cos(7/2) = 0. 

No, because sin 0 = 0. 

No, because e” —1=Oatx =0. 


Yes, because cos @ is not zero on this interval. 


. We have that f(0) = —1 < O and f(1) = 1 > O and that f is continuous. Thus, by the Intermediate Value Theorem 


applied to k = 0, there is a number c in [0, 1] such that f(c) = k = 0. 


We have that f(0) = 1 > O and f(1) = e — 3 < 0 and that f is continuous. Thus, by the Intermediate Value Theorem 
applied to k = 0, there is a number c in [0, 1] such that f(c) =k = 0. 


We have that f(0) = —1 < Oand f(1) = 1—cos1 > 0 and that f is continuous. Thus, by the Intermediate Value 
Theorem applied to /; = 0, there is a number c in [0, 1] such that f(c) = k = 0. 
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14. Since f is not continuous at « = 0, we consider instead the smaller interval [0.01, 1]. We have that f(0.01) = 29°? — 
100 < Oand f(1) = 2— 1/1 =1 > 0 and that f is continuous. Thus, by the Intermediate Value Theorem applied to 
k; = 0, there is a number c in [0.01, 1], and hence in {0, 1], such that f(c) = k = 0. 
15. (a) At x = 1, on the line y = x, we have y = 1. At x = 1, on the parabola y = x”, we have y = 1. Thus, f(x) is 
continuous. See Figure 1.68. 
(b) At 2 = 3, on the line y = x, we have y = 3. At x = 3, on the parabola y = x”, we have y = 9. Thus, g(x) is not 
continuous. See Figure 1.69. 








y y 
J g(x) 
f(z) 
L x : By 
1 8 
Figure 1.68 Figure 1.69 
Problems 





16. (a) Evenif the car stops to refuel, the amount of fuel in the tank changes smoothly, so the fuel in the tank is a continuous 
function; the quantity of fuel cannot suddenly change from one value to another. 
(b) Whenever a student joins or leaves the class the number jumps up or down immediately by | so this is not a continuous 
function, unless the enrollment does not change at all. 
(c) Whenever the oldest person dies the value of the function jumps down to the age of the next oldest person, so this is 
not a continuous function. 


17. Two possible graphs are shown in Figures 1.70 and 1.71. 


velocity distance 


a 











time time 





Figure 1.70: Velocity of the car Figure 1.71: Distance 


The distance moved by the car is continuous. (Figure 1.71 has no breaks in it.) In actual fact, the velocity of the car 
is also continuous; however, in this case, it is well-approximated by the function in Figure 1.70, which is not continuous 
on any interval containing the moment of impact. 


18. The voltage f(t) is graphed in Figure 1.72. 


12s 








: time (seconds) 
t 


Figure 1.72: Voltage change from 6V to 12V 


19. 


20. 


21. 


22. 
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Using formulas, the voltage, f(t), is represented by 


6, 0<t<7 
f()= ~ 
12 7<¢ 


Although a real physical voltage is continuous, the voltage in this circuit is well-approximated by the function f(t), which 
is not continuous on any interval around 7 seconds. 








The value of y on the line y = ka at x = 3 is y = 3k. To make f(a) continuous, we need 


See Figure 1.73. 


i f(a) 









y=5 
y = (5/3)x 
/ x 
3 
Figure 1.73 


For any value of k, the function is continuous at every point except x = 2. We choose k to make the function continuous 
atx = 2. 

Since 3a” takes the value 3(2”) = 12 at x = 2, we choose k so that the graph of ka goes through the point (2, 12). 
Thus k = 6. 


If the graphs of y= t+ k and y = kt meet at t = 5, we have 


5+k=5k 
k= 5/4. 


See Figure 1.74. 





YOU 





L 1 4 
5 10 


Figure 1.74 





At x = 7, the curve y = kcosa has y = kcosam = —k. Atx = 7, the line y = 12 — x has y = 12 — a. If h(x) is 
continuous, we need 
—-k=12-7 
k=a-12. 
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23. 


24. 


25. 


26. 


27. 


28. 
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(a) See Figure 1.75. 
(b) For any value of k, the function is continuous at every point except x = 2. We choose k to make the function 
continuous at x = 2. 
Since (a — 2)? + 3 takes on the value (2 — 2)? +3 = 3 at 2 = 2, we choose k so that kx = 3 at x = 2, so 
2k = 3 and k = 3/2. 
(c) See Figure 1.76. 























y y 
7h oie f(a), k= 1.5 
L Loe L Log 
2 4 2 4 
Figure 1.75 Figure 1.76 


For any value of k, the function is continuous at every point except x = 1. We choose k to make the function continuous 
atx = 1. 

Since x + 3 takes the value 1 + 3 = 4 at x = 1, we choose k so that the graph of ka goes through the point (1, 4). 
Thus & = 4. 


For any value of k, the function is continuous at every point except x = 1. We choose k to make the function continuous 
atx = 1. 

Since kz takes the value k- 1 = k at x = 1, we choose k so that the graph of 2ka + 3 goes through the point (1, k). 
This gives 


2k-14+3=k 
k=-3. 


For any value of k, the function is continuous at every point except x = 7. We choose & to make the function continuous 
atv = 7. 

Since k sin x takes the value / sin 7 = O at x = 7, we cannot choose & so that the graph of x + 4 goes through the 
point (7,0). Thus, this function is discontinuous for all values of k. 


For any value of k, the function is continuous at every point except z = 2. We choose k to make the function continuous 
atx = 2. 

Since x + 1 takes the value 2 + 1 = 3 at x = 2, we choose k so that the graph of e*” goes through the point (2,3). 
This gives 


2k _ 3 
2k = In 3 
In3 
k=— 
2 


For any value of k, the function is continuous at every point except x = 1. We choose k to make the function continuous 
atx = 1. 
Since sin(k:) takes the value sin k at z = 1, we choose k so that the graph of 0.52 goes through the point (1, sin k). 
This gives 
sink = 0.5 


:=ein 05 = 4, 
sin 6 


Other solutions are possible. 


29. 


30. 


31. 


32. 
33. 


34. 
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For any value of k, the function is continuous at every point except z = 2. We choose k to make the function continuous 
atx = 2. 

Since In(ka + 1) takes the value In(2k + 1) at x = 2, we choose k so that the graph of x + 4 goes through the point 
(2, In(2k + 1)). This gives 


In(2k +1) =2+4=6 
2k+1=e8 





(a) The initial value is when ¢ = 0, and we see that P(0) = e*’° = e° = 1000. 
(b) Since the function is continuous, at t = 12, we have e** = 100 and we solve for k: 





e/7* — 100 
12k = In 100 
p= I. pe4, 


(c) The population is increasing exponentially for 12 months and then becoming constant. 


For x > 0, we have |x| = x, so f(x) = 1. For x < 0, we have |x| = —x, so f(x) = —1. Thus, the function is given by 
1 z>0 
f(x) = 4 0 x=0 
-l1 a¢<l1, 


so f is not continuous on any interval containing x = 0. 
The graph of g suggests that g is not continuous on any interval containing 0 = 0, since g(0) = 1/2. 


The drug first increases linearly for half a second, at the end of which time there is 0.6 ml in the body. Thus, for 0 < t < 
0.5, the function is linear with slope 0.6/0.5 = 1.2: 


Q=12t for 0<t<0.5. 


Att = 0.5, we have Q = 0.6. For t > 0.5, the quantity decays exponentially at a continuous rate of 0.002, so Q has the 
form 
Q= Ae OO — OB <t. 


We choose A so that Q = 0.6 when t = 0.5: 


0.6 = AeW0-0020-5) _ 4¢-0.001 


A = 0.6e°°". 
Thus 
1.2t 0<t<05 
Q = 
0.6e9:001 = 002 5 < t. 
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35. Since polynomials are continuous, and since p(5) < 0 and p(10) > 0 and p(12) < 0, there are two zeros, one between 
x = 5 and x = 10, and another between x = 10 and x = 12. Thus, p(x) is a cubic with at least two zeros. 
If p(a) has only two zeros, one would be a double zero (corresponding to a repeated factor). However, since a 
polynomial does not change sign at a repeated zero, p(x) cannot have a double zero and have the signs it does. 
Thus, p() has three zeros. The third zero can be greater than 12 or less than 5. See Figures 1.77 and 1.78. 


y y 








p(x) 


Figure 1.77 Figure 1.78 


36. (a) The graphs of y = e” and y = 4 — 2” cross twice in Figure 1.79. This tells us that the equation e” = 4 — x” has two 
solutions. 
Since y = e” increases for all x and y = 4 — ? increases for x < 0 and decreases for x > 0, these are only 
the two crossing points. 








Figure 1.79 


(b) Values of f(a) are in Table 1.5. One solution is between « = —2 and x = —1; the second solution is between x = 1 
and x = 2. 


Table 1.5 

















Figure 1.80 


(b) In order for f to approach the horizontal asymptote at 9 from above it is necessary that f eventually become concave 
up. It is therefore not possible for f to be concave down for all x > 6. 


38 


Str 


39 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47 
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. (a) Since f(a) is not continuous at x = 1, it does not satisfy the conditions of the Intermediate Value Theorem. 
(b) We see that f(0) = e° = 1 and f(2) = 4+ (2 —1)? = 5. Since e” is increasing between « = 0 and x = 1, and 
since 4 + (x — 1)? is increasing between x = 1 and x = 2, any value of k between e' = e and 4 + (1— 1)? = 4, 
such as k = 3, is a value such that f(a) = k has no solution. 


engthen Your Understanding 





. The Intermediate Value theorem only makes this guarantee for a continuous function, not for any function. 


The Intermediate Value Theorem guarantees that for at least one value of x between 0 and 2, we have f(x) = 5, but it 
does not tell us which value(s) of x give f(a) = 5. 


We want a function which has a value at every point but where the graph has a break at x = 15. One possibility is 


1 xa>15 
r= 
-1 24<15 


One example is f(a) = 1/x, which is not continuous at z = 0. The Intermediate Value Theorem does not apply on an 
interval that contains a point where a function is not continuous. 


ES 
Let f(x) = Dae . Then f(a) is continuous at every point in [0,3] except at « = 2. Other answers are possible. 
L E>2 


< 
Let f(z) = e @ss . Then f(x) is increasing for all x but f(a) is not continuous at « = 3. Other answers are 
24 2>3 


possible. 


1 «<3 
2 2.3 


False. For example, let f(x) = , then f(x) is defined at 2 = 3 but it is not continuous at « = 3. (Other 


examples are possible.) 





False. A counterexample is graphed in Figure 1.81, in which f(5) < 0. 
f(x) 
100 F 
rT & 
5 10 





Figure 1.81 
. False. A counterexample is graphed in Figure 1.82. 


f(a) f(x) 
f(b) \— 


a b 
Figure 1.82 
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Solutions for Section 1.8 


Exercises 





1. (a) As x approaches —2 from either side, the values of f(a) get closer and closer to 3, so the limit appears to be about 3. 
(b) As x approaches 0 from either side, the values of f(x) get closer and closer to 7. (Recall that to find a limit, we are 
interested in what happens to the function near x but not at x.) The limit appears to be about 7. 
(c) As x approaches 2 from either side, the values of f(a) get closer and closer to 3 on one side of « = 2 and get closer 
and closer to 2 on the other side of x = 2. Thus the limit does not exist. 
(d) As x approaches 4 from either side, the values of f(a) get closer and closer to 8. (Again, recall that we don’t care 
what happens right at x = 4.) The limit appears to be about 8. 


2. (a) lim f(x) =1. 
x1 
(b) lim, f(x) does not exist. 


x1 
(c) lim f(x) does not exist. 
x1 


(d) lim f(x) =1. 
x2 


3. From the graphs of f and g, we estimate lim f(x) = 3, lim g(x) =5, 


x1 x—1— 
lim f(a) =4, lim g(x) =1. 
zit ait 





(a) lim (f(x) + 9(2))=3+5=8 
by den Te) eagle) es Pye tes ge) 2p at 
(c) Him (f(x)g(@)) = (tim f(#))( Tim _ g(a) = (3)(6) = 15 





(€)_ lim, (f(2)/g(@)) = (lim, f(@)) / (lim, g(@)) = 4/1 =4 


x—>1t ast x—1t- 


4. We see that f(a) goes to —oo on both ends, so one possible graph is shown in Figure 1.83. Other answers are possible. 





Figure 1.83 


5. We see that f(a) goes to +00 on the left and to —oo on the right. One possible graph is shown in Figure 1.84. Other 
answers are possible. 





Figure 1.84 
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6. We see that f(z) goes to +c00 on the left and approaches a y-value of 1 on the right. One possible graph is shown in 
Figure 1.85. Other answers are possible. 








Figure 1.85 


7. We see that f(x) approaches a y-value of 3 on the left and goes to —oo on the right. One possible graph is shown in 
Figure 1.86. Other answers are possible. 








Figure 1.86 


8. We see that f(a) goes to +00 on the right and that it also passes through the point (—1, 2). (Notice that this must be a 
point on the graph since the instructions require that f(x) be defined and continuous.) One possible graph is shown in 
Figure 1.87. Other answers are possible. 











Figure 1.87 


9. We see that f(x) goes to +00 on the left and that it also passes through the point (3,5). (Notice that this must be a 
point on the graph since the instructions require that f(x) be defined and continuous.) One possible graph is shown in 
Figure 1.88. Other answers are possible. 








Figure 1.88 
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10. 


11. 


12. 


13. 


14. 
15. 


16. 
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We see that lim f(a) = —ooand lim f(x) = —oo. 
LZ——oCo Z—-+00 
As « —> +oo, we know that f(a) behaves like its leading term —2x°. Thus, we have 





lim f(x) =—oo, 


@Z—++00 


As x — too, we know that f(a’) behaves like its leading term °. Thus, we have lim f(a) 


+00. 





L—+>—oo 


lim f(a) = +00 and 


&2—-+>—oo 


—ooand lim f(z) 
@w—+>+0o 


As x — +00, we know that f(a) behaves like the quotient of the leading terms of its numerator and denominator. Since 


32° 3 


fe) + = 


wehave lim f(x) =3/5and lim f(x) = 3/5. 
@wZ—++0o 


L—>—oo 





bre 5’ 


As x — +00, we know that 2~? gets closer and closer to zero,so we have lim f(a) =Oand lim f(a) =0. 


We have lim f(x) =Oand lim f(x) = +00. 


L——co @t—++00 


The break in the graph at x = O suggests that lim sal 
2-0 & 


L—>— Co 


does not exist. See Figure 1.89. 








1 
Jel 
| “1 
-1 1 
——SHSL 
Figure 1.89 


@Z—++00 


17. For—1<a2<1, —1<y <1, the graph of y = x In |z| is in Figure 1.90. The graph suggests that 


18. 


lim x In |x| = 0. 
a—0 








x 
aA A 
es eee 
Figure 1.90 
Since lim lez = land lim Hel = —1, we say that lim ez does not exist. In addition f(x) is not defined at 0. 
a>0t & z70- & 230 & 


Therefore, f(2:) is not continuous on any interval containing 0. 
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sin (2 0 in (26 
19. For —0.5 < @< 0.5,0 < y < 3, the graph of y = aia is shown in Figure 1.91. Therefore, lim mney) =. 
= 
__ sin(20) 
ar) 
eas | ee 
1 ae 
l l (A) 
—0.5 0 0.5 
Figure 1.91 
cosOé—1., eta . cosd—1 
20. For -1<0<1,-1<y< 1, the graph of y = —_ is shown in Figure 1.92. Therefore, lim —— oa 0. 
> 
1 —t 
y= cos @— 
+ 6 
—1 1 
=e 
Figure 1.92 
21. For —90° < 0 < 90°,0 < y < 0.02, the graph of y = = is shown in Figure 1.93. Therefore, by tracing along the 
curve, we see that in degrees, lim out = 0:01 745 ....3: 
6-0 
sin @ 
0.02 “oO 
0.01 -- 
; 6 (degree) 
—90 0 0 
Figure 1.93 
22. For —0.5 < 0 < 0.5,0 < y < 0.5, the graph of y = 7 is shown in Figure 1.94. Therefore, by tracing along the 
an 
curve, we see that lim oe = 0.3333.... 
eo tan(30) 
0.5 + @ 
tan(3@) 
ran 
—0.5 0 0.5 
Figure 1.94 
ee 





1 
in a window such as —0.5 < h < 0.5 and 0 < y < 3 appears to indicate y + lash — 0. 


eh 1 


23. A graph of y = 


Therefore, we estimate that lim il. 


h-0 
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25. 


26. 


27. 


28. 


29. 


30. 
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5h 


A graph of y = E 





in a window such as —0.5 < h < 0.5 and 0 < y < 6 appears to indicate y > 5 ash > 0. 

















er] 
Therefore, we estimate that lim =o. 
h-0 
h — 
A graph of y = in a window such as —0.5 < h < 0.5 and 0 < y < 1 appears to indicate y — 0.7 as h — 0. By 
zooming in on the graph, we can estimate the limit more accurately. Therefore, we estimate that 
ha 
lim = 0.693. 
h-0 
a 
A graph of y = in a window such as —0.5 < h < 0.5 and 0 < y < 1.5 appears to indicate y > 1.1 ash — 0. 
By zooming in on the graph, we can estimate the limit more accurately. Therefore, we estimate that 
ha 
lim = 1.098. 
h—-0 


cos(3h) — 1 























A graph of y = in a window such as —0.5 < h < 0.5 and —1 < y < 1 appears to indicate y > 0 as 
h — 0. Therefore, we estimate that 
_ cos(3h) — 1 
lim =0 
h-0 h 
sin(3h) . . eae 
A graph of y = h in a window such as —0.5 < h < 0.5 and0O < y < 4 appears to indicate y + 3 ash — 0. 
Therefore, we estimate that 
kim sin(3h) = 
aso OA 
r— 
fle) = 2=4 wot. = |i; eee 
a—4 —_ a<4 -t g<4 
r— 
Figure 1.95 confirms that lim f(x) =1, lim f(a) =—1so lim f() does not exist. 
as4t 2z—4— xr 
1 ——_ f(x) 
0 | t & 
2 4 6 8 
—1 
Figure 1.95 
cial a xr>2 
x—2 o 
fe) ===" = 
ia n= 2 
- r<2 
x 
Figure 1.96 confirms that lim f(x) = lim f(a) = lim f(x) =0. 
za2t a n2 
1 
f(z) 
0 x 
1 2 3 4 


Figure 1.96 
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g—-2 0<2<3 
31. f(z) =4 2 Hears} 
2r+1 3< 2 


Figure 1.97 confirms that lim f(x) = lim («? — 2) =7andthat lim f(a) = lim (2% +1) =7,so lim f(x) = 
2337 £337 243+ xr—>3 


li 
v2 >3+ 
7. Note, however, that f(a) is not continuous at « = 3 since f(3) = 2. 








Figure 1.97 


32. The graph in Figure 1.98 suggests that 
if —0.05 <@< 0.05, then 0.999 < (sin6)/6 < 1.001. 


Thus, if @ is within 0.05 of 0, we see that (sin 0) /0 is within 0.001 of 1. 


y = 1.001 





ye 














y = 0.999 
x = —0.05 x = 0.05 
Figure 1.98: Graph of (sin 0) /@ with 
—0.05 < 6 < 0.05 
33. The statement 
lim g(h) = K 
hoa 
means that we can make the value of g(h) as close to K as we want by choosing h sufficiently close to, but not equal to, 
a. 
In symbols, for any € > 0, there is ad > O such that 
lg(h) — K| <e forall0 < |h—a| <0. 
Problems 





34. At x = 0, the function is not defined. In addition, limz-,0 f(a) does not exist. Thus, f(x) is not continuous at 7 = 0. 


35. Since lim, ,9+ f(a) = 1 and lim, _, )— f(x) = —1, we see that limz_,9 f(a) does not exist. Thus, f(a) is not continu- 
ous at x = 0 


36. Since x/x = 1 for x # 0, this function f(x) = 1 for all x. Thus, f(a) is continuous for all . 
37. Since 2x/x = 2 for x # 0, we have limz-40 f(x) = 2, so 


lim f(z) 4 f(0) = 3. 


Thus, f(a) is not continuous at x = 0. 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 
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The answer (see the graph in Figure 1.99) appears to be about 2.7; if we zoom in further, it appears to be about 2.72, 
which is close to the value of e © 2.71828. 








Figure 1.99 


We use values of h approaching, but not equal to, zero. If we let h = 0.01, 0.001, 0.0001, 0.00001, we calculate the values 
2.7048, 2.7169, 2.7181, and 2.7183. If we let h = —0.01 —0.001, —0.0001, —0.00001, we get values 2.7320, 2.7196, 
2.7184, and 2.7183. These numbers suggest that the limit is the number e = 2.71828 .... However, these calculations 
cannot tell us that the limit is exactly e; for that a proof is needed. 


When x = 0.1, we find ze!/” ~ 2203. When x = 0.01, we find re!/* ~ 3 x 10*7. When x = 0.001, the value of xe!/” 


is too big for a calculator to compute. This suggests that lim xe'/® does not exist (and in fact it does not). 
20+ 





If x > 1 and x approaches 1, then p(a) = 55. If 2 < 1 and x approaches 1, then p(x) = 34. There is not a single number 
that p(x) approaches as x approaches 1, so we say that lim p(x) does not exist. 
xl 


The limit appears to be 1; a graph and table of values is shown below. 








y 
1.4 - 
1.2 

1 0.1 
0.8 0.01 
0.6 
oul 0.001 
0.2 0.0001 

0 L L L L a az 

0.02 0.04 0.06 0.08 0.1 0.00001 


The only change is that, instead of considering all x near c, we only consider x near to and greater than c. Thus the phrase 
“|a — c| < 6” must be replaced by “c < « < c+ 6.” Thus, we define 

lim f(z) =L 

z—et 
to mean that for any « > 0 (as small as we want), there is a 6 > 0 (sufficiently small) such that if c < « < c+, then 
|f(a) -Ll <e. 
The only change is that, instead of considering all x near c, we only consider x near to and less than c. Thus the phrase 
“la — c| < 6” must be replaced by “c — 6 < x < c.” Thus, we define 

lim f(#)=L 


LC 


to mean that for any « > 0 (as small as we want), there is a 6 > 0 (sufficiently small) such that if c— 6 < a < ¢, then 
f(a) — Ll <e. 
Instead of being “sufficiently close to c,’ we want « to be “sufficiently large.” Using NV to measure how large x must be, 


we define 
lim f(z) =L 


xr—-0o 
to mean that for any « > O (as small as we want), there is a N > O (sufficiently large) such that if « > N, then 
f(x) — Ll <e. 
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46. From Table 1.6, it appears the limit is 1. This is confirmed by Figure 1.100. An appropriate window is —0.0033 < a < 
0.0033, 0.99 < y < 1.01. 


1.01 
Table 1.6 
7 
0.1 
0.01 0.99 


—0.0033 0.0033 








Figure 1.100 


47. From Table 1.7, it appears the limit is —1. This is confirmed by Figure 1.101. An appropriate window is —0.099 < x < 
0.099, —1.01 < y < —0.99. 


0.99 
Table 1.7 
x f(x) f(x) 
0.1 —0.99 —0.99999999 
0.01 —0.9999 —0.999999 1.01 


—0.999999 —0.099 0.099 
—0.99999999 











—0.9999 
—0.99 Figure 1.101 





48. From Table 1.8, it appears the limit is 0. This is confirmed by Figure 1.102. An appropriate window is —0.005 < a < 
0.005, —0.01 < y < 0.01. 


0.01 
Table 1.8 
x f(z) 
0.1 | 0.1987 
0.01 | 0.0200 0.01 


0.0020 —0.005 0.005 
0.0002 























Figure 1.102 


49. From Table 1.9, it appears the limit is 0. This is confirmed by Figure 1.103. An appropriate window is —0.0033 < a < 
0.0033, —0.01 < y < 0.01. 


0.01 
Table 1.9 
x f(z) 
0.1 | 0.2955 
0.01 | 0.0300 0.01 


0.0030 —0.0033 0.0033 
0.0003 























Figure 1.103 
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50. From Table 1.10, it appears the limit is 2. This is confirmed by Figure 1.104. An appropriate window is —0.0865 < x < 
0.0865, 1.99 < y < 2.01. 





2.01 
Table 1.10 
f(x) f(x) 
1.9867 2.0000 
1.9999 2.0000 1.99 
2.0000 1.9999 ess mee 
2.0000 1.9867 Figure 1.104 





51. From Table 1.11, it appears the limit is 3. This is confirmed by Figure 1.105. An appropriate window is —0.047 < a < 
0.047, 2.99 < y < 3.01. 





3.01 
Table 1.11 
f(z) f(z) 
2.9552 3.0000 
2.9996 3.0000 2.99 
3.0000 2.9996 —0.047 0.047 
3.0000 2.9552 Figure 1.105 





52. From Table 1.12, it appears the limit is 1. This is confirmed by Figure 1.106. An appropriate window is —0.0198 < « < 
0.0198, 0.99 < y < 1.01. 





1.01 
Table 1.12 
f(z) 
1.0517 
1.0050 0.99 
1.0005 —0.0198 0.0198 
1.0001 





Figure 1.106 


53. From Table 1.13, it appears the limit is 2. This is confirmed by Figure 1.107. An appropriate window is —0.0049 < x < 
0.0049, 1.99 < y < 2.01. 





2.01 
Table 1.13 
f(@) f(z) 
2.2140 1.9998 
2.0201 1.9980 1.99 
2.0020 1.9801 aa era 
2.0002 1.8127 Figure 1.107 





54. 


55. 


56. 


57. 


58. 


59. 


60. 


1.8 SOLUTIONS 


Divide numerator and denominator by x: 
e+3 143/2 
Te) = oe eo 


so 
fice CS gy Le 


Divide numerator and denominator by zx: 


w+3e  (w#+3a)/x 


F(x) = m3 (ra — 3)/ax’ 





so 


ow 


. 4. t/e@+3 — limesoo(n/a#+3) _ 
a F(x) = pou n—3/e limz+0(m—-3/z) 


a 


Divide numerator and denominator by «:: 


. 4. Gfx) — (8/22) _ limeseo((1/2) — (6/2?) _ 0 _ 
PO) Ge? ime 


Divide numerator and denominator by «:”, giving 


a +2e—-1  142/e—1/2x? 


1] =—Saae aes 

. [x — 1x? (142/2 1/2”) 

. . 14+ 2/2 —1/zxr limz+o0(1 + 2/2 —1/ax al 
= sees eee 


Divide numerator and denominator by «x, giving 











So 


Divide numerator and denominator by «:, giving 


2x — 1622  2-16/a 
i@) =a as = | 
4a? + 32 4/x+3 
* 2—16/e_1i (2—16/2) 2 
. : _ £ imy—66(2'— x 
I = ine 2 = ee 
= Se aa tae ey 8 


Divide numerator and denominator by x”, giving 


a! + 3a 1/a +3/ax* 
He) =e ee 
vt + 2a 1/x +2 

so , 
‘ — Timgso0(1/#+3/r") 0 
eae 


73 


74 
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61. Divide numerator and denominator by e”, giving 
3e"° +2 3+42e% 
M@) = sa3 = Ty 8e* 
so 
; limg00(3+2e77) 3 
] = ee 
J eS tn eS 
62. Since lim;-,., 2-” = limz-5.. 3” = 0, we have 
: .  2-74+5 — limgyu0(2-7 +5) 5 
1 = lim ——— = —" 
false tia e+) 
2e 74+3 ' limz-+00(2e-" +3) 3 
7 = ——.,s0 1] = = =. 
I) eae a eee 
64. Because the denominator equals 0 when x = 4, so must the numerator. This means k? = 16 and the choices for k are 4 


or —4. 


65. Because the denominator equals 0 when a = 1, so must the numerator. So 1 — k + 4 = 0. The only possible value of k 
is 5. 

66. Because the denominator equals 0 when 2 = —2, so must the numerator. So 4 — 8 + k = 0 and the only possible value 
of k is 4. 

67. Division of numerator and denominator by 2” yields 


a+3r+5  143/e+5/2? 
4g +1+ak A/a 41/2? + k-2° 





As x — oo, the limit of the numerator is 1. The limit of the denominator depends upon k. If k > 2, the denominator 
approaches oo as x — ov, so the limit of the quotient is 0. If k = 2, the denominator approaches 1 as x — oo, so the 
limit of the quotient is 1. If k < 2 the denominator approaches 0* as 2 —+ 00, so the limit of the quotient is oo. Therefore 
the values of k we are looking for are k > 2. 


68. For the numerator, lim (e** _ 5) = -5.Ifk > 0, lim (e* + 3) = 3, so the quotient has a limit of —5/3. 
Z—+—oCo LZ—+—oCo 
Ifk = 0, lim (e* + 3) = 4, so the quotient has limit of —5/4. If k < 0, the limit of the quotient is given by 
a—F— oo 
lim (e?* — 5)/(e** + 3) =0. 
mZ—>—oo 


69. 


70. 


71. 


Division of numerator and denominator by x? yields 


e-—6 1-6/x° 
ce+3 ak 4 3/e3° 


As x — oo, the limit of the numerator is 1. The limit of the denominator depends upon k. If k > 3, the denominator 
approaches oo as x — oo, so the limit of the quotient is 0. If & = 3, the denominator approaches 1 as x — ov, so the 
limit of the quotient is 1. If k < 3 the denominator approaches 0* as a —> 00, so the limit of the quotient is 00. Therefore 
the values of k we are looking for are k > 3. 





We divide both the numerator and denominator by 37”, giving 

aoc 327 + 4 1+ 4/322 
In the denominator, lim 144/ 3?” = 1. In the numerator, if k < 2, we have lim 3-22 4 / 3°” = 0, so the quotient 
has a limit of 0. If k 5, we have Jim, gt=2)2 + 6/3" = 1, so the wiintient has a limit of 1. If k > 2, we have 
im 3*—2)® + 6/3?” = oo, so the quotient has a limit of oo. 
In the denominator, we have ae 32” +4 = 4. In the numerator, if k < 0, we have me 3°46 = oo, so the 
quotient has a limit of oo. If k = 0, we have lim 3°” 4+ 6 = 7, so the quotient has a limit of 7/4. If k > 0, we have 


xL—+>—Co 


lim 3°" + 6 = 6, so the quotient has a limit of 6/4. 


L—+>—Co 


72. 


73. 


74, 


75. 


76. 
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By tracing on a calculator or solving equations, we find the following values of 6: 
For « = 0.2, 6 < 0.1. 

For « = 0.1, 6 < 0.05. 

For € = 0.02, 6 < 0.01. 

For « = 0.01, 6 < 0.005. 

For € = 0.002, 6 < 0.001. 

For « = 0.001, 6 < 0.0005. 

By tracing on a calculator or solving equations, we find the following values of 6: 
For « = 0.1, 6 < 0.46. 

For € = 0.01, 6 < 0.21. 

For « = 0.001, 6 < 0.1. Thus, we can take 6 < 0.09. 


The results of Problem 72 suggest that we can choose 6 = €/2. For any € > 0, we want to find the 6 such that 





| f(x) — 3| = |-2a + 3-3] = |22| <e. 
Then if || < 6 = €/2, it follows that | f(a) — 3] = |2z| < €. So lim,40(—2% + 3) = 3. 
(a) Since sin(n7) = 0 forn = 1, 2,3,... the sequence of x-values 
ee 
mw’ Qn’ 307 


works. These x-values —> 0 and are zeroes of f(a). 
(b) Since sin(na/2) = 1 forn = 1,5,9... the sequence of x-values 


2 2 2 
mw 5m’ On? 
works. 
(c) Since sin(nm)/2 = —1 for n = 3,7,11,... the sequence of x-values 
2 2 2 
30? 7m’ Ln 
works. 


75 


(d) Any two of these sequences of x-values show that if the limit were to exist, then it would have to have two (different) 


values: 0 and 1, or 0 and —1, or 1 and —1. Hence, the limit can not exist. 


From Table 1.14, it appears the limit is 0. This is confirmed by Figure 1.108. An appropriate window is —0.015 < a < 


0.015, —0.01 < y < 0.01. 























0.01 
Table 1.14 
f(x) 
0.0666 
0.0067 0.01 
0.0007 —0.015 0.015 
opens Figure 1.108 


77. From Table 1.15, it appears the limit is 0. This is confirmed by Figure 1.109. An appropriate window is —0.0029 < x < 


0.0029, —0.01 < y < 0.01. 























0.01 
Table 1.15 
f(x) 
0.3365 
0.0337 0.01 
0.0034 —0.0029 0.0029 
ee Figure 1.109 
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78. (a) If b = 0, then the property says lim;—,.0 = 0, which is easy to see is true. 


(b) If | f(x) — L| < 77. then multiplying by |b] gives 


lll f(z) — Ll <e. 
Since 
[| f(@) — L| = |b(f(@) — L)| = |bf(@) — bx], 
we have 
|bf (a) — bL| <e. 
(c) Suppose that lim f(a) = L. We want to show that lim bf(a) = bL. If we are to have 
mc Zc 
|bf (a) — bL| <e, 
then we will need 2 
If(x)-L] < nk 


We choose 6 small enough that 
jc—c|<6 implies |f(x)—L| < oR 
By part (b), this ensures that 
|bf(x) — bL| <e, 


as we wanted. 


79. Suppose lim f(x) = Ly and lim g(x) = Le. Then we need to show that 
mc Zc 


80. 


lim (f(a) + g(a)) = Li + Lo. 
@r—c 
Let « > 0 be given. We need to show that we can choose 6 > 0 so that whenever |” — c| < 6, we will have 
\(f(@) + g(x)) — (L1 + L2)| < e. First choose 6; > 0 so that |x — cl < 41 implies | f(a) — Li] < §; we can do this 
since lim f(x) = Ly. Similarly, choose 42 > 0 so that |” — c| < 62 implies |g(a) — L2| < §. Now, set 6 equal to the 


xLz>C 


smaller of 6; and 62. Thus |a — c| < 6 will make both |x — c] < 6; and |x — c| < 52. Then, for |” — c| < 6, we have 





f(a) + g(a) — (La + La)| = |(F(@) — L1) + (g(a) — £2)| 
< |(f(x) — £1)| + |g) — L2)| 
< ee a= €. 
~2 2 


This proves limz-+-(f(#) + g(x)) = lima+c f(x) + limz-+c g(x), which is the result we wanted to prove. 


(a) We need to show that for any given € > 0, there is a d > 0 so that |x — c| < 6 implies |f(a)g(x)| < ¢. Ife > 0 
is given, choose 51 so that when |x — c| < 61, we have |f(x)| < ./e. This can be done since limz-+0 f(x) = 0. 
Similarly, choose 62 so that when |x — c| < 62, we have |g()| < ./e. Then, if we take 6 to be the smaller of 6) 
and 52, we'll have that |z — c| < 6 implies both |f(x)| < \/e and |g(x)| < \/e. So when |x — c| < 6, we have 
|f(x)9(@)| = |F()| |9(@)| < Ve- Ve = Thus lim f(a) g(a) = 0. 

(b) (f(@) — Ln) (g(@) — Le) + Lig(@) + Lof(a) — Liles 
= f(a)g(@) — Lig(@) — Lof(a) + Lile + Lig(x) + Lef(x) — Liles = f(x)g(@). 

(c) lim (f(x) — £1) = lim f(#)—lim L; = L;—L, = 0, using the second limit property. Similarly, lim (g(x) — L2) = 
wc wc wc 


Zc 








(d) Since lim (f(a) — L1) = lim (g(a) — L2) = 0, we have that lim (f(a) — £1) (g(a) — L2) = 0 by part (a). 
(e) From part (b), we have 


lim f(x)g(@) = lim ((f(@) — L1) (9(@) — Le) + Lig(«) + Laf(x) — LiL2) 

= lim (f(x) — L1) (g(x) — Le) + lim Lig(x) + lim Le f(x) + lim(—LL2) 
rc xL>C zc rc 
(using limit property 2) 

= 04+ Ly lim g(x) + Le lim f(x) — Ii Le 

@Z2—c 2+ 

(using limit property 1 and part (d)) 

= Inlg+ Lely — InL2 = il. 





81. 


82. 


83. 
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We will show f(a) = x is continuous at x = c. Since f(c) = c, we need to show that 


lim f(x) =c 


@Z-c 


that is, since f(a) = x, we need to show 


lim x= c. 
Tre 


Pick any € > 0, then take 6 = e. Thus, 


|f(x)-—cel|=|x-—el<e forall |x—cl <b =e. 


Since f(x) = a is continuous, Theorem 1.3 on page 64 shows that products of the form f(a)- f(a) = x? and f(a) +2? = 


x, etc., are continuous. By a similar argument, 2” is continuous for any n > 0. 


If c is in the interval, we know lim f(x) = f(c) and limz-4- g(x) = g(c). Then, 
2c 


lim (f(x) + g(x)) = lim f(a) + lim g(a) _ by limit property 2 
Zc Zc mec 
= f(c)+g(c), so f +g is continuous atx = c. 
Also, 
lim (f(a)g(x)) = lim f(x) lim g(x) _ by limit property 3 
uC @T>c wc 


= f(c)g(c) so fg is continuous atx = c. 


Finally, 


f(a) _ lime+e fle) 


lim —— = ——————__ by limit property 4 
aoc g(x) ~~ limz-+c g(x) J i seed 
a FO) so f is continuous at x = c. 
g(c) g 


Strengthen Your Understanding 


84. 


85. 


86. 
87. 





Though P(2) and Q(z) are both continuous for all x, it is possible for Q(x) to be equal to zero for some x. For any such 
value of x, where Q(a) = 0, we see that P(x)/Q(a) is undefined, and thus not continuous. For example, 








P(x) « 
Q(x) «-1 
is not defined or continuous at 7 = 1. 
The left- and right-hand limits are not the same: 
x—-1 


aie 


but 
x—1l 


lim i 


ait |x = 1| 7 
Since the left- and right-hand limits are not the same, the limit does not exist and thus is not equal to 1. 
For f to be continuous at x = c, we need limz-+¢ f(x) to exist and to be equal to f(c). 


One possibility is 
(a + 3)(x — 1) 
xz-—1 ‘ 


f(z) = 
We have limz-+1 f(x) = 4 but f(1) is undefined. 


78 
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89. 
90. 


91. 
92. 


93. 


94. 


95. 


96. 


97. 


98. 
99. 


100. 
101. 
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. One example is 
2|2| 
a 


f(x) 


True, by Property 3 of limits in Theorem 1.2, since lim,.3 x = 3. 


False. If limz—+3 g(x) does not exist, then limz—+3 f(#)g(x) may not even exist. For example, let f(a) = 2x + 1 and 


define g by: 
aey= (VO-9 Hes 
Then lim,_,3 f(x) = 7 and g(3) = 4, but limz_.3 f(x)g(x) F 28, since limz_,3(2x + 1)/(a — 3) does not exist. 
True, by Property 2 of limits in Theorem 1.2. 
True, by Properties 2 and 3 of limits in Theorem 1.2. 


lim, g(x) = lim (f(x) + g(a) + (-1)f(e)) = lim (f(a) + g(@)) + (1) lim f(z) = 12+ (-1)7=5. 


x3 


False. For example, define f as follows: 
_ f2e@+1 ife 42.99 
f(z) = { 1000 ifx = 2.99. 
Then f (2.9) = 2(2.9) + 1 = 6.8, whereas f (2.99) = 1000. 
False. For example, define f as follows: 
_ f2e+1 iff £3.01 
as { -1000 ifr = 3.01. 
Then f (3.1) = 2(3.1) + 1 = 7.2, whereas f (3.01) = —1000. 


True. Suppose instead that lim,_-,3 g(x) does not exist but lim,_,3(f(2)g(a)) did exist. Since limz_,3 f(a) exists and is 
not zero, then limz-.3((f(x)g())/f(x)) exists, by Property 4 of limits in Theorem 1.2. Furthermore, f(x) 4 0 for all x 
in some interval about 3, so (f(«)g(a))/f(«) = g(«) for all a in that interval. Thus lim,-;3 g(2) exists. This contradicts 
our assumption that lim;_,3 g(x) does not exist. 





False. For some functions we need to pick smaller values of 6. For example, if f(2) = a3 42 andc = Oand L = 2, 
then f (2) is within 107° of 2 if |a1/*| < 107%. This only happens if x is within (107°)? = 107° of 0. If 2 = 107° then 
a'/3 = (10~3)1/3 = 1071, which is too large. 

False. The definition of a limit guarantees that, for any positive ¢, there is a 6. This statement, which guarantees an € for 
a specific 6 = 107%, is not equivalent to lim,_,. f(a) = L. For example, consider a function with a vertical asymptote 
within 107° of 0, such as c = 0, L = 0, f(x) = 2/(x — 107“). 

True. This is equivalent to the definition of a limit. 


False. Although x may be far from c, the value of f (2) could be close to L. For example, suppose f(x) = L, the constant 
function. 


False. The definition of the limit says that if x is within 6 of c, then f(a) is within € of L, not the other way round. 


(a) This statement follows: if we interchange the roles of f and g in the original statement, we get this statement. 

(b) This statement is true, but it does not follow directly from the original statement, which says nothing about the case 
g(a) = 0. 

(c) This follows, since if g(a) 4 0 the original statement would imply f/g is continuous at x = a, but we are told it is 
not. 

(d) This does not follow. Given that f is continuous at x = a and g(a) # 0, then the original statement says g continuous 
implies f /g continuous, not the other way around. In fact, statement (d) is not true: if f(a) = 0 for all x, then g could 
be any discontinuous, non-zero function, and f/g would be zero, and therefore continuous. Thus the conditions of 
the statement would be satisfied, but not the conclusion. 
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Solutions for Chapter 1 Review 


Exercises 





1. The line of slope m through the point (xo, yo) has equation 
Y — Yo = M(x — x0), 
so the line we want is 


y —0 = 2(a2— 5) 
y = 2a — 10. 


2. We want a function of the form y = a(a —h)? +k, with a < 0 because the parabola opens downward. Since (h, k) is the 
vertex, we must take h = 2, k = 5, but we can take any negative value of a. Figure 1.110 shows the graph with a = —1, 
namely y = —(a — 2)? +5. 


Y (2,5) 


Figure 1.110: Graph of y = —(a# — 2)? +5 





3. A parabola with x-intercepts +1 has an equation of the form 
y =k(@ —1)(a4+1). 


Substituting the point x = 0, y = 3 gives 


Thus, the equation we want is 


4. The equation of the whole circle is 


so the bottom half is 
eee 
5. A circle with center (h, k) and radius r has equation (a — h)? + (y—k)? = r?. Thus h = —1, k = 2, and r = 3, giving 
(a+ 1)? + (y—2)? =9. 
Solving for y, and taking the positive square root gives the top half, so 
(y— 2)? =9-(«+1)’ 
y=2t J/9 = (« +1)? ; 


See Figure 1.111. 
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(-1,2) 








Figure 1.111: Graph of y = 2+ ,/9 — (x + 1)? 





6. A cubic polynomial of the form y = a(a—1)(a—5)(a—7) has the correct intercepts for any value of a 4 0. Figure 1.112 
shows the graph with a = 1, namely y = (a — 1)(x — 5)(a — 7). 














Figure 1.112: Graph of y = (a — 1)(x — 5)(a — 7) 





7. Since the vertical asymptote is x = 2, we have b = —2. The fact that the horizontal asymptote is y = —5 gives a = —5. 
So 
— 5a 
Ye 2 


8. The amplitude of this function is 5, and its period is 277, so y = 5cos a. 
9. See Figure 1.113. 





heart 
rate 
time 
administration 
of drug 
Figure 1.113 
10. Factoring gives 
2-—a2)\(2+2 
g(e) = 2aBA+e) 
x(x +1) 
The values of « which make g(x) undefined are x = 0 and x = —1, when the denominator is 0. So the domain is all 
x #0,—1. Solving g(a) = 0 means one of the numerator’s factors is 0, so 7 = +2. 





11. (a) The domain of f is the set of values of x for which the function is defined. Since the function is defined by the graph 

and the graph goes from x = 0 to x = 7, the domain of f is (0, 7]. 

(b) The range of f is the set of values of y attainable over the domain. Looking at the graph, we can see that y gets as 
high as 5 and as low as —2, so the range is [—2, 5]. 

(c) Only at « = 5 does f(x) = 0. So 5 is the only zero of f(z). 

(d) Looking at the graph, we can see that f(2:) is decreasing on (1,7). 

(e) The graph indicates that f(x) is concave up at x = 6. 

(f) The value f(4) is the y-value that corresponds to x = 4. From the graph, we can see that f(4) is approximately 1. 

(g) This function is not invertible, since it fails the horizontal-line test. A horizontal line at y = 3 would cut the graph of 
f(a) in two places, instead of the required one. 
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12. (a) f(n) + g(n) = (3n? — 2) + (n +1) =3n? +n-1. 
(b) f(n)g(n) = (3n? — 2)(n +1) = 3n? +. 3n? — 2n — 2. 
(c) The domain of f(n)/g(n) is defined everywhere where g(n) # 0, i.e. for alln A —1. 
(d) f(g(n)) = 3(n +1)? —2 = 3n? +6n 4-1. 
(e) g(f(m)) = (8n? — 2) +1 = 3n? -1. 
13. (a) Since m = f(A), we see that (100) represents the value of m when A = 100. Thus f(100) is the minimum annual 
gross income needed (in thousands) to take out a 30-year mortgage loan of $100,000 at an interest rate of 6%. 
(b) Since m = f(A), we have A = f~1(m). We see that f~'(75) represents the value of A when m = 75, or the size 
of a mortgage loan that could be obtained on an income of $75,000. 
14. Taking logs of both sides yields tlog 5 = log 7, sot = vet = 1.209. 
0g 
log 2 
15. t= & 35.003. 
log 1.02 eee 
16. Collecting similar factors yields (3) _ 2, so 
log (2 
= (3) = —0.830 
log (3) 
17. Collecting similar factors yields (+33) _ a . Solving for t yields 
lo 12.01 
et a i 90.283 
log (+53) 
18. We want 2° = e*' so 2 = e* and k = In2 = 0.693. Thus P = Poe? ®?**, 
19. We want 0.2° = e** so 0.2 = e* and k = In0.2 = —1.6094. Thus P = 5.23e7 "0". 
20. f(z) =Ina, g(x) = x. (Another possibility: f(2) = 32, g(x) = Ina.) 
21. f(x) =23, g(x) =Ina. 
22. The amplitude is 5. The period is 67. See Figure 1.114. 
y 
el: 
| fi | x 
—6n _ 22 —37_ ; 32 3r\ 22 fbr 
2 i = 2 y = 5sin (4) 
54 
Figure 1.114 
23. The amplitude is 2. The period is 27/5. See Figure 1.115. 





y = 4 — 2cos(5z) 





x 





is 
afy 
fe 


Figure 1.115 
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24. 


25. 


26. 
27. 
28. 


29. 


30. 
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(a) We determine the amplitude of y by looking at the coefficient of the cosine term. Here, the coefficient is 1, so the 
amplitude of y is 1. Note that the constant term does not affect the amplitude. 

(b) We know that the cosine function cos x repeats itself at x = 27, so the function cos(3x) must repeat itself when 
3a = 2r, or at x = 27/3. So the period of y is 27/3. Here as well the constant term has no effect. 

(c) The graph of y is shown in the figure below. 











l 
2n 
3 


(a) Since f(x) is an odd polynomial with a positive leading coefficient, it follows that f(x) — co as x — oo and 
f(x) + —0o as x > —00. 

(b) Since f(a) is an even polynomial with negative leading coefficient, it follows that f(a) — —co as x + +too. 

(c) Asa — too, xt + co, soz 4 = 1/x4 > 0. 

(d) As a — boo, the lower-degree terms of f(a) become insignificant, and f(a) becomes approximated by the highest 
degree terms in its numerator and denominator. So as x — too, f(x) > 6. 











Exponential growth dominates power growth as 2 — oo, so 10 - 2* is larger. 
As x —> 00, 0.252'/? is larger than 25,0002~°. 


This is a line with slope —3/7 and y-intercept 3, so a possible formula is 


y= S03. 


Starting with the general exponential equation y = Ae**, we first find that for (0,1) to be on the graph, we must have 
A = 1. Then to make (3, 4) lie on the graph, we require 


4=e* 
In4 = 3k 
In4 


k = — # 0.4621. 
3 


Thus the equation is 
0.46212 
y=e : 
Alternatively, we can use the form y = a”, in which case we find y = (1.5874)”. 
This looks like an exponential function. The y-intercept is 3 and we use the form y = 3e**. We substitute the point (5, 9) 


to solve for k: 


9 = 3e° 
3 — oF 
In3 = 5k 
k = 0.2197. 
A possible formula is 
y = Boo 787, 


Alternatively, we can use the form y = 3a‘, in which case we find y = 3(1.2457)*. 


31. 
32. 


33. 
34. 
35. 
36. 
37. 


38. 


39. 


40. 
41. 


42. 
43. 


44. 


SOLUTIONS to Review Problems for Chapter One 83 


y = —ka(x +5) = —k(a? + 5a), where k > 0 is any constant. 


Since this function has a y-intercept at (0,2), we expect it to have the form y = 2e**. Again, we find k by forcing the 
other point to lie on the graph: 





1 = 2e7* 
1 og 
—=€ 
2 
1 
in = = Oe 
n(5) 
In(2 
k= MG). —0.34657. 


This value is negative, which makes sense since the graph shows exponential decay. The final equation, then, is 


—0.34657a 
y = 2e : 


Alternatively, we can use the form y = 2a”, in which case we find y = 2(0.707)”. 
z=1-cosé 


y = k(a + 2)(a + 1)(@ — 1) = k(a? + 2a? — & — 2), where k > 0 is any constant. 





x = ky(y — 4) = k(y? — 4y), where k > 0 is any constant. 

y = 5sin (=) 

This looks like a fourth degree polynomial with roots at —5 and —1 and a double root at 3. The leading coefficient is 
negative, and so a possible formula is 





This looks like a rational function. There are vertical asymptotes at x = —2 and x = 2 and so one possibility for the 
denominator is x” — 4. There is a horizontal asymptote at y = 3 and so the numerator might be 3”. In addition, y(0) = 0 
which is the case with the numerator of 3x”. A possible formula is 


_ 3a? 
y= 24 


There are many solutions for a graph like this one. The simplest is y = 1 — e-*, which gives the graph of y = e”, flipped 
over the x-axis and moved up by 1. The resulting graph passes through the origin and approaches y = 1 as an upper 
bound, the two features of the given graph. 


The graph is a sine curve which has been shifted up by 2, so f(x) = (sin x) 4+ 2. 


This graph has period 5, amplitude 1 and no vertical shift or horizontal shift from sin x, so it is given by 


f(x) = sin (=x) ‘ 


Since the denominator, 2? + 1, is continuous and never zero, g(a) is continuous on [—1, 1]. 


Since ; i 
h(z) = —— = —————_., 
(=) = 7-3 = Goat)’ 
we see that h(x) is not defined at x = —1 or at x = 1, so h(x) is not continuous on [—1, 1]. 
(a) lim f(a) = 1. 
x0 
(b) lim f(a) does not exist. 
xl 
(c) lim f(x) = 1. 


(d) lim f(x) =0. 
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3 
3 ee Sr, 3 
45, jo) = 
<2 rt 1 5 r<3 
= 
Figure 1.116 confirms that lim f(x) = 54 while lim f(a) = —54; thus lim f(a) does not exist. 
233t 23 x3 
100 + va f(z) 
50 + 
1 2 
0 x 
a 3 4 
—50 + 
—100 + 
Figure 1.116 
e -l<ax<0 
46. f(x) = 24 z=0 
cos & O0<a<l 
Figure 1.117 confirms that lim f(2) = lim e” =e° =1, and that lim f(a) = lim cosa =cos0 =1, so 
«207 x20 a2—0+ x—0+ 
lim f(z) =1. 
«a0 
1 
f(z) 
| | z 
eel 0 1 
Figure 1.117 


Problems 





47. (a) More fertilizer increases the yield until about 40 lbs.; then it is too much and ruins crops, lowering yield. 
(b) The vertical intercept is at Y = 200. If there is no fertilizer, then the yield is 200 bushels. 
(c) The horizontal intercept is at a = 80. If you use 80 Ibs. of fertilizer, then you will grow no apples at all. 
(d) The range is the set of values of Y attainable over the domain 0 < a < 80. Looking at the graph, we can see that Y 
goes as high as 550 and as low as 0. So the range is 0 < Y < 550. 
(e) Looking at the graph, we can see that Y is decreasing at a = 60. 
(f) Looking at the graph, we can see that Y is concave down everywhere, so it is certainly concave down at a = 40. 


48. (a) Given the two points (0, 32) and (100, 212), and assuming the graph in Figure 1.118 is a line, 


212 — 32 180 
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Boiling point of water 


Freezing point of water 


| | | | | 
} 1 } lane 


T 
50 100 150 200 250 








Figure 1.118 


(b) The °F-intercept is (0, 32), so 
°F = 1.8(°C) + 32. 


(c) If the temperature is 20°Celsius, then 
°F = 1.8(20) + 32 = 68°F. 


(d) If °F = °C, then 
"C= 18°C 4.32 
—32 = 0.8°C 
°C = —40° = °F. 


49. (a) We have the following functions. 
(i) Since a change in p of $5 results in a decrease in q of 2, the slope of g = D(p) is —2/5 items per dollar. So 


2 
Shop, 
qd 5P 


Now we know that when p = 550 we have g = 100, so 


100 = 6 ~ = -550 


100 = b — 220 
b = 320. 
Thus a formula is . 
= 320 — =p. 
qd 5P 


(ii) We can solve q = 320 — 2p for p in terms of gq: 


5 


5q = 1600 — 2p 

2p = 1600 — 5q 
5 

p = 800 — af: 


The slope of this function is —5/2 dollars per item, as we would expect. 


(b) A graph of p = 800 — 54 is given in Figure 1.119. 


86 Chapter One /SOLUTIONS 














p (dollars) 
800 
550 ¢ 
: q (items) 
100 320 
Figure 1.119 
50. See Figure 1.120. 
d (distance) 
t (time) 
Figure 1.120 


51. (a) (i) Ifthe atoms are moved farther apart, then r > a so, from the graph, F' is negative, indicating an attractive force, 
which pulls the atoms back together. 
(ii) If the atoms are moved closer together, then r < a so, from the graph, F’ is positive, indicating an attractive 
force, which pushes the atoms apart again. 
(b) At r = a, the force is zero. The answer to part (a)(i) tells us that if the atoms are pulled apart slightly, sor > a, 
the force tends to pull them back together; the answer to part (a)(ii) tells us that if the atoms are pushed together, so 
r <a, the force tends to push them back apart. Thus, r = a is a stable equilibrium. 


52. If the pressure at sea level is Po, the pressure P at altitude h is given by 


h/100 
Bap, (a- aa) 
100 


since we want the pressure to be multiplied by a factor of (1 — 0.4/100) = 0.996 for each 100 feet we go up to make it 
decrease by 0.4% over that interval. At Mexico City h = 7340, so the pressure is 


P = Py(0.996) 7340/1 = 0.745Po. 


So the pressure is reduced from Po to approximately 0.745 Pp, a decrease of 25.5%. 


53. Assuming the population of Ukraine is declining exponentially, we have population P(t) = 45.7e”" at time t years after 
2009. Using the 2010 population, we have 


45.42 = 45.7e7 "1 


aa es 


Tey ) = 9.0061. 


54. 


55. 


56. 


57. 


58. 


59. 
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We want to find the time ¢ at which 


45 = 45.7e° 0008" 
_ In(45/45.7) 
0.0061 


This model predicts the population to go below 45 million 2.53 years after 2009, in the year 2011. 


t= = 2.53 years. 


(a) We compound the daily inflation rate 30 times to get the desired monthly rate r: 


ee 0.67 \ ° 
1+—) =(1+——) =1.2218. 
( . Ty ( . io) 


Solving for r, we get r = 22.18, so the inflation rate for April was 22.18%. 
(b) We compound the daily inflation rate 365 times to get a yearly rate R for 2006: 


R\' 0.67 \ 36 
1+—) =(14+— = 11.4426. 
( = aoa) ( sy 100 ) . 
Solving for R, we get R = 1044.26, so the yearly rate was 1044.26% during 2006. We could have obtained approx- 


imately the same result by compounding the monthly rate 12 times. Computing the annual rate from the monthly 
gives a lower result, because 12 months of 30 days each is only 360 days. 


(a) The US consumption of hydroelectric power increased by at least 10% in 2009 and decreased by at least 10% in 2006 
and in 2007, relative to each corresponding previous year. In 2009 consumption increased by 11% over consumption 
in 2008. In 2006 consumption decreased by 10% over consumption in 2005, and in 2007 consumption decreased by 
about 45% over consumption in 2006. 

(b) False. In 2009 hydroelectric power consumption increased only by 11% over consumption in 2008. 

(c) True. From 2006 to 2007 consumption decreased by 45.4%, which means x(1— 0.454) units of hydroelectric power 
were consumed in 2007 if x had been consumed in 2006. Similarly, 


(a(1 — 0.454))(1 + 0.051) 
units of hydroelectric power were consumed in 2008 if x had been consumed in 2006, and 
(a(1 — 0.454)(1 + 0.051))(1 + 0.11) 
units of hydroelectric power were consumed in 2009 if x had been consumed in 2006. Since 
x(1 — 0.454)(1 + 0.051)(1 + 0.11) = (0.637) = x(1 — 0.363), 


the percent growth in hydroelectric power consumption was —36.3%, in 2009 relative to consumption in 2006. This 
amounts to about 36% decrease in hydroelectric power consumption from 2006 to 2009. 
(a) For each 2.2 pounds of weight the object has, it has 1 kilogram of mass, so the conversion formula is 


1 


k= f)=55 


D. 
(b) The inverse function is 
p= 2.2k, 
and it gives the weight of an object in pounds as a function of its mass in kilograms. 
Since f(a) is a parabola that opens upward, we have f(a) = ax? + br +c with a > 0. Since g(z) is a line with negative 
slope, g(x) = 6+ mz, with slope m < 0. Therefore 
g(f(x)) = b+ m(az? + br +c) = maz? + mba + mc + b. 


The coefficient of x” is ma, which is negative. Thus, the graph is a parabola opening downward. 


(a) is g(x) since it is linear. (b) is f(a) since it has decreasing slope; the slope starts out about 1 and then decreases to 
about a (c) is h(a) since it has increasing slope; the slope starts out about aa and then increases to about 1. 


Given the doubling time of 2 hours, 200 = 100e*"??, we can solve for the growth rate k using the equation: 


2Py = Pye?* 
In2 = 2k 
p- m2 
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Using the growth rate, we wish to solve for the time ¢ in the formula 


in2; 
P= 100e 2 
where P = 3,200, so 
net 
3,200 = 100e ? 
t = 10 hours. 


60. (a) The y-intercept of f(x) = aln(x + 2) is f(0) = aln 2. Since In 2 is positive, increasing a increases the y-intercept. 
(b) The x-intercept of f(a) = aln(a+2) is where f(x) = 0. Since this occurs where x + 2 = 1, so = —1, increasing 





a does not affect the x-intercept. 


61. Since the factor by which the prices have increased after time tf is given by (1.05)‘, the time after which the prices have 


doubled solves 


2 = (1.05)* 
log 2 = log(1.05") = tlog(1.05) 
log 2 





& 14.21 years. 


62. Using the exponential decay equation P = Pye~*', we can solve for the substance’s decay constant k: 


(Po = 0.3P) = Poe 2" 
—_ In(0.7) 
—20 





Knowing this decay constant, we can solve for the half-life ¢ using the formula 


0.5P) = Py eln(0.7)#/20 
_ 201n(0.5) 


= “n(0.7) = 38.87 hours. 


63. (a) We know the decay follows the equation 
P=Pe™, 


and that 10% of the pollution is removed after 5 hours (meaning that 90% is left). Therefore, 
0.90Po = Poe 
1 
k= 5 In(0.90). 


Thus, after 10 hours: 
P = Pye 10((—9.2) In 0.90) 
P = Py(0.9)? = 0.81 Pp 


so 81% of the original amount is left. 
(b) We want to solve for the time when P = 0.50Po: 


0.50Py = Poet (0-2) In 0-90) 
0.50 = e'(0-90°*) 


0.50 = 0.90°°7" 
_ 5In(0.50) 


= 32.9 hours. 
™(0.90) 32.9 hours 
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(c) P 


Po 


| 1 | t 
5 10 32.9 





(d) When highly polluted air is filtered, there is more pollutant per liter of air to remove. If a fixed amount of air is 
cleaned every day, there is a higher amount of pollutant removed earlier in the process. 


64. Since the amount of strontium-90 remaining halves every 29 years, we can solve for the decay constant; 


0.5Py = Poe 7 


, — mG/2) 
29 





Knowing this, we can look for the time t in which P = 0.10Po, or 


0.10P) = Poel 0-5#/29 
29 In(0.1 
= — = 96.336 years. 


65. One hour. 


66. (a) Vo represents the maximum voltage. 
(b) The period is 27/(1207) = 1/60 second. 
(c) Since each oscillation takes 1/60 second, in 1 second there are 60 complete oscillations. 


67. The US voltage has a maximum value of 156 volts and has a period of 1/60 of a second, so it executes 60 cycles a second. 


The European voltage has a higher maximum of 339 volts, and a slightly longer period of 1/50 seconds, so it 
oscillates at 50 cycles per second. 


68. (a) The amplitude of the sine curve is | A]. Thus, increasing | A| stretches the curve vertically. See Figure 1.121. 
(b) The period of the wave is 27/|B|. Thus, increasing | B| makes the curve oscillate more rapidly—in other words, the 
function executes one complete oscillation in a smaller interval. See Figure 1.122. 




















—1 


Figure 1.121 Figure 1.122 


69. (a) (i) The water that has flowed out of the pipe in | second is a cylinder of radius r and length 3 cm. Its volume is 
V =ar?(3) = 3nr?. 
(ii) If the rate of flow is k cm/sec instead of 3 cm/sec, the volume is given by 


V =ar(k) = ark. 
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(b) (i) The graph of V as a function of r is a quadratic. See Figure 1.123. 


V Vv 


Figure 1.123 Figure 1.124 


(ii) The graph of V as a function of k is a line. See Figure 1.124. 


70. Looking at g, we see that the ratio of the values is: 


3.12 3.74 449 5.39 6.47 
3.74 449 5.39 6.47 7.76 


2 


Thus g is an exponential function, and so f and k are the power functions. Each is of the form az? or ax®, and since 


k(1.0) = 9.01 we see that for k, the constant coefficient is 9.01. Trial and error gives 


k(x) = 9.012”, 
since k(2.2) = 43.61 ~ 9.01(4.84) = 9.01(2.2)*. Thus f(a) = ax and we find a by noting that f(9) = 7.29 = a(9*) 
sO 
7.29 


and f(x) = 0.012. 


71. (a) See Figure 1.125. 
(b) The graph is made of straight line segments, rising from the x-axis at the origin to height a at x = 1, b at x = 2, and 
cat x = 3 and then returning to the x-axis at x = 4. See Figure 1.126. 

















Figure 1.125 Figure 1.126 


72. (a) Reading the graph of @ against t shows that 0 © 5.2 when t = 1.5. Since the coordinates of P are x = 5cos 60, 
y = 5sin @, when t = 1.5 the coordinates are 


(x,y) © (5cos 5.2,5sin 5.2) = (2.3, —4.4). 


(b) As ¢ increases from 0 to 5, the angle @ increases from 0 to about 6.3 and then decreases to 0 again. Since 6.3 % 27, 
this means that P starts on the x-axis at the point (5, 0), moves counterclockwise the whole way around the circle (at 
which time 0 % 27), and then moves back clockwise to its starting point. 


73. (a) Il 
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74, The functions y(x) = sin x and z,(a) = ke~* for k = 1,2, 4,6, 8, 10 are shown in Figure 1.127. The values of f(k:) for 
k = 1,2, 4,6, 8, 10 are given in Table 1.16. These values can be obtained using either tracing or a numerical root finder 
on a calculator or computer. 

From Figure 1.127 it is clear that the smallest solution of sina = ke~* for k = 1, 2, 4,6 occurs on the first period 
of the sine curve. For small changes in k, there are correspondingly small changes in the intersection point. For k = 8 and 
k; = 10, the solution jumps to the second period because sin x < 0 between 7 and 27, but ke” is uniformly positive. 
Somewhere in the interval 6 < k < 8, f(k) has a discontinuity. 


Table 1.16 


fk) 
0.588 
0.921 
1.401 
1.824 
6.298 
6.302 








Figure 1.127 





75. By tracing on a calculator or solving equations, we find the following values of 6: 

Fore = 0.1,6 < 0.1 

For €« = 0.05, 6 < 0.05. 

For € = 0.0007, 6 < 0.00007. 
76. By tracing on a calculator or solving equations, we find the following values of 6: 

For ¢ = 0.1, 6 < 0.45. 

For ¢ = 0.001, 6 < 0.0447. 

For € = 0.00001, 6 < 0.00447. 
77. For any values of k, the function is continuous on any interval that does not contain 7 = 2. 

Since 52° — 10x” = 52?(a — 2), we can cancel (x — 2) provided x # 2, giving 
5a® — 100? 
i) =. 
x—2 

Thus, if we pick k = 5(2)? = 20, the function is continuous. 


78. Atx =, the curve y = kcosax has y = kcos0 = k. At x = 0, the curve y = e” — k has y = e® -k =1—k. If j(x) 
is continuous, we need 


= 5a” BF 2. 











CAS Challenge Problems 





79. (a) ACAS gives f(x) = (x — a)(x + a)(a@ + b)(x — ¢). 








(b) The graph of f(a) crosses the x-axis at x = a, x a, x b, 2 = c; it crosses the y-axis at a”bc. Since the 
coefficient of x“ (namely 1) is positive, the graph of f looks like that shown in Figure 1.128. 
y 











(x—a)(x+a)(a+b)(a—c) 


92 


80. 


81. 


82. 


83. 
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(a) A CAS gives f(x) = —(a — 1)?(a — 3)%. 

(b) For large ||, the graph of f(a) looks like the graph of y = —x”, so f(x) > 00 as x —> —oo and f(x) > —oo as 
x —> co. The answer to part (a) shows that f has a double root at x = 1, so near x = 1, the graph of f looks like 
a parabola touching the x-axis at x = 1. Similarly, f has a triple root at x = 3. Near x = 3, the graph of f looks 
like the graph of y = «°, flipped over the a-axis and shifted to the right by 3, so that the “seat” is at 2 = 3. See 
Figure 1.129. 








Figure 1.129: Graph of 
f(x) = —(@ — 1)?(# — 3)° 


(a) As 2 —+ 00, the term e®* dominates and tends to oo. Thus, f(a) —> 00 as # — oo. 
As a —> —oo, the terms of the form e*”, where k = 6, 5, 4, 3, 2, 1, all tend to zero. Thus, f(x) > 16 as x > —o0. 
(b) A CAS gives 
fla) = (e* + 1)(e* — 2)(€* — 2)(2* +267 +4). 
Since e® is always positive, the factors (e” + 1) and (e?” + 2e” + 4) are never zero. The other factors each lead to a 
zero, so there are two zeros. 
(c) The zeros are given by 





Thus, one zero is twice the size of the other. 


(a) Since f(a) = x? — @, 





Using the CAS to define the function f(x), and then asking it to expand f(f(f(x))), we get 


fF (F(2))) = -a# +2? 420% —5a*420° 440° —407 42%. 





(b) The degree of f(f(x)) (that is, f composed with itself 2 times) is 4 = 27. The degree of f(f(f(x))) (that is, f 
composed with itself 3 times), is 8 = 2°. Each time you substitute f into itself, the degree is multiplied by 2, because 
you are substituting in a degree 2 polynomial. So we expect the degree of f(f(f(f(f(f(«)))))) (that is, f composed 
with itself 6 times) to be 64 = 2°. 


(a) A CAS or division gives 





3 
8 =30_ 3 3 
f(x) = a Sais +3a+9 1 
so p(x) = 2? + 3a +9, and r(a) = —3, and q(x) = x — 3. 
(b) The vertical asymptote is 2 = 3. Near x = 3, the values of p(a) are much smaller than the values of r(x)/q(a). 
Thus 


—3 
ee for x near 3. 





(c) For large «x, the values of p(x) are much larger than the value of r(x) /q(x). Thus 
f(z) 2? +3a4+9 as Z —> 00, Z —> —O0. 


(d) Figure 1.130 shows f(a) and y = —3/(a — 3) for x near 3. Figure 1.131 shows f(a) and y = 2? + 3a +9 for 
—20 < x < 20. Note that in each case the graphs of f and the approximating function are close. 
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y 
50 He) 500 + 
f(e) pea 
5 
| } }- x 
y= — —20 20 
—50 + —500 +- 
Figure 1.130: Close-up view of f(a) and Figure 1.131: Far-away view of f(x) and 
y = —3/(x — 3) y=u?+3r4+9 


84. Using the trigonometric expansion capabilities of your CAS, you get something like 


85. 


sin(5x) = 5cos*(a) sin(«) — 10cos?(«) sin? (2) + sin? (.r). 
Answers may vary. To get rid of the powers of cosine, use the identity cos*(a) = 1 — sin?(a). This gives 
sin(5x) = 5 sin() (1 — sin*(x))” — 10sin® (2) (a — sin” (x)) + sin? (a). 
Finally, using the CAS to simplify, 


sin(5x) = 5 sin(«) — 20sin3(«) + 16 sin° (a). 


Using the trigonometric expansion capabilities of your computer algebra system, you get something like 
cos(4a) = cos*(x) — 6 cos?(a) sin? (a) + sin*(a). 
Answers may vary. 


(a) To get rid of the powers of cosine, use the identity cos?(x) = 1 — sin? (a). This gives 
cos(4x) = cos*(«) — 6 cos() (1 - cos’ (x)) + (1 — cos” (z))”. 
Finally, using the CAS to simplify, 
cos(4x) = 1 — 8cos*(a) + 8cos* (x). 
(b) This time we use sin?(a) = 1 — cos?(a) to get rid of powers of sine. We get 


cos(4a) = (1 - sin?(x))” — 6sin’ (x) (1 — sin” («)) + sin’(x) = 1— 8sin?(x) + 8sin*(z). 
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1. 


Notice that whenever x increases by 0.5, f(x) increases by 1, indicating that f(a) is linear. By inspection, we 
see that f(x) = 2a. 

Similarly, g(a) decreases by | each time x increases by 0.5. We know, therefore, that g(a) is a linear 
function with slope at = —2. The y-intercept is 10, so g(x) = 10 — 2a. 

h(a) is an even function which is always positive. Comparing the values of a and h(x), it appears that 
ha) =o". 

F(a) is an odd function that seems to vary between —1 and 1. We guess that F(a”) = sin x and check 
with a calculator. 

G(a) is also an odd function that varies between —1 and 1. Notice that G(x) = F'(2z), and thus G(x) = 
sin 22. 


Notice also that H(x) is exactly 2 more than F(x) for all x, so H(x) = 2+ sin. 
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2. (a) Begin by finding a table of correspondences between the mathematicians’ and meteorologists’ angles. 


Omet (in degrees) 


Omath (in degrees) 





The table is linear for 0 < Onet < 270, with Oy,atn decreasing by 45 every time Onet increases by 45, 
giving slope AOmnet/AQ@math = 45/(—45) = —1. 

The interval 270 < Ome < 360 needs a closer look. We have the following more detailed table for 
that interval: 





Again the table is linear, this time with 6th decreasing by 10 every time Oy, increases by 10, again 
giving slope —1. The graph of @math against Oye, contains two straight line sections, both of slope —1. 
See Figure 1.132. 
(b) See Figure 1.132. 
0 — 270 — Omet if 0 < Omet < 270 
ma) 680 — Once if 270 < Pmt < 360 © 


Omath 
360° | x 
270° 


180° 





90° 





90° 180° 270° 360° 





Omet 


Figure 1.132 
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CHAPTER TWO 


Solutions for Section 2.1 


Exercises 





1. For t between 2 and 5, we have 


‘ As — 400-135 _ 265 
Average velocity = oT n= ae a km/hr. 
The average velocity on this part of the trip was 265/3 km/hr. 


2. The average velocity over a time period is the change in position divided by the change in time. Since the function x(t) 
gives the position of the particle, we find the values of ~(0) = —2 and x(4) = —6. Using these values, we find 
Ax(t) _ #(4)—2(0) _ —6 — (—2) 


i eg a —1 meters/sec. 





Average velocity = 


3. The average velocity over a time period is the change in position divided by the change in time. Since the function x(t) 
gives the position of the particle, we find the values of ~(2) = 14 and x(8) = —4. Using these values, we find 


A(t) 2(8)—2(2) 4-14 


RE ge 5 = —3 angstroms/sec. 


Average velocity = 


4. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the distance of the particle from a point, we read off the graph that s(0) = 1 and s(3) = 4. Thus, 





As(t) — 8(3)—s(0) 4-1 | 
<a = a ce 1 meter/sec. 


Average velocity = 
5. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the distance of the particle from a point, we read off the graph that s(1) = 2 and s(3) = 6. Thus, 
As(t) _ s(3)—s(1) _ 6-2 


Average velocity = A. Se -  S 2 meters/sec. 





6. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the distance of the particle from a point, we find the values of s(2) = e? — 1 = 6.389 and s(4) = e* — 1 = 53.598. 
Using these values, we find 

As(t) _ s(4)—s(2) _ 53.598 — 6.389 


Average velocity = Mo £8. = 5 





= 23.605 wm/sec. 


7. The average velocity over a time period is the change in the distance divided by the change in time. Since the function s(t) 
gives the distance of the particle from a point, we find the values of s(7/3) = 4+ 33/2 and s(77/3) = 4+ 3V3/2. 
Using these values, we find 


._ _ As(t) _ s(7m/3) — s(4/3) — 4+3V3/2 — (44+3V3/2) _ 
Average velocity = A 7 = a rs 0 cm/sec. 





Though the particle moves, its average velocity is zero, since it is at the same position at t = 7/3 and t = 77/3. 
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8. (a) Lets = f(t). 
(i) We wish to find the average velocity between t = 1 and t = 1.1. We have 


fl) -—f() _ 363-3 


Average velocity = Tio ian 6.3 m/sec. 
(ii) We have 
. _ f(1.01)— fC) — 3.0603-3 _ 
Average velocity = LOlo1 = 001 = 6.03 m/sec. 
(iii) We have 
Average velocity = f(1.001) — f(A) = 3.006003 — 3 = 6.003 m/sec. 


1001-1 ~~ 0.001 
(b) We see in part (a) that as we choose a smaller and smaller interval around t = 1 the average velocity appears to be 
getting closer and closer to 6, so we estimate the instantaneous velocity at t = 1 to be 6 m/sec. 


9. (a) Lets = f(t). 
(i) We wish to find the average velocity between t = 0 and t = 0.1. We have 


f(0.1) = f(0) _ 0.004 ~0 


Average velocity = 0120 = D1 = 0.04 m/sec. 
(ii) We have 
Average velocity = Loon) = £0) = a = 0.0004 m/sec. 
(iii) We have 
— =9 — 
Average velocity = Lee) aoe =4x 10° m/sec. 


1.001 — 1 7 0.001 
(b) We see in part (a) that as we choose a smaller and smaller interval around t = 0 the average velocity appears to be 
getting closer and closer to 0, so we estimate the instantaneous velocity at t = 0 to be 0 m/sec. 
Looking at a graph of s = f(t) we see that a line tangent to the graph at t = 0 is horizontal, confirming our 
result. 


10. (a) Let s = f(¢). 
(i) We wish to find the average velocity between t = 1 and t = 1.1. We have 
f(1.1) — f(1) _ 0.808496 — 0.909297 _ 


Average velocity = oak = tie ————— 4 —1.00801 m/sec. 


(ii) We have 
f (1.01) — f(1) _ 0.900793 — 0.909297 


Average velocity = 


(iii) We have 





f (1.001) — f(1) _ 0.908463 — 0.909297 
1001-1 0.001 

(b) We see in part (a) that as we choose a smaller and smaller interval around t = 1 the average velocity appears to be 
getting closer and closer to —0.83, so we estimate the instantaneous velocity att = 1 to be —0.83 m/sec. In this case, 
more estimates with smaller values of h would be very helpful in making a better estimate. 


11. See Figure 2.1. 


Average velocity = = —0.834 m/sec. 


distance 


time 





Figure 2.1 


12. See Figure 2.2. 








distance 
time 
Figure 2.2 
13. See Figure 2.3. 
distance 
time 
Figure 2.3 
Problems 
14. Using h = 0.1, 0.01, 0.001, we see 
(3 +.0.1)° — 27 
———___— = 27.91 
0.1 
(3 + 0.01)? — 27 
——— 
0.01 7.09 
(3 + 0.001)? — 27 
—_____—#_ — = 27.009. 
0.001 7.009 
h)?—2 
These calculations suggest that jim eal eet = 27. 
h— 


15. Using radians, 


These values suggest that lim 
h—-0 


16. Using h = 0.1, 0.01, 0.001, we see 





This suggests that lim x1. 
h—-0 


0) 








(cosh — 1)/h 
—0.005 
—0.0005 
—0.00005 
sh—-1 
cos =0. 
714 
= 2.14 
0.1 
70.01 4 
0.01 965 
70.001 _ 4 
——— = 1.948 
0.001 
79-0001 4 
————— = 1.946. 
0.0001 a 
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17. Using h = 0.1, 0.01, 0.001, we see 


(elt — e)/h 





These values suggest that lim 
h-+0 





18. 


Poin | F | cle] a | Bid 


19. The slope is positive at A and D; negative at C and F’. The slope is most positive at A; most negative at F’. 
20. 0 < slope at C < slope at B < slope of AB < 1 < slope at A. (Note that the line y = , has slope 1.) 


21. Since f(t) is concave down between t = 1 and t = 3, the average velocity between the two times should be less than the 
instantaneous velocity at t = 1 but greater than the instantaneous velocity at time t = 3, so D < A < C. For analogous 
reasons, ' < B < E. Finally, note that f is decreasing at t = 5 so E < 0, but increasing at t = 0, so D > 0. Therefore, 
the ordering from smallest to greatest of the given quantities is 


FCB<E<0<D<AK<C. 


22. 
Average velocity | _ s(0.2) — s(0) _ 0.5 _ 2.5 filsec. 
0<t<0.2 : ; 


04-02 0.2 


Average velocity \ _ (0.4) — s(0.2) 13 — 65 fil/sec. 
0.2<t<04 


A reasonable estimate of the velocity at t = 0.2 is the average: 3 (6.5 + 2.5) = 4.5 ft/sec. 
23. One possibility is shown in Figure 2.4. 


f(t) 








Figure 2.4 


24. (a) Whent = 0, the ball is on the bridge and its height is f(0) = 36, so the bridge is 36 feet above the ground. 
(b) After 1 second, the ball’s height is f(1) = —16 + 50 + 36 = 70 feet, so it traveled 70 — 36 = 34 feet in 1 second, 
and its average velocity was 34 ft/sec. 
(c) Att = 1.001, the ball’s height is f(1.001) = 70.017984 feet, and its velocity about @?X54—70 — 17.984 = 18 
ft/sec. 


25. 


26. 


27. 


28. 
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(d) We complete the square: 


f(@®) = 16 + 50t + 36 


= —16 (? = ~,) + 36 
25. 625 625 
= (Po2% =) 1 (=) 
6 ( git 956) + 30+ 16 | a6 


= ~16(¢— y+ 4B 


so the graph of f is a downward parabola with vertex at the point (25/16, 1201/16) = (1.6, 75.1). We see from 
Figure 2.5 that the ball reaches a maximum height of about 75 feet. The velocity of the ball is zero when it is at the 
peak, since the tangent is horizontal there. 

(e) The ball reaches its maximum height when t = 25 — 1.6, 

















16 
y 

dic (1.6, 75.1) 

60 - 

AO 

20 7 

| | | t 
1 2 3 
Figure 2.5 
whe 2 — a pa Es 2 — 
lim (24h) 4 _ fig eee lim(4+h) =4 
h0 h h+0 h h-0 
tie 3 oe 4 2 3 2 
fim: G+hP-1 =i 1+ 3h+ 3h +h —-1_ lim A+ 3h +h") = lim 34+ 3h+h? =3. 
h0 h h—0 h h—0 h h—+0 
2D 2 

lim 322 +h) = 12 =i 2+ ht 3h —- lim h(2 + 3h) = lim 12+ 3h = 12. 
h—0 h ho h ho h ho 
7 (3+h)?-(3—h)? _ jee 9+6h+h?-9+6h—h? _ iii OO ee 
h—0 2h ~~ h0 2h “nso 2h ajo 


Strengthen Your Understanding 





29. 
30. 


31. 


32. 


33. 


34. 


35. 


Speed is the magnitude of velocity, so it is always positive or zero; velocity has both magnitude and direction. 


We expand and simplify first 


2 92 2) 2 
fim CHA) A 2 _ iy ARTA 4 yy Ah lim (4+h) = 4. 
h—0 h—0 h h—0 h h—0 


Since the tangent line to the curve at t = 4 is almost horizontal, the instantaneous velocity is almost zero. Att = 2 the 
slope of the tangent line, and hence the instantaneous velocity, is relatively large and positive. 


f(t) = #?. The slope of the graph of y = f(t) is negative for t < 0 and positive for t > 0. 
Many other answers are possible. 


One possibility is the position function s(t) = t?. Any function that is symmetric about the line t = 0 works. 
For s(t) = t?, the slope of a tangent line (representing the velocity) is negative at t = —1 and positive at t = 1, and 
that the magnitude of the slopes (the speeds) are the same. 


False. For example, the car could slow down or even stop at one minute after 2 pm, and then speed back up to 60 mph at 
one minute before 3 pm. In this case the car would travel only a few miles during the hour, much less than 50 miles. 


False. Its average velocity for the time between 2 pm and 4 pm is 40 mph, but the car could change its speed a lot during 
that time period. For example, the car might be motionless for an hour then go 80 mph for the second hour. In that case 
the velocity at 2 pm would be 0 mph. 
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36. True. During a short enough time interval the car can not change its velocity very much, and so it velocity will be nearly 
constant. It will be nearly equal to the average velocity over the interval. 


37. True. The instantaneous velocity is a limit of the average velocities. The limit of a constant equals that constant. 
38. True. By definition, Average velocity = Distance traveled/Time. 


39. False. Instantaneous velocity equals a limit of difference quotients. 


Solutions for Section 2.2 


Exercises 





1. The derivative, f’(2), is the rate of change of x? at x = 2. Notice that each time x changes by 0.001 in the table, the value 
of «* changes by 0.012. Therefore, we estimate 


f'(2) = Rate of change _ 0.012 = 
of fata = 2 0.001 


The function values in the table look exactly linear because they have been rounded. For example, the exact value of 
az when x = 2.001 is 8.012006001, not 8.012. Thus, the table can tell us only that the derivative is approximately 12. 
Example 5 on page 95 shows how to compute the derivative of f(a) exactly. 


2. With h = 0.01 and h = —0.01, we have the difference quotients 


f(.01)-f0) _ sngo1 ana —_-£00-99) =F) 


= 2.9701. 
0.01 —0.01 ie 

With h = 0.001 and h = —0.001, 

f(1.001) — f(1) f (0.999) — f(1) 

———_————— = 3.003001 d ———_——— = 2.997001. 

0.001 ae —0.001 
The values of these difference quotients suggest that the limit is about 3.0. We say 
og — 3 
fQ)= Instantaneous rate of change of f(x) = x ~ 3.0. 


with respect to x at x = 1 
3. (a) Using the formula for the average rate of change gives 


Average rate of change _  -R(2) — R(1) _ 160-90 _ 70 dollars /kg. 
of revenue for 1 < q < 2 1 1 


Average rate of change R(3) — R(2) _ 210-160 _ 50 dollars /kg. 
of revenue for 2 <q <3 1 1 


So we see that the average rate decreases as the quantity sold in kilograms increases. 
(b) With h = 0.01 and h = —0.01, we have the difference quotients 


R(2.01) — R(2) 
0.01 


R(1.99) — R(2) 


= 59.9 dollars /k: d 
59.9 dollars/kg ani iol 


= 60.1 dollars /kg. 


With h = 0.001 and h = —0.001, 


R(2.001) — R(2) 
0.001 


R(1.999) — R(2) 


= 59.99 dollars/kg and 0.001 


= 60.01 dollars/kg. 


The values of these difference quotients suggest that the instantaneous rate of change is about 60 dollars/kg. To 
confirm that the value is exactly 60, that is, that R’(2) = 60, we would need to take the limit as h > 0. 
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4. (a) Using a calculator we obtain the values found in the table below: 





(b) The average rate of change of f(x) = e” between x = 1 and x = 3 is 


f(3)-—f() _ eB -e 20.09 — 2.72 


fa -- fa 2 eee 


Average rate of change = 





(c) First we find the average rates of change of f(a) = e* between x = 1.5 and x = 2, and between x = 2 and x = 2.5: 


f(2)— f(1.5)  e? —e'? 7.39 - 4.48 


Average rate of change = - 215 ae ee 05 = 5.82 
_ f(25)-—f(2) Pe? -e? — 12.18 7.39 _ 
Average rate of change = =) ee ge 05 = 9.58. 


Now we approximate the instantaneous rate of change at x = 2 by averaging these two rates: 


5.8249.58 _ 


Instantaneous rate of change ~ 5 Tals 
5. (a) 
Table 2.1 
x 1 15 2 2 3 
logx | 0 0.18 0.30 0.40 0.48 
(b) The average rate of change of f(x) = log x between x = 1 and x = 3 is 
f(3)-— fC) _ log3—log1  0.48-—0 _ 0.24 
3-1 3B =L 0 
(c) First we find the average rates of change of f(x) = log between x = 1.5 and x = 2, and between x = 2 and 
G = 2.5, 
log2—log1.5 0.80 — 0.18 
= 2 4 
2—1.5 0.5 
log 2.5 — log 2 = 0.40 — 0.30 ~ 0.20 
2.5 —2 0.5 


Now we approximate the instantaneous rate of change at x = 2 by finding the average of the above rates, i.e. 


(" instantaneous rate of ) _ 0.24+0.20 _ 0.29 


of f(x) = logx atx = 2 2 
6. In Table 2.2, each x increase of 0.001 leads to an increase in f(x) by about 0.031, so 
/ 0.031 
~~ —— = 31. 
F(3) 0.001 
Table 2.2 


2.998 2.999 3.000 3.001 3.002 
38.938 38.969 39.000 39.031 39.062 





xv? + Ae 
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Since sin x is decreasing for values near x = 37, its derivative at x = 37 is negative. 
8. /(1) = lim log(1 + h) — log 1 aren log(1 + h) 
h0 h h0 h 
Evaluating roar) for h = 0.01, 0.001, and 0.0001, we get 0.43214, 0.43408, 0.43427, so f’(1) = 0.43427. The 
corresponding secant lines are getting steeper, because the graph of log x is concave down. We thus expect the limit to be 
more than 0.43427 . If we consider negative values of h, the estimates are too large. We can also see this from the graph 
below: 


lost) > fork <0. f(a 
h - - <+ 


log(1+h) 
ot « for h > 0 











9. We estimate f’(2) using the average rate of change formula on a small interval around 2. We use the interval x = 2 to 
x = 2.001. (Any small interval around 2 gives a reasonable answer.) We have 
{ (2.001) — f(2) _ 37°°'— 3? 9.00989 — 9 


/ YY —_._. _- O_O — 
Pah 2.001 — 2 2.001 — 2 0.001 shai 


10. (a) The average rate of change from x = a to x = bis the slope of the line between the points on the curve with x = a 
and x = b. Since the curve is concave down, the line from x = 1 to x = 3 has a greater slope than the line from 
x = 3to a =5, and so the average rate of change between x = 1 and x = 3 is greater than that between x = 3 and 
x=0d. 
(b) Since f is increasing, f(5) is the greater. 
(c) As in part (a), f is concave down and f’ is decreasing throughout so f’(1) is the greater. 
11. Since f’(x) = 0 where the graph is horizontal, f’(x) = 0 at x = d. The derivative is positive at points b and c, but the 
graph is steeper at 2 = c. Thus f(a) = 0.5 at x = band f’(x) = 2 atx = c. Finally, the derivative is negative at points 


a and e but the graph is steeper at x = e. Thus, f’(x) = —0.5 atx = aand f’(x) = —2 at x = e. See Table 2.3. 
Thus, we have f’(d) = 0, f’(b) = 0.5, f’(c) = 2, f’(a) = —0.5, f’(e) = —2. 


Table 2.3 


oc aA]1R 


ie) 
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12. One possible choice of points is shown below. 








Problems 





13. The statements f(100) = 35 and f’(100) = 3 tell us that at z = 100, the value of the function is 35 and the function is 
increasing at a rate of 3 units for a unit increase in x. Since we increase x by 2 units in going from 100 to 102, the value 
of the function goes up by approximately 2 - 3 = 6 units, so 


f (102) ~ 354+2-3=35+6=41. 


14. The answers to parts (a)—-(d) are shown in Figure 2.6. 





Slope = Loe 











f(A) 
Le 
1 2 3 4 5 
Figure 2.6 
15. (a) Since f is increasing, f(4) > f(3). 
(b) From Figure 2.7, it appears that f(2) — f(1) > f(3) — f(2). 
2)—f( 

(c) The quantity fe) — represents the slope of the secant line connecting the points on the graph atx = 1 
and x = 2. This is greater than the slope of the secant line connecting the points at x = 1 and x = 3 which is 
f(3) — fM 

3-1 — 


(d) The function is steeper at x = 1 than at x = 4 so f’(1) > f’(4). 
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16. 


17. 
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slope = iS) f0) 
slope = £Q@)- FQ) 
L L L L Log 
iL 2 3 4 5 
Figure 2.7 


Figure 2.8 shows the quantities in which we are interested. 

















f(2) Slope = para) 
= f(3) — FQ) 
x 
2 3 
Figure 2.8 


The quantities f’(2), f’(3) and f(3) — f(2) have the following interpretations: 


e f’(2) =slope of the tangent line at x = 2 
e f’(3) =slope of the tangent line at x = 3 
e f(3)— f(2) = Lf) = slope of the secant line from f(2) to f(3). 


From Figure 2.8, it is clear that 0 < f(3) — f(2) < f’(2). By extending the secant line past the point (3, f(3)), we can 
see that it lies above the tangent line at x = 3. 
Thus 


0< f'(3) < F(3) — F(2) < f’(2). 


The coordinates of A are (4,25). See Figure 2.9. The coordinates of B and C are obtained using the slope of the tangent 
line. Since f’(4) = 1.5, the slope is 1.5 

From A to B, Ax = 0.2, so Ay = 1.5(0.2) = 0.3. Thus, at C we have y = 25 + 0.3 = 25.3. The coordinates of 
B are (4.2, 25.3). 

From A to C, Az = —0.1, so Ay = 1.5(—0.1) = —0.15. Thus, at C' we have y = 25 — 0.15 = 24.85. The 
coordinates of C' are (3.9, 24.85). 
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Tangent line 





Figure 2.9 


18. (a) Since the point B = (2,5) is on the graph of g, we have g(2) = 5. 
(b) The slope of the tangent line touching the graph at x = 2 is given by 
Rise 5—5.02 —0.02 
Sa ceca gy cam cece eG 
oe Ra hee ee 
Thus, g’(2) = —0.4. 
19. See Figure 2.10. 











x ath 
K— (d) h—> 
Figure 2.10 


20. See Figure 2.11. 











Figure 2.11 
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21. (a) For the line from A to B, 


(b) The tangent line at point C appears to be parallel to the line from A to B. Assuming this to be the case, the lines have 
the same slope. 


(c) There is only one other point, labeled D in Figure 2.12, at which the tangent line is parallel to the line joining A and 
B. 








Figure 2.12 


22. (a) Figure 2.13 shows the graph of an even function. We see that since f is symmetric about the y-axis, the tangent line 


at x = —10 is just the tangent line at x = 10 flipped about the y-axis, so the slope of one tangent is the negative of 
that of the other. Therefore, f’(—10) = —f’(10) = —6. 


(b) From part (a) we can see that if f is even, then for any x, we have f’(—x) = —f'(x). Thus f’(—0) = —f’(0), so 
f'(0) =0. 














Figure 2.13 


23. Figure 2.14 shows the graph of an odd function. We see that since g is symmetric about the origin, its tangent line at 
x = —A4 is just the tangent line at x = 4 flipped about the origin, so they have the same slope. Thus, g’(—4) = 5. 











Figure 2.14 
24. (a) 
hin degrees 0 
inh — sinO inh 
iy _ 7:.. Sinh—sinO _ sin 
a a ae 


To four decimal places, 





2 ~ 01 ~~ on ~ oo “oo 


so f’(0) & 0.01745. 
(b) Consider the ratio —. As we approach 0, the numerator, sin h, will be much smaller in magnitude if h is in degrees 
than it would be if h were in radians. For example, if h = 1° radian, sinh = 0.8415, but if h = 1 degree, 


sin h = 0.01745. Thus, since the numerator is smaller for h measured in degrees while the denominator is the same, 


we expect the ratio — to be smaller. 


2.2 SOLUTIONS 107 


25. We find the derivative using a difference quotient: 


8th -73) ~ (3+h)?+3+h— (37 +3) 


lim 


f'(3) = lim 





h—0 h h—0 h 
h+h? h-9- h+h? 
Ste a ge eee 
h—0 h h—0 h—-+0 


Thus at z = 3, the slope of the tangent line is 7. Since f(3) = 3° + 3 = 12, the line goes through the point (3, 12), and 
therefore its equation is 

y—12=7(@-3) or y=7ax-9. 
The graph is in Figure 2.15. 








y e+e 
y=Txz—-9 
12-5 
| x 
3 
Figure 2.15 


26. Using a difference quotient with h = 0.001, say, we find 
_, 1.001 In(1.001) — 1In(1) 


/ = 
ora 

Hoy. 2-001 In(2.001) — 2In(2) _ 
f'Q)% a = 1.6934 


The fact that f’ is larger at z = 2 than at z = 1 suggests that f is concave up between x = 1 and x = 2. 


27. We want f’ (2). The exact answer is 


f'Q) = tim LE4+") =F) _ jy, @+R)P 4 


h0 h—0 h : 


but we can approximate this. If h = 0.001, then 


2.001)?°°! — 4 
200i) __—4 me 6.779 


and if h = 0.0001 then sane 
2.0001)*° —A4 
ACE UN sina com) & 6.773, 
0.0001 
so f'(2) & 6.77. 

28. Notice that we can’t get all the information we want just from the graph of f for 0 < a < 2, shown on the left in 
Figure 2.16. Looking at this graph, it looks as if the slope at x = 0 is 0. But if we zoom in on the graph near x = 0, we 
get the graph of f for 0 < x < 0.05, shown on the right in Figure 2.16. We see that f does dip down quite a bit between 
x = Oand x ® 0.11. In fact, it now looks like f’(0) is around —1. Note that since f(x) is undefined for x < 0, this 
derivative only makes sense as we approach zero from the right. 





—0.0025 
—0.005 
—0.0075 
—0.01 
—0.0125 
—0.015 
—0.0175 + 

















Figure 2.16 
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We zoom in on the graph of f near x = 1 to get a more accurate picture from which to estimate f’(1). A graph of 
f for 0.7 < x < 1.3 is shown in Figure 2.17. [Keep in mind that the axes shown in this graph don’t cross at the origin!] 
Here we see that f’(1) = 3.5. 





ei | | | | 


x 








F T T T T T 
0.70.80.9 | 1.11.2 1.3 
Figure 2.17 


29. 
f(1) = lim fa +h) — fQ) _ tiie In(cos(1 + h)) — In(cos 1) 
h—0 h h>0 h 
For h = 0.001, the difference quotient = —1.55912; for h = 0.0001, the difference quotient = —1.55758. 
The instantaneous rate of change of f therefore appears to be about —1.558 at x = 1. 
Ata = 4, if we try h = 0.0001, then 


In[cos(} + 0.0001)] — In(cos $) 


0.0001 = —1.0001. 


difference quotient = 


The instantaneous rate of change of f appears to be about —1 at x = 4. 


30. The quantity f(0) represents the population on October 17, 2006, so f(0) = 300 million. 
The quantity f’(0) represents the rate of change of the population (in millions per year). Since 
1 person 1/ 10° million people 


a = SA AA Od BARS 1 
11 seconds 11/(60 - 60 - 24 - 365) years million people/year, 


so we have f’(0) = 2.867. 
31. We want to approximate P’(0) and P’(7). Since for small h 


P'(0) 


2 


if we take h = 0.01, we get 


0.01 _ 
P’(0) = Leer 007) 127 = 0.00884 billion/year 


= 8.84 million people/year in 2000, 


_ 1.267(1.007)"°* — 1.267(1.007)" 


P' 
(7) 0.01 


= 0.00928 billion/year 
= 9.28 million people/year in 2007 
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32. (a) From Figure 2.18, it appears that the slopes of the tangent lines to the two graphs are the same at each x. For x = 0, 
the slopes of the tangents to the graphs of f(x) and g(a) at 0 are 


fO+h) — f() g(0 + h) — g(0) 


if — . f = ° 
ae: h a h 
= lim 16) = = tim £6) = 9) 
h0 h h—0 h 
Ln? 2h? 43-3 
= lim — = lim 2 > 
h—0 h—0 h 
,. 1 ip? 
= | —h _ 4s 2 
nao 2 =e 
— za Nie ees 
~ Ao 2 
=0: 


For x = 2, the slopes of the tangents to the graphs of f(a) and g(a) are 


g(2 +h) = g(2) 














/ _ ii ! _ at 
a ae 9) = 
4(2+h)? — 4(2)? 24(2+h)? +3-(4(2)? +3 
= lim 2 a 3 (2) = tim 2 - (3(2)° +3) 
> > 
4(44+4h +h?) —2 4(2+h)? — 4(2)? 
= fim 2 h = fim 2 7 ao 
> > 
2+2h+ 5h? —2 _ 3(4+4h +h?) —-2 
=> hn ——_—_ = lim 
h—0 h h—0 h 
oh + 2p? 2+2h+4(h?)—2 
pee 2 a 2 
<a a 2 
-> > 
1 2h + 2(h? 
h—0 h 
2. 1 
= lim (2+ 5") 
h—0 2 
=2. 





Figure 2.18 


For x = Zo, the slopes of the tangents to the graphs of f(a) and g(x) are 
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f' (x0) = 


(b) 
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g(xo + h) — g(xo) 
h 
(ao +h)? +3 — ($(a0)? +3) 
h 

$(xo +h)? — $(20)? 

h 
4 (26 + 2xroh + h?) = 425 

h 
xoh + sh? 
h 

(+) 





_ f(to +h) — f(xo) ' 
a ar aa 
i 4 h 2) DA 2 
= lim 2 (to ) 270 = lim 
h—0 h ho 
4 (a2 + Qaoh +h?) — 422 
= lim 2(%o neh) are = lim 
h—+0 h h—>0 
h+ th? 
= lim = z = lim 
h—0 h h—0 
: 1 
a nue (20 - 5h) = iim 
= Xo, 
= lim 
h-0 
= Xo. 
+h) = 9(2) 
! = g(x 
g () = im ~—{>—— 
— tm f@HH+C- (f+) 
h—0 h 
— im fet h) -F@) 
h—0 h 
= f'(2). 


33. As h gets smaller, round-off error becomes important. When h = 10~1?, the quantity 2” — 1 is so close to 0 that the 
calculator rounds off the difference to 0, making the difference quotient 0. The same thing will happen when h = 107°. 


34. (a) Table 2.4 shows that near x = 1, every time the value of x increases by 0.001, the value of a? increases by approxi- 
mately 0.002. This suggests that 


i) 


~ 
~~) 


0.002 _ 


0.001 — 7 


Table 2.4 Values of f(x) = x? nearx =1 


x 
0.998 0.996004 
0.999 0.998001 
1.000 1.000000 
1.001 1.002001 
1.002 1.004004 

t 
x increments 
of 0.001 





0.001997 
0.001999 
0.002001 
0.002003 


+ 


0.002 


(b) The derivative is the limit of the difference quotient, so we look at 


f+h)— FQ) 


Using the formula for f, we have 


Difference in 


successive x? values 


All approximately 


/ 1 li 
fl) = lim 1 
2 42 BY, i: 2 
f(1) = tim QEMP RY = fig GBR TM)— 1 _ 5 AHH 
: h—0 h0 h h—0 h 
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Since the limit only examines values of h close to, but not equal to zero, we can cancel h in the expression (2h + 
h)/h. We get 
h(2 +h) 
/ . 
1) = lim ——— 
ff) = lim 
This limit is 2, so f’(1) = 2. At x = 1 the rate of change of 2? is 2. 

(c) Since the derivative is the rate of change, f’(1) = 2 means that for small changes in x near x = 1, the change in 
f(z) = 2? is about twice as big as the change in x. As an example, if x changes from 1 to 1.1, a net change of 0.1, 
then f(a) changes by about 0.2. Figure 2.19 shows this geometrically. Near 2 = 1 the function is approximately 
linear with slope of 2. 


= lim (2 + h). 




















f(«) = 2? 
2 Zooming 
1 Wes Sooo ee ——$———$—$—$— re 

| 

| 

x 

11. 

Figure 2.19: Graph of f(a) = x? near x = 1 has slope © 2 
Gp, eS ig A ay, a, ee 
h—+0 h h—0 h h—+0 h h—0 
ee _ 2 3 = 2 

ig gg gE a ie, 
h—0 h h—0 h h—0 h h—-0 


1 1—(1+h) il 


37. li 


38. 


39. 


40. 


41. 


1 
oo ee 
lim + (Ty ) hoo 





+h tsoleen 





fee 1 (ae DE) ge ag 
ho h (1+h)? ~ p30 h(1 +h)? noo (1+h)? 
aps LE eS), 4+h—-4 _ h 
V4+h+2 V4+h+2 V4+h+2 
. V4th—2 : 1 1 
Therefore lim ———— = lim ———- =. = 
h0 h ho0/4th+2 4 
1 1 _ 2-V4th_ (2-V4+h)(24+V44A) _ 4—(4+h) 
V4+h 2 2/4+h 2/44 h(24+ J4+h) W2/4+h(2+/J4+h) 
Therefore lim Z i _ Z = lim a = _ ft 
nooh\/4+h 2 h0 2/44 h(2+ V4+4h) 16 


Using the definition of the derivative, we have 


f’(10) 


— tim LOO+H) = (10) 
h—-+0 h 
2 2 
= its 5(10 + h)* — 5(10) 
h—-+0 h 


. 500+ 100h + 5h? — 500 

= lim  ! 
h0 h 

_ 100h + 5h? 

= lim ——— 
h-0 

ee h(400 + 5h) 
h0 h 

= lim 100+ 5h 
h-0 


= 100. 
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42. Using the definition of the derivative, we have 


"9 aly 
f'(—2) = jim 5 
_9 4 p)3 _ (_9)3 
— tim (2+) - C2) 
h-0 h 
2 3 
oe (—8 + 12h — 6h* +h”) — (—8) 
h0 h 
_ 12h—6h? +h® 
= lim —————_ 
h0 h 
_ 6h 4 he 
ie h(12 — 6h + h*) 
h-0 h 
= lim(12—6h +h’), 
h—-0 
which goes to 12 as h + 0. So f’(—2) = 12. 
43. Using the definition of the derivative 
: —1+h) —g(-1) 
"_4)=1 gf 
g (—1) = im ~—_> ——— 
en (ELH AY? + (-1 +4) = (1)? +0) 
h—-0 h 
_— 2 —_ —_ 
ee (1-—2h +h? —1+h) — (0) 
h-0 h 
_ 2 
a ee ae eee ee 
h-0 h-0 
44. 
1+h)-f(l 1+h)* - (13 
f1) = tim LOAM LO) _ jigy (+ A)? +5) — 0 +5) 
h0 h h—0 h 
_ 14+3h4+3h?+h?4+5-1-5  , 3h43h? +h? 
= bk = lim x“ 
h0 h h—0 h 
= lim(3+3h +h?) =3 
h-0 
45. 
g(2 +h) ~ 9(2) TR T 3 
Moy — 13 = qe Dee 2 
aes Rb 
= lim 2-(2+h) = lim et 
nso A(2+h)2 — n0 h(2+h)2 
lim See eee 
 n0(2+h)2 4 
46. 
1 1 
— Tame ~ 
q'(2) = lim g(2+h)~9(2) _ | Gen? 2 
h-0 h-0 
ee 2?—(2+h)? _ ; 4—4-—4h—h? 
~ nso 22(2+h)2h noo 4h(2 +h)? 
= lim —4h — h? = lim —— 
~ ps0 4h(2 +h)? — n0 4(2 +h)? 
—_ 4 1 
© 4(2)2 0 
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47. As we saw in the answer to Problem 41, the slope of the tangent line to f(a) = 5a at ¢ = 10 is 100. When x = 10, 
f(x) = 500 so (10, 500) is a point on the tangent line. Thus y = 100(a — 10) + 500 = 100z — 500. 


48. As we saw in the answer to Problem 42, the slope of the tangent line to f(a) = x? at ¢ = —2 is 12. When x = —2, 
f(x) = —8 so we know the point (—2, —8) is on the tangent line. Thus the equation of the tangent line is y = 12(a + 
2)-8=12r + 16. 

49. We know that the slope of the tangent line to f(a) = 2 when « = 20 is 1. When x = 20, f(x) = 20 so (20, 20) is on 
the tangent line. Thus the equation of the tangent line is y = 1(a — 20) + 20 = x. 


50. First find the derivative of f(x) = 1/a? atx = 1. 


f+h)-fO _ TFT? 


‘(Q) = li 

FP) 0 h h—-0 h 
= ita V-(1+h)? _ a 1—(14+2h+h?) 
nso A(1L+h)2 — hoo h(1 +h)? 


taco = en 

= ih ———— = n —_—__ = — 

nso h(1+h)? noo (1 +h)? 

Thus the tangent line has a slope of —2 and goes through the point (1, 1), and so its equation is 


y-1l=-2(¢-1) o y= -2¢4+3. 


Strengthen Your Understanding 





51. The graph of f(x) = log z is increasing, so f’(0.5) > 0. 

52. The derivative of a function at a point is the slope of the tangent line, not the tangent line itself. 

53. f(x) =e”. 

Many other answers are possible. 

54. A linear function is of the form f(x) = ax + b. The derivative of this function is the slope of the line y = ax + b, so 
f'(x) = a, so a = 2. One such function is f(x) = 2x + 1. 

55. True. The derivative of a function is the limit of difference quotients. A few difference quotients can be computed from 
the table, but the limit can not be computed from the table. 


56. True. The derivative f’(10) is the slope of the tangent line to the graph of y = f(a) at the point where x = 10. When 
you zoom in on y = f(z) close enough it is not possible to see the difference between the tangent line and the graph of f 
on the calculator screen. The line you see on the calculator is a little piece of the tangent line, so its slope is the derivative 
f’(10). 

57. True. This is seen graphically. The derivative f’(a) is the slope of the line tangent to the graph of f at the point P where 
x = a. The difference quotient (f(b) — f(a))/(b — a) is the slope of the secant line with endpoints on the graph of f 
at the points where x = a and x = b. The tangent and secant lines cross at the point P. The secant line goes above the 
tangent line for z > a because f is concave up, and so the secant line has higher slope. 


58. (a). This is best observed graphically. 


Solutions for Section 2.3 


Exercises 





1. (a) We use the interval to the right of x = 2 to estimate the derivative. (Alternately, we could use the interval to the left 
of 2, or we could use both and average the results.) We have 


~ £4) —f(2) _ 24-18 _ 6 


4-2 i-3 3 


f'(2) 
We estimate f’(2) ~ 3. 
(b) We know that f’(x) is positive when f(a) is increasing and negative when f(a) is decreasing, so it appears that 
f' (a) is positive for 0 < x < 4 and is negative for 4 < x < 12. 
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2. For x = 0, 5, 10, and 15, we use the interval to the right to estimate the derivative. For x = 20, we use the interval to the 
left. For « = 0, we have 


5)— f(0) _ 72-100  —30 . 
(0) 5—0 5—0 5 
Similarly, we find the other estimates in Table 2.5. 
Table 2.5 
20 
1.2 








3. The graph is that of the line y = —2a + 2. The slope, and hence the derivative, is —2. See Figure 2.20. 


4+ 











Figure 2.20 


4. See Figure 2.21. 








Figure 2.21 


5. See Figure 2.22. 
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Figure 2.22 
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6. See Figure 2.23. 
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—4 se 4 
Ale 
Figure 2.23 
7. The slope of this curve is approximately —1 at « = —4 and at x = 4, approximately 0 at ¢ = —2.5 and x = 1.5, and 
approximately 1 at x = 0. See Figure 2.24. 
4 a 
tt rst-t—r & 
—4 ap 4 
Auk 
Figure 2.24 
8. See Figure 2.25. 
15> 
> @ 
—3 Ll 3 
2 
Figure 2.25 
9. See Figure 2.26. 
d 
x 
—4 4 
—4 


Figure 2.26 
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10. See Figure 2.27. 










































































f(z) 








t—- & 
—4 ae 4 
—~4t 
Figure 2.27 
11. See Figure 2.28. 
t—- & 
4 
Figure 2.28 
12. See Figure 2.29. 
4 
x 
—4 4 
—4 
Figure 2.29 
13. See Figures 2.30 and 2.31. 
10 + f(a) = 5x 
6+ 5 
2 pa 
f—t+—+ £ 
—2-1/A, 1 2 
‘_G§ ++ 
—10+ - 1 
Figure 2.30 Figure 2.31 


14. See Figures 2.32 and 2.33. 
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4 4 
a f'(a) 
| | r & 
—2 —1 1 2 

—24 

aA 
Figure 2.32 Figure 2.33 
15. See Figures 2.34 and 2.35. 














Figure 2.34 





Figure 2.35 
16. The graph of f(a) and its derivative look the same, as in Figures 2.36 and 2.37. 











Figure 2.36 








3 
Figure 2.37 
17. See Figures 2.38 and 2.39. 
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Figure 2.38 


Figure 2.39 
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18. See Figures 2.40 and 2.41. 


f(x) 














Figure 2.40 Figure 2.41 


19. Since 1/2 = x~', using the power rule gives 





/ —2 1 
k(x) = (-1)ax =e 
Using the definition of the derivative, we have 
k(a+h)—k(z) |. sep—7e _,.. ©—-(@+h) 
ki (a) = lim > = lim =" = = lim —~—> 
(2) ha¥0 h 40 h ha¥0 h(a + h)x 
lim = lim Laer 
~ asoh(a+h)x nso (a + h)ex x 
20. Since 1/a? = x~*, using the power rule gives 
/ = 2 
U(a) = -22°° = a 
Using the definition of the derivative, we have 
qd. . 2 2 
MG) = ee Sy 
7) h70 h h-30 h(a + h)?x? 
_ a? — (ae? 42rht+h?)  .. —2¢h—h? 
= in —————_— = lm —— 
h—0 h(a + h)?a? no h(a + h)?x? 
=n —2a-h  -20 2 
nso (a@+h)2x2 22a? 3 
21. Using the definition of the derivative, 
+h)—g(x) _,, 2(a@ +h)? —3— (2a? — 3) 
i = g SEES) gg ee 
9 (#) +0 h h-¥0 h 
a? +2%h+h?)—3-2274+3  ..  4ah4 2h? 
= km Ss) _ = _ lim — 
h—0 h h—0 h 


= lim (4x + 2h) = 4a. 
h-0 


22. Using the definition of the derivative, we have 


/ _ m(x+h)—m(a ee 1 1 
baa ; 2 = im + (Sa - eH) 
= jim, 5 (ST) = lim 
no>oh \ (a@+1)\(a+h+1) no h(a +1)\(a+h+1) 
ee 
no (a+ 1)(2 +h+1) 
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Problems 
23. (a) y (b) y 
x x 
(c) y (d) y 
x x 
24. Since f’(a) > 0 for 2 < —1, f(z) is increasing on this interval. 
Since f’(x) < 0 fora > —1, f(x) is decreasing on this interval. 


25. 


26. 


Since f’(x) = 0 at x = —1, the tangent to f(x) is horizontal at ¢ = —1. 
One possible shape for y = f (2) is shown in Figure 2.42. 











- x 
-1 
Figure 2.42 
Ing Ina x Ing Ina 
—0.0020 0.6921 4.998 | 1.6090 2.3024 
—0.0010 0.6926 4.999 | 1.6092 2.3025 
0.0000 0.6931 5.000 | 1.6094 2.3026 
0.0010 0.6936 5.001 | 1.6096 2.3027 
0.0020 0.6941 5.002 | 1.6098 2.3028 











At x = 1, the values of In x are increasing by 0.001 for each increase in x of 0.001, so the derivative appears to be 1. 
At x = 2, the increase is 0.0005 for each increase of 0.001, so the derivative appears to be 0.5. At x = 5, Ina increases 
by 0.0002 for each increase of 0.001 in x, so the derivative appears to be 0.2. And at x = 10, the increase is 0.0001 over 
intervals of 0.001, so the derivative appears to be 0.1. These values suggest an inverse relationship between x and f’(x), 


namely f'(2) = =. 


f(x +h) — f(x) 
h 


and h = —1; that’s the average of f(x +1) — f(a) and f(a) — f(a — 1) which equals si ea Thus, 


We know that f’(x) = . For this problem, we’ll take the average of the values obtained for h = 1 


f'(0) = fl) — f(0) = 13-18 = —5. 

f'(1) & (F(2) — f(0))/2 = (10 — 18)/2 = —4. 
F' (2) = (F(8) — f(1))/2 = (9 — 13) /2 = —2. 
f'(3) & (F(4) — f(2))/2 = (9 — 10)/2 = -0.5. 
F(A) & (F(5) — f(3))/2 = (11 — 9)/2 = 1. 
£'(5) & (F(6) — f(4))/2 = (15 — 9)/2 = 3. 
f'(6) & (F(7) — f(5))/2 = (21 — 11)/2 = 5. 
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f'(7) © (f(8) — f(6))/2 = (30 — 15) /2 = 7.5. 
f'(8) = f(8) — f(7) = 30-21 =9. 


The rate of change of f(a) is positive for 4 < x < 8, negative for 0 < x < 3. The rate of change is greatest at about 





= 8. 
27. The value of g(a) is increasing at a decreasing rate for 2.7 < x < 4.2 and increasing at an increasing rate for x > 4.2. 
Ay  7.4-—6.0 
he 55-47 7 2.8 between x = 4.7 and w = 5.2 
ou = aos = 3.2 between x = 5.2 and x = 5.7 


Thus g’(a) should be close to 3 near x = 5.2. 
28. (a)%3 (b)ta (C)ts (d) x3 


29. This is a line with slope 1, so the derivative is the constant function f’(2) = 1. The graph is the horizontal line y = 1. 




















See Figure 2.43. 
1 1 z 
—3 3 
Figure 2.43 
30. This is a line with slope —2, so the derivative is the constant function f’(a) = —2. The graph is a horizontal line at 
y = —2. See Figure 2.44. 
1 
+ 
1 2 
-1 
7 f'(2) 
Figure 2.44 
31. See Figure 2.45. 
f'(a) 
- £ 
2 4 
Figure 2.45 
32. See Figure 2.46. 
| _, 
1 2 
f(z) 


Figure 2.46 
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33. See Figure 2.47. 








Figure 2.47 


34. See Figure 2.48. 





Figure 2.48 


35. See Figure 2.49. 











—20-+ 


Figure 2.49 


36. One possible graph is shown in Figure 2.50. Notice that as «x gets large, the graph of f(x) gets more and more horizontal. 
Thus, as x gets large, f’(x) gets closer and closer to 0. 








Figure 2.50 


37. See Figure 2.51. 











Figure 2.51 
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38. See Figure 2.52. 








Figure 2.52 


39. See Figure 2.53. 














Figure 2.53 


40. (a) Graph II 


(b) Graph I 

(c) Graph III 
41. (a) t=3 

(b) t=9 

(c) t= 14 

(d) 





42. The derivative is zero whenever the graph of the original function is horizontal. Since the current is proportional to 
the derivative of the voltage, segments where the current is zero alternate with positive segments where the voltage is 
increasing and negative segments where the voltage is decreasing. See Figure 2.54. Note that the derivative does not exist 
where the graph has a corner. 


current 


time 





Figure 2.54 
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43. (a) The function f is increasing where f’ is positive, so for v1 < @ < 23. 
(b) The function f is decreasing where f’ is negative, so for0 < 2 < 21 orr3 < @ < @5. 
44. On intervals where f’ = 0, f is not changing at all, and is therefore constant. On the small interval where f’ > 0, f is 


increasing; at the point where f’ hits the top of its spike, f is increasing quite sharply. So f should be constant for a while, 
have a sudden increase, and then be constant again. A possible graph for f is shown in Figure 2.55. 





t 





Figure 2.55: Step function 


45. (a) The population varies periodically with a period of 1 year. See below. 


4500 -- 
4000 7 a oe 
3500 P(t) 





t (in months) 





(b) The population is at a maximum on July 1°". At this time sin(27t — +) = 1,s0 the actual maximum population is 
4000 + 500(1) = 4500. Similarly, the population is at a minimum on January 1°". At this time, sin(27t — 3) = —1, 
so the minimum population is 4000 + 500(—1) = 3500. 

(c) The rate of change is most positive about April 1°* and most negative around October 1**. 

(d) Since the population is at its maximum around July 1**, its rate of change is about 0 then. 


46. The derivative of the accumulated federal debt with respect to time is shown in Figure 2.56. The derivative represents the 
rate of change of the federal debt with respect to time and is measured in trillions of dollars per year. 


rate of change in debt 
(trillions of S/year) 


0.75 + 


0.5 - 








l l L l year 
1975 1985 1995 2005 


Figure 2.56 
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47. From the given information we know that f is increasing for values of x less than —2, is decreasing between x = —2 and 
x = 2, and is constant for x > 2. Figure 2.57 shows a possible graph—yours may be different. 











Figure 2.57 


48. Since f’(x) > 0 for 1 < x < 3, we see that f(z) is increasing on this interval. 
Since f’(x) < 0 fora < 1 and for x > 3, we see that f(a) is decreasing on these intervals. 
Since f’(x) = 0 for z = 1 and x = 3, the tangent to f(x) will be horizontal at these 2’s. 
One of many possible shapes of y = f(a) is shown in Figure 2.58. 





l l l l x 


1 2 3 4 
Figure 2.58 





49. If lim f(x) = 50 and f’(x) is positive for all x, then f(x) increases to 50, but never rises above it. A possible graph of 
x@z—->0o 
f(x) is shown in Figure 2.59. If lim f’(a) exists, it must be zero, since f looks more and more like a horizontal line. 
«roo 


If f’(x) approached another positive value c, then f would look more and more like a line with positive slope c, which 
would eventually go above y = 50. 














Figure 2.59 


50. If f(x) is even, its graph is symmetric about the y-axis. So the tangent line to f at 2 = xo is the same as that at x = —2‘9 
reflected about the y-axis. 


51. 
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y y 
y= f'(2) 
x 
So the slopes of these two tangent lines are opposite in sign, so f’(xo) = —f’(—20), and f’ is odd. 


If g(x) is odd, its graph remains the same if you rotate it 180° about the origin. So the tangent line to g at x = xo is the 
tangent line to g at x = —20, rotated 180°. 

















But the slope of a line stays constant if you rotate it 180°. So g’(xo) = g'(—2o); g’ is even. 


Strengthen Your Understanding 





52. 
53. 
54. 


55. 


56. 
57. 
58. 
59. 


60. 


Solutions for Section 2.4 


Since f(a) = cos is decreasing on some intervals, its derivative f’(a) is negative on those intervals, and the graph of 
f' (x) is below the x-axis where cos x is decreasing. 

In order for f’(x) to be greater than zero, the slope of f(x) has to be greater than zero. For example, f(x) = e ” is 
positive for all a but since the graph is decreasing everywhere, f(x) has negative derivative for all x. 


Two different functions can have the same rate of change. For example, f(x) = 1, g(a) = 2 both are constant, so 
f'(x) = g(x) = 0 but f(x) 4 g(z). 
f(t) = t(1 —t). We have f(t) = t — t?, so f’(t) = 1 — 2t so the velocity is positive for 0 < t < 0.5 and negative for 
0.5<t<1. 

Many other answers are possible. 
Every linear function is of the form f(a) = b + mz and has derivative f’(2) = m. One family of functions with the 
same derivative is f(a) = b+ 2a. 
True. The graph of a linear function f(x) = mz + 6 is a straight line with the same slope m at every point. Thus 
f' (x) =m for all x. 
True. Shifting a graph vertically does not change the shape of the graph and so it does not change the slopes of the tangent 
lines to the graph. 
False. If f(a) is increasing then f(x) is concave up. However, f(x) may be either increasing or decreasing. For example, 
the exponential decay function f(x) = e * is decreasing but f’ (a) is increasing because the graph of f is concave up. 


False. A counterexample is given by f(x) = 5 and g(x) = 10, two different functions with the same derivatives: 


f'(x) = g'(x) = 0. 





Exercises 





1. 


(a) The statement f(200) = 1300 means that it costs $1300 to produce 200 gallons of the chemical. 
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10. 


11. 


12. 
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(b) The statement f’(200) = 6 means that when the number of gallons produced is 200, costs are increasing at a rate of 
$6 per gallon. In other words, it costs about $6 to produce the next (the 201°") gallon of the chemical. 


(a) The statement f(5) = 18 means that when 5 milliliters of catalyst are present, the reaction will take 18 minutes. 
Thus, the units for 5 are ml while the units for 18 are minutes. 

(b) As in part (a), 5 is measured in ml. Since f’ tells how fast T changes per unit a, we have f’ measured in minutes/ml. 
If the amount of catalyst increases by | ml (from 5 to 6 ml), the reaction time decreases by about 3 minutes. 


(Note that we are considering the average temperature of the yam, since its temperature is different at different points 

inside it.) 

(a) It is positive, because the temperature of the yam increases the longer it sits in the oven. 

(b) The units of f’(20) are °F/min. The statement f’(20) = 2 means that at time ¢ = 20 minutes, the temperature T 
would increase by approximately 2°F if the yam is in the oven an additional minute. 


(a) As the cup of coffee cools, the temperature decreases, so f’(t) is negative. 
(b) Since f’(t) = dH/dt, the units are degrees Celsius per minute. The quantity f’(20) represents the rate at which the 
coffee is cooling, in degrees per minute, 20 minutes after the cup is put on the counter. 


(a) The function f takes quarts of ice cream to cost in dollars, so 200 is the amount of ice cream, in quarts, and $600 is 
the corresponding cost, in dollars. It costs $600 to produce 200 quarts of ice cream. 

(b) Here, 200 is in quarts, but the 2 is in dollars/quart. After producing 200 quarts of ice cream, the cost to produce one 
additional quart is about $2. 


(a) If the price is $150, then 2000 items will be sold. 
(b) If the price goes up from $150 by $1 per item, about 25 fewer items will be sold. Equivalently, if the price is decreased 
from $150 by $1 per item, about 25 more items will be sold. 


Units of C’(r) are dollars/percent. Approximately, C’(r) means the additional amount needed to pay off the loan when 
the interest rate is increased by 1%. The sign of C’(r) is positive, because increasing the interest rate will increase the 
amount it costs to pay off a loan. 


The units of f’(a) are feet/mile. The derivative, f(a), represents the rate of change of elevation with distance from the 
source, so if the river is flowing downhill everywhere, the elevation is always decreasing and f’(a) is always negative. (In 
fact, there may be some stretches where the elevation is more or less constant, so f’ (a) = 0.) 


Units of P’(t) are dollars/year. The practical meaning of P’(t) is the rate at which the monthly payments change as the 
duration of the mortgage increases. Approximately, P’(t) represents the change in the monthly payment if the duration is 
increased by one year. P’(t) is negative because increasing the duration of a mortgage decreases the monthly payments. 


Since B is measured in dollars and t is measured in years, dB /dt is measured in dollars per year. We can interpret dB 
as the extra money added to your balance in dt years. Therefore dB/dt represents how fast your balance is growing, in 
units of dollars/year. 


(a) This means that investing the $1000 at 5% would yield $1649 after 10 years. 

(b) Writing g'(r) as dB/dr, we see that the units of dB/dr are dollars per percent (interest). We can interpret dB as 
the extra money earned if interest rate is increased by dr percent. Therefore g’(5) = 48 ls =~ 165 means that 
the balance, at 5% interest, would increase by about $165 if the interest rate were increased by 1%. In other words, 
g(6) © g(5) + 165 = 1649 + 165 = 1814. 

(a) The units of lapse rate are the same as for the derivative dT'/dz, namely (units of T)/(units of z) = °C/km. 

(b) Since the lapse rate is 6.5, the derivative of T with respect to z is dI’/dz = —6.5°C'/km. The air temperature drops 
about 6.5° for every kilometer you go up. 


Problems 





13. 


(a) Since W = f(c) where W is weight in pounds and c is the number of Calories consumed per day: 


consuming 1800 Calories per day 


PE etey pene results in a weight of 155 pounds. 


consuming 2000 Calories per day causes 


/ = 
f'(2000) = 0 means that neither weight gain nor loss. 


a weight of 162 pounds is caused by 


—] _ 
fp LNee ae cineane tat a consumption of 2200 Calories per day. 


(b) The units of dW//dc are pounds /(Calories /day). 
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14. (a) Let f(t) be the volume, in cubic km, of the Greenland Ice Sheet t¢ years since 2011 (Alternatively, in year t). We are 
given information about f’(t), which has unit km? per year. 
(b) If ¢ is in years since 2011, we know f’(0) is between —224 and —82 cubic km/year. (Alternatively, f’(2011) is 
between —224 and —82.) 
15. The graph is increasing for 0 < t < 15 and is decreasing for 15 < t < 30. One possible graph is shown in Figure 2.60. 
The units on the horizontal axis are years and the units on the vertical axis are people. 


people 





! years 
15 30 


Figure 2.60 





The derivative is positive for0 < t < 15 and negative for 15 < t < 30. Two possible graphs are shown in 
Figure 2.61. The units on the horizontal axes are years and the units on the vertical axes are people per year. 


people/year people/year 


f'(t) f'(t) 








Figure 2.61 


16. Since f(t) = 1.34(1.004)*, we have 
f (9) = 1.34(1.004)° = 1.389. 


To estimate f’(9), we use a small interval around 9: 


f(9.001) — f(9) _ 1.34(1.004)°-°°! — 1.34(1.004)° 


9001-9 0.001 =a 


f'(9) * 

We see that f(9) = 1.389 billion people and f’(9) = 0.0055 billion (that is, 5.5 million) people per year. Since t = 9 in 
2020, this model predicts that the population of China will be about 1,389,000,000 people in 2009 and growing at a rate 
of about 5,500,000 people per year at that time. 

17. f(10) = 240,000 means that if the commodity costs $10, then 240,000 units of it will be sold. f’(10) = —29,000 means 
that if the commodity costs $10 now, each $1 increase in price will cause a decline in sales of 29,000 units. 

18. Let p be the rating points earned by the CBS Evening News, let R be the revenue earned in millions of dollars, and let 
R= f(p). When p = 4.3, 

$5.5 million 


Rate of change of revenue ~ mH = 55 million dollars/point. 
0.1 point 


Thus 
f' (4.3) & 55. 


128 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Chapter Two /SOLUTIONS 


(a) The units of P are millions of people, the units of t are years, so the units of f’(¢) are millions of people per year. 
Therefore the statement f’(6) = 2 tells us that at ¢ = 6 (that is, in 1986), the population of Mexico was increasing at 
2 million people per year. 

(b) The statement f~*(95.5) = 16 tells us that the year when the population was 95.5 million was t = 16 (that is, in 
1996). 

(c) The units of (f~*)/(P) are years per million of population. The statement (f~+)’(95.5) = 0.46 tells us that when 
the population was 95.5 million, it took about 0.46 years for the population to increase by 1 million. 


(a) When t = 10, that is, at 10 am, 3.1 cm of rain has fallen. 

(b) We are told that when 5 cm of rain has fallen, 16 hours have passed (t = 16); that is, 5 cm of rain has fallen by 4 pm. 

(c) The rate at which rain is falling is 0.4 cm/hr at t = 10, that is, at 10 am. 

(d) The units of (f~*)’(5) are hours/cm. Thus, we are being told that when 5 cm of rain has fallen, rain is falling at a 
rate such that it will take 2 additional hours for another centimeter to fall. 


(a) The depth of the water is 3 feet at time t = 5 hours. 

(b) The depth of the water is increasing at 0.7 feet/hour at time t = 5 hours. 

(c) When the depth of the water is 5 feet, the time is t = 7 hours. 

(d) Since 5 is the depth in feet and h~*(5) is time in hours, the units of (h~')’ are hours/feet. Thus, (h~*)’(5) = 1.2 
tells us that when the water depth is 5 feet, the rate of change of time with depth is 1.2 hours per foot. In other words, 
when the depth is 5 feet, water is entering at a rate such that it takes 1.2 hours to add an extra foot of water. 


(a) The pressure in dynes/cm? at a depth of 100 meters. 

(b) The depth of water in meters giving a pressure of 1.2 - 10° dynes/cm?. 

(c) The pressure at a depth of h meters plus a pressure of 20 dynes/cm?. 

(d) The pressure at a depth of 20 meters below the diver. 

(e) The rate of increase of pressure with respect to depth, at 100 meters, in units of dynes/em? per meter. Approximately, 
p' (100) represents the increase in pressure in going from 100 meters to 101 meters. 

(f) The depth, in meters, at which the rate of change of pressure with respect to depth is 100,000 dynes/cm? per meter. 


The units of g’(t) are inches/year. The quantity g’(10) represents how fast Amelia Earhart was growing at age 10, so we 
expect g’(10) > 0. The quantity g’(30) represents how fast she was growing at age 30, so we expect g’(30) = 0 because 
she was probably not growing taller at that age. 

Units of g’(55) are mpg/mph. The statement g’(55) = —0.54 means that at 55 miles per hour the fuel efficiency (in miles 
per gallon, or mpg) of the car decreases at a rate of approximately one half mpg as the velocity increases by one mph. 
Units of dP/dt are barrels/year. dP/dt is the change in quantity of petroleum per change in time (a year). This is negative. 
We could estimate it by finding the amount of petroleum used worldwide over a short period of time. 


(a) velocity 


terminal 
velocity 








(b) The graph should be concave down because air resistance decreases your acceleration as you speed up, and so the 
slope of the graph of velocity is decreasing. 
(c) The slope represents the acceleration due to gravity. 


(a) The derivative, dW /dt, measures the rate of change of water in the bathtub in gallons per minute. 
(b) (i) The interval to < t < ty represents the time before the plug is pulled. At that time, the rate of change of W is 
0 since the amount of water in the tub is not changing. 
(ii) Since dW/dt represents the rate at which the amount of water in the tub is changing, after the plug is pulled and 
water is leaving the tub, the sign of dW/dt is negative. 
(iii) Once all the water has drained from the tub, the amount of water in the tub is not changing, so dW/dt = 0. 


(a) The company hopes that increased advertising always brings in more customers instead of turning them away. There- 
fore, it hopes f’(a) is always positive. 

(b) If f’(100) = 2, it means that if the advertising budget is $100,000, each extra dollar spent on advertising will bring 
in about $2 worth of sales. If f’(100) = 0.5, each dollar above $100 thousand spent on advertising will bring in 
about $0.50 worth of sales. 
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(c) If f’(100) = 2, then as we saw in part (b), spending slightly more than $100,000 will increase revenue by an amount 
greater than the additional expense, and thus more should be spent on advertising. If f’(100) = 0.5, then the increase 
in revenue is less than the additional expense, hence too much is being spent on advertising. The optimum amount 
to spend is an amount that makes f’(a) = 1. At this point, the increases in advertising expenditures just pay for 
themselves. If f’(a) < 1, too much is being spent; if f’(a) > 1, more should be spent. 


29. (a) The derivative has units of people/second, so we find the rate of births, deaths, and migrations per second and combine 


them. 
. 1 
Birth rate = 3 people per second 
1 
Death rate = B people per second 
are 1 
Migration rate = a7 people per second 
Thus 1 1 1 
f’(0) = Rate of change of population = 3B + = 0.0851 people/second. 


In other words, the population is increasing at 0.0851 people per second. 
(b) From the answer to part (a), we see that it took 1/0.0851 = 11.75 = 12 seconds to add one person. 


30. Since O’ (2000) = —1, 25, we know the ODGI is decreasing at 1.25 units per year. To reduce the ODGI from 95 to 0 will 
take 95/1.25 = 76 years. Thus the ozone hole is predicted to recover by 2076. 


31. Since 
P(67) — P(66) 


67 — 66 
we may think of P’(66) as an estimate of P(67) — P(66), and the latter is the number of people between 66 and 67 
inches tall. Alternatively, since 


~ P'(66), 


P(66.5) — P(65.5) 


. . / 
66.5 OBS is a better estimate of P' (66), 


we may regard P’(66) as an estimate of the number of people of height between 65.5 and 66.5 inches. The units for 
P’(a) are people per inch. Since there are about 300 million people in the US, we guess that there are about 250 million 
full-grown persons in the US whose heights are distributed between 60 inches (5 ft) and 75 inches (6 ft 3 in). There are 
probably quite a few people of height 66 inches—between one and two times what we would expect from an even, or 
uniform, distribution— because 66 inches is nearly average. An even distribution would yield 


250 million 


/ panes 
= 15 ins 


s~ 17 million people per inch, 
so we expect P’(66) to be between 17 and 34 million people per inch. 

The value of P’ (a) is never negative because P() is never decreasing. To see this, let’s look at an example involving 
a particular value of x, say x = 70. The value P(70) represents the number of people whose height is less than or equal 
to 70 inches, and P(71) represents the number of people whose height is less than or equal to 71 inches. Since everyone 
shorter than 70 inches is also shorter than 71 inches, P(70) < P(71). In general, P(x) is 0 for small x, and increases as 
x increases, and is eventually constant (for large enough 2). 


32. (a) The units of compliance are units of volume per units of pressure, or liters per centimeter of water. 
(b) The increase in volume for a 5 cm reduction in pressure is largest between 10 and 15 cm. Thus, the compliance 
appears maximum between 10 and 15 cm of pressure reduction. The derivative is given by the slope, so 


0.70 — 0.49 


Compliance + F105 


= 0.042 liters per centimeter. 


(c) When the lung is nearly full, it cannot expand much more to accommodate more air. 


33. Solving for dp/d6, we get 
dp_(_»p_), 
dé 6 + (p/c?) ; 


(a) For 6 & 10 g/cm’, we have log 6 ~ 1, so, from Figure 2.38 in the text, we have y ~ 2.6 and log p © 13. 
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Thus p = 10’, so p/c? = 10'°/(9- 10°°) = 1078, and 


dp a 101% we 12 
wu” a= OO ; 
The derivative can be interpreted as the ratio between a change in pressure and the corresponding change in density. 
The fact that it is so large says that a very large change in pressure brings about a very small change in density. This 
says that cold iron is not a very compressible material. 
(b) For 6 © 10°, we have log 6 = 6, so, from Figure 2.38 in the text, y © 1.5 and log p = 23. 
Thus p = 10°, so p/c? ~ 107° /(9- 10°°) = 107, and 


dp 10° 


a ~ 1917 
5 © Tor page bd 15-10". 


This tells us that the matter in a white dwarf is even less compressible than cold iron. 
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34. 
35. 
36. 
37. 


38. 


39. 


40. 


41. 


42. 
43. 


Solutions for Section 2.5 


Since we are not given the units of either t or s we cannot conclude that the units of the derivative are meters/second. 
Since air is leaking from the balloon, the radius of the balloon must be decreasing, so r’(t) < 0. 
Since T has units of minutes, its derivative with respect to P will have units of minutes/page. 


Let T(P) be the time, in years, to repay a loan of P dollars, then the derivative dT'/dP is given in years/dollar. 

There are many other possible answers. 
Let m = f(t) be the total distance, in miles, driven in a car, t days since it was purchased. Then the derivative dm/dt is 
given in miles/day. 

There are many other possible answers. 
True. The two sides of the equation are different frequently used notations for the very same quantity, the derivative of f 
at the point a. 
True. The derivatives f’(t) and g’(t) measure the same thing, the rate of chemical production at the same time t, but they 
measure it in different units. The units of f’(t) are grams per minute, and the units of g’(t) are kilograms per minute. To 
convert from kg/min to g/min, multiply by 1000. 
False. The derivatives f’(t) and g(t) measure different things because they measure the rate of chemical production at 
different times. There is no conversion possible from one to the other. 
(b) and (e) (b), (e) 


(b) and (d) are equivalent, with (d) containing the most information. Notice that (a) and (c) are wrong. 





Exercises 





1. 


(a) Increasing, concave up 
(b) Decreasing, concave down 


(a) Since the graph is below the x-axis at x = 2, the value of f(2) is negative. 

(b) Since f(x) is decreasing at x = 2, the value of f’(2) is negative. 

(c) Since f(a) is concave up at « = 2, the value of f’’(2) is positive. 

At B both dy/dz and d?y/dz? could be positive because y is increasing and the graph is concave up there. At all the 
other points one or both of the derivatives could not be positive. 

The two points at which f’ = 0 are A and B. Since f’ is nonzero at C and D and f” is nonzero at all four points, we get 
the completed Table 2.6: 
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Table 2.6 
































6. The graph must be everywhere decreasing and concave up on some intervals and concave down on other intervals. One 


possibility is shown in Figure 2.62. 
NN Hi 


Figure 2.62 








7. Since velocity is positive and acceleration is negative, we have f’ > 0 and f” < 0, and so the graph is increasing and 
concave down. See Figure 2.63. 


height 


a . 


Figure 2.63 
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8. f(x) =0 
f'(a — 0 
9 f'(x) <0 
f"e) =0 
10. f(z) >0 
f"(x) >0 
1. f’(x) <0 
f(x) >0 
12. f’(x) >0 
f(x) <0 
13. f'(x) <0 
f"(x) <0 
14. The velocity is the derivative of the distance, that is, v(t) = s’(t). Therefore, we have 
v(t) = lim s(t+ h) — s(¢) 
h—-0 
2 (Ky 
— tim (5(t + h)~ + 3) — (5t* +3) 
h—0 h 
_ 10th + 5h? 
= lim —— 
h—0 h 
= lim Bee) = lim (10t + 5h) = 10¢ 
h0 h h—0 


The acceleration is the derivative of velocity, so a(t) = v' (t): 


10(t + h) — 10¢ 


a= a h 
10h 
= lim — = 10. 
0 h ° 


Problems 





15. (a) 


(b) 


(c) 


The derivative, f(t), appears to be positive since the number of cars is increasing. The second derivative, f’’ (t), 
appears to be negative during the period 1975-1990 because the rate of change is increasing. For example, between 
1975 and 1980, the rate of change is (121.6 — 106.7) /5 = 2.98 million cars per year, while between 1985 and 1990, 
the rate of change is 1.16 million cars per year. 
The derivative, f’(t), appears to be negative between 1990 and 1995 since the number of cars is decreasing, but 
increasing between 1995 and 2000. The second derivative, f’’(t), appears to be positive during the period 1990- 
2000 because the rate of change is increasing. For example, between 1990 and 1995, the rate of change is (128.4 — 
133.7) /5 = —1.06 million cars per year, while between 1995 and 2000, the rate of change is 1.04 million cars per 
year. 
To estimate f’ (2000) we consider the interval 2000-2005 
i _, £(2005) — f(2000) — 136.6— 133.6 3 _ 

eS) Sap o000 SC 
We estimate that f’(2005) ~ 0.6 million cars per year. The number of passenger cars in the US was increasing at a 
rate of about 600,000 cars per year in 2005. 


16. To measure the average acceleration over an interval, we calculate the average rate of change of velocity over the interval. 
The units of acceleration are ft/sec per second, or (ft/sec)/sec, written ft/sec”. 








Average acceleration = Change a velocity = v(1) — v(0) = 30 — 0 = 30 ft/sec? 
for0<t<1 Time il 1 
Average acceleration = 52 — 30 =? fi/sec? 
forl<t<2 21 


2.5 SOLUTIONS 


17. a) (b) (c) 











18. Since the graph of this function is a line, the second derivative (of any linear function) is 0. See Figure 2.64. 














—4 4 
ie 
Figure 2.64 
19. See Figure 2.65. 
y 
4 sate 
t+ 2 
—4 4 
—4+ 
Figure 2.65 
20. See Figure 2.66. 
y 
i £ 
—4 4 





Figure 2.66 
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21. See Figure 2.67. 




















y 
1 
—4 4 
Figure 2.67 
22. See Figure 2.68. 
y 
t- & 
—4 4 
Figure 2.68 
23. See Figure 2.69. 
y 
t- 2 
—4 4 
Figure 2.69 


24. (a) dP/dt > O and d*P/dt? > 0. 


(b) dP/dt < 0 and d?P/dt? > 0 (but dP/dt is close to zero). 
25. (a) utility 





quantity 


(b) 
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As a function of quantity, utility is increasing but at a decreasing rate; the graph is increasing but concave down. So 
the derivative of utility is positive, but the second derivative of utility is negative. 


26. (a) Let N(t) be the number of people below the poverty line. See Figure 2.70. 


27. 


28. 


29. 


30. 


31. 


(b) 


(a) 
(b) 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(a) 
(b) 
(c) 
(d) 
(e) 


N(t) 





Figure 2.70 


dN //dt is positive, since people are still slipping below the poverty line. d? N/dt? is negative, since the rate at which 
people are slipping below the poverty line, dN/dt, is decreasing. 


The EPA will say that the rate of discharge is still rising. The industry will say that the rate of discharge is increasing 
less quickly, and may soon level off or even start to fall. 

The EPA will say that the rate at which pollutants are being discharged is leveling off, but not to zero—so pollutants 
will continue to be dumped in the lake. The industry will say that the rate of discharge has decreased significantly. 


At x4 and x5, because the graph is below the x-axis there. 

At x3 and xa, because the graph is sloping down there. 

At x3 and x4, because the graph is sloping down there. This is the same condition as part (b). 
At x2 and x3, because the graph is bending downward there. 

At £1, Y2, and x5, because the graph is sloping upward there. 

At 71, x4, and x5, because the graph is bending upward there. 


At t3, ta, and ts, because the graph is above the ¢-axis there. 
At tz and t3, because the graph is sloping up there. 

At t1, t2, and ts, because the graph is concave up there 

At t1, ta, and ts, because the graph is sloping down there. 
At t3 and t4, because the graph is concave down there. 


Since f’ is everywhere positive, f is everywhere increasing. Hence the greatest value of f is at xo and the least value of 
f is at x1. Directly from the graph, we see that f’ is greatest at x3 and least at x2. Since f”” gives the slope of the graph 
of f’, f” is greatest where f’ is rising most rapidly, namely at ag, and f” is least where f’ is falling most rapidly, namely 
at 71. 


To the right of 2 = 5, the function starts by increasing, since f’(5) = 2 > 0 (though f may subsequently decrease) and 
is concave down, so its graph looks like the graph shown in Figure 2.71. Also, the tangent line to the curve at 7 = 5 has 
slope 2 and lies above the curve for x > 5. If we follow the tangent line until « = 7, we reach a height of 24. Therefore, 
f(7) must be smaller than 24, meaning 22 is the only possible value for f(7) from among the choices given. 











| 
| 
| 
| 
| 
| 
| 
5 7 
Figure 2.71 
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(a) From the information given, C'(1994) = 3200 ppt and C(2010) = 2750 ppt. 
(b) Since the change has been approximately linear, the rate of change is constant: 
2750 — 3200 
‘(1994) = C'(2010) = ———__ = — 28.125 ppt 
C" (1994) = C"(2010) 5010 — 1904 8.125 ppt per year 
(c) The slope is —28.125 and C(1994) = 3200. 
If t is the year, we have 
C(t) = 3200 — 28.125(¢ — 1994). 


(d) We solve 


1850 = 3200 — 28.125(t — 1994) 


28.125(t — 1994) = 3200 — 1850 
3200 — 1850 
t = 1994 + ———__——_ = 2042. 
ae 28.125 ‘i 
The CFC level in the atmosphere above the US is predicted to return to the original level in 2042. 
(e) Since C’’(t) > 0, the graph bends upward, so the answer to part (d) is too early. The CFCs are expected to reach 
their original level later than 2042. 


Strengthen Your Understanding 





33. 
34. 


35. 
36. 


37. 


38. 


39. 
40. 
41. 


Solutions for Section 2.6 


A linear function is neither concave up nor concave down. 


When the acceleration of a car is zero, the car is not speeding up or slowing down. This happens whenever the velocity is 
constant. The car does not have to be stationary for this to happen. 


One possibility is f(z) = b+az,a 40. 
One possibility is f(a) = x. We have f’(a) = 2a, which is zero at x = 0 but f” (x) = 2. 
There are many other possible answers. 


True. The second derivative f’’(a) is the derivative of f’(a). Thus the derivative of f’() is positive, and so f’(a) is 
increasing. 


True. Instantaneous acceleration is a derivative, and all derivatives are limits of difference quotients. More precisely, 
instantaneous acceleration a(t) is the derivative of the velocity v(t), so 


_ v(t +h) — v(t) 
t) = lim —————-. 
a) 50 h 
True. 
True; f(x) = «° is increasing over any interval. 


False; f(x) = x” is monotonic on intervals which do not contain the origin (unless the origin is an endpoint). 








Exercises 
1. (a) Function f is not continuous at x = 1. 
(b) Function f appears not differentiable at ¢ = 1, 2,3. 
2. (a) Function g appears continuous at all z-values shown. 
(b) Function g appears not differentiable at x = 2,4. At x = 2, the curve is vertical, so the derivative does not exist. At 
x = 4, the graph has a corner, so the derivative does not exist. 
3. No, there are sharp turning points. 


Yes. 
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Problems 





5. Yes, f is differentiable at x = 0, since its graph does not have a “corner” at x = 0. See below. 


1.64 | 


—0.4 0.4 








Another way to see this is by computing: 


_ 2 2 2 
fim F=f) _ yp (HANAN? _ AP ZALAL + IAL? 
h—0 h h—0 h h—0 h 


Since |h|? = h?, we have: 


iff OT) ae, 2h? + 2hlh| _ 


h—0 h h—0 


lim 2(h + |h|) = 0. 
h-0 


So f is differentiable at 0 and f’(0) = 0. 

6. As we can see in Figure 2.72, f oscillates infinitely often between the x-axis and the line y = 2 near the origin. This 
means a line from (0,0) to a point (h, f(h)) on the graph of f alternates between slope 0 (when f(h) = 0) and slope 2 
(when f(h) = 2h) infinitely often as h tends to zero. Therefore, there is no limit of the slope of this line as h tends to 
zero, and thus there is no derivative at the origin. Another way to see this is by noting that 











= hsin(+) +h 
h—-0 h h—0 h h-+0 h 
does not exist, since sin(+) does not have a limit as h tends to zero. Thus, f is not differentiable at x = 0. 
y 
Figure 2.72 
7. We can see from Figure 2.73 that the graph of f oscillates infinitely often between the curves y = a” and y = —2x” near 
bon : ; _ p2 f(A)=0 _ 
the origin. Thus the slope of the line from (0,0) to (h, f(h)) oscillates between h (when f(h) = h° and [=> = h) 
and —h (when f(h) = —h? and f {hy —8 = —h)as h tends to zero. So, the limit of the slope as h tends to zero is 0, which 


is the derivative of f at the origin. Another way to see this is to observe that 


h—+0 h h—0 h 
1 

= Ties Wain 

ee 


= 0, 


since lim h = 0 and —1 < sin(;) < 1 for any h. Thus f is differentiable at x = 0, and f’(0) = 0. 


h->0 
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Figure 2.73 


8. (a) The graph is concave up everywhere, except at x = 2 where the derivative is undefined. This is the case if the graph 
has a corner at x = 2. One possible graph is shown in Figure 2.74. 
(b) The graph is concave up for x < 2 and concave down for x > 2, and the derivative is undefined at x = 2. This is the 
case if the graph is vertical at x = 2. One possible graph is shown in Figure 2.75. 


f(z) 


f(x) 











Figure 2.74 Figure 2.75 


9. We want to look at 

__ (h? +.0.0001)'/? — (0.0001)1/? 

ke AAA. 

h—-0 h 
As h — 0 from positive or negative numbers, the difference quotient approaches 0. (Try evaluating it for h = 0.001, 
0.0001, etc.) So it appears there is a derivative at « = 0 and that this derivative is zero. How can this be if f has a corner 
at x = 0? 
The answer lies in the fact that what appears to be a corner is in fact smooth—when you zoom in, the graph of f 

looks like a straight line with slope 0! See Figure 2.76. 














£ i | | | xz 


—2 —1 0 1 2 —0.2  —0.1 0 0.1 0.2 








10. (a) g 


f r 


R 
Figure 2.77 





(b) 


(c) 


11. (a) 


(b) 


12. (a) 


(b) 


(c) 


13. (a) 
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The graph certainly looks continuous. The only point in question is r = R. Using the second formula with r = R 


gives 
GM 


R20 
Then, using the first formula with r approaching R from below, we see that as we get close to the surface of the earth 


_GMR_ GM 
~ R38 RZ 


Since we get the same value for g from both formulas, g is continuous. 





For r < R, the graph of g is a line with a positive slope of = o For r > R, the graph of g looks like 1/x?, and 
so has a negative slope. Therefore the graph has a “corner” at r = R and so is not differentiable there. 


The graph of @ against t does not have a break at t = 0, so @ appears to be continuous at t = 0. See Figure 2.78. 


Q 





| 
to 

| 
= 
bo 


Figure 2.78 


The slope dQ/dt is zero for t < 0, and negative for all t > 0. At t = 0, there appears to be a corner, which does not 
disappear as you zoom in, suggesting that J is defined for all times t except t = 0. 


Notice that B is a linear function of r for r < ro and a reciprocal for r > ro. The constant Bo is the value of B at 
r = ro and the maximum value of B. See Figure 2.79. 


B 


Bo 


TO 


Figure 2.79 


B is continuous at r = ro because there is no break in the graph there. Using the formula for B, we have 


im B=" S,= 8) a tn PaO Be 
- TO To 


ip, 
r>rg rT4T9 


The function B is not differentiable at 7 = ro because the graph has a corner there. The slope is positive for r < ro 
and the slope is negative for r > ro. 


Since 
lim EL = kro 
r>ro 
and F 
lim B= ia =kro 
rort TO 
and 
E(ro) = kro, 


we see that F is continuous at ro. 
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(b) The function F is not differentiable at r = ro because the graph has a corner there. The slope is positive for r < ro 
and the slope is negative for r > ro. 
(c) See Figure 2.80. 


kro 


- , 
ro 





Figure 2.80 


14. (a) The graph of g(r) does not have a break or jump at r = 2, and so g(r) is continuous there. See Figure 2.81. This is 
confirmed by the fact that 


g(2) = 1+ cos(72/2) = 14+ (—-1) =0 


so the value of g(7) as you approach r = 2 from the left is the same as the value when you approach r = 2 from the 
right. 


g(r) 





Figure 2.81 


(b) The graph of g(r) does not have a corner at r = 2, even after zooming in, so g(r) appears to be differentiable at 


r = 0. This is confirmed by the fact that cos(7r/2) is at the bottom of a trough at r = 2, and so its slope is 0 there. 
Thus the slope to the left of r = 2 is the same as the slope to the right of r = 2. 


15. (a) The graph of ¢ does not have a break at y = 0, and so ¢ appears to be continuous there. See figure Figure 2.82. 





fc 
l l I l y 
=2 =I 1 2 
Figure 2.82 
(b) The graph of ¢ has a corner at y = O which does not disappear as you zoom in. Therefore ¢ appears not be 
differentiable at y = 0. 
16. (a) The graph of i 
0 ifa <0. 
f(z) = = 


is shown to the right. The graph is continu- 
ous and has no vertical segments or corners, 
so f(a) is differentiable everywhere. 








2.6 SOLUTIONS 141 


By Example 4 on page 94, 


#@)= 0 aie 
2x ifx > 0 y= f'(z) 


So its graph is shown to the right. 





(b) The graph of the derivative has a corner at = 0 so f’(x) is 
not differentiable at x = 0. The graph of 


fe y= f(z) 
rayne <0 
2ifx>0 


looks like: ————————9__——_ ¢ 


The second derivative is not defined at x = 0. So it is 
certainly neither differentiable nor continuous at 7 = 0. 





Strengthen Your Understanding 





17 


18. 


19. 
20. 
21. 


22. 


23. 


24. 


25. 


26. 


27 


. There are several ways in which a function can fail to be differentiable at a point, one of which is because the graph has 


a sharp corner at the point. Other cases are when the function is not continuous at a point or if the graph has a vertical 
tangent line. 

The converse of this statement is true. However, a function can be continuous and not differentiable at a point; for example, 
f(x) = || is continuous but not differentiable at x = 0. 











f(x) = |x — 2|. This is continuous but not differentiable at x = 2. 
f(x) = Va, x > 0. This is invertible but f’(x) = 1/(2,/x), which is not defined at x = 0. 
Let 4 
a = 
fe) = Bo. 
Since 2? — 1 = (a — 1)(x + 1), this function has zeros at 2 = +1. However, at « = +2, the denominator «? — 4 = 0, 


so f(x) is undefined and not differentiable. 

True. Let f(x) = |x — 3|. Then f(a) is continuous for all x but not differentiable at « = 3 because its graph has a corner 
there. Other answers are possible. 

True. If a function is differentiable at a point, then it is continuous at that point. For example, f(z) = x? is both differ- 
entiable and continuous on any interval. However, one example does not establish the truth of this statement; it merely 
illustrates the statement. 


False. Being continuous does not imply differentiability. For example, f(2) = || is continuous but not differentiable at 
xr=0. 


True. If a function were differentiable, then it would be continuous. For example, 
Ll 220). : : : ; . 
Ta) = is neither differentiable nor continuous at 2 = 0. However, one example does not establish the 
-1 «<0 


truth of this statement; it merely illustrates the statement. 
False. For example, f(x) = || is not differentiable at x = 0, but it is continuous at « = 0. 


. (a) This is not a counterexample, since it does not satisfy the conditions of the statement, and therefore does not have the 
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potential to contradict the statement. 

(b) This contradicts the statement, because it satisfies its conditions but not its conclusion. Hence it is a counterexample. 
Notice that this counterexample could not actually exist, since the statement is true. 

(c) This is an example illustrating the statement; it is not a counterexample. 

(d) This is not a counterexample, for the same reason as in part (a). 


Solutions for Chapter 2 Review 





Exercises 





1. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the distance of the particle from a point, we find the values of s(3) = 72 and s(10) = 144. Using these values, we 
find 





As(t) _ s(10)—s(3)_ 144-72 _ 72 


Average velocity = 7 Sees 10-3 7 7 10.286 cm/sec. 


2. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the position of the particle, we find the values of s(3) = 12-3 — 3° = 27 and s(1) = 12-1— 1? = 11. Using 
these values, we find 

As(t) — s(3)—s(1) | 27-11 


Average velocity = a 7 5 = 8 mm/sec. 








3. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the position of the particle, we find the values of s(3) = In3 and s(1) = In 1. Using these values, we find 
As(t) _ s(3)—s(1) _ n3—In1 _ In3 


Average velocity = a a 5 = 0.549 mm/sec. 





4. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the position of the particle, we find the values of s(3) = 11 and s(1) = 3. Using these values, we find 
As(t) _s(3)—s(1)_ 11-3 


Average velocity = Wo so Fe 4 mm/sec. 





5. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the position of the particle, we find the values of s(3) = 4 and s(1) = 4. Using these values, we find 
As(t) _ s(3)—s(1) _ 4-4 


Average velocity = ———~ = 


hg gag ee 


Though the particle moves, its average velocity over the interval is zero, since it is at the same position att = 1 andt = 3. 


6. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the position of the particle, we find the values on the graph of s(3) = 2 and s(1) = 3. Using these values, we find 
As(t) — s(3)—s(1) 2-3 


1 
Average velocity = he a, mm/sec. 





7. The average velocity over a time period is the change in position divided by the change in time. Since the function s(t) 
gives the position of the particle, we find the values on the graph of s(3) = 2 and s(1) = 2. Using these values, we find 


As(t — s(1 - 
Average velocity = Ast) = 56) = ++ = 0 mm/sec. 


Though the particle moves, its average velocity over the interval is zero, since it is at the same position att = 1 andt = 3. 


SOLUTIONS to Review Problems for Chapter Two 


8. (a) Lets = f(t). 
(i) We wish to find the average velocity between t = 1 and t = 1.1. We have 


(0-70). 78457 


Average velocity = Tia 7 =a 8.4 m/sec. 
(ii) We have 
. _ f(1.01)— fC.) _ 7.0804—7 
Average velocity = LOL 1 = 001 = 8.04 m/sec. 
(iii) We have 
1.001) — f(1 : - 
Average velocity = pe) =) ie! = 8.004 m/sec. 


1.001 — 1 7 0.001 
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(b) We see in part (a) that as we choose a smaller and smaller interval around t = 1 the average velocity appears to be 


getting closer and closer to 8, so we estimate the instantaneous velocity at t = 1 to be 8 m/sec. 
9. See Figure 2.83. 














distance 
time 
Figure 2.83 
10. See Figure 2.84. 
distance 
t 
Figure 2.84 
11. (a) Figure 2.85 shows a graph of f(a) = xsin az. 
Y y=asing 
gt 
Hi 











Figure 2.85 
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12. 


13. 


14. 


15. 
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(b) Seven, since x sin x = 0 at x = 0, ta, 127, +37. 
(c) From the graph, we see x sin & is increasing at x = 1, decreasing at x = 4. 
(d) We calculate both average rates of change 


f(2)— f(0) _ 2sin2—0 





@=0 = 5 =sin2 = 0.91 
f(8) — f(6) _ 8sin8—6sin6 4.80 
(8-6) 2 ne 
So the average rate of change over 6 < x < 8 is greater. 
(e) From the graph, we see the slope is greater at x = —9. 


(a) Using the difference quotient 
/ f(0.8) — f(0.4) — 0.5 
6) & A ———_ = — = 1.25. 
7 OP) 0.8 — 0.4 0.4 
Substituting z = 0.6, we have y = 3.9, so the tangent line is y — 3.9 = 1.25(a — 0.6), that is y = 1.25” + 3.15. 
(b) The equation from part (a) gives 
(0.7) © 1.25(0.7) + 3.15 = 4.025 
f(1.2) © 1.25(1.2) + 3.15 = 4.65 
f(1.4) © 1.25(1.4) + 3.15 = 4.9 
The estimate for f (0.7) is likely to be reliable as 0.7 is close to 0.6 (and f (0.8) = 4, which is not too far off). The 
estimate for f (1.2) is less reliable as 1.2 is outside the given data (from 0 to 1.0). The estimate for f (1.4) less reliable 
still. 


See Figure 2.86. 














£'(2) 

x 

Figure 2.86 

See Figure 2.87. 
x 
—1.5 

£'(2) 

Figure 2.87 


See Figure 2.88. 











Figure 2.88 
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16. See Figure 2.89. 























x 
f'(@) 
Figure 2.89 
17. See Figure 2.90. 
f'() —_§__|_—o 
x 
qa 
Figure 2.90 
18. See Figure 2.91. 
S'(z) 
x 
Figure 2.91 
19. See Figure 2.92. 
\— « 
6 








Figure 2.92 
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20. See Figure 2.93. 














y 
{ | xz 
—4 4 
Figure 2.93 
21. See Figure 2.94. 
y 
x 
—4 4 
Figure 2.94 


22. Using the definition of the derivative 


ted pee GOH TO) 
f'(2) =m 





Bia th)? +a2+h-— (5x24 2) 


Pan h 
_ B(a®? + 2eh+h?)+a+h—52?—2 
= bho 
h—0 h 
_ 10th+ 5h? +h 
= lim ———— 
h—0 h 


= lim(10¢7 + 5h+1)= 10741 
h-0 
23. Using the definition of the derivative, we have 


n' (x) = lim 





| 
a = 
baat 

| 
| a | 
oN 
8 
\ 
t 
Pa) 

a 
= 
ee 
| 
oN. 

8] 
+ 
a 

eee 
os 





im (2-2) 
rn0h\a+h « 
. 2—(x+h) 
~ pe) hale +h) 
ie 

no ha(a +h) 
—l -1 


= lim ———- = —. 
nso 2(@ 4 ) a? 
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24. We need to look at the difference quotient and take the limit as h approaches zero. The difference quotient is 





f(3+h)—f3) _ [(3+h)?+1)-10_ 94+6h+h?+1—-10  6h+h? _ h(6+h) 


h h h ho h 
Since h 4 0, we can divide by h in the last expression to get 6 + h. Now the limit as h goes to 0 of 6 + h is 6, so 
tray, _ y:. ACG+h) _ ,, _ 
ee pe 


So at x = 3, the slope of the tangent line is 6. Since f(3) = 3° + 1 = 10, the tangent line passes through (3, 10), so its 
equation is 
y—-10=6(a-—3), or y=6r-8. 


25. By joining consecutive points we get a line whose slope is the average rate of change. The steeper this line, the greater 
the average rate of change. See Figure 2.95. 
(a) (i) Cand D. Steepest slope. 
(ii) B and C. Slope closest to 0. 
(b) A and B, and C and D. The two slopes are closest to each other. 


D 














x 
Figure 2.95 
26. Using the definition of the derivative, 
! _ f(a +h) — f(z) 
f(@) = lim 1 
Hie (3(a + h) — 1) — (8a — 1) 
h—+0 h 
. 3862+3h—-1-32¢+1 
= lim —————— 
h—0 h 
= lim 20 
~ aso h 
= lim 3 
h-0 
= 3. 
27. Using the definition of the derivative, 
+h) — f(z) 
1 =i f(x 
f(x) = lim 5 
4 py?) _ 2 
= tm (5(0+1)?) ~ (62) 
h0 h 
_ B(a? + 22h + h?) — 52? 
= lin 


h—0 h 
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_ ba* + 102k + 5h? — 5a? 
= im ————_eicm— 
h—0 h 
_ 10rh+ 5h? 
= lim ———_ 
h—0 h 
= lim (10x + 5h) 
h-0 


= 102. 


28. Using the definition of the derivative, 











1 : 
pal Te h 
jim (eth)? +4) = (2? +4) 
h—0 h 
a xe? +2th+h?+4-a27-4 
h—0 h 
= lim ach + he 
h—0 h 
= lim (2 +h) 
= 22: 
29. Using the definition of the derivative, 
; _ (ath) — f(z) 
pe h 
— im BA h)? — 7) — (3a? — 7) 
h—0 h 
=" (3(a? + 2ah +h?) — 7) — (3a? — 7) 
h—0 h 
ies 3x? + 6ah + 3h? —7— 3a? +7 
h—0 h 
— lim Sth + 3h? 
h—0 h 
= lim (6x + 3h) 
= 62. 
30. Using the definition of the derivative, 
/ _ f(z +h) — f(z) 
a= be h 
_ («+h —23 
ae h 
Zi. x + 327h + 38arh? +h? — 23 
h—-0 h 
eae 327h + 3eh? + h3 
h—0 h 


= lim (32? + 3rh + h?) 
h-0 


= 32”. 
h)? — 2 2 2ah h? — 2 
Se ig yg ee lim (2a + h) = 2a 
h—-0 h h—-0 h h—-0 
besucdl 1 1 . a-(ath) : -1 -1 
Tita cee i egg 
: lim 5 (sah ) a, (a+h)ah h=¥0 (a+h)a a? 


40 (a+h)?a?h ae (a+h)2a2 a 


2 2 2 
33, ot (a L) = a= (a +2ah+h?) _ | (-2a—h) _ -2 
aso h 
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34. Jarh— Jan Wath-valvath+ va) at+h-a h 


Therefore lim ——————"— = 


Vath+vVJa Vath+/a Vath+/a 
vVath-vya_, 1 1 
h 0 fath+ /a 2J/a 





h-0 


35. We combine terms in the numerator and multiply top and bottom by /a + Va + h. 


Therefore lim z 


LL a= Vath _ (Va = Vat h)(Vat Verh) 





Vath Va Vath Ja Vat hal /at Vath) 
a—(a+h) 
Vath VJa(/a+ Va+h) 








1 1 ; -1 _ -i 
novo h ( ath zi) “Aad Jat hya(jatvarh)  2Ja) 


Problems 





36. The function is everywhere increasing and concave up. One possible graph is shown in Figure 2.96. 


37. 


38. 


39. 


40. 


41. 





Figure 2.96 


First note that the line y = ¢ has slope 1. From the graph, we see that 


0 < Slope at C < Slope at B < Slope between A and B < 1 < Slope at A. 


Since instantaneous velocity is represented by the slope at a point and average velocity is represented by the slope 


between two points, we have 


(a) 
(b) 
(c) 
(d) 
(a) 
(b) 


(a) 


(b) 


(a) 
(b) 
(c) 


0 < Inst. vel. atC’ < Inst. vel. at B < Av. vel. between A and B < 1 < Inst. vel. at A. 


The only graph in which the slope is 1 for all x is Graph (II). 

The only graph in which the slope is positive for all x is Graph (III). 
Graphs where the slope is 1 at x = 2 are Graphs (II) and (IV). 
Graphs where the slope is 2 at x = 1 are Graphs (I]) and (IV). 


Velocity is zero at points A, C, F’, and H. 


These are points where the acceleration is zero, at which the particle switches from speeding up to slowing down or 
vice versa. 

The derivative, f’(t), appears to be positive between 2003-2005 and 2006-2007, since the number of cars increased 
in these intervals. The derivative, f’(t), appears to be negative from 2005-2006, since the number of cars decreased 
then. 

We use the average rate of change formula on the interval 2005 to 2007 to estimate f’(2006): 


135.9 — 136.6 _ —0.7 
2007-2005 = 2 


We see that f’(2006) ~ —0.35 million cars per year. The number of passenger cars in the US was decreasing at a 
rate of about 0.35 million, or 350,000, cars per year in 2006. 


If f’(t) > 0, the depth of the water is increasing. If f’(t) < 0, the depth of the water is decreasing. 
The depth of the water is increasing at 20 cm/min when t = 30 minutes. 
We use 1 meter = 100 cm, 1 hour = 60 min. At time t = 30 minutes 


f’ (2006) = = —0.35. 


Rate of change of depth = aa =oj— a 
min 


- = 12 meters/hour. 
min 1 hr 100 cm 
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42. 


43. 


44. 


45. 


46. 
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Since f(t) = 45.7e~ 9°51", we have 
f(6) = 45.7e 08'S — 44.058. 


To estimate f’(6), we use a small interval around 6: 


; #6001) = f(6) 4B. Fe 2-004 _ ap eT OnE 
S 2, i 00: 
P66) 6.001 — 6 0.001 ais 


We see that f(6) = 44.058 million people and f’(6) = —0.269 million (that is, —269,000) people per year. Since t = 6 
in 2015, this model predicts that the population of Ukraine will be about 44,058,000 people in 2015 and declining at a 
rate of about 269,000 people per year at that time. 


(a) The units of R’(3) are thousands of dollars per (dollar per gallon). 
The derivative R’(3) tells us the rate of change of revenue with price. That is, R’(3) gives approximately how much 
the revenue changes if the gas price increases by $1 per gallon from $3 per gallon. 

(b) The units of R~'(5) are dollars per gallon. Thus, the units of (R~*)’(5) are dollars/gallon per thousand dollars. 
The derivative (R~')'(5) tells us the rate of change of price with revenue. That is, (R~')'(5) gives approximately 
how much the price of gas changes if the revenue increases by $1000 from $5000 to $6000. 


(a) A possible example is f(a) = 1/|a — 2| as lim 1/|x — 2| = 00. 
as 
(b) A possible example is f(x) = —1/(x — 2)? as lim —1/(# — 2)? = —o0. 
2 


For « < —2, f is increasing and concave up. For —2 < x < 1, f is increasing and concave down. At x = 1, f has a 
maximum. For x > 1, f is decreasing and concave down. One such possible f is in Figure 2.97. 


y 








Figure 2.97 


Since f(2) = 3 and f’(2) = 1, near x = 2 the graph looks like the segment shown in Figure 2.98. 








f'(-2) =1. 





eal +4 











x P-5 


Figure 2.99: For f even Figure 2.100: For f odd 


| 
| 
| 
| 
| 
2 2 
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47. The slopes of the lines drawn through successive pairs of points are negative but increasing, suggesting that f’” (x) > 0 
for 1 < x < 3.3 and that the graph of f(a) is concave up. 


48. Using the approximation Ay ~ f’(a) Aa with Ax = 2, we have Ay = f'(20) - 2 = 6- 2, so 


f(22) & f(20) + f’(20) - 2 = 345 + 6-2 = 357. 







49, (a) 
6 — 
Student B's 

oF swer 

Student C’s answer = slope 

=slope of this line of this line 
‘tudent A’s answer 
4b =slope of this line 
| |! 








(b) The slope of f appears to be somewhere between student A’s answer and student B’s, so student C’s answer, halfway 
in between, is probably the most accurate. 
(c) Student A’s estimate is f’(x) ~ —_ =. while student B’s estimate is f’(x) ~ — Student C’s 
estimate is the average of these two, or 
1) f(@+h)—-f(a) | f@)-f(@—h)} _ fle@+h)— f(a@—h) 


/ ~_s a —— | 
Fars h a Oh 


This estimate is the slope of the chord connecting (x — h, f(a — h)) to (w +h, f(a + h)). Thus, we estimate that 
the tangent to a curve is nearly parallel to a chord connecting points A units to the right and left, as shown below. 


50. (a) Since the point A = (7, 3) is on the graph of f, we have f(7) = 3. 
(b) The slope of the tangent line touching the curve at x = 7 is given by 





Thus, f’(7) = 4. 
51. At point A, we are told that 2 = 1 and f(1) = 3. Since A = (x2, y2), we have x2 = 1 and y2 = 3. Since h = 0.1, we 
know 7; = 1—0.1 = 0.9 and v3 =1+0.1 = 1.1. 
Now consider Figure 2.101. Since f’(1) = 2, the slope of the tangent line AD is 2. Since AB = 0.1, 
Rise BD _ 9 
Run O01 7” 


so BD = 2(0.1) = 0.2. Therefore y; = 3 — 0.2 = 2.8 and yz = 3+ 0.2 = 3.2. 


152 


Chapter Two /SOLUTIONS 





3.2 








2.8 

















Figure 2.101 


52. A possible graph of y = f(x) is shown in Figure 2.102. 


53. 


54. 


55. 


56. 


57. 











Figure 2.102 


(a) Negative. 

(b) dw/dt = 0 for t bigger than some to (the time when the fire stops burning). 

(c) |dw/dt| increases, so dw/dt decreases since it is negative. 

(a) The yam is cooling off so T is decreasing and f(t) is negative. 

(b) Since f(t) is measured in degrees Fahrenheit and t is measured in minutes, df /dt must be measured in units of 
°F/min. 

(a) The statement f(140) = 120 means that a patient weighing 140 pounds should receive a dose of 120 mg of the 
painkiller. The statement f’(140) = 3 tells us that if the weight of a patient increases by one pound (from 140 
pounds), the dose should be increased by about 3 mg. 

(b) Since the dose for a weight of 140 Ibs is 120 mg and at this weight the dose goes up by about 3 mg for one pound, a 145 
Ib patient should get about an additional 3(5) = 15 mg. Thus, for a 145 lb patient, the correct dose is approximately 


f (145) © 120 + 3(5) = 135 mg. 


Suppose p(t) is the average price level at time t. Then, if to = April 1991, 

“Prices are still rising” means p’(to) > 0. 

“Prices rising less fast than they were” means p’"(to) < 0. 

“Prices rising not as much less fast as everybody had hoped” means H < p” (to), where H is the rate of change in rate of 
change of prices that people had hoped for. 


The rate of change of the US population is P’(t), so 


P’(t) = 0.8% - Current population = 0.008P(t). 
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58. (a) See Figure 2.103. 


59. 


60. 


61. 








JL = 
Sa eee ee 
rag 5 

9b 

—4 L 

Figure 2.103 


(b) Exactly one. There can’t be more than one zero because f is increasing everywhere. There does have to be one zero 
because f stays below its tangent line (dotted line in above graph), and therefore f must cross the x-axis. 


(c) The equation of the (dotted) tangent line is y = 4a -- 3 and so it crosses the x-axis at x = 1. Therefore the zero of 
f must be between x = 1 and x = 5. 


(d) lim f(x) = —oo, because f is increasing and concave down. Thus, as « —> —oo, f(x) decreases, at a faster and 
=—>—0o 
faster rate. 

(e) Yes. 

(f) No. The slope is decreasing since f is concave down, so f’(1) > f’(5), Le. f’(1) > 4. 


(a) f’(0.6) © HOBO) ee ae. f' (0.5) = 10.6) ~ 104) a 23 


0.8 — 0.6 0.2 ; ' 
6) — ; 5-2 —-1. 
(b) Using the values of f’ from part (a), we get f’’(0.6) © P00) ~ £0) = = =e +15. 
(c) The maximum value of f is probably near x = 0.8. The minimum value of f is probably near « = 0.3. 


(a) Slope of tangent line = limp_,o Vath VE Using h = 0.001, v4.00 V4 = 0.249984. Hence the slope of the 
tangent line is about 0.25. 


(b) 


y— yi = M(x — 21) 
y —2 =0.25(a — 4) 
y—-2=0.25¢—-1 
y = 0.252 + 1 
(c) f(x) = kx? 


If (4, 2) is on the graph of f, then f(4) = 2, so k- 4° = 2. Thus k = 4, and f(x) = 
(d) To find where the graph of f crosses then line y = 0.25x + 1, we solve: 


A. 
gr 


= = 0.257 +1 


ev = 247+8 
g?—-2r-8 = 0 
(a — 4)(a +2) = 0 
x=4or2r=-2 
1 
f(-2) = 34) =05 


Therefore, (—2, 0.5) is the other point of intersection. (Of course, (4, 2) is a point of intersection; we know that from 
the start.) 


(a) The slope of the tangent line at (0, V19) is zero: it is horizontal. 
The slope of the tangent line at (\/19, 0) is undefined: it is vertical. 


(b) The slope appears to be about i, (Note that when z is 2, y is about —4, but when z is 4, y is approximately —3.) 
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(c) 














Using symmetry we can determine: Slope at (—2, 15): about 4. Slope at (—2,—/15): about —4. Slope at 
(2, V15): about — 5. 


62. (a) IV, (b) HE (c) Il, (d) 1, (e) IV, (I 


63. (a) 


(b) 
(c) 
(d) 
(e) 
64. (a) 
(b) 


(c) 


65. (a) 


The population varies periodically with a period of 12 months (i.e. one year). 


5000 | 


4000 








3 6 9 12 15 18 21 24 


April July Oct Jan April July Oct Jan April 


The herd is largest about June 15° when there are about 4500 deer. 

The herd is smallest about February 1°* when there are about 3500 deer. 

The herd grows the fastest about April 1°". The herd shrinks the fastest about July 15 and again about December 15. 
It grows the fastest about April 1°* when the rate of growth is about 400 deer/month, i.e about 13 new fawns per day. 


The graph looks straight because the graph shows only a small part of the curve magnified greatly. 

The month is March: We see that about the 21°* of the month there are twelve hours of daylight and hence twelve 
hours of night. This phenomenon (the length of the day equaling the length of the night) occurs at the equinox, midway 
between winter and summer. Since the length of the days is increasing, and Madrid is in the northern hemisphere, we 
are looking at March, not September. 

The slope of the curve is found from the graph to be about 0.04 (the rise is about 0.8 hours in 20 days or 0.04 
hours/day). This means that the amount of daylight is increasing by about 0.04 hours (about 24 minutes) per calendar 
day, or that each day is 24 minutes longer than its predecessor. 


A possible graph is shown in Figure 2.104. At first, the yam heats up very quickly, since the difference in temperature 
between it and its surroundings is so large. As time goes by, the yam gets hotter and hotter, its rate of temperature 
increase slows down, and its temperature approaches the temperature of the oven as an asymptote. The graph is thus 
concave down. (We are considering the average temperature of the yam, since the temperature in its center and on its 
surface will vary in different ways.) 


temperature 
200°C 








20°C 





time 


Figure 2.104 
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(b) If the rate of temperature increase were to remain 2°/min, in ten minutes the yam’s temperature would increase 20°, 
from 120° to 140°. Since we know the graph is not linear, but concave down, the actual temperature is between 120° 
and 140°. 

(c) In 30 minutes, we know the yam increases in temperature by 45° at an average rate of 45/30 = 1.5°/min. Since the 
graph is concave down, the temperature at t = 40 is therefore between 120 + 1.5(10) = 135° and 140°. 

(d) If the temperature increases at 2°/minute, it reaches 150° after 15 minutes, at t = 45. If the temperature increases at 
1.5°/minute, it reaches 150° after 20 minutes, at t = 50. So ¢ is between 45 and 50 mins. 


66. (a) We construct the difference quotient using erf(0) and each of the other given values: 


erf(1) — erf(0) 


erf!(0) = — = 0.84270079 
£(0.1) — erf(0) 
(0) = 4 jadeo03 
erf’ (0) O1L0 629 
£(0.01) — erf(0) 
(0) ey EE CS 1199349, 
ee) 0.01 —0 


Based on these estimates, the best estimate is erf’(0) = 1.12; the subsequent digits have not yet stabilized. 
(b) Using erf(0.001), we have 


erf(0.001) — erf(0) 
0.001 — 0 


erf’(0) = 
and so the best estimate is now 1.1283. 
67. (a) 


= 1.12838 


Table 2.7 


1.00000 
1.04534 
1.25517 
1.54308 


(b) It seems that they are approximately the same, i.e. the derivative of sinh(x) = cosh(x) for x = 0, 0.3, 0.7, and 1. 





68. (a) Since the sea level is rising, we know that a’(t) > 0 and m/‘(t) > 0. Since the rate is accelerating, we know that 
a(t) > 0 and m(t) > 0. 
(b) The rate of change of sea level for the mid-Atlantic states is between 2 and 4, we know 2 < a’(t) < 4. (Possibly also 
a(t) = 2ora’(t) = 4.) 
Similarly, 2 << m’(t) < 10. (Possibly also m’(t) = 2 or m’(t) = 10.) 
(c) (i) Ifa’(t) = 2, then sea level rise = 2 - 100 = 200 mm. 
If a’(t) = 4, then sea level rise = 4- 100 = 400 mm. 
So sea level rise is between 200 mm and 400 mm. 
(11) The shortest amount of time for the sea level in the Gulf of Mexico to rise 1 meter occurs when the rate is largest, 
10 mm per year. Since 1 meter = 1000 mm, 
shortest time to rise 1 meter = 1000/10 = 100 years. 


CAS Challenge Problems 





69. The CAS says the derivative is zero. This can be explained by the fact that f(a) = sin? x + cos” # = 1, so f’(z) is the 
derivative of the constant function 1. The derivative of a constant function is zero. 


70. (a) The CAS gives f’(«) = 2cos? x — 2sin? x. Form of answers may vary. 
(b) Using the double angle formulas for sine and cosine, we have 


f(x) = 2sinxcos x = sin(2z) 


f' (x) = 2cos  — 2sin? x = 2(cos” x — sin? x) = 2cos(2z). 


Thus we get 


< sin(2x) = 2 cos(2z). 
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Te ee sae? setaieoh 
71. (a) The first derivative is g'(a) = —2axe~°*’ , so the second derivative is 
” Oe: tenet —2a  4a?x? 
(x) = —se — : 
dx? ean? eae? 


Form of answers may vary. 
(b) Both graphs get narrow as a gets larger; the graph of g’’ is below the x-axis along the interval where g is concave 
down, and is above the x-axis where g is concave up. See Figure 2.105. 

















=6a ee ale 


a=l1 a=2 


Figure 2.105 





(c) The second derivative of a function is positive when the graph of the function is concave up and negative when it is 
concave down. 

72. (a) The CAS gives the same derivative, 1/z, in all three cases. 

(b) From the properties of logarithms, g(a) = In(27) = In2+Inx = f(x) + In2. So the graph of g is the same 
shape as the graph of f, only shifted up by In 2. So the graphs have the same slope everywhere, and therefore the two 
functions have the same derivative. By the same reasoning, h(x) = f(x) +1n3, so hand f have the same derivative 
as well. 


73. (a) The computer algebra system gives 














= ( 24.1)? = 4x(x? +1) 
<( 241)? = 6a(2? +1) 
<a 1)* = 8(2? +1) 


(b) The pattern suggests that 


<( 24.1)" = Inala? +1)". 


Taking the derivative of («? + 1)” with a CAS confirms this. 
74. (a) Using a CAS, we find 


d ., 
—sinx = coszx 
dx 


d . 
—cosx = —sinx 
dx 





d,. 2 “9 2 
Fz (sin # cos x) = cos x — sin” x =2cos°x—1. 
x 


(b) The product of the derivatives of sin x and cos x is cos x(— sin x) = — cos x sin x. On the other hand, the derivative 
of the product is cos? 2 — sin? 2, which is not the same. So no, the derivative of a product is not always equal to the 
product of the derivatives. 
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PROJECTS FOR CHAPTER TWO 


1. (a) S(0) = 12 since the days are always 12 hours long at the equator. 
(b) Since S(0) = 12 from part (a) and the formula gives S(0) = a, we have a = 12. Since S(a) must be 
continuous at 2 = xo, and the formula gives $(29) = a + barcsin(1) = 12 +b (4) and also S(ao) = 24, 
we must have 12 + b(Z) = 2480 b(%) = 12 andb = + = 7.64. 
(c) $(32°13") © 14.12 and $(46°4’) ~ 15.58. 
(d) hours of sunlight 


24+ S(x) 
of 
12 


6+ 








Figure 2.106 


(e) The graph in Figure 2.106 appears to have a corner at x9 = 66°30’. We compare the slope to the right of 
xo and to the left of a9. To the right of So, the function is constant, so S’(a) = 0 for « > 66°30’. 
We estimate the slope immediately to the left of x9. We want to calculate the following: 
en S(x0 + h) _ S(ao) ; 
h->0- h 





We approximate it by taking 7p = 66.5 and h = —0.1, — 0.01, — 0.001: 


S(66.49) — $(66.5) _ 22.3633 — 24 


=i amr 
$(66.499) — $(66.5) _ 23.4826 — 24 _ 51.83, 
—0.01 =H 
5 (66.4999) — 5(66.5) _ 23.8370—24 _ ieee 
—0.001 "000: 


These approximations suggest that, for zo = 66.5, 


lim 
h-0- 


Sto FH) S(t) does not exist. 


This evidence suggests that S(a) is not differentiable at xo. A proof requires the techniques found in 
Chapter 3. 


2. (a) (i) Estimating derivatives using difference quotients (but other answers are possible): 


P(1910) — P(1900) _ 92.0 — 76.0 


P’(1900) ~ = 1.6 million people per year 


10 10 
Pil — P(194 150.7 — 131. 
P’(1945) = Panne) Ps) = a = 1.9 million people per year 
P(2 —- Pi 281.4 — 248. 
P’(2000) ~ Peco) — Penn) = a = 3.27 million people per year 


(ii) The population growth rate was at its greatest at some time between 1950 and 1960. 
P(1960) — P(1950 179.0 — 150.7 
(iii) P’(1950) ~ EE), 


7 = 2.83 million people per year, 
so P(1956) & P(1950) + P’(1950) (1956 — 1950) = 150.7 + 2.83(6) = 167.7 million people. 
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(iv) 
(b) (i) 


(ii) 


(iii) 


(iv) 


(c) (i) 


(ii) 


(iii) 


If the growth rate between 2000 and 2010 was the same as the growth rate from 1990 to 2000, then 
the total population should be about 314 million people in 2010. 
f~1(100) is the point in time when the population of the US was 100 million people (somewhere 
between 1910 and 1920). 
The derivative of f~!(P) at P = 100 represents the ratio of change in time to change in population, 
and its units are years per million people. In other words, this derivative represents about how long it 
took for the population to increase by | million, when the population was 100 million. 
Since the population increased by 105.7 — 92.0 = 13.7 million people in 10 years, the average rate 
of increase is 1.37 million people per year. If the rate is fairly constant in that period, the amount of 
time it would take for an increase of 8 million people (100 million — 92.0 million) would be 

8 million people 


7 a5 acaassicas ~6 
1.37 million people/year Yeats years 


Adding this to our starting point of 1910, we estimate that the population of the US reached 100 
million around 1916, i.e. f~'(100) = 1916. 

Since it took 10 years between 1910 and 1920 for the population to increase by 105.7 — 92.0 = 13.7 
million people, the derivative of f~'(P) at P = 100 is approximately 


10 years 
—__—_—_~ = 0.73 years/mill | 
13.7 million people Yeats en PeOne 


Clearly the population of the US at any instant is an integer that varies up and down every few seconds 
as a child is born, a person dies, or a new immigrant arrives. So f(t) has “jumps;” it is not a smooth 
function. But these jumps are small relative to the values of f, so f appears smooth unless we zoom 
in very closely on its graph (to within a few seconds). 

Major land acquisitions such as the Louisiana Purchase caused larger jumps in the population, 
but since the census is taken only every ten years and the territories acquired were rather sparsely 
populated, we cannot see these jumps in the census data. 

We can regard rate of change of the population for a particular time ¢ as representing an estimate of 
how much the population will increase during the year after time t. 

Many economic indicators are treated as smooth, such as the Gross National Product, the Dow Jones 
Industrial Average, volumes of trading, and the price of commodities like gold. But these figures only 
change in increments, not continuously. 
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Solutions for Section 3.1 


Exercises 
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1. The derivative, f’(2x), is defined as 





/ _ f(a +h) — f(x) 
ees h 
If f(x) = 7, then 
Tec FHC ~ ae Oe 
PO a eh =o 
2. The definition of the derivative says that 
: +h) — f(z) 
! = f(a 
f(x) = lim h 
Therefore, 
ry > (L7(@+h)+11)—[l7e+11) 1th _ 
io mag h a 
3. The x is in the exponent and we haven’t learned how to handle that yet. 
4. y! = 3x7. (power rule) 
5. y! =aa™~'. (power rule) 
6. y’ = 1201! 
7. y' = 110". 
8. y =1la ¥ 
9. y’ = -12¢78 
10. y/ = 3.207. 


11. yy’ = -3204, 

12. y = $2". 

13. y 

14. ad = 2x + 5. 
x 


15. f'(t) = 3t? —6t+8. 
16. f'(x) = —4x~°. 


17. Since g(t) = x = t~°, we have g’(t) = —5t7°. 


1 ; 
18. Since f(z) = ->z = —z *" we have f’(z) = —(-6.1)z771 = 6.1277". 
36. 
‘ — — po7/2 dy _ 7 —9/2 
19. Since y= 7a =T » we have | = 5” : 


20. Since y = /x = x'/?, we have a = set. 
x 


21. f(x) = 44079/4, 


22. Since h(0) = —= = 07 '/3, we have h'(0) = -50 


—5/2 


23. Since f(x) = 4/— = —~ =x */”, we have f’(x) = ~Se 
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24. h(x) = ax- Ine = az, so h'(x) =a. 
25. y! = 6a1/? — By? 

26. f’(t) = 6t— 4. 

a7, oy! S17 419e-/?, 


28. y/ = 22 — st. 


29. The power rule gives f’(2) = 202° — = 


30. h'(w) = 6w* + Sw 
31. y! = —12x7 — 122” 
32. y! = 15¢* — Be? - 5. 
33. y' =6t- an + 3. 


D 

















34. Since y = V2(x +1) =a Peta? 1 = 07/4217, we have oe = =a? + se. 
Mb 
35. Since y = ¢°/9(2 + Vt) = 26/7 4 29/911? = 26°/? 4 27, we have = 3t1/? 4 2¢. 
4 
36. Since h(t) = ir a 3t—' + 4t~?, we have h’(t) = —3t~? — 8¢75. 
37. Since h(0) = 6(0-'/? — 9-*) = 00-1? — 99°? = 6'/? — 67", we have h’(0) = so? +07? 


38. y=a+4,soy’ =1-s. 


> ils 
8. He)= Fae = (ete). f)=5(I-2) = 5 (AS), 





Z 1 5 
40. g(x) = (ct +a7t +274) = 50 ta? Saf, 








41. y= -=vo- 


A144 1/2. 1/2 1/2 3/2 ; - 
42. Since g(t) = vat) = 1 a — — =t/? 4471/?, we have g(t) = 87 st? 
3a? Qaa 
43. j/(2) = — + —- 
3. 7 (x) - + c 














44. Since f(x) = re ae a+ba~', we have f’(x) = —ba~?. 
x cL 

45. Since h(a) = aa +6 = cee + p we have h' (a) = ae 
c c c c 


46. Since 4/3, 7, and 6 are all constants, we have 


47. Since w is a constant times g, we have dw/dq = 3ab?. 


48. Since a, b, and c are all constants, we have 


d 
<Y — a(2x) + b(1) +0 = 2azx +b. 
dx 
49. Since a and 6 are constants, we have 
dP 1-1/2 b 
— =0+ b=t =—. 


Problems 





50. So far, we can only take the derivative of powers of x and the sums of constant multiples of powers of x. Since we cannot 
write \/x + 3 in this form, we cannot yet take its derivative. 
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51. The x is in the exponent and we have not learned how to handle that yet. 
52. g'(x) = me) 4 gg th, by the power and sum rules. 
53. y’ = 6x. (power rule and sum rule) 


54. We cannot write wa as the sum of powers of x multiplied by constants. 


55. y/ = —2/32°. (power rule and sum rule) 
56. 


y’ = 3a” — 182 — 16 
5 = 30° — 182 — 16 
0 = 327 — 182 — 21 
0=a2°-6r-7 
0=(#+1)(4—- 7) 
eS =Lore=7: 
When x = —1, y = 7; when x = 7, y = —209. 
Thus, the two points are (—1, 7) and (7, —209). 
57. Differentiating gives 
f'(z)=62?—42 so f'(1)=6-—4=2. 
Thus the equation of the tangent line is (y — 1) = 2(@ — 1) ory = 2a — 1. 





58. (a) We have f(2) = 8, soa point on the tangent line is (2, 8). Since f’(x) = 3a”, the slope of the tangent is given by 
m= f'(2) = 3(2)? = 12. 


Thus, the equation is 
y-8=12(@—-2) or y=1204-16. 
(b) See Figure 3.1. The tangent line lies below the function f(x) = x 
underestimates. 


, SO estimates made using the tangent line are 





y = 12% — 16 








Figure 3.1 


59. To calculate the equation of the tangent line to y = f(a) = a~ + 3a — 5 at x = 2, we need to find the y-coordinate and 
the slope at x = 2. The y-coordinate is 





y = f(2) =2? + 3(2) -5 =5, 





so a point on the line is (2,5). The slope is found using the derivative: f’(a) = 22 +3. At the point x = 2, we have 





Slope = f’ (2) = 2(2) +3 =7. 


The equation of the line is 


When we graph the function and the line together, the line y = 7x — 9 appears to lie tangent to the curve y = «7 +32 —5 
at the point z = 2 as we expect. 
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60. The slope of the tangent line is the value of the first derivative at x = 2. Differentiating gives 


61. 


62. 


d(x? 4 d (4 3 4 =) 
—|—-=—)=—(|=-" - 2 
dx \ 2 32 dx \2 3 








= ; 3a? — =(-1)a7? 
32, 4 
2 3a? 
For x = 2, r i 
i 2 tl —_— | — 
f (2) 32) - 322 6-4 3 6.333 
and 





f= > EC) ae 


2 
3 
To find the y-intercept for the tangent line equation at the point (2, 3.333), we substitute in the general equation, y = 
b+ ma, and solve for b. 
3.333 = b + 6.333(2) 
—9.333 = b. 


The tangent line has the equation 
y = —9.333 + 6.3332. 


The slopes of the tangent lines to y = x? — 2a + 4 are given by y’ = 2a — 2. A line through the origin has equation 
y = mz. So, at the tangent point, x? — 2x + 4 = ma where m = y’ = 2a — 2. 
a” —2e+4+4= (Qc —2)x 


xv? — We +4 = 2x? — Ww 








—a?+4=0 
(a + 2)(a — 2) =0 
ag = 2,-2. 


Thus, the points of tangency are (2,4) and (—2,12). The lines through these points and the origin are y = 2a and 
y = —6z, respectively. Graphically, this can be seen in Figure 3.2. 








y 
(—2, 12) you? —Ww+4 
y= 22 
y = —6x 
(2,4) 
x 
Figure 3.2 


Decreasing means f’ (x) < 0: 





f' (a) = 4a? — 122? = 4x? (a — 3), 
so f’(x) < O when x < 3 and x 4 0. Concave up means f(x) > 0: 


f () = 122? — 24¢ = 122(2 — 2) 





so f(x) > 0 when 
12a(2 — 2) >0 
x<0O or w>2. 
So, both conditions hold for x < 0 or2 < a < 3. 
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63. The graph increases when dy/dx > 0: 


dy _ 4 
aoe 5>0 


B(e*-—1)>0 so a*>1 so e>lore<-l. 
The graph is concave up when d?y/da? > 0: 


d’y 3 
ape ee >0 so x>Q0. 


We need values of x where {a > 1 or 2 < —1} AND {x > 0}, which implies x > 1. Thus, both conditions hold for all 
values of x larger than 1. 


64. 


f(a) = 12a? + 127 — 23 >1 
122” + 127 — 24 >0 
12(x? +2 —2)>0 
12(a + 2)(@—1) >0. 





Hencex >1 or a2< —2. 
65. 
f'(a) = 3(22 — 5) + 2(8@ 4+ 8) = 12241 
P'@=12. 


66. (a) We have p(a) = x? — x. We see that p'(x) = 22 — 1 < 0 when z < 3. So p is decreasing when x < 3. 
(b) We have p(x) = x1/? — x, so 


Thus p(x) is decreasing when x > . 
(c) We have p(x) = 2+ — a, so 


p (x) =—-1x27?-1<0 
—2 7? <1 
n> —1, 


which is always true where «? is defined since «~? = 1/2? is always positive. Thus p() is decreasing for x < 0 
and for x > 0. 


67. Since W is proportional to r?, we have W = kr® for some constant k. Thus, dW/dr = k(3r?) = 3kr?. Thus, dW/dr 
is proportional to r?. 


68. Since f(t) = 700 — 3t, we have f(5) = 700 — 3(25) = 625 cm. Since f’(t) = —6t, we have f’(5) = —30 cm/year. 
In the year 2010, the sand dune will be 625 cm high and eroding at a rate of 30 centimeters per year. 
69. (a) Velocity v(t) = 4 = £(1250 — 16¢7) = —32¢. 
Since t > 0, the ball’s velocity is negative. This is reasonable, since its height y is decreasing. 


(b) Acceleration a(t) = 4 = 4(—32t) = —32. 


So its acceleration is the negative constant — 32. 
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(c) The ball hits the ground when its height y = 0. This gives 


1250 — 162? = 0 
t = +£8.84 seconds 





We discard t = —8.84 because time ¢ is nonnegative. So the ball hits the ground 8.84 seconds after its release, at 
which time its velocity is 


v(8.84) = —32(8.84) = —282.88 feet/sec = —192.84 mph. 


70. (a) The average velocity between t = 0 and t = 2 is given by 
f(2)—f(0) _ —4.9(27) + 25(2)+3-3 334-3 


Average velocity = g9 = 20 5) = 15.2 m/sec. 
(b) Since f’(t) = —9.8t + 25, we have 
Instantaneous velocity = f’(2) = —9.8(2) + 25 = 5.4 m/sec. 
(c) Acceleration is given f(t) = —9.8. The acceleration at ¢ = 2 (and all other times) is the acceleration due to gravity, 


which is —9.8 m/sec?. 

(d) We can use a graph of height against time to estimate the maximum height of the tomato. See Figure 3.3. Alternately, 
we can find the answer analytically. The maximum height occurs when the velocity is zero and v(t) = —9.8t+25 = 0 
when t = 2.6 sec. At this time the tomato is at a height of f(2.6) = 34.9. The maximum height is 34.9 meters. 


height (m) 











t (sec) 
2.6 D2 


Figure 3.3 


(e) We see in Figure 3.3 that the tomato hits ground at about t = 5.2 seconds. Alternately, we can find the answer 
analytically. The tomato hits the ground when 





f(t) = 4.90? + 25t +3 =0. 


We solve for t using the quadratic formula: 





= 25 + 4/(25)? = 4(—4.9)(3) 
~ 2(—4.9) 

| 2b + VERBS 
~ =08 


t¢=-—0.12 and t=5.2. 


We use the positive values, so the tomato hits the ground at t = 5.2 seconds. 


71. Recall that v = da/dt. We want to find the acceleration, dv/dt, when x = 2. Differentiating the expression for v with 
respect to ¢t using the chain rule and substituting for v gives 


dv _d_. dx = 2 
a ae + 3@ — 2). = (22 + 3)u = (2a + 3)(# + 3a — 2). 


Substituting 7 = 2 gives 


Acceleration = “ = (2(2) + 3)(27 + 3-2 — 2) = 56 cm/sec”. 


xr=2 
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72. (a) Given h(t) = f(t) — g(t), this means h’(t) = f’(t) — g’(t), so 


h(0) = f(0) — g(0) = 2000 — 1500 = 500 
h'(0) = f'(0) —9/(0) =11-13.5 = 2.5. 








This tells us that initially there are 500 more acre-feet of water in the first reservoir than the second, but that this 
difference drops at an initial rate of 2.5 acre-feet per day. 
(b) Assume h’ is constant, this means h’(t) = —2.5. It also means that h is a linear function: 


h(t) = Starting value + Rate of change x Time 
Sey ee” 


h(0) h!(0) t 
= 500 — 2.5t. 
To find zeros of h, we write: 
h(t) = 0 
500 — 2.5t = 0 
t = 200. 


This tells us the difference in water level will be zero—that is, the water levels will be equal—after 200 days. 
73. (a) We have 








i ppt AN a Co nice OM 
2 -em = (5) =GMs (r?) =GM(-2)r ~ 


(b) The derivative dg/dr is the rate of change of acceleration due to the pull of gravity with respect to distance. The 
further away from the center of the earth, the weaker the pull of gravity is. So g is decreasing and therefore its 
derivative, dg/dr, is negative. 

(c) By part (a), 


_ _2GM 


dg 


2(6.67 x 10~°°)(6 x 10?) 
dr 3 


yy —3. 10-°. 
(6400) 3.05 x 10 








r=6400 r=6400 


(d) Since the magnitude of dg/dr is small, the value of g is not changing much near r = 6400. It is reasonable to assume 
that g is a constant near the surface of the earth. 


l Qn (i1 dT Qn (1,1 7 
14, (a) T= an/2 = (eee 
g VG dl W/g \2 Jal 


dT 
(b) Since ri is positive, the period T’ increases as the length / increases. 


75. (a) A=aor? 


(b) This is the formula for the circumference of a circle. 

(c) A’(r) & Hw for small h. When h > 0, the numerator of the difference quotient denotes the area of the 
region contained between the inner circle (radius r) and the outer circle (radius r + h). See figure below. As h 
approaches 0, this area can be approximated by the product of the circumference of the inner circle and the “width” 
of the region, i.e., h. Dividing this by the denominator, h, we get A’ = the circumference of the circle with radius r. 








We can also think about the derivative of A as the rate of change of area for a small change in radius. If the radius 
increases by a tiny amount, the area will increase by a thin ring whose area is simply the circumference at that radius 
times the small amount. To get the rate of change, we divide by the small amount and obtain the circumference. 


166 


76. 


Ts 
78. 


79. 


80. 


Chapter Three /SOLUTIONS 


V= Snr’. Differentiating gives — = 4rr? = surface area of a sphere. 


The difference quotient Yor) is the volume between two spheres divided by the change in radius. Further- 
more, when h is very small, the difference between volumes, V(r + h) — V(r), is like a coating of paint of depth h 
applied to the surface of the sphere. The volume of the paint is about h - (Surface Area) for small h: dividing by h gives 
back the surface area. 

Thinking about the derivative as the rate of change of the function for a small change in the variable gives another 
way of seeing the result. If you increase the radius of a sphere a small amount, the volume increases by a very thin layer 
whose volume is the surface area at that radius multiplied by that small amount. 


If f(x) = 2”, then f’(x) = nx”~'. This means f’(1) = n-1"~' =n-1 =n, because any power of 1 equals 1. 
Since f(x) = ax”, f’(2) = anx”~*. We know that f’(2) = (an)2"~' = 3, and f’(4) = (an)4”~1 = 24. Therefore, 





f(a) _ 24 

f'(2) 3 
(an)4°~* f4yr-t 
(an)2"-1 (5) x 


2”! = 8 and thus n = 4. 


Substituting n = 4 into the expression for f’(2), we get 3 = a(4)(8), or a = 3/32. 
: : . d d d = 
Yes. To see why, we substitute y = x” into the equation 13054 = y. We first calculate = = a) = nx”~'. The 
xv x Xv 
differential equation becomes 


132(nx2"—*) = 2” 


But 13a(nxz"~') = 13n(a-a”~') = 13na2”, so we have 
13n(a") = x” 


1/13 - : 
/13 is solution. 


This equality must hold for all x, so we get 13n = 1, son = 1/13. Thus, y = x 
(a) 
d —1 Sf 4S) 
(w) _ 5 @+h)yt=2 
dx h0 h 


lim i a8 = lim 








noh 
-1 -1 =f 


Aig Seat 
ho a(x +A) x? . 


(a@+h) 3-473 





a? — (a? + 3ha? + 3h?” +h?) 
x3(a + h)3 
1 | —3ha? — 3h? — h? 
x3(a + h)3 
—3a? — 3ah — h? 
iM [SS 
noo) a3 (a + h)3 
—3a? 


4 
= 7 =-3x °. 
zx 


= lim — 
noo Re 





(b) For clarity, let n = —k, where k is a positive integer. Sox” = «~*. 


d(x") — iim (a + h)-* —a* 


dx h—-0 h 





81. 


82. 
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ere cee 1 
~ pao h (c+h)k ak 


1[a* — 2 — kha*-? h* 
= lim — 
noo h ak(a +h) 
ke? —k —(k-+1) hak 
~ GR(g)e ght —ka k : 


(a) We see that f(1) = a- 1 = a, and the graph of «? + 3 goes through the point (1, 4), so f(a) is continuous when 
a=A4. 
(b) No, f(a) does not have a derivative at (1, 4). There is a corner there. We can see this without a graph by noticing that 


d 
ale 43) = 2e 


has a value of 2 at x = 1, but 
d 
— (47) =4 
7 (42) 
has a value of 4 at x = 1. 
Since az + b and x? + 3 are each differentiable for all «, the function is differentiable on 0 < x < 2 except at x = 1. For 
continuity, we must have a- 1+ b= 1? +3. 
For differentiability, the derivatives at x = 1 of the two pieces must be the same. Since 


d d/ 2 
qr +4) =a and an +3) =2z, 


at x = 1, we have a = 2- 1 = 2. We can then solve for b: 


2-1+b=4,s0ob=2. 


Strengthen Your Understanding 





83. 


84. 
85. 


86. 
87. 
88. 


89. 


90. 


91. 


92. 


’ ee . d 
Since the derivative of a constant is zero, Tn (a? + a) = 2x for any constant a. 
x 


The function can be written as f(x) = «~° so the power rule gives f’(x) = —2a~* = —2/z°. 


One possible example is f(a) = 2? and g(a) = 3x. More generally, f(a) = 2? + cand g(x) = 3a + k work for any c 
and k. 


Any function of the form g(a) = a” + c, where c is a positive constant works. One possibility is g(a) = 2? + 1. 
If f(a) = 3x”, we have f’(a) = 6x and f(a) = 6. Other answers are possible. 


True. Since d(a”) /dx = na"~", the derivative of a power function is a power function, so the derivative of a polynomial 
is a polynomial. 


False, since 





d TT d 2 —3 —20 
= (3) = 5, (te ) = -20a "aa 


True. The slope of f(a) + g(x) at x = 2 is the sum of the derivatives, f’(2) + g'(2) = 3.1+7.3 = 10.4. 


True. Since f(x) > 0 and g(x) > 0 for all x, we have f(x) + g(x) > 0 for all x, which means that f(a) + g(a) is 
concave up. 


False. Let f(a) = 2x? and g(x) = x”. Then f(a) — g(x) = x”, which is concave up for all «. 
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Solutions for Section 3.2 








Exercises 

1. f'(x) = 2e* + 2x. 

2. y! = 10¢ + 4e’. 

3. Using the chain rule gives f’(x) = 5In(a)a°*. 

4, f’(x) = 12e” + (In11)11”. 

5. y’ = 10x + (In2)2”. 

6. f(x) = (In2)2” + 2(In3)3. 

ra ad = 4(In 10)10” — 32. 

8. 2’ = (In4)e” 

9, au = (in 3)3" = = (0-#) 

: © 2 x —3 dy © 24 
10. Since y = 2 +3 = 2" + 2a“, we have = (In 2)2” — 6a. 
11. 2’ = (In4)?4”. 
12. f(t) = (In(In3))(In3)*. 
13. a =5-5'In5+6-6' In6 
14. h’(z) = (In(In2))(In 2)’. 
15. f'(x) =ex*?. 
16. au =a’ Int 
17. f'(x) = (Inz)z”*. 
18. This is the sum of an exponential function and a power function, so f’(a) = In(m)x* + ra™~!. 
19. Since e and k are constants, e* is constant, so we have f’(a) = (In k)k®. 
20. f(x) =e't* =e! - e*. Then, since e! is just a constant, 
f'(z) =e-e* =e'**. 

21. f(t) =e" - e”. Then, since e” is just a constant, f’(t) = 4(e’e?) = ete’ = ee! =e! 
22. f'(0) = ke*? 
23. y'(x) =a* na+ax*! 
24. f!(x) = a! —) + (n?)” In(x?) 
25. g'(x) = + (20 —a /3 43% —e)=24 = fa lng, 
26. f'(x) = 6x(e” — 4) + (3x? + we” = Bre” — 24x + 3a?e” + Tre”. 
Problems 
27. y’ = 2x + (In2)2”. 
28. y' = Ly-3 —In$(4)"= ne + In2(4)*. 
29. We can take the derivative of the sum x? + 2”, but not the product. 
30. f(s) =5°e° = (5e)°, so f’(s) = In(5e) - (5e)® = (1+ 1n5)5°e°. 
31. Since y = ee”, y’ = e'e® =e** 
32. y =e?” = (e”)”, soy’ = In(e”) - (e°)” = 5e?*. 
33. The exponent is 7”, and we haven’t learned what to do about that yet. 
34, f’(z) = (In V4)(V4)* = (In2)2”. 
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35. 
36. 


37. 


38. 


39. 


40. 


41. 
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We can’t use our rules if the exponent is JO. 


This is the composition of two functions each of which we can take the derivative of, but we don’t know how to take the 
derivative of the composition. 


Once again, this is a product of two functions, 2” and =, each of which we can take the derivative of; but we don’t know 
how to take the derivative of the product. 


The derivative is 
P'(t) = 300(In 1.044)(1.044)‘ 


sO 
P'(5) = 300(In 1.044) (1.044)° = 16.021. 


The value 

P'(5) = 16.021 
means that when t = 5, the population is increasing by approximately 16 animals per year. 
Since P = 1- (1.05)’, = In(1.05)1.05°. When t = 10, 


> dt 


= = (In 1.05)(1.05)'° = $0.07947/year ~ 7.95¢/year. 


(a) Substituting t = 4 gives V(4) = 25(0.85)* = 25(0.522) = 13.050. Thus the value of the car after 4 years is 
$13,050. 

(b) We have a function of the form f(t) = Ca’. We know that such functions have a derivative of the form (C'In a) - a’. 
Thus, V’(t) = (251n 0.85) - (0.85)' = —4.063(0.85)*. The units are the change in value (in thousands of dollars) 
with respect to time (in years), or thousands of dollars/year. 

(c) Substituting ¢ = 4 gives V’(4) = —4.063(0.85)* = —4.063(0.522) = —2.121. This means that at the end of the 
fourth year, the value of the car is decreasing by $2121 per year. 

(d) The function V(t) is positive and decreasing, so that the value of the automobile is positive and decreasing. The 
function V(t) is negative, and its magnitude is decreasing, meaning the value of the automobile is always dropping, 
but the yearly loss of value decreases as time goes on. The graphs of V(t) and V(t) confirm that the value of the car 
decreases with time. What they do not take into account are the costs associated with owning the vehicle. At some 
time, t, it is likely that the yearly costs of owning the vehicle will outweigh its value. At that time, it may no longer 
be worthwhile to keep the car. 


For ¢ in years since 2009, the population of Mexico is given by the formula 
M = 111(1 + 0.0113)’ = 111(1.0113)' million 


and that of the US by 
U = 307(1 + 0.00975)’ = 307(1.00975)* million, 


The rate of change of each population, in people/year is given by 




















a = n14 (1.0113)! = 111(1.0113)* In(1.0113) = 1.247 million people per year 
t=0 t=0 
dU d t t si 
and ae = 307 =, (1.00975) = 307(1.00975)° In(1.00975) = 2.979 million people per year. 
t=0 t=0 
Since a a , the population of the US was growing faster in 2009. 
= t=0 








42. Differentiating gives 


43. 


Rate of change of price = ld = 75(1.35)’ In 1.35 = 22.5(1.35)* dollar/yr. 


(a) f(x) = 1 — e® crosses the x-axis where 0 = 1 — e*, which happens when e” = 1, so x = 0. Since f’(x) = —e”, 
f'(0) = —e® = -1. 
(b) y= —2 


(c) The negative of the reciprocal of —1 is 1, so the equation of the normal line is y = x. 
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44. Since y = 2”, y’ = (In 2)2*. At (0, 1), the tangent line has slope In 2 so its equation is y = (In2)x + 1. Atc, y = 0, so 








0 = (In2)c +1, thuse = —45. 
45. 
g(x) = ax? + br + f(xy=Se 
g(x) = 2ax+b f' (a) =e” 
"(x) = 2a f"(a) =e 
So, using g'"(0) = f”’(0), etc., we have 2a = 1, b = 1, and c = 1, and thus g(x) = 427 + x + 1, as shown in 
Figure 3.4. 
eX 
4a? +2+1 
x 
Figure 3.4 


The two functions do look very much alike near 7 = 0. They both increase for large values of x, but e” increases 
much more quickly. For very negative values of x, the quadratic goes to oo whereas the exponential goes to 0. By choosing 
a function whose first few derivatives agreed with the exponential when « = 0, we got a function which looks like the 
exponential for x-values near 0. 


46. The first and second derivatives of e” are e”. Thus, the graph of y = e” is concave up. The tangent line at x = 0 has 
slope e° = 1 and equation y = x + 1. A graph that is always concave up is always above any of its tangent lines. Thus 
e” >a +1 for all x, as shown in Figure 3.5. 





Figure 3.5 


47. For x = 0, we have y = a° = 1 and y = 1+ 0 = 1, so both curves go through the point (0, 1) for all values of a. 


Differentiating gives 

















d xz 
a) = a" Ina|,_) =@°Ina=Ina 
dx - = 

d(1 +2) 

7 =, 

x xz=0 
The graphs are tangent at x = 0 if 
Ina=1 so a=e. 


48. We are interested in when the derivative 





is positive and when it is negative. The quantity a” is always positive. 


However Ina > 0 fora > 1 and Ina < 0 for 0 < a < 1. Thus the function a” is increasing for a > 1 and decreasing 
fora < 1. 


Strengthen Your Understanding 





49. The function is an exponential function so the power rule does not apply. The derivative of f is f’(a) = (In 2)2”. 


50. 
51. 


52. 
53. 
54. 
55. 


Solutions for Section 3.3 
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Since 7 and e are constants, f is a constant function, so f’(x) = 0. 


The derivative of f(x) = a” is f’(ax) = (Ina)a® which is negative when Ina < 0. Since Ina < 0 when 0 < a < 1, we 
see that 0.5” is such a function. There are many other possible examples. 


A possibility is f(x) = e”. Then f’(x) = e*, f” (x) = e”, and f’" (x) = e*, so f(x) = f(z). 
False. If f(x) = Ing, then f’(a) = 1/z, which is decreasing for x > 0. 
False, since f’(x) = f(x) = e® forall x. 


False. If f(x) = ||, then f(a) is not differentiable at 2 = 0 and f’(2) does not exist at x = 0. 


Exercises 





1. 


By the product rule, f’(2) = 2a(a3 + 5) + 2?(3x?) = 2a7 + 324 +102 = 5x4 + 102. Alternatively, f’(x) = 
(a° + 5a”)! = 5a* + 10a. The two answers should, and do, match. 


Using the product rule, 
f(a) = (In 2)2”3” + (In 3)273” = (In2 + In3)(2” - 3”) = In(2- 3)(2- 3)” = (In 6)6” 


or, since 2” - 3° = (2- 3)" = 6", 
f' (x) = (6")' = (In6)(6”). 
The two answers should, and do, match. 
f(z) =a-e* +e? -1L=e*(x4+1). 
y! = 2 + x(In2)2* = 2°(1 + 2ln2). 


yl = phe?” + Va (in2)2”. 


= 2te* + (#7 + 3)e* = e'(t? + 2t4 3). 


dy 
dt 
* | 


f'(x) = (x? — 2?) -37(In3) +3” (20 - 5°?) _ 32 [anay(e =gi2 (22 z)| . 








8. y! = (3t? — 14t)e’ + (8 — 74? + 1)e* = (#8 — 40? — 14t + Ie’. 
ry  @ -1—av-e®  e*(1—a2) 1-z 
9. f(z) = (er)? ~ (er)? ~~ en 
co 2) a _ 2 
10. g/() = 50ae ss e* _ 50a — 2507 
eye er 
u @- 1-2*—(t+1)(In2)2* = 2*(1—(¢+1)In2) 1-—(¢+1)n2 
“dx (2¢)2 = (2¢)2 ~ Ot 
2.2( nw) 3.2) nw 2.2 4,32 
12. g'(w) = 3.2w7""(5") — (In 5)(w°*)5 _ 3.2w w (In 5) 
52w 5w 
B. g(r) = 3(5r +2)—3r(5) _ lr +6—-l5r 6 
(5r + 2)? (5r + 2)? (5r + 2)? 
ray. (+4) —(t-4) _ 8 
ha Gane" (eeae 
dz  3(5t +. 2)—(3t+1)5 | 15t+6—15t—5 1 
5. = eee ee ee SS 
dt (5t + 2)? (5t + 2)? (5t + 2)? 
,_ (2¢+5)(¢+3)-(?+5t+2) #7? +6t+13 
16, 2) = a 
(t + 3)? (+3)? 
fe OA DN oe oe, ol 
17. f(t)= a (2% +) = 2e° + 2te’ + OEE 
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18. Divide and then differentiate 





19. w=y?—6y+7. w' =2y—6,y 40. 
1 -2 
20, ¢(t) = 48+ V8) (HH?) = 
g (t) ( a Til 











Syey 
d {z7+1 dp @ ks Ba. Li sg -af/e -9 
21, — = —(z2 2) yD 7 2? —¥* ‘ 
+ (=3) ge Te oes ce 8 
22. 
dw _ (—3)(5 + 3z) — (5 — 3z)(3) 
dz (5 + 32)? 
— —15—9z-—154+92z _ — —830 
7 (5 + 32)? ~ (5+ 32)? 
2 _ op2 
23. hi (r) = ad r _ (2r)(2r + 1) — 2r - 2r(r +1) 
dr \ 2r+1 (2r + 1)? (2r +1)? 
24. Notice that you can cancel a z out of the numerator and denominator to get 
3z 
= 0 
f=, 4 
Then 
1, _ (52 +7)3 — 32(5) 
— 1524+ 21 — 15z 
~ (52 +7)2 
21 
= 0. 
Gzame** 


[If you used the quotient rule correctly without canceling the z out first, your answer should simplify to this one, but 
it is usually a good idea to simplify as much as possible before differentiating. | 
_ 17e*(2*) — (In 2)(17e")2” — 17e"(2")(1—In2) | 17e*(1 — In2) 


25. w' (x) 


22x Q2x Qu 
96. h'(p) = 2POB + 2p") = 4p. +p?) _ Gpt4p*—4p—4p* _ 2p 
° (p) = 3 Qp2)2 _ 3 Qp2)2 = 3 Qp2)2° 
(3 + 2p?) (3 + 2p?) (3 + 2p?) 
x? +3x+2 (x + 2)(x + 1) 


which reduces to f(a”) = x + 2, 


27. Either notice that f(a) = can be written as f(x) = 


at+l1 at+l 


giving f’(x) = 1, or use the quotient rule which gives 
(w + 1)(2¢ + 3) — (a? + 3a + 2) 
(x + 1)? 
2a? + 5a4+3— 27 - 30-2 
(@+1? 
v2 +2041 


f'(@)= 





3.3 SOLUTIONS 173 























28. We use the quotient rule. We have 
f(e) = (cx +k)(a)—(ax+b)(e) — ace+ak—aca—be _— ak—be 
a (cau + k)? 7 (ca +k)? ~ (ca +k)?" 
29. Using the product and chain rules, we have 
d 
a = 3(x? +5)? (2x)(3a° — 2)? + (x? + 5)3[2(32 — 2)(92”)] 
= 3(2r)(x” + 5)? (3a? — 2)[(3x? — 2) + (x? + 5)(32)] 
= 6x(a” + 5)?(3a° — 2) (6a? + 15a — 2]. 
d = 
30. f'(2) = qi ae= 3x7) (62° — 3m) = (—4 — 6x) (6a° — 37) + (2 — 4x — 3x7) (6er*'). 
Problems 
31. Using the product rule, we know that h’(x) = f’(x)- g(a) + f(x) -g'(x). We use slope to compute the derivatives. Since 
f (x) is linear on the interval 0 < x < 2, we compute the slope of the line to see that f’(a) = 2 on this interval. Similarly, 
we compute the slope on the interval 2 < x < 4 to see that f’(2) = —2 on the interval 2 < x < 4. Since f(x) has a 
corner at x = 2, we know that f’(2) does not exist. 
Similarly, g(x) is linear on the interval shown, and we see that the slope of g(a) on this interval is —1 so we have 
g'(x) = —1 on this interval. 
(a) We have h’(1) = f’(1)- gg) + f()- 9/0) = 2-34+2(-1) =6-2=4. 
(b) Since f(x) has a corner at 2 = 2, we know that f’(2) does not exist. Therefore, we cannot use the product rule (and, 
in this case, h’(2) does not exist). 
(c) We have h’(3) = f’(3) - 9(3) + f (3) - 9/(3) = (—2)14 2(-1) = -2-2= —4. 
32. Using the quotient rule, we know that k’ (x) = (f’(a)- g(x) — f(x) - g'(x))/(g(a))?, when f and g are differentiable. 
We use slope to compute the derivatives. Since f (2) is linear on the interval 0 < x < 2, we compute the slope of the line 
to see that f’(x) = 2 on this interval. Similarly, we compute the slope on the interval 2 < x < 4 to see that f’(2) = —2 
on the interval 2 < x < 4. Since f(x) has a corner at x = 2, we know that f’(2) does not exist. 
Similarly, g(x) is linear on the interval shown, and we see that the slope of g(«) on this interval is —1 so we have 
g'(x) = —1 on this interval. 
(a) We have 
way = £90) = F0)-9/@) _ 2-3-2-1) _ 6+2_ 8 
(g(1))? 3? 9 9 
(b) Since f(a) has a corner at x = 2, we know that the quotient rule does not apply. We know that f’(2) does not exist, 
and k is not differentiable at x = 2. 
(c) We have 
x(a) — £2)-9(8) = f8)-9'@) _ (2-2-1) _ -242_ 
We? P ; =r 
33. Using the quotient rule, we know that j’(x) = (g/(x) - f(x) — g(a) - f’(x))/(f(x))?. We use slope to compute the 


derivatives. Since f(x) is linear on the interval 0 < x < 2, we compute the slope of the line to see that f’(a) = 2 on this 
interval. Similarly, we compute the slope on the interval 2 < x < 4 to see that f’(x) = —2 on the interval 2 < x < 4. 
Since f(a) has a corner at « = 2, we know that f’(2) does not exist. 

Similarly, g(x) is linear on the interval shown, and we see that the slope of g(x) on this interval is —1 so we have 
g(x) = —1 on this interval. 


(a) We have 
(ay = £- £0) = of) fC) _ (2-3-2 _ =2=6 
(f(1))? 2? Z 4 
(b) Since f(a) has a corner at x = 2, so the quotient rule does not apply. We know that f’(2) does not exist, so j’ (2) 
does not exist. 
(c) We have 


Bie 


=—2. 











sim _ 93) £03) — 9(3)- #3) _ (-1)2-1(-2) _ -2 42 
(3) = F@))? 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 
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Estimates may vary. From the graphs, we estimate f(1) ~ —0.4, f’(1) = 0.5, g(1) & 2, and g'(1) = 1. By the product 
rule, 
h'(1) = f'(1)- 9g) + fC) - g'(1) © (0.5)2 + (—0.4)1 = 0.6. 


Estimates may vary. From the graphs, we estimate f(1) ~ —0.4, f’(1) ~ 0.5, g(1) © 2, and g’(1) © 1. By the quotient 
rule, to one decimal place 


ray f’()-90) — f()- 9/4) _ (0.5)2 — (-0.4)1 | 
k/(1) = aye ge 0.4. 


Estimates may vary. From the graphs, we estimate f(2) ~ 0.3, f’/(2) & 1.1, g(2) & 1.6, and g'(2) ~ —0.5. By the 
product rule, to one decimal place 


h' (2) = f' (2) « g(2) + f(2)- g'(2) © 1.1(1.6) + 0.3(—0.5) = 1.6. 


Estimates may vary. From the graphs, we estimate f(2) ~ 0.3, f’/(2) & 1.1, g(2) & 1.6, and g/(2) ~ —0.5. By the 
quotient rule, to one decimal place 


f'(2) - 9(2) — f(2)-9'(2) _, 1.11.6) — 0.3(—0.5) =07 
(9(2))? (1.6)? 
Estimates may vary. From the graphs, we estimate f(1) ~ —0.4, f’(1) = 0.5, g(1) © 2, and g’(1) © 1. By the quotient 
rule, to one decimal place 
g'(1)- FQ) — 9) - f') _, 1(-0.4) — 2(0.5) 


VQ) = ———“Gaye ode —8.8. 


Estimates may vary. From the graphs, we estimate f(2) ~ 0.3, f’(2) & 1.1, g(2) & 1.6, and g'(2) ~ —0.5. By the 
quotient rule, to one decimal place 





toy — 9 (2) f(2) — (2) - f'(2) _, (—0-5)0.38— 1.6(1.1) 
U2) = HON: ag 
1 
f(t) = oc 
/ et -O0- ef 1 
f= 
= “4 
= =-e 
e 
f(x) =e" -e 
f'(x) =e” -e” +e” -e” = 2€* 
f(a) = eve2 
f'(z) = e*(e?")! +4 (eye 
= 2e"e** + ee?” (from Problem 41) 
= 3e°” 
We have 


f' (a) =e” + we” 
f' (v2) =e? +e7 +. we” = (24+ we”. 





Since f(x) is concave up when f”’(x) > 0, we see that f(a) is concave up when x > —2. 
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44. Using the quotient rule, we have 
0 — 1(22) —2x 
9) = 7s Se 
(x? +1) x? +1) 
"(g) = —2(a? +1)? + 2Qa(4a? + 4x) 
(o +1) 
_ = 2(a? +1)? + 8a? (2? +1) 
~ G+ 
_ =2(a? +1) + 8a? 
~~ (a? + 1)3 
2(3x? — 1) 
(+1 
Since (x? + 1)* > 0 for all 2, we have g(x) < 0 if (327 — 1) < 0, or when 
327 <1 
at ’ <a< : 
v3 V3 
45. Since f(0) = —5/1 = —5, the tangent line passes through the point (0, —5), so its vertical intercept is —5. To find the 
slope of the tangent line, we find the derivative of f(a) using the quotient rule: 
x+1)-2-—(Q2—5)-1 6 
ji) = @4D-2-Or~st_ 7 
(a +1) (a + 1) 
At x = 0, the slope of the tangent line is m = f’(0) = 7. The equation of the tangent line is y = 7x — 5. 
46. This is the same function we were asked to differentiate in Problem 24, so we know that, if x 4 0, 


So at x = 1, 


So, 


ce. at 
eae (5a + 7)2 


47. (a) Although the answer you would get by using the quotient rule is equivalent, the answer looks simpler in this case if 


you just use the product rule: 


d 
dx 
a ( 
dx 
d 
dx 
de e” ne” 
©) ae ae ae aH, 
48. By the product rule, we have 
di) 
at f@) = a 


)=2(e “)=5 e” 
dx cz) 2 x? 
)=2(e 3)=5-% 
~ dx v2) x x3 
)=2(e 3)=5 3e” 
~ dx x) 7 x4 


>. f'(a) = 2x f(x) +2 f'(2). 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


Chapter Three /SOLUTIONS 


By the product rule, we have 


= (4°(f(a) + 9(2))) = £4") (Fe) + 9a) +4" £ (F(a) + 9(2)) 


+ 
= (In4-4")(f(x) + g(a) + 4°(f"(a) + 9'(a)) 
=4"(In4- f(x) +n4- g(x) + f'(e) +9'(a)). 


By the quotient rule, we have 





dx \ g(a) +1 








By the quotient rule, we have 
a (pe) _ ae(f(2)9(a)) - h(x) — (F(@)g(@)) - h'(@) 
dx \ h(a) (h(x))? 
_ (F'(@)g(@) + F(@)g'(@)) - Ae) = f(@)9(@)h'(x) 
(h(x)? 
_ f'(x)g(a)h(x) + f(@)g'(@)h(x) — f(x) g(a)h'(a) 
(h()) 
(a) We have h’(2) = f’(2) +9/(2) =5-—2=3. 
(b) We have h’(2) = ee oe = . mee 14. 
roy _ f(2)9(2) — f(2)9'(2) _ 5(4) —3(-2) 26 18 
(c) We have h'(2) = TD)? ge 
(a) G'(z) = F’(z)H(z) + H(z) F(z), so 
C'(3)=F' G)H(3) +H (3)FG)=4 143-5 =19 
0) Cu) = LOM) Fw), gg) = M98) _ 





At x = 3, we have 





Using the given values, 








1 4 1 
Ses ad 1242=4. 
5 1246-5 - 1244-5 =64+8-12+ 


f'(x) = 102°e” + a2'e” is of the form g/h + h'g, where 
g(z) = 2°, g'(e) = 102” 


and 
h(a) = e”, h'(x) =e”. 
Therefore, using the product rule, let f = g- h, with g(a) = «1° and h(x) = e”. Thus 


f(x) =2""e”. 


(a) f(140) = 15,000 says that 15,000 skateboards are sold when the cost is $140 per board. 


f’(140) = —100 means that if the price is increased from $140, roughly speaking, every dollar of increase will 


decrease the total sales by 100 boards. 


d ( f(x) ) _ fi(z)(g(@) +1) - f(z) B92) +1) _ f'(w)o(w) + f(z) — F(e)g'(@) 
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0) T= 20-0) =F fl) = f0) +P") 
So, 
dR = f(140) + 140f"(140) 
dp p=140 








= 15,000 + 140(—100) = 1000. 


d 
(c) From (b) we see that ah = 1000 > 0. This means that the revenue will increase by about $1000 if the price 








p=140 
is raised by $1. 
57. We want dR/dr1. Solving for R: 
1 1 1 r2 +71 . . rire 
a hich R= ——. 
Ro ry * r2 me ee ro+ri 


So, thinking of rz as a constant and using the quotient rule, 


dk _ ro(r2 +11) — rire(1) _ r3 
dry (r2 +11)? (ri + r2)?" 


58. (a) If the museum sells the painting and invests the proceeds P(t) at time t, then t years have elapsed since 2000, and 
the time span up to 2020 is 20 — t. This is how long the proceeds P(t) are earning interest in the bank. Each year the 
money is in the bank it earns 5% interest, which means the amount in the bank is multiplied by a factor of 1.05. So, 
at the end of (20 — t) years, the balance is given by 


B(t) = P(t)(1 + 0.05)?°* = P(t)(1.05)°*. 
(b) 


20 P(t) 
(1.05) 





B(t) = P(#)(1.05)?°(1.05)~* = (1.05) 


(c) By the quotient rule, 


; o9 | P’(#)(1.05)’ — P(t)(1.05)* In 1.05 
B'(t) = (1.05) ee i) ie ) | : 
So, 
; 29 | 5000(1.05)1° — 150,000(1.05)*° In 1.05 
B'(10) = (1.05) AA ee 
= (1.05)'°(5000 — 150,000 In 1.05) 
= —3776.63. 





59. Note first that fo ) is in ne and v is in 


hour ~* 








(a) g(v) = 7.) Differentiating gives 
—f'(v 
gw) = 9 
(f(v)) 
So, ‘ 
80) = —~ = 20. 
g( ) 0.05 liter 
g' (80) = SC = -: for each 1“ increase in speed. 
(b) h(v) =v- f(v). (This is in S* - Hes = Hes +) Differentiating gives 
h'(v) = f(v) +> f'(v), 
so 


h(80) = 80(0.05) = 42ers, 
h'(80) = 0.05 + 80(0.0005) = 0.09445 for each 12 increase in speed. 
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(c) Part (a) tells us that at 80 km/hr, the car can go 20 km on 1 liter. Since the first derivative evaluated at this velocity 
is negative, this implies that as velocity increases, fuel efficiency decreases, i.e., at higher velocities the car will not 
go as far on | liter of gas. Part (b) tells us that at 80 km/hr, the car uses 4 liters in an hour. Since the first derivative 
evaluated at this velocity is positive, this means that at higher velocities, the car will use more gas per hour. 


60. Assume for g(x) 4 f(x), g'(x) = g(x) and g(0) = 1. Then for 





1) — F (ae* — g(a)e* _ e*(g'(@) — g(@)) _ g(x) = g(x) 
tay oe ee 
(e”)? (e)? ex 
1 
But, since g(x) = g’(x), h'(x) = 0, so h(x) is constant. Thus, the ratio of g(a) to e* is constant. Since _ =a = 1; 
ote) must equal 1 for all x. Thus g(x) = e* = f(x) for all x, so f and g are the same function. 


61. (a) f’(x) = (w@—2)+(x—-1). 
(b) Think of f as the product of two factors, with the first as (a — 1)(a — 2). (The reason for this is that we have already 
differentiated (~ — 1)(a — 2)). 








Now f’(x) = [(@ — 1)(# — 2)}'(a — 3) + [(@ — 1)(@ — 2)](# - 3)’ 
Using the result of a): 





= (x — 2)(x{ — 3) + (w — 1)(@ — 8) + (a — 1)(a — 2). 





(c) Because we have already differentiated (a — 1)(a — 2)(x — 3), rewrite f as the product of two factors, the first being 
(a — 1)(a — 2)(x — 3): 








Now f(x) = [(« — 1)(« — 2)(a — 3)|'(w — 4) + [(@ — 1)(@ — 2)(x — 3) (a — 4Y’. 





f(x) = [(e — 2)(@ — 8) + (@ — 1)(@ — 3) + (e@ - 1)(@ — 2)|(@ — 4) 
+[(@ — 1)(@ — 2)(a— 3)]-1 

(a — 2)(x — 3)(a — 4) + (a — 1)(@ — 3) (a — 4) 

+(a — 1)(@ — 2)(a — 4) + (@ — 1) (a — 2) (a — 3). 














From the solutions above, we can observe that when f is a product, its derivative is obtained by differentiating each 
factor in turn (leaving the other factors alone), and adding the results. 


62. From the answer to Problem 61, we find that 


f'(@) =(@—ri)(w— 1) (@— Pa) 1 
+(a@ —11)(@ — r2) +++ (@—Tn-2)-1-(x@— Tn) 
+(a@ —11)(@ — r2) +++ (@ —Tn~3) + 1+ (@ — Tn-1)(4@ — Tn) 


+---+1-(@—1e)(@—13)---(@—Tn) 
= f(x) ( Sa tgop tts ). 


w—-T1 H ideas he?) L—Tn 














63. (a) We can approximate 4 [F(x)G(x)H(a)] using the large rectangular solids by which our original cube is increased: 


Volume of whole — volume of original solid = change in volume. 





F(a +h)G(a + h)H (a +h) — F(x)G(«)H (a) = change in volume. 
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The volume of this slab is F’(x)G(x) H(x)h 














As in the book, we will ignore the smaller regions which are added (the long, thin rectangular boxes and the 
small cube in the corner.) This can be justified by recognizing that as h — 0, these volumes will shrink much faster 
than the volumes of the big slabs and will therefore be insignificant. (Note that these smaller regions have an h? or 
h® in the formulas of their volumes.) Then we can approximate the change in volume above by: 

F(a+h)G(a +h)H(x{+h) — F(a)G(x)H (a) » F'(x)G(a)H(x)h (top slab) 
+ F(x)G'(x)H(x)h (front slab) 
+ F(x)G(x)H'(x)h (other slab). 





Dividing by h gives 





F(a+h)G(a+h)H(a+h) — F(x)G(2)H (a) 
h 
es F'(x)G(x)H (x) + F(x)G'(x)H (ax) + F(x)G(x)H' (x). 


Letting h — 0 
(FGH)' = F’GH + FG'H + FGH’. 


(b) Verifying, 


(Fl) -G(a))- H(x)] = (F-G)'(H) + (F-G)(AY 
= [F/G+ FG']H + FGH' 
= F'GH+ FG@'H+ FGH' 


as before. 


(c) From the answer to (b), we observe that the derivative of a product is obtained by differentiating each factor in turn 


(leaving the other factors alone), and adding the results. So, in general, 


(fi: fo fa---.+ fn) =fifefs--- fat filets: fate + fies faaifn- 
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64. (a) Since x = a is a double zero of a polynomial P(a), we can write P(x) = (2 — a)?Q(a), so P(a) = 0. Using the 
product rule, we have 
P'(a) = 2(a — a)Q(x) + (@ — a)’Q"(a). 
Substituting in z = a, we see P’(a) = 0 also. 
(b) Since P(a) = 0, we know x = ais a zero of P, so that x — ais a factor of P and we can write 


P(a) = (x— a)Q(z), 
where @ is some polynomial. Differentiating this expression for P using the product rule, we get 
P(x) = Q(a) + (@ — a)Q"(2). 
Since we are told that P’(a) = 0, we have 
P'(a) = Q(a) + (a — a)Q'(a) = 0 
and so Q(a) = 0. Therefore x = a is a zero of Q, so again we can write 
Q(z) = (#— a)R(z), 


where R is some other polynomial. As a result, 





so that x = a is a double zero of P. 


65. Using the product rule 


d? d (d 
aa (Fla)(@)) = = (+ 





Strengthen Your Understanding 





66. The derivative of x”e” is not the product of the derivatives of the factors. Applying the product rule gives 


df = d 2\ 2 2 d 2) 2 
qa det Jer +a aa ) = (22 + 2° )e”. 


67. The terms in the numerator of f’ (x) are transposed. Applying the quotient rule with u(x) = 2 and v(x) = x + 1 we get 


d 
= (“) = a 
dz \v v2 


so 


68. Rewrite f(x) as f(x) = e”(x +1) then the product rule gives f’(x) = e”(a +1) +e”-1= (x +2)e”. 

69. One possibility is f(a) = e” sin x. More complicated examples include g(x) = 10® sin(3z). 

70. Functions like f(a) = x? can be differentiated using the power rule. However, we can also view it as f(a) = a - a and 
apply the product rule. 


71. False. The product rule gives 
(fo) = fo + f'9. 
Differentiating this and using the product rule again, we get 
(fo) =f'9' + fo" + fio + f"9 = fo" + 2f'g' + F's. 


Thus, the right hand side is not equal to fg’ + f’’g in general. 





72. 


73. 


74, 


Solutions for Section 3.4 
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True; looking at the statement from the other direction, if both f(a) and g(a) are differentiable at x = 1, then so is their 
quotient, f(x)/g(x), as long as it is defined there, which requires that g(1) # 0. So the only way in which f(x)/g(x) 
can be defined but not differentiable at x = 1 is if either f(x) or g(x), or both, is not differentiable there. 

False. Let f(z) = x? and g(x) = x? — 1. Let h(x) = f(x)g(x). Then h(x) = 12x? — 2. Since h’’(0) < 0, clearly A 

is not concave up for all x. 

(a) This is not a counterexample. Although the product rule says that (fg)’ = f’g + fg’, that does not rule out the 
possibility that also (fg)’ = f’g’. In fact, if f and g are both constant functions, then both f’g + fg’ and f’g’ are 
zero, so they are equal to each other. 

(b) This is not a counterexample. In fact, it agrees with the product rule: 


“(ef (@)) = (LO) fe) +2 Lf) = f@) +24 @) = 2f (a) + Flo). 


(c) This is not a counterexample. Although the product rule says that 


© ((@)*) = Z Fe): fle) = F@)F(@) + FF @) = FOF), 


it could be true that f’(x) = 1, so that the derivative is also just 2f(a). In fact, f(x) = 2 is an example where this 
happens. 
(d) This would be a counterexample. If f’(a) = g’(a) = 0, then 


S-(F@)a(@))| = F(@)a(a) + F(a)s'(a) = 0. 


So fg cannot have positive slope at x = a. Of course such a counterexample could not exist, since the product rule 
is true. 














Exercises 
1. f'(x ae 99(a +1)°8-1=99(@ + 1)°8. 
2. w’ = 100(t® + 1)°°(3t?) = 300¢7(¢3 + 1)°°. 
3. g(x) = a ((40? + 1)") = 7(4a? + 18 £ (42? +1) = 7(4a? + 1)® - 8a = 56a(4x? + 1)°. 
dx dx 
1 2,-1 7x 
4. f' (ax =(1—a°) ?(—22) = ——. 
(x) = 5( )~ 3 (—22) ae 
dy d [ez 1 di, 172 1,2 1/2 d e 
= dx =a #AyS aa +1) = 56 vie col = 2/er +1 
6. w’ = 100(vt + "(sy : 1.) = B(vt+1) 
7. h'(w) = 5(w* — 2w)*(4w? — 2) 
8. s/(t) = 3(3t? + 4t + 1)? - (6¢+ 4) = 3(6t + 4)(3t? + 4¢ + 1)”. 
9. We can write w(r) = (r* + 1)/?, so 
Os Cai tee 
2 re+ 1 
10. k’(x) = 4(x? + e”)3 (3x? + e?). 
V1. f’ (x) = 2c?" [x? + 57] + €?* [2a + (In 5)5*] = e?* (2a? + Qa + (In5 + 2)5”), 
12. y’ = 362”. 
13. g(x) = me™” 
14, 2B = 1569-2 . 9.99 = 3602, 
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15. 


16. 
17. 
18. 
19. 
20. 
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x = 100e~*" - (—2x) = —200ze~*”. 
F (8) = (2-7)? = (3)? s0 f'(8) = (Ing)2°°. 
y = (Ina)n@*), 


g' (x) = 2(in3)3@*+), 
f'@) =1-e-™ + te? **(—2) = e® “(1 — 2t). 
p(t) = 4e"*?, 





21. Using the product rule gives v’(t) = 2te~*' — ce~“'t? = (2t — ct” )e~. 
22. J efttan? = e490" + 3t)? = e148" .9(1 4 34) -3 = 6(1 + 3t)eT 48”, 
1 
23. w' = —~e¥?. 
w ie 
24, y' = —4e~** 
38” 
25. y' = ———.. 
. 2/s% +1 
26. y’ =1 e +te™ (—2t) 
27. f(z) = ae — fze* 
28 ft _ (In 2)2” 
3 2/(22 + 5)? 
29. 2 =5-ln2- 2°", 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


wl = SVaF 5225") + (In5)(2")(5")] = 52° VB(2 + 2m). 





1 x = 
We can write this as f(z) = ,/Ze~*, in which case it is the same as problem 27. So f’(z) = ie” — Jze* 
z 
age 7 (V2)(n2)(2") 1 azme 
= 922 2241 /z 














+ 
ea [asteth— a) _1 [e+3 tees] 





h'(2) = 5 
 2\ 243 (x + 3)? 2Va?+9| (a@+3)? 
dy _ (e te-*)(e" te) — ( ~e-*)(e* — €~*) 
dx (e*™ + e-*)? 
7 (e* 4 en*)\? = (e” = e*)? _ (e?” +2+e-7*) _ (e?* — 2+e%7) 
_ (ex + e-®)2 _ (ee + e-)2 
_ 4 
_ (e® ao e-*)? 
, _ —(3e%* + 22) 
(e3% + 72)? 
ry _—8b*z 
h(z) = (a4 28 





39. 


40. 


41. 
42. 
43. 
44. 
45. 


46. 


47. 


48. 


49. 


50. 
51. 
52. 
53. 


54. 


55. 
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3 


fGi< -5 (0° 4178. (82?) = 1.50? (2? +1)72, 
—2e* 

(r+ 

w' = (2t4+.3)(1 — 67%) + (#? +: 3t)(2e7**). 

h' (a) = (In 2)(3e®*)2°" = 3e8" 2°" Ina. 

f(x) = 6(e)(5) + (e~® )(—2x) = 30e°* — 2ne-*’. 

fi(z) =e @-" . (-2)(@- 1). 


f'(2) = -2(e" +1)? = 











The power and chain rules give 
/ 6 oy-2 ad 4 6 9 0\-2/ 0 0 e —e° 
f'(0) = 16? He)? Tle? He) = (eo? He) (e” He *(-1)) = - ( FJ. 


We write y = (e-3" + 5)1/?, so 





dy _ 1, 32 1/2 d , _342 1, _ 342 -1/2 —3t? d 2 
—3t? 
= se 4 2 a : —3t? ( 6t) = 3t — 
et +5 
Using the product and chain rules, we have 
dz 3t sts a 3t 5t 3t 5t)8 3t 3t 5t 
a = 9(te”” +e’) Gite +e") = 9(te”™ +e")°(1-e +t-e"-3+e-5) 





= 9(te** 4 erie a 3te%" a Be”). 


Fy) =e” [(e”)(ay)] = duel. 


f(t) = 2(e-7"")(—2e")2 = —8 (e704 94), 
3(ax? + b)?(2ax) = 6ax(ax? + b)?. 


Since a and b are constants, we have f’(x) = 
Since a and b are constants, we have f’(t) = ae®(b) = abe?®. 


We use the product rule. We have 


Using the product and chain rules, we have 


g'(a) = en . & fae-2) = ere (1 ; eo oh ae ?*(—2)) 


=(1= Saree 


We have 


—ca\!/ 
a = (ae ) 


(—be~**)' (ae **) chain rule 
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—cx —be °* 
= —ab (—ce ) e 


—caz —be °* 
=abce “e 


. . d _ peer _ 
This can also be written a = abce "° om 
v 


56. One approach is to expand this at the outset: 


e2r e—22 
= e2 + err _ 2, 
dy 2x —22 ! 
so a (e +e - 2) 





which is equivalent to our first answer. 


Problems 





57. When f and g are differentiable, the chain rule gives h’(a) = f’(g(a)) - g’(a). We use slope to compute the derivatives. 


Since f(a) is linear on the interval 0 < x < 2, we compute the slope of the line to see that f’(x) = 2 on this interval. 
Similarly, we compute the slope on the interval 2 < x < 4 to see that f’(a) = —2 on the interval 2 < x < 4. Since f(x) 
has a corner at 2 = 2, we know that f’(2) does not exist. 

Similarly, g(x) is linear on the interval shown, and we see that the slope of g(a) on this interval is —1 so we have 
g'(x) = —1 on this interval. 
(a) We have h’(1) = f"(g())- 9/(1) = U8) (ED) = (-2)(-1) = 2. 
(b) Since f(x) has a corner at x = 2, we know that f’(2) does not exist. Therefore, the chain rule does not apply. 
(c) We have h’(3) = f’(9(3)) - 9(3) = (f'())(-1) = 2(-1) = -2. 





58. When f and g are differentiable, the chain rule gives wu’ (x) = g'(f(a)) - f’(x). We use slope to compute the derivatives. 


Since f(a) is linear on the interval 0 < x < 2, we compute the slope of the line to see that f’(2) = 2 on this interval. 
Similarly, we compute the slope on the interval 2 < x < 4 to see that f’(a) = —2 on the interval 2 < x < 4. Since f(x) 
has a corner at 2 = 2, we know that f’(2) does not exist. 

Similarly, g(x) is linear on the interval shown, and we see that the slope of g() on this interval is —1 so we have 
g(x) = —1 on this interval. 
(a) We have w’(1) = g/(f(1)) - f/(1) = (9/(2))2 = (-1)2 = -2. 
(b) Since f(a) has a corner at x = 2, the chain rule is not applicable. 


(c) We have u/(3) = 9'(f(3)) - (3) = (9'(2))(-2) = (—1)(2) = 2. 





59. When f and g are differentiable, the chain rule gives v'(a) = f’(f(x)) - f’(a). We use slope to compute the derivatives. 


Since f(a) is linear on the interval 0 < x < 2, we compute the slope of the line to see that f’(x) = 2 on this interval. 
Similarly, we compute the slope on the interval 2 < x < 4 to see that f’(a) = —2 on the interval 2 < x < 4. Since f(x) 
has a corner at 2 = 2, we know that f’(2) does not exist. 


(a) To use the chain rule, we need f’(f(1)) = f’(2). Since f(a) has a corner at = 2, we know that f’(2) does not 
exist. Therefore, the chain rule does not apply. 
(b) Since f(a) has a corner at x = 2, we know that f’(2) does not exist. Therefore, the chain rule does not apply. 
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(c) To use the chain rule, we need f’(f(3)) = f’(2). Since f(x) has a corner at x = 2, we know that f’(2) does not 
exist. Therefore, the chain rule does not apply. 


. When f and g are differentiable, the chain rule gives w’ (x) = g'(g(a)) - g’(a). We use slope to compute the derivatives. 
Since g(a) is linear on the interval shown, with slope equal to —1, we have g’(a) = —1 on this interval. 


(a) We have w'(1) = g/(g(1)) -9'() = (9'(3))(-1) = (-1)(-1) = 1. 
(b) We have w'(2) = g'(g(2)) - g/(2) = (g'(2))(-1) = (-1)(-1) =. 
(c) We have w'(3) = g/(9(3)) -9'(3) = (g'(H)(-1) = (-)(-0) = 1. 











61. 


62. 


63. 











The chain rule gives 
d / / / / 1 1 
—F(g(x))| = f'(g(30))g'(30) = f'(55)9'(30) = (5) = 5- 
x=30 
The chain rule gives 
— (9(x)) = f'(g(70))g'(70) = f’(60)g'(70) = (1)(0) = 0. 
x=70 
The chain rule gives 
< g(F(a)) = g'(f(30)) f’(30) = g'(20) f’(30) = (1/2)(-2) = -1 
«x=30 
. The chain rule gives 
d / / / / il 1 
FeIACO)] = 9 F(70)) (70) = 9'(80)F"(70) = NG) = 5 





. We have f(2) = (2 — 1)? = 1, so (2, 1) is a point on the tangent line. Since f’(x) = 3(a — 1)”, the slope of the tangent 
line is 














m= f'(2) =3(2—1)? =3. 
The equation of the line is 
y-1=3(¢@-2) or y=3a—-5. 
f(z) =6e"* +e f' (xz) = 30e°" — 2re7* 
f(1) =6e° +e? f'Q) = 30e* — 2(1)e+ 
y—y1 = M(x — 21) 
y — (6e° +e") = (30e° — 2e~*) (a — 1) 
y — (6e° +e") = (30e° — 2e*)a — (30e° — 2e7*) 
y = (30e° — 2e~*)a — 30e° + 2e7* + Ge? +e" 


~ 4451.662 — 3560.81. 


. To calculate the equation of the tangent line, we need to find the function value and the slope at t = 2. The function value 


1S 
f(2) = 100e~° 3) = 54.8812, 


so a point on the line is (2, 54.8812). 
The slope is found using the derivative: f’(t) = 100e~°** (—0.3). At the point t = 2, we have 


Slope = f’ (2) = 100e~°? (—0.3) = —16.4643. 
The equation of the line is 


y — 54.8812 = —16.4643(t — 2) 
y = —16.464t + 87.810. 
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68. The graph is concave down when f” (x) < 0. 


f'(@) =e (~22) 
f(a) = [e-**(-22)| (-20) +e" (-2) 











_Ag® 2 
en? Ga 
4x” — 2 
= zs <0 
et 
: 2 : 23.4 i 1 
The graph is concave down when 4° < 2. This occurs when x* < 5, or ar te et 


x 


69. We rewrite e~* = 1/e® so that we can use the quotient rule, then 





f(a) =<, 

ren lve ogee”  U—ae”  1Ll—e 

f (x) (e*)2 (er)? en? 

Hi —1-e*—(l—aje?  —e* —e* + ae"  (—2+a)e" 2-2 
f'@-- GE er 


Since e~* > 0, for all x, we have f(x) < 0 if x — 2 < 0, that is, x < 2. 
70. 


f' (x) = [10(2x + 1)°(2)][(3a — 1)"] + [(2e + 1)°)[7(3a — 1)°(3)] 
= (2x + 1)°(3ax — 1)§[20(3a — 1) + 21(2x + 1)] 
= [(Qx + 1)°(3x — 1)°](102z + 1) 
f(a) = [9(2x + 1)8(2)(3a — 1)® + (2x + 1)°(6)(3x — 1)°(3)](102z + 1) 
+(2a + 1)°(3a — 1)®(102). 


71. (a) P(12) = 10e°°?) = 10e7? © 13,394 fish. There are 13,394 fish in the area after 12 months. 
(b) We differentiate to find P’(t), and then substitute in to find P’(12): 


P’(t) = 10(e°)(0.6) = 6e°* 
P'(12) = 6e° 8") = 8037 fish/month. 


The population is growing at a rate of approximately 8037 fish per month. 


72. (a) With and o constant, differentiating m(t) = ettto7t?/2 with respect to t gives 


207t 2 
m'(t) = euttort? /2 | (: + => ) a el ( + o°t). 


Thus, 
Mean = m’(0) = e°(u+0) =p. 





(b) Differentiating m’(t) = elitr? /2 (4, + o°t), we have 


2,2 2,2 
m'(t) = eltte t (dg ty fer t [2 2 





Th 
on : _ " ! 2 _ ~0,2 0 2 2 2 
Variance = m' (0) — (m'(0))” =e uw +eo0°-—p =o". 
73. (a) If 
p(x) = k(2a), 
then 
p (a) = k' (2x) - 2. 
When x = 3, 
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(b) If 
q(x) = k(x +1), 
then 
q(#)=k(@+1)-1 
When x = 0, 
qd (0) =k'(0+1)(1) =2-1=2 
(c) If 
1 
TZ) =k (57) ; 
then i i 
r’ (a) = k’ (52) a 
When x = 4, 


r'(4) =k’ (34) Thc 


; : : d. , ‘ d. 
74. Yes. To see why, simply plug « = V/2t + 5 into the expression 32? &* ‘and evaluate it. To do this, first we calculate aa 


dt dt” 
By the chain rule, 
dx 


dt 


But since x = (2t + 5) 3 , we have (by substitution) 


d 1 2 -—2 2 1,2 
= —(2t 3 = —(2t 3 => =l(2t 3 . 
tt + 5) = Ze +5) = Fe +5)4] 


It follows that ayn? = 3x7 (F-*) = 2. 
dt 3 


75. We see that m’(x) is nearly of the form f’(g(x)) - g'(x) where 


f(g) =e% and g(x) =2°, 


but g(x) is off by a multiple of 6. Therefore, using the chain rule, let 


ge 
pc ee A ae 


6 6 














76. (a) H(x) = F(G(a£ 
(4) = F(G(4)) = F(2) =1 
(b) H(x) = F(G(« 
H'(a) = F'(G(a))- G'(a) 
H'(4) = F'(G(4))- G'(4) = F'(2)-6 =5-6 = 30 
(c) H(x) = G(F (a 
H(4) = G(F(4)) = G(3) =4 
(d) H(x) = G(F (a 
H' (a) = G'(F(a)): F"(e) 
H'(4) = G'(F(4))- F'(4) = G'(3)-7=8-7 = 56 
@) Ha)=f3 


G(a)-F!(x)—F(ax):G! (a 
H (4)-F!(4)—F(4)-G’(4) 2:7—3:6 14-18 —4 
'(4) G(4)- ta 7 4 —— 1 


4 





77. (a) Differentiating g(a) = \/ f(x) = (f(x))‘/?, we have 
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78. 


79. 


80. 


81. 


82. 


83. 
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(b) Differentiating h(x) = f(./x), we have 


(a) = SWB) xe 
w(t) =F(vI) + = A = 3 


(a) Using the chain rule, h’(a) = ef - f’(a). Since ef F 0 for all values of «x, the derivative h’ (2) is zero when 
f'(x) = O and only then. 
From the graph we see that f’(2) = 0 occurs when x © —2.5 and x © 1.5. 
(b) Taking the derivative of p, we have p’(x) = f’(e”)- e”. Since e” 4 0 for any value of x, the derivative p’ (a) is zero 
only when f’(e”) = 0. 
From the graph we see that f’(y) = 0 for y © 1.5 and y © —2.5. Thus, f’(e*) equals zero when e* = 1.5 or 
e*” = —2.5. Since e” never equals —2.5, the only solution to f’(e”) = 0 is x = In(1.5). 
We have h(0) = f(g won = f(d) = d. From the chain rule, h’(0) = f’(g(0))g’(0). From the graph of g, we see that 
g' (0) = 0, so h’(0) = f’(g(0)) 0 = 0. 
We have h(—c) = f(g(—c)) = f(—b) = 0. From the chain rule, 


h'(—c) = f'(g(-e))g'(-¢). 
Since g is increasing at x = —c, we know that g’(—c) > 0. We have 
f'(g(-e)) = f'(-2), 


and since f is decreasing at x = —b, we have f’(g(—c)) < 0. Thus, 











so h is decreasing at x = —c. 
We have 
h'(a) = f'(g(a))9'(a). 
From the graph of g, we see that g is decreasing at 2 = a, so g'(a) < 0. We have 
f'(g(a)) = F( 


and from the graph of f, we see that f is increasing at x = b, so f’(b) > 0. Thus, 
( 


f (0), 


a) <0, 


so h is decreasing at x = a. 
We have h(d) = f(g(d)) = f(—d) = dso h(d) is positive. From the chain rule, 


hi(d) = f'(g(d))9'(d). 


We have 

f'(g(@)) = f'(-4). 
From the graph of f, we see that f’(—d) < 0, and from the graph of g, we see that g’(d) < 0. This means the sign of 
h'(d) is the product of two negative numbers, so h’(d) > 0. 


On the interval —d < x < —b, we see that the value of g(a) increases from —d to 0. On the interval —d < x < 0, the 
value of f(x) decreases from d to —d. Thus, the value of h(x) = f(g(x)) decreases on the interval —d < x < —b from 


h(—d) = f(g(—d)) = f(-d)=d_ to A(—b) = f(g(—6)) = f(0) —d. 
Confirming this using derivatives and the chain rule, we see 
hi(a) = f'(g(a))-9'(2), 


and since g’(a) is negative on —d < x < —band f’(g(x)) is positive on this interval, the value of h(x) is decreasing. 
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84. We have f(0) = 6.91 and f(10) = 6.91e°°!10 = 7.713. The derivative of f(t) is 
f'(@) =6.91e°* - 0.011 = 0.0760e°"™, 


and so f’(0) = 0.0760 and f’(10) = 0.0848. 

These values tell us that in 2010 (at t = 0), the population of the world was 6.91 billion people and the population 
was growing at arate of 0.0760 billion people per year. In the year 2020 (at = 10), this model predicts that the population 
of the world will be 7.71 billion people and growing at a rate of 0.0848 billion people per year. 


85. Since the population is 308.75 million on April 1, 2010 and growing exponentially, P = 308.75e**, where P is the 
population in millions and ¢ is time in years since the census in 2010. Then 


OF 308.75ke™", 
dt 


so, since the population is growing at 2.85 million/year on April 1, 2010, 





ss = 308.75ke"° = 308.75k = 2.85 
t t=0 
2.85 
k= = 0.0092 
308.75 000923; 


go P = 308.7569", 
86. (a) The function f(t) is linear; g(t) is exponential; h(t) is quadratic (polynomial of degree 2.) 


(b) In 2010, we have t = 60. For f(t), the rate of change is 
f(t) =13, 
f’ (60) = 1.3 ppm per year. 
For g(t), the rate of change is 


g' (t) = 304(0.0038)e°°** = 1.155269 8** 


g' (60) = 1.1552e° 08) — 1.451 ppm per year . 
For h(t), the rate of change is 


h'(t) = 0.0135 - 2t + 0.5133 = 0.027¢ + 0.5135, 


h’(60) = 0.027(60) + 0.5133 = 2.133 ppm per year . 


(c) Since 1.3 < 1.451 < 2.133, we see 
Linear prediction < Exponential < Quadratic. 

(d) The linear growth rate remains constant and will always be the smallest. The other two growth rates increase with 
time, and eventually the exponential growth rate will overtake the quadratic growth rate. 
For example, if t = 1000, we have 


f’ (1000) = 1.3 
g' (1000) = 1.1552¢° 08800) _ 51 639 
h’ (1000) = 0.027(1000) + 0.5133 = 27.513. 


Thus, at ¢ = 1000, the exponential growth rate is largest. 
87. We have f(5) = 5.1e°°49) = 6.3 billion dollars. Since f’(t) = 5.1e°°**" - 0.043, we have 


f'(5) = 5.1e°-°48) (0.043) = 0.272 billion dollars per year. 


In 2013, net sales at Hershey are predicted to be 6.3 billion dollars and to be increasing at a rate of 0.272 billion dollars 
per year. 
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89. 


90. 


91. 


92. 


93. 
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Since we’re given that the instantaneous rate of change of T’ at t = 30 is 2, we want to choose a and b so that the derivative 
of T agrees with this value. Differentiating, T’(t) = ab- e~*. Then we have 


2 
9=T' = abe 30 ~30b _ # 

(30) = abe or € a 
We also know that at t = 30, 7’ = 120, so 


120 = T(30) = 200 — ae~ 3 or e 3 = a 
a 


Thus 
80 e308 _ 2 
7 ~ ab’ 
so ; 
b= 77 =0.025 and a= 169.36. 


(a) eo P (1 + = ) In (1 — - ) The expression gh tells us how fast the amount of money in the bank is 
dt 100 100) ° . dt ” 


changing with respect to time for fixed initial investment P and interest rate r. 


100 100° 
to the interest rate r , assuming fixed initial investment P and time t. 


dB re \t* I os OB in 2, ; 
(b) a Pt (1 + in) ——. The expression ae indicates how fast the amount of money changes with respect 
r r 


(a) We see from the formula that $1000 was deposited initially, and that the money is earning interest at 8% compounded 


continuously. 
(b) We have f (10) = 1000e°°8") — 2225.54 dollars. Since f’(£) = 1000e°-°* - 0.08, we have 


f’ (10) = 1000e°°S (0.08) = 178.04 dollars per year. 


Ten years after the money was deposited, the balance is $2225.54 and is growing at a rate of $178.04 per year. 


(a) 
dm d v ae 
do de [m (: ~ =) | 
)0-3) 





d 
(b) a represents the rate of change of mass with respect to the speed v. 
'v 


dQ 


(a) Fort <0,J = ae 0. 
dQ Qo -tRe 
Fort >0,J = RO’ : 
(b) Fort > 0,¢ > 0 (that is, as t > 07), 
— Qo -t/Re Qo 
I= RO® => RC’ 


Since J = 0 just to the left of ¢ = 0 and J = —Qo/RC just to the right of t = 0, it is not possible to define J at 
t= 0. 
(c) Q is not differentiable at t = 0 because there is no tangent line at t = 0. 


Let f have a zero of multiplicity m at x = a so that 
f(z) = («@-a)"h(a), h(a) £0. 


Differentiating this expression gives 
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and both terms in the sum are zero when x = aso f'(a) = 0. Taking another derivative gives 
f(a) = (x — a)™h" (x) + 2m(a — a)!" Yh! (x) + m(m = 1)(x — a)" h(a). 


Again, each term in the sum contains a factor of (2 — a) to some positive power, so at x = a this will evaluate to 0. 
Differentiating repeatedly, all derivatives will have positive integer powers of (« — a) until the m‘ and will therefore 
vanish. However, 


f™ (a) = mih(a) F 0. 


94. Using the chain and product rule: 


aa (fot) = £ (FFG) =F (Fle) 9) 
= F"(gla))-9'@)-9' a) + F(@))-9"(@) 
= F'al2))- (9'@))* + FG) 9"(e). 


95. Using the chain and product rules: 


(23) - £ (Ewen) = Z Pate - Neyotey ee) 


= f"(«)(g(a))~* — 2f"(«)(g(a)) 9" (w) + 2F (2) (g(a) 9" (@))? — F(@)(9(2)) 79"). 


Strengthen Your Understanding 





96. The derivative of the inside function, e*, is missing. 
Let z = h(x) = e” + 2, so g(z) = 2° and g'(z) = 5z* - h(a). Taking the derivative of h, we have h’ (x) = e”, so 


g' (x) = Ble” +2)*e” = 5e(e* + 2)*. 


97. To calculate the derivative of e” we need to apply the chain rule. Take z = g(x) = 2” as the inside function and 
f(z) = e* as the outside function. Since g'(a) = 2x and f’(z) = e”, the chain rule gives 


w (x) = e* » 2a = Qre” 


98. Two possibilities are 
f(x) = sin (e”) and g(a)=e"". 


More complicated examples include 


f(x) = sin(3- 10") and g(x) =5- 73sin Qa 


99. One possibility is f(a) = (x? + 1)”, which can be differentiated using the chain rule with 2” + 1 as the inside function 
and a: as the outside function: 


f' (x) = 2(@? +1)’ 2a. 


In addition, we can expand the function into a polynomial: f(a) = 2’ + 2x? + 1, and now differentiate term-by-term: 
f' (x) = 4a? + 4a. 


100. False; for example, if both f(x) and g(x) are constant functions, such as f(x) = 6, g(x) = 10, then (fg)’(x) = 0, and 
f'(x) = Oand g'(x) = 0. 
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101. False; for example, if both f and g are constant functions, then the derivative of f(g(x)) is zero, as is the derivative of 


f(a). Another example is f(a) = 5a + 7 and g(x) = a 4+ 2. 


102. False. Let f(x) = e~* and g(x) = a. Let h(x) = f(g(z)) = e~*. Then h'(a) = —2are-"” and hi’ (x) = (-2+ 


4a?\e-®” Since h’’(0) < 0, clearly h is not concave up for all x. 

















Solutions for Section 3.5 
Exercises 
1. 
Table 3.1 
= sin 
1.0 —0.0005 0.0 
0.995 —0.10033 —0.099833 

0.98007 —0.19916 —0.19867 
0.95534 —0.296 —0.29552 
0.92106 —0.38988 —0.38942 
0.87758 —0.47986 —0.47943 
0.82534 —0.56506 —0.56464 

2. r’(0) = cos@ — sind. 

3. s'(0) = —sin @sin@ + cos @ cos @ = cos” @ — sin? 6 = cos 20. 

4, 2’ = —4sin(40). 

5. f(x) = cos(3a) - 3 = 3cos(3z). 

6. a = 5cos(3t) - 3 = 15cos(3t). 

7. = ~ A(—sin(2t)) -2 = —8sin(2t). 

d d 
8. — sin(2 — 3x”) = cos(2 — 3x) — (2 — 3x) = —3cos(2 — 3x). 
dx dx 
9. Using the chain rule gives R’(x) = 37 sin(r2). 
10. g'(9) = 2sin(20) cos(20) - 2 — 7 = 4sin(20) cos(20) — 7 


. g(t) = 3(2 + sin(at))? - (cos(rt) - 7) = 3m cos(rt)(2 + sin(rt))?. 
. f(x) = (2x)(cos a) + #?(—sinx) = 2x cosa — #* sina. 


. w’ =e’ cos(e’). 


14. f'(x) = (e°**)(—sinz) = —sinzre™*. 
15. f'(y) = (cosy)e"". 
16. 2! = eco8 _ 6(sin Ae? 
17. Using the chain rule gives R’(0) = 3cos(30)e%" 8”. 
3(tan 0) 
18, g/(6) = conttan®) 
g() cos? 0 
2x 
19. w(x) = ———_— 
oo cos? (x?) 
20. 











3.5 SOLUTIONS 
1 5 
21. f(x) = 38 + sin(8x))~? - (cos(8a) - 8) = 4cos(8x)(3 + sin(8xr))~°. 
22. f(x) = [-sin(sin x)|(cos 2). 
23. f(x) = 282 __ 
Sep le cos?(sin x) 
24. k(x) = 3\/sin(2z) (2 cos(2x)) = 3cos(2z) \/sin(2z). 
25. f’(x) = 2- [sin(3x)] + 2z[cos(3x)] - 3 = 2sin(3x) + 6x cos(3z) 
26. y’ =e’ sin(20) + 2e° cos(26). 
27. f' (x) = (e~?*)(—2)(sin x) + (e~**) (cos x) = —2sin x(e~*”) + (e~?”) (cos x) = e** [cos x — 2sin a]. 
t 
28, 2 = “Se _. 
2Vsin t 

29. y' = 5sin’ @cos 0. 

/ _ e* 
30. g (z) = mae) 

eo. —~3e 3? 
31. 24> cos2(e-3)" 
32. w’ = (—cosd)e~ 79, 
33. a = —sin(e?*) - (e?* . 2) = —2e”* sin(e?”). 
34, h'(t) = 1- (cost) + ¢(—sint) + —4> = cost — tsint + —.. 
35. f'(a) =—sina+3cosa 
36. k'(a) = (5sin* acos a) cos® a + sin? a(3 cos? a(— sina)) = 5sin* acos* a — 3sin® a cos” a 
37. f'(0) = 30° cos@ — 6 sind. 
38. y’ = —2cos wsin w — sin(w?)(2w) = —2(cos w sin w + wsin(w?)) 
39. y’ = cos(cos x + sin x)(cos x — sin x) 
40. y’ = 2cos(2z) sin(3x) + 3 sin(2z) cos(3z). 


41. 


42. 
43. 


44, 


45. 


46. 


We use the quotient rule. We have 


dP _ (—sint)-t® — (3t?)-cost | —t?sint—3¢? cost _ —tsint — 3cost 
dt (t3)? a t6 7 tA : 
F —sin 6 sin 6 — cos 6 cos 0 (sin? 6 + cos? 6) 1 
(6) = ee SS 
sin* 0 sin* 0 sin* 0 
Using the power and quotient rules gives 


ro) = 5( 





a cos (1 — cos x) — (1 — sin x) sina 
1—cosaz 


(1 — cos x)? 





Z 
2 


1—sinz (1 — cos x)? 


_ 1—cosaz |1—cosxz—sinz 
7 1—sinz (1 — cos x)? ; 


d y _ cosy+a—y(—siny) _ cosyta+ysiny 
dy \cosyta) — (cosy + a)? ~  (cosyta)? - 


1 se | cos z(1 — cos x) — (1 ae 


NlR 





Tha qasienenlewie GG) = 2sin x cos x(cos? « + 1) + 2sina cos #(sin? x + 1) 
(cos? x + 1)? 
or, using sin? z+ cos? x = 1, 
6sin x cos x 
G' (x) = —.——... 
(7) (cos? a + 1)? 


ou = acos(bt) - b = abcos(0t). 
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47, = = a(—sin(bt + c) - 6) = —absin(bt +c). 
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Problems 


48. 


49. 


50. 


51. 


52. 





We begin by taking the derivative of y = sin(2"*) and evaluating at x = 10: 


d 

- = cos(x*) - 42°. 

Evaluating cos(10,000) on a calculator (in radians) we see cos(10,000) < 0, so we know that dy/dx < 0, and therefore 
the function is decreasing. 


Next, we take the second derivative and evaluate it at x = 10, giving sin(10,000) < 0: 


a4 Ce ee er CaN tia 
XL ee 


negative positive, but much 
larger in magnitude 


From this we can see that d?y / da” > 0, thus the graph is concave up. 


To calculate the equation of the tangent line, we need to find the y-coordinate and the slope at t = 7. The y-coordinate is 
y = f(r) = 3sin(27) +5 = 5, 


so a point on the line is (7, 5). 
The slope is found using the derivative: f’(t) = 3 cos(2t) - 2 = 6 cos(2t). At the point t = 7, we have 





Slope = f’ (7) = 6 cos(27) = 6. 
The equation of the line is 


y —5 = 6(t—7) 
y = 6t — 13.850. 


The pattern in the table below allows us to generalize and say that the (4n)'" derivative of cos x is cos 2, i.e., 











— = — =: -: cos x. 
dz* — dx8 dx*” 
Thus we can say that d**y/da*® = cos a. From there we differentiate twice more to obtain d°°y/dx°° = — cos x. 


n L fas | 49 | 50 | 
th derivati - : . _ = 
n erivative cos @ sin x cos X 





Differentiating with respect to t using the chain rule and substituting for dx /dt gives 


dx d (# 


) = (a sin x) a (sinx + xcosx)xsin x 
dt? dt \dt/ — dx dt 


We see that gq’ (a) is of the form 


g(x) sina’ 
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53. 


54. 


55. 


56. 


57. 


58. 
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Since F’ (a) is of the form sin u, we can make an initial guess that 
F(x) = cos(4z), 
then 
F' (x) = —4sin(4a) 
so we’re off by a factor of —4. To fix this problem, we modify our guess by a factor of —4, so the next try is 
F(a) = —(1/4) cos(4z), 


which has 
F' (x) = sin(42). 


(a) We have 
f' (a) = 2(sin x)* (cos x) + 2(cos x)'(— sina) = 2sinx cosa — 2sinxcos x = 0. 
(b) Since sin? x + cos” # = 1, we see that f(”) = 1s0 f’(2) = 0. 


We have 


ag a)’ Chain rule 
= sin ((«?)*) Qa since f’(x) = sin (a?) 


2. 
so h(x) = (2a sin (x*))’ 
(2a)' sin (oe) + 2x (sin (x*))’ Product rule 
/ 


(2") 
4 





(a) Differentiating gives 


The derivative represents the rate of change of the depth of the water in feet/hour. 

(b) The derivative, dy/dt, is zero where the tangent line to the curve y is horizontal. This occurs when dy/dt = 
sin(4t) = 0, or at t = 6, 12, 18 and 24 (6 am, noon, 6 pm, and midnight). When dy/dt = 0, the depth of the 
water is no longer changing. Therefore, it has either just finished rising or just finished falling, and we know that the 


harbor’s level is at a maximum or a minimum. 
dy d 














(a) v(t) = - rrata + sin(27t)) = 2m cos(2zt). 
(b) y 
16 p , 
. ecarars 
ir y = 154+sin2rt v = 2m cos 2rt 
t 
1 | | 4 
1 2 3 
(a) Differentiating, we find 


Rate of change of voltage — dV 
with time dt 


—1207 - 156 sin(1207t) 


—187207 sin(1207¢) volts per second. 


(b) The rate of change of voltage with time is zero when sin(1207t) = 0. This occurs when 1207t equals any multiple 
of 7. For example, sin(1207t) = 0 when 1207¢ = 7, or at t = 1/120 seconds. Since there are an infinite number of 
multiples of 7, there are many times when the rate of change dV /dt is zero. 

(c) The maximum value of the rate of change is 187207 = 58810.6 volts/sec. 


59. (a) 


(b) 
(c) 


60. (a) 


(b) 


(c) 
(d) 
61. (a) 
(b) 


62. (a) 
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When ,/ +t = $ the spring is farthest from the equilibrium position. This occurs at time ¢ = $,/2 
v= Ay/ = cos (\ / Et), so the maximum velocity occurs when t = 0 


eH —-Ax sin ( / Ei) , so the maximum acceleration occurs when , / +t — an which is at time t = — a 
= 27 sed ™m 

an VJ k/m at k 

dT 2x 1 

— = —_.lm 

dm Vk 2 Vkm 


: dT . ; : . 
Since a > 0, an increase in the mass causes the period to increase. 
m 








The population varies periodically with a period of | year. See Figure 3.6. 
P(t) 
4500 - 


4000 - 


3500 








Figure 3.6 


The population is at a maximum on July 1**. At this time sin(27t — +) = 1, so the actual maximum population is 
4000 + 500(1) = 4500. Similarly, the population is at a minimum on January 1°*. At this time, sin(27t — $)=-1, 
so the minimum population is 4000 + 500(—1) = 3500. 

The rate of change is most positive about April 1** and most negative around October 1**. 

Since the population is at its maximum around July 1**, its rate of change is about 0 then. 


The function d(t) is increasing at a constant rate for the period 0 < ¢ < 2, when the derivative of d(¢) is k. 
The functions d(t) must be continuous, since the depth of water cannot shift suddenly and instantly (even the fastest 
change takes some amount of time), so we know that 


2k =50+sin(0.2), so k= 25.099. 


This means that the derivative for 0 < t < 2 is 25.099, whereas the derivative for t > 2 is 0.1 cos(0.1¢). In other 


ae 25.099¢ O0<t<2 
a(t) = { 5 7 


50+sin(0.1t) t>2, 


™ 25.099 0<t<2 
a= {o1 — 


0.1 cos(0.1¢) t > 2, 
At t = 2, the derivative is undefined, since 0.1 cos(0.1- 2) 4 25.099. 


Using triangle OP D in Figure 3.7, we see 


GD =cos0 so OD=acosé 


rp =sin0d so PD=asiné. 
a 


P 
l 
a 
L\ a 
O D d Q 


Figure 3.7 
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Using triangle PQ D, we have 
(PDP? +@02=P 


sO 





asin? 04@2=0, d=\Vl2—a2sin? 6. 
Thus, 


z=OD+DQ 
= acos6 + \/l2 — a? sin? 0. 


(b) Differentiating, regarding a and / as constants, 


da : 1 (—2a? sin 6 cos 0) 
— = —-asind + —-——_—_______— 
do 2 12 — a? sin? 0 


P a’ sin 8 cos 0 
= —asin 9 — —————_————.. 
I2 — a? sin? 0 
We want to find da/dt. Using the chain rule and the fact that d0/dt = 2, we have 
dx dx dO dx 
dt d@ dt do’ 


(i) Substituting 6 = 7/2, we have 








4) ee oe 
dt dO |o=x/2 [2 — a? sin?(2) 

= —2a cm/sec. 

(ii) Substituting 9 = 7/4, we have 
2 T 
dz _ dz = ~2asin (2) - a” sin(+) cos(4) 
dt dO \o=n/4 I? — a? sin? (4) 
2 
= -—av2— Z cm/sec 
?2—-a 


d 
63. The tangent lines to f(x) = sin x have slope ay sin x) = cosa. The tangent line at 2 = 0 has slope f’(0) = cos0 = 1 
x 


and goes through the point (0, 0). Consequently, its equation is y = g(a) = x. The approximate value of sin(7/6) given 
by this equation is g(7/6) = 7/6 ~ 0.524. 
Similarly, the tangent line at 2 = 3 has slope 


ce eer ee 
I (S)=o95=5 


and goes through the point (7/3, 3/2). Consequently, its equation is 


The approximate value of sin(7/6) given by this equation is then 


n(=) _ 6V3B=7 604, 


12 


The actual value of sin(7/6) is 4, so the approximation from 0 is better than that from 7/3. This is because the slope 
of the function changes less between x = 0 and x = 7/6 than it does between x = 7/6 and a = 7/3. This is illustrated 
by the following figure. 
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d d 
64. If the graphs of y = sina and y = ke * are tangent, then the y-values and the derivatives, - = cosa and A — 
xv xc 


—ke~”, are equal at that point, so 


sinz = ke * and cosz = —ke* 
Thus sin x = — cos x so tan x = —1. The smallest x-value is x = 37/4, which leads to the smallest k value 
sin(37/4) 


3m 37 1 3nd 
When « = —, we have y = sin (=) = ——~ so the point is | —,— }. 
; y ri Na P (=) 
65. For f(a) and g(x) to be tangent at x = 0 we must have f(0) = g(0) and f’(0) = g’(0). 
From f (0) = g(0) we have 
(1+ R) cos(—wt) = T cos(—wt) 


and thus 
1+ R=T. 


Since 
f'(a) = —ki sin(kia — wt) + ki Rsin(—kiaz — wt) 
g (x) = —keT sin(kex — wt) 

the condition f’(0) = g'(0) gives 
—k, sin(—wt) + ki Rsin(—wt) = —keT sin(—wt) 


and thus 
—ky +k R= —koT. 


Substituting 7 = 1 + R and solving for R yields 





ky +k R = —ko(1+ R) 
(ki + ko)R = ki — ke 
_ ki-ke 
ky + ke’ 





Finally 
ki—ka 2k 


PoihRSis ~ 
ki tke kit+ke 








66. (a) If f(x) = sina, then 


sin(a + h) — sinz 


/ . 
f(z) = lm i 

=e (sin z cosh + sinh cos az) — sina 
h—0 h 

aia sin z(cosh — 1) +sinhcosax 
h—0 h 

: . cosh—1 . sinh 
= sin x lim t——— + cosa lim : 





h—+0 h h—0 
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(b) a — O and — — 1,ash — 0. Thus, f’(xz) = sinz-0+ cosx-1=cosz. 
(c) Similarly, 


cos(x + h) — cosa 





# oy 
x) = lim 
g (x) h—0 h 
i (cos x cosh — sina sinh) — cosx 
= iy OO 
h—0 h 
. cosxz(cosh — 1) — sinasinh 
= lio AY 
h—0 h 
. cosh—1 : . sinh 
= cos x lim —— — sinz lim 
h—0 h hao Ah 
=-—sing. 


67. (a) Sector OAQ is a sector of a circle with radius —— and angle A@. Thus its area is the left side of the inequality. 
Similarly, the area of Sector OBR is the right side of the equality. The area of the triangle OQR is 4A tan @ since it 
is a triangle with base A tan 6 (the segment QR) and height | (if you turn it sideways, it is easier to see this). Thus, 
using the given fact about areas (which is also clear from looking at the picture), we have 


Ag ae ee Ao 1 ° 
—_—- — <=-A(tan@) < —. ——————— : 
Qn” (<a) ~ 2 (tan 6) < In ore! 


(b) Dividing the inequality through by = and canceling the 7’s gives: 


( 1 ) oars 1 ° 
cos0/ ~— A@ — \ cos(@+Aé) 


Then as AO — 0, the right and left sides both tend toward ( — 1 ) * While the middle (which is the difference quotient 


for tangent) tends to (tan 0)’. Thus, the derivative of tangent is “squeezed” between two values heading toward the 














same thing and must, itself, also tend to that value. Therefore, (tan 6)’ — (= z ) . 


(c) Take the identity sin? 9 + cos? @ = 1 and divide through by cos” @ to get (tan @)* + 1 = (<4,)’. Differentiating 
with respect to 0 yields: 








cos 0 cos 0 


2( SS): (aaa) ~2 (aaa) 9 Sa) or 


sind _ 1 ay 
a (—1) 2-5 (008 9) 


/ 


2(tan 6) - (tan 6)’ = 2 ( : (SS) 

















cos? @ 
— sin 6 = (cos @) 
(d) 

dj). %5 d 

77 (sin 0+ cos 0) 79 (2) 
2sin@ - (sin@)’ + 2cos@- (cos 0)’ = 0 
2sin@ - (sin@)’ + 2cos@-(—sin#) = 0 
(sin 0)’ — cos0 = 0 


(sin 0)’ = cos 0. 


Strengthen Your Understanding 





68. The function sin(cos x) is a composition of two functions and requires the chain rule to differentiate. The correct derivative 
computation is 


= sin(cos x) = cos(cos x) - (—sin x). 


69. 


70. 
71. 


72. 


73. 


74. 


Solutions for Section 3.6 


3.6 SOLUTIONS 201 


The function f is not a product; it is a composition. We need to use the chain rule. Let z = g(x) = sin, so f(z) = sin z. 
Then, using the chain rule, f’(x2) = cos z- g'(x) = cos(sin x) cos a. 


One possibility is f(#) = cos(a?) whose derivative is f’(x) = — sin(x?) - 2a = —2a sin(a?). 


The function f(x) = sin & satisfies this condition because 
d 
/ . 
xv) = —sinz = cosz 
(a= 


f' (2) = < cosz = — sing = —f (x). 


There are many other possibilities, including f(a) = cos a. 


True, since cos 0 and therefore cos? 6 are periodic, and 


1 


d 
—(tan 0) = ——. 
tam?) cos? 6 


do 
True. If f(x) is periodic with period c, then f(a +c) = f(x) for all x. By the definition of the derivative, we have 


ry ge (eh) = f(s) 
f' (2) = jim 


h-0 


and 


/ _ 4. 
f(¢+¢) = lim ~——{]————. 


Since f is periodic, for any h 4 0, we have 
fa+h)—f(@) _ f(@teth)— fete) 


h h 
Taking the limit as h — 0, we get that f’(x) = f’(x +c), so f’ is periodic with the same period as f(z). 


False; the fourth derivative of cos t+C, where C is any constant, is indeed cos t. But any function of the form cos t+ p(t), 
where p(t) is a polynomial of degree less than or equal to 3, also has its fourth derivative equal to cos t. So cost + t? will 
work. 




















Exercises 
2t 

1.7 Gis 

Po +1 

j “i. # 
ET ea 

1 10x 

a. fa@)= 10x) = ——. 

Pe) Saag Gara 
4. f(a) =4e43- =4¢ + cs 

x 

a 

dt ./1—(# +1)? 

1 3 

6. f(x) = = 

F@)= Ge 1+ 922 

dP 1 6x +15 
qa oy ee Ce 

i eee eee es 

dQ 1 ab 
a dx “brtc bete 
9. Since In(e?”) = 2a, the derivative f’(«) = 2. 

x 2 2 

10. Since el” **) = ?*"+5. the derivative f' (a) = 4ae?” +3, 
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1 e” 
11. f’ = ——_ . (~e™*)(—1) = ——_.. 
fe) =e Fe )(-1) = 
1 cos a 
12. f’ = : = . 
F(a) sina bc sina 
1 Ps 


13. 


xr) = 





/ 

f( ai” 

d 1 
14. os inn+a(=)-1=Ing 

dx x 


ax 


15. j'(x) = ee 
j (x) (= +b) 
16. We use the product rule. We have 
dy = 32?-Ina+2°- z = 32? Ing +2. 
dx x 


17. Using the product and chain rules gives h’(w) = 3w? In(10w) + wo = 3w” In(10w) + w”. 


18. f'(x) = = (e")7 = 7, 


(Note also that In(e™) = 7x implies f’(x) = 7.) 


19. Note that f(x) = e'™” -e' = x-e = ex. So f'(x) = e. (Remember, ¢ is just a constant.) You might also use the chain 
rule to get: 
f' (2) = e(ine)+1 ee 
=e 
Are the two answers the same? Of course they are, since 
y 


elln#)+1 (-) = ems ig (-) = Fe (-) = e.] 
x xv x 


20. f’(0) = —32 = —tané. 


cos 0 


21. f(t) = Int (because In e? = & or because e'* = t), so f'(t) = 





ole 


2. fy) 


23. 5{(2) = 7 (arctan? ~ 2) = ae 


24. g(a) =a, so g'(a) = 1. 


/ _ arctan(3t?) 1 __ arctan (3t?) 6t 


—sin(Int) 
; ; 
27. h'(z) = (In2)z0"2-0, 


w 

28. h'(w) = arcsin w + ——. 
(w) SS 

29. Note that f(x) = kx so, f'(x) =k. 


26. g/(t) = 


2 
30. Using the chain rule gives r’(¢) = —————.. 
: nN ae 
31. j/(x) = —sin (sin s) (ees ee 
; Jl —2 Ji—-2 
Hoo) gs 1 _ —3sin(arctan 32) 
32. f(x) = —sin(arctan 32) (; zr =} (3) = 14922 





, = 5 lL _ —1 
33. f(z) =—l1(Inz) ~- one 


34. Using the quotient rule gives 
1) = (4% +1) (In(kt) — t) — (In(At) + t) (& - 1) 
or (In(kt) — t2 


3.6 SOLUTIONS 
ray (4 +1) (In(kt) = t) = (In(kt) + t) ($+ - 1) 
g(t) = (in(kt) — 2 
14) = In(kt)/t — 1+ In(kt) — t — In(kt)/t — 14+ In(kt) +t 
g(t) = (In(kt) — t)? 


; 2\n(kt) — 2 
9) = Tate) Sp" 


“oct 8: 2.6 
5. / _ 1/2 _ 9 3 cee eee 2. 
35. f'(w) = 3w a ae 


36. au = 2(Inav + In2) + 2a (-) —2= 2(Inz 4+ In2) = 2In(2z) 
xv x 
37. Using the chain rule gives f’ (x) = ses cies 
1 1 1 
38. f(t) = — --=—— 
Ft) Int ¢t tint 


39. Using the chain rule gives 


sinz + cosa 


fal || ee 
T’(u) = || (1 +u)? | 
—  (l+u)? 1 
_ (1+ u)?+u2 | (1+ 4)? 
1 
14 Bu + a” 


a 4 = 
40. Since In (—) =41n (—) we have 
1+cost 1+ cost 





1+ st) ae + cost) +sint(1 — | 


@=a(-= 
a(t) 1—cost (1 + cost)? 


_ fl+cost 8sint 
=(— S34 (1 + cos t)? 
— 8sint 

~ 1—cos?t 

8 

sint 





1 —(x+1) 


Se aaa ea DE 
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42. (a) We have 


et 
Se 
& 

I 

| 
Ww 

T 

| 

T 

Ble 


(b) Using properties of logs, we have f(x) = In3+4+ Ina. 
(c) Since In 3 is a constant, the derivative of f(z) = In3 4+ Inz is 


; 1 1 
=0+ 5 
f'(2) =0+==- 
Yes, the answer is the same as that obtained in part (a), as it should be. 


43. Differentiating 


, —_ il _ 2 -1 
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f () = 2(a? +.1)7* — 2a(a? +. 1)7? - 2a 





=. 2 Ax? 2? 4-2 Ax” 
~ et) G+? G@t+1? G+) 
_ 21-27) 

(x? + 1)?" 


Since (a? + 1)? > 0 for all x, we see that f(0) > 0 for 1 — a? > O ora? < 1. That is, In(a? + 1) is concave up on the 
interval -1 <a <1. 


44, Let 
g(x) = arcsin x 
so 
sin{g(x)| = 2 
Differentiating, 
cos[g(x)] - g'(z) = 1 
il 
/ 
g (x) = ——— 
= costae 


Using the fact that sin? 6 + cos” 0 = 1, and cos[g(x)] > 0, since —% < g(x) < &, we get 


cos|g(«)] = /T— Ginlg(@))?. 


Therefore, 


Since sin[g(x)] = x, we have 


j 1 
v) = ——_,,-1<2r<1 
9) = Te 
45. Let 
g(x) = log x 
Then 
i a 
Differentiating, 
(In 10)[109]g’(a) = 1 
1 
! = 
9) = Tp 09) 
1 
! = 
g(a) = (In 10)x° 
46. pH = 2 = — log x means log = —2 so x = 107”. Rate of change of pH with hydrogen ion concentration is 
d d —1 1 
— pH = ——(1 = ——_._ = —-_____ = - 43.4 
da? de 8") = Tani) ~~ Go) In 0 


47. We have g(5000) = 20 1n(0.001(5000)) = 32.189 years. Since 


Pe _ 20 
g (F) = 20- ATIVE “0.001 = =, 
we have 
‘(5000) = Ue 
g ~ 5000 


years per dollar. It takes about 32.189 years for the investment to grow to $5000, and it takes about 0.004 years (or about 
1.5 days) for the investment to grow by one more dollar. 
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48. The marginal revenue, MV R, is obtained by differentiating the total revenue function, R. We use the chain rule so 


dR 1 d 2 1 
MR=— = ——--; -: — (1000 = ——- - 20009. 
dq 1+ 1000q dq (10009") = 7+ 100092 a 
When gq = 10, 
Marginal revenue = T+ 1000-102 —— a 7a = $0.2/unit. 


49. (a) For y = Ing, we have y’ = 1/z, so the slope of the tangent line is f’(1) = 1/1 = 1. The equation of the tangent 
line is y — 0 = 1(a — 1), so, on the tangent line, y = g(x) =a —1. 
(b) Using a value on the tangent line to approximate In(1, 1), we have 


In(1.1) ¥ g(1.1) =1.1-1=0.1. 
Similarly, In(2) is approximated by 
In(2) © g(2) =2-—1=1. 


(c) From Figure 3.8, we see that f(1.1) and f(2) are below g(x) = x — 1. Similarly, f(0.9) and f(0.5) are also below 
g(x). This is true for any approximation of this function by a tangent line since f is concave down (f(x) = — _ < 
0 for all « > 0). Thus, for a given x-value, the y-value given by the function is always below the value given by the 
tangent line. 


g(x) =x—-1 











Figure 3.8 


50. (a) Let g(x) = ax” + bx + c be our quadratic and f(x) = Ina. For the best approximation, we want to find a 
quadratic with the same value as In x at x = 1 and the same first and second derivatives as Inx at x = 1. g'(x) = 
2ax +b, 9"(x) = 2a, f(x) = 4, f(x) =—+. 


g(1) =a(1)? +(1) +e f(1) =0 
g(1) =2a(1) +6 f/(1) =1 
g(1) — 2a f”() ee | 








Thus, we obtain the equations 











a+b+c=0 
2a+b=1 
2a =-—1 
We find a i, b=2andc 3. Thus our approximation is: 
dL, 3 
(b) From the graph below, we notice that around x = 1, the value of f(x) = In x and the value of g(x) = —427+2x—2 


are very close. 
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(c) g(1.1) = 0.095 g(2) = 0.5 
) 


Compare with f(1.1 
51. (a) 


y f(z) =Inz 








0.0953, f(2) = 0.693. 


f'(2) 

















(b) f is a constant function. Checking at a few values of x, 


Table 3.2 


arctan x arctan a! f(x) = arctan x + arctan at 


0.785392 | 0.7853982 
0.4636476 


0.3217506 


1.1071487 
1.2490458 









172 _3 
—52 + 2x 5 





1.5707963 
1.5707963 
1.5707963 





52. The closer you look at the function, the more it begins to look like a line with slope equal to the derivative of the function 
at x = 0. Hence, functions whose derivatives at x = 0 are equal will look the same there. 


The following functions look like the line y = x since, in all cases, y’ = 1 at x = 0. 


ed 


yr y 
y =sina y’ 
y = tanax y’ 
pane y/ 


1 
COs & 
1 
cos? x 
a+l1 


The following functions look like the line y = 0 since, in all cases, y’ = 0 at x = 0. 


y=2" y = 2@ 

y=asing y =axcosx+sing 

y= 2° y = 3a? 

y =4ln(2? +1) y = 20-5 o a 
y=1-—cosx y’ =sine 


The following functions look like the line 7 = 0 since, in all cases, as + 0+, the slope y’ > oo. 


y=Va y’ 





2/a 
_ x= y_ (#41)—2 1 = 1 7 
Y= Vey y (atl "2 zr ~ 2e+i?? 
— 1-—az 








a+l 


x 
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53. Since the chain rule gives h'(x) = n'(m(ax))m'(x) = —2 we must find values a and x such that a = m(a) and 
n'(a)m'(x) = —2. 


Calculating slopes from the graph of n gives 


, 1 if O<a< 50 
n (a) = 
1/2 if 50<a< 100. 


Calculating slopes from the graph of m gives 


, —2 if 0O<a<50 
m' (a2) = 
2 if 50<a < 100. 


The only values of the derivative n’ are 1 and 1/2 and the only values of the derivative m’ are 2 and —2. In order to 
have n'(a)m'(a) = —2 we must therefore have n'(a) = 1 and m’(x) = —2. Thus 0 < a < 50 and0 < x < 50. 
Now a = m(z) and from the graph of m we see that 0 < m(a) < 50 for 25 < x < 75. 
The two conditions on x we have found are both satisfied when 25 < x < 50. Thus h'(x) = —2 for all x in the 
interval 25 < # < 50. The question asks for just one of these x values, for example x = 40. 
54. Since the chain rule gives h’(x) = n'(m(x))m‘(x) = 2 we must find values a and x such that a = m/(a) and 
n'(a)m' (x) = 2. 


Calculating slopes from the graph of n gives 


, 1 if O<a< 950 
n (a) = 
1/2 if 50<a< 100. 


Calculating slopes from the graph of m gives 


j -2 if 0<2<50 
m (x) = 
2 if 50<2< 100. 


The only values of the derivative n’ are 1 and 1/2 and the only values of the derivative m’ are 2 and —2. In order to 
have n’(a)m'(x) = 2 we must therefore have n’(a) = 1 and m'(x) = 2. Thus 0 < a < 50 and 50 < x < 100. 
Now a = m(z) and from the graph of m we see that 0 < m(a) < 50 for 25 < x < 75. 
The two conditions on x we have found are both satisfied when 50 < x < 75. Thus h’(x) = 2 for all x in the 
interval 50 < « < 75. The question asks for just one of these x values, for example x = 60. 
55. Since the chain rule gives h’(x) = n'(m(x))m‘(x) = 1 we must find values a and x such that a = m/(a) and 
n'(a)m' (x) = 1. 


Calculating slopes from the graph of n gives 


: 1 if 0<a<50 
n (a) = 
1/2 if 50<a< 100. 


Calculating slopes from the graph of m gives 


} -2 if 0<2<50 
m (x) = 
2 if 50<2< 100. 


The only values of the derivative n’ are 1 and 1/2 and the only values of the derivative m’ are 2 and —2. In order to 
have n’(a)m'(x) = 1 we must therefore have n’(a) = 1/2 and m'(x) = 2. Thus 50 < a < 100 and 50 < x < 100. 
Now a = m() and from the graph of m we see that 50 < m(a) < 100 for0 < x < 250r75 < x < 100. 
The two conditions on « we have found are both satisfied when 75 < x < 100. Thus h’(x) = 1 for all x in the 
interval 75 < « < 100. The question asks for just one of these x values, for example x = 80. 
56. Since the chain rule gives h’(x) = n'(m(x))m’(x) = —1 we must find values a and x such that a = m(a) and 
n'(a)m' (x) = -1. 


Calculating slopes from the graph of n gives 


, 1 if O<a< 50 
n (a) = 
1/2 if 50<a< 100. 
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Calculating slopes from the graph of m gives 


, —2 if O<a<50 
m' (x2) = 
2 if 50<a < 100. 


The only values of the derivative n’ are 1 and 1/2 and the only values of the derivative m’ are 2 and —2. In order to 
have n’(a)m'(x) = —1 we must therefore have n’(a) = 1/2 and m’(x) = —2. Thus 50 < a < 100 and0 < x < 50. 
Now a = m() and from the graph of m we see that 50 < m(a) < 100 for0 < x < 250r75 < x < 100. 


The two conditions on x we have found are both satisfied when 0 < a < 25. Thus h’(x) = —1 for all x in the 
interval 0 < x < 25. The question asks for just one of these x values, for example x = 10. 
We have ‘ 
f7') 0) = sea 
f'(F-*(5)) 


From the graph of f(a) we see that f~'(5) = 13. From the graph of f’ (a) we see that f’(13) = 0.36. Thus (f~*)/(5) = 
1/0.36 = 2.8. 


We have 
1 


(f-~) (10) = FG Mo)) 
From the graph of f(a) we see that f74(10) = 23. From the graph of f'(a) we see that f!(23) —~ 0.62. Thus 
(f71)/(10) = 1/0.62 = 1.6. 


We have 
1 


(f° Y'(18) = FG)" 


From the graph of f(a) we see that f~'(15) = 30. From the graph of f’(x) we see that f’(30) = 0.73. Thus 
(f-7)(15) = 1/0.73 = 1.4. 





Since the point (2,5) is on the curve, we know f(2) = 5. The point (2.1, 5.3) is on the tangent line, so 
53-5 0.3 
Slope tangent = a1227 017 3. 


Thus, f’(2) = 3. 
By the chain rule 
h’(2) = 3(f(2))? - f'(2) =3- 57-3 = 225. 


Since the point (2,5) is on the curve, we know f(2) = 5. The point (2.1, 5.3) is on the tangent line, so 


53-5 0.3 __ 


21-2 017° 


Slope tangent = 





Thus, f’(2) = 3. 
By the chain rule 
k/(2) = —(f(2))?- f’(2) = -5-? -3 = -0.12. 


Since the point (2,5) is on the curve, we know f(2) = 5. The point (2.1, 5.3) is on the tangent line, so 


Slope tangent = 





2 
Thus, f’(2) = 3. Since g is the inverse function of f and f(2) = 5, we know f~'(5) = 2, so g(5) = 2. 
Differentiating, we have 
1 1 1 


7 
9) = FG) FQ 3 
(a) Since f(a) = a, we have f’(a) = 3a”. Thus, f’(2) = 3(2)? = 12. 
(b) To find f~* (x), we switch xs and ys and solve for y. 
Since y = x®, we get 2 = y’. 
Solving for y gives y = </z. 
Thus, f-*(x) = 3a. 


64. 


65. 


66. 


67. 


68. 
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Thus, 
147 — 1 —2/3 __ 1 = 1 

(f ) (8) = 3(8) ~ 3.82/3 — 3.4 12° 

1 


(d) The point (2,8) is on the graph of f. Thus the point (8, 2) is on the graph of f~*, so f~'(8) = 2. Therefore, 








(a) Since f(x) = 2x° + 3° + 2, we differentiate to get f/(ax) = 10x* + 9x? + 1. 

(b) Because f’(zx) is always positive, we know that f(z) is increasing everywhere. Thus, f(a) is a one-to-one function 
and is invertible. 

(c) To find f(1), substitute 1 for x into f(a). We get f(1) = 2(1)? + 3(1)? +1=24+341=6. 

(d) To find f’(1), substitute 1 for a into f’(a). We get f’(1) = 10(1)* + 9(1)? +1 = 20. 

(e) Since f(1) = 6, we have f~'(6) = 1, so 





To find (f~')'(3), we first look in the table to find that 3 = f(9), so f~'(3) = 9. Thus, 


ree, _ 1 _ 1 _ 1 
PYO = ERB) = FO ~ 5 





(a) The statement f(2) = 4023 tells us that when the price is $2 per gallon, 4023 gallons of gas are sold. 
(b) Since f(2) = 4023, we have f~'(4023) = 2. Thus, 4023 gallons are sold when the price is $2 per gallon. 
(c) The statement f’(2) = —1250 tells us that if the price increases from $2 per gallon, the sales decrease at a rate of 
1250 gallons per $1 increase in price. 
(d) The units of (f~')/(4023) are dollars per gallon. We have 
1 1 1 


(f~*)‘ (4023) = FOG) = FU ~~ Tagy = 70.0008. 





Thus, when 4023 gallons are already sold, sales decrease at the rate of one gallon per price increase of 0.0008 dollars. 
In others words, an additional gallon is sold if the price drops by 0.0008 dollars. 
(a) Knowing f(2005) = 296 tells us that the US population was 296 million in the year 2005. 
(b) Since (2005) = 296, we have f~'(296) = 2005. This tells us that the year in which the US population was 296 
million was 2005. 
(c) Knowing f’(2005) = 2.65 tells us that in the year 2005, the US population was growing at a rate of 2.65 million 
people per year. 
(d) Using parts (b) and (c), we have 
=i59 1 1 1 
296) = see = = ee = 0.877. 
(FO) = FFA ROG) ~ F205) ~ 2.65 
The units of the derivative of f~' are years per million people (the reciprocal of the units of f’). The statement 
(f~1)'(296) = 0.377 tells us that when the US population was 296 million, it took 0.377 of a year (between 4 and 
5 months) for the population to increase by another million. 
Each grid mark on the horizontal axis represents 5 years and each grid mark on the vertical axis represents 100 million 
vehicles. 


(a) When t = 20, the year is 1985. Reading from the graph, we find that in 1985 
f (20) + 500 million vehicles. 


This tells us that 20 years after 1965, in 1985, there were 500 million registered vehicles. 
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(b) Drawing a tangent line to the curve at t = 20, we have 


75 
10 


Thus, 20 years after 1965, in 1985, the number of registered vehicles was increasing at 17.5 million vehicles per year. 
(c) From the graph or part (a) 


Slope = f’(20) = = 17.5 million vehicles/year. 


f~' (500) = 20 years. 


Thus, there were 500 million cars registered when t = 20, that is, in 1985. 


(d) We have 
1 1 1 


-1y 

500) = ————-~ = =— 

(fF) (500) f'(f-1(500)) —f"(20) 17.5 

Thus, when 500 million vehicles were already registered, it took 0.0571 year, or about 21 days, for another million 
to be registered. 








= 0.0571 years/million vehicles. 


We have (f~')/(8) = 1/f’(f71+(8)). From the graph we see f~1(8) = 4. Thus (f~')/(8) = AD = = 

mes f (20) = 10, we have f~1(10) = 20, so (f~')/(10) = TRIED = Toe Therefore (f~*)’(10) f’(20) = 
Option (b) is wrong. 

All three values equal 1. 











(a) We have f-'(A) =a, so (f~1)/(A) = a = Fray: Thus f’(a)(f~1)/(A) =1. 
(b) We have f~*(B) = 6, so (f~")'(B) = qty = Fray: Thus £/(6)(f-")'(B) = 1b 
(c) We have f~'(C’) = c, so (f~')/(C) = FOTO — Fray: Thus f(o(f ‘VY (C) = 1. 


A continuous invertible function f(a) cannot be increasing on one interval and decreasing on another because it would fail 
the horizontal line test. The same is true of the inverse function f~'(«). Either f~'(a) is increasing and (f~')/(a) > 0 
for all x, or f~' (a) is decreasing and (f~')’(a) < 0 for all a. We can not have both (f~')/(10) = 8 and (f~')'(20) = 
—6. 


(a) The definition of the derivative of In(1 + x) at = Ois 


In(1+h) -—In1l In(l+h 
fie ee i ee ee ee 
h—0 h0 h 1+2], 6 
(b) The rules of logarithms give 
. Ind+h)_,. 1 = 1/h _ 
lim —>— = lim + In(1 + h) = lim In(1 + h) = 1, 
Thus, taking e to both sides and using the fact that ce = A, we have 
elimnso In(i+h)i/> in eln(itny/? —gh 
h-0 
lim (1+h)'/" =e. 
h-0 


This limit is sometimes used as the definition of e. 
(c) Letn = 1/h. Then as h + 0*, we have n —> oo. Since 


lim (1+h)!/" = lim(1+h)'/" =e, 


hot h-0 
we have 
1 n 
lim (1 + -) =e. 
n—oco n 


This limit is also sometimes used as the definition of e. 
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Strengthen Your Understanding 





74, 


75. 


76. 
77. 


78. 


79. 


80. 


81. 


82. 


Solutions for Section 3.7 


To calculate the derivative of In(1 + 2“) we need to apply the chain rule. Take z = g(a) = 1+ 2°“ as the inside function 
and f(z) = Inzas the outside function. Since g’(a) = 42° and f’(z) = 1/z, the chain rule gives 





dw 1.3 4x? 
— = -- 47° = : 
dx z lia 
1-1 al 


The function f is not a product. We need the chain rule, so f’(x) = ee ae 
ne «x «ne 


The formula for (f~*)’(2) is wrong. We need f’(f~+(2)), and we are not given f~+(2). 


Any exponential function of the form c- a® with c # 0, a > 0 and a ¥ e is a constant multiple of its derivative but it is 
not equal to its derivative: 4 (c- a*) = (Ina)(c- a”). One example is f(x) = 2”. 
Since 1 i 

— | =-, 

qq nt) = 7 


any function of the form y = cln x for some constant c will have derivative c/a. A particular example is y = 21In x. 


f(x) = Inz is a possible answer since 


d 1 d d c 1 
7G, ae = z and at (*) = Ag In(cx) = op = 
by the chain rule. 


For the statement to be true, we need f’(x) = 1, so f(a) = a is a function to try. Then f~*(x) = x, so 





False. Since : 
d 2, 1 _ 2 d 2, d (2\_ 2 
qq inte i=F “22 =— and > In(a (=. (=)--= 


we see that the second derivative of In(x?) is negative for x > 0. Thus, the graph is concave down. 


? 


False; For example, the inverse function of f(a) = x* is x'/*, and the derivative of x'/? is (1/3)a~?/3, which is not 


1/f"(x) = 1/(327). 


Exercises 





1. We differentiate implicitly both sides of the equation with respect to x. 


on + 3y2 =0 
dx 
3 2c = —22 
v 
dy — —2x 
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3. We differentiate implicitly both sides of the equation with respect to x. 








dy 2 dy 2 Yy 
2a 4 + £—— —= 2y)—, 
is (y a) ae TeCNG 
dy 2 dy dy 2 
ae 3 ae 22y— y y—22, 














2x4 + 2y— 4 = 
& + 2y— 3 Se 0 
dy _ ~dy 
Qy— — 5 = -2r -— 
Vda da aa 
dy 
2y — 5) = -2r — 
(2y — 5) re xz — 3 
dy _ —2%—3 
dx 2y—5 
5. Implicit differentiation gives 
dy dy 
l-yta-—+14+ = 
oa dx dx 
Solving for dy/dx, we have 
dy ity 
dx 1+2 
6. 
dy 
2 a, a a | 
a er 
2 dy 
—2)— = -2 
(1° — 2) vy 
dy —2xry 
dx (x — 2) 


7. We differentiate implicitly both sides of the equation with respect to x. 


d d 
(a? 3y? SE + 2x -y*)—(«- + 1-y) =0 


d dx 
2 ody 3 dy _ 
Sanya, + ey a, y=0 
d d 
32? oe — 0B = y— 2ay? 
(3a:7y? ny = y— 2zy° 


gil? — 5y!/? 
1 =iyor-. 5 —1/2 dy 
7 OF 





dx 
dy _ a eee 
dx 2y—1/2 ~~ 5V er 25° 


We can also obtain this answer by realizing that the original equation represents part of the line « = 25y which has slope 1/25. 
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9. We differentiate implicitly both sides of the equation with respect to x. 























i i 
e? py? = 25, 
1-1. 1 _idy 
— 2 —y 2— = 
g° Oe ae 
i oo ee 
-3 -3 L x 


dx 


10. We differentiate implicitly with respect to x. 








dy 3dy _ 
i a a 
dy 
= 3)\24 = To 
(x — 3)— y 
dy _1-y 
dx «—3 
11. 
dy 
12 == 
e+ By 0 
dy  —l2x _ —3x 
dx 8y ~~ 2y 
12. 


2axr — aby =0 
hy 


dy = —2ax _ ax 


dx  —2by by 


13. We differentiate implicitly both sides of the equation with respect to x. 


Inz + In(y?) = 


3 
1 1 dy 
— + —(2y)— = 0 
at yet) ae 

dy _ rife _ 


dx 2y/y? Qa 





14. We differentiate implicitly both sides of the equation with respect to x. 





Iny+2 ae i a 
x dy 2 dy 
—-— + —=--] 
y dx 3y dx oe 
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15. We differentiate implicitly both sides of the equation with respect to a. 
dy 

o2) a9) 

cos(xry) (v “ vt) 

dy 
a9 = 9 

y cos(xy) + x cos(xry) aa 


dy _ 2—ycos(xy) 
dx —xcos(ay) * 


16. We differentiate implicitly both sides of the equation with respect to a. 


‘ : dy 2 3 dy 
cos y = 
e (— sin y)— = 3a° arctany +a ited 
d a - 
y ( 4 sin y — } = 3a” arctan y 
dy 32” arctan y 


dx —e©8¥ siny — #3(1 + y?2)-1° 


17. We differentiate implicitly both sides of the equation with respect to a. 


arctan(2y) = xy? 


ay + om =[lt+2*y"]fy? + day 
d 
Hig? — (1+ 04y?)(2xy)] = (1 + vty”)y? — 2ey 


dx 
dy = y? + xty* — Qxy 


dx = x? — 2xy — 2x y3" 


18. We differentiate implicitly both sides of the equation with respect to x. 


e +Iny=0 
Qre" + pat = 
y dx 
a = ~2Qeye” 


19. We differentiate implicitly both sides of the equation with respect to x. 


(2 — a)? +y? = a? 














dy 
A(x — 2y—4 =0 
(a — a) + 2y—— 
dy 
a ee 
ya a — 2a 
dy _2a-—2rz7 _a-@z 
dx yoy 
20, 2p 4 24-18, gy _ ee _ lt 


21. Differentiating implicitly on both sides with respect to x, 


dy ‘ = dy 
acos(ay) — bsin(bx) = y+ rT 
(acos(ay) — 2) = y+ bsin(bz) 





dy y+ bsin(bz) 


dx acos(ay) — x" 


22. Differentiating x? + y? = 1 with respect to x gives 
2a + 2yy'’ =0 


so that 


At the point (0, 1) the slope is 0. 


23. Differentiating sin(ay) = x with respect to x gives 


(y + ay’) cos(xy) = 1 


or 
xy’ cos(xy) = 1 — ycos(xy) 
so that 
;_1= y cos(xy) 
xcos(xy) ~ 
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As we move along the curve to the point (1, 4), the value of dy/da —> oo, which tells us the tangent to the curve at (1, 5) 


has infinite slope; the tangent is the vertical line x = 1. 
24. Differentiating with respect to x gives 
3a? + Qry' + 2y + 2yy’ =0 
so that 
ro 3a? + 2y 
Qa + Qy 
At the point (1, 1) the slope is —3. 


25. The slope is given by dy/dx, which we find using implicit differentiation. Notice that the product rule is needed for the 


second term. We differentiate to obtain: 





3x? + so + 10xy + ay = ac 
(5a? + 4y need = —32x? — 10xy 
XL 


dy _ —3a? — 10xy 
dx 5x2 + 4y—4° 


At the point (1,2), we have dy/dx = (—3 — 20)/(5 + 8 — 4) = —23/9. The slope of this curve at the point (1, 2) is 


—23/9. 
d nie eatin ahead 
26. First, we must find the slope of the tangent, i.e. - . Differentiating implicitly, we have: 
(1,-1) 
d 
y? + x(2y) 4 = 0, 
dx 
a es 
dx Qxry Qu 
oe ; dy -1 1 : . é : 
Substitution yields — =e ge Using the point-slope formula for a line, we have that the equation for the 


(1,-1) 
tangent line is y + 1 = $(a 





= 
WV 
° 
5 
< 
| 
Nie 
8 
tales 
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d 
27. First we must find the slope of the tangent, aa at (1, e”). Differentiating implicitly, we have: 
xv 


= (ef +y) =2 
zy \ dz 


dy _ 2ry—y 


dx £ 


Evaluating dy/dz at (1, e”) yields (2(1)e” — e”)/1 = e?. Using the point-slope formula for the equation of the line, we 


have: 
y— e = e'(a _ 1), 
or 
2 
y=eu. 
d 
28. First, we must find the slope of the tangent, a . Implicit differentiation yields: 
v 
(4,2) 
dy _ 2Qa(ay — 4) — 2? (cf + y) 
Vaan (ay — 4)? : 


Given the complexity of the above equation, we first want to substitute 4 for x and 2 for y (the coordinates of the point 


. : d dudos : 
where we are constructing our tangent line), then solve for Substitution yields: 
x 





5300 2 (2-4)(4-2—4) — 4 (444 + 2) — 8(4)- 16444 +2) dy 
dx (4-2-4)? 7 16 da’ 
dy dy 
4— = —4— 
dx da’ 
Solving for dy we have: 
Bret aes , F 
ae 
ie 0. 
The tangent is a horizontal line through (4, 2), hence its equation is y = 2. 
29. First, we must find the slope of the tangent at the origin, that is ay . Rewriting y = as y(y + a) = x so that 
dx (0,0) yta 
we have 
y° +ay=ux 


and differentiating implicitly gives 





dy | dy 
2y— —=1 
dx | de 
d 
SY (oy +4) =1 
dx 
dy 1 
dx 2y+a 
ae ; dy 1 . ; : : 
Substituting x = 0, y = 0 yields aa = —. Using the point-slope formula for a line, we have that the equation for 
he 
(0,0) 





the tangent line is 
y-O0=-(x-0) or go: 
a 


d 
30. First, we must find the slope of the tangent, = . We differentiate implicitly, obtaining: 


(2,0) 





—idy 


—~=0, 
dx 








3.7 SOLUTIONS 217 
2k : 
eee i ee 
dx 2y-3 ae 
Substitution yields, — = wa = 0. The tangent is a horizontal line through (a, 0), hence its equation is y = 0. 
a 
(4,0) 
Problems 
31. (a) By implicit differentiation, we have: 
dy dy 
2 2y— —4+7— =0 
ia ar 
dy 
2 7)— =4-2 
(Qy + 7) a 
dy 4-2 
dx 2y+7 


(b) The curve has a horizontal tangent line when dy/dx = 0, which occurs when 4 — 2a = 0 or x = 2. The curve has a 


horizontal tangent line at all points where x = 2. 


The curve has a vertical tangent line when dy/dz is undefined, which occurs when 2y + 7 = 0 or when y = —7/2. 


The curve has a vertical tangent line at all points where y = —7/2. 


32. (a) Taking derivatives implicitly, we get 


oo Gag 
dy _— —9x 
dx 25y" 


(b) The slope is not defined anywhere along the line y = 0. This ellipse intersects that line in two places, (—5,0) and 


(5, 0). (These are the “ends” of the ellipse where the tangent is vertical.) 


33. Differentiating implicitly with respect to x, gives 


d ((t-2)? y*\_ d 
= (Se +4)-Z0. 


Treating y as a function of x and using the chain rule, we get 








x-2 y dy _ 
8 79 a 
x—2 
ia 8 ) oes 
dx ¥ Ay 
2 





y 
—+-—=1 
16? af 4 
y=4 
y= +2 
Thus the tangent line equations at (2, 2) and (2, —2) are the horizontal lines y = 2 and y = —2, respectively. 


34, (a) If = 4 then 16 + y” = 25, so y = £3. We find ov implicitly: 
ie 


20 + 2y Sb =0 
dy x 
dx y 
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So the slope at (4, 3) is —4 and at (4, —3) is 4. The tangent lines are: 


4 4 
(y-3)=-5(@-4) and (y+3) = 5 (0-4) 
(b) The normal lines have slopes that are the negative of the reciprocal of the slopes of the tangent lines. Thus, 


(y- 3) =4(2-4) so y= fe 


and 3 3 
(y+3) = —qle-4) so y= 7H 


are the normal lines. 
(c) These lines meet at the origin, which is the center of the circle. 


35. (a) Solving for 2% by implicit differentiation yields 
& dx ry p ¥ 


3x? + gy? ay = y? — Qxy 


dy 
dx ? 


_- 
dy _ y? — 3a? 


dx 3y? — ay’ 


(2)?-30)?_ 


(b) We can approximate the curve near x = 1, y = 2 by its tangent line. The tangent line will have slope 3(0)2=2(1)@) = 


z = 0.125. Thus its equation is 
y = 0.1252 + 1.875 


Using the y-values of the tangent line to approximate the y-values of the curve, we get: 


x | o96 | 098 | 1 | 102 | 104 
approximate y 2.005 





(c) When x = 0.96, we get the equation 0.96? + y? — 0.96y” = 5, whose solution by numerical methods is 1.9945, 
which is close to the one above. 
(d) The tangent line is horizontal when a is zero and vertical when — is undefined. These will occur when the numerator 
is zero and when the denominator is zero, respectively. 
Thus, we know that the tangent is horizontal when y? — 32° = 0 > y = £V3z. To find the points that satisfy 


this condition, we substitute back into the original equation for the curve: 





xo + y° = ry” =5 
x? a 3V 32° = 30° =5 
e= = 
+3/3 — 2 
So z © 1.1609 or x & —0.8857. 








Substituting, 





y=+v3x so y 2.0107 or y 1.5341. 


Thus, the tangent line is horizontal at (1.1609, 2.0107) and (—0.8857, 1.5341). 
Also, we know that the tangent is vertical whenever 3y” — 2xy = 0, that is, when y = a or y = O. Substituting 
into the original equation for the curve gives us 2° + (2a)° - (3)?2* = 5. This means x? ~ 5.8696, so 7 © 1.8039, 
y © 1.2026. The other vertical tangent is at y = 0,2 = W5. 
36. The slope of the tangent to the curve y = x” at x = 1 is 2 so the equation of such a tangent will be of the form y = 22 +c. 
As the tangent must pass through (1, 1), c = —1 and so the required tangent is y = 2x — 1. 
Any circle centered at (8, 0) will be of the form 


(a — 8)? + y? = R?. 
The slope of this curve at (x, y) is given by implicit differentiation: 


2(a — 8) + 2yy’ = 0 
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or 
F 8-2 
Y — 
y 
For the tangent to the parabola to be tangential to the circle we need 
8-2 =4 





y 


so that at the point of contact of the circle and the line the coordinates are given by (x, y) when y = 4— 2/2. Substituting 
into the equation of the tangent line gives « = 2 and y = 3. From this we conclude that R? = 45 so that the equation of 
the circle is 


(a — 8)? +y? = 45. 


37. (a) Differentiating both sides of the equation with respect to P gives 





By the product rule 








(1 — f2)? dP 1-f? 
_ 8f df 4f? \ _ 


@ _-4P/0-P)_=1yy_ yy 
dP 8fP/(1—f?)2 2P*. tr). 

(b) Since f is a fraction of a gas,0 < f < 1. Also, in the equation relating f and P we can’t have f = 0, since that 
would imply = 0, and we can’t have f = 1, since the left side is undefined there. So0 < f < 1.Thus 1— f? > 0. 
Also, pressure can’t be negative, and from the equation relating f and P, we see that P can’t be zero either, so P > 0. 
Therefore df /dP = —(1/2P)f(1— f?) < O always. This means that at larger pressures less of the gas decomposes. 


_ pL Lp +( 4f? ) 





So 





38. Let the point of intersection of the tangent line with the smaller circle be (a1, y1) and the point of intersection with the 
larger be (a2, yz). Let the tangent line be y = ma + c. Then at (a1, y1) and (2, ye) the slopes of x? + y? = 1 and 
y’ +(a—3)° = 4are also m. The slope of x*+y? = 1 is found by implicit differentiation: 2+ 2yy’ = 0 soy’ = —a/y. 
Similarly, the slope of y? + (a — 3)? = 4 is y’ = —(a — 3)/y. Thus, 





_ pry 1 _ _ (#2 —3) 


T2- 21 Y1 Y2 


where y1 = \/1 — x? and y2 = \/4 — (x2 — 3)2. The positive values for yi and y2 follow from Figure 3.9 and from 
our choice of m > 0. We obtain 


m 


ee oe 
1-2? \/4 — (a2 — 3)? 
vi (x2 — 3)? 





ai[4 — (a2 — 3)"] = (1- 27)(#2 — 3)? 
4x} — (@7)(w2 — 3)” = (wa — 3)? — 2} (a2 — 3)? 





From the picture 7; < 0 and x2 < 3. This gives x2 = 2%; + 3 and y2 = 2y1. From 


y27-Y1 1 
SS ee 
G2 — L1 Y1 
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substituting yr = \/1— x2, y2 = 2yi and x2 = 2%; + 3 gives 
v= 3 
From #2 = 271 +3 we get v2 = 7/3. In addition, y; = \/1— <2? gives yi = 2/2/3, and finally y2 = 2y1 gives 
yo = 4/2/83. 














Figure 3.9 
39. Using implicit differentiation we have 
dy 
L= —. 
(cosy) 
Therefore, 
dy sl 
dx cosy 


Solving the trig identity sin? y + cos y = 1 for cos y and substituting x = sin y gives cos y = +/1 — £2. However, 
because y = arcsin x, we have —7/2 < y < 7/2, so cos y > 0 and thus we take the positive root: 
dy ol 1 


i, 
dx cosy — JY—sin?y V1i—2? 








40. y = «7. Taking n‘® powers of both sides of this expression yields (y)" = (a7 )", or y” =a. 








a )= ae ) 
yd — ma™ 1 
dy m gmt 
dx nyr! 
7 m grt 
n (am/n)n-1 
7 m gm} 
n gm-F 
_ (mt) B) 
n n 
41. Implicit differentiation gives 
2n?a dV n?a\ dV 
(.- 2s) (V — nb) + (p+ 52) ap? 
dV 2n7a na 





dV n?a — 2n3ab 
dv nb—V 


dP P—n?a/V2 + 2n3ab/V3" 
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Strengthen Your Understanding 





42. Since we cannot solve for y in terms of x, we need to differentiate implicitly. This gives 


(uy) = S (sin(ay)), 


= cos(ay) (V-vte- 2). 


Solving for dy/dx gives 
dy _ _ycos(ay) 
dx  1—2xcos(axy)’ 


43. The formula applies only when the point (x, y) is on the circle. 


44. One possible format for the slope is 








dy «?—-4 
dx y-2° 
To confirm that the tangents exist, we would need to have the formula for the implicit function and check that there are 
points satisfying it with y = 2 and x = +2. 
45. A hyperbola opening up and down works here. 
For example, —2? + y? = 1. Note that au = a Although the denominator is zero when y = 0, the original 


equation is not satisfied by y = 0. Thus, there are no vertical tangents to the curve. Horizontal tangents occur when x = 0 
and Y= +V1 F 


46. True; differentiating the equation with respect to x, we get 





dy dy 
2y— a2 = 
Vax eee dx e 
Solving for dy/dx, we get that 
Fe 
dx 2y+a2° 


Thus dy/dzx exists where 2y + x 4 0. Now if 2y + x = 0, then x = —2y. Substituting for x in the original equation, 
y’ +a2y —1=0, we get 
y” — 2y? -1=0. 


This simplifies to y* + 1 = 0, which has no solutions. Thus dy/dzx exists everywhere. 





Solutions for Section 3.8 


Exercises 





1. Using the chain rule, < (sinh(3z + 5)) = cosh(3z + 5) - 3 = 3cosh(3z + 5). 
2 


2. Using the chain rule, - (cosh(2x)) = (sinh(2z)) - 2 = 2sinh(2z). 
3. Using the chain rule, 
< (cosh” t) = 2cosht-: sinht. 


4. Using the chain rule, 
< (cosh(sinh t)) = sinh(sinht) - cosh t 
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10. 


11. 
12. 


13. 


14. 


15. 


16. 
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Using the product rule, 
d : 
a (° sinh t) = 3t” sinht + ¢° cosht. 


Using the product and chain rules, < (cosh(3t) sinh(4t)) = 3 sinh(3¢) sinh(4t) + 4cosh(3¢t) cosh(4¢). 
1 


d 
Using the chain rule, — (tanh(3 + sinh = —_———— -coshz. 
sing the chain rule, (tanh(3 4+ sinh z)) Goan cosh x 


d 
Using the chain rule twice, Ph (cosh(e"*)) = sinh(e” ) - e” -2t = 2te” sinh(e* ). 
Using the chain rule, 


1 sinh(1 + @) 


cosh(1 + 0) . sinh(1 + 0) => cosh(1 ze 0) => tanh(1 + 0). 


d 
77 (In (cosh(1 + 6))) = 





Using the chain rule twice, 


‘ (sinh (sinh(3y))) = cosh (sinh(3y)) - cosh(3y) - 3 
= 3cosh(3y) - cosh (sinh(3y)) . 


Using the chain rule, f’(t) = 2cosht sinht — 2 sinhtcosht = 0. This is to be expected since cosh” t — sinh? t = 1. 
Using the formula for sinh x and the fact that d(e~”) /dx = —e~*, we see that 


d fe-e” e*+te” 
— | ——__ ) = —— "__ = eosha. 
dx 2 2 


Substitute x = 0 into the formula for sinh x. This yields 


0. 2-0 Vs. 
sinh0 = ——=— = ——— =0. 


Substituting —2 for x in the formula for sinh x gives 


—x —(—2) —2 
; e *-—e e *=<€ e~—e ; 
sinh(—x) = —- So a —sinhz. 


By definition cosh 2 = (e” + e~”)/2 so, since e'™* = t and e~ '"* = 1/e'™* = 1/t, we have 


ent a.e—et _t+i/t +1 


cosh(Int) = 
2 2 2t 


By definition sinh « = (e” — e~*)/2 so, since e™* = t and e~ '™* = 1/e'™* = 1/t, we have 


emt—e mt t-1/t t?-1 


sinh(Int) = 5 5 om 


Problems 





17. 


The graph of sinh x in the text suggests that 


; 1 
Asz—>oo, sinha x¢ 


: Te 
As «1 + —00, sinh + —5e — 


Using the facts that 
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we can obtain the same results analytically: 


18. Using the identity 


we see 


19. First we observe that 


Now let’s calculate 


Thus, we see that 


20. First, we observe that 


Now let’s use the fact that e” 


Similarly, we have 


Asxr—>oo, e —>0, 
Asx—>—oo, e +0, 
e _ eT ® 1 
Asx—>oo, sinhz = : —+ =e”. 
"eo 1 
Asx ——oo, sinha = 5 —>---=e”. 
cosh? t — sinh? t = 1, 
ae ee 
2x —2n 
: ee" —e 
sinh(2a) = 5 


(sinh x)(cosh x) = (< —) (< +e) 


cosh(2a) = 


-e * = 1 to calculate 


2 
ope (eee 
cos zx ( 2 ) 


(e”)? 4+ Qe” -e7t 4 (e-*)? 
4 
er 4+2+e 7% 
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Thus, to obtain cosh(2z), we need to add (rather than subtract) cosh? « and sinh? x, giving 





cosh? x + sinh? 7 = ee +2+e* - et -2+e* 
_ Qe?" + 2e7 2” 
= 7 
_ e7? 4+ e 2% 
2 
= cosh(2z). 


Thus, we see that the identity relating cosh(2z) to cosh « and sinh 2 is 


cosh(2x) = cosh? x + sinh? x. 


21. Recall that 
(e* + e7 


Nle 


1 
sinh A = ge —e“) and coshA= 


Now substitute, expand and collect terms: 




















1 1 1 
cosh A cosh B + sinh A sinh B = gle" hg): ate" fe "cote se) z(e" a ae 
=F (eAtP tet Bp eo ATE 4 et) 
gtd Gh RRA a god ) 
1 / A+B, (A+B) 
=35 (eA? +e ) 
= cosh(A + B). 
22. Recall that i i 
sinh A = ae —e“) and coshA= 5 le" ar”); 
Now substitute, expand and collect terms: 
; F dna 2a) lee, - By lypag ay le 8 
sinh Acosh B + cosh A sinh B = 5(e —e “)-: 1G +e ")+ 5(e +e “)- 5 —e ”) 
1 
= Gai LgAoe = gr Ate = Ge) 
pets . pBw BPA oA ae 





_ ul Ce -_ ea) 


= sinh(A + B). 


23. limz+o sinh(22) / cosh(32) = limz—+0.(e?” — e~?”)/(e8” + €73”) = limz+o0(1 — e7 4”) /(e® +e”) = 0. 
22 an 
24. Using the definition of sinh x, we have sinh 2x = ——. Therefore 


: e2t : et 
lim ———~ = lim 5 5 
woo Sinh(2%) ~— «00 e?* — e~ 2% 
= lim ———_ 

zoo 1 — e 4 


= 2. 
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2 2 a2 cog 


25. Using the definition of cosh x and sinh x, we have cosh = —-— and sinh x” = ——. Therefore 


_ sinh(«”) ee Se 
lim — + = _—_, 
a oo cosh(a%?) —x-+00 e®* + e~* 


er (1 _ e722") 


= lim toe 
= a oo | + e7 2x? 
= 1, 
; eZ 4 e72t eet _ e73t 
26. Using the definition of cosh x and sinh x, we have cosh 2x = —a and sinh 32 = —-. 4 Therefore 
cosh(2a;) _ ec fie 


lim = lm — 
a oo Sinh(3a) — x00 e3® — e~ 


e**(1+ e747) 
a oo €2% (et — e— 5a) 


3a 


; 1te* 
= lim 
zoo E& — e—5& 
=0. 


27. Note that 
oa eke a eke 
2 
_ efk-3)@ 4 oe (kt+3)x 


2 


e °** coshkx =e 


If || = 3, then the limit as 7 — oo is 1/2. 
If |k| > 3, then the limit as 2 — oo does not exist. 
If |k| < 3, then the limit as 7 — oo is 0. 


28. Note that 
sinhka _ ek — et 
cosh2x e2" + e-2# 
ere _ ghee) 
= e?7(1 + e-47) 
elh-2)2 _ p—(k+2)2 


1+e-* 


ka 


If k = 2, then the limit as x > oo is 1. 
If |k| > 2, then the limit as 2 — oo does not exist. 
If |k| < 2, then the limit as 7 — oo is 0. 


29. (a) Since the cosh function is even, the height, y, is the same at x = —T'/w and x = T/w. The height at these endpoints 


1S 
1 -1 
y= — cosh (7 -—) ae ee ee (==) ; 
w T w w w 


At the lowest point, « = 0, and the height is 


Thus the “sag” in the cable is given by 


Sie | OS ea) te 
a 2 wow 2 a 
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(b) To show that the differential equation is satisfied, take derivatives 


dx ©. 
d’y wa 
ae pe (=) 


Therefore, using the fact that 1 + sinh? a = cosh? a and that cosh is always positive, we have: 


“(%) 


So 


dy 2 d’y 
Lt (Ge) aa 


RIE 


30. y 
(0,615) 








xv 
(265, 0) 


We know x = 0 and y = 615 at the top of the arch, so 
615 = b— acosh(0/a) = b—a. 
This means b = a + 615. We also know that 2 = 265 and y = 0 where the arch hits the ground, so 
0 = b— acosh(265/a) = a + 615 — acosh(265/a). 


We can solve this equation numerically on a calculator and get a © 100, which means 6b ® 715. This results in the 
equation 


y © 715 — 100 cosh (=) ; 


31. (a) The graph in Figure 3.10 looks like the graph of y = cosh x, with the minimum at about (0.5, 6.3). 


y = 2e + 5e-* 





(0.5, 6.3) 
t—+— t—+—_}+— & 


—3 3 








Figure 3.10 
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(b) We want to write 














y = 2e" +5e ” = Acosh(x — c) = fen + fee) 
_ A oe =e a, ete 
~ 2 2 
_ { Ae~* eo (+) et 
_ 2 2 
Thus, we need to choose A and c so that 
ae 2s ed. Se 
2 2 
Dividing gives 
Ae 5 
Ae-¢ 2 
e** = 2.5 
c= sin 2.5 = 0.458. 
Solving for A gives 
A= = de® & 6.325. 





ee 
Thus, 
y = 6.325 cosh(x — 0.458). 
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Rewriting the function in this way shows that the graph in part (a) is the graph of cosh x shifted to the right by 0.458 


and stretched vertically by a factor of 6.325. 
32. We want to show that for any A, B with A > 0, B > 0, we can find K and c such that 

















K (x—c) 4K —(x—c) 
eee 
= —ev"e ©+ K eee 
~ 9 2 
ip Iker dt (==) et 
7 2 2 
Thus, we want to find K and c such that 
x =A and “ = By 
Dividing, we have 
Ke _B 
Ke-c A 
e*" = B 
A 
asm In (=) 
2 A/- 


If A > 0, B > 0, then there is a solution for c. Substituting to find kK, we have 


Ke © 
2 
K = 2Ae® = 2Ae"™(8/4))/2 


= 2AeV 9/4 — 9A, [3 = 2VAB. 


Thus, if A > 0, B > 0, there is a solution for K also. 


=A 





The fact that y = Ae” + Be~” can be rewritten in this way shows that the graph of y = Ae” + Be “ is the graph 


of cosh a, shifted over by c and stretched (or shrunk) vertically by a factor of K. 
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33. (a) Substituting « = 0 gives 
0 -0 
e—e 1-1 
tanh 0 = ———_— = —— = 0. 
e® + e~9 2 

(b) Since tanh x = ———— 
er se = 

have e” > lande’* < 1,soe”—e * > 0. Forz < 0, we have ee” < lande’*® >1,soe”—e * < 0.Forxz =0, 

we have e* = Lande * = 1,soe” —e * = 0. Thus, tanh z is positive for x > 0, negative for 7 < 0, and zero for 

x= 0. 
(c) Taking the derivative, we have 


and e* + e * is always positive, tanh x has the same sign as e” — e”. For x > 0, we 


1 
cosh? x 





d 
ae (tanh x) = 
Thus, for all x, 


eh x) >0. 
dx 


Thus, tanh z is increasing everywhere. 
(d) As 2 + co we have e * — 0; as 7 —+ —oo, we have e* — 0. Thus 


lim tanha = lim (==) =, 


@—>0o Z—0o et +e-% 
x —-2£ 
: Ee =e 
lim tanha= lim {| ——]=-1l. 
@—>—oco LZ——co e™+e-% 











Figure 3.11: Graph of y = tanh a 


(e) The graph of tanh x suggests that tanh x is increasing everywhere; the fact that the derivative of tanh x is positive 
for all x confirms this. Since tanh x is increasing for all x, different values of x lead to different values of y, and 
therefore tanh x does have an inverse. 


Strengthen Your Understanding 





34. Since f(x) = cosha = (e” + e~”)/2, the function is not periodic. 
35. Since f(x) = cosha = (e” +e ”)/2 we have 


j'(e) = 4 (5) ee ae 





~ dx 


36. The required identity for hyperbolic functions is cosh? « — sinh? x = 1. 
37. Since cosh « and sinh x behave like e” /2 as x > oo then tanh x = sinh w/coshx > 1 as % > ov. 
38. f(x) = cosh x is concave up. Other answers are possible. 
39. We have 
ee ( te) e(ktl)e 4 o(k-le 


lim e”” cosha = lim e 


= lim 
«woo £00 2 


xr—-0o 2 
This limit does not exist for any value & > —1: for example, k = 0. 


40. Since cosh 0 = 1, we can shift cosh x to the right by 1 and up 2. Thus, f(a) = cosh(az — 1) + 2 is a possibility. 


41. 


42. 
43. 


44. 
45. 


Solutions for Section 3.9 
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True. We have tanhz = (sinha) /cosha = (e” — e ”)/(e” +e *). Replacing x by —z in this expression gives 
(e-* — e*)/(e-* +e”) = —tanhz. 


False. The second, fourth and all even derivatives of sinh x are all sinh x. 


True. The definitions of sinh x and cosh x give 


sinh heehee Ee ; 


False. Since (sinh x)’ = cosh x > 0, the function sinh « is increasing everywhere so can never repeat any of its values. 


False. Since (sinh? 2)’ = 2sinhx cosh and (2sinhx cosh)’ = 2sinh? x + 2cosh? x > 0, the function sinh? « is 
concave up everywhere. 


Exercises 





1. 


With f(x) = 1+, the chain rule gives f’(x) = 1/(2/1 + 2), so f(0) = 1 and f’(0) = 1/2. Therefore the tangent 
line approximation of f near x = 0, 


f(x) © f(0) + f’(O)(z#—- 9), 
becomes 


VIFen 145. 


This means that, near x = 0, the function \/1 + x can be approximated by its tangent line y = 1 + 2/2. (See Figure 3.12.) 


y=14+2/2 











Figure 3.12 


. With f(a) = e*, the tangent line approximation to f near x = 0 is f(x) ~ f(0) + f’(0)(a — 0) which becomes 


e* © e§ + e°¢ = 1+ 12 =1+4+ «x. Thus, our local linearization of e? near x = Oise? 1+. 


. With f(x) = 1/2, we see that the tangent line approximation to f near x = 1 is 


f(x) FI) + f'A)(e- 1), 
which becomes ‘ 
= 1+ f'(1)(@ - 1). 
Since f’(a2) = —1/x, f’(1) = —1. Thus our formula reduces to 


Lei @d) Soe, 
x 


This is the local linearization of 1/x near x = 1. 
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Since f(1) = 1 and we showed that f’(1) = 2, the local linearization is 


f(x) 14+ 22(e%-—1) = 2r-1. 


With f(x) = e” , we get a tangent line approximation of f(x) ~ f(1) + f’(1)(a — 1) which becomes ee wet 


2 
(20e* ) 
a=1 


With f(x) = 1/(/1+4+ 2), we see that the tangent line approximation to f near z = 0 is 
f(x) = f(0) + f'(O)(«— 0), 


(a — 1) =e + 2e(x — 1) = 2ex — e. Thus, our local linearization of e® nearx =1lise” ~ 2er—e. 





which becomes 





Since f’(a) = (—1/2)(1 + «)~*/, f’(0) = —1/2. Thus our formula reduces to 


1 
l+a 





x1l—«2/2. 





This is the local linearization of near x = 0. 


1 
Vl+a2 


7. Let f(x) = e~*. Then f’(x) = —e~*. So f (0) = 1, f’(0) = —e° = —1. Therefore, e~” = f(0) + f’(0)a =1—z. 


9. From Figure 3.15, we see that the error has its maximum magnitude at the end points of the interval, « = 


. The graph of x? is concave up and lies above its tangent line; therefore, the linearization will always be too small. See 


Figure 3.13. The graph of \/x is concave down and lies below its tangent line, and therefore the linearization will be too 
large. See Figure 3.14. 











Figure 3.13 Figure 3.14 





t1. The 


magnitude of the error can be read off the graph as less than 0.2 or estimated as 
|Error| < |1 — sin 1] = 0.159 < 0.2. 


The approximation is an overestimate for x > 0 and an underestimate for x < 0. 


y 
: a, 4 





Error 








sin x- 



























































1 


Figure 3.15 
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10. Figure 3.16 shows that 1 + x is an underestimate of e* for —1 < a < 1. On this interval, the error has the largest 
magnitude at x = 1. Its magnitude can be estimated from the graph as less than 0.8, or estimated as 


|Error| = e —-1—1=0.718 < 0.8. 



















































































¥ 
3 ex 
F 
Error 
2 t 
l+z2 
1 
© 
-1 1 
Figure 3.16 


Problems 





11. (a) If f(x) =e”, then f’(a) = e”, so f’(0) = e° = 1. Thus, the local linearization near « = 0 is 


L(x) = f(0) + f'(0)(« - 0) 
L(x) =14+2. 


(b) Since the curve f(x) = e” is above the line L(x) = 1 + x (see Figure 3.17), the error is positive everywhere except 
at x = 0, where it is 0. 

(c) The true value of the function at x = 1 is f(1) = e' = e = 2.718. The approximation is L(1) = 1+ 1 = 2. The 
error is #(1) = f(1) — L(1) =e — 2 = 0.718. See Figure 3.17. 

(d) We expect (1) to be larger than £'(0.1), because 0.1 is closer to x = 0, the point at which the linear approximation, 
L (a), is exactly equal to the function, f(z). 

(e) We have 








E(0.1) = f(0.1) — L(0.1) = e®! — (1 +0.1) = 1.105 — 1.1 = 0.005. 











Figure 3.17 


12. (a) Since 


d ‘ 
—(cosxz) = —sing, 


dx 


the slope of the tangent line is — sin(7/4) = —1/1/2. Since the tangent line passes through the point (7/4, cos(7/4)) = 
(7/4, 1/+/2), its equation is 
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Thus, the tangent line approximation to cos x is 


(b) From Figure 3.18, we see that the tangent line approximation is an overestimate. 
(c) From Figure 3.18, we see that the maximum error for 0 < x < 7/2 is either at x = 0 or at x = 7/2. The error can 


either be estimated from the graph, or as follows. At x = 0, 











1 (a 
Error| = |cos 0 — —= (= + 1) = 0.262 < 0.3. 
[Eto 45 (F+3) 
Ata = 7/2, 
T 1la« 1 (a 
|Error| = |cos = + == — ($+1) = 0.152 < 0.2. 
2 22 /2\4 
Thus, for 0 < x < 7/2, we have 
|Error| < 0.3. 


Error f 


Lif? pa 





Tangent Line 
1 


ie *+1) 


x 











m/A n/2 


Figure 3.18 


13. (a) See Figure 3.19. 
(b) Since f(2) = 2° —3- 2? +3-2+4+1=3, we have f’ (x) = 3x2” — 6x + 3, so f’(2) = 3-2? -6-243=3, and 
the local linearization is y = 3 + 3(a — 2) = 3x — 3. 
(c) See Figure 3.19. 


f(a) = 2° — 32743241 


3 





True value 





Approximation 











Figure 3.19 


14. (a) Let f(x) = (1+2)*. Then f’(x) = k(1 + x)*7!. Since 
f(x) © f(0) + f'(0)(x - 0) 
is the tangent line approximation, and f(0) = 1, f’(0) = k, for small x we get 


fle) w1+ke. 
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(b) Since V1.1 = (1 + 0.1)'/? = 1 + (1/2)0.1 = 1.05 by the above method, this estimate is about right. 
(c) The real answer is less than 1.05. Since (1.05)? = (1+0.05)? = 1+2(1)(0.05) + (0.05)? = 1.1+(0.05)? > 1.1, 
we have (1.05)? > 1.1 Therefore 
V1.1 < 1.05. 


Graphically, this because the graph of \/1 + x is concave down, so it bends below its tangent line. Therefore the true 
value (1.1) which is on the curve is below the approximate value (1.05) which is on the tangent line. 
15. Since the line meets the curve at x = 1, we have a = 1. Since the point with x = 1 lies on both the line and the curve, 
we have 
f(a) =f) =2-1-1=1. 
The approximation is an underestimate because the line lies under the curve. Since the linear function approximates f(x), 
we have 





f(1.2) © 2(1.2) -1= 1.4. 
16. We have f(x) = e* + 2, so f’(x) = e® +1. Thus f’(0) = 2, so 
Local linearization near x = 0 is f(x) = f(0) +f’ (O)e = 14 22. 


We get an approximate solution using the local linearization instead of f(a), so the equation becomes 
; : 1 
14 22 = 2, with solution r= 3 


A computer or calculator gives the actual solution as x = 0.443. 
17. We have f(x) =x+In(1+-2),so f’(z) =14+1/(1+ 2). Thus f’(0) = 2 so 


Local linearization near x = 0 is f(x) = f(0) + f’(O)a = 2z. 
We get an approximate solution using the local linearization instead of f(x), so the equation becomes 
20:=.0.2, with solution r= 0:1, 


A computer or calculator gives the actual value as x = 0.102. 


18. (a) The line tangent to the graph of f at x = 7 is given by 


y= f() +f ((e-7) 
= 13 — 0.38(x — 7). 


We can use the tangent line to approximate the value of f (7.1): 


f (7.1) & 13 — 0.38(7.1 — 7) 
= 13 — 0.38(0.1) 
= 12.962. 


(b) If f(x) < 0, then the graph of f is everywhere concave down, so it lies below its tangent line. Thus, our tangent 
line approximation is an overestimate. 


19. (a) Zooming in on the graphs of y = e’ and y = 0.02t + 1.098 shows they cross just to the right of the origin. 


Numerically, we see that at t = 0 
e° =1 < 0.02-04+ 1.098. 


At t = 0.2, we have 
eo? = 1.221 > 0.02.24 1.098 = 1.102. 


Therefore, somewhere between t = 0 and t = 0.2 the equation e* = 0.02t + 1.098 has a solution. 
(b) The linearization of e* near 0 is 1 + t, so the new equation is 


1+¢t=0.02t¢ + 1.098 


0.98¢ = 0.098 


0.098 
t= —=0.1. 
0.98 
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20. We have 


f(0) = 331.3 
T a 1 


1 
(r) = 5-331 (1 — — 
FT) 2 ? 273.15 273.15 


f'(0) = 0.606. 
Thus, for temperatures, 7’, near zero, we have 


Speed of sound = f(T) © f(0) + f’(0)T = 331.3 + 0.6067 meters/second. 


21. (a) See Figure 3.20. 


30 







P = 30e73:23x 107 Ph 








Figure 3.20 


(b) Using the chain rule, we have 


< = ee Ones. el 


so 
= = —30(3.23 x 10°) = —9.69 x 10~* 
h=0 
Hence, at h = 0, the slope of the tangent line is —9.69 x 10~*, so the equation of the tangent line is 


y — 30 = (—9.69 x 10-*)(h — 0) 
y = (—9.69 x 10-*)h + 30 = 30 — 0.000969h. 


(c) The rule of thumb says 
Drop in pressure from oh 


sea level toheighth — 1000 


But since the pressure at sea level is 30 inches of mercury, this drop in pressure is also (30 — P), so 


h 
—~P=—_— 
a 1000 
giving 
P = 30 — 0.001h. 


(d) The equations in (b) and (c) are almost the same: both have P intercepts of 30, and the slopes are almost the same 
(9.69 x 107* = 0.001). The rule of thumb calculates values of P which are very close to the tangent lines, and 


therefore yields values very close to the curve. 


(e) The tangent line is slightly below the curve, and the rule of thumb line, having a slightly more negative slope, is 


slightly below the tangent line (for h > 0). Thus, the rule of thumb values are slightly smaller. 


22. (a) The derivative gives the rate of change of the number of Android users. We estimate A’(0) as the rate of change over 


the year: 
10.9 — 0.866 


A'(0) = = 


= 10.034 million users/year. 
(b) Similarly, 


= ec = 5.7 million users/year. 


(c) 


(d) 
23. (a) 


(b) 


24. (a) 
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Since 866,000 = 0.866 million, the tangent line approximation to A(t) near t = 0 is 
A(t) © 0.866 + 10.034¢. 
The tangent line approximation for P(t) is 
P(t) + 7.8+5.7t. 


The two groups of users are predicted to be the same size when 


0.866 + 10.034¢ = 7.8 + 5.7t 


10.034¢ — 5.7t = 7.8 — 0.866 


7.8 — 0.866 


Thus, Android and iPhones were predicted to have the same number of users 1.6 years after 2009; that is, in mid 
2011. 
We are assuming that the rates of change of each group of users remain the same in the future. 


Suppose g is a constant and 


Then 


Thus, local linearity tells us that 


T 
f+ Al & f() + Al. 
vgl 
Now T = f(l) and AT = f(1 + Al) — f(J), so 
wT 1 1Al TAI 
er ag ee ao os 


a = 0.02. 
l 
Thus, 
T 
AT & 3 (0.02) =0.01T. 
So Re 
— ~ 0.01 
T 
Thus, T’ increases by 1%. 
Considering / as a constant, we have 
l 
T = f(g) =2n ar 


Then, 
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(b) If g increases by 1%, we know 


Ad _ 01. 
g 
Thus, A A 
as 1Ag_ 1 - 
FY EG = 770.01) = -0.005, 


So, T’ decreases by 0.5%. 


25. Since f has a positive second derivative, its graph is concave up, as in Figure 3.21 or 3.22. This means that the graph of 
f(x) is above its tangent line. We see that in both cases 


f(l+ Az) > f(1)+ f’(DAcz. 


(The diagrams show Az positive, but the result is also true if Az is negative.) 






































: f(x) i 
f(l+ Az) : | 
1 t Li 
f() + F(Aa ee as 
fQ) b--------- 
f(1) ie pe fd Az) f(x) 
! f) + f’)Aw Tangent line 
Slope = f’(1) 
| x | x 
1 14+ Ax 1 1+ Az 
Figure 3.21 Figure 3.22 


26. (a) Since f’ is decreasing, f’(5) is larger. 
(b) Since f’ is decreasing, its derivative, f’’, is negative. Thus, f’’(5) is negative, so 0 is larger. 
(c) Since f’’ (a) is negative for all x, the graph of f is concave down. Thus the graph of f(z) is below its tangent line. 
From Figure 3.23, we see that f(5 + Az) is below f(5) + f’(5)Az. Thus, f(5) + f’(5)Az is larger. 


Ax 


Tangent line 
Slope = f’(5) 


f(z) 








5 5+ Az 
Figure 3.23 


27. (a) The range is f(20) = 16,398 meters. 
(b) We have 


0 
0) = ans ines 
£9) = 3G °° 90 
f’ (20) = 682. 
Thus, for angles, 0, near 20°, we have 


Range = f(0) = f(20) + f’(20)(0 — 20) = 16398 + 682(0 — 20) meters. 





(c) The true range for 21° is f(21) = 17,070 meters. The linear approximation gives 
Approximate range = 16398 + 682(21 — 20) = 17080 meters 


which is a little too high. 


28. 


29. 


30. 


31. 


32. 
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(a) The time in the air is (20) = 34.9 seconds 
(b) We have 


T 70 
(0) = 730 102 COS 755 
t'(20) = 1.67 
Thus, for angles, 0, near 20°, we have 
Time in air = t(0) ~ (20) + t’(20)(0 — 20) = 34.9 + 1.67(@ — 20) seconds. 
(c) The true air time for 21° is t(21) = 36.6 seconds. The linear approximation gives 


Approximate peak altitude = 34.9 + 1.67(21 — 20) = 36.6 seconds 


which is the correct value to three significant figures. 


(a) The peak altitude is h(20) = 1492 meters 
(b) We have 


n'(0) =2- Tap 12755 sin a cos a 
h’(20) = 143. 
Thus, for angles, 0, near 20°, we have 
Peak altitude = h(0) & h(20) + h’(20)(6 — 20) = 1490 + 143(6 — 20) meters. 
(c) The true peak altitude for 21° is h(21) = 1638 meters. The linear approximation gives 


Approximate peak altitude = 1492 + 143(21 — 20) = 1635 meters 








which is a little too low. 
We have f(a) = (1+2)",so f’(z) =r(1+2)"~*. Thus f’(0) =r so the local linearization near « = 0 is 
f(x) = f0) + f'O)e =14+re. 
Thus 
(l4+a)"=1+ra for small values of x. 
Using the linearization with r = 3/5 and « = 0.2, we have 
3/5 3 
1.2 =1+4+ 50-2 =1+4+0.12 =1.12. 
The actual value is 1.2°/° = 1.117. 
We have f(x) = e**, so f’(a) = ke*”. Thus f’(0) = k so the local linearization near x = 0 is 
f(x) = f(0) + f'(O)a =1+ kx. 
Thus 
e** ~1+kex for small values of x. 


Using the linearization with k = 0.3 and x = 1, we have 
fF 21403=13 


The actual value is e?? = 1.350. 


We have f(x) = (b? +-)'/?, so f’(x) = (1/2)(b? +.x)~1/?. Thus f’(0) = 1/(20) so the local linearization near x = 0 


1S 


f(a) © f(0) + fO)e = b+ sre. 


Thus ; 
Vbetaxb+t ap for small values of x. 


Using the linearization with b = 5 and x = 1, we have 
1 


The actual value is \/26 = 5.099. 
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33. We have f(1) = 1 and f’(1) = 4. Thus 
E(x) = «* — (14 4(2 —1)). 


Values of E(x) /(a — 1) near x = 1 are in Table 3.3. 


Table 3.3 





From the table, we can see that 





so k = 6 and 


In addition, f’’(1) = 12, so 





E(x)  6(x — 1)? = f Oo (a —1)?. 


4 using 2 = 1 + (a — 1) and expanding: 


The same result can be obtained by rewriting the function x 
4 4 2 3 4 
xe =(1+(@-1)) =14+4(@-1)4+6(@-1)°4+4(@- 1)? +(@- 1). 


Thus, 
E(z) = «4 — (14+ 4(a — 1)) = 6(a@ — 1)? + 4(@ — 1)? + (w@ - 1)*. 


For x near 1, the value of « — 1 is small, so we ignore powers of x — 1 higher than the first, giving 


E(x) ¥ 6(x — 1)?. 


34. We have f(0) = 1 and f’(0) = 0. Thus 
E(x) =cosx—1. 


Values for F(a) /(a — 0) near x = 0 are in Table 3.4. 


Table 3.4 


E 0.001 
Bla) /(w 0.00050 








From the table, we can see that 





E(2) a 
Gay © 052 = 0); 
so k = —1/2 and 
F(a) = -5(e “ose? 


In addition, f’” (0) = —1, so 
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35. We have f(0) = 1 and f’(0) = 1. Thus 
E(x) =e" —(1+2). 
Values of E'(x)/(a — 0) near x = 0 are in Table 3.5. 








Table 3.5 
x 
E(x)/(« = 0) 
From the table, we can see that 
EM nts 0) 
(r= 0) 
so k = 1/2 and 
E(x) & s(2 — 0)? = =2? 
In addition, f’’(0) = 1, so 
Ww 
E(x) = ae ai (0) x 
2 2 


36. We have f(1) = 1 and f’(1) = 1/2. Thus 


Values of E(x) /(a — 1) near x = 1 are in Table 3.6. 


Table 3.6 


x 1.001 
E(x)/(x — 1) | —0.0119 | —0.00124 | —0.000125 


From the table, we can see that 











neue = —0.125(x — 1) 
so k = —1/8 and 
E(x) = -5(e =i) 
In addition, f’’(1) = —1/4, so 
B(2)~-4e-1? = Le 1) 


37. We have f(1) = 0 and f’(1) = 1. Thus 
E(x) =Inzxz—(x-1). 
Values of E(x) /(a — 1) near x = 1 are in Table 3.7. 


Table 3.7 


x 1.001 
Bla) /(w 0.00050 








From the table, we see that 





E(az) ae 

ot) 0.5( 1), 
so k = —1/2 and 

E(a) & -5(e _ i? 


In addition, f’’(1) = —1, so 
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38. 


39. 


40. 


41. 
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The local linearization of e” near x = 0 is 1 + 1x” so 
e wld+z. 


Squaring this yields, for small x, 
e* = (e”)? & (1+ 2)? =14 242”. 


Local linearization of e?” directly yields 

ce e142 
for small x. The two approximations are consistent because they agree: the tangent line approximation to 1 + 2a + «? is 
just 1 + 2a. 

The first approximation is more accurate. One can see this numerically or by noting that the approximation for e?” 
given by 1 + 2z is really the same as approximating e” at y = 2x. Since the other approximation approximates e” at 
y = «, which is twice as close to 0 and therefore a better general estimate, it’s more likely to be correct. 

(a) Let f(x) =1/(1+ 2). Then f’(a) = —1/(1 +)? by the chain rule. So f(0) = 1, and f’(0) = —1. Therefore, for 

x near 0,1/(1 +a) = f(0)+ f'(O)a =1—2. 

(b) We know that for small y, 1/(1 + y) ® 1— y. Lety = x”; when x is small, so is y = a”. Hence, for small a, 

1/(1+ 27) 1-27. 

(c) Since the linearization of 1/(1 + x) is the line y = 1, and this line has a slope of 0, the derivative of 1/(1 + a”) is 

zero atx = 0. 


The local linearizations of f(a) = e” and g(x) = sin x near x = 0 are 
f(z)=e"xlt+e 


and 
g(x) =sinr > a. 


Thus, the local linearization of e” sin x is the local linearization of the product: 
e"sing & (l4+a)e=a+2° Ro. 


We therefore know that the derivative of e” sin x at x = 0 must be 1. Similarly, using the local linearization of 1/(1 + x) 
near x = 0,1/(1+ 2”) © 1— 2, we have 

















S =< = (e”)(sinz) (; —) wz (1+2)(x)(1—2)=a-2° 
so the local linearization of the triple product com atx = Vis simply «x. And therefore the derivative of ae 
x 
z=O0isl. 
Note that 


1m Let Male +h) — F@)a@) 
(f(e)9(@)]' = im eee 


We use the hint: For small h, f(z +h) ~ f(x) + f’(x)h, and g(a +h) & g(x) + g'(x)h. Therefore 


f(uth)g(x +h) — f(x)g(x) © (f(x) + hf" (@)]lg(w) + hg'(@)] — f(x) g(a) 
= f(x)g(x) + hf" (a) g(x) + hf (x)g'(x) 
+h? f'(x)g'(x) — f(x)g(2) 
= hf" (x)g(x) + hf(a)g'(@) +h’ f'(x)9'(a). 





Therefore 
tim Let th)g@ +h) — F@)g(z) _ |, RE gle) + hf (@)g'(@) + PF (@)g'@) 
h-0 h h-0 h 
— tm PU @g@ + f@)a'(@) + hf @)g'(@)) 
h-0 h 
= lim (f'(x)g(@) + f(@)g'(#) + hf (a)9'(a)) 


= f'(x)g(x) + f(x) g" (a). 
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A more complete derivation can be given using the error term discussed in the section on Differentiability and Linear 
Approximation in Chapter 2. Adapting the notation of that section to this problem, we write 


f(a+h)=f(x)+f'(e)h+E;s(h) and — g(a+h)=g(x)+9'(x)h+ E,(h), 


where lim Pr) = lim a) = 0. (This implies that lim E(h) = lim E,(h) = 0.) 
h h—0 h—0 





h-0 h—-0 
We have 
Slot Mole +h) — Fe)ale) _ HOM) 4 pyg(ay + fapgle) + sey ZO + g(a ZA 


41° (a)g(a)h + F(a) Bal h) + 92) Eep(h) + PLM Eal®) _ Se) 


The terms f(a)g(x)/h and —f(ax)g(x)/h cancel out. All the remaining terms on the right, with the exception of the 
second and third terms, go to zero as h — 0. Thus, we have 


f(x +h)g(@ +h) — f(z)9(x) 


[f(x)g(x)]' = lim i = f(x)g'(x) + f(a) g9(2). 


h->0 


42. Note that ; 
(f(o(a))J = im Hoe 4) ~ Keg) 


Using the local linearizations of f and g, we get that 
f(g(a +h)) — f(g(@)) © f (g(a) + 9'(@)h) — f(g(@)) 
= f (g(2)) + f'(g(a))g"(@)h — F(9(a)) 
= f'(g(w))g'(a)h. 


Therefore, 


= lim 
h-0 


= lim f'(g(x))9"(x) = f'(g(x))9'(2). 


h—-0 
A more complete derivation can be given using the error term discussed in the section on Differentiability and Linear 
Approximation in Chapter 2. Adapting the notation of that section to this problem, we write 
fl2+k) = fl2)+f'@k+ Byl(k) and g(a+h) = g(x) + 9'(a)h + Bg(h), 
where lim Ea(h) = lim 2A) =0. 
aso A k0 6& 
Now we let z = g(x) and k = g(a + h) — g(x). Then we have k = g'(x)h + Ey (h). Thus, 


f(g(a@+h)) — f(g(@) _ fle +k) - fl) 





h h 
_ £2) +f’ @k+ Bk) f@ _ f@k+ Blk) 
h h 
f'(2)g'(@)h+ f\@)Ealh) | Exlk)  (k 
- estes Hoel, BA) (f) 
— paalny 4 LE ath) _ Erlk) [g'(w)h + Balh) 
= f(g (a) + SS + | ; | 
_ pt eyalny 4 L@Ealh) , o@)Es(h) , Balh) - E(k) 
ee ae et 








Now, if h — 0 then k — 0 as well, and all the terms on the right except the first go to zero, leaving us with the term 
f'(z)g'(x). Substituting g(x) for z, we obtain 
. z+h))—- © 
(fala) = tim LOE +) ~ KG — (g(a) 9'(2). 


h—+0 h 
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43. 


44. 
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We want to show that 


Substituting for f(a) we have 


sim £2) — FQ) _ yg, F(a) + L(x ~ a) + Bua) ~ F(a) 
wa Ga @w—-a r—-a 
= lim (z+ sue) iim ee 
“2a @r—-a z>0 T—-a 


Thus, we have shown that f is differentiable at x = a and that its derivative is L, that is, f’(a) = L. 


We know that the local linearization is y = 2a — 1. The fact that f(a) is differentiable tells us that 


2 — 
ie a 
x0 x20 x 1 


= 0. 





Suppose we take « = 1/10, then there is a 6 such that 


x? — (22 — 1) 


35 <z forall |Ja—1| <6. 








Thus 


1 1 
—ple-D <2 -Qe-1<p@-V forall 1-6 <a <1+46. 


To find this 6, we observe that 











x? — (24 — 1) x? —2Qe+1 (a — 1)? ~|n—1 
z—1 z-1 | | #-1] 
Therefore we can take 6 = 1/10. Then 
2 
x” — (2a — 1) 1 
——_—_— — forall -lf<= 
oi <7p fora je-—i1|< 10 








so 


1 5 i 
-pe- 1) < |x” — (22 — 1)| < —(a@- 1). 


Strengthen Your Understanding 





45. 


46. 


47. 


48. 
49. 


50. 


The line y = x 4+ 1 is the linear approximation for f(a) = e” near « = 0. If we move far from x = 0, the approximation 
is useless. 

For example, for « = 1, the approximation gives ec! ~ 2 (instead of 2.718). For 2 = 2, our estimate of 3 is not a 
good approximation for e? = 7.389. 

This linear approximation is only useful near 7 = 0. 


The graph of F' is concave down to the left of « = 0 and concave up to the right. The tangent at x = 0 lies beneath the 
graph for x > 0 and above the graph for x < 0. Thus, the linear approximation near 7 = 0 is an overestimate for values 
less than zero and an underestimate for values greater than zero. 


In order to have the same linear approximation, two functions f and g must go through the same point at x = 0 and have 
the same slope at x = 0. Thus, f(0) = g(0) and f’(0) = g’(0). While there are many answers, let f(a) = #® + 1 and 


g(x) = x* + 1. Then the linear approximation for both functions near z = 0 is y = 1. 


One possible answer is g(x) = cos x. 
The linear approximation of a function f, for values of x near a, is given by f(x) ~ f(a) + f’(a)(x — a). Since 


f(x) = |x + 1| does not have a derivative at x = —1 this function does not have a linear approximation for x near —1. 
Other answers are possible. 


(a) False. Only if k = f’(a) is L the local linearization of f. 
(b) False. Since f(a) = L(a) for any k, we have limz-.a(f(x) — L(x)) = f(a) — L(a) = 0, but only if k = f’(a) is 
I the local linearization of f. 
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Solutions for Section 3.10 


Exercises 





1. False. The derivative, f’(x), is not equal to zero everywhere, because the function is not continuous at integral values of 
x, so f'(x) does not exist there. Thus, the Constant Function Theorem does not apply. 


2. True. If f’ is positive on [a,b], then f is continuous and the Increasing Function Theorem applies. Thus, f is increasing 
on [a, b], so f(a) < f(b). 
3. False. Let f(x) = x? on [—1, 1]. Then f(z) is increasing but f’(2) = 0 for x = 0. 


4. False. The horse that wins the race may have been moving faster for some, but not all, of the race. The Racetrack Principle 
guarantees the converse—that if the horses start at the same time and one moves faster throughout the race, then that horse 


wins. 
5. True. If g(a) is the position of the slower horse at time x and h() is the position of the faster, then g(x) < h(a) for 
a <x < b. Since the horses start at the same time, g(a) = h(a), so, by the Racetrack Principle, g(x) < h(a) for 


a <a <b. Therefore, g(b) < h(b), so the slower horse loses the race. 


6. Yes, it satisfies the hypotheses and the conclusion. This function has two points, c, at which the tangent to the curve is 
parallel to the secant joining (a, f(a)) to (b, f(b)), but this does not contradict the Mean Value Theorem. The function is 
continuous and differentiable on the interval [a, }}. 


7. No, it does not satisfy the hypotheses. The function does not appear to be differentiable. There appears to be no tangent 
line, and hence no derivative, at the “corner.” 
No, it does not satisfy the conclusion as there is no horizontal tangent. 


8. No. This function does not satisfy the hypotheses of the Mean Value Theorem, as it is not continuous. 
However, the function has a point c such that 


Thus, this satisfies the conclusion of the theorem. 


9. No, it does not satisfy the hypotheses. This function does not appear to be continuous. 
No, it does not satisfy the conclusion as there is no horizontal tangent. 


Problems 





10. The Mean Value Theorem tells us that 


/ 
DS = = 
F(A) b-—a 7-2 5 
Thus, the slope of the tangent line is 4/5. Its equation is 
4 
=b+— 
y + er 
Substituting « = 4, y = 8 gives 
4 
8=b4+ =+(4 
+5(4) 
24 
—=b0. 
5 
Thus, the tangent line is 
244) 
a ee a 


11. The Mean Value Theorem tells us that 
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13. 


14. 


15. 


16. 
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Since the slope at x1 is negative but less steep than at c, we have 


f' (a1) > —0.5. 
The slope at x2 is negative and steeper than at c. Thus 
f'(a2) < —0.5. 


We notice that f(x) = p’ (x). We have 
p(1) = 1° +8-1*-30-1°+30-1?-31-14+22=0. 
p(2) = 2° + 8-2*-— 30-27 + 30.2?-— 31-2422=0. 
Thus, by Rolle’s Theorem, f(a) has a zero between x = 1 and x = 2. 

















A polynomial p(z) satisfies the conditions of Rolle’s Theorem for all intervals a < x < b. 
Suppose a1, G2, a3, @4, a5, G6, a7 are the seven distinct zeros of p(x) in increasing order. Thus p(ai) = p(a2) = 0, 
so by Rolle’s Theorem, p (x) has a zero, c1, between a, and a2. 
Similarly, p’(x) has 6 distinct zeros, c1, C2, €3, C4, C5, C6, Where 
ay < ci < a2 
az < €2 < a3 
a3 <c3 < a4 
a4 < C4 < a5 
a5 < C5 < a6 


ag < ce < a7. 


The polynomial p’(z) is of degree 6, so p’(a) cannot have more than 6 zeros. 

Let f(a) = sin and g(x) = x. Then f(0) = 0 and g(0) = 0. Also f’(x) = cosa and g(x) = 1, so for all x > 0 
we have f’(x) < g/(x). So the graphs of f and g both go through the origin and the graph of f climbs slower than the 
graph of g. Thus the graph of f is below the graph of g for x > 0 by the Racetrack Principle. In other words, sina < x 
for x > 0. 

Let g(x) = Inw and h(x) = x — 1. For x > 1, we have g’(x) = 1/x < 1 = h’(ax). Since g(1) = h(1), the 
Racetrack Principle with a = 1 says that g(a) < h(x) for x > 1, thatis, nz < 2«—lfore > 1.For0 <2 <1, 
we have h’ (x) = 1 < 1/x = g'(x). Since g(1) = h(1), the Racetrack Principle with b = 1 says that g(a) < h(x) for 
O0<a <1, thatis, na<x—-—lfor0<a2<1. 





Yuet y=e 
y=a2-1 
1 y= Ine 
x 
1 


y=atl 





Graphical solution: If f and g are inverse functions then the graph of g is just the graph of f reflected through the 
line y = «x. But e® and In # are inverse functions, and so are the functions 7 + 1 and x — 1. Thus the equivalence is clear 
from the figure. 

Algebraic solution: If x > 0 and 

z+1<e’, 
then, replacing x by x — 1, we have 
a<e tl, 
Taking logarithms, and using the fact that In is an increasing function, gives 
Ina<a-l. 


We can also go in the opposite direction, which establishes the equivalence. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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The Decreasing Function Theorem is: Suppose that f is continuous on [a, b] and differentiable on (a, b). If f’(a) < 0 on 
(a,b), then f is decreasing on [a, 6]. If f’(a) < 0 on (a,b), then f is nonincreasing on [a, b. 

To prove the theorem, we note that if f is decreasing then —/f is increasing and vice-versa. Similarly, if f is non- 

increasing, then —f is nondecreasing. Thus if f’(2) < 0, then —f’(x) > 0, so —f is increasing, which means f is 
decreasing. And if f’(x) < 0, then —f’(x) > 0, so —f is nondecreasing, which means f is nonincreasing. 
Dominic’s trip lasted 88 minutes, so his average velocity for the trip was 116/88 miles per minute, or 116/88-60 ~ 79.1 
miles per hour. By the Mean Value Theorem, there must have been some time at which Dominic’s instantaneous velocity 
was 79.1 miles per hour. Since the speed limit on I-10 between Phoenix and Tucson is never more than 75 miles per hour, 
Dominic must have been speeding at that time. 


Use the Racetrack Principle, Theorem 3.10, with g(x) = a. Since f’(x) < g’(x) for all x and f(0) = g(O), then 
f(x) < g(x) = x forall x > 0. 


First apply the Racetrack Principle, Theorem 3.10, to f’(t) and g(t) = 3t. Since f(t) < g'(t) for all t and f’(0) =0 = 
g(0), then f(t) < 3¢ for allt > 0. Next apply the Racetrack Principle again to f(t) and h(t) = 3t?. Since f’(t) < h’(t) 
for all t > 0 and f(0) = 0 = h(0), then f(t) < A(t) = 30? forall t > 0. 


Apply the Constant Function Theorem, Theorem 3.9, to h(x) = f(a) — g(a). Then h’(x) = 0 for all x, so h(x) is 
constant for all x. Since h(5) = f(5) — g(5) = 0, we have h(x) = 0 for all x. Therefore f(x) — g(x) = 0 for all x, so 


f(x) = g(a) for all x. 
By the Mean Value Theorem, Theorem 3.7, there is a number c, with 0 < c < 1, such that 


/ — fG)—f(0) 
fe) 7 


Since f(1) — f(0) > 0, we have f’(c) > 0. 
Alternatively if f’(c) < 0 for all cin (0, 1), then by the Increasing Function Theorem, f(0) > f(1). 


Since f(t) < 7 for 0 < t < 2, if we apply the Racetrack Principle with a = 0 to the functions f’(t) — f’(0) and 7t, 
both of which go through the origin, we get 


f()-—f'(0) <7 for0<t<2. 


The left side of this inequality is the derivative of f(t) — f’(0)t, so if we apply the Racetrack Principle with a = 0 again, 
this time to the functions f(t) — f’(0)t and (7/2)t? + 3, both of which have the value 3 at t = 0, we get 


f)-f'O)t< at 43 for0<t<2. 
That is, 
i) 34404 LP for0<t<2. 


In the same way, we can show that the lower bound on the acceleration, 5 < f’’(t) leads to: 
542 
f(t) => 3+ 4t+ st for0 <t<2. 


If we substitute t = 2 into these two inequalities, we get bounds on the position at time 2: 


a1 < f(2) < 25. 


Consider the function f(x) = h(x) — g(a). Since f’ (x 
Increasing Function Theorem. This means f(x) < f(b) 
which means h(x) < g(x). 

If f’(x) = 0, then both f’(x) > 0 and f(x) < 0. By the Increasing and Decreasing Function Theorems, f is both 
nondecreasing and nonincreasing, so f is constant. 


Let h(x) = f(x) — g(x). Then h'(x) = f’(x) — g’(x) = 0 for all x in (a, b). Hence, by the Constant Function Theorem, 
there is a constant C' such that h(x) = C on (a,b). Thus f(x) = g(x) + C. 


) = h'(x) — g'(x) > 0, we know that f is nondecreasing by the 
fora < a < b. However, f(b) = h(b) — g(b) = 0, so f(a) < 0 
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28. 


29. 
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We will show f(a) = Ce” by deducing that f(2)/e* is a constant. By the Constant Function Theorem, we need only 
show the derivative of g(a) = f(x)/e” is zero. By the quotient rule (since e” 4 0), we have 


ay — f@et = ef) 
g ( )= (e*)? rr 


Since f’(x) = f(a), we simplify and obtain 


rn) — f(a)e* —e* f(z) _ 0 
g(x) = (er)? e2r 0, 


which is what we needed to show. 


Apply the Racetrack Principle to the functions f (2) 
and f’(a2) < M. We conclude that f(x) — f(a) 
m(a — a) and f(a) — f(a) to obtain m(a — a) 


— f(a) and M(a—a); we can do this since f(a) — f(a) = M(a—a) 
M(a — a). Similarly, apply the Racetrack Principle to the functions 
f(x) — f(a). If we substitute x = b into these inequalities we get 


m(b— a) < f(b) — fla) < M(b— a). 


Now, divide by b — a. 

(a) Since f(x) > 0, f’(x) is nondecreasing on (a,b). Thus f’(c) < f’(x) fore < x < band f’(x) < f’(c) for 
CLES: 

(b) Let g(x) = f(c)+ f’(c)(w—c) and h(x) = f(x). Then g(c) = f(c) = h(c), and g’(x) = f'(c) and h'(x) = f'(a). 
Ifc < a < b, then g'(x) < h’(x), andifa < x < c, then g'(x) > h'(a), by (a). By the Racetrack Principle, 
g(a) < h'(ax) force < x < band for a < x < c, as we wanted. 


Strengthen Your Understanding 





30. 
31. 
32. 


33. 


34. 


35. 


36. 


The function f is not differentiable at x = 0, so the Mean value Theorem does not apply. 
This function does not satisfy the conclusion of the Mean Value Theorem because it is not continuous at x = 0. 


To apply the Constant Function Theorem, we need f to be continuous on a < x < b and differentiable on a < x < b. 


For example, the function 
1 if0<a2<1 
f(z) = is 
0 if*#=1 
has a zero derivative on 0 < x < 1 but is not constant on 0 < x < 1. 


The function f must be continuous on a < x < b and differentiable on a < x < 6b. Any interval avoiding x < 0 will 
suffice, so, for example 1 < x < 2. 


The function f must be continuous on a < x < 6b and differentiable on a < x < b. Any interval including x = 0 will 
suffice, so, forexample —1 < x < 1. 


The function f(x) = |x| is continuous on [—1, 1], but there is no number c, with —1 < c < 1, such that 
/ _ |1| = | _ | ==. ifys 

that is, the slope of f(a) = || is never 0. 
Let f be defined by 

£ if0O<a%<2 

f(z) = ie 

19 ife=2 

Then f is differentiable on (0,2) and f’(x) = 1 for all x in (0, 2). Thus there is no c in (0, 2) such that 


f2)- FO _ 19 


OS kar ay, 5 


The reason that this function does not satisfy the conclusion of the Mean Value Theorem is that it is not continuous 
atx = 2. 


37. 


38. 
39. 
40. 
41. 
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Let f be defined by 
f(z) = 
1/2 if@=1. 
Then f is not continuous at x = 1, but f is differentiable on (0,1) and f’(x) = 2x for0 < x < 1. Thus, c = 1/4 
satisfies fQ)—f(0) 1 i A 
/ — : / 
aoe JY _e Cg =i) 0 ee. 
Ft) Tag 5 ae @ 43 
True, by the Increasing Function Theorem, Theorem 3.8. 
False. For example, let f(a) = 2 + 5, and g(x) = 2x — 3. Then f’(x) < g'(x) for all x, but f(0) > g(0). 
False. For example, let f(x) = 3a + 1 and g(x) = 3a +7. 
False. For example, if f(x) = —2, then f’(x) < 1 for all x, but f(—2) = 2, so f(—2) > —2. 


1 if0<a<1 








Exercises 





1. 
2. 


3. 


w' = 100(t? + 1)°°(2¢) = 200¢(¢? + 1)°?. 
POS 3S se. 


” fp? e 2 
Using the quotient rule gives ae = Pista Se st |) or alg ees 





dt (¢+1)? dt (t +1)? 
, ga +0) - vile) 
~ (2 +1)? 
. Using the quotient rule, 
h(t) = (—1)(4+t) —- (4-1) ee 
(44+)? (44+ t)? 
f' (a) = ex". 
2 3 2 2 
f(a) = = (3ine 1)+ i (=) =a" lng — > + = =2"lIng 
x 

(0) = (2+ 3a + 4x7)(1) — (1+ x) (3 + 82) 
, 7 (2+ 3a + 4a)? 

_ 2430 4 4a? — 3-112 — 82” 

7 (2+ 3a + 4x2)? 

_ 4a? — 84-1 

~ (24 3a + 4x2)?" 
Using the chain rule, g’(@) = (cos @)e%”° 


since y = va (V0+ 5) — pig?» YO _ 9 11 wehave du — 4, 





10. dy 
vo vo ae 
11. f'(w) = ena! sin(w 1)] = tan(w 1). 
[This could be done easily using the answer from Problem 20 and the chain rule.] 

d 3 1 1 bo) 3 
12. — InIn(2y") = ——~—+6y* = : 

dy” a In(2y*) 23” ~ yIn(2y*) 

, d k ae k-1 x 
13. g'() = > (a +k") = ka*™ + k* Ink. 
14. y’=0 


3 ls = 3sin? 0 cos 0 


dé 
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16. 


f' (t) = 2cos(3t +5) - (— sin(3¢ + 5))3 
= —6cos(3t + 5) - sin(3t + 5) 


17. 


1 


gl = et 
M'(a) = 2tan(2 + 3a) cos*(2 + 3a) 3 


_ tan(2 + 3a) 
cos? (2 + 3a) 


18. s'(0) = £ sin? (30 — ) = 6 cos(30 — 7) sin(30 — 7). 

















do 
/ 1 -t 
19. h(t) = = (-e -1). 
20. 
d (sin(5—0)\ _ cos(5—0)(—1)6? — sin(5 — 6) (20) 
dé 6? 7 64 
6 cos(5 — 0) + 2sin(5 — @) 
ad en 
1 20 cos 0 
21. w'(0) = — 
oe) sin? 0 sin? @ 
~6 
1 _ —0)—2/,—-0\7_4) _ e 
22. f (0) =—-1(1+e *) “(e")(-1) eo 
d 1 2” In2+e” 
ae | -+ (=) __2¢n2+e" 
g (w) d Qu tew (2¥ + ew)? 
oe ee 
w= ate gat te 
fois 7" +a. 


25. Using the quotient rule and the chain rule, 





2 \ cos(2z) cos? (2z) 
= ea ) oe ae, + eee 
sin(2z) cos? (2z) 
(cos(2z))!/? 1 


(sin(2z))!/? cos?(2z) sin(2z) ,/cos3(2z) 


. -1/2 
h(z)=5 (23) SE 





26. Using the chain rule and simplifying, 


_ 46 — 2sin(26) cos(26) 


(0) = 4(40? sin? (20))~!/?(80 — 2sin(20)(2 cos(26))) = 462 — sin? (20) 


Nle 


27. Using the product rule and factoring gives & = 27* [—4In(2) sin(rz) + 1 cos(rz)]. 
z 


, 3 
29. r'(0) = 5 (eb?+)) ple re) (e° _ e°) : 


30. Using the chain rule, we get: 


31. 


32. 


33. 


34. 


33... = 


36. 


37. 
38. 


39. 


40. 
41. 


42. 


43. 
44. 


45. 


46. 
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Using the chain rule we get: 


; ; 1 
Gq’ = etan(sin a) tan(sin aw re efan(sin a). MeOdiO: 
ie) pemietng) cos? (sin a) 


Here we use the product rule, and then the chain rule, and then the product rule. 
g(t) = cos(Vte") + t(cos Vte')’ = cos(Vte") + t(— sin(Vte') - (Vte")’) 


t : t t 1st 
= cos(Vte’) — tsin(Vie’) - (vie + ae ) 





1 
‘(r) = e(tan2 + tanr)®'(tan2 + tanr)’ = e(tan2 +t — (—) 
f (r) = e(tan2 + tanr)© “(tan anr) e(tan anr) aE 





i} 
we ; 
dx cos? x 


2e” sin? (3a) + e?” (2 sin(3x) cos(3x)3) = 2e” sin(3x)(sin(3x) + 3 cos(32)) 


Noy = 6x _ 6x 
: 1+ (30241)? 904+62?+2 


d tan © — ptane a tan © 


a = (In 2)2""* cos x- cos + 2°" *(— sin x) = 2°"* ((In 2) cos? x — sin in) 
x 


Simplifying first gives F(x) = az ne +6 = az + b. Thus F’(x) = a. 
The same result is obtained by differentiating first and then simplifying. 


6-1 ! d, 6-1 a 
y=ee y = alee j)=e ~e =ee =e 





Using the product rule and factoring gives f’(t) = e~***(cost — 4k sin t). 
Using the product rule gives 
H'(t) = 2ate~™ — c(at? + be 
= (—cat? + 2at — be)e™. 


= Pate ie eee) = 
d@ 5 a2 — sin? @ a2 — sin? 8 
y’ = (In5)5°. 


Using the quotient rule gives 


1, (—2a)(a? +27) — (22)(a?— 27) 4a? ar 
f (2) =— (a2 + 22)? ~ (a? + @)2" 


Using the quotient rule gives 


_ 2ar(b +r?) — 3r?(ar?) 


- 
w (r) CEE 
_ 2abr — ar* 
(b+ r3)2 ° 


Using the quotient rule gives 





Va24+s2 
(7 + 5) 
—2s(a” + s”) — s(a? — s”) 
(a? + s?)3/2 
—2a’s — 287 — a?s +s 
(a? + s?)3/2 
3 


—28/a? + s? — (a? — s”) 


_ —3a*s— s 
— (a2 + s2)3/2° 
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d _ = 
eee 
dz 44 (2) x z27+A4 
cos(+ 
48. Using the chain rule gives r’(t) = — Ge) (=) . 
sin(z) \k 
49. Since g(w) = 5(a” — w?)~”, g’(w) = —10(a? — w?)~3(—2w) = ae 
(a2 — w2)3 
a Qe?" (x? +1)—e?*(Qa) _ 2e?* (a? + 1-2) 
‘dx (a? 4+ 1)? — (a? + 1)? 
, _ ae" 
51. g'(u) = Pare 
52. Using the quotient and chain rules, we have 
dy _ (ae** ae ae “*)(e** +e °) = (e** = e °”)(ae*” = ae“) 


a (em Feary 
— a(e%® — e-**)? 
(et + ea)? 
al(e2** +2 + e287) — (e209 _ 9.4 e-2a2)) 
(ec + e427)? 





ax ete 


4a 
(eo + e798) 


53. Using the quotient rule gives 


1+Inz— 2(+) 
(1+ Ina)? 
Ina 

(1+Ina)? 


f(z) = 


54. Using the quotient and chain rules 


dt (sin(2t))? 
(c” (12) 4 1) sin(2t) — (e"” +) cos(2t) 4 (2t) 
sin? (2t) 
_ (2te!” + 1) sin(2t) — (e” + t)2 cos(2t) 
sin? (2t) , 


55. Using the chain rule twice: 


d 1 cosVet +1 
= cos Vet + ovet 1=cos Vet + aa cos Vet + 1————e" = e' —L—. 
re aes Tae oe QWet+1 QWet+1 


56. Using the chain rule twice: 


*) d e d 4 3 
g'(y) = en 5 (2<%°)) = ger" alee = Gy2e(") 20 y 


57. y' = 18x" + 84 — 2. 
58. 





59. 
60. 


61. 
62. 
63. 


64. 


65. 
66. 
67. 
68. 
69. 
70. 
71. 


72. 
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f'(z) = (21n3)z + (In 4)e’. 


dy 
dx 


= 3—2(In4)4”. 


f(x) = 327 +37 In3 
f' (0) = 20 sin @ + 6? cos @ + 2cos @ — 20 sin9 — 2cos 0 = 6? cos. 


y = 3 —sin(5 % + sin p cos - 
= 2 ee, ( ) + sin cos 


(0) = © sin{(30 — "| = cos|(30 — 1)? - (30 — x) 3 = 6(30 — 1) cos|(30 — x)?], 





It is easier to do this by multiplying it out first, rather than using the product rule first: z = st—s, 2’ =4s*—1. 


Since tan(arctan(k@)) = k0, because tangent and arctangent are inverse functions, we have N’(0) = k. 


Using the product rule gives h’(t) = ke**(sin at + cos bt) + e*' (acos at — bsin bt). 
f(y) = (In 4)4¥ (2 = y?) + 44(—2y) = 4"((In4)(2 — y?) = 2y). 

f' (t) = 4(sin(2t) — cos(3t))* [2 cos(2t) + 3 sin(3t)| 

Since cos” y + sin” y = 1, we have s(y) = W1+3 = V4. Thus s'(y) = 0. 








f' (a) = (—2a + 6x”) (6 — 4a + 2") + (4— 2? + 207)(—4 4 72°) 





= (—12@ + 44x? — 240° — 2n° + 62°) + (—16 + 4a” — 8x? + 280° — 72° + 142°) 
= —16 — 127 + 4827 — 32x7 + 282° — 92° + 202° 








i. @ P ae | ‘ 
4 8 








73. Note: f(z) = (52)'/? + 521? 4 52-1? — /52-7/? 4/5, so f(z) = 3(52)-¥? + 3273 — 3278/2 + ee 


74. 





75. Using the relation cos” y + sin? y = 1, the equation becomes: 


dy 
l= 2 = —1.H —-0. 
y+2ory ence, cs 0 


76. We wish to find the slope m = dy/dzx. To do this, we can implicitly differentiate the given formula in terms of x: 


Thus, at (2, 





a? + 3y? =7 

dy d 

2x + by = — 
2+ Gy" = <-(7) =0 





1), m = —(2)/3(—1) = 2/3. 
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77. Taking derivatives implicitly, we find 


dy dy 

dg + 84g, + ot = 9 
dy —2a 
dx 1+cosy 


So, at the point x = 3,y = 0, 
dy _ (2)(3) _ -6 








dx 1+cosO 2 a: 
78. First, we differentiate with respect to a: 
dy dy 
_—- -1+2y— =0 
. a i Vx 
Z(@+2 
att y)=-y 
dy =y 
dx 2x+2y 
At x = 3, we have 
3y+y? =4 
y? +3y-4=0 
(y—I(y+4) =0. 
Our two points, then, are (3, 1) and (3, —4). 
dy —1 1 ; 1 
At (3, 1 — = ———._ = - =; Tangent line: (y — 1) = —=(x — 3). 
(3.1), = say = G1 Tangent line: (y~ 1) = - (0-3) 
dy —(—4) 4 ‘ 4 
At (3, —4 — = ——— =--=; Tangent line: 4) = -—=(ax — 3). 
(3-4), GE = SA =F; Tangent line: (y +4) = Fe - 8) 


Problems 





79. f(t) =6t7-8t+3 and f(t) =12t-8. 
80. 
f' (2) = -8 + 2V2x 
f'(r) =-842V/2r = 4 


12 
r= = 3v2. 
2/2 


81. Since f(x) = x? — 6x? — 15x + 20, we have f’(x) = 3a? — 12% — 15. To find the points at which f’(x) = 0, we solve 
3a? — 122 — 15 =0 
3(x? — 4a — 5) =0 
3(a + 1)(@ — 5) = 0. 


We see that f’(x) = 0 at x = —1 and at x = 5. The graph of f(a) in Figure 3.24 appears to be horizontal at x = —1 and 
at x = 5, confirming what we found analytically. 











Figure 3.24 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


SOLUTIONS to Review Problems for Chapter Three 253 


(a) Since the power of x will go down by one every time you take a derivative (until the exponent is zero after which the 
derivative will be zero), we can see immediately that f (8) (x) = 0. 
(b) f(x) =7-6-5-4-3-2-1- 2° = 5040. 








(a) Applying the product rule to h(x) we get h’(1) = ¢’(1)s(1) + t(1)s’(1) & (-2)-34+0-0=-6 
(b) Applying the product rule to h(a) we get h’(0) = t’ (0)s(0) + t(0)s’(0) © (—2)-2+2-2=0 
t'(0)s(0) — t(0)s'(0) | (—2)-2-—2-2 


(c) Applying the quotient rule to p(a) we get p’(0) = (s(0))2 — 52 
Note that since t() is a linear function whose slope looks like —2 from the graph, t’(a) = —2 everywhere. To find 
s’(1), draw a line tangent to the curve at the point (1, s(1)), and estimate the slope. 


Since r(x) = s(t(a)), the chain rule gives r’(x) = s’(t(a)) - t’(a). Thus, 
(0) = s'(¢(0)) - #'(0) © 8'(2) - (2) & (—2)(-2) =4. 


Note that since t(x) is a linear function whose slope looks like —2 from the graph, t’(a) = —2 everywhere. To find 
s’(2), draw a line tangent to the curve at the point (2, s(2)), and estimate the slope. 
(a) Applying the chain rule we get h’(1) = s’(s(1))- s’(1) © 8’(3)-0 =0. 
(b) Applying the chain rule we get h’ (2) = s‘(s(2)) - s'(2) © s'(2)- s'(2) = (—2)? =4. 

To find s’(2), draw a line tangent to the curve at the point (2, s(2)), and estimate the slope. 





We need to find all values for x such that 


dy ! _ 
Ge 7 8 (8(2)) 8 () = 0. 


This is the case when either s‘(s(x)) = 0 or s(x) = 0. From the graph we see that s’(z) = 0 when x & 1. Also, 
s'(s(a)) = 0 when s(x) & 1, which happens when x ~ —0.4 or x & 2.4. 
To find s’(a), for any a, draw a line tangent to the curve at the point (a, s(a)), and estimate the slope. 
(a) Applying the product rule we get h’(—1) = 2- (—1) - t(—1) + (-1)? - t/(—1) ® (—2)-44+1- (—2) =—10. 
(b) Applying the chain rule we get p'(—1) = t/((—1)?) -2- (—1) = —2-#/(1) & (—2) - (-2) =4. 
Note that since ¢(z) is a linear function whose slope looks like —2 from the graph, t’(x) ~ —2 everywhere. 
We have r(1) = s(t(1)) & s(0) © 2. By the chain rule, r’(x) = s'(t(x)) - t'(x), so 


r’(1) = s'(t(1)) - #’(1) & s‘(0) - (—2) & 2(-2) = —4. 





Thus the equation of the tangent line is 
y—2=—A(x — 1) 
y= —4x +6. 
Note that since ¢(2) is a linear function whose slope looks like —2 from the graph, t’(a) & —2 everywhere. To find 
s’(0), draw a line tangent to the curve at the point (0, s(0)), and estimate the slope. 


Estimates may vary. From the graphs, we estimate g(1) ~ 2, g'(1) ~ 1, and f’(2) ~ 0.8. Thus, by the chain rule, 
n'(1) = f(g) -9') & #2) -9'() 08-1 = 08. 


Estimates may vary. From the graphs, we estimate f(1) ~ —0.4, f’(1) & 0.5, and g’(—0.4) = 2. Thus, by the chain 
rule, 
k’'(1) = 9'(f(1))- f’) & g'(-0.4) -0.5 © 2-0.5 =1. 


Estimates may vary. From the graphs, we estimate g(2) ~ 1.6, g'(2) = —0.5, and f’(1.6) ~ 0.8. Thus, by the chain 
rule, 


h'(2) = f'(g(2)) - g'(2) & f' (1.6) - 9/(2) © 0.8(—0.5) = —0.4. 
Estimates may vary. From the graphs, we estimate f(2) ~ 0.3, f’(2) ~ 1.1, and g’(0.3) © 1.7. Thus, by the chain rule, 
k’ (2) = g'(f(2)) - f'(2) © g'(0.3) - f/(2) S L.7-11 21.9. 
Taking the values of f, f’, g, and g’ from the table we get: 


(a) h(4) = f(g(4)) = f(3) = 1. 

(b) h'(4) = f'(9(4))9'(4) = f'(3) 1 = 2. 
h(4) = g(f(4)) = g(4) = 3. 

(d) h'(4) = g'(F(A)) F(A) = 9'(4) 3 = 3. 

(e) h’(4) = (F(4)g'(A) — 9A) (4 
h'(A) = f(A)g'(4) + 9A) F(A) = 13. 
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94. (a) H’(2) =r'(2)s(2) + r(2)s'(2) = -1-144-3=11 
; r’ (2) =f 1 
(b) se aa r(D) “37a 4 
(c) H'(2) = r'(s(2))s’(2) = r’(1) - 3, but we don’t know r’(1). 
(d) H'(2) = s'(r(2))r’(2) = 8‘(4)r’(2) = —3. 
95. (a) f(x) = 2? —4g(x) 
f'(x) = 2a — 4g'(a) 
f‘2)= 2(2) 4(—4) = 4+ 16 = 20 
(b) f(x) = aa 
Fo) = Aaa 
f'(2) = aa = we =F 
(c) f(a) = 27 g(a) 
f' (x) = 2ag(x) + 27g'(x) 
f' (2) = 2(2)(3) + (2)?(—4) = 12-16 = —4 
@) f(x) = (g(x)? 
f'(x) = 29(2) - g'(x) 
f'(2) = 2(3)(—4) = —24 
(e) f(x) = xsin(g(x)) 
f'(x) = sin(g(x)) 4 








f'(2) = 2(2 eae ) (34) 
=4In3-% 
96. (a) f(x) = 2? — 4g(x) 
f(2)=4-43) =-8 
f'(2) = 20 
Thus, we have a point (2, —8) and slope m = 20. This gives 


—8 = 2(20) +b 
b= —48, so 
y = 20a — 48. 
x 
(b) f(#) =— > 
(x) g@) 
2)=- 
fa)= 
f/(2)= > 
Thus, we have point (2, 2) and slope m = +. This gives 
2 11 
= =(—)(2)+6 
2 = (Aya) + 
pa 222 _ =16 
3 9 9 
_ll,_ 16 
a—"9° a 
(©) f(x) = 27 9(2) 
f(2) = 4+ g(2) = 4(3) = 12 
f'(2)=-4 


Thus, we have point (2, 12) and slope m = —4. This gives 


12 = 2(—4) +b 


sO 


97. 


98. 
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b= 20, so 
y = —4¢ 4+ 20. 


(d) f(x) = (g(x)? 
f(2) = (9(2))? = (3)? =9 
f'(2) = —24 
Thus, we have point (2,9) and slope m = —24. This gives 


9 = 2(—-24) +b 
b= 57, so 
y = —24e + 57. 


(e) f(x) = xsin(g(x)) 


f( 
f(2) = 2sin(g(2)) = 2sin3 
f’(2) =sin3 — 8cos3 
We will use a decimal approximation for f (2) and f’(2), so the point (2, 2sin 3) ~ (2, 0.28) and m ~ 8.06. Thus, 
0.28 = 2(8.06) +b 
b= —15.84, so 
y = 8.06x — 15.84. 
() f(z) = 2* Ing(z) 
f(2) = 4Ing(2) = 4In3 & 4.39 
1 
f'(2) =4In3— = = —0.94. 
Thus, we have point (2, 4.39) and slope m = —0.94. This gives 


4.39 = 2(—0.94) + b 
b= 6.27, so 
y = —0.94ax + 6.27. 


When we zoom in on the origin, we find that two functions are not defined there. The other functions all look like straight 
lines through the origin. The only way we can tell them apart is their slope. 
The following functions all have slope 0 and are therefore indistinguishable: 


: 2 . . 
sinz — tanz, so x — sin x, and a 


These functions all have slope | at the origin, and are thus indistinguishable: 


sin x 





arcsin x, Taine? arctan x, e” — 1, oe and Zot: 
Now, === — 1 and —x In x both are undefined at the origin, so they are distinguishable from the other functions. In 


sin & 


addition, while — 1 has a slope that approaches zero near the origin, —x ln x becomes vertical near the origin, so 
they are distinguishable from each other. 

Finally, 21° + 49/¢ is the only function defined at the origin and with a vertical tangent there, so it is distinguishable 
from the others. 


It makes sense to define the angle between two curves to be the angle between their tangent lines. (The tangent lines are 
the best linear approximations to the curves). See Figure 3.25. The functions sin x and cos x are equal at x = 4. 


For f(a) =sinz, fi() =cos(Z) = 


For f2(x) = cosa, fa) = —sin(4) =—-—. 


Using the point (4, v2) for each tangent line we get y = We +*(1- 4) andy = — We + a (1+ 4), respectively. 
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Figure 3.25 Figure 3.26 


There are two possibilities of how to define the angle between the tangent lines, indicated by a and (3 above. The 
choice is arbitrary, so we will solve for both. To find the angle, a, we consider the triangle formed by these two lines and 


the y-axis. See Figure 3.26. 


2 





tan (50) = Fy 


5° = 0.61548 radians 
qa = 1.231 radians, or 70.5°. 


Now let us solve for 8, the other possible measure of the angle between the two tangent lines. Since a and £ are 
supplementary, 3 = 7 — 1.231 = 1.909 radians, or 109.4°. 
99. The curves meet when 1 + # — 2? = 1 — a2 +2”, that is when 2a(1 — 2) = 0 so that 2 = 1 or x = O. Let 


yi(z)=14+a—27 and y(r)=1—2+4+2”. 








Then 
ys =1—2e and yo’ =—-1+4 22. 
Atx =0, yi’ = 1, yo’ = —1s0 that y1’ - yo’ = —1 and the curves are perpendicular. At x = 1, yr’ = —1, yo’ = 1 
so that yi’ » yo’ = —1 and the curves are perpendicular. 


100. The curves meet when 1 — 2?/3 = x — 1, that is when x® + 32 — 6 = O. So the roots of this equation give us the x 
coordinates of the intersection point. By numerical methods, we see there is one solution near x = 1.3. See Figure 3.27. 


Let 





Pe 
yi(z) = 1— = and yo(x) =a—1. 
So we have 
yi = —a* and yo’ =1. 
However, y2'(x) = +1, so if the curves are to be perpendicular when they cross, then y;’ must be —1. Since yi’ = —x", 
yi’ = —1 only at x = +1 which is not the point of intersection. The curves are therefore not perpendicular when they 
cross. 











Figure 3.27 
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101. Differentiating gives a =Ing+1-b6. 


x 
To find the point at which the graph crosses the x-axis, set y = O and solve for x: 


0=alnz— br 


0 = a(Inaz — bd). 
Since x > 0, we have 
Inz—-—b=0 
b 
cT=e. 


At the point (e”, 0), the slope is 





Thus the equation of the tangent line is 


y=@u-e 
; e2t 4 e72t 
102. Using the definition of cosh x and sinh x, we have cosh 2% = — a and sinh 32 = 
cosh (22) e?* 4 @ 7 
lim = lim 
a—+—oo sinh(2%) = x+~c0 e3% — e— 3 
—22 (42 
1 
= lm — er) 
a—+—co E728 (e5% — e-*) 
et +1 
= lm = 
x—+—00 E°F — E~” 
= 0. 
e2t = e72t 
103. Using the definition of sinh x we have sinh 2a = — Therefore 
line = lim a 
1 i ae 
Z—>— Co sinh(22:) z——oo e2% — e— 24 
~ a e4z 1 
= —2. 
2 2 
; oe 3 2 e* + e” Z 2 e 
104. Using the definition of cosh x and sinh x, we have cosh x* = >. and sinh «* = 
sinh(a”) . =e 


II 
o 


1m — 
x2£—>—0Co cosh (a?) ~Z—>—0o ex? + e-@? 


II 
5 
iN) 


II 
je 


—3a 


. Therefore 


. Therefore 
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105. (a) 


(b) 


(c) 


(d) 


106. (a) 


(b) 


Since f(a) = Jz, we have f’(x) = (1/2)"71/. So f(4) = V4 = 2 and f’(4) = (1/2)471/? = 1/4, and the 
tangent line approximation is 


f(x) © f(4) + f'(A)(@ - 4) 


See Figure 3.28. 
For x = 4.1, the true value is 


f(4.1) = V4.1 = 2.02485..., 
whereas the approximation is 
f(4.1) & 24+ 7(41 — 4) = 2.025. 


Thus, the approximation differs from the true value by about 0.00015. 
For x = 16 the true value is: 
f(16) = V16 = 4 
whereas the approximation is 
1 
f(16) 24 7 (16 — 4) =5. 


Thus, the approximation differs from the true value by 1. 

The tangent line is a good approximation to the graph near x = 4, but not necessarily far away. Of course, there’s 
no reason to expect that the curve will look like the tangent line if we go too far away, and usually it does not. (See 
Figure 3.28.) The problem is that we have traveled too far from the place where the curve looks like a line with slope 
1/4. 


Tangent line 
ate = 4 
























4 16 


Figure 3.28: Local linearization: Approximating 
f(x) = V2 by its tangent line at « = 4 


From the figure, we see a = 2. The point with x = 2 lies on both the line and the curve. Since 
y= —-3-24+7=1, 


we have 
Since the slope of the line is —3, we have 


We use the line to approximate the function, so 
f(2.1) & —3(2.1) + 7 = 0.7. 
This is an underestimate, because the line is beneath the curve for x > 2. Similarly, 
f (1.98) + —3(1.98) + 7 = 1.06. 


This is an overestimate because the line is above the curve for x < 2. 

The approximation f (1.98) ~ 1.06 is likely to be more accurate because 1.98 is closer to 2 than 2.1 is. Since 
the graph of f(x) appears to bend away from the line at approximately the same rate on either side of x = 2, in this 
example, the error is larger for points farther from x = 2. 
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107. (a) The function f(t) is linear; g(t) is quadratic (polynomial of degree 2); and h(t) is exponential. 
(b) In 2010, we have t = 130. For f(t), the rate of change is 


f' (t) = 0.006 
f’ (130) = 0.006°C per year. 
For g(t) 
g'(t) = 0.00012¢ — 0.0017 
g' (130) = 0.00012 - 130 — 0.0017 = 0.0139°C per year. 
For h(t) 


hi (t) = 13.63(0.0004)e°°* = 0.00545": 
h’ (130) = 0.00545e°°°°49°) — 0.00574°C per year. 


(d) For f(t) : Predicted change = f(130) — f(0) = (13.625 + 0.006 - 130) — 13.625 = 0.78°C. 

t) : Predicted change = g(130) — g(0) = (0.00006(1307) — 0.0017(130) + 13.788) — 13.788 = 0.793°C 
For h(t) : Predicted change = h(130) — h(0) = 13.63¢9-00°4(199) _ 13.63 = 0.728°C. 

(e) For the linear model, the answers in parts (c) and (d) are equal. 

(f) For the quadratic model, the discrepancy is largest. 


108. (a) We have P = 9.906(0.997)'! = 9.584 million. 
(b) Differentiating, we have 

















dP 
F = 9-906(In 0.997) (0.997)’ 
dP ; os 
so TF = 9.906(In 0.997) (0.997) ° = —0.0288 million/year. 
t=11 
Thus in 2020, Hungary’s population will be decreasing by about 28,800 people per year. 
dF 2GMm 
109. — =— : 
: dr r3 


110. (a) If the distance s(t) = 20e2, then the velocity, u(t), is given by 


Z 
v(t) = s'(t) = (20% ) = (5) (20¢8 ) = 10e?. 
(b) Observing the differentiation in (a), we note that 


Substituting s(t) for 20e2, we obtain s'(t) = $s(t). 


111. (a) The rate of change of the population is P’(t). If P’(t) is proportional to P(t), we have 


P'(t) = kP(t). 
(b) If P(t) = Ae*, then P’(t) = kAe* = kP(t). 
112. (a) Differentiating, we see 
v= ou = —2rwyo sin(27wt) 
a= = = —4n?w" yo cos(Qrwt). 


(b) We have 
y = yo cos(27wt) 
v = —2rwyo sin(2rwt) 


a = —4n?w? yo cos(2mwt). 
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So 


Amplitude of y is |yo|, 
Amplitude of v is |27wyo| = 27w|yol, 
Amplitude of a is |4r?w? yo| = 4? w?|yo|. 


The amplitudes are different (provided 27w # 1). The periods of the three functions are all the same, namely 1/w. 
(c) Looking at the answer to part (a), we see 


uw =a = —4n*w? (yo cos(2mwt)) 
= aAgigty 
So we see that : 
ae + 4n?w*y =0 
1000000 


‘ ‘i —O.1t _ : _ é 
113. (a) Since lim e = 0, we see that jm Ta 5000-01" + 5000e=01 1000000. Thus, in the long run, close to 1,000,000 


too 
people will have had the disease. This can be seen in Figure 3.29. 
(b) The rate at which people fall sick is given by the first derivative N’(t). 
N'(t) ~ 4©, where At = 1 day. 
N'(t) = 500,000,000 _ 500,000,000 
~ e9-14(1 + 5000e-9-14)2 — e9-1# + 25,000,000e-9-# + 104 

In Figure 3.30, we see that the maximum value of N’(t) is approximately 25,000. Therefore the maximum 

number of people to fall sick on any given day is 25,000. Thus there are no days on which a quarter million or more 

















get sick. 
dN 
“dt 
25,000 | 
N 20,000 + 
1,000,000 | N(t) 
15,000 + 
10,000 + 
5,000 + 
: | t 
t 50 100 150 200 
Figure 3.29 Figure 3.30 


114. (a) We solve for ¢ to find the time it takes for the population to reach 10 billion. 





P(t) = 10 
6.7e%' = 10 
ow 10 
6.7 
_ In(10/6.7) _ 0.40048 
ie — years 
Thus the time is 0.40048 
f(k)=— i years. 


(b) The time to reach 10 billion with a growth rate of 1.2% is 


0.40048 


= 33.4 years. 
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(c) We have 


—0.40048 
j= 


f'(0.012) = —2781. 
Thus, for growth rates, k, near 1.2% we have 


Time for world population to reach 10 billion = f(k) & f(0.012) + f’(0.012)(k — 0.012) 
f(k) = 33.4 — 2781(k — 0.012) years 





(d) True time to reach 10 billion when the growth rate is 1.0% is f(0.01) = 0.40048/0.01 = 40.0 years. The linear 


approximation gives 
Approximate time = 33.4 — 2781(0.01 — 0.012) = 39.0 years. 


115. (a) Suppose 











9= Fer) =. 
Then 
fy 
So 
Hr + Ar) & f(r) — 72 (ar), 


Since f(r + Ar) — f(r) = Ag, and g = GM/r?, we have 


GM Ar 
Ag © 2-7 (Ar) — —29—. 


(b) The negative sign tells us that the acceleration due to gravity decreases as the distance from the center of the earth 
increases. 
(c) The fractional change in g is given by 


So, since Ar = 4.315 km and r = 6400 km, we have 


Ag ae (= 


—“— ) = —0.00135 = —0.135%. 
: a) 0.00135 = —0.135% 


116. Since g is the inverse of f, we know that g(4) = f~1(4) = 3, so 








/ 1 1 1 
g (4) = = == 
f'(9(4)) (3) 
117. We must have i : i 
f7)'(5) = . _ _i 
PO= FGA) ~ FAH 8 
118. We know that the velocity is given by 
dx _ me 
dt 
By the chain rule, 
Acceleration = < = ad : = =v (x)v(a). 


119. Since f(a) is decreasing, its inverse function f~'(a) is also decreasing. Thus (f~*)’(a) < 0 for all x. Option (b) is 
incorrect. 
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120. (a) If y = Ing, then 


¢o 1 
Y =e 
x 
Wo 1 
oes 
me 
~ 33 
m _ 3:2 
y ae 


and so 


(b) If y = we”, then 


so that 





y™ = xe” + ne?. 
(c) If y = e” cosa, then 


y =e" (cosx — sinz) 


y” = —2e" sine 

y” =e" (—2cosa — 2sinz) 
yD) = —4e® cosa 
y = e"(—4 cosa + Asin 2) 
yO = = 8e" sina. 


Combining these results we get 





y = (—4)"-Y/4e* (cos a — sin x), n=4m+1, 
y = —2(—4)"—?)/4e" gin x, n= 4m + 2, 
y = —2(—4)("—9)/4e" (cos x + sin 2), n=4m+3, 
y™ = (—4)/%e? cosa, n= 4m, 


121. (a) We multiply through by h = f - g and cancel as follows: 


fig _h 

Fgh 

f g _ kh’ 
(+2) as fg 

f g _ kh’ 
f fat" F9 ae 


which is the product rule. 


(b) We start with the product rule, multiply through by 1/(fg) and cancel as follows: 


figtg fan 


1 ye ol 
(f'-g+9'-f)- Gyo tg 
ae pe 
(f+ 9) Fo +(g': f)- f° 7 
fig _h 
f° 5 


which is the additive rule shown in part (a). 


m =0,1,2,3,... 
m =0,1,2,3,... 
m =0,1,2,3,... 


m =1,2,3,.... 
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122. This problem can be solved by using either the quotient rule or the fact that 
fi _ 4 g _ a 
= —/(] d == —(Ing). 
7 = agias) and £ = F(ing) 
We use the second method. The relative rate of change of f/g is (f/g)’/(f/g), so 


(fig’ ad, (f\_ 4a a 5 pd 
fig aa” (£) Sat = aia eS 


Thus, the relative rate of change of f/g is the difference between the relative rates of change of f and of g. 


CAS Challenge Problems 





123. (a) Answers from different computer algebra systems may be in different forms. One form is: 


opt a = al 1 ee) 


dx 
(sin x)” = xcos2(sinx)*~' + (sinz)® In(sin x) 
t 
(b) Both the answers in part (a) follow the general rule: 


< (x)” = xf (x) (f(2))"* + (F(#))” n(f(2)). 


(c) Applying this rule to g(x), we get 


“(in x)* = x(1/x)(Inx)*~' + (Inz)* In(Ina) = (Inz)*~! + (Inz)* In(Inz). 


This agrees with the answer given by the computer algebra system. 
(d) We can write f(x) = e™ 4), So 
(f(a))* = (ente)yes = et nfl) | 
Therefore, using the chain rule and the product rule, 


£(F(0))” = Zein F@))) ML = (In(f(@)) +2 L m(F(2))) eM 





) > 
(mire + ot) (f(a))* = In(F(2)) (F@))? + of (@) (Fa) 


af’ (x) (f(x))"~* + (F(2))* In(f(e)). 


124. (a) ACAS gives f’(x) = 1. 
(b) By the chain rule, 





Now cost = +1/1 — sin? t. Furthermore, if —1/2<t< 7/2 then cost > 0, so we take the positive square root 


and get cost = \/ 1 — sin? t. Since —7/2 < arcsin x < 7/2 for all x in the domain of arcsin, we have 


cos(arcsin x) = 1/1 — (sin(aresin x))? = \/1— 2?, 


SO 


(c) Since sin(arcsin(x)) = a, its derivative is 1. 
125. (a) ACAS gives g/(r) = 0. 
(b) Using the product rule, 


, _ d —2r r ~or d r\ —2r yr —2r fa 
g(r) = (2) a 2-74") = 22-274 4 7 Ind 


= —In4-27774" 4 In4.2-774" = (— In 44 1n4)2-7"4" =0- 27774" =0. 


(c) By the laws of exponents, 4” = (22\" = 2?" 0 27774" = 27-779?" — 2° = 1. Therefore, its derivative is zero. 
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126. (a) ACAS gives h'(t) = 0 
(b) By the chain rule 





a0=3) ale) 2, A ee 
dt t dt \t—1 rz t-1 (t—1)? 
ee ee ee 
t t-1 t t-1 
1 (t-1)-t 1 =i 
= ae a a eG, 
pay t2—t Pot Pat 


(c) The expression inside the first logarithm is 1 — (1/t) = (t — 1)/t. Using the property log A + log B = log(AB), 


we get 
1 t t-1 t 
in(1—5) +m (=z) =m (=) +m (5) 





Thus h(t) = 0, so h’(t) = 0 also. 


PROJECTS FOR CHAPTER THREE 


1. Let r = 7/100. (For example if i = 5%, r = 0.05.) Then the balance, $B, after t years is given by 
B=P(1+r), 


where $P is the original deposit. If we are doubling our money, then B = 2P, so we wish to solve for t in the 
equation 2P = P(1 +)‘. This is equivalent to 


2=(1+4+r)*. 
Taking natural logarithms of both sides and solving for ¢ yields 


In2=tln(1+7r), 
In2 


ae Te 


We now approximate In(1 +r) near r = 0. Let f(r) = In(1 +r). Then f’(r) = 1/(1+ r). Thus, f(0) = 0 
and f’(0) = 1, so 





f(r) = FO) + f’'(O)r 
becomes 
In(l+r) er. 
Therefore, 
7 In2 7 In2 — 100In2 2 70 
“Ini¢+r) or @. @’ 


as claimed. We expect this approximation to hold for small values of 7; it turns out that values of 2 up to 10 
give good enough answers for most everyday purposes. 


2. (a) (i) Set f(x) = sina, so f’(x) = cosa. Guess xo = 3. Then 


sin 3 





r=3- & 3.1425 
cos 3 
ty = 2 — we 3.1415926533, 
COS X1 


which is correct to one billionth! 
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(ii) Newton’s method uses the tangent line at z = 3, i.e. y — sin3 = cos(3)(a# — 3). Around x = 3, 
however, sin x is almost linear, since the second derivative sin’ (77) = (0. Thus using the tangent line 
to get an approximate value for the root gives us a very good approximation. 


f(x) =sinz 


tangent line 





(iii) For f(x) = sin x, we have 


f(3) = 0.14112 
f (4) = —0.7568, 


so there is a root in [3, 4]. We now continue bisecting: 


[3, 3.5] : f(3.5) = —0.35078 (bisection 1) 

[3, 3.25] : f(3.25) = —0.10819 (bisection 2) 

(3.125, 3.25] : f(3.125) = 0.01659 (bisection 3) 
[3.125, 3.1875] : #(3.1875) = —0.04584 (bisection 4) 


We continue this process; after 11 bisections, we know the root lies between 3.1411 and 3.1416, which 
still is not as good an appremtnauon as what we get from Newton’s method in just two steps. 
(b) (i) We have f(x) = sina — 2a and f’(x) = cosa — 2. 
Using zp = 0.904, 


sin(0.904) — 2(0.904) 


= 0.904 — SE we 4.704, 
“ cos(0.904) — 2 


sin(4.704) — 2(4.704) 
az = 4.704 — = a ww —1.423, 
cos(4.704) — = 


sin(—1.423) — 2(-1. = 


i= —ieas= ~ —1.501, 
cos(—1.423) — 3 
in(—1.501) — 2(—1.501 
v4 = —1.499 — So ~ —1.496, 
cos(—1.501) — 4 
sin(—1.496) — 2(-1. 96 
@5 = —1.496 — ————_+>—_.—_ & — 1.496. 
cos(—1.496) — 2 
Using x9 = 0.905, 
sin(0.905) — 2(0.905) 
x1 = 0.905 — ———~_3 "= 4.643, 
cos(0.905) — + 
in(4.643) — 2(4.643 
petee ese). jae. 


cos(4.643) — + 
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sin(—0.918) — 2(—0.918) 


= —0.918 — ~ —3.996 
ve cos(—0.918) — 2 
sin(—3.996) — 2(—3.996) 
£4 = —3.996 — ——__~_ 1.413, 
cos(—3.996) — $ 
in( 1.419) =2(—1413 
me =p = so 80, 
cos(—1.413) — 3 
in(—1.502) — 2(—1.502 
te = —1.502 — he ae ~ —1.496. 
cos(—1.502) — § 
Now using zp = 0.906, 
sin(0.906) — 2(0.906) 
av, = 0.906 — ——_—_3 = 4.584, 
cos(0.906) — § 
sin(4.584) — 2 (4.584) 
a = 4.584 — ——____3— & — 0.509, 
cos(4.584) — 3 
in(—0.509) — 2(—0.509 
pee Se) a 
cos(—0.509) — 3 
in(.207) — 2(.207 
ma = —1.300 — SBC207) — 56207) 9.0089, 
cos(.207) — $ 
in(—0.009) — 2(—0.009 
pepe = OO Se 6, 


cos(—0.009) — = 


(ii) Starting with 0.904 and 0.905 yields the same value, but the two paths to get to the root are very 
different. Starting with 0.906 leads to a different root. Our starting points were near the maximum 
value of f. Consequently, a small change in xp makes a large change in 7}. 
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CHAPTER FOUR 


Solutions for Section 4.1 


Exercises 





1. See Figure 4.1. 









local max 


local max 








local min 


Figure 4.1 


2. There are many possible answers. One possible graph is shown in Figure 4.2. 


Critical point 











Figure 4.2 


3. We sketch a graph which is horizontal at the two critical points. One possibility is shown in Figure 4.3. 






Critical point ; 
Not local max or min 


Local min 








Figure 4.3 
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. To find the critical points, we set f’(a) = 0. Since f'(#) = 3”? — 18a + 24, we have 


3x? — 184 +24 =0 
3(a” — 62 +8) =0 
3(a@ — 2)(a@ — 4) = 0 
= 2.4, 
There are two critical points: at 7 = 2,7 = 4. 
To find the inflection points, we look for points where f”’ is zero or undefined. Since f(x) = 6x — 18, it is defined 
everywhere, and setting f(x) = 0 we get 
6x —18=0 
= 3. 


Furthermore, 6x — 18 is positive when x > 3 and negative when x < 3, so f” changes sign at x = 3. Thus, there is one 
inflection point: x = 3. 


. To find the critical points, we set f(a) = 0. Since f’(x) = 5a4 — 30x”, we have 


5a* — 302? = 0 
5a*(x? — 6) =0 
« =0,-v6, V6. 
There are three critical points: c = 0, 7 = —V/6, and 7 = V6. 
To find the inflection points, we look for points where f” is undefined or zero. Since f” (x) = 20x? — 60s, it is defined 
everywhere. Setting it equal to zero, we get 
202° — 60x = 0 
20x(x* — 3) =0 
« = 0,-V3, V3. 
Furthermore, 20x? — 60s is positive when —\/3 < x < 0 or x > V3 and negative when « < —/3 or 0 < x < V3, 80 
f” changes sign at each of the solutions. Thus, there are three inflection points: 2 = 0, « = —V/3, and x = V3. 


To find the critical points, we set f’(a) = 0. Since f’(x) = 5a* + 60a, we have 


52° + 602° = 0 
52° (2 +12) =0 
xz = 0,12. 


There are two critical points: 7 = 0, 7 = —12. 
To find the inflection points, look for points where f” is undefined or zero. Since f(x) = 20x? + 1802”, it is defined 
everywhere. Setting it equal to zero, we get 
20x° + 18027 = 0 
20x? (2 +9) =0 


x=0,-9. 
Furthermore, 20x (x + 9) is negative when + < —9, and positive or zero when x > —9. So f” does change sign at 
x = —9, but not at x = 0. Thus, there is one inflection point: x = —9. 
To find the critical points, we set f’(a) = 0. Since f’(x) = 5 — 3(1/x), we have 
3 
5--—=0 
x 
3 
s=- 
x 
oz = 3 
x = 3/5. 


There is one critical point, at ¢ = 3/5. 

To find the inflection points, we look for points where f’’(a) is undefined or zero. Since f(x) = 327°, it is undefined 
at x = 0. However, f(x) is also undefined at x = 0, so this is not an inflection point. Also, 3/ x” is never equal to zero, 
so there are no inflection points. 
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8. To find the critical points, we set f’ (a) = 0. Using the product rule, we have f’ (a) = 4a - (e3” - 3) + 4- €3”, 


12re** + 4e°* = 0 
4e** (3a +1) =0 
z= -1/3. 
There is one critical point, at = —1/3. 
To find the inflection points, we look for points where f”’ is zero or undefined. Since f” (x) = 12a- (e®” -3) + 12-63" + 
de®” . 3 = 12e3” (3x + 2), it is defined everywhere. Setting it equal to zero, we get 
12e*” (3a + 2) = 0 
xg = —2/3. 
Since 12e*” is always positive, 12e*” (3a + 2) is negative when « < —2/3 and positive when x > —2/3, so f” changes 
sign at x = —2/3. Thus, there is one inflection point, at = —2/3. 


9. f(z) = 12a3 — 12x. To find critical points, we set f’(a) = 0. This implies 12x? (a — 1) = 0. So the critical points of 
f are x = Oand x = 1. To the left of = 0, f’(a) < 0. Between x = 0 and x = 1, f’(x) < 0. To the right of x = 1, 
f'(x) > 0. Therefore, f(1) is a local minimum, but f (0) is not a local extremum. See Figure 4.4. 


y 


f(z) = 3x4 — 423 +6 


| x 


1 








Figure 4.4 








10. f'(x) = 7(a? — 4)®2a = 14a(ax — 2)°(a + 2)°. The critical points of f are 2 = 0, 2 = +2. To the left of x = —2, 
f'(x) < 0. Between x = —2 and x = 0, f’(x) < 0. Between x = 0 and x = 2, f’(x) > 0. To the right of x = 2, 
f’(x) > 0. Thus, f (0) is a local minimum, whereas f(—2) and f(2) are not local extrema. See Figure 4.5. 














Figure 4.5 
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11. f(x) = 4(a? — 8)°3a? 
= 12a? (a — 2)? (x? + 2a + 4)?. 
So the critical points are x = 0 and x = 2. 
To the left of x = 0, f’(x) < 0. 
Between x = 0 and x = 2, f’(x) < 0. 
To the right of x = 2, f’(x) > 0. 
Thus, f(2) is a local minimum, whereas f (0) is not a local extremum. See Figure 4.6. 











Figure 4.6 


12. 
f(a) = x +1l—a2- 2x = 12? 2 (l-—az)(1+z2) 
ri G+ +P 
Critical points are x = +1. To the left of e = —1, f’(x) < 0. 
Between x = —land x = 1, f’(x) > 0. 
To the right of = 1, f’(x) < 0. 
So, f(—1) is a local minimum, f(1) a local maximum. See Figure 4.7. 











Figure 4.7 


13. We have 
g(x) = e ** — 3ae"** = (1— 3z)e**. 


To find critical points, we set g’(x) = 0. Then 


(1 — 32)e"** =0. 
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Therefore, the critical point of g is z = 1/3. To the left of z = 1/3, we have g’(x) > 0. To the right of z = 1/3, we have 
g(x) < 0. Thus g(1/3) is a local maximum. See Figure 4.8. 














y 
g(a) = xe~3" 
- x 
1/3 
Figure 4.8 
14. We have 
h'(x) = 1-1/2”. 
To find critical points, we set h’(a) = 0. Then 
1 
1 
1 = ey 
Gaz, 
Therefore, the critical points of h are x = —1 and x = 1. For0 < x < 1, we have h' (2) < 0, and for x > 1, we have 
h'(x) > 0. Thus we have a local minimum at x = 1. For x < —1, we have h’(x) > 0 and for —1 < x < 0, we have 
h'(x) < 0. Thus x = —1 is a local maximum. See Figure 4.9. 
y 
| x 
= 1 
h(x) =a+— 
x 
Figure 4.9 


15. (a) A graph of f(x) = e~® is shown in Figure 4.10. It appears to have one critical point, at ¢ = 0, and two inflection 
points, one between 0 and 1 and the other between 0 and —1. 








2 
Critical 
1 | Point 
Inflection Inflection 
point joint 
L L x 
—2 -1 1 2 


Figure 4.10 
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(b) To find the critical points, we set f’(a) = 0. Since f’(x) = —2ce~* = 0, there is one solution, 2 = 0. The only 
critical point is at z = 0. 
To find the inflection points, we first use the product rule to find f(a). We have 
2 2 


f(x) = (—2x)(e~” (—2x)) + (—2)(e~”’) = 4a” — De”. 


We set f’’(x) = 0 and solve for x by factoring: 


. a 2 . 
Since e~” is never zero, we have 
2 
4n* —2=0 
2 1 
Hi = 
2 


c= +1/V2. 
There are exactly two inflection points, at « = 1/\/2 = 0.707 and « = —1/\/2 © —0.707. 


16. (a) Increasing for 7 > 0, decreasing for x < 0. 
(b) f(O) is a local and global minimum, and f has no global maximum. 





17. (a) Increasing for all x. 
(b) No maxima or minima. 


18. (a) Decreasing for x < 0, increasing for 0 < x < 4, and decreasing for x > 4. 
(b) f(0) is a local minimum, and f(4) is a local maximum. 


19. (a) Decreasing for x < —1, increasing for —1 < x < 0, decreasing for 0 < x < 1, and increasing for x > 1. 
(b) f(—1) and f(1) are local minima, f(0) is a local maximum. 


Problems 





20. (a) The function f(a) is defined for « > 0. We set the derivative equal to zero to find critical points: 


f(z) =1+ san? =0 


Since a > O and \/x > 0 for x > 0, we have f’(x) > 0 for x > 0, so there is no critical point with z > 0. The only 
critical point is at 2 = 0 where f’(x) is undefined. 
(b) We see in part (a) that the derivative is positive for z > 0 so the function is increasing for all x > 0. The second 
derivative is 
f" (2) = ~ fax 9/?, 


Since a and «~*/? are positive for x > 0, the second derivative is negative for all « > 0. Thus the graph of f is 
concave down for all x > 0. 


21. (a) This function is defined for « > 0. We set the derivative equal to zero and solve for x to find critical points: 


1 
"(z) =1—b-—= 
f'(e) -=0 
ie 
x 
x= b. 
The only critical point is at x = b. 
(b) Since f'(x) = 1 — br", the second derivative is 
ze b 

f(z) =br? = ~— 


Since b > 0, the second derivative is always positive. Thus, the function is concave up everywhere and f has a local 
minimum at 7 = b. 
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22. (a) To find the critical points, we set the derivative of f(x) = ax~* + a equal to zero and solve for x. 


f(x) =—2ax77+1=0 





Sa i=0 
x = 2a 
x / 2a 


There is one critical point, at 2 = W/2a. Although f’ is undefined at 2 = 0, this is not a critical point since it is not 
in the domain of f. 
(b) The second derivative is 


f' (2) = 6aa~* = =e 


If a and «* are positive, f'(x) is positive and the graph is concave up everywhere, so the function has a local 
minimum at 2 = ~/2a. Similarly, if a is negative, then f” (x) is negative and the graph is concave down everywhere, 
so the function has a local maximum at 2 = ¥/2a. 


23. To find the critical points, we set the derivative equal to zero and solve for t. 
F'(t) =Ue’ + Ve *(-1) =0 


te. H=6 


et 


Cc 

oo, 

| 
ass Ax 


2t = In(V/U) 
_ n(V/U) 
—. 


The derivative F’(t) is never undefined, so the only critical point is ¢ = 0.5 In(V/U). 


24. The critical points of f are zeros of f’. Just to the left of the first critical point f’ > 0, so f is increasing. Immediately 
to the right of the first critical point f’ < 0, so f is decreasing. Thus, the first point must be a maximum. To the left of 
the second critical point, f’ < 0, and to its right, f’ > 0; hence it is a minimum. On either side of the last critical point, 
f’ > 0, so it is neither a maximum nor a minimum. See the figure below. See Figure 4.11. 


local min f(a) 















{ t 


neither max 
nor min 


local max 





Figure 4.11 


25. To find inflection points of the function f we must find points where f’’ changes sign. However, because f” is the deriva- 
tive of f’, any point where f” changes sign will be a local maximum or minimum on the graph of f’. See Figure 4.12. 
a-values of 


ihese points give 
inflection points of f 


{ £'(2) 





Figure 4.12 
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26. The inflection points of f are the points where f’’ changes sign. See Figure 4.13. 


inflection points of f 


/\ 


f(z) 











Figure 4.13 


27. See Figure 4.14. 




















Ly ©2 23 


Figure 4.14 


28. See Figure 4.15. 


y’ < O everywhere 
y’ =0 y’ =0 y’ =0 




















ry x2 x3 


Figure 4.15 
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29. See Figure 4.16. 


y 


y',y” undefined y’ =0 

















Figure 4.16 


30. See Figure 4.17. 














x1 
Figure 4.17 


31. (a) A critical point occurs when f’(x) = 0. Since f’(x) changes sign between x = 2 and x = 3, between x = 6 and 
x = 7, and between 7 = 9 and x = 10, we expect critical points at around « = 2.5, x = 6.5, and @ = 9.5. 
(b) Since f(a) goes from positive to negative at x ~ 2.5, a local maximum should occur there. Similarly, x ~ 6.5 is a 
local minimum and x © 9.5 a local maximum. 


32. (a) It appears that this function has a local maximum at about « = 1, a local minimum at about « = 4, and a local 
maximum at about x = 8. 
(b) The table now gives values of the derivative, so critical points occur where f’(x) = 0. Since f’ is continuous, this 
occurs between 2 and 3, so there is a critical point somewhere around 2.5. Since f’ is positive for values less than 
2.5 and negative for values greater than 2.5, it appears that f has a local maximum at about 7 = 2.5. Similarly, it 
appears that f has a local minimum at about « = 6.5 and another local maximum at about « = 9.5. 


33. See Figure 4.18. 


depth of water 





Time at which water 
reaches corner of vase 








/ 


Figure 4.18 





time 
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34. See Figure 4.19. 


depth of water 





time at which water reaches 
widest part of urn 








time 


Figure 4.19 


35. Differentiating using the product rule gives 








f' (a) = 37 (1 — a)* — 42° (1 — 2)? = 2? (1 — £)9(8(1 — 2) — 4) = (1 — «)°(3 — 72). 


The critical points are the solutions to 





f(z) =2°(1—2)9(3 — 7x) =0 
3 
= 0,1, 5. 
* 7 
For x < 0, since 1 — x > 0 and 3 — 7x > 0, we have f’(x) > 0. 
For 0 < a < 2, since 1 — x > 0 and 3 — 7x > 0, we have f’(x) > 0. 
For 2 <a <1,since 1—x > Oand 3— 7x < 0, we have f’(x) < 0. 
For 1 < x, since 1 — x < 0 and 3 — 7x < 0, we have f(x) > 0. 
Thus, x = 0 is neither a local maximum nor a local minimum; x = 3/7 is a local maximum; x = 1 is a local 
minimum. 


36. By the product rule 


f' (2) = ——— = ma™ "(1-2)" —ne™(1— 2)" 


=2""1(1—2)""1(m(1 — 2) — nz) 


=2""1(1—2)”"1(m—(m+n)z). 


We have f’(x) = Oat x = 0, 2 = 1, and x = m/(m +n), so these are the three critical points of f. 

We can classify the critical points by determining the sign of f’(zx). 

If x < 0, then f’(a) has the same sign as (—1)’’~': negative if m is even, positive if m is odd. 

If0 <2 <m/(m+n), then f’(z) is positive. 

If m/(m+n) < x < 1, then f’(z) is negative. 

If 1 < a, then f’(a) has the same sign as (—1)": positive if n is even, negative if n is odd. 

If m is even, then f’(x) changes from negative to positive at z = 0, so f has a local minimum at x = 0. 

If m is odd, then f’(z) is positive to both the left and right of 0, so x = 0 is an inflection point of f. 

At x = m/(m-+n), the derivative f’(x) changes from positive to negative, soz = m/(m-+n) is a local maximum 
of f. 

If n is even, then f’(x) changes from negative to positive at 2 = 1, so f has a local minimum at x = 1. If n is odd, 
then f’(a) is negative to both the left and right of 1, so 2 = 1 is an inflection point of f. 


37. 


38. 


39. 


40. 
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2000 


(a) From the graph of P = Tp ee3-0my 


in Figure 4.20, we see that the population levels off at about 2000 rabbits. 
population of rabbits 
2000 | 
1500 
1000 


500 - 











; ! years since 1774 
40 


Figure 4.20 


(b) The population appears to have been growing fastest when there were about 1000 rabbits, about 13 years after Captain 
Cook left them there. 

(c) The rabbits reproduce quickly, so their population initially grew very rapidly. Limited food and space availability and 
perhaps predators on the island probably account for the population being unable to grow past 2000. 


First, we wish to have f’(6) = 0, since f (6) should be a local minimum: 


f(a) =2a@+a=0 


a 
ey 
we 
a=-—12. 
Next, we need to have f(6) = —5, since the point (6, —5) is on the graph of f(a). We can substitute a = —12 into our 


equation for f(x) and solve for b: 
f(x) =2? -128+b 
f(6) = 36 —724+b=—5 
b= 331, 








Thus, f(x) = 2? — 12% + 31. 
We wish to have f’(3) = 0. Differentiating to find f’(a) and then solving f’(3) = 0 for a gives: 





f' (a) = 2(ae*”) + 1(e*”) = e** (ax + 1) 
f' (3) = e"(3a +1) =0 
3a+1=0 
1 


a=-—-. 


3 


Thus, f(x) = xe~*/?. 


Using the product rule on the function f(z) = axe?”, we have f’(a) = ae?” + abxe”® = ae®”(1 + ba). We want 
f (4) = 1, and since this is to be a maximum, we require f’(4) = 0. These conditions give 


f(1/3) = a(1/3)e"? = 1, 
f' (1/3) = ae’/3(1 + b/3) = 0. 


Since ae“'/%) is non-zero, we can divide both sides of the second equation by ae“/3)® to obtain 0 = 1+ o. This 


implies b = —3. Plugging b = —3 into the first equation gives us a(z)e* = 1, or a = 3e. How do we know we have 


a maximum at « = 4 and not a minimum? Since f’(x) = ae’™(1 + br) = (3e)e73"(1 — 3a), and (3e)e~*” is always 


positive, it follows that f’(a) > 0 when a < $ and f'(a) <0 when a > 4. Since f’ is positive to the left of « = + and 


negative to the right of « = 4, f() is a local maximum. 
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41. 
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The graph of f(x) = x +sin z is in Figure 4.21 and the graph of f’(x) = 1 + cosa is in Figure 4.22. 





Where is f increasing most rapidly? At the points x = ..., —27, 0, 27, 47, 67, ..., because these points are 
local maxima for f’, and f’ has the same value at each of them. Likewise f is increasing least rapidly at the points 
L=...,—30,—7,7,37,57,..., since these points are local minima for f’. Notice that the points where f is increasing 


most rapidly and the points where it is increasing least rapidly are inflection points of f. 


Point of inflection 
slope minimum f 


2 fl 
Point of inflection 
slope maximum 








: | £ 
—3n -2n —-7 0 v 20 37 











Figure 4.21: Graph of f(x) = 2 + sinaz Figure 4.22: Graph of f’(x) = 1+ cosx 


Figure 4.23 contains the graph of f(x) = 2? + cos 2. 

















Figure 4.23 Figure 4.24 


The graph looks like a parabola with no waves because f” (a) = 2— cos x, which is always positive. Thus, the graph 
of f is concave up everywhere; there are no waves. If you plot the graph of f(a) together with the graph of g(x) = x”, 
you see that the graph of f does wave back and forth across the graph of g, but never enough to change the concavity of 
f. See Figure 4.24. 


Neither B nor C is 0 where A has its maxima and minimum. Therefore neither B nor C is the derivative of A,so. A = f”. 
We can see B could be the derivative of C because where C' has a maximum, B is 0. However, C is not the derivative of 
B because B is decreasing for some x-values and C is never negative. Thus, C = f, B = f’, and A= f”. 


A has zeros where B has maxima and minima, so A could be a derivative of B. This is confirmed by comparing intervals 
on which B is increasing and A is positive. (They are the same.) So, C is either the derivative of A or the derivative of C is 
B. However, B does not have a zero at the point where C’ has a minimum, so B cannot be the derivative of C’. Therefore, 
C is the derivative of A.SoB = f, A= f’,andC = f". 


Since the derivative of an even function is odd and the derivative of an odd function is even, f and f” are either both odd 
or both even, and f’ is the opposite. Graphs I and IIT represent even functions; II represents an odd function, so II is f’. 
Since the maxima and minima of II occur where I crosses the x-axis, I must be the derivative of f’, that is, f’”. In addition, 
the maxima and minima of III occur where II crosses the x-axis, so Il is f. 


Since the derivative of an even function is odd and the derivative of an odd function is even, f and f” are either both 
odd or both even, and jf’ is the opposite. Graphs I and IT represent odd functions; IIT represents an even function, so II 
is f’. Since the maxima and minima of IIT occur where I crosses the x-axis, I must be the derivative of f’, that is, f’”. In 
addition, the maxima and minima of II occur where III crosses the x-axis, so IL is f. 

Using the quotient rule, since we have 


x+ 50 
F() = say pop? 
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f(a) = x +525 —2a(a+50) — —2? — 100a +525 
, 7 (x2 + 525)? (#2 + 525)? 


Since the denominator is positive for all x, setting f’(x) = 0 gives: 





x + 1002 — 525 =0 


(x — 5)(a + 105) =0 
a =5, —105. 


These are the only two critical points. Checking signs using the formula for f’(x), we find f(z) is increasing for —105 < 
x < 5and f(x) is decreasing for x < —105 and x > 5. 

It is difficult to solve this problem with a calculator for two reasons. First, the critical points are at —105 and 5, which 
are very far apart. Second, the range of values around the critical points is very small. For example, 


f(—100) = —0.0047506 
f(—105) = —0.0047619 
f(—110) = —0.0047525 


Thus, although « = —105 gives a local minimum, the graph of f is extremely flat in the neighborhood of —105. It is hard 
to see these small differences on a graph of f. 


48. (a) When a number grows larger, its reciprocal grows smaller. Therefore, since f is increasing near xo, we know that 
g (its reciprocal) must be decreasing. Another argument can be made using derivatives. We know that (since f is 


increasing) f’(a) > O near ao. We also know (by the chain rule) that g’(a) = (f(a)~')’) = — —— . Since both 
f'(x) and f(a)? are positive, this means g’(2) is negative, which in turn means g(x) is decreasing near 7 = xo. 

(b) Since f has a local maximum near x1, f(x) increases as x nears x1, and then f(a) decreases as x exceeds x1. Thus 
the reciprocal of f, g, decreases as x nears x; and then increases as x exceeds x1. Thus g has a local minimum at 


x = 21. To put it another way, since f has a local maximum at x = 11, we know f’(21) = 0. Since g'(x) = — ee 


g' (a1) = 0. To the left of 21, f’(a1) is positive, so g’(a) is negative. To the right of x1, f’(x1) is negative, so g’ (x) 
is positive. Therefore, g has a local minimum at 71. 
(c) Since f is concave down at x2, we know f’’ (a2) < 0. We also know (from above) that 


o! (a2) = 7A _ Lea) _ a -"(z2)). 











f(w2)> (wa)? f(wa)? \ f (a2) 
Since Fray? > 0, 2f’(a2)? > 0, and f(x2) > 0 (as f is assumed to be everywhere positive), we see that 
g' (x2) is positive. Thus g is concave up at 2. 


Note that for the first two parts of the problem, we did not need to require f to be positive (only non-zero). 
However, it was necessary here. 


49. We know that x = 1 is the only solution to f(x) = 0, and that x = 2 is the only solution to f(x) = 0. 


(a) To find the zeros of this function, we solve the equation y = 0: 





f (2? -3) =0 
2? -3=1 because f(1) = 0 
f= 2) 
Thus, the zeros are x = +2, 





(b) To find the critical points of this function, we solve the equation y’ = 0: 


(f(2"—3)) =0 

f' (x — 3) (@ — 3)’ =0 Chain rule 
f' (@? —3) 22 =0 
soeither 27 =0 
xz=0 
orf’ (a? —3) =0 
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o?-3=2 because f’(2) = 0 


r= +45. 





Thus, the critical points are x = 0, +5. 





50. We know that x = 1 is the only solution to f(a) = 0, and that x = 2 is the only solution to f(x) = 0. 
(a) To find the zeros of this function, we solve the equation y = 0: 
(f(a) +3 =0 
(f(x))” = —3. no solution 


Thus, this function has no zeros. 
(b) To find the critical points of this function, we solve the equation y’ = 0: 


((f(x))? +3)’ =0 


2f(x)f'(z) =0 Chain rule 
soeither f(x) =0 
x=1_ because f(1) = 0 
or f(x) =0 
x= 2. because f’(2) =0 


Thus, this function has critical points at x = 1, 2. 
51. We know f’(x) < 0 for all x. Since the graph of f lies entirely above the x-axis, we know f(x) > 0 for all x. 
For y = (f(x))?, we have: 
dy _ d 2 
dae >. ae (f(«)) 
= 2f (x) f'(x) 


= 2(A positive number) (A negative number) 
a 
f(x)>0 f!(x)<0 


= A negative number. 
We see that dy/dx is everywhere negative. 
(a) Since the derivative is defined everywhere and has no zeros, there are no critical points. 


(b) Since the derivative is everywhere negative, this is a decreasing function. 


52. We know f’(x) < 0 for all x. Since the graph of f lies entirely above the x-axis, we know f(x) > 0 for all x. 
For y = f(a”), we have: 


dy = d 2 
de 7 at @) 
= 2xf' (x?) 
= 2x - (A negative number) 
a 


ft (x2) <o 
= 2x - (A negative number) . 
We see that: 


e dy/dx =Oatx =0 
e dy/dx < O0foraz > 0 
e dy/dx > Oforxz <0 


(a) Since dy/dx = 0 at x = 0, this means there is a critical point at x = 0. 
(b) Since dy/dx < 0 for x > 0, the function decreases for x > 0. And since dy/dx > 0 for x < 0, the function 
increases for x < 0. 


Strengthen Your Understanding 





53. The function f(a) = «° is increasing and has an inflection point at x = 0. 


54. 


55. 
56. 


57. 


58. 
59. 
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Consider f(a) = x*. We have f’ (2) = 12x” so f”(0) = 0. However, f” is positive for all « 4 0. Thus, the graph of f 
does not change concavity at x = 0. 


One possible example is f(a) = x, for which f’ (a) = 1, so there are no critical points. There are many other examples. 


One possible example is f(a) = |x — 1|. The function is defined at « = 1 since f(1) = 0, but f is not differentiable at 
x = 1. Thus, f has a critical point at x = 1. 




















One possible answer is f(a) = cos which has local maxima at 0, +27,+47,... (that is, at 2 = 2nz for all integers 
n). The value at all the local maxima is 1. The local minima are at +7,+37,... (that is, atx = (2n + 1)z7), all with 
value —1. 

The function f(a) = sin x is another possibility, and there are many more. 
True. Since the domain of f is all real numbers, all local minima occur at critical points. 


True. Since the domain of f is all real numbers, all local maxima occur at critical points. Thus, if x = p is a local 
maximum, x = p must be a critical point. 


False. A local maximum of f might occur at a point where f’ does not exist. For example, f(x) = —|z| has a local 
maximum at « = 0, but the derivative is not 0 (or defined) there. 


False, because x = p could be a local minimum of f. For example, if f(a) = x”, then f’(0) = 0, so x = Ois a critical 
point, but « = 0 is not a local maximum of f. 


False. For example, if f(x) = x, then f’(0) = 0, but f(x) does not have either a local maximum or a local minimum at 
“=0, 

True. Suppose f is increasing at some points and decreasing at others. Then f’(x) takes both positive and negative values. 
Since f’(a) is continuous, by the Intermediate Value Theorem, there would be some point where f’(x) is zero, so that 
there would be a critical point. Since we are told there are no critical points, f must be increasing everywhere or decreasing 
everywhere. 


True. Since f” changes sign at the inflection point x = p, by the Intermediate Value Theorem, f’’(p) = 0. 


False. For example, if f(a) = a, then f’(0) = 0, so x = 0 is acritical point, but x = 0 is neither a local maximum nor 
a local minimum. 


True. A cubic polynomial is a function of the form f(x) = Ax? + Bx? + Cx + D with A # 0. We have f”(x) = 
6Ax + 2B. There is an inflection point where f” (x) = 0, ata = —B/(3A). 


f(a) = x? + Lis positive for all 2 and concave up. 


This is impossible. If f(a) > 0, then the downward concavity forces the graph of f to cross the x-axis to the right or left 
of « = a, which means f(x) cannot be positive for all values of 2. More precisely, suppose that f(a) is positive for all 
x and f is concave down. Thus there must be some value x = a where f(a) > 0 and f’(a) is not zero, since a constant 
function is not concave down. The tangent line at x = a has nonzero slope and hence must cross the x-axis somewhere to 
the right or left of « = a. Since the graph of f must lie below this tangent line, it must also cross the x-axis, contradicting 
the assumption that f(z) is positive for all x. 


f(a) = —x? — 1 is negative for all 2 and concave down. 


This is impossible. If f(a) < 0, then the upward concavity forces the graph of f to cross the x-axis to the right or left 
of x = a, which means f(x) cannot be negative for all values of x. More precisely, suppose that f(x) is negative for all 
x and f is concave up. Thus there must be some value x = a where f(a) < 0 and f’(a) is not zero, since a constant 
function is not concave up. The tangent line at x = a has nonzero slope and hence must cross the x-axis somewhere to 
the right or left of = a. Since the graph of f must lie above this tangent line, it must also cross the x-axis, contradicting 
the assumption that f(x) is negative for all x. 


This is impossible. Since f” exists, so must f’, which means that f is differentiable and hence continuous. If f(x) were 
positive for some values of x and negative for other values, then by the Intermediate Value Theorem, f(2) would have 
to be zero somewhere, but this is impossible since f(x) f’ (x) < 0 for all x. Thus either f(x) > 0 for all values of x, 
in which case f(x) < 0 for all values of x, that is f is concave down. But this is impossible by Problem 68. Or else 
f(x) <0 for all x, in which case f(x) > 0 for all x, that is f is concave up. But this is impossible by Problem 70. 


This is impossible. Since f’” exists, f’’ must be continuous. By the Intermediate Value Theorem, f” (x) cannot change 


sign, since f’’(a) cannot be zero. In the same way, we can show that f’(ax) and f(x) cannot change sign. Since the 
product of these three with f’’(a) cannot change sign, f’’(x) cannot change sign. Thus f(a) f(a) and f’(x) f’” (x) 
cannot change sign. Since their product is negative for all x, one or the other must be negative for all x. By Problem 71, 
this is impossible. 


(a) and (c). a is a critical point and f(a) is a local minimum. 
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Solutions for Section 4.2 


Exercises 





1. See Figure 4.25. 


Global and local max 





Local min 





Figure 4.25 


2. The global maximum is achieved at the two local maxima, which are at the same height. See Figure 4.26. 


Local and Local and 
y global max global max 


Local min 


Local min 


FPN WwW 


Local and global min 
| | | | | £ 


2 4 6 8 10 
Figure 4.26 





3. (a) We see in Figure 4.27 that the maximum occurs at about x = 4 and the maximum value of y is about y = 60. 
(b) The maximum value occurs at a critical point, so we find all critical points of y: 


dy 


qo = 128 — 32” =0 
3a(4— 2) =0 
zr=0,7 =4. 


Since y is a cubic polynomial with negative leading coefficient, the critical point z = 0 gives a local minimum and 
the critical point « = 4 gives a local maximum. Since we require x > 0, the maximum value of the function occurs 
at x = 4. We find the maximum value of y by substituting x = 4: 


Maximum value of y = 25 + 6-4? — 4° = 57. 





57 F 









































4 


Figure 4.27 
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. Since f(z) = 2° — 3x? + 20 is continuous and the interval —1 < x < 3 is closed, there must be a global maximum 
and minimum. The candidates are critical points in the interval and endpoints. Since there are no points where f(a) is 
undefined, we solve f’(x) = 0 to find all the critical points: 


f' (a) = 3a” — 6a = 3a(x — 2) = 0, 





so x = O and x = 2 are the critical points; both are in the interval. We then compare the values of f at the critical points 
and the endpoints: 
f(-1) =16, f(0)=20, f(2)=16, f(3) = 20. 
Thus the global maximum is 20 at x = 0 and x = 3, and the global minimum is 16 at « = —1 and x = 2. 
. Since f(x) = 2* — 82? is continuous and the interval —3 < x < 1 is closed, there must be a global maximum and 


minimum. The possible candidates are critical points in the interval and endpoints. Since there are no points where f’(x) 
is undefined, we solve f’(a) = 0 to find all the critical points: 


f'(v) = 40 — 162 = 4a(x? — 4) = 0, 


so x = —2,0, 2 are the critical points; only x = —2, 0 are in the interval. We then compare the values of f at the critical 
points and the endpoints: 

f(-3)=9, f-2)=-16, 7O)=0, f)=-7 
Thus the global maximum is 9 at x = —3 and the global minimum is —16 at x = —2. 


: 2/2: : : ‘ ‘ 
. Since f(x) = re” /? is continuous and the interval —2 < x < 2 is closed, there must be a global maximum and 


minimum. The possible candidates are critical points in the interval and endpoints. Since there are no points where f’ (x) 
is undefined, we solve f’(a) = 0 to find all the critical points: 


f(a) = ee 4. ze” /?(—2) — erry — 2”). 
Since e~®’/? 0, the critical points are 2 = —1,1; both are in the interval. We then compare the values of f at the 
critical points and the endpoints: 


f(2) =2e°? = 0.271, f(1) =e "'/* =0.607, f(-1) =—f(1) =-0.607  f(—2) = —f(2) = —0.271. 


Thus, the global maximum is 0.607 at z = 1 and the global minimum is —0.607 at x = —1 


. Since f(x) = 3x1/° — x is continuous and the interval —1 < x < 8 is closed, there must be a global maximum and 
minimum. The possible candidates are critical points in the interval and endpoints. One critical point is x = 0, since f’ is 
undefined there. We solve f’(x) = 0 to find the other critical points: 


f@=a"=1=0, 


so x = —1 and x = 1. Thus the critical points are « = —1, 0, 1; all are in the interval. We then compare the values of f 
at the critical points and the endpoints: 


f(-1)=—-2, f()=0, f)=2, f(8)=—2. 


Thus, the global maximum is 2 at z = 1, and the global minimum is —2 at x = —land zx = 8. 





. Since f(x) = x — 21n(x + 2) is continuous on the closed interval 0 < a < 2, there must be a global maximum and 
minimum. The possible candidates are critical points in the interval and endpoints. Since there are no points in the interval 
where f’(a) is undefined, we solve f’(a) = 0 to find the critical points: 


2 


fe=t=— 7 





so x + 1 — 2 = 0. Thus the only critical point is ¢ = 1, which is in the interval. We then compare the values of f at the 
critical point and the endpoints: 


f(0)=0, f(1) =1—2I(2) = —0.386, (2) = 2— 2In(3) = —0.197. 


Thus, the global maximum is 0 at 2 = 0, and the global minimum is —0.386 at x = 1. 
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Since f(a) = x? — 2|x| is continuous and the interval —3 < a2 < 4 is closed, there must be a global maximum and 
minimum. The possible candidates are critical points in the interval and endpoints. The derivative f’ is not defined at 
x = 0. To find the other critical points we solve f’(2) = 0. For x > 0 we have 


f(a) =2° — 2x, so f'() = 2x —2=0. 
Thus, « = 1 is the only critical point for 0 < x < 4. For x < 0, we have: 
f(x) =a? +22, so f'(x) = 24 +2=0. 


Thus « = —1 is the only critical point for —3 < x < 0. We then compare the values of f at the critical points and the 
endpoints: 





i373, Te pa-| (Oat Jak. sa 


Thus the global maximum is 8 at x = 4 and the global minimum is —1 at x = —1l anda = 1. 





Since the denominator is never 0, we have that f(«) = (# + 1)/(x? +3) is continuous. As the interval —1 < x2 < 2 is 
closed, there must be a global maximum and minimum. The candidates are critical points in the interval and endpoints. 
Since there are no points where f’() is undefined, we solve f’(x) = 0 to find all the critical points: 


(a? + 3)—(@+1)(Qe) — -a? - 22 +3 | 





/ 
= = = 0. 
oe (3p + 3p 
Thus —a” — 24 +3 = —(x + 3)(x — 1) = 0, so x = —3 and w = 1 are the critical points; only a = 1 is in the interval. 
We then compare the values of f at the critical points and the endpoints: 
1 3 
—1) =0, 1l)=-, QV= .. 

f-)=0, f=5, fQ=F 

Thus the global maximum is 1/2 at 2 = 1, and the global minimum is 0 at 7 = —1. 


(a) We have f’(2) = 102° — 10 = 10(”° — 1). This is zero when 2 = 1, so a = 1 is acritical point of f. For values of 
x less than 1, «° is less than 1, and thus f’(z) is negative when x < 1. Similarly, f’(x) is positive for 2 > 1. Thus 
f(1) = —9 is a local minimum. 

We also consider the endpoints f(0) = 0 and f(2) = 1004. Since f’(0) < 0 and f’(2) > 0, we see x = 0 and 
x = 2 are local maxima. 
(b) Comparing values of f shows that the global minimum is at z = 1, and the global maximum is at x = 2. 





(a) f'(z) = 1—1/z. This is zero only when x = 1. Now f(z) is positive when 1 < x < 2, and negative when 
0.1 <a < 1. Thus f(1) = 1 is a local minimum. The endpoints f(0.1) % 2.4026 and f(2) % 1.3069 are local 
maxima. 

(b) Comparing values of f shows that z = 0.1 gives the global maximum and x = 1 gives the global minimum. 


(a) Differentiating gives 
f(x) =sin?a-—cosx forO<a<a 
f(a) = 2sinxcosx +sinax = (sinz)(2cosx + 1), 
so f’(x) = 0 when sinz = 0 or when 2cosxz + 1 = 0. Now, sinz = 0 when x = 0 or when x = 7. On the 
other hand, 2 cos x + 1 = 0 when cos x = —1/2, which happens when x = 27/3. So the critical points are x = 0, 
x = 27/3, and x = 7. 


Note that sing > 0 forO0 < aw < a. Also, 2cosx +1 < O if 27/3 < x < mand 2cosx +1 > Oif 
0 < a < 2/3. Therefore, 


f(x) <0 for ot egies 


3 
2 
f'(e) >0 for O<a<F. 
Thus f has a local maximum at 7 = 27/3 and local minima at x = 0 and x = 7. 


(b) We have 
f (0) = [sin(0)]? — cos(0) = —1 
f (=) = [sin (=)| — cos = S25 
f(t) = [sin(7)|? — cos(r) = 1. 


Thus, the global maximum is at x = 27/3, and the global minimum is at x = 0. 
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14. This is a parabola opening downward. We find the critical points by setting g’(x) = 0: 
g(x) =4—-22 =0 
C=2. 


Since g'(x) > 0 for x < 2 and g(x) < 0 for x > 2, the critical point at x = 2 is a local maximum. 
As « —> oo, the value of g(%) — —oo. Thus, the local maximum at x = 2 is a global maximum of g(2) = 
4.2—2? —5 = —1. There is no global minimum. See Figure 4.28. 








2 
i - £ 
=] 2 
g(x) = 4a —2* —5 
Figure 4.28 
15. Differentiating gives 
1 
/ 
so the critical points satisfy 
1 
eS 1 


x=1 (Wewant x > 0). 


Since f’ is negative for 0 < x < land f’ is positive for x > 1, there is a local minimum at x = 1. 
Since f(a) —+ co as x + OF and as 2 — oo, the local minimum at x = 1 is a global minimum; there is no global 
maximum. See Figure 4.29. The the global minimum is f(1) = 2. 








16. Differentiating using the product rule gives 





g(t) =1-e*-te' =(1-be™, 


so the critical point is = 1. 

Since g'(t) > 0 for 0 < t < Land g’(t) < 0 for ¢ > 1, the critical point is a local maximum. 

As t — ox, the value of g(t) — 0, and as t + O*, the value of g(t) — 0. Thus, the local maximum at « = 1 is 
a global maximum of g(1) = le~* = 1/e. In addition, the value of g(t) is positive for all t > 0; it tends to 0 but never 
reaches 0). Thus, there is no global minimum. See Figure 4.30. 








Figure 4.30 


286 Chapter Four /SOLUTIONS 


17. Differentiating gives 


so the critical points satisfy 


8g 8le Sle 


1 
1. 
Since f’ is negative for 0 < x < land f’ is positive for x > 1, there is a local minimum at x = 1. 


Since f(a) —+ co as x + OF and as 2 — oo, the local minimum at x = 1 is a global minimum; there is no global 
maximum. See Figure 4.31. Thus, the global minimum is f(1) = 1. 


1 f(z) =x-—Inz 





Figure 4.31 


18. Differentiating using the quotient rule gives 


1(1 +t?) — ¢(2t) 1-? 








/ 
ES eS 
Fo (42)? +P? 
The critical points are the solutions to 
1-t 
—~; = 0 
(1+ #7)? 
=i 
t=+1. 
Since f(t) > 0 for —1 < t < Land f’(t) < 0 otherwise, there is a local minimum at ¢ = —1 and a local maximum at 
t=1. 
As t — Loo, we have f(t) — 0. Thus, the local maximum at t = 1 is a global maximum of f(1) = 1/2, and the 
local minimum at t = —1 is a global minimum of f(—1) = —1/2. See Figure 4.32. 
ae 10 = ae 







-1 








| 1/2 


Figure 4.32 


19. Differentiating using the product rule gives 


f' (t) = 2sint cost - cost — (sin? t + 2)sint = 0 
sin t(2 cos” t — sin” t — 2) = 0 

sin t(2(1 — sin? t) — sin? t — 2) = 0 

sin t(—3sin” t) = —3sin*¢ = 0. 








20. 


21. 


22. 
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Thus, the critical points are where sin t = 0, so 

















t= 0, E27 ESTs cos 
Since f’(t) = —3sin® t is negative for —7 < t < 0, positive for 0 < t < 7, negative for 7 < t < 27, and so on, we find 
that t = 0, +27, ... give local minima, while t = +7, +37,... give local maxima. Evaluating gives 














f(0) = f(+27r) = (04+ 2)1 =2 
fen) = f(43m) = (0+ 2)(-1) = -2. 


Thus, the global maximum of f(t) is 2, occurring at t = 0 
t= -+7,+37,.... See Figure 4.33. 

















t27,..., and the global minimum of f(t) is —2, occurring at 




















Figure 4.33 


Let y = x? — 4x? + 4x. To locate the critical points, we solve y’ = 0. Since y’ = 3a? — 8a + 4 = (3a — 2)(a — 2), the 
critical points are « = 2/3 and x = 2. To find the global minimum and maximum on 0 < x < 4, we check the critical 
points and the endpoints: y(0) = 0; y(2/3) = 32/27; y(2) = 0; y(4) = 16. Thus, the global minimum is at x = 0 and 
x = 2, the global maximum is at x = 4, and0 < y < 16. 








Let y = e-®. Since y= —22e-*”, y is increasing for x < 0 and decreasing for z > 0. Hence y = e° = 1 isa global 
maximum. 

When x = +0.3, y = e~ °°? & 0.9139, which is a global minimum on the given interval. Thus e~°°? < y < 1 for 
|x| < 0.3. 
Examination of the graph suggests that 0 < 2*e~” < 2. The lower bound of 0 is the best possible lower bound since 


f(0) = (0)?e ° =0. 


To find the best possible upper bound, we find the critical points. Differentiating, using the product rule, yields 


Setting f’(x) = 0 and factoring gives 


So the critical points are x = 0 and x = 3. Note that f’(x) < 0 for x > 3 and f’(x) > 0 for x < 3, so f(z) has a local 
maximum at 2 = 3. Examination of the graph tells us that this is the global maximum. So 0 < w°e~* < f(3). 


f(3) = 38e7? & 1.34425 


So0 < x°e~” < 3°e7? & 1.34425 are the best possible bounds for the function. 


33e73 & 1.34425 
1 








Figure 4.34 
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23. The graph of y = x + sin z in Figure 4.35 suggests that the function is nondecreasing over the entire interval. You can 
confirm this by looking at the derivative: 


y =1+cosz 











Figure 4.35: Graph of y = x + sin 


Since cos x > —1, we have y’ > 0 everywhere, so y never decreases. This means that a lower bound for y is 0 (its 
value at the left endpoint of the interval) and an upper bound is 27 (its value at the right endpoint). That is, if0 < a < 27: 


O<y<2r. 


These are the best bounds for y over the interval. 

24. Let y = In(1 +2). Since y’ = 1/(1 +2), y is increasing for all x > 0. The lower bound is at x = 0, so, In(1) =0 < y. 
There is no upper bound. 

25. Let y = In(1 + x). Then y’ = 2a/(1 + x’), Since the denominator is always positive, the sign of y’ is determined by 
the numerator 2x. Thus y’ > 0 when x > 0, and y’ < 0 when x < 0, and we have a local (and global) minimum for y 
at x = 0. Since y(—1) = In2 and y(2) = In5, the global maximum is at x = 2. Thus 0 < y < In5, or (in decimals) 
0 < y < 1.61. (Note that our upper bound has been rounded up from 1.6094.) 


Problems 





26. We want to maximize the height, y, of the grapefruit above the ground, as shown in the figure below. Using the derivative 
we can find exactly when the grapefruit is at the highest point. We can think of this in two ways. By common sense, at the 
peak of the grapefruit’s flight, the velocity, dy/dt, must be zero. Alternately, we are looking for a global maximum of y, 
so we look for critical points where dy/dt = 0. We have 

d = 
a = —32¢t +50 =0 and so t= — ~ 1.56 sec. 


Thus, we have the time at which the height is a maximum; the maximum value of y is then 


y © —16(1.56)? + 50(1.56) +5 = 44.1 feet. 





y 
60 
40 
20 
l l l t 
1 2 3 
27. We find all critical points: 
ay =2ar+b=0 
dx 
oe b 
Qa’ 


Since y is a quadratic polynomial, its graph is a parabola which opens up if a > 0 and down if a < 0. The critical value 
is amaximum if a < 0 and a minimum if a > 0. 
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28. To find the value of w that minimizes S, we set d.S/dw equal to zero and solve for w. To find dS/dw, we first solve for 
S: 
S — 5pw = 3qw? — 6pq 
S = 5pw + 3qw” — 6pg. 


We now find the critical points: 


G8. cop aba 
dw 


There is one critical point. Since S is a quadratic function of w with a positive leading coefficient, the function has a 
minimum at this critical point. 


29. To find the value of t that maximizes y, we set dy/dt equal to zero and solve for t. We use the product rule to find dy/dt. 


d 
= at?e™*(—b) + 2ate"™ =0 


d 
= = ate” ™(—bt +. 2) = 





clw © 


t=0,t= 


Since a, t are nonnegative, ate~”’ is nonnegative. Thus dy/dt is positive for —bt + 2 > 0 and negative for —bt + 2 < 0. 
Also, t > 0, so 

dy/dt =O for t=0,2/b 

dy/dt is positive for 0 <t < 2/b 

dy/dt is negative for t > 2/b. 
b 


Thus, y has a local maximum, and also a global maximum, at t = 2/b. The graph of y = at?e~*', using a = landb = 1, 
is shown in Figure 4.36. We see that the function has a minimum at the critical point ¢ = 0 and a maximum at t = 2/b. 





Figure 4.36 


30. (a) We have 








fC Dye CD” Dp 
T(D)= (5-3)? a es: 
dT 
— 2 
ap =CD- D’=DC-D). 


Since, by this formula, dT’'/dD is zero when D = 0 or D = C, negative when D > C, and positive when D < C, 
we have (by the first derivative test) that the temperature change is maximized when D = C. 

(b) The sensitivity is d?/dD = CD — D?; its derivative is d?T'/dD? = C — 2D, which is zero if D = C’/2, negative 
if D > C/2, and positive if D < C/2. Thus by the first derivative test the sensitivity is maximized at D = C'//2. 
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31. (a) Since a/q decreases with q, this term represents the ordering cost. Since bq increases with q, this term represents the 
storage cost. 
(b) At the minimum, 


Rae POI ee 6 
dq @ 
giving 
oF a ve i Js 
75 2 VG 
Since 3 
d“C 2a 
a ge for q>0, 
we know that g = \/a/b gives a local minimum. Since g = \/a/b is the only critical point, this must be the global 
minimum. 
32. We look for critical points of M: 
a anne Wa 
dx 2 


Now dM/dx = 0 when a = L/2. At this point d? M/da? = —w so this point is a local maximum. The graph of M (a) 
is a parabola opening downward, so the local maximum is also the global maximum. 


33. (a) If we expect the rate to be nonnegative, then we must have 0 < y < a. See Figure 4.37. 


rate (gm/sec) 
Max rate 














rr 5 y (gm) 
a 


Figure 4.37 


(b) The maximum value of the rate occurs at y = a/2, as can be seen from Figure 4.37, or by setting 


(rate) = 0 





d _d 2) _ 
ie aye ky”) = ka — 2ky =0 


_ a 
y= >: 


From the graph, we see that y = a/2 gives the global maximum. 
34. We set dU /dx = 0 to find the critical points: 





The only critical point is at x = 2a. When x < 2a we have dU/dx < 0, and when x > 2a we have dU/dx > 0. The 
potential energy, U, is minimized at x = 2a. 
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35. We set f(r) = 0 to find the critical points: 


2A 3B 

= = 

2Ar —3B 

—{— =0 

2Ar—3B=0 
_ 3B 
"= 9A" 


The only critical point is at r = 3B/(2A). If r > 3B/(2A), we have f’ > 0 and ifr < 3B/(2A), we have f’ < 0. 
Thus, the force between the atoms is minimized at r = 3B/(2A). 


36. (a) To show that R is an increasing function of r1, we show that dR/dr; > 0 for all values of 71. We first solve for R: 








tii, 3 
Rm rm 
1 fet 
R Ti?re2 
Roa 

YM a ae AEA 





We use the quotient rule (and remember that r2 is a constant) to find dR/dri: 


dR _ (r2t+ri)(r2) — (rira)(Q) _ __(rr2)? 
dry (r2 +11)? (r2 +71)?" 


Since dR/dr1 is the square of a number, we have dR/dr1 > 0 for all values of 71, and thus R is increasing for all 
TI. 
(b) Since R is increasing on any interval a < 1 < b, the maximum value of R occurs at the right endpoint r; = b. 


37. (a) We want the maximum value of J. Using the properties of logarithms, we rewrite the expression for J as 


I=k(InS —InSo) —S+S0+ 1b. 





Since k and So are constant, differentiating with respect to S gives 


dl _k 1 
ds § : 
Thus, the critical point is at S = k. Since dI/dS is positive for S < k and dI/dS is negative for S > k, we see that 
S =k isa local maximum. 
We only consider positive values of S. Since S = k is the only critical point, it gives the global maximum value 


for I, which is 





IT=k(Ink—InSo) —k+ So + Io. 
(b) Since both & and So are in the expression for the maximum value of J, both the particular disease and how it starts 
influence the maximum. 


38. Suppose the points are given by « and —x, where x > 0. The function is odd, since 


(—2)3 pa 


~ T+ (at 14a?’ 





y 


so the corresponding y-coordinates are also opposite. See Figure 4.38. For x > 0, we have 





x3 23 
Tra? (-=) 1 223 a 
m= a = 
x — (-2) 2x 1+a* 1424 
For the maximum slope, 
dm 2x x? (4a) 


de +24 (1+ 24)? ~ 
Qa(1+ a*) — 40° 


Giza? 
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2a(1—a*) _ . 
(1+ a4)? 
Aa (i _ x’) =0 

g = 0,41. 





For x > 0, there is one critical point, x = 1. Since m tends to 0 when x — 0 and when x — on, the critical point x = 1 
gives the maximum slope. Thus, the maximum slope occurs when the line has endpoints 


(-1-$) ant (13) 








Figure 4.38 


39. Since the function is positive, the graph lies above the x-axis. If there is a global maximum at x = 3, t’(x) must be 
positive, then negative. Since t’(a) and t’’(a) have the same sign for x < 3, they must both be positive, and thus the 
graph must be increasing and concave up. Since t’(a) and t’’(x) have opposite signs for x > 3 and t’(a) is negative, 
t’(a) must again be positive and the graph must be decreasing and concave up. A possible sketch of y = ¢(x) is shown 


in Figure 4.39. 


(3, 3) 








Figure 4.39 


40. One possible graph of g is in Figure 4.40. 


(—2, g(—2)) 








(2, 9(2)) 


Figure 4.40 


(a) From left to right, the graph of g(x) starts “flat”, decreases slowly at first then more rapidly, most rapidly at z = 0. 
The graph then continues to decrease but less and less rapidly until flat again at = 2. The graph should exhibit 
symmetry about the point (0, g(0)). 


41. 


42. 


43. 


44. 


45. 
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(b) The graph has an inflection point at (0, g(0)) where the slope changes from negative and decreasing to negative and 
increasing. 

(c) The function has a global maximum at « = —2 and a global minimum at x = 2. 

(d) Since the function is decreasing over the interval —2 < x < 2 


g(—2) = 5 > g(0) > g(2). 


Since the function appears symmetric about (0, g(0)), we have 


g(—2) — g(0) = g(0) — g(2). 





(a) We know that h’’ (x) < 0 for —2 < « < -1,h"(—1) = 0, and h(x) > 0 for x > —1. Thus, h’ (x) decreases to its 
minimum value at 2 = —1, which we know to be zero, and then increases; it is never negative. 

(b) Since h’(a) is non-negative for —2 < x < 1, we know that h(x) is never decreasing on [—2, 1]. So a global 
maximum must occur at the right hand endpoint of the interval. 

(c) The graph below shows a function that is increasing on the interval -2 < x < 1 with a horizontal tangent and an 
inflection point at (—1, 2). 


(-1,2) 








Suppose f has critical points x = a and x = b. Suppose a < b. By the Extreme Value Theorem, we know that 
the derivative function, f’(a), has global extrema on [a,b]. If both the maximum and minimum of f’(a) occur at the 
endpoints of [a,b], then f’(a) = 0 = f’(b), so f’(x) = 0 for all x in [a, b]. In this case, f would have more than two 
critical points. Since f has only two critical points, there is a local maximum or minimum of f’ inside the interval [a, bj. 


To find the critical points, set dD/dx = 0: 


dD 


Te 7 Lit ~ a1) + 2(@ — a2) + 2(@ — a3) ++» + 2(@ — an) = 0. 


Dividing by 2 and solving for x gives 





GE+e+04+---+X =a, +42 +043 +--+:+ Gn. 


Since there are n terms on the left, 


NL = a1 + a2 +03 +°+++4n 


nm 


n 
ar.+ag+ag+-::-+an — 1 
LS = ) ai. 
n 
i=1 
The expression on the right is the average of a1, d2,a3,°+-+, Qn. 
Since D is a quadratic with positive leading coefficient, this critical point is a minimum. 


(a) If both the global minimum and the global maximum are at the endpoints, then f(x) = 0 everywhere in [a, b], since 
f(a) = f(b) = 0. In that case f’(x) = 0 everywhere as well, so any point in (a, b) will do for c. 

(b) Suppose that either the global maximum or the global minimum occurs at an interior point of the interval. Let c be 
that point. Then c must be a local extremum of f, so, by the theorem concerning local extrema on page 188, we have 
f'(c) = 0, as required. 


(a) The equation of the secant line between x = a and x = bis 


y= f(a) + LALO (ea) 
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and 
g(2) = fle) ~ fla) LO=L (a — a), 


so g(a) is the difference, or distance, between the graph of f(a) and the secant line. See Figure 4.41. 


y = f(z) : 
y= fa) + (EX) ea) 











Figure 4.41: Value of g(a) is the difference between the secant line 
and the graph of f (2) 


(b) Figure 4.41 shows that g(a) = g(b) = 0. You can also easily check this from the formula for g(x). By Rolle’s 
Theorem, there must be a point c in (a,b) where g’(c) = 0. 
(c) Differentiating the formula for g(x), we have 


g(x) = f'(x) - Sa 


So from g’(c) = 0, we get 


as required. 


Strengthen Your Understanding 





46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 
58. 


The function f has a critical point at x = 1 where f” < 0, so f has a local maximum at (1, 0). However, checking the 
endpoints we find that f takes its largest value at the endpoint x = 3, where f(3) = 4. 


Consider the interval 1 < x < 2. Since f is increasing on this interval, its global minimum occurs at the left end-point of 
the interval, x = 1. If x = 0 is inside the interval a < x < 6, then the global minimum of f occurs at x = 0. Otherwise, 
the global minimum of f will occur at an endpoint. 


The function has a vertical asymptote at x = 1 where it is not defined. There is no global minimum nor maximum and 
therefore no upper or lower bound for f (2). 


One possible answer is f(x) = 1 — x for which f(a) = —1 so there are no critical points. Also f(0) = 1 is a global 
maximum and f(1) = 0 is a global minimum. There are many other possible answers. 


The function must be a constant. One possible answer is f(x) = 1. Any constant function’s global maximum is equal to 
its global minimum. 


Solving x? = 5 and x” = 2, we see that one such interval is \/2 <a“a< /5. A second possible interval is -V/5 <a< 
—V2. 

The function f(x) = sin is differentiable and has 1 as its global maximum and —1 as its global minimum on any 
interval containing —7/2 < a < 7/2 such as the interval —4 < x < 4. The function f(x) = cos is another such 
function. There are many other possibilities. 


True, f(x) < 4 on the interval (0, 2). 

False. The values of f(a) get arbitrarily close to 4, but f(x) < 4 for all x in the interval (0, 2). 
True. The values of f(x) get arbitrarily close to 0, but f(a) > 0 for all x in the interval (0, 2). 
False. On the interval (—1, 1), the global minimum is 0. 

True, by the Extreme Value Theorem, Theorem 4.2. 


(a) This is not implied; just because a function satisfies the conclusions of the statement, that does not mean it has to 
satisfy the conditions. 


59. 
60. 
61. 


62. 
63. 


Solutions for Section 4.3 
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(b) This is not implied; if a function fails to satisfy the conditions of the statement, then the statement does not tell us 
anything about it. 

(c) This is implied; if a function fails to satisfy the conclusions of the statement, then it could not satisfy the conditions 
of the statement, because if it did the statement would imply it also satisfied the conclusions. 

False, since f(a) = 1/a takes on arbitrarily large values as x —> 0*. The Extreme Value Theorem requires the interval 

to be closed as well as bounded. 

False. The Extreme Value Theorem says that continuous functions have global maxima and minima on every closed, 

bounded interval. It does not say that only continuous functions have such maxima and minima. 

True. If the maximum is not at an endpoint, then it must be at critical point of f. But = 0 is the only critical point of 

f(z) = 2? and it gives a minimum, not a maximum. 

True. For example, A = 1 and A = 2 are both upper bounds for f(a) = sin x. 

True. If f’(0) > 0, then f would be increasing at 0 and so f(0) < f(x) for x just to the right of 0. Then f(0) would not 

be a maximum for f on the interval 0 < x < 10. 





Exercises 





1. 


Let the numbers be x and y. Then x + y = 100, so y = 100 — a. 
Since both numbers are nonnegative, we restrict to0 < x < 100. 
The product is 





P = zy = 2(100 — x) = 1002 — 2’. 


Differentiating to find the maximum, 


ay = 100-22 =0 
dx 
100 
= — =50. 
= 3 
So there is a critical point at 2 = 50; the end points are at x = 0, 100. 
Evaluating gives 
At x = 0, we have P = 0. 
At « = 50, we have P = 50(100 — 50) = 2500. 
At x = 100, we have P = 100(100 — 100) = 0. 
Thus the maximum value is 2500. 
. Let the numbers be x and y. Then xy = 784, so y = 784/a. 
Since both numbers are positive, we restrict to x > 0. 
The sum is 
784 

Differentiating to find the minimum, 

dS 784 

Se 

dx a? 

a= 784 so c=+V784 = +28. 








For x > 0, there is only one critical point at x = 28. We find 


das 784 


dx? “a3 
Since d?.S/dx? > 0 for x > 0, there is a local minimum at 2 = 28. The derivative dS/dz is negative for 0 < a < 28 
and dS/dz is positive for x > 28. Thus, x = 28 gives the global minimum for x > 0. 
The minimum value of the sum is 784 


A = OE OG 
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3. Let the numbers be x, y, z and let y = 2x. Then 





ety+z=3r+2=36, so z=36- 32. 





Since all the numbers are nonnegative, we restrict to0 < a < 12. 
The product is 
P=syz =«- 2x - (36 — 3x) = 722 — 62°. 


Differentiating to find the maximum, 


oF ian 18a? = 0 
dx 
—18a(x — 8) =0 
x=0,8. 


So there are critical points at z = 0 and x = 8; the end points are at x = 0, 12. 
Evaluating gives: 

At x = 0, we have P = 0. 

At x = 8, we have P = 8-16- (36 — 3-8) = 1536. 

At x = 12, we have P = 12- 24- (36 —3-12) =0. 

Thus, the maximum value of the product is 1536. 

4. Let the sides be x and y cm. Then 2” + 2y = 64, so y = 32 — a. 

Since both sides are nonnegative, we restrict to 0 < x < 32. 

The area in cm? is 





A= sy = 2(32— 2) = 322-2”. 


Differentiating to find the maximum, 


dA 
— = 32-27 = 
We 3 xz = 0 
32 
==. =16; 
© 5 6 


So there is a critical point at 2 = 16 cm; the end points are at x = 0 and x = 32 cm. 
Evaluating gives: 

At x = 0, we have A = 0 cm’. 

Ata = 16, we have A = 16(32 — 16) = 256 cm?. 

At x = 32, we have A = 32(32 — 32) = 0 cm?. 

Thus, the maximum area occurs in a square of side 16 cm. 


5. Let w and / be the width and length, respectively, of the rectangular area you wish to enclose. Then 
w+w-+l= 100 feet 
1 = 100 — 2w 
Area = w- 1 = w(100 — 2w) = 100w — 2w” 








WALL 











l 











To maximize area, we solve A’ = 0 to find critical points. This gives A’ = 100 — 4w = 0, so w = 25,1 = 50. So 
the area is 25 - 50 = 1250 square feet. This is a local maximum by the second derivative test because A” = —4 < 0. 
Since the graph of A is a parabola, the local maximum is in fact a global maximum. 


6. We want to minimize the surface area S' of the box, shown in Figure 4.42. The box has 6 faces: the top and bottom, each 
of which has area :” and the four sides, each of which has area xh. Thus we want to minimize 


S = 2x? + Ach. 
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The volume of the box is 8 = xh, so h = 8/x”. Substituting this expression in for h in the formula for S' gives 


Differentiating gives 


To minimize S we look for critical points, so we solve 0 = 4x — 32/ x”. Multiplying by x? gives 
0 = 4x? — 32, 


so z = 8!/°. Then we can find 


Thus zx =h = 8'/3 cm (the box is a cube). 
We can check that this critical point is a minimum of S' by checking the sign of 


2 q 
ds A 64 


dx? x 


which is positive when x > 0. So S is concave up at the critical point and therefore x = a gives a minimum value 
of S. 





Figure 4.42 


. We want to minimize the surface area S of the box, shown in Figure 4.43. The box has 5 faces: the bottom which has area 
x? and the four sides, each of which has area xh. Thus we want to minimize 


S=2? +4ch. 
The volume of the box is 8 = xh, so h = 8/x”. Substituting this expression in for h in the formula for S' gives 


2 
safe aps. 
x x 


Differentiating gives 
dS _ Gee 32 
dx Poe 


To minimize S we look for critical points, so we solve 0 = 2a — 32/x?. Multiplying by x? gives 


0 = 2° — 32, 
so z = 16'/3 cm. Then we can find 
e838. _ ae 
~ g2 162/8 «2 162/82 


cm. 
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We can check that this critical point is a minimum of S' by checking the sign of 
eS ej, 08 
dx2 x 


which is positive when x > 0. So S is concave up at the critical point and therefore x = 167° gives a minimum value 
of S. 





Figure 4.43 


8. We want to minimize the surface area S' of the cylinder, shown in Figure 4.44. The cylinder has 3 pieces: the top and 
bottom disks, each of which has area rr? and the tube, which has area 27h. Thus we want to minimize 


S = 2rr? +2arh. 


The volume of the cylinder is 8 = mr7h, so h = 8/mr?. Substituting this expression for h in the formula for S' gives 


16 


7 Z 





S= Qnr? + 2Qrr- = = Qnr? + 


Differentiating gives 


To minimize S we look for critical points, so we solve 0 = 4rr — 16/ r. Multiplying by r? gives 
0 = 4nr? — 16, 
so r = (4/7)'/3 cm. Then we can find 
9(4 4\ 1/3 
= ee Se 


wT Tw 


We can check that this critical point is a minimum of S' by checking the sign of 


1/3 


which is positive when r > 0. So S is concave up at the critical point and therefore r = (4/7)*/° cm is a minimum. 


=> 


Figure 4.44 


4.3 SOLUTIONS 299 


9. We want to minimize the surface area S' of the cylinder, shown in Figure 4.45. The cylinder has two pieces: one disk (the 
base) which has area ar? and the tube (the sides), which has area 27rh. Thus we want to minimize 


S = ar? +2rrh. 


The volume of the cylinder is 8 = 1r7h, so h = 8/mr?. Substituting this expression in for h in the formula for S gives 





1 
S = arr? +2nrr- = = ar? + 7 
Tr r 
Differentiating gives 
dS 9 16 
Ee Dap 
dr 7 


To minimize S we look for critical points, so we solve 0 = 27r — 16/r?. Multiplying by r? gives 
0 = 2nrr? — 16, 
so r = (8/m)'/3 cm. Then we can find 
& 1/3 
n= 3-5 - =, = (5) 


awr2 n (8)7° ay T 


Tw wT 


We can check that this critical point is a minimum of S' by checking the sign of 


1/3 


which is positive when r > 0. So S is concave up at the critical point and therefore r = (8/7)*/° cm is a minimum. 


=> 


Figure 4.45 


10. We want to maximize the area function 


Das 
& 
| 


= Base x Height 
= zf(z) 
3 — 50x? + 10002. 


Critical points of A are solutions of 
A'(x) = x? — 100x + 1000 = 0. 


There are two critical points, 7 = 50— 10/15 = 11.27 and x = 50+ 10V 15 = 88.73, but only the first is in the interval 
O<a< 20. 
The maximum occurs at the critical point in the interval or at one of the endpoints. Since 


A(0)=0 —_-A(11.27) = 5396.5 —_A(20) = 2666.67 


the maximum area occurs with x = 50 — 10/15 = 11.270. 
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11. We want to maximize the area function 


5 x Base x Height 
5°20: F(x) 
1 


2 
- ~ — 500zx + 10000. 





Critical points of A are solutions of 


A'(2) = as — 500 = 0. 


There is one critical point, 2 = 75, but it is outside the interval 0 < a < 20. 
The maximum of A in the interval occurs at one of the endpoints. Since 


A(0) = 10000 A(20) = 4000/3 = 1333.3 
the maximum area occurs with x = 0. 
We can also see that x = 0 gives te maximum area without calculus, since the base of the triangle is always 20 and 
the height is largest when x = 0. 
12. The rectangle in Figure 4.46 has area, A, given by 


22 
1+ <2? 





A= 2ry = 


At a critical point, 





CS. 


Since A = 0 for x = 0 and A > 0 as x — ov, the critical point « = 1 is a local and global maximum for the area. Then 


y = 1/2, so the vertices are 
1 1 
—1 1 1s —1,=}. 
1.0), 0.0) (4). (nd) 











y 
_ 1 
ae + x2 
y 
a 
Ko 
Figure 4.46 
13. The triangle in Figure 4.47 has area, A, given by 
1 -x 
A= gry = <e ve 


At a critical point, 
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Substituting the critical point and the endpoints into the formula for the area gives: 
For x = 1, we have A = ze 1/3 = 0.358 
For x = 3, we have A = set = 0.552 
For x = 5, we have A = 2 

Thus, the maximum area is 0.552 and the minimum area is 0.358. 

















K— t ——1 


Figure 4.47 


14. (a) The rectangle in Figure 4.48 has area, A, given by 


A=ay=2e". 


At a critical point, we have 


a =1-¢e°2" —Qre7* = 


0 

e ** (1-22) =0 
il 

=a 
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Since A = 0 when x = 0 and A -> 0. as x — on, the critical point 2 = 1/2 is a local and global maximum. Thus 


the maximum area is 


Aza te-20/) = 1. 
2 2e 


(b) The rectangle in Figure 4.48 has perimeter, P, given by 
P = 2x + 2y =2e4+2e77”. 


At a critical point, we have 


dP 


— =2-4e* =0 
dx ‘ 

e2* 1 
2 

1 

—27 =In= 

4 ng 

1, 1 1 


To see if this critical point gives a maximum or minimum, we find 


P 


dee => 8e7 2, 


Since d?P/dx? > 0 for all x, including « = iIn 2, the critical point is a local and global minimum. Thus, the 


minimum perimeter is 


p=2(5In2) 4+ 2e72(3 122) _ 94 de? — ma42. 5 Sino: 
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Figure 4.48 


Problems 





15. We take the derivative, set it equal to 0, and solve for x: 





dé 1 141i 2 2\—1/2 _ 
a ((2000 — x)” + 600°) - 2(2000 — x) = 0 
(2000 — x) = “ ((2000 — a)? + 6007)” 
(2000 — x)? = ; ((2000 — a)” + 6007) 
5 2 4 2 
=(2 _ ate 
5 (2000 — x)” = 5 - 600 
iia 4) e092 
5 V5 
ax = 2000 — = feet. 


Note that 2000 — (1200/./5) = 1463 feet, as given in the example. 
16. Let the sides of the rectangle have lengths a and b. We shall look for the minimum of the square s of the length of either 
diagonal, i.e. s = a? + b”. The area is A = ab, so b = A/a. This gives 
2 
s(a) =a? + a: 


To find the minimum squared length we need to find the critical points of s. Differentiating s with respect to a gives 


ds _ 23 A? 
Ta 7 20+ (-2)Ava 2a (1-4 


2 
The derivative ds/da = 0 whena = VA, that is when a = b and so the rectangle is a square. Because — 
a 


A? 
2 (: + =) > 0, this is a minimum. 
a 


17. From the triangle shown in Figure 4.49, we see that 
w +h? = 4(30)” = 3600. 


30 h/2 


w/2 


Figure 4.49 


18. 


19. 
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The strength, S, of the beam is given by 
S =kwh’, 


for some constant k. To make Sa function of only one variable, substitute for h”, giving 
S = kw(3600 — w?) = k(3600w — w®). 


Differentiating and setting dS/dw = 0, 


La k(3600 — 3w”) = 0. 
dw 





Solving for w gives 
w = V 1200 = 34.64 cm, 


so 





h? = 3600 — w* = 3600 — 1200 = 2400 
h = V2400 = 48.99 cm. 


Thus, w = 34.64 cm and h = 48.99 cm give a critical point. To check that this is a local maximum, we compute 


2 
oF py eu for w>0O. 
dw? 


Since d?S /dw? < 0, we see that w = 34.64 cm is a local maximum. It is the only critical point, so it is a global 
maximum. 


The area of the rectangle on the left is 27. The entire rectangle has area 2, so the area of the rectangle on the right is 
2 — 2x. We are to maximize the product 


f(x) = 2x(2 — 2x) = 4e — 42? 





of the two areas where 0 < a <1. 
The critical points of f occur where 
f'(a) =4-8x =0 
at x = 1/2. 
The maximum of f on the interval 0 < x < 1 is at the critical point 2 = 1/2 or one of the endpoints x = 0 or 
x = 1. We have 


1 
f(0) = f(1) =Oand f (5) = 
The product of the areas is a maximum when «x = 1/2. 


First find the length h of the vertical segment at x. Since the top edge of the triangle has slope h/a = 2/1, we have 


h = 2x. Thus i ; 
Area of smaller triangle = 3 x Base x Height = —-a- 2x = x. 


The entire triangle has area 1, so the area of the trapezoid on the right is 1 — 2”. We are to maximize the product 


f(x) =2°(1— 2”) =2?—a* 





of the two areas where 0 < 2 <1 
The critical points of f occur where 





f' (w) = 2x — 4a? = 2a(1 — 22?) =0 


atx =0,27 = 1/V2 or r= —1/V2. The only critical point in the intervalO <a <lisx= 1/V2. 
The maximum of f on the interval 0 < x < 1 is at one of the endpoints x = 0 or x = 1 or at the critical point 
x = 1/2. We have 
1 


f(0) = f(1) = Oand f (=) =F 


The product of the areas is a maximum when x = 1/\/2. 
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20. (a) The rectangle on the left has area xy, and the semicircle on the right with radius y/2 has area (1/2)m(y/2)? = my?/8. 
We have 


Area of entire region = xy + oy. 


(b) The perimeter of the figure is made of two horizontal line segments of length x each, one vertical segment of length 
y, and a semicircle of radius y/2 of length wy/2. We have 


Perimeter of entire region = 2x + y + y =2r4+(1+ “)y: 


(c) We want to maximize the area ry + wy” /8, with the perimeter condition 2x + (1 + 7/2)y = 100. Substituting 


| as _ 24+7 
«= 50 (5+t)y 50 rn 








into the area formula, we must maximize 
1 T T 1 ea 
(y) 50 a A y yt oy 50y a+ 3 y 


on the interval 
0<y < 200/(2 + 7) = 38.8985 


where y > 0 because y is a length and y < 200/(2 + 7) because x > 0 is a length. 
The critical point of A occurs where 





A'(y) = 50 (1 *)y=0 


at 


200 
a = De 0E, 
U = Taq = 28.005 


A maximum for A must occur at the critical point y = 200/(4 + 7) or at one of the endpoints y = 0 or y = 
200/(2 + 7). Since 























2 2 
A(0) = 0 A (—) = 700.124 A (—-) = 594.2 
A+ 2+ 
the maximum is at 
_ 200 
— Atd 
ae 2+ 2+ 200 100 
T T 
DS Ee hee a 
The dimensions giving maximum area with perimeter 100 are 
100 200 
= = 14.0 = = 28.0. 
. A+ ’ 4+ 


The length y is twice as great as x. 


21. (a) The rectangle has area xy. The two semicircles together form a circle of radius y/2 and area 7(y/2)? = my?/4. We 
have 


Area of entire region = xy + au 


(b) The perimeter of the figure is the sum 2 of the lengths of the two straight sections and the circumference zy of a 
circle of diameter y. Thus 
Perimeter of entire region = 2% + my. 


(c) We want to maximize the area xy + my? /4, with the perimeter condition 


2x + my = 100. 
Substituting 
T 
xz=50- ay 


into the area formula, we must maximize 





22. (a) 


(b) 


(c) 


23. (a) 
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on the interval 


zy 2-8 
TT 


where y > 0 because y is a length and y < 100/z because x > 0 is a length. 
The critical point of A occurs where 


A'(y) = 50- Sy =0 
at y = 100/z, which is an endpoint. A maximum for A occurs at one of the endpoints y = 0 or y = 100/7. Since 


i __ 2500 


A(0) =0 A( 


TT 7 


the maximum is at y = 100/z. Hence x = 0. 
The dimensions giving maximum area with perimeter 100 are x = 0, y = 100/z. The figure is a circle. 


The rectangle has area xy, the two semicircles with radius 7/2 together have area 7(2/2)? = ma?/4, and the two 
semicircles with radius y/2 together have area my? /4. We have 


Area of entire figure = xy + 72 + ae 
The perimeter of the figure is the sum of the circumference of a circle of diameter x and a circle of diameter y. Thus 
Perimeter of entire figure = 7x + Ty. 


We want to maximize the area xy + 7x?/4 + wy?/4, with the perimeter condition 


mx + my = 100. 
Substituting 
eae 
T 


into the area formula, we must maximize 


100 am (100 2 ff 9» 
A= a) vr a) ae 


on the interval 
0<y< 100/7 = 31.831 


where y > 0 because y is a length and y < 100/z because x > 0 is a length. 
The critical point of A occurs where 


_ 100 


TT 


A'(y) 





50 + (w — 2)y =0 


at y = 50/a = 15.916. A maximum for A must occur at one of the endpoints y = 0 or y = 100/7 or at the critical 
point y = 50/7. Since 


A()=A(=2)=2% 


TT 


= 795.8 A (=) = 651.2, 
T T 
the maximum is at y = 0, giving = 100/z, or at y = 100/z, when x = 0. 
The dimensions giving maximum area with perimeter 100 are x = 0, y = 100/m and x = 100/z, y = 0. The 
figure is a circle. 





The length of the piece of wire made into a circle is x cm, so the length of the piece made into a square is (ZL — x) cm. 
See Figure 4.50. 


Wire 





Ie: Square: 
Perimeter x Perimeter L — x 


Figure 4.50 
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The circumference of the circle is x, so its radius, r cm, is given by 


x 
r=—cm. 
20 


The perimeter of the square is (L — 2:), so the side length, s cm, is given by 


L-« 





cm. 


Thus, the sum of areas is given by 


2 _ v2 2 ya 
A=nr+s?=2(2) +(- *) Ae forO<a<L. 
a 





Setting dA/dx = 0 to find the critical points gives 


dA « _ (L~2) _,4 
dx 20 8 — 


8x2 = 2nL — 2x 
(8 + 20)x = 27L 
2rL aL 
—— 8427 = 4+7 








& 0.440. 


To find the maxima and minima, we substitute the critical point and the endpoints, x = 0 and x = L, into the area 














function. 
L? 
Pore =) we hive A= 3 
For z = we have L — x = L oe . Then 
+a 44+7 44+7 
a a a ) = nL? % if 
 4nr(4t7r)y2  16\44+7/  4(440)? 9 (4477)? 


m?+40?> 0? si 
© A(4+7)2 0 4447) 164407 
2 
For x = L, we have A = —. 
An 





2 
Thus, x = ued gives the minimum value of A = i 
4+7 16+ 47 F 


: : 2 L 
Since 4a < 16, we see that « = L gives the maximum value of A = —. 


1 
This corresponds to the situation in which we do not cut the wire at all and use the single piece to make a circle. 
(b) At the maximum, x = L, so 


Length of wire in square O _ 0 
Length of wireincircle L 


Area of square 0 


Area of circle = -L?/4r =2 














,sobL—-x=L— ues ae 


At the minimum, 7 = = ; 
+7 4+n 4+ 


Length of wire in square  4L/(4+7) 


Length of wire incircle = 7L/(4+77) 


Areaofsquare =» L?/(4+-7)? 
Area of circle  7L?/(4(4+7)?) 





Sle ALA 


(c) For a general value of x, 


Length of wire insquare L—«x 





Length of wire in circle £ 
Area of square (L—-x)*/16 


7 
Area of circle = &2./(477) 4 ge 
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If the ratios are equal, we have 





x 4 ge 
So either L — x = 0, giving x = L, or we can cancel (L — x) and multiply through by 4x”, giving 





4c = 7(L— 2) 
—_ TL 
~ Ata 


Thus, the two values of x found in part (a) are the only values of x in 0 < x < L making the ratios in part (b) equal. 
(The ratios are not defined if 7 = 0.) 


24. The minimum value of « in the interval 0 < 7 < 10 is x = O and the maximum is x = 10. 


25. The geometry shows that as x increases from 0 to 10 the length y decreases. The minimum value of y is 5 when x = 10, 
and the maximum value of y is 102 + 52 = W125 when x = 0. 
We can also use calculus. By the Pythagorean theorem we have 


y= V5? + (10-2). 
y = f(x) = V5? + (10 — x)? 


for 0 < x < 10 occur at the endpoints x = 0 or x = 10 or at acritical point of f. The only solution of the equation 


The extreme values of 


, x—10 
ee eT 
f@) 5? + (10 — x)? 


is x = 10, which is the only critical point of f. We have 
f(0) = V125 = 11.18 f(10) = 5. 


Therefore the minimum value of y is 5 and the maximum value is 125 = 5/5. 


y= V5? + (10-2). 


f(x) =2+2y=242,/52 + (10-2)? 


26. By the Pythagorean Theorem we have 


The extreme values of 


for 0 < x < 10 occur at the endpoints x = 0 or x = 10 or at acritical point of f in the interval. 
To find critical points, solve the equation 


f'(x) =0 
, 200-2) _, 
5? + (10 — x)? 
2(10 — x) = ./52 + (10 — x)? 
3(10 — x)? = 5° 
x=104 5 





=e va 
The only critical point of f in the interval 0 < x < 10 is atx = 10 —5/ /3. Comparing values at the endpoints and 


critical points we have 


f(0) =10V5 = 22.36 f(10)=20 f(10— =) = 10+ 5V3 = 18.66. 


Therefore the minimum value of x + 2y for0 < x < 10is 10+ 5,/3 and the maximum value is 10/5. 
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27. By the Pythagorean theorem we have 


y= VF 00a 
f(x) = 2a + y = 2a + 1/5? + (10 — x)? 


for 0 < x < 10 occur at the endpoints x = 0 or x = 10 or at acritical point of f in the interval. 
To find critical points, solve the equation 


The extreme values of 


f'(z) =0 
2 = __ 10-27 —0 
4/5? + (10 — x)? 


10 — & = 2,/5? + (10 — x)? 
3(10 — x)? = —100. 





The function f has no critical points. Comparing values at the endpoints we have 
f(0) =5V5=11.18 f(10) = 25. 


The minimum value of 22 + y for0 < x < 10 is 5/5 and the maximum value is 25. 
28. The distance d(x) from the point (x, /1 — «) on the curve to the origin is given by 


d(a) = 4/2? + (V1—2)? = /a2?+ (1-2). 


Since x is in the domain of y = \/1 — x, we have —co < x < 1. Differentiating gives 
22 —1 
2W/22—a2+1° 


so x = 1/2 is the only critical point. Since d'(x) < 0 for x < 1/2 and d'(x) > 0 for x > 1/2, the point x = 1/2 isa 
minimum for x. The point (1/2, 1/\/2) is the closest point on the curve to the origin. 


d'(x) = 


29. (a) For points (x, y) on the ellipse, we have y? = 1 — x?/9 and —3 < x < 3. We wish to minimize the distance 


D=/(e—-2)? + (y—0)? =4/ (@-2)? +1 


To do so, we find the value of x minimizing d = D? for —3 < x < 3. This x also minimizes D. Since d = 
(x — 2)? +1 — 2x? /9, we have 





2c 16x 
9° 9D 
which is 0 when x = 9/4. Since d’(9/4) = 16/9 > 0, we see d has a local minimum at « = 9/4. Since the graph 
of d is a parabola, the local minimum is in fact a global minimum. Solving for y, we have 


2 2 
yoi-D=1-(3) -g=5, 
9 4 9 16 





d' (x) = 2(a — 2) 


so y = +V7/4. Therefore, the points on the ellipse closest to (2, 0) are (9/4, +V/7/4). 
(b) This time, we wish to minimize 








2 
y= (e@—veP+1- =. 


Again, let d = D? and minimize d(x) for —3 < x < 3. Since d = (x — V8)? +1— «7/9, 


d'(x) = 2(x — 22) =.= 4/2. 





Therefore, d’(x) = 0 when x = 9,/2/4. But 9\/2/4 > 3, so there are not any critical points on the interval 
—3 < x < 3. The minimum distance must be attained at an endpoint. Since d’(x) < 0 for all x between —3 and 3, 
the minimum is at 2 = 3. So (3, 0) is the point on the ellipse closest to (/8, 0). 


30. Let the radius of the can be r and let its height be h. The surface area, S, and volume, V, of the can are given by 


S = Area of the sides of can + Area of top and bottom 


S = 2Qarh+2nr? 
V =_rh. 
Since S = 280, we have 27rh + 2nr? = 280, we have 


_ 140 = ar? 
7 Tr 


h 


and 
> 140 — rr? 
pose 


Ver = 140r — rr’. 


Since h > 0, we have mr? < 140 and thus 0 < r < 4/ 140/7 = 6.676. 
We have 
V'(r) = 140 — 3nr?, 
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so the only critical point of V with r > O is r = \/140/3m = 3.854. The critical point is in the domain 0 < r < 6.676. 
Since V(r) = —6rr is negative for all r > 0, the critical point r = 3.854 cm gives the maximum value of the 


volume. For this value of r, we have h = 7.708 cm and V = 359.721 cm’. 


31. Figure 4.51 shows the vertical cross section through the cylinder and sphere. The circle has equation y = 1 — x, so if 


the cylinder has radius x and height y, its volume, V, is given by 


V =ne’y = 72/1 — 2? for O<a<l. 


At acritical point, dV/dx = 0, so 


dv 2(1 2\—-1/2 ) 
2 = - —27r 
7 =2revVl—-a2274+70 (50 x) (—22) 0 





Since V = 0 at the endpoints x = 0 and x = 1, and V is positive at the only critical point, z = ,/2/3, in the interval, 


the critical point x = ,/2/3 is a local and global maximum. Thus, the cylinder with maximum volume has 


Radius = 2 = 4/= 











=L K—xc—y 1 


Figure 4.51 
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32. (a) If we expect the rate to be nonnegative, we must have 0 < y < aand0 < y < b. Since we assume a < 5, we restrict 
ytoO<y<a. 
In fact, the expression for the rate is nonnegative for y greater than }, but these values of y are not meaningful 
for the reaction. See Figure 4.52. 


rate (gm/sec) 
kab i 





ze y (gm) 


Figure 4.52 


(b) From the graph, we see that the maximum rate occurs when y = 0; that is, at the start of the reaction. 


33. Call the stacks A and B. (See below.) Assume that A corresponds to ki, and B corresponds to kz. 








20 miles 
< = 
e } @ 
A v B 


Suppose the point where the concentration of deposit is a minimum occurs at a distance of x miles from stack A. We 


want to find x such that 
ky ko 7 1 
=e ST k — ———— 
2 a2 | (0-2) (5+ ap) 


is a minimum, which is the same thing as minimizing f (2) = 7x~? + (20 — x)~? since ko is nonnegative. 
We have 
_-14 2 —14(20 — x)? + 223 


' (20—2)3 — x3(20 — a)8 





f' (x) = —1427* — 2(20 — z)~3(-1) 3 





Thus we want to find x such that —14(20 — x)? + 223 = 0, which implies 2x° = 14(20—:)?. That’s equivalent to 2? = 
7(20 — x)*, or 222 = (1/7)'/* = 0.523. Solving for 2, we have 20 — x = 0.5232, whence x = 20/1.523 = 13.13. 
To verify that this minimizes f, we take the second derivative: 
42 6 


f' (@) = 422" * + 6(20 — 2) * = — 4 ma >0 





for any 0 < x < 20, so by the second derivative test the concentration is minimized 13.13 miles from A. 


34. We only consider \ > 0. For such 4, the value of v + oo as A — oo and as A > 0*. Thus, v does not have a maximum 
velocity. It will have a minimum velocity. To find it, we set du/dA = 0: 


te gh (AY 2) (2S) <0 
dy 2\c . c dM} 


Solving, and remembering that > 0, we obtain 
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so 
A=Cc 
Thus, we have one critical point. Since 
aaa <0O forrAX<c 
and F 
= >0 forrA><«, 


the first derivative test tells us that we have a local minimum of v at « = c. Since \ = cis the only critical point, it gives 
the global minimum. Thus the minimum value of v is 





35. The domain for £ is all real x. Note EH + 0 as x — too. The critical points occur where dE/dx = 0. The derivative is 


dE k 3 ka(2x) 


dx (a2 +73)? 2 (a2 4 3)9?? 
k (a r= 3a) 
k (ro - ip") 


So dE/dx = 0 where 





re — 277 =0 
TO 
L£=a. 
2 
Looking at the formula for dE/dx shows 
dE To To 
— > 0 for -—= <4 < —= 
dx J2 V2 
d To 
— <0 for x < —— 
d J2 
eee 


r 
<Oforr@> —. 


dx J2 





Therefore, 1 = —ro/ J2 gives the minimum value of F and x = ro/ J2 gives the maximum value of E. 
EB 
=e EOs 
V2 
x 
To 
V2 


36. A graph of F against @ is shown in Figure 4.53. 
Taking the derivative: 


dF _ __ mgp(cos@ — ysin@) 
do (sind + wcosé)? © 


At a critical point, dF'/d@ = 0, so 


cos @ — usin? = 0 


— 


tang = — 


6 = arctan 2 ; 
LL 


= 
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If = 0.15, then 6 = arctan(1/0.15) = 1.422 & 81.5°. To calculate the maximum and minimum values of F’, we 
evaluate at this critical point and the endpoints: 


_ _ 0.15mg _ 
AtO = 0, = ans O16 cost) => 1.0mg newtons. 
0.15mg 


At 0 = 1.422, F = ————__7____. 
; sin(1.422) + 0.15 cos(1.422) 


= 0.148mg newtons. 


0.15mg 
sin(4) + 0.15 cos(4) 


Thus, the maximum value of F’ is 1.0mg newtons when 0 = 0 (her arm is vertical) and the minimum value of F' is 
0.148mg newtons is when 0 = 1.422 (her arm is close to horizontal). See Figure 4.54. 


AtO=7/2, F= = 0.15mg newtons. 


F (newtons) P 
1.0mg 1.0mq 
FH 0.15mg 


== = 0.15mg 
sin 0+0.15 cos 8 F= sin 80+0.15 cos 0 











0.148mg 
0 | 


1.422 











3 
Figure 4.53 Figure 4.54 


37. (a) We must locate the critical point(s) of A(r) — i.e. the places where its derivative is zero. The derivative is 





r _ ar T 
A (r) = T a T2’ 
so A’(r) = 0 when 
2r T 
A'(r) = cal = p = 0 
2r 
T r 
ar? = T? 
2 
. 
2 
2/3 
C= 91/3 


The only critical point of A(r) is thus r = (T?/*)/(21/*). To check that this is a local (and, since it is the only 
critical point, global) minimum, we employ the second derivative test. The second derivative A’’(7) is 

yey ata 

TO 3? 


pels 2 4 6 
wt = See Se 
a (a =r p> poh 


which implies A is concave up at this critical point. It is therefore a local and global minimum. 
(b) The new period is 27’. To find the radius for this new period, substitute 27’ for T’ in the expression for r: 


A" (r) a, 


and at the critical point we have 








Notice this is 2?/° times the original radius. To find the percentage increase, compute 27/3 ~ 1.5874. The new 
radius therefore represents an increase of 58.74% over the original. 
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38. Let x equal the number of chairs ordered in excess of 300, so0 < x < 100. 


Revenue = R = (90 — 0.252)(300 + «) 
= 27,000 — 752 + 90x — 0.25x? = 27,000 + 152 — 0.252? 








At acritical point dR/dx = 0. Since dR/dx = 15 — 0.52, we have x = 30, and the maximum revenue is $27, 225 since 
the graph of R is a parabola which opens downward. The minimum is $0 (when no chairs are sold). 


39. If vu is the speed of the boat in miles per hour, then 
Cost of fuel per hour (in $/hour) = kv’, 


where k is the constant of proportionality. To find k, use the information that the boat uses $100 worth of fuel per hour 
when cruising at 10 miles per hour: 100 = k10?, so k = 100/10* = 0.1. Thus, 


Cost of fuel per hour (in $/hour) = 0.10. 
From the given information, we also have 
Cost of other operations (labor, maintenance, etc.) per hour (in $/hour) = 675. 
So 


Total Cost per hour (in $/hour) = Cost of fuel (in $/hour) + Cost of other (in $/hour) 
= 0.1v? + 675. 


However, we want to find the Cost per mile, which is the Total Cost per hour divided by the number of miles that the ferry 
travels in one hour. Since v is the speed in miles/hour at which the ferry travels, the number of miles that the ferry travels 
in one hour is simply v miles. Let C' = Cost per mile. Then 


Total Cost per hour (in $/hour) 


Cost le Gn $/mie) = AAA 
ester muletinpanile) Distance traveled per hour (in miles/hour) 


3 
c= lev TEP jae ae 
v v 
We also know that 0 < v < oo. To find the speed at which Cost per mile is minimized, set 
dC 675 
— = 2(0.1)u - — = 
du en) v2 ev 
so 
675 
3 675 _ 
v x0.) ~ 3375 
v = 15 miles/hour. 
Since : (675) 
dC 2(675 
— =0.2+4+ ——>0 
dv? . v3 eS 


for v > 0, v = 15 gives a local minimum for C’ by the second-derivative test. Since this is the only critical point for 
0 < vu < ov, it must give a global minimum. 


40. (a) The business must reorder often enough to keep pace with sales. If reordering is done every t months, then, 


Quantity sold in ¢ months = Quantity reordered in each batch 
rt=q 


i= g months. 
r 


(b) The amount spent on each order is a + bq, which is spent every q/r months. To find the monthly expenditures, divide 
by q/r. Thus, on average, 


b 
Amount spent on ordering per month = ae + rb dollars. 
q 


q/T 
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(c) The monthly cost of storage is kq/2 dollars, so 
C = Ordering costs + Storage costs 


C= ls +rb+ a dollars. 
qd 2 


(d) The optimal batch size minimizes C’, so 





ag eT 2" 
ra __&k 
e@ 2 
2 2ra 
care 


SO 


2ra. 
Phi items per order. 


41. (a) The line in the left-hand figure has slope equal to the rate worms arrive. To understand why, see line (1) in the 
right-hand figure. (This is the same line.) For any point Q on the loading curve, the line PQ has slope 


QT _ QT = load 
PT  PO+OT traveling time + searching time’ 


(b) The slope of the line PQ is maximized when the line is tangent to the loading curve, which happens with line (2). 
The load is then approximately 7 worms. 

(c) If the traveling time is increased, the point P moves to the left, to point P’, say. If line (3) is tangent to the curve, it 
will be tangent to the curve further to the right than line (2), so the optimal load is larger. This makes sense: if the 
bird has to fly further, you’d expect it to bring back more worms each time. 




















load load 
(number of worms) (number of worms) (2) 
85 Number of worms 84 2 Number of worms 
4+ wee 
oe tf 
ee (1) 
time oF : time 
P O P! P OT 
Traveling time Searching time 


42. Let x be as indicated in the figure in the text. Then the distance from S' to Town 1 is /1 + «? and the distance from S to 
Town 2 is ,/(4— «@)? + 42 = Vax? — 8a + 32. 
Total length of pipe = f(a) = f1+2?+4 V2? — 8x 4+ 32. 


We want to look for critical points of f. The easiest way is to graph f and see that it has a local minimum at about « = 0.8 
miles. Alternatively, we can use the formula: 


22 24-8 


SS 
QW 1+a2 Wx? — 8x +32 

x r a—A4 
Vita 


f'(a) 


"Ja? — 82 + 32 
xV ax? — 84 + 32+ (a — 4)V14 x? 
V14+22V/x? — 8% + 32 


f' (x) is equal to zero when the numerator is equal to zero. 


uy «2? — 84 + 324 (x-—4)V14+a?=0 
vy au? — 84 +32 = (4-—2)V14+2?. 


=0. 
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Squaring both sides and simplifying, we get 
ax? (x? — 84 + 32) = (2? — 84 + 16) (1427) 
z* — 82° +322” = 2* — 82° + 1727 — 82 + 16 
15a” + 82 — 16 = 0, 
(3a + 4)(5a — 4) = 0. 











So « = 4/5. (Discard « = —4/3 since we are only interested in x between 0 and 4, between the two towns.) Using the 
second derivative test, we can verify that 2 = 4/5 is a local minimum. 


43. (a) The distance the pigeon flies over water is 














—. AB 500 
BP= = ; 
sin? sin@” 
and over land is eh ae Q 
PL = AL — AP = 2000 - —— = 2000 - — 
tan é sin 0 
Therefore the energy required is 
E =2e( = ) +e (2000 - a 
sin 0 sin 0 
2—cosé 500 T 
a ee | BOS Sy 
500e ( and ) +2000e, for arctan (=) <O< 5 
(b) Notice that F and the function f(0) = —— must have the same critical points since the graph of EF is just a 
sin 
stretch and a vertical shift of the graph of f. The graph of 2 oost for arctan( 20) < @ < $F in Figure 4.55 


shows that F has precisely one critical point, and that a minimum for F occurs at this point. 








500 
2000 





wa - 
e) 


arctan 


Figure 4.55: Graph of f (0) = ==°°54 for arctan( =) <0<5 


To find the critical point 0, we solve f’(@) = 0 or 


sin @- sind — 2 


B= 0 = s00e ( _ 
sin* 0 


— 5006 (=) 


sin? 0 
Therefore 1 — 2cos # = 0 and so 0 = 1/3. 
(c) Letting a = AB and b = AL, our formula for F becomes 


a acos @ 
BE=2 b-— 
e (35) +e( sin 0 ) 


2 —cos@ a T 
= oe =) np ee 
ca( SA ) +eb, for arctan (¢) <O< 5 








— cos @ 


Again, the graph of F is just a stretch and a vertical shift of the graph of . Thus, the critical point 6 = 7/3 


is independent of e, a, and b. But the maximum of E on the domain arctan(a/b) < @ < 4 is dependent on the ratio 
AB 
a/b = ==. In other words, the optimal angle is @ = 1/3 provided arctan(a/b) < 4; otherwise, the optimal angle 


is arctan(a/b), which means the pigeon should fly over the lake for the entire trip—this occurs when a/b > 1.733. 


316 Chapter Four /SOLUTIONS 


44. We want to maximize the viewing angle, which is 0 = 0; — 02. See Figure 4.56. Now 
tan(0,) = ae so 6, = arctan (=) 
x x 
4 4 
tan(02) = il so 02 = arctan (=) : 
x x 


Then 92 46 
6 = arctan (=) — arctan (=) for x«>0. 


We look for critical points of the function by computing d0/dz: 


do 1 (=) 7 1 (=) 
dz 1+(92/x)? \ a? 1+ (46/x)2 \ 2x? 
—92 —46 


x2 +922 x? + 462 
92(x? + 467) + 46(x? + 927) 
(a? + 922) - (a? + 462) 
_ 46(4232 — a) 
© (a? +92?) - (a? + 462)’ 








Setting d0/dx = 0 gives 
a” = 4232 


r=uauv 4232. 


Since x > 0, the critical point is 7 = /4232 ~ 65.1 meters. To verify that this is indeed where @ attains a maximum, 
we note that d0/dx > 0 for 0 < x < V4232 and d0/dx < 0 for x > 4232. By the First Derivative Test, 0 attains a 
maximum at x = 4232 = 65.1. 








© Wesley Hitt/Getty Images 


Figure 4.56 


45. (a) Since the speed of light is a constant, the time of travel is minimized when the distance of travel is minimized. From 








Figure 4.57, 

Distance OP = Vrr2t+P?=V2?4+1 

Distance PO =/(2-2)?+2=/(2-2)?4+1 
Thus, 





Total distance traveled = s = Va? +14+./(2-2)? +1. 
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The total distance is a minimum if 





Fa Fle? +1)? 20 + 5(2- 2)" +1)? 2-2-1) =0, 
giving 
Q— 
x 7 x =0 
xr? + 1 (2—2)?+1 
x = 2— 2 
x1 (2-2)? +1 
Squaring both sides gives 
x (2— <2)? 


24+ @-ayPal 
Cross multiplying gives 
z?((2—2)? +1) =(2—2)?(2? +1). 
Multiplying out 
2?(4—4¢ +2741) = (4-42 +27)(2? +1) 
4a? — Ao? + o* 42? = de” — 4a? +4 +4-4e +27. 





Collecting terms and canceling gives 


0=4- 42 


e= 1. 
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We can see that this value of x gives a minimum by comparing the value of s at this point and at the endpoints, 


= 0.52, 
Atg=1, 

s=V1?414 V7 (2-1)? 4+1= 2.83. 
Atzx =0, 

s=vV/0?4+14 (2-0)? +1 =3.24. 
Ate = 2: 

s=V2?414 / (2-2)? +1 =3.24. 











Thus the shortest travel time occurs when x = 1; that is, when P is at the point (1, 1). 











O x (2-2) 2 


Figure 4.57 


(b) Since x = 1 is halfway between x = 0 and x = 2, the angles 6; and 62 are equal. 
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46. (a) We have 


1/ax = en (xl/*) = elt/#) ina 
Thus 


d(a1/*) d(e(t/*) na) 7 d(z nz) aye) Ing 
ae dz dx 








1/x =0 whenz=e 
x 
> (1-Inz)< <0 whenz>e 
x 
>0O whenz <e. 


Hence e'/° is the global maximum for gh! by the first derivative test. 

(b) Since x1/* is increasing for 0 < a < e and decreasing for x > e, and 2 and 3 are the closest integers to e, either 
21/2 or 3!/3 is the maximum for n!/". We have 2!/2 = 1.414 and 3!/3 = 1.442, so 31/3 is the maximum. 

(c) Since e < 3 < 7, and x!/* is decreasing for x > e, B38 ys ll, 


47. (a) If, following the hint, we set f(x) = (a + x)/2 — \/az, then f(x) represents the difference between the arithmetic 
and geometric means for some fixed a and any x > 0. We can find where this difference is minimized by solving 
f' (x) = 0.Since f’(x) = 4-4,/ax-\/?, if f’(x) = O then $,/ax—'/? = 4, ora =a. Since f(x) = 4. fax */? 
is positive for all positive x, by the second derivative test f(a) has a minimum at x = a, and f(a) = 0. Thus 
f(x) = (a+ 2x)/2— fax > 0 for all x > 0, which means (a + x)/2 > \/az. This means that the arithmetic mean 
is greater than the geometric mean unless a = 2, in which case the two means are equal. 
Alternatively, and without using calculus, we obtain 





a+b ma a-2Vab+b 
eS a 


(va- vB? , 


=— = = 
and again we have (a + b)/2 > Vab. 
(b) Following the hint, set f(a) = oe — Wabx. Then f(a) represents the difference between the arithmetic and 
geometric means for some fixed a,b and any x > 0. We can find where this difference is minimized by solving 


f'(x) = 0. Since f(x) = 4-4 Vaba~?/3, f’(a) = 0 implies that z Vaba~?/3 — +, or z = Vab. Since 


f"(«) = av abx~°/® is positive for all positive «, by the second derivative test f(x) has a minimum at 2 = Vab. 


But 
i(Va) = ee. Pe Sa ce 


By the first part of this problem, we know that — — Vab > 0, which implies that a + b — 2Vab > 0. Thus 
f(vab) = ath 2Vab > 0. Since f has a maximum at x = Vab, f(«) is always nonnegative. Thus f(a) = 


ee — Vabz > 0, so ee > Vabe. Note that equality holds only when a = b = c. (Part (b) may also be done 
without calculus, but it’s harder than (a).) 


48. For x > 0, the line in Figure 4.58 has 





Slope = ay =ze 
x x 
If the slope has a maximum, it occurs where 
d —32 —32 
ae (Slope) =1-e °* —3xre °* =0 
e ** (1-32) =0 
1 
6 — a 
3 
For this x-value, 
1 —say3) 1-1 1 
Slope = -e =et=—., 
3 3 Be 


Figure 4.58 shows that the slope tends toward 0 as 2 — oo; the formula for the slope shows that the slope tends toward 0 
as x — 0. Thus the only critical point, 2 = 1/3, must give a local and global maximum. 
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K—— 5 ———>} 


Figure 4.58 


49. (a) Fora point (t, s), the line from the origin has rise = s and run = t; See Figure 4.59. Thus, the slope of the line OP 


50. 


51. 


(b) 


(c) 


(a) 
(b) 


(a) 


(b) 


(c) 


(d) 


is s/t. 
Sketching several lines from the origin to points on the curve (see Figure 4.60), we see that the maximum slope occurs 
at the point P, where the line to the origin is tangent to the graph. Reading from the graph, we see t ~ 2 hours at this 
point. 


s (km) 





(t, 8) 


| t (hours) 


Figure 4.59 Figure 4.60 









































t (hours) 


The instantaneous speed of the cyclist at any time is given by the slope of the corresponding point on the curve. At 


the point P, the line from the origin is tangent to the curve, so the quantity s/t equals the cyclist’s speed at the point 
P 


To maximize benefit (surviving young), we pick 10, because that’s the highest point of the benefit graph. 
To optimize the vertical distance between the curves, we can either do it by inspection or note that the slopes of the 
two curves will be the same where the difference is maximized. Either way, one gets approximately 9. 


At higher speeds, the bird uses more energy so the graph rises to the right. The initial drop is due to the fact that the 
energy it takes a bird to fly at very low speeds is greater than that needed to fly at a slightly higher speeds. (This is 
analogous to our swimming in a pool). 

The value of f(v) measures energy per second; the value of a(v) measures energy per meter. In one second, a bird 
traveling at rate v travels v meters and consumes v - a(v) joules. Thus v - a(v) represents the energy consumption per 
second, so f(v) = v-a(v). 

Since v - a(v) = f(v), we have 





This ratio is the slope of a line passing from the origin through the point (v, f(v)) on the curve. (See Figure 4.61.) 
Thus a(v) is minimal when the slope of this line is minimal. This occurs where the line is tangent to the curve. 
To find the value of v minimizing a(v) symbolically, we solve a’(v) = 0. By the quotient rule, 


a'(v) = uf’ (v) =" f(v) 


y2 


Thus a’(v) = 0 when vf’(v) = f(v), or when f’(v) = f(v)/v = a(v). Thus a(v) is minimized when a(v) = 
f'(v). 


Assuming the bird wants to go from one particular point to another, that is, when the distance is fixed, the bird should 
minimize a(v). Then minimizing a(v) minimizes the total energy used for the flight. 
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energy 








Figure 4.61 


52. (a) Figure 4.62 contains the graph of total drag, plotted on the same coordinate system with induced and parasite drag. It 
was drawn by adding the vertical coordinates of Induced and Parasite drag. 


drag 
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Figure 4.62 


(b) Air speeds of approximately 160 mph and 320 mph each result in a total drag of 1000 pounds. Since two distinct 
air speeds are associated with a single total drag value, the total drag function does not have an inverse. The parasite 
and induced drag functions do have inverses, because they are strictly increasing and strictly decreasing functions, 
respectively. 

(c) To conserve fuel, fly the at the air speed which minimizes total drag. This is the air speed corresponding to the lowest 
point on the total drag curve in part (a): that is, approximately 220 mph. 


53. (a) To obtain g(v), which is in gallons per mile, we need to divide f(v) (in gallons per hour) by v (in miles per hour). 
Thus, g(v) = f(v)/v. 
(b) By inspecting the graph, we see that f(v) is minimized at approximately 220 mph. 
(c) Note that a point on the graph of f(v) has the coordinates (v, f(v)). The line passing through this point and the 


origin (0,0) has 
fo) 0 _ flv) 


l = 
Slope rea - 


= g(v). 


So minimizing g(v) corresponds to finding the line of minimum slope from the family of lines which pass through 
the origin (0,0) and the point (v, f(v)) on the graph of f(v). This line is the unique member of the family which is 
tangent to the graph of f(v). The value of v corresponding to the point of tangency will minimize g(v). This value 
of v will satisfy f(v)/v = f’(v). From the graph in Figure 4.63, we see that v © 300 mph. 
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Figure 4.63 
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(d) The pilot’s goal with regard to f(v) and g(v) would depend on the purpose of the flight, and might even vary within 
a given flight. For example, if the mission involved aerial surveillance or banner-towing over some limited area, or 
if the plane was flying a holding pattern, then the pilot would want to minimize f(v) so as to remain aloft as long 
as possible. In a more normal situation where the purpose was economical travel between two fixed points, then the 
minimum net fuel expenditure for the trip would result from minimizing g(v). 


Strengthen Your Understanding 





54. 
55. 


56. 


57. 
58. 


59. 


Solutions for Section 4.4 


Since A = Qn, the area increases with x, and the maximum A occurs at the endpoint x = 10. 


The function V = h(20 — 2h)? has domain 0 < h < 10 for this model, or we cannot make the box from the cardboard. 
We maximize V on0 <h < 10. 


The solution of an optimization problem depends on both the modeling function and the interval over which that function 
is optimized. The solution can occur either at a critical point of the function or at an endpoint of the interval. For example, 
if the modeling function is f(a) = —(a — 2)? + 6 on the interval 5 < a < 10, the absolute minimum occurs at « = 10 
and the maximum occurs at 7 = 5; neither occurs at the vertex 7 = 2. 


For example, if sides are 9 cm and 1 cm, the perimeter is 20 cm and the area is 9 cm”. 


If we interpret xy as the area of a rectangular field and 2 + 6y as a weighted perimeter of the field, one possible problem 
would be: A farmer would like to fence in a rectangular field of area 120 square feet. Fencing material along the north 
and south sides of the field costs $1 per foot and along the east and west sides it costs $3 per foot. What dimensions of 
the field minimize the cost for the fencing material? 


The only additional information we have to provide is the cost of the material of the can. One possible choice is: The 
material for the bottom and the top of the can costs 2 cents per square centimeter and the material for the side of the can 
costs 1 cent per square centimeter. 





Exercises 





1. 


(a) See Figure 4.64. 


large a 
small a | 





Figure 4.64 
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(b) We see in Figure 4.64 that in each case the graph of f is a parabola with one critical point, its vertex, on the positive 
x-axis. The critical point moves to the right along the x-axis as a increases. 


(c) To find the critical points, we set the derivative equal to zero and solve for x. 
f'(x) = 2(a — a) =0 
e = a: 


The only critical point is at 2 = a. As we saw in the graph, and as a increases, the critical point moves to the right. 
2. (a) See Figure 4.65. 





large a 
small a g 


Figure 4.65 


(b) We see in Figure 4.65 that in each case f has two critical points placed symmetrically about the origin, one in each 


of quadrants II and IV. As a increases, they appear to move farther apart, the one in quadrant II up and to the left, the 
one in quadrant IV down and to the right. 


(c) To find the critical points, we set the derivative equal to zero and solve for x. 


f' (x) = 32? —a=0 





There are two critical points, at x = \/a/3 and x = —,/a/3. (Since the parameter a is positive, the critical points 


exist.) As we saw in the graph, and as a increases, the critical points both move away from the vertical axis. 
3. (a) See Figure 4.66. 


large a 


small a 


| x 





Figure 4.66 


(b) We see in Figure 4.66 that in each case f has two critical points placed symmetrically about the origin, one in each 


of quadrants II and IV. As a increases, the critical points appear to move closer together, the one in quadrant I] down 
and to the right, the one in quadrant IV up and to the left. 


(c) To find the critical points, we set the derivative equal to zero and solve for x. 


f(z) = 3ax”-1=0 





There are two critical points, at x = ,/1/(3a) and x = —,/1/(3a). (Since the parameter a is positive, the critical 
points exist.) As we saw in the graph, and as a increases, the critical points both move toward the vertical axis. 
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4. (a) See Figure 4.67. 


small a 





| 


large a 


Figure 4.67 


(b) The domain of f is x > 0 since the formula for f(a) contains the square root of x. We see in Figure 4.67 that in each 
case f appears to have one critical point in quadrant IV where the function has a local minimum and possibly a second 


critical point at the origin where the graph appears to have a vertical tangent line. As the parameter a increases, the 
critical point in quadrant IV appears to move down and to the right. 


(c) To find the critical points, we set the derivative equal to zero and solve for x. 


f(z) =1- sa? =0 


1 0 


a — 
_ Or: = 
2/rt =a 
veo 
2 
a2 
There is a critical point at « = a?/4. Since f’ is undefined at x = 0, there is also a critical point at « = 0. Increasing 


a has no effect on the critical point at x = 0. As we saw in the graph, as a increases the x-value of the other critical 
point increases and the critical point moves to the right. 


5. (a) See Figure 4.68. 
small a 


large a, 





Figure 4.68 


(b) We see in Figure 4.68 that in each case f appears to have two critical points. One critical point is a local minimum at 


the origin and the other is a local maximum in quadrant I. As the parameter a increases, the critical point in quadrant I 
appears to move down and to the left, closer to the origin. 


(c) To find the critical points, we set the derivative equal to zero and solve for x. Using the product rule, we have: 


f' (x) = a? -e-*(—-a) + 22-e ** =0 
re “*(—ax +2) =0 


2 
x=0 and r=-. 
a 


There are two critical points, at z = 0 and x = 2/a. As we saw in the graph, as a increases the nonzero critical point 
moves to the left. 
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6. (a) See Figure 4.69. 


large a 


Va 


small a 





Figure 4.69 


(b) We see in Figure 4.69 that in each case f appears to have one critical point, a local minimum in quadrant I. As the 
parameter a increases, the critical point appears to move up and to the right. 
(c) To find the critical points, we set the derivative equal to zero and solve for x. 


2a 
x? = 2a 


There is one critical point, at « = ¥/2a. As we saw in the graph, as a increases the critical point moves to the right. 
7. (a) The larger the value of |A|, the steeper the graph (for the same x-value). 
(b) The graph is shifted horizontally by B. The shift is to the left for positive B, to the right for negative B. There is a 
vertical asymptote at 2 = — B. See Figure 4.70. 
(c) y 




















Figure 4.70 


8. To find the critical points, we set the derivative of f(w) = Aw~* — Bw! equal to zero and solve for w. 


f'(w) = —2Aw~? — (-1)Bw7? =0 








ws gee 
—2A+ Bw 
3 0 
w 
—-2A+ Bw=0 
wa 2A 
3° 


Although f’ is undefined at w = 0, this is not a critical point since it is not in the domain of f. The only critical point is 
w= 2A/B. 
9. We have f’(x) = —ae °%*, so that f’(0) = —a. We see that as a increases the slopes of the curves at the origin become 
more and more negative. Thus, A corresponds to a = 1, B toa = 2, and C' toa = 5. 
10. We have f’(x) = (1—ax)e~*”, so that the critical points occur when 1 — ax = 0, that is, when z = 1/a. We see that as 
a increases the x-value of the extrema moves closer to the origin. Looking at the figure we see that A’s local maximum is 
the farthest from the origin, while C’s is the closest. Thus, A corresponds toa = 1, B toa = 2, and C toa = 3. 


11. (a) 
(b) 


(c) 
(d) 


12. (a) 
(b) 


(c) 


(d) 


13. (a) 
(b) 
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Figure 4.71 shows the effect of varying a with b = 1. 
Figure 4.72 shows the effect of varying 6 with a = 1. 


large b 


small a 
large a 


small b 








Figure 4.71 Figure 4.72 


From Figure 4.71 it appears that increasing a shifts the graph and its critical point to the right. From Figure 4.72 it 
appears that increasing b moves the graph and its critical point up. 
To find the critical points, we set the derivative equal to zero and solve for x. 


f'(e) =2(z—a) =0 
L=a. 
There is one critical point, at x = a. As we saw in the graph, as a increases the critical point moves to the right. As b 


increases the critical point does not move horizontally. 


Figure 4.73 shows the effect of varying a with b = 1. 
Figure 4.74 shows the effect of varying b witha = 1. 











small a 
large b 
: 
| <—— smallb 
x 
large a 
Figure 4.73 Figure 4.74 


From the graphs it appears that there are two critical points, a local maximum at x = 0 and a local minimum in the 
region x > 0. From Figure 4.73 it appears that increasing a moves the local minimum down and to the right, and 
does not move the local maximum. From Figure 4.74 it appears that increasing b moves both critical points up. 

To find the critical points, we set the derivative equal to zero and solve for x. 


f' (x) = 3a? — 2ax = 0 


x(3a — 2a) = 0 
2a 
=0 == 
x or r=5 


There are two critical points, at x = 0 and at x = 2a/3. As a increases the critical point to the right moves farther 
right. As 6 increases, neither critical point moves horizontally. This matches what we saw in the graphs. 


Figure 4.75 shows the effect of varying a with b = 1. 
Figure 4.76 shows the effect of varying b witha = 1. 
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large a 
: large b 


| 
} Pa 


small a x 
small b ——>, 








Figure 4.75 Figure 4.76 


(c) In each case f appears to have two critical points, a local maximum in quadrant I and a local minimum on the 
positive x-axis. From Figure 4.75 it appears that increasing a moves the local maximum up and does not move the 
local minimum. From Figure 4.76 it appears that increasing b moves the local maximum up and to the right and 
moves the local minimum to the right along the x-axis. 

(d) To find the critical points, we set the derivative equal to zero and solve for x. Using the product rule, we have: 


j'(@) = an-2%2~ 8) +a-(e—5)* =0 





There are two critical points, at x = b and at x = b/3. Increasing a does not move either critical point horizontally. 
Increasing b moves both critical points to the right. This confirms what we saw in the graphs. 


14. (a) Figure 4.77 shows the effect of varying a with b = 1. 
(b) Figure 4.78 shows the effect of varying b with a = 1. 








large b 
small a | 


large a small b 


Figure 4.77 Figure 4.78 


(c) From the graphs it appears that in all cases f has two critical points symmetrically placed about the origin, a local 
maximum in quadrant I and a local minimum in quadrant II. From Figure 4.77 it appears that increasing a moves 
the local maximum up and the local minimum down. From Figure 4.78 it appears that increasing b moves the local 
maximum down and to the right and the local minimum up and to the left. Thus increasing b appears to move both 
critical points closer to the horizontal axis and farther from the vertical axis. 

(d) To find the critical points, we set the derivative equal to zero and solve for x. Using the quotient rule, we have: 


(x? + b)-a—ax- 2x 





y 

f(@) =p = 

az” + ab — 2ax” =0 

@ + op 
ab — ax? 0 
(+ op 
ab — ax” =0 
a(b— 2”) =0 
ac =+vb. 

There are two critical points, at 7 = Vb and x = —Vb. Increasing a does not move either critical point horizontally. 


Increasing b moves both critical points farther from the vertical axis. This confirms what we saw in the graphs. 
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15. (a) Figure 4.79 shows the effect of varying a with b = 1. 
(b) Figure 4.80 shows the effect of varying b with a = 1. 








small a large a, small b 
| | large b 
YN. 
Figure 4.79 Figure 4.80 


(c) The domain of f(a) = \/b — (x — a)? is limited by the square root to b—(x—a)? > 0, soitisa—Vb < « < a+vb. 
From the graphs in parts (a) and (b) it appears that in all cases f has three critical points, one a local maximum 
and the other two on the a-axis at the endpoints of the domain of f where the graph of the function has a vertical 
tangent line. From Figure 4.79 it appears that increasing a moves all three critical points to the right. From Figure 4.80 
it appears that increasing b moves the local maximum up and moves the other two critical points away from each other 
horizontally along the x-axis. 
(d) To find the critical points, we set the derivative equal to zero and solve for w. Using the chain rule, we have: 


f(a) = 5(6— (@ — a)*)-¥?(-2(@ — a) = 0 


-(@w-a)__, 
b—(x— a)? 
—(«—a)=0 


There is a critical point of f at x = a. As a increases this critical point moves to the right. As b increases, it does not 
move horizontally. 
The derivative of f is undefined when ,/b — (x — a)? = 0. Solving for x, we have: 





z-atv. 


The function f has two additional critical points, at z = a + Vb and x = a — Vb, where the derivative f’ is not 
defined and the graph of f has a vertical tangent. As a increases both these critical points move to the right, and as b 
increases they move in opposite directions away from the line x = a containing the other critical point. We saw this 
in the graphs. 





16. (a) Figure 4.81 shows the effect of varying a with b = 1. 
(b) Figure 4.82 shows the effect of varying b with a = 1. 








large a large b 
small a ae 
x x 
Figure 4.81 Figure 4.82 


(c) It appears from the graphs that in all cases f has one critical point, a local minimum in quadrant I. From Figure 4.81 
it appears that increasing a moves the critical point up and to the right. From Figure 4.82 it appears that increasing b 
moves the critical point up and to the left. 
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(d) To find the critical points, we set the derivative equal to zero and solve for x. 








=a 
—+b=0 
a 
bisa 
2 @ 
= 
ene a 
= 44/5. 


Since the domain of f is x > 0 we are only interested in positive values for x, so there is one critical point at 
x = ,/a/b. As a increases, this value gets larger and the critical point moves to the right. As 6 increases, this value 
gets smaller and the critical point moves to the left. This confirms what we see in the graphs. 


Problems 








17. We have f'(a) = 1—?/z, so the critical points occur at 1— a?/x? = 0, that is 2 = +a. We see that A has a minimum 
at x = 3, Bat x = 2, and Cat x = 1. Thus, C corresponds to a = 1, B toa = 2, and A to a = 3. The third value is 3. 


18. For the curves to intersect in the same point for any positive value of a, say a and b a, we need x+asinz = x+bsinz, 
that is (a — b) sin x = 0. Because a — b ¥ 0, we find that sin x = 0, which occurs at x = 0, -+7,+27 .... For any integer 
n, the graphs go through the points (nz, nz) for all a. 











19. (a) Graphs of y = ze~>” for b = 1,2,3,4 are in Figure 4.83. All the graphs rise at first, passing through the origin, 
reach a maximum and then decay toward 0. If b is small, the graph rises longer and to a higher maximum before the 
decay begins. 


(b) Since 
au (1 — bx)e"™ 
we see d 1 
ay aie 
go ee 


The critical point has coordinates (1/b, 1/(be)). If b is small, the x and y-coordinates of the critical point are both 
large, indicating a higher maximum further to the right. See Figure 4.84. 

















Figure 4.83 Figure 4.84 


20. (a) Let f(a) = axe~>®. To find the local maxima and local minima of f, we solve 
=0 ife=1/b 
f' (x) = ae” — abre”* = ae (1— br) < <0 ifx>1/b 
>0 ifa<1/b. 


Therefore, f is increasing (f’ > 0) for 2 < 1/b and decreasing (f’ > 0) for x > 1/b. A local maximum occurs at 
x = 1/b. There are no local minima. To find the points of inflection, we write 
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f(x) = —abe~™* + ab’ xe ** — abe ”* 
= —2abe~* + ab’xe~™* 
= ab(br — 2)e~°*, 
so f” = 0 at x = 2/b. Therefore, f is concave up for 2 < 2/b and concave down for « > 2/b, and the inflection 


point is 7 = 2/0. 

(b) Varying a stretches or flattens the graph but does not affect the critical point x = 1/b and the inflection point x = 2/b. 
Since the critical and inflection points are depend on b, varying b will change these points, as well as the maximum 
f(1/b) = a/be. For example, an increase in b will shift the critical and inflection points to the left, and also lower 
the maximum value of /. 


(c) Yy Varying a Varying b 








Se she Ste Fe 














21. Cubic polynomials are all of the form f(x) = Ax® + Ba? + Cx + D. There is an inflection point at the origin (0, 0) 
if f’” (0) = 0 and f(0) = 0. Since f(0) = D, we must have D = 0. Since f(x) = 6Azx + 2B, giving f’”(0) = 2B, 
we must have B = 0. The family of cubic polynomials with inflection point at the origin is the two parameter family 
f(a) = Av? + Ca. 


22. (a) Writing y = L(1 + Ae~**)—', we find the first derivative by the chain rule 
dy 


i —L(it+ Ae **)~?(— Ake **) = 


LAke~** 
(1 + Ae-*t)2° 


Using the quotient rule to calculate the second derivative gives 


d?y (—LAkKe—**(1 + Ae~*)? — 20 Ake“**(1 + Ae~**)(— Ake~**)) 
dt? (1 + Ae-kt)4 
LAk*e—**(—1 + Ae~*") 

(1 + Ae-*t)3 


(b) Since L, A > 0 and e~** > 0 for all t, the factor LAk?e~** and the denominator are never zero. Thus, possible 
inflection points occur where 


-1+ Ae =0. 
Solving for t gives 
o nA 
= 


(c) The second derivative is positive to the left of t = In(A)/k and negative to the right, so the function changes from 
concave up to concave down at t = In(A)/k. 
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23. (a) See Figure 4.85. 











—10- 


Figure 4.85 


(b) The function f(x) = x +asin z is increasing for all x if f’(a) > 0 for all x. We have f’(x) = 1+acos 2. Because 
cos x varies between —1 and 1, we have 1 + acosx > 0 for all x if —1 < a < 1 but not otherwise. When a = 1, 
the function f(a) = x + sin z is increasing for all x, as is f(x) = x — sin x, obtained when a = —1. Thus f (2) is 
increasing for all x if—-1<a< 1. 


24. (a) See Figure 4.86. 


100+ a= 20 








—100 + 


Figure 4.86 


(b) The function f(2) = a? + asin is concave up for all x if f(a) > 0 for all x. We have f(x) = 2 — asinz. 
Because sin x varies between —1 and 1, we have 2 — asinx > 0 for all x if —2 < a < 2 but not otherwise. Thus 
f(x) is concave up for all x if —2 <a < 2. 


25. For —5 < x < 5, we have the graphs of y = acosh(x/a) shown below. 








y a=1 
10 
a=2 
a=3 
1 
L L 
—5 5 


Increasing the value of a makes the graph flatten out and raises the minimum value. The minimum value of y occurs 


at x = 0 and is given by 
0 e/a +e %/4 
y=acosh (=) =a ———_ } =a. 
a 2 
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26. Graphs of y = e °* sin(ba) for b = 1 and various values of a are shown in Figure 4.87. The parameter a controls the 
amplitude of the oscillations. 


eecea 
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Figure 4.87 
27. y 
ih 
b= 
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The larger the value of b, the narrower the humps and more humps per given region there are in the graph. 


28. Since f’(x) = abe~>”, we have f’(x) > 0 for all w. Therefore, f is increasing for all x. Since f(x) = —ab?e~>”, we 
have f’’(x) < 0 for all x. Therefore, f is concave down for all z. 


29. (a) The critical point will occur where f’(x) = 0. But by the product rule, 
f' (2) — pelt oz ae beret to — 0 
be't°* (1 + br) 
1+bx =0 


t= 


ole 


Thus the critical point of f is located at = — i 


(b) To determine whether this critical point is a local minimum or local maximum, we can use the first derivative test. 
Since both b and e'*® are positive for all «, the sign of f’(x) = be'T"(1 + bx) depends on the sign of 1 + bz. 


fora <—}, f’(a) is negative 
for x = ;, f'(x) =0 
fora >—}, f’ (2) is positive 
Therefore, f goes from decreasing to increasing at x = -t, making this point a local minimum. 
(c) We only need to substitute the critical point x = -< into the original function f: 
=e? 
=-—le'" 
=-1. 


This answer does not depend on the value of b. Though the x-coordinate of the critical point depends on 6, the 
y-coordinate does not. 
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30. We study h’(x) = k — e~*. Notice that the critical point of h, if it exists, is located where h’ (x) = 0: 


31. 


32. 


33. 
34. 


(a) Since the domain of the natural logarithm is all positive real numbers, x = — Ink does not exist (and hence there 
will be no critical point of h) if k < 0. 
(b) In order for the critical point = — Ink to exist, we must have k > 0. 


(c) There is a horizontal asymptote for h only when lim h(x) or lim h(x) exists and is finite. But 
=2Z—>—co z—>+co 


lm e”~=+0oo and lim e “=O, 
xL—>—oo LZ—++00 
so 
lim h(a)=-+o00 and lim h(x)= lim kz. 
=Z—>—00 xZ—++00 &Z— +00 


The first limit is never finite and the only way to make the second one finite is to set k = 0. 


The function g will have a critical point when g’ (a) = 0. Solving this equation gives 


g (z) =1—ke” =0 
ke” = 1 
evul 
 k 
z=In7 =—Ink 


Since the natural logarithm has a domain of all positive real numbers, such a value for x may only exist for k > 0. 
Since the horizontal asymptote is y = 5, we know a = 5. The value of b can be any number. Thus y = 5(1 — é-°*) for 
any b > 0. 
Since the maximum is on the y-axis, a = 0. At that point, y = pet 2 b, so b = 3. 
The maximum of y = e(@-9)"/® occurs at x = a. (This is because the exponent —(a — a)” /b is zero when x = a and 
negative for all other x-values. The same result can be obtained by taking derivatives.) Thus we know that a = 2. 

Points of inflection occur where d”y/dx* changes sign, that is, where d?y/dax? = 0. Differentiating gives 


dy _ _ 2(@~ 2) |-(a-2)?/p 


dx b 
dy 2 _(e-2)2/p , 4(@— 2)? _(e—2)2/p _ 2 (2)? /0 2 2 


Since e~ “*~2)”/? ig never zero, d°y/dx? = 0 where 


—1+ “(x — 2)? =0. 


We know d?y/dx? = 0 at x = 1, so substituting 2 = 1 gives 
2 


-1+=(1-—2)?=0. 
+=(1-2)?=0 
Solving for b gives 
2 
= 
+ 7 0 
b=2 
Since a = 2, the function is 
—(«—2)?/2 
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You can check that at 7 = 2, we have 


dy 2 5 
oe = So 
a 3" (-—1+0) <0 


so the point x = 2 does indeed give a maximum. See Figure 4.88. 


7] 
Max ata = 2 







Point of inflection 
ate = 1 


Point of inflection 
atx = 3 








Figure 4.88: Graph of y = e~ (e-2)7/2 


35. We want a function of the form 








= L 
YU 14 AeW* 
Since the carrying capacity is 12, we have L = 12. The y-intercept is 4, so 
EB 12 | ry 
1+A 14+A — 
A=2. 
The point of inflection is at (0.5, 6), so 
In(A) — In(2) 
ae k k 
k = 1.386 
Thus, the function is 
= 12 
y= 1 + 2e—1-386a * 


36. Since y(0) = a/(1 + 6) = 2, we have a = 2 + 20. To find a point of inflection, we calculate 


and using the quotient rule, 





d’y _ —abe~*(1 + be~*)? — abe~*2(1 + be *)(—be*) 
dx? (1 + be-*)4 

_ abe~'(—1 + be™*) 

~ (1+ be=#)8 


The second derivative is equal to 0 when be‘ 


changes sign at this point, so we have an inflection point. Thus 


_ 24+ 2e 
= 1l+el-t 


37. Since the x* term has coefficient 1, the polynomial is of the form 
y=u? +ar?+br+e. 
Differentiating gives 
dy 


— = 327 + 2axr +b. 
dx 
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= 1, orb = e’. Whent = 1, we have b = e. The second derivative 
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38. 


39. 
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There is a critical point at z = 2, so dy/dx = 0 at x = 2. Thus 


au 3(2”) + 2a(2) +b = 124+ 4a +b =0, so 4a +6 = —12. 
XL 


x=2 








We take the second derivative to look for the inflection point. We find 


2 


d'y 
da? = 6x + 2a, 
and for an inflection point at x = 1, we have 6 + 2a = 0, soa = —3. We now use a = —3 and the relationship 


4a + b = —12, which gives 4(—3) + b = —12,s0b=0. 
We now have 





y= x? — 327 + C; 
and using the point (1,4) gives 
1—3+4+c=4, 
c=6. 
Thus, y = x? — 327 +6. 


Since the graph is symmetric about the y-axis, the polynomial must have only even powers. Also, since the y-intercept is 
0, the constant term must be zero. Thus, the polynomial is of the form 


y= ax* + bx. 


Differentiating gives 


ot = daa? + 2b = «(4ax? + 2b). 
xv 








Thus dy/dx = 0 at x = 0 and when 4az:? + 2b = 0. Since the maxima occur where 2 = +1, we have 4a + 2b = 0, so 
b= —2a. 
We are given y = 2 when x = +1, so using y = ax* + ba? gives 
a+b= 2, 
a-—2a=-a=2, 


which gives a = —2 and b = 4. Thus 
y= —204 + 4a. 


To see if the points (1,2) and (—1, 2) are local maxima, we take the second derivative, 








d?y 2 
which is negative if ¢ = +1. The critical points at ¢ = +1 are local maxima. Since the leading coefficient of this 





polynomial is negative, we know the graph decreases without bound as || approaches +oo, so these critical points are 
also global maxima. Note that at 2 = 0 the second derivative is positive, so the point (0,0) is a local minimum. There is 
no global minimum. 


Differentiating gives 
dy 


—* = 2abt cos(bt”). 
a abt cos(bt* ) 
Since the first critical point for positive t occurs at t = 1, we have b = 7/2. Then at t = 2, we have 
d 
= = 7a(2) cos(27) = 2ar = 3, 
t=2 





3 
soa = —, and 
7 


40. 


41. 


42. 


43. 


44. 
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Differentiating gives 


iy —2abt sin(bt”). 
dx 


Since the first critical point for positive t occurs at t = 1, we have b = 7. Then at t = 1/ V2, we have 


dy 27a, (5) 2an 


4 we 
V2 


so a = —, and 
T 


2 2 
=— t). 
= cos(mt*) 


Differentiating y = ae” + bx gives 
dy _ 
a 
Since the global minimum occurs for z = 1, we have —a/e + b = 0,sob=<a/e. 
The value of the function at z = 1 is 2, so we have 2 = a/e + b, which gives 


—ae "+b. 








so a = e and b = 1. Thus 


We compute d’y/ dx? = e'~®, which is always positive, so this confirms that x = 1 is a local minimum. Because 
the value of e'~* + a as x + +oo grows without bound, this local minimum is a global minimum. 





a 


Differentiating y = bre °” gives 


—=be “—abre “ = be “(1 —az). 


Since we have a critical point at 2 = 3, we know that 1 — 3a = 0, soa = 1/3. 
If b > O, the first derivative goes from positive values to the left of x = 3 to negative values on the right of « = 3, 
so we know this critical point is a local maximum. Since the function value at this local maximum is 6, we have 


6 = 3be~9/3 = 2 
e’ 


so b = 2e and 
1-2/3 


y = 2xe 
Notice that since y is an odd function, choosing a and b so there is a minimum at (3, 12) automatically results in a local 
maximum at (—3, —12). 
Differentiating y = at + b/t, we have 


2 


dy =2 d-y —3 
—=a-bt d —= = 2bt ~. 
a , an We 


dt 





The critical points require dy/dt = 0 at t = +3. This gives a — b/9 = 0s0 b = 9a. 
Substituting the point (3, 12) in the original equation, we have 


12 = 3a + 9a/3 = 6a. 


Thus a = 2, and b = 18, and 
y = 2t + 18/t. 
The second derivative test affirms that (3, 12) is a local minimum, as the second derivative is positive at t = 3. 


We begin by finding the intercepts, which occur where f(a) = 0, that is 


xc—k/e=0 
Va(/E—k) =0 
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so «£=0 or Va=k, x =k’. 


So 0 and k? are the x-intercepts. Now we find the location of the critical points by setting f’(a) equal to 0: 


f(z) =1-k (50°) =1- a =0. 


This means 


l=5e so VE = 5h, and n= oh. 


We can use the second derivative to verify that « = — is a local minimum. f” (x) = 1+ = x is positive for all x > 0. 
So the critical point, 7 = +k, is 1/4 of the way between the z-intercepts, « = 0 and x = k”. Since f(x) = dke—3/?, 


f" (<k°) = 2/k? > 0, this critical point is a minimum. 





45. (a) The x-intercept occurs where f(x) = 0, so 
ax —axlnxzx=0 
x(a—Inax) =0. 
Since x > 0, we must have 


a—lInz=0 














Inz=a 
r=e", 
(b) See Figures 4.89 and 4.90. 
1 fe 
1 
| | t- & 
1 2 3 - x 
1 2 
=i E , 
Figure 4.89: Graph of f(a) with 
a=-l Figure 4.90: Graph of f(x) witha = 1 
(c) Differentiating gives f’(a) = a — nz — 1. Critical points are obtained by solving 


a—-Inzx—1=0 
a-—1l 


a-1 
xwe=e 


Inz 


1 


Since e*~* > 0 for all a, there is no restriction on a. Now, 


f(e"') a2 ae > =, et In(e*~') = act (a 1)je""! _ err. 





so the coordinates of the critical point are (e*~',e*~'). From the graphs, we see that this critical point is a local 
maximum; this can be confirmed using the second derivative: 


re ee fora =e", 
x 


46. (a) Figures 4.91- 4.94 show graphs of f(a) = 2? + cos(kz) for various values of k. For k = 0.5 and k = 1, the graphs 
look like parabolas. For k = 3, there is some waving in the parabola, which becomes more noticeable if k = 5. The 
waving begins to happen at about k = 1.5. 


NAL WW 


Figure 4.91: k = 0.5 Figure 4.92: k = 1 Figure 4.93: k = 3 Figure 4.94: k = 5 


























47. 


48. 


(b) 


(c) 


(a) 


(b) 


(c) 


(a) 


(b) 
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Differentiating, we have 
f' (a) = 2a — ksin(kax) 
f(x) = 2—k? cos(ka). 
If k? < 2, then f’”’ (x) > 2 — 2cos(ka) > 0, since cos(ka) < 1. Thus, the graph is always concave up if k < V2. 
If k? > 2, then f’’(a) changes sign whenever cos(ka) = 2/k?, which occurs for infinitely many values of «x, since 
0<2/k <1. 
Since f’(x) = 2a — ksin(ka), we want to find all points where 
2x — ksin(ka) = 0. 
Since 
—1<sin(kx) <1, 
f'(x) 4 Oif x > k/2 or x < —k/2. Thus, all the roots of f(x) must be in the interval —k/2 < a < k/2. The roots 
occur where the line y = 22 intersects the curve y = k sin(kx), and there are only a finite number of such points for 
—k/2<a<k/2. 
Figure 4.95 suggests that each graph decreases to a local minimum and then increases sharply. The local minimum 
appears to move to the right as & increases. It appears to move up until & = 1, and then to move back down. 








k=2 k=4 
k=1 
k=1/2 
k=1/4 
x 
Figure 4.95 


f' (x) = e* —k =O when x = Ink. Since f’(x) < 0 for x < Ink and f’(x) > 0 for x > Ink, f is decreasing to 
the left of x = Ink and increasing to the right, so f reaches a local minimum at x = Ink. 
The minimum value of f is 

f(ink) = e'™* —k(Ink) =k— kink. 
Since we want to maximize the expression k — k Ink, we can imagine a function g(k) = k — k Ink. To maximize 
this function we simply take its derivative and find the critical points. Differentiating, we obtain 


g'(k) =1—Ink — k(1/k) = —Ink. 


Thus g'(k) = 0 when k = 1, g'(k) > 0 fork < 1, and g’(k) < O fork > 1. Thus k = 1 isa local maximum for 
g(k). That is, the largest global minimum for f occurs when k = 1. 











The graph of r has a vertical asymptote if the denominator is zero. Since (x — b)? is nonnegative, the denominator 
can only be zero if a < 0. Then 








In order for there to be a vertical asymptote, a must be less than or equal to zero. There are no restrictions on b. 
Differentiating gives 
r' (a) = a 
(a+ (a — b)?)? 
sor’ = 0 when x = b. If a < 0, then r’ is undefined at the same points at which r is undefined. Thus the only critical 
point is « = b. Since we want r(x) to have a maximum at « = 3, we choose b = 3. Also, since r(3) = 5, we have 
1 1 


Me) eae a so a= 


- 2(x — b), 


i 
=. 
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49. (a) f’(x) = 40° + 2ax = 2x(227 + a); s0 x = Oand = +,/—a/2 (if +\/—a/2 is real, ie. if —a/2 > 0) are 

critical points. 

(b) x = O is a critical point for any value of a. In order to guarantee that x = 0 is the only critical point, the factor 
2x +a should not have a root other than possibly « = 0. This means a > 0, since 2x? + a has only one root (a = 0) 
for a = 0, and no roots for a > 0. There is no restriction on the constant b. 

Now f” (a) = 12a? + 2a and f”’(0) = 2a. 

If a > 0, then by the second derivative test, f(0) is a local minimum. 
If a = 0, then f(x) = x* + b, which has a local minimum at x = 0. 
So x = 0 isa local minimum when a > 0. 

(c) Again, b will have no effect on the location of the critical points. In order for f’(«) = 2a(2x? + a) to have three 

















different roots, the constant a has to be negative. Let a = —2c?, for some c > 0. Then 
fi (a) = 4a(a? — c?) = 4a(x — c)(x +0). 
The critical points of f are x = O anda = +ce=+ a/2. 


To the left of x = —c, f’(x) < 0. 
Between x = —cand x = 0, f’(x) > 0. 
Between x = O and x =¢, f’(x) <0. 
To the right of x = c¢, f’(x) > 0. 
So, f(—c) and f(c) are local minima and f (0) is a local maximum. 
(d) For a > 0, there is exactly one critical point, x = 0. For a < 0 there are exactly three different critical points. These 
exhaust all the possibilities. (Notice that the value of b is irrelevant here.) 


50. (a) The graphs are shown in Figures 4.96-4.101. 






































y y y 
A=2 
A=B=1 A=-B=1 B=1 
x zx x 
Figure 4.96: A > 0,B >0 Figure 4.97: A >0,B <0 Figure 4.98: A > 0,B >0 
y y y 
A=2 
B= =i 
ax x x 
ae A=-2 
= B=1 
Figure 4.99: A > 0,B <0 Figure 4.100: A<0,B <0 Figure 4.101: A <0,B>0 


(b) If A and B have the same sign, the graph is U-shaped. If A and B are both positive, the graph opens upward. If A 
and B are both negative, the graph opens downward. 
(c) If A and B have different signs, the graph appears to be everywhere increasing (if A > 0, B < 0) or decreasing (if 
A<0,B> 0). 
(d) The function appears to have a local maximum if A < 0 and B < 0, and a local minimum if A > 0 and B > 0. 
To justify this, calculate the derivative 


au = Ae*— Be”. 


Setting dy/dx = 0 gives 
Ae* — Be * =0 
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Ae* = Be * 
et B 
rt 
This equation has a solution only if B/A is positive, that is, if A and B have the same sign. In that case, 
B 
27 =In(— 
- »(3) 
2 : In (=) 
~ 2 A/ 


This value of x gives the only critical point. 
To determine whether the critical point is a local maximum or minimum, we use the first derivative test. Since 
dy 


ae Ae” — Be™”, 


we see that: 

If A > 0, B > 0, we have dy/dx > 0 for large positive x and dy/dx < 0 for large negative x, so there is a 
local minimum. 

If A < 0,B < 0, we have dy/dx < 0 for large positive x and dy/dx > 0 for large negative x, so there is a 
local maximum. 


51. T(t) = the temperature at time t = a(1 — e~**) +b. 


(a) 


(b) 


52. (a) 


(b) 


Since at time t = 0 the yam is at 20°C, we have 
T(0) = 20° =a(1—e°) +b=a(1—-1)+b=b. 


Thus b = 20°C. Now, common sense tells us that after a period of time, the yam will heat up to about 200°, or oven 
temperature. Thus the temperature T should approach 200° as the time t grows large: 


lim T(t) = 200°C = a(1—0)+b=a+b. 


t—co 


Since a + b = 200°, and b = 20°C, this means a = 180°C. 
Since we’re talking about how quickly the yam is heating up, we need to look at the derivative, T’(t) = ake 


T’ (t) = (180)ke**. 





—kt, 


We know T’(0) = 2°C/min, so 
2 = (180)ke~* = (180)(k). 
So k = (2°C/min)/180°C = Smin“*. 


Since 





a 
v=s( wt) <0 when xz=a, 
x 


the x-intercept is = a. There is a vertical asymptote at x = 0 and a horizontal asymptote at U = 0. 


Setting dU/dx = 0, we have 
dU 2a? a —2a? + ax 
dx : ( cs <) . ( x =a 





So the critical point is 


When x = 2a, 
The second derivative of U is 


When we evaluate this at x = 2a, we get 


aU 6a? 2a b 
— =b| — -—]=-> > 0. 
dx? (2a)* (2a) 8a? 


Since d°U/dx? > 0 at « = 2a, we see that the point (2a, —b/4) is a local minimum. 
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(c) 
U 
a 2a 
| x 
(2a, —b/4) 


53. Both U and F' have asymptotes at x = 0 and the x-axis. In Problem 52 we saw that U has intercept (a, 0) and local 
minimum (2a, —b/4). Differentiating U gives 
2a” a 


2 
r= 6(7 5) <0 for x = 2a, 


Since 


F has one intercept: (2a, 0). Differentiating again to find the critical points: 





so x = 3a. When x = 3a, 





2a? a b 
p=6( 35 - ~~ 37a" 


By the first or second derivative test, = 3a is a local minimum of F’. See figure below. 





a 2a 3a 
T 





(2a, —b/4) (3a, —b/(27a)) 


54. (a) To find lim,_,9+ V(r), first rewrite V(r) with a common denominator: 





: : A B 
fae) aes ee 
= lim A=- Br? 
r>0T rie 
> es — +00. 
0+ 


As the distance between the two atoms becomes small, the potential energy diverges to +-oo. 
(b) The critical point of V(r) will occur where V’(r) = 0: 





j 124 6B 
Vv (r) = fis ye =0 
—12A+6Bre _ 
pis =0 
—124+6Br° =0 
os 


(c) 
(d) 


55. (a) 


(b) 


(c) 


(d) 
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To determine whether this is a local maximum or minimum, i we can use the first derivative test. Since r is positive, 
the sign of V’(r) is determined by the sign of —12A+6Br°. Notice that this is an increasing function of r for r > 0, 
so V’(r) changes sign from — to + at r = (2A/B)'/°. The first derivative test yields 


1/6 
r « (4 i. a 
V'(r) | neg. = zeros. 


Thus V(r) goes from decreasing to increasing at the critical point r = (2A/B)*/°, so this is a local minimum. 
Since F(r) = —V'(r), the force is zero exactly where V’(r) = 0, i.e. at the critical points of V. The only critical 
point was the one found in part (b), so the only such point is 7 = (24/B)'/°. 

Since the numerator in r = (2A/B a 5 is proportional to A‘/®, the equilibrium size of the molecule increases when 
the parameter A is increased. Conversely, since B is in the denominator, when B is increased the equilibrium size of 
the molecules decrease. 


The force is zero where 


A B 
f(r) = at a 
Ar? = Br? 
_B 
r A 


The vertical asymptote is r = 0 and the horizontal asymptote is the r-axis. 
To find critical points, we differentiate and set f’(r) = 0: 


f'(r) ee 0 
2Ar* = 3Br° 
3B 
~ QA’ 


Thus, r = 3B/(2A) is the only critical point. Since f’(r) < 0 forr < 3B/(2A) and f'(r) > 0 for r > 3B/(2A), 
we see that r = 3B/(2A) is a local minimum. At that point, 





F (3) _ A Ps 4A* 
2A/ = 9 B?/4A2 ° 27B3/8A3 27 B?° 
Differentiating again, we have 
vn, 6A, 12B_ 6 
f (r) ye T a 7 (Ar 2B) : 


So f"(r) < O where r > 2B/A and f(r) > 0 when r < 2B/A. Thus, r = 2B/A is the only point of inflection. 
At that point 
F (2 ) = A B A 


A) ~~ 7B? * 8B3/A8 ~~ BB? 







f(r) 











3 
3B —4A3 Ce aa 
(o> 27B ) 


(i) Increasing B means that the r-values of the zero, the minimum, and the inflection point increase, while the f (1) 
values of the minimum and the point of inflection decrease in magnitude. See Figure 4.102. 
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(ii) Increasing A means that the r-values of the zero, the minimum, and the point of inflection decrease, while the 
f(r) values of the minimum and the point of inflection increase in magnitude. See Figure 4.103. 











Small B Large A 
+ Large B —_——— Small A 
Tr r 
Figure 4.102: Increasing B Figure 4.103: Increasing A 


56. (a) The vertical intercept is W = Ae~® °° = Ae~®’. There is no horizontal intercept since the exponential function 
is always positive. There is a horizontal asymptote. As t —> oo, we see that e?~“! = e” /e“' — 0, since t is positive. 
Therefore W — Ae° = A, so there is a horizontal asymptote at W = A. 

(b) The derivative is 





d —e’—© —c —e?— © —c 
av Age ee ‘\(—c) = Ace i a 
Thus, dW/dt is always positive, so W is always increasing and has no critical points. The second derivative is 
dw d eb—cty bet es d b—ct 
aa qA@€ Je + Ace Fra ) 


2 et bet b—ct =e b—ct 
=Ace © ee “ee “+Ace ©  (—c)e” © 
2 et b—ct _b—ct 
=Ace® & “(e %—1), 


Now e?~“ decreases from e” > 1 when t = 0 toward 0 as t > 00. The second derivative changes sign from positive 
to negative when et = 1, ie., when b — ct = 0, or t = b/c. Thus the curve has an inflection point at t = b/c, 


where W = Ae = Ae™!, 
(c) See Figure 4.104. 











Figure 4.104 


(d) The final size of the organism is given by the horizontal asymptote W = A. The curve is steepest at its inflection 
point, which occurs at t = b/c, W = Ae~*. Since e = 2.71828... ~ 3, the size the organism when it is growing 
fastest is about A/3, one third its final size. So yes, the Gompertz growth function is useful in modeling such growth. 


Strengthen Your Understanding 





57. As acounterexample, f(x) = x? +1 has no zeros. 


58. Differentiating f we see that f’(2) = —a/a? + b. Solving f’(a) = 0 we see that « = 4 
provided a and b have the same sign. So for example, f(a) = 1/x + has two critical points. But if a and b have opposite 
sign, f has no critical points. The function f() = 1/x — x has no critical points, for example. 
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+ \/a/b are critical points 





59. The family of functions f(x) = ka(x — b) are all quadratics and satisfy f(0) = f(b) = 0, as required. 


60. The condition for critical points is f’(a) = 3ax* — b = 0 or 


2 b 
= Be 
So there will be no critical points if 
b 
or <0. 
As long as a and 6 have opposite signs, we have b/(3a) < 0. For example, we can take a = 1,b = —1 to get f(x) = 


ote. 


61. Let f(x) = ax”, with a £ 0. Then f’(x) = 2ax, so f has a critical point only at x = 0. 


62. Let g(a) = ax® + bx?, where neither a nor b are allowed to be zero. Then 


g' (x) = 3a” + 2ba = x(3ax + 2b). 


Then g(x) has two distinct critical points, at = 0 and at x = —2b/3a. Since 
g' (x) = 6ax + 2b, 
there is exactly one point of inflection, c = —2b/6a = —b/3a. 
63. (a) and (c). Since the critical points of f(a) are = 4 





The critical values of f(a) are f(+./b/a) =a 


true. 


64. (b) and (c). Since the critical points of f(a) are x = 4 


The critical values of f(x) are f(+./b/a) =a 





true. 


Solutions for Section 4.5 


Exercises 


( 


( 

















t./b/a, then as b increases 
Ui ake 

















b/a) + 














t./b/a, then as a increases 




















- Vifa) + a = aa 





ae: b/a 


increases. Therefore (a). 





t Vab = +2V ab. Therefore (c) is also 


decreases. Therefore (b). 


t Vab = +2V ab. Therefore (c) is also 








1. The profit function is positive when R(q) > C(q), and negative when C(q) > R(q). It’s positive for 5.5 < q < 12.5, 
and negative for 0 < q < 5.5 and 12.5 < q. Profit is maximized when R(q) > C(q) and R'(q) = C’(q) which occurs 


at about q = 9.5. See Figure 4.105. 


$ (thousands) 
C(q) 
400 - Profit function 
is positive R(q) 
na! 

300 F 

200 F 

100 - 

fj fj ff fp tp ptt q (thousands) 
5 10 








Figure 4.105 
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2. Since fixed costs are represented by the vertical intercept, they are $1.1 million. The quantity that maximizes profit is 
about q = 70, and the profit achieved is $(3.7 — 2.5) = $1.2 million 


3. The fixed costs are $5000, the marginal cost per item is $2.40, and the price per item is $4. 
4. The cost function C(q) = b + mq satisfies C(0) = 500, so b = 500, and MC = m = 6. So 


C(q) = 500 + 6q. 
The revenue function is R(q) = 12g, so the profit function is 


7(q) = R(q) — C(q) = 12q — 500 — 6q = 6g — 500. 





5. The cost function C(q) = b + mq satisfies C(0) = 35,000, so b = 35,000, and MC = m = 10. So 
C(q) = 35,000 + 10g. 
The revenue function is R(q) = 15g, so the profit function is 


m(q) = R(q) — C(q) = 15q — 35,000 — 10g = 5q — 35,000. 





6. The cost function C(q) = b + mq satisfies C(0) = 5000, so b = 5000, and MC = m = 15. So 
C(q) = 5000 + 159. 


The revenue function is R(q) = 60g, so the profit function is 





m(q) = R(q) — C(q) = 60q — 5000 — 15q = 45q — 5000. 


7. The cost function C'(q) = b + mg satisfies C'(0) = 0, so b = 0. There are 32 ounces in a quart, so 160 in 5 quarts, or 20 
cups at 8 ounces per cup. Thus each cup costs the operator 20 cents = 0.20 dollars, so MC’ = m = 0.20. So 


C(q) = 0.20¢. 


The revenue function is R(q) = 0.25q. So the profit function is 





m(q) = R(q) — C(q) = 0.25¢ — 0.20g = 0.05q. 


8. The profit 7(q) is given by 
x(q) = R(q) — C(q) = 500g — q” — (150 + 10g) = 490g — q? — 150. 





The maximum profit occurs when 
m'(q) =490-2¢=0 so gq = 245 items. 


Since 7’"(q) = —2, this critical point is a maximum. Alternatively, we obtain the same result from the fact that the graph 
of 7 is a parabola opening downward. 


9. First find marginal revenue and marginal cost. 
MR = R'(q) = 450 
MC =C'(q) = 6q 
Setting MR = MC yields 6g = 450, so marginal cost is equal to marginal revenue when 


_ 450 


A = 75 units. 


qd 
Is profit maximized at gq = 75? Profit = R(q) — C(q); 


R(75) — C(75) = 450(75) — (10,000 + 3(75)7) 
= 33,750 — 26,875 = $6875. 





10. 


11. 


12. 
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Testing g = 74 and q = 76: 


R(74) — C(74) = 450(74) — (10,000 + 3(74)”) 
= 33,300 — 26,428 = $6872. 





R(76) — C(76) = 450(76) — (10,000 + 3(76)7) 
= 34,200 — 27,328 = $6872. 





Since profit at g = 75 is more than profit at ¢g = 74 and g = 76, we conclude that profit is maximized locally at g = 75. 
The only endpoint we need to check is g = 0. 





R(0) — C(0) = 450(0) — (10,000 + 3(0)?) 
= —$10,000. 


This is clearly not a maximum, so we conclude that the profit is maximized globally at g = 75, and the total profit at this 
production level is $6,875. 


The marginal revenue,  R, is given by differentiating the total revenue function, R. We use the chain rule so 


dR He d 1 


MR = — = ——_.. — (10009?) = ————_~. - 200g. 
dq 1+1000@ dq ne) SS 10002 2 
When gq = 10, 
Marginal revenue = ———-. = $0.20/item. 


When 10 items are produced, each additional item produced gives approximately $0.20 in additional revenue. 


(a) Profit is maximized when R(q)—C(q) is as large as possible. This occurs at g = 2500, where profit = 7500—5500 = 
$2000. 

(b) We see that R(q) = 3q and so the price is p = 3, or $3 per unit. 

(c) Since C(0) = 3000, the fixed costs are $3000. 


(a) At gq = 5000, MR > MC, so the marginal revenue to produce the next item is greater than the marginal cost. This 
means that the company will make money by producing additional units, and production should be increased. 

(b) Profit is maximized where JR = MC, and where the profit function is going from increasing (MR > MC) to 
decreasing (MR < MC). This occurs at gq = 8000. 


Problems 





13. 


14. 


15. 


16. 


17. 


(a) The value of C'(0) represents the fixed costs before production, that is, the cost of producing zero units, incurred for 
initial investments in equipment, and so on. 

(b) The marginal cost decreases slowly, and then increases as quantity produced increases. See Problem 74, graph (b). 

(c) Concave down implies decreasing marginal cost, while concave up implies increasing marginal cost. 

(d) An inflection point of the cost function is (locally) the point of maximum or minimum marginal cost. 

(e) One would think that the more of an item you produce, the less it would cost to produce extra items. In economic 
terms, one would expect the marginal cost of production to decrease, so we would expect the cost curve to be con- 
cave down. In practice, though, it eventually becomes more expensive to produce more items, because workers and 
resources may become scarce as you increase production. Hence after a certain point, the marginal cost may rise 
again. This happens in oil production, for example. 


Since marginal revenue is larger than marginal cost around g = 2000, as you produce more of the product your revenue 
increases faster than your costs, so profit goes up, and maximal profit will occur at a production level above 2000. 


Since for g = 500, we have MC(500) = C’(500) = 75 and MR(500) = R’(500) = 100, so MR(500) > MC(500). 
Thus, increasing production from g = 500 increases profit. 


Her marginal cost is at a minimum of $25 when the quantity sold is 100, which is still below the marginal revenue of $35. 
Thus she will continue to make a profit as the quantity increases, although her profit will start to decrease if the marginal 
cost goes above $35. So the quantity that maximizes profit is greater than 100. 


(a) We know that Profit = Revenue — Cost, so differentiating with respect to qg gives: 


Marginal Profit = Marginal Revenue — Marginal Cost. 
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(b) 


18. (a) 
(b) 


(c) 


We see from the figure in the problem that just to the left of g = a, marginal revenue is less than marginal cost, so 
marginal profit is negative there. To the right of g = a marginal revenue is greater than marginal cost, so marginal 
profit is positive there. At g = a marginal profit changes from negative to positive. This means that profit is decreasing 
to the left of a and increasing to the right. The point g = a corresponds to a local minimum of profit, and does not 
maximize profit. It would be a terrible idea for the company to set its production level at gq = a. 

We see from the figure in the problem that just to the left of g = b marginal revenue is greater than marginal cost, so 
marginal profit is positive there. Just to the right of g = b marginal revenue is less than marginal cost, so marginal 
profit is negative there. At q = b marginal profit changes from positive to negative. This means that profit is increasing 
to the left of b and decreasing to the right. The point g = b corresponds to a local maximum of profit. In fact, since 
the area between the M/C and WR curves in the figure in the text between g = a and gq = b is bigger than the area 
between gq = 0 and q = a, q = bis in fact a global maximum. 


The fixed cost is 0 because C(0) = 0. 

Profit, 7(q), is equal to money from sales, 7q, minus total cost to produce those items, C’(q). 
nm = 7q — 0.01" + 0.69” — 13¢ 
nr’ = —0.03q” + 1.2q — 6 





—12+ 1.2)? — 4(0.03)(6 
nw =0 if q= ee NOOO) 2 5.9 or 34.1. 
Now 7” = —0.06q + 1.2, so 7’"(5.9) > 0 and 7’"(34.1) < 0. This means g = 5.9 is a local min and g = 34.1 a 


local max. We now evaluate the endpoint, (0) = 0, and the points nearest g = 34.1 with integer q-values: 
1(35) = 7(35) — 0.01(35)* + 0.6(35)? 13(35) = 245 — 148.75 = 96.25, 


(34) = 7(34) — 0.01(34)° + 0.6(34)? — 13(34) = 238 — 141.44 = 96.56. 
So the (global) maximum profit is 7(34) = 96.56. The money from sales is $238, the cost to produce the items is 
$141.44, resulting in a profit of $96.56. 
The money from sales is equal to price x quantity sold. If the price is raised from $7 by $x to $(7 + x), the result is a 
reduction in sales from 34 items to (34 — 22’) items. So the result of raising the price by $x is to change the money 
from sales from (7) (34) to (7 + x)(34 — 22) dollars. If the production level is fixed at 34, then the production costs 
are fixed at $141.44, as found in part (b), and the profit is given by: 


n(x) = (7 + x)(34 — 2a) — 141.44 














This expression gives the profit as a function of change in price , rather than as a function of quantity as in part (b). 
We set the derivative of 7 with respect to x equal to zero to find the change in price that maximizes the profit: 

dr 

aa (1)(34 — 2x2) + (7 + x)(—2) = 20-42 =0 
So x = 5, and this must give a maximum for 7(z) since the graph of 7 is a parabola which opens downward. The 
profit when the price is $12 (= 7+ # = 7 +5) is thus m(5) = (7 + 5)(34 — 2(5)) — 141.44 = $146.56. This is 
indeed higher than the profit when the price is $7, so the smart thing to do is to raise the price by $5. 








19. For each month, 


Profit = Revenue — Cost 
n= pq—-wl = peK*L® — wh 


The variable on the right is L, so at the maximum 





dr a7;yB-1 
—_—= KL -—w= 
AL Bpe w=0 
Now 6 — 1 is negative, since 0 < 8 < 1, so 1 — (is positive and we can write 
Bpck® _ 
[1-8 


giving 





i Cay 


Ww 


Since 8 — 1 is negative, when L is just above 0, the quantity L°~1 is huge and positive, so dx/dL > 0. When L is large, 


L’- 


' is small, so dr/dL < 0. Thus the value of L we have found gives a global maximum, since it is the only critical 


point. 
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20. (a) We have N(a) = 100 + 202, graphed in Figure 4.106. 
(b) (i) Differentiating gives N’(x) = 20 and the graph of N’ is a horizontal line. This means that rate of increase of 
the number of bees with acres of clover is constant—each acre of clover brings 20 more bees. 
(ii) On the other hand, N(x)/a = 100/a + 20 means that the average number of bees per acre of clover approaches 
20 as more acres are put under clover. See Figure 4.107. As x increases, 100/x decreases to 0, so N(x)/x 
approaches 20 (i.e. N(a)/a —> 20). Since the total number of bees is 20 per acre plus the original 100, the 
average number of bees per acre is 20 plus the 100 shared out over x acres. As x increases, the 100 are shared 
out over more acres, and so its contribution to the average becomes less. Thus the average number of bees per 
acre approaches 20 for large x. 




















bees/acre 
number of bees 
N(a) = 100 + 20a 
2100 - 
_ 100 
= ae + 20 
20 
“~N'(x) = 20 
100 ! _ & (acres) ! ‘x (acres) 
50 100 50 100 
Figure 4.106 Figure 4.107 


21. This question implies that the line from the origin to the point (2, R(«)) has some relationship to r(a). The slope of this 
line is R(x)/x, which is r(a). So the point vo at which r(x) is maximal will also be the point at which the slope of this 
line is maximal. The question claims that the line from the origin to (xo, R(xo)) will be tangent to the graph of R(a). We 
can understand this by trying to see what would happen if it were otherwise. 

If the line from the origin to (vo, R(xo)) intersects the graph of R(2:), but is not tangent to the graph of R(x) at xo, 
then there are points of this graph on both sides of the line — and, in particular, there is some point x such that the line 
from the origin to (71, R(a1)) has larger slope than the line to (ao, R(xo)). (See the graph below.) But we picked xo so 
that no other line had larger slope, and therefore no such x; exists. So the original supposition is false, and the line from 
the origin to (wo, R(wo)) is tangent to the graph of R(x). 















(a) See (b). 
(b) Line through origin 
is tangent here 
R(z) 
/) 
V4 
Vj 7 
Y/ y, 
Jf 
/ Optimal point on -(a") 
r(x) 
Y a 
(c) 
_ Re) 
r(x) = = 
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So when r(x) is maximized 0 = «R'(x) — R(x), the numerator of r’(x), or R'(x) = R(ax)/x = r(z). ie. 
when r(x) is maximized, r(x) = R' (2x). 

Let us call the x-value at which the maximum of r occurs Zm. Then the line passing through R(a,) and the 
origin is y = x- R(am)/am. Its slope is R(am)/2%m, which also happens to be r(a). In the previous paragraph, 
we showed that at 2m, this is also equal to the slope of the tangent to R(x). So, the line through the origin is the 
tangent line. 


22. (a) The value of WC is the slope of the tangent to the curve at go. See Figure 4.108. 


(b) The line from the curve to the origin joins (0,0) and (qo, C(qo)), so its slope is C(qo)/qo = a(qo). 
(c) Figure 4.109 shows that the line whose slope is the minimum a(q) is tangent to the curve C’(q). This line, therefore, 


also has slope MC, so a(q) = MC at the q making a(q) minimum. 




















$ 
Cc 
Slope— MC (9) $ ; , ea) 
| Slope of 
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| +— Slope= oe =a(qo) a 2 | minimum a(q) 
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! Va ! 
qo Le | 
q 
Figure 4.108 Figure 4.109 





23. (a) The average cost is a(q) = C(q)/gq, so the total cost is C(q) = 0.01q® — 0.6q? + 139. 


24. 


(b) Taking the derivative of C'(q) gives an expression for the marginal cost: 


C'(q) = MC(q) = 0.03q” — 1.2q + 13. 


To find the smallest M/C we take its derivative and find the value of q that makes it zero. So: MC"(q) = 0.06q—1.2 = 
O when g = 1.2/0.06 = 20. This value of g must give a minimum because the graph of M/C(q) is a parabola 
opening upward. Therefore the minimum marginal cost is MC(20) = 1. So the marginal cost is at a minimum when 
the additional cost per item is $1. 


(c) Differentiating gives a'(q) = 0.02q — 0.6. 


Setting a’(q) = 0 and solving for g gives q = 30 as the quantity at which the average is minimized, since the graph 
of a is a parabola which opens upward. The minimum average cost is a(30) = 4 dollars per item. 


(d) The marginal cost at g = 30 is MC(30) = 0.03(30)? — 1.2(30) + 13 = 4. This is the same as the average cost at 


this quantity. Note that since a(q) = C'(q)/q, we have a’(q) = (qC"'(q) — C(q))/¢?. At acritical point, qo, of a(q), 


we have 
= goC" (qo) = C(go) 
% 
so C’(qo) = C(qo)/qo = a(qo). Therefore C’(30) = a(30) = 4 dollars per item. 

Another way to see why the marginal cost at g = 30 must equal the minimum average cost a(30) = 4 is to view 
C’(30) as the approximate cost of producing the 30°" or 31°* good. If C’(30) < a(30), then producing the 31** 
good would lower the average cost, i.e. a(31) < a(30). If C’(30) > a(30), then producing the 30 good would 
raise the average cost, i.e. a(30) > a(29). Since a(30) is the global minimum, we must have C’(30) = a(30). 


0= a’ (qo 


? 


(a) Since the company can produce more goods if it has more raw materials to use, the function f(z) is increasing. Thus, 


we expect the derivative f’ (x) to be positive. 


(b) The cost to the company of acquiring x units of raw material is wa, and the revenue from the sale of f(a) units of 


the product is pf (a). The company’s profit is (a) = Revenue — Cost = pf (a) — wa. 


(c) Since profit 7(a) is maximized at x = x*, we have x’(x*) = 0. From 7’(x) = pf’(x) — w, we have pf’(2*) —w = 


0. Thus f’(a*) = w/p. 


(d) Computing the second derivative of 7(a) gives 7(a) = pf" (a). Since m(x) has a maximum at x = x”, the second 


derivative 7(x*) = pf’ (x*) is negative. Thus f” (x*) is negative. 


(e) Differentiate both sides of pf’(x*) — w = 0 with respect to w. The chain rule gives 


d / * 
a ie 
pat (@) 0 
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7 xy AE _ 
pf (« ere =0 
dx* 1 
dw pf" (a*)” 


Since f”’(x*) < 0, we see dx* /dw is negative. 
(f) Since dx*/dw < 0, the quantity x* is a decreasing function of w. If the price w of the raw material goes up, the 
company should buy less. 


25. (a) See Figure 4.110. 








xe+y?=9 y 
Pep at 4 
ety=1 
z+y=4 
zx 
4 
Figure 4.110 


(b) As C increases in the equation a? + y? = C, the circle expands outward. For C' = 4, the circle does not intersect the 
line. As C' increases from 4, the circle expands until it touches the line. At C' = 9, the circle cuts the line twice. 
The minimum value of C = x? + y? occurs where a circle tangent to the line. For larger C-values, x? + y? = C 
cuts the line twice, for smaller C-values, the circle does not touch the line. 
(c) At the point at when the circle touches the line, the slope of the circle equals the slope of the line, namely —1. Implicit 
differentiation gives the slope of x” + y? = C: 


Qe + 2y-y' =0 
,  —a@ 
— 


Thus, at the point where a circle touches the line, we have 


=y. 


Substitution into z + y = 4 gives 2x = 4, so x = 2 and y = 2. Thus, the minimum is x” + y? = 27 + 2? = 8, 
26. (a) See Figure 4.111. 


y Q = 100 
Q = 200 






Q = 300 
C=a2+2y=10 





10 


Figure 4.111 


350 Chapter Four /SOLUTIONS 


(b) Comparing the curves @ = 100, @ = 200, and @ = 300, we see that production increases as we move away from 


the origin. The curve Q = 100 cuts the line C' = x + 2y = 10 twice while the curves Q = 200 and Q = 300 do not 
cut the line. 


The maximum possible Q occurs where a curve touches the line. At this point, the slope of the production curve 
equals the slope of the budget line, namely —1/2. 
(c) Using implicit differentiation, the slope of the curve 102y = C is given by 


10y + 10axy’ = 0 


/ y 
y= ~ a 
Thus, at the point where the curve touches the line, whose slope is —1/2, we have 
y 1 
gf 2 
_ a 
y 2 
Substituting into C = x + 2y = 10 gives 2x = 10, sox = 5 and y = 5/2. Thus, the maximum production is 
Q=10-5- 2 = 196. 


27. (a) See Figure 4.112. 











Figure 4.112 


(b) Comparing the lines C = 2, C = 3, C = 4, we see that the cost increases as we move away from the origin. The 
line C' = 2 does not cut the curve Q = 1; the lines C = 3 and C' = 4 cut twice. 
The minimum cost occurs where a cost line is tangent to the production curve. 


(c) Using implicit differentiation, the slope of «1/ 2yl/ ? — 1 is given by 
1 _ 1 2 
a 1/2, 3/2 4 aly Ae _~0 
2 2 
be Hg V2y1/2 sy 
y= pity? 
The cost lines all have slope —2. Thus, if the curve is tangent to a line, we have 
> 
x 
y = 2a 
Substituting into Q = gh yl/2 = 1 gives 


cee 
=F 
1 
a ie 


Thus the minimum cost is 
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Strengthen Your Understanding 





28. We are only given the cost and revenue when g = 100. Since we do not have any information about the marginal revenue 
and the marginal cost at g = 100, we do not know how an increase in production will affect either the revenue or the cost. 
Thus we cannot determine whether the profit will increase or decrease if production is increased from 100. We only know 
that when q = 100 the profit will be R(100) — C(100) = $60. 


29. The profit, 7 is given by 


Thus we have 

m'(q) = R'(q) — C'(q), 
and the critical points of z(q) occur where R’(q) = C’(q). In Figure 4.82, there are two such points, at approximately 
q = 3.5 and q = 13. To the left of g = 10, the graph shows that the costs exceed revenue, so the company is losing 
money. Profit is positive between g = 10 and g = 15. So the critical point at which profit is a maximum is g = 13. The 
maximum profit occurs when the quantity produced is about 13,000 units. 


30. We want a quantity where the slope of the cost curve, C’, is greater than the slope of the revenue curve, #. For example, 
small quantities, such as g = 2, or large quantities, such as g = 15. 


31. The cost curve, C, lies above the revenue curve, F, for all quantities, g. See Figure 4.113. 


y 
C 





Figure 4.113 


32. (e). A company should maximize profit, that is, it should maximize revenue minus cost. 


33. (a If MR-— MC >0,so MR > MC, then revenue is increasing faster than cost with production, so profit increases. 


Solutions for Section 4.6 


Exercises 





1. The rate of change of temperature is 


a _ 16(—-0.02)e-°% = —0.32¢-0, 
dt 
When t = 0, 
dH 
= = —0.32e° = —0.32°C/min. 
When ¢ = 10, 
a = —0.32e7° 70 — _0,262°C/min. 
2. The rate of growth, in billions of people per year, was 
dP _, 0.0114 
— =6.7(0.011 : 
rr (0.011)e 


On January 1, 2007, we have t = 0, so 


dP 


a 6.7(0.011)e° = 0.0737 billion/year = 73.7 million people/year. 
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3. The rate of change of the power dissipated is given by 





ee 
dR R? 
4. (a) The rate of change of the period is given by 
Ei A a 
dl V9.gdl V9.8 2 V98 vi V9.8i 


(b) The rate decreases since V1 is in the denominator. 


5. Let y(t) be the height of the aircraft, in feet, as a function of time, ¢, in minutes, and H(y) be the outside temperature in 
°C as a function of height, y, in feet. We have 


oe = 500 feet/minute, a a say C/ toot, 
so we have 
dH dH dy 
dt ~~ dy dt 
—2 
1000 a 
= —1°C/minute 
6. (a) Since P = 25, we have 
95 — 30e73:23x10- Fh 
—  -n(25/30) 
(b) Both P and h are changing over time, and we differentiate with respect to time t, in minutes: 
AP = 30¢73:28x10-F (-3.28 x 10°) , 
dt dt 
We see in part (a) that h = 5644 ft when P = 25 inches of mercury, and we know that dP/dt = 0.1. Substituting 


gives: 


0.1 = 30e 73-23% 107 ® x5644.630 (-3.23 - 19°) 


dt 
dh 
dt 


The glider’s altitude is decreasing at a rate of about 124 feet per minute. 


= —124 ft/minute. 


7. We differentiate F = k/r? with respect to t using the chain rule to give 


dF 2k dr 

dt ——r8 dt" 
We know that k = 10'? newton - km? and that the rocket is moving at 0.2 km/sec when r = 10* km. In other words, 
dr /dt = 0.2 km/sec when r = 10°. Substituting gives 


-1913 
< = ee - 0.2 = —4newtons/sec. 


8. We know dR/dt = 0.2 when R = 5 and V = 9 and we want to know d//dt. Differentiating J = V/R with V constant 
gives 


ao ee ee 


dl 1 dR 
v( R? ae 


so substituting gives 


dI 1 
a 9 (-s . 0.2) = —0.072 amps per second. 
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9. We have a ' , 
a i6/4 - 4 cos(40)| =. 
So ok ; ‘ 
ee ee ee eee oe es = Bij 
Glee 16 (4 4 cos (4 *)) 0.2 16 (4+ 4)0.2 = 0.9 cm? /min. 





10. Differentiating with respect to time t, in seconds, we have 


do 1,2 er =) = 
yon = 4 ig a2. 
di «(50 a) To aaer 


Since the point is moving to the left, dx /dt = —0.2. Substituting x = 3 and dx/dt = —0.2, we have 





a = on (5 +4 77(2-3( 0.2)) — ( 0.2)) S211: 


The potential is changing at a rate of 0.211 units per second. 
11. (a) The rate of change of average cost as quantity increases is 
d 
eed dollars/cell phone. 
dq P 


(b) We are told that dg/dt = 100, and we want dC'/dt. The chain rule gives 


dC dC dq a 100a 
Se SS eee Se 00S 
dt dq dt g qg 





dollars /week. 


Since a is positive, dC’/dt is negative, so C is decreasing. 


12. When we differentiate x? + y” = 25 with respect to time, we have 


dx dy 
22— + 2y— = 0. 
arr 
(a) We use the fact that 7? + y? = 25 to solve for y when x = 0. Since 0? + y* = 25, we have y = 5 since y is positive. 
Substituting, we have 


dx dy _ 
d 
2(0)(6) + 2(5) =0 
dt 
dy 
77 


(b) We use the fact that x? + y = 25 to solve for y when x = 3. Since 3? + y? = 25, we have y = 4 since y is positive. 
Substituting, we have 


dx dy 
20 4 oy — 
a ge 
d 
2(3)(6) + 2(4) 2 =0 
dy 
Be im 
dt 3 


(c) We use the fact that 7? + y? = 25 to solve for y when x = 4. Since 4” + y* = 25, we have y = 3 since y is positive. 
Substituting, we have 


dy 
2(4)(6) + 2(3) a7 =0 
a 
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13. Since h is constant, we have 
dV _ 2 not 
dt 3 dt’ 
Thus for h = 120, x = 150, and dx/dt = —0.002, we have 


ld = = (150)(120)(—0.002) = —24 meters®/yr. 


The volume is decreasing at 24 meters? per year. 


14. (a) Treating a and / as constants, by the chain and quotient rules, we have 


dF K(2a+1) da K(35) og 
SN SD SH KT, 1 t . 
a ela OP dé 115(20) 2 (7.78 x 10 ~) newtons/min 
(b) We have 
dF Ka dl K(15) 


a 2 Gane a Ten = K(3.33 x 107*) newtons/min. 


15. (a) We have 
Surface area = 0.01(60°”° (150°) = 1.19 meters”. 


(b) Since h = 150 is constant, we have 
s = 0.01w??"150°. 


Differentiating with respect to time t, in years,we have 


ds _ oon (0.250-°7**) ipa", 
dt dt 


Substituting dw/dt = 0.5 and w = 62, we have 


d : : 
= = 0.01(0.25(62~°"* )(0.5))(150°7°) = 0.0024 meter?/year. 


The surface area is increasing at a rate of 0.0024 meter” per year, or 24 cm? per year. 


Problems 





16. Let the other side of the rectangle be x cm. Then the area is A = 102, so differentiating with respect to time gives 


dA _ jy 
dt dt’ 








dA _ jgde 


17. Let the other side of the rectangle be x cm. Then the diagonal is 


D=V82 4+ 22 = 1/644 x?. 


Differentiating with respect to time gives 


dD _ 22 dx _ x dx 
dt 2/644 a2 dt 6442? dt 


We are interested in the instant when x = 6 and dx /dt = 3, giving 


dD = 6 = 6 - 3 = 1.8 cm per minute. 


ee a 
dt /64 + 10 


18. 


19. 


20. 


21. 


22. 
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Let the other leg be x cm. Then the area is ; i 
A= ied =e 
Differentiating with respect to time gives 
dA 7dz 
‘dt = 2dt’ 
We are interested in the instant when 2 = 10 and dx/dt = —2, where the negative sign reflects the fact that x is 


decreasing. Thus 


aA = F(-2) = —7 cm’ per second. 


The area is decreasing at 7 cm? per second. 


The side length is s = VAcm. Differentiating with respect to time gives 
ds 11 dA 
dt 2/4 dt’ 


We are interested in the instant when A = 576 and dA/dt = 3, giving 


ds _1 1 3= 1 
dt 2/576 16° 
Thus, the side is increasing at 1/16 cm per minute. 
Since Rj is constant, we know dR /dt = 0. We know that dR2/dt = 2 ohms/min when R2 = 20 ohms. At the moment 
we are interested in, R; = 10 and R2 = 20, so 


ae ree ae 


= R= — ohms. 
R10’ 20 20° *° as 
Differentiating with respect to time t, 
1 iL 1 
a Ri Be 
gives 
 1dR_ 1idki 1 dk, 
R? dt = R,? dt ~—— Ra? dt ~ 
Substituting gives 
il dk_ il ere 9 
(20/3)? dt ~—-102 202 
dR 20\? 1 2 ? 
Tt = (=) 302 -2= 9 ohms/min. 


(a) The rate of change of temperature change is 








_— a _ 2 
dD dD\ 2 3 Of is 


dT (& nm) 3D? 
2 3 


(b) We want to know for what values of D the value of dT’/dD is positive. This occurs when 


dT 

— =(C—-D)D>0. 
We only consider positive values of D, since a zero dosage obviously has no effect and a negative dosage does not 
make sense. If D > 0, then (C — D)D > 0 when C — D > 0, or D < C. So the rate of change of temperature 


change is positive for doses less than C’. 


(a) (i) Differentiating thinking of r as a constant gives 


dP = 500e7*/ 109 ee = Brent / 100. 


dt 100 


Substituting t = 0 gives 


dP — 5pe70/100 


i = 5r dollars/yr. 


356 


23. 


24. 


25. 
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(ii) Substituting t = 2 gives 
dP _ Brel 2/100 — 50-027 


dt 
(b) To differentiate thinking of r as variable, think of the function as 


P= 5006" ¢t):t/100 


dollars/yr. 


and use the chain rule (for ert/ 1005) and the product rule (for r(t) - t): 
dP 1 d 


ee r(t)-t/100 | ie, . = r(t)-t/100 ; / . 
T= 500¢ ian a (r(t) - t) =5e (r(t)-1+r'(t)-t). 
Substituting ¢ = 2, r = 4, and r’(2) = 0.3 gives 
a = 5e*?/1 (4 4.0.3. 2) = 24.916 dollars/year 


Thus, the price is increasing by about $25 per year at that time. 


(a) The rate of change of force with respect to distance is 
dF 2A 3B 


dr ors ort 
The units are units of force per units of distance. 
(b) We are told that dr /dt = k and we want dF’/dt. By the chain rule 
a , 
dt = dr dt 


The units are units of force per unit time. 


r3 r4 


The rate of change of velocity is given by 


du mg k oe _—kt/m 
Fi ; ( e = ge : 





m 
When t = 0, 
dv _ 
dt \i-0 
When t = 1, 
du —k/m 
— = ge : 
dt |¢=1 





These answers give the acceleration at t = 0 and t = 1. The acceleration at t = 0 is g, the acceleration due to gravity, 
and at t = 1, the acceleration is ge */ ™ a smaller value. 

We let x represent the distance from the base of the wall to the base of the ladder and y represent the distance from the 
top of the ladder to the base of the wall. Notice that x and y are changing over time, but that the length of the ladder is 
fixed at 10 m. Using the Pythagorean Theorem, we have 


Differentiating with respect to time, we have 


We have dx /dt = 0.5 and we are finding dy/dt. 
(a) When x = 4, we have 4? + y? = 10? so y = 9.165. Substituting, we have 


2(4)(0.5) + 2(9.165) 4 = 0 


ay = —0.218 m/sec. 
dt 


The top of the ladder is sliding down at 0.218 m/sec. 
(b) When x = 8, we have 8” + y? = 10? so y = 6. Substituting, we have 
d 
2(8)(0.5) + 2(6) 2 =0 
dy = —0.667 m/sec. 
dt 
The top of the ladder is sliding down at 0.667 m/sec. Notice that the top slides down faster and faster as the bottom 


moves away at a constant speed. 


26. 


27. 


28. 


29. 
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Since the radius is 3 feet, the volume of the gas when the depth is h is given by 
V = 137h = 9h. 
We want to find dV /dt when h = 4 and dh/dt = 0.2. Differentiating gives 


dV dh : 3 
Tae On a 97(0.2) = 5.655 ft? /sec. 





Notice that the value H = 4 is not used. This is because V is proportional to h so dV /dt does not depend on h. 


The rate of 3 meters*/min is a derivative and the units tell us it is dV/dt where V is volume in cubic meters and t is time 
in minutes. The rate at which the water level is rising is dh /dt where h is the height of the water in meters. We must relate 
V and h. 

When the water level is h, the volume, V, of water in the cylinder is 


V=ncrA 
where r = 5 meters is the radius, so 
V = 25th. 
Differentiating with respect to time gives 
WV _ yyy ih 
dt dt” 
We substitute dV/dt = 3 and solve for dh/dt: 
dh 
= 257 — 
3 OW di 
dh 3 ' 
a oan 0.038 meter/min. 


The water level is rising 0.038 meters per minute. Notice that this rate does not depend on the fact that the cylinder is half 
full. We have dh/dt = 0.038 for all water levels h. 


When the radius is r, the volume V of the snowball is 


v= snr 


We know that dr/dt = —0.2 when r = 15 and we want to know dV /d¢ at that time. Differentiating, we have 


adv =& 3 2dr = 4 par 
dt 3" dt dt 
Substituting dr/dt = —0.2 gives 


dV 


aT = 4n(15)?(—0.2) = —1807 = —565.487 cm? /hr. 


=15 





Thus, the volume is decreasing at 565.487 cm? per hour. 


If V is the volume of the balloon and r is its radius, then 


Vs amr 


We want to know the rate at which air is being blown into the balloon, which is the rate at which the volume is increasing, 


dV /dt. We are told that 


= =2cm/sec when r= 10cm. 


Using the chain rule, we have 
dV _ dV dr eel dr 
dt dr dt dt’ 
Substituting gives 


a = 47 (10)?2 = 8007 = 2513.3 cm/sec. 
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30. If C represents circulation time in seconds and B represent body mass in kilograms, we have 
C=17A0B*, 


As the child grows, both the body mass and the circulation time change. Differentiating with respect to time t, we have 


dC 1 ee) 
— =17.40(-B-3/4="), 
ao 0(3 dt 


Substituting B = 45 and dB/dt = 0.1, we have 


dC _ 1 —3/4 ) _ 
—~ = 17.40 (F445) (0.1)) = 0.025. 


The circulation time is increasing at a rate of 0.025 seconds per month. 
31. (a) Since P = 1 when V = 20, we have 
k=1- (20'*) = 66.29. 
Thus, we have 
P = 66.29V**. 


Differentiating gives 


ve 66.29(—1.4V -?"*) = —92.8V —?* atmospheres/cm?. 


(b) We are given that dV/dt = 2cm*/min when V = 30cm®. Using the chain rule, we have 


dP dP dV _ 2.4 am) cm 
Bn a ae = (VSS) (2 


a —2.4) , atm 
= —92.8 (30° *") 2—— 


= —0.0529 atmospheres/min 


Thus, the pressure is decreasing at 0.0529 atmospheres per minute. 


32. If the length of a horizontal rod is x and the length of a vertical rod is h, the volume, V, is given by 


V=a"h. 
Taking derivatives gives 
dV dx adh 
When the area of the square base is 9 cm”, we have x = 3 cm. Since the volume is then 180 cm’, we know h = 180/9 = 
20 cm. So 
ae = 2-3-20(0.001) + 3° (0.002) = 0.138 cm” /hr. 


33. (a) Since the slick is circular, if its radius is r meters, its area, A, is A = rr. Differentiating with respect to time using 
the chain rule gives 


a = oe 
dt ~ dt’ 
We know dr/dt = 0.1 when r = 150, so 
a = 2 150(0.1) = 307 = 94.248 m?/min. 


(b) If the thickness of the slick is h, its volume, V, is given by 
V =Ah. 
Differentiating with respect to time using the product rule gives 


dV dA dh 
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We know h = 0.02 and A = (150)? and dA/dt = 307. Since V is fixed, dV/dt = 0, so 


adh 


0 = 0.02(30m) + (150). 


nie dh 0.02(307) 
a TT 2 
do (iso? = —0.0000267 m/min, 


so the thickness is decreasing at 0.0000267 meters per minute. 


34, Let the volume of clay be V. The clay is in the shape of a cylinder, so V = mr?L. We know dL/dt = 0.1 cm/sec and we 
want to know dr/dt when r = 1 cm and L = 5 cm. Differentiating with respect to time t gives 


dV _ dr 2dL 
Th = marL— +r Th 
However, the amount of clay is unchanged, so dV /dt = 0 and 
dr 2dL 
2rL— = -r° — 
at dt 
therefore 
dr er db 
dt  2L dt 


When the radius is 1 cm and the length is 5 cm, and the length is increasing at 0.1 cm per second, the rate at which 


the radius is changing is 
a : 0.1 = —0.01 cm/sec 
dt 2-5 "© ; 
Thus, the radius is decreasing at 0.01 cm/sec. 


35. (a) When full 





Volume of water in filter = sh = 5n6? -10 = 1207. 


Water flows out at a rate of 1.5 cm? per second, so 


12 
Time to empty = <= = 807 = 251.327 secs. 
The time taken is 251.327 sec or just over 4 minutes. 


(b) Let the radius of the surface of the water be r cm when the depth is h cm. See Figure 4.114. Then by similar triangles 


a 
10 oh 
r= 25, 
5 
Thus, when the depth of the water is h, 
2 
Volume of water = V = Lae = _ (=") h= 2 ae cm?. 
3 3 5 25 


(c) We know that water is flowing out at 1.5 cm® per second, so dV/dt = —1.5. We want to know dh/dt when h = 8. 
Differentiating the answer to part (b), we have 


av 3 gpa ah 9 p2ah 


dt 25. dt 25. dt 





Substituting dV/dt = —1.5 and h = 8 gives 


_ 9 92 dh 
ee ue: 
dh 1.5- 25 
a ae —0.0207 cm/sec. 


Thus, the water level is dropping by 0.0207 cm per second. 
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K-6cm—> 


10cm 





K— > — 


Figure 4.114 


36. The surface area of an open cone is given by A = mrs where s is the length of the side of the cone. Thus, if the height of 


the cone is h and the radius r, the side s = /r? + h?. Since the cone has radius 4 in and depth 4 in, when the depth is h, 
the radius of the surface of the water is also h, so r = h. Thus 


A=arryr2+h2 = arr? 4+ r2 = V2ar’. 


We want dA/dt when r = 2.5 and dr/dt = 3 in/min. Differentiating gives 


dA dr 
reer 
dA Tee 
ao 2/2 - 2.5 - 3 = 66.643 in? /min. 


37. Since the slant side of the cone makes an angle of 45° with the vertical, we have r = h, so the volume of the cone is 


V= smh’. 
Differentiating with respect to time gives 
dV _ ie dh 
dt dt” 
We know dV/dt = 2 cubic meters/min, and we want to know dh/dt when h = 0.5 meters. Substituting gives 
dh 
2 = 7(0.5)?— 
7(0.5)°, 
La g a: meters/min 
dt = 7(0.5)2 = ‘ 


38. (a) Let x, y be the distances, in miles, of the car and truck respectively, from the gas station. See Figure 4.115. If the car 
and truck are h miles apart, Pythagoras’ Theorem gives 


he =a? + y’. 
We know that when x = 3, dx/dt = —100 (the negative sign represents the fact that the distance from the gas 
station is decreasing), and y = 4, dy/dt = 80. Thus 
h? =3? 44? = 25 so h=5 miles. 
We want to find dh/dt. Differentiating h? = a? + y? gives 


dh de . dy 
i Sage eg 
Go ag a 


5a = 3(—100) + 4(80) 


dh _ ~300+320 _ 


ae Atpph. 
dt 5 a 


Thus, the distance is increasing at 4 mph. 
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(b) If dy/dt = 70, we have 


5< = 3(—100) + 4(70) 


dh _ —300 + 280 


eae = —4 mph. 
dt 5 i 
Thus, the distance is decreasing at 4 mph. 
Truck 
y h 
Gas station x Car 
Figure 4.115 


39. Let the origin be at the center of the wheel and (a, y) be the coordinates of a point on the wheel. Then 2? + y? = R?, 
where R = 67.5 meters is the radius of the wheel. One minute into the ride, we know the passenger is rising at 0.06 
meters per second, so dy/dt = 0.06. We want to know d2/dt. Differentiating with respect to t gives 


dx dy 

2xa— + 2y— = 

Ode 
so 

dx y dy 

dt «xdt’ 


Suppose we are looking at the wheel in such a way that it appears to be rotating counter clockwise. In one minute, 
the wheel travels through 360° /27 = 13.33°. From Figure 4.116, we see that at this time the coordinates of the passenger 
are x = Rsin 13.33° and y = —Rcos 13.33°. Since the vertical speed of the cabin is dy/dt = 0.06 meters per second, 
the horizontal speed of the wheel, dx /dt, is 








dx —Rcos 13.33° 
Th = — Rein 13.330 06 = 0.253 meters/second. 
y 
a 
1 ; co} 
Start (2, y) 
Figure 4.116 


40. (a) From the second figure in the problem, we see that 9 + 3.3 when t = 2. The coordinates of P are given by x = cos 6, 
y = sin 0. When t = 2, the coordinates of P are 


(x,y) © (cos 3.3, sin 3.3) = (—0.99, —0.16). 
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(b) Using the chain rule, the velocity in the x-direction is given by 


cas WY a = 
dt dO dt dt” 


From Figure 4.117, we estimate that when ¢ = 2, 


Uz = 






























































dé ms 
dt|r-2 
So 3 
ay 
2 = — & —(—0.16) - (2) = 0.32 
Ue = = & —(—0.16) - (2) = 0.3 
Similarly, the velocity in the y-direction is given by 
dy dy dé dé 
SS oS Oe. 
‘ua do dt Ot 
When t = 2 a 
y 
Wy = Fe (—0.99) - (2) 98 
0 
3.3 
t 
2 
Figure 4.117 
41. (a) On the interval 0 < M < 70, we have 
AG 2.8 . 
Slope = AM 70> 0.04 gallons per mile. 


On the interval 70 < M < 100, we have 


= ae = a = = = 0.06 gallons per mile. 

(b) Gas consumption, in miles per gallon, is the reciprocal of the slope, in gallons per mile. On the interval 0 < M < 70, 
gas consumption is 1/(0.04) = 25 miles per gallon. On the interval 70 < M < 100, gas consumption is 1/(0.06) = 
16.667 miles per gallon. 

In Figure 4.90 in the text, we see that the velocity for the first hour of this trip is 70 mph and the velocity for the 
second hour is 30 mph. The first hour may have been spent driving on an interstate highway and the second hour may 
have been spent driving in a city. The answers to part (b) would then tell us that this car gets 25 miles to the gallon 
on the highway and about 16 miles to the gallon in the city. 

Since M = h(t), we have G = f(M) = f(h(t)) = k(t). The function k gives the total number of gallons of gas 
used ¢ hours into the trip. We have 


G = k(0.5) = f(h(0.5)) = f(35) = 1.4 gallons. 


(c 


VY 


(d 


YS 


The car consumes 1.4 gallons of gas during the first half hour of the trip. 
(e) Since k(t) = f(h(t)), by the chain rule, we have 


Therefore: 


dG 


ae = k'(0.5) = f'(h(0.5)) - h’(0.5) = f’(35) - 70 = 0.04 - 70 = 2.8 gallons per hour, 
t= 


0.5 
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and 

= k'(1.5) = f’(h(1.5)) - h'(1.5) = f’(85) - 30 = 0.06 - 30 = 1.8 gallons per hour. 
t=1.5 
Gas is being consumed at a rate of 2.8 gallons per hour at time ¢ = 0.5 and is being consumed at a rate of 1.8 
gallons per hour at time t = 1.5. Notice that gas is being consumed more quickly on the highway, even though the 
gas mileage is significantly better there. 


42. The rate of change of temperature with distance, dH /dy, at altitude 4000 ft approximated by 
dH | AH _ 38-52 _ 








x= = —7°F/th d ft. 
di By 624 7 F/thousan 
A speed of 3000 ft/min tells us dy/dt = 3000, so 
dH d °F th d ft 
Rate of change of temperature with time = ay . 7 xy aoundt Schowenee = —21°F/min. 
Other estimates can be obtained by estimating the derivative as 
cL a ee ee —4°F/thousand ft 


dy Ay 4-2 


or by averaging the two estimates 





a ES ees —5.5° F/thousand ft. 
dy 2 
If the rate of change of temperature with distance is —4°/thousand ft, then 
dH d °F th d ft 8 : 
Rate of change of temperature with time = —— - ae, ae SIDEUSEOE TL as = —12°F/min. 
dy dt thousand ft min 


Thus, estimates for the rate at which temperature was decreasing range from 12°F/min to 21°F/min. 
43. (a) Assuming that T(1) = 98.6 — 2 = 96.6, we get 


96.6 = 68 + 30.6e° 
28.6 = 30.6e“ 
0.035 =<. 
So 
k = —1n(0.935) ~ 0.067. 
(b) We’re looking for a value of t which gives T’(¢) = —1. First we find T’(t): 


T(t) = 68 + 30.6e "°°" 
T'(t) = (30.6)(—0.067)e~°-087 me —Je70-067t 
Setting this equal to —1 per hour gives 


—0.067t 
af =]=9¢ 0.06 


in(0.5) = —0.067t 
In(0.5) 


t= — 0.067, ~ 10.3. 


Thus, when ¢t ~ 10.3 hours, we have T”(t) * —1°F per hour. 
(c) The coroner’s rule of thumb predicts that in 24 hours the body temperature will decrease 25°F, to about 73.6°F. The 
formula predicts a temperature of 


T (24) = 68 + 30.6e7 98" 4 x 74,1°F. 
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44. (a) Using Pythagoras’ theorem, we see 
2 2 2 
z =0.5° +2 


z= 0.25 + x. 
(b) We want to calculate dz/dt. Using the chain rule, we have 
dz dz dx 2x dx 


dt dx dt 2/0.25+a? dt’ 


Because the train is moving at 0.8 km/hr, we know that 


SO 


ad = 0.8 kiv/hr. 
dt 
At the moment we are interested in z = 1 km so 
1? = 0.25 4+ 2? 
giving 
xz = V0.75 = 0.866 km. 
Therefore 


dz ___2(0.866) 
dt -2\/0.25 +0.75 


(c) We want to know d0/dt, where 0 is as shown in Figure 4.118. Since 


- 0.8 = 0.866 - 0.8 = 0.693 km/min. 


oe tan@ 
0.5 
we know 
6 = arctan (=) 
0.5)? 
so 
do il 1 dz 


dt 1+(«/05)2 0.5 dt’ 
We know that dx /dt = 0.8 km/min and, at the moment we are interested in, x = 0.75. Substituting gives 
do 1 1 


fe ee eae 
dt 1+0.75/0.25 0.5 anes 


0 a km Train 





Camera 


Figure 4.118 


45. Using the triangle OSL in Figure 4.119, we label the distance x. 


AL 


O - S 
Figure 4.119 


We want to calculate dx /d0. First we must find x as a function of 9. From the triangle, we see 
x 
==tan@d so «=2tané. 


Thus, 
dx 2 


dO cos?0° 


46. 


47. 


48. 
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The radius r is related to the volume by the formula V = Snr’. By implicit differentiation, we have 


av _ ar 
dt ~—— dt’ 
: dV 1 ‘ 
but since —- = —s was given, we have 
dt 3 
dr 1 
dt 3 
The volume of a cube is V = x. So 
dV _ 3x? dx 
dt dt’ 
and 
Lav _ 3de 
V dt a«dt’ 
The surface area of a cube is A = 6x”. So 
oA = joy 
dt dt’ 
and 
1dA 2dz 
Adt  «xdt’ 


Thus the percentage rate of change of the volume of the cube, Vv , 1s larger. 


dt 
(a) The end of the pipe sweeps out a circle of circumference 27 - 20 = 407 meters in 5 minutes, so 


Speed = ae. = 87 = 25.133 meters/min. 


(b) The distance, h, between P and Q is given by the Law of Cosines: 
h? = 50° + 20° — 2-50 - 20cos 0. 


When 6 = 7/2, we have 
h? = 50" + 20° —2-50- 20-0. 


h = V2900 = 53.852 m. 


When @ = 0, we have h = 30 m. 
Since the pipe makes one rotation of 27 radians every 5 minutes, we know 
dO 2m 


— = — radians/minute. 
di 5 = 


Differentiating the relationship h? = 50? + 207 — 2- 50- 20 cos @ gives 


dh _ dé 
2h =2-50- 20sin O—. 
When 6 = 7/2, we have 
2 2000 =2-50-20-1- a 
ae = ee 23.335 meters/min. 


dt /2900 5 
When 6 = 0, we have 
dh _ 
dt 
dh 
dt 


2-30 2-50-20-0- 


= 0 meters/min. 
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49. The volume, V, of a cone of radius r and height h is 
V= srrh. 
Figure 4.120 shows that h/r = 10/8, thus r = 8h/10, so 


2 9 
a (=) fi he 


Differentiating V with respect to time, t, gives 


dV _ 64 adh 


dt 100". dt 


Since water is flowing into the tank at 0.1 cubic meters/min but leaking out at a rate of 0.004h” cubic meters/min, we also 


have av 
— =0.1—0.004h?. 
dt 
Equating the two expressions for dV /dt, we have 
64 2 dh 2 
—rh* — = 0.1 — 0.004h". 
m0" a 0 0.00 


Solving for dh/dt gives 
dh _ 0.1(100 — 4h”) 
dt —— 64h? 
Notice dh/dt is positive when 
100 — 4h” > 0 that is, when 4h” < 100. 
We conclude that if h < 5 then dh/dt > 0. Therefore, the depth increases until h = 5. For h > 5, we have dh/dt < 0, 
so the depth decreases whenever h > 5. Since the tank is more than 5 meters deep, it does not overflow. 


K-8 cm—>| 


10cm 





kK >—1 


Figure 4.120 


50. (a) Since the elevator is descending at 30 ft/sec, its height from the ground is given by h(t) = 300 — 30t, for O0< 
t < 10. 
(b) From the triangle in the figure, 


h(t)—100 — 300—30t—100 — 200 — 30t 


tan@ = peach ce 
150 150 150 
Therefore 
(= _ a) 
6 = arctan | ————— 
150 
and 


dO 1 es ol ( 150° ) 
dt 200-302)? 150/45: \ 1502 + (200 — 308)? | ° 
1+ (255) th ) 
Notice that oo is always negative, which is reasonable since 6 decreases as the elevator descends. 
(c) If we want to know when 6 changes (decreases) the fastest, we want to find out when d@/dt has the largest magnitude. 
This will occur when the denominator, 150? + (200 — 30t)?, in the expression for d0/dt is the smallest, or when 


200 — 30t = 0. This occurs when t = = seconds, and so h(a) = 100 feet, i.e., when the elevator is at the level 
of the observer. 
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51. (a) We differentiate a?(t) + b(t) = c with respect to t to find 


d 2 2 d 
“(a (t) + ¥(1)) = Te, 
2a(t) - a’(t) — 2b(t) - b'(t) = 0, 
giving 


a(t) - a(t) = —b(t) - b(t). 
(b) (i) If Angela likes Brian, then a(t) > 0, so b’(t) < 0. This means that b(t) is decreasing, so Brian’s affection 
decreases when Angela likes him. 
(ii) If Angela dislikes Brian, then a(t) < 0, so b’(t) > 0. This means that b(t) is increasing, so Brian’s affection 
increases when Angela dislikes him. 
(c) Substituting b’(t) = —a(t) into a(t) - a’(t) = —b(t) - b'(t) gives 


so 
a'(t) = b(t). 
(i) If Brian likes Angela, then b(t) > 0, so a’(t) > 0. This means that a(t) is increasing, so Angela’s affection 
increases when Brian likes her. 
(ii) If Brian dislikes Angela, then b(t) < 0, so a’(t) < 0. This means that a(t) is decreasing, so Angela’s affection 
decreases when Brian dislikes her. 


(d) When t = 0, they both like each other. This means that Angela’s affection increases, while Brian’s decreases. 
Eventually b(t) < 0, when he dislikes her. 


52. (a) We have either 7(0) = 50 and y(0) = 40, or y(0) = 50 and x(0) = 40. In the first case c = 27(0) — y?(0) = 

50? — 40? = 900 whereas in the second c = a7(0) — y?(0) = 40? — 50° = —900. But c > 0, so c = 900 and we 
have x(t) — y?(t) = 900. 

(b) Because x*(t) — y?(t) = 900 we have x?(3) — y?(3) = 900 so x?(3) = y?(3) + 900 = 167 + 900 = 1156, giving 
x(3) = V1156 = 34. After 3 hours, y has 16 ships, and x has 34 ships. 

(c) The condition y(Z’) = 0 means that there are no more ships on that side, so the battle ends at time T hours. 

(d) We have x?(T) — y?(T) = 900 with y(T) = 0 so #(T’) = 30 ships. 

(e) The rate per hour at which y loses ships is y’(t), so y(t) = kx. Because y is decreasing, k is negative. 

(f) We differentiate x(t) — y?(t) = 900 with respect to ¢ to find 








<(0%(t) — ¥*) = 900, 
20(t)-2"(t) —2y(t)-y'(t) =0, 
giving 


But y/(t) = kax(t) so 


1) = Opa) = 
x(t) = 2) kax(t) = ky(t). 
(g) From part (b), we know that when t = 3 we have x(3) = 34, y(3) = 16; we are now given that x’(3) = 32. But 
x’ (t) = ky(t) so 32 = ky(3) = 16k giving k = 2. In this case y’(3) = ka(3) = 2- 34 = 68 ships/hour. 








Strengthen Your Understanding 





dD _dDdR_ dR 
cme dt dRdt dt’ 
The rate of change of the diameter is twice the rate of change of the radius. For example, if the radius is increasing at a 
constant rate of 5 feet per second, then the circle’s diameter is increasing at a constant rate of 10 feet per second. 


53. The radius of a circle and the circle’s diameter are related by the linear function D = 2R. Thus 


54, Differentiating y = 1 — x” with respect to t gives 


55. 


56. 


57. 
58. 


59. 


Solutions for Section 4.7 
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d dy d. 
We want dx/dt = g’(t) to be constant, so g can be any linear function of t, such as g(t) = 5t. Since 77 = 7A = in 
x dt 
order for dy/dt to be constant, we must also have dy/dz a constant. Choosing, for example, f(a) = 2a + 1 we have: 
dx dy dx 
—=5 d — =2-— = 2(5) = 10. 
di ane Et ge 


There are many other possible solutions. 


We want dx/dt = g’(t) to be constant, so g can be any linear function of t, such as g(t) = 5t. If we choose f to be 
a linear function, then dy/dt will be constant. So we choose a function f which is not linear, such as f(a) = 2”. With 
y = x” and x = 5t, we have 


dx dy dy dx 
mee Be ee eed = 10t. 
dt ot See a 
There are other possible examples. 
True. The circumference C and radius r are related by C = 2rr, so dC /dt = 2ndr/dt. Thus if dr/dt is constant, so is 
dC /dt. 


False. The circumference A and radius r are related by A = mr?, so dA/dt = 2rdr/dt. Thus dA/dt depends on r and 
since r is not constant, neither is dA /dt. 


(c). Differentiating « = 5 tan @ gives 

dx __—5_—s do 

‘dt cos? 6 dt’ 
Since the light rotates at 2 revolutions per minute = 47 radians per minute, we know d0/dt = 47. Thus, we can calculate 
dx /dt, the speed at which the spot is moving, for any angle 0. 


Differentiating any of the other relationships introduces dr /dt, whose values we cannot find as easily as we can find 
dé /dt. 


Exercises 





1. 


2. 


3; 


4. 


5. 


Since lim (« — 2) = lim (a? — 4) = 0, this is a 0/0 form, and I’Hopital’s rule applies: 


x2 x2 








Since lim (x? + 32 — 4) = lim (a — 1) = 0, this is a 0/0 form, and I’Hopital’s rule applies: 


x1 xl 


. @4+8r—-4 | Ww+3 
lim Ch lim => 
x2ol ty il zl 





Since lim («°® — 1) = lim (a* — 1) = 0, this is a 0/0 form, and I’Hopital’s rule applies: 


xl a1 





6 a 5 

zl 6x 6 

li Se pec Be 
Jiao tae 2 





Since lim (e” — 1) = lim (sin x) = 0, this is a 0/0 form, and I’ Hopital’s rule applies: 
x0 x2—0 


x x 
. e —i1 : e 1 
lim — = lim = -=1. 
«+0 sing x—+0 COSZ 1 








Since the limit is not in the form 0/0 or co/oo, I’Hopital’s rule does not apply in this case. We have 


. sing 0 
lim =-=0. 
zr +0 ev 1 
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Since lim (Ina) = lim (a — 1) = 0, this is a 0/0 form, and I’ Hopital’s rule applies: 
x1 xl 
lim me = lim ie) = i =1 
zl vw zl 1 1 
Since lim (Ina) = lim (2) = o0, this is an co/oo form, and I’ Hopital’s rule applies: 
x@z—->0o xwz—-oo 
fe iG, 
z+ Cco a 


= lim (2”) oo, this is an co/oo form, and |’Hopital’s rule applies. In fact, after applying 
x@z—->0o 
V’Hopital’s rule, we again obtain the co /oo form. We apply |’Hopital’s rule repeatedly, simplifying algebraically at each 


8. Since lim ((In«)*) 
x@—->co 
6 





step: 

3 2 2 : : 
lim (In x) 5 He 3(In x)" (1/2) = kim 3(In x) = 6 Ina(1/z) = 6Ing _ ro 6/x - ms 
zoo =f? £00 22 ~Z—>00 Qx? =—00 Aa w+oo 4x zoo 8x aco 8x? 


9 4 
: 0 

e*—1 0 
1 


The last limit has the form 6/00 so the limit is 0. 

Since lim (e™” — 1) = 0 and lim (cos x) = 1, l’Hopital’s rule does not apply in this case. We have 
x2 2 
lim 

240 COSZ 





Since lim («* — 1) = lim (x? — 1) = 0, this is a 0/0 form, and I’Hopital’s rule applies: 





10. 
a1 zl 
i xc? —1 rT ax? + a 
im = lim —— = -. 
a1 co — a1 bxb-1 b 





Since lim (¥/z — Wa) = lim (x — a) = 0, this is a 0/0 form, and l’Hopital’s rule applies 
2a ma 
(1/s)e"®/* 1 aya 

















11. 
Cy eee 
lim va- Va = lim = 
La w~—-a La Ht 3 
12. The larger power dominates. Using 1’ Hopital’s rule 
i foe 202° 
lim —~ = lim -= lim = 
Z—+ OO O.1a7 Z—+ OO 0.728 roo 4.2%° 
— jim 80% — tm 120% — 3 120. _ 
- zoo 21xr4 7 2—0o 8403 7 x2 0Co 25222 - 
so 0.1a" dominates. 
13. We apply I’ Hopital’s rule twice to the ratio 5027 /0.012°: 
lim SOT = lim JE ee lim a 
Since the limit is 0, we see that 0.012* is much larger than 50x” as x —> oo. 
14. The power function dominates. Using I’ Hopital’s rule 
1 
_ In(a@+3) |. GD ae 
zoo G02 gros O2n-08 9-400 0.2(@ +3) 
Using I’ Hopital’s rule again gives 
aia Cee 
lim = lim = 1105 


so x°'? dominates. 
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15. The exponential dominates. After 10 applications of 1’ Hopital’s rule 


gl? . 10x° . 10! 
au lim ——— =.--= lim 
e Le 


li _ toh 
so goo 0.1 200 (0.1) 0e0-12 


L200 


so e°!® dominates. 


Problems 





16. Observe that both f(4) and g(4) are zero. Also, f’(4) = 1.4 and g’(4) = —0.7, so by l’Hopital’s rule, 











17. Since f’(a) > 0 and g’(a) < 0, ’Hopital’s rule tells us that 


f(x) _ f(a) 
l = <0 
eva g(x) g(a) 
18. Since f’(a) < 0 and g’(a) < 0, l’Hopital’s rule tells us that 
/ 
sam £2) — £'@) 5 g 











19. Here f(a) = g(a) = f'(a) = g'(a) = 0, and f(a) > Oand g"(a) < 0. 
jan £2) — tim £1) — £0) 


im —— = lim = <0 
ea g(t) asag'(x)  g'(a) 








20. Note that f(0) = g(0) = O and f’(0) = g’(0). Since x = 0 looks like a point of inflection for each curve, f’”(0) = 
g (0) = 0. Therefore, applying |’ Hopital’s rule successively gives us 


Ot OO ae TO SO 











c30g(@) «rs0g/(r) 230 g"(x) 230 9!" (x)" 

Now notice how the concavity of f changes: for x < 0, it is concave up, so f(x) > 0, and for x > 0 it is concave 
down, so f(x) < 0. Thus f’’ (x) is a decreasing function at 0 and so f’” (0) is negative. Similarly, for x < 0, we see g 
is concave down and for x > 0 it is concave up, so g(x) is increasing at 0 and so g’”’ (0) is positive. Consequently, 

wy 
an £) — iy, £0) 


= lim —— <0 
x—>0 g(x) ar g’” (0) i 





21. The denominator approaches zero as x goes to zero and the numerator goes to zero even faster, so you should expect that 
the limit to be 0. You can check this by substituting several values of x close to zero. Alternatively, using 1’ Hopital’s rule, 
we have : 

F x : 22 
lim = lim = 0 


2x>0SiINZ «2+0COosxr 








22. The numerator goes to zero faster than the denominator, so you should expect the limit to be zero. Using |’ Hopital’s rule, 


we have ‘ 
. sin* 2 . 2sinxcosx 
lim = lim —————— = 0. 
r30 & x0 1 





23. The denominator goes to zero more slowly than x does, so the numerator goes to zero faster than the denominator, so you 
should expect the limit to be zero. With I’ Hopital’s rule, 
sin x : cos £ 


F ¢ 2/3 
lim = lim ;—,; = lim 32 3 cosa = 0. 
x0 1/3 x0 ga—2/8 x0 





24. 


25. 
26. 
27. 
28. 


29. 
30. 


31. 


32. 


33. 


34. 


35. 
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The denominator goes to zero more slowly than x. Therefore, you should expect that the limit to be 0. Using I’ Hopital’s 
rule, 
r i _ 3(sinx)?/3 
lim ——— = lim ——_———_ = _ lim ————_ = 
20 (sinz)!/3 «40 S(sinz)-?/3 cosa 40 = Cosa 
since sin0 = 0 and cos0 = 1. 


Since limz-+oo © = limz-+00 e” = 00, this is an co /oo form, and I’ Hopital’s rule applies directly. 





We have lim,-5; 7 = 1 and limg1(« _ 1) = 0, so l’Hopital’s rule does not apply. 





We have limy00(1/t) — (2/t?) = 0 — 0 = 0. This is not an indeterminate form and I’Hopital’s rule does not apply. 
We have lim,_,9+ 1/t = lim,_,9+ 1/(e* — 1) = ov, so this is an 00 — 00 form. Adding the fractions we get 
._ e—1—t 
lim ——_, 
tot t(et — 1) 
which is a 0/0 form to which I’ Hopital’s rule can be applied. 


We have limz—+o(1 +)” = (1+ 0)° = 1. This is not an indeterminate form and I’ Hopital’s rule does not apply. 
1/ax 





This is an 00° form. With y = lim, ,..(1 + x)'/”, we take logarithms to get 


Iny = lim : In(1 4+ 2). 
zoo © 


This limit is a 0 - oo form, 
lim : In(1 +2), 


zoo L 
which can be rewritten as the 00 /oo form 
. In(l+ea 
lin: ees 
2 0o x 


to which |’ Hopital’s rule applies. 


Let f(x) = Ina and g(x) = x? — 1, so f(1) = O and g(1) = 0 and |’Hopital’s rule can be used. To apply 1’Hopital’s 
rule, we first find f’(a) = 1/zx and g’(x) = 2z, then 








i Inez jj l/s. 1 1 

rary ee eee | cede 2 
Let f(t) = sin? ¢ and g(t) = t — x, then f(a) = 0 and g(7) = 0 but f’(t) = 2sint cost and g/(t) = 1, so f’(7) = 0 
and g'(7) = 1. L'Hopital’s rule can be used, giving 





Rewriting this as lim n'/”, we see that it is an 00° form. The logarithm of the limit is 
n—-oo 
1 

lim 2 ne lim mh = lim is =0. 

n—+co 1 n—-oco 1 n—-rco 1 
Thus the original limit is e° = 1. 
Let f() = Ina and g(x) = 1/2 so f’(x) = 1/x and g' (x) = —1/x? and 

1 
i =, Gee ee a 


20+ 1/x 7 Paves —1/ax? 20+ =T, 7 
If f(x) = sinh(2a) and g(a) = x, then f(0) = g(0) = 0, so we use |’ Hopital’s Rule: 


. sinh 2x .  22cosh2x 
lim = lim —— = 
2-0 Dw x20 it 
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36. If f(%) = 1 — cosh(3z) and g(x) = x, then f(0) = g(0) = 0, so we use |’ Hopital’s Rule: 


lim 1 — cosh 3x “jig —3sinh 3x _0. 


x0 x x0 1 


37. Since cos0 = 1, we have cos~'(1) = O and lim ; cos ' a = 0. Therefore, both cos~! x and (a — 1) tend to 0 as 
a—1— 
x —» 17, so l’Hopital’s rule can be applied. Let f(z) = cos~' x and g(x) = x — 1, and differentiate to get f’(x) = 
—1/V1 — x? and g'(x) = 1. Applying I’Hopital’s rule gives 


. cos- ta . -1/V1—<«x? 
lim = lim —— 
git? Ye 1 x21 1 





However, V1 — x? + 0 as x + 1”, so the limit does not exist. 


38. To get this expression in a form in which |’ Hopital’s rule applies, we combine the fractions: 





i 1 — smnx—a 

x sing xsinx — 

Letting f(z) = sina — x and g(x) = xsina, we have f(0) = 0 and g(0) = 0 so I’Hopital’s rule can be used. 
Differentiating gives f’(x) = cosa — 1 and g/(x) = xcosx +sinz, so f’(0) = 0 and g‘(0) = 0, so f’(0)/g’(0) is 
undefined. Therefore, to apply I’Hopital’s rule we differentiate again to obtain f”(x) = — sin and g(x) = 2cosx — 
x sin x, for which f”(0) = 0 and g’(0) = 2 4 0. Then 


II 
= 
B 





: 1 1 : 
lim (- -- ) ( 
z70 \ x sin v xz—>0 
( cosx— 1 ) 
lim (| ———————— 
x30 \xcosx+sinz 
0 


—sinx ) 
2cosx% — xsinx 


39. Adding the fractions, we get 





. 2 1 .. de =2-—t ; Qet — 1 1 
lim, ( j=) = 


— im ——— = lim ———— = = = «~. 
ts0o+ \t et—1 tot t(e’ — 1) too+ ef +tet —1 0 


Note that the limit is 00, not —oo because e’ > 1 for t > 0, so the denominator is always positive. 


40. Adding the fractions and applying |’ Hopital’s rule, we get 


fl 1 _ e—-1-t_,, ef —1 
lim (+- ) = jim ST = Tim Soe 
t et-1 t>0 t(e®@—1) toe’ + tet—-1 








This is again a 0/0 form, so we apply I’Hopital’s rule again to get 


lim aioe = lim et = 
tsoet+tet—1 +t302e¢+tet 2 





41. Let y = (1+sin3/z)”. Taking logs gives 


Iny=2In(1+sin=), 


To use |’ Hopital’s rule, we rewrite In y as a fraction: 
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lim Iny= lim g¢ln (1 + sin (=)) 
2-00 LOO x 
= fa In(1 + sin(3/x)) 


Let f(a) = In(1 + sin(3/x)) and g(a) = 1/2 then 


(a) = So8(B/e(-8/2") 


and g/(x) = . 
(I +sin(3/2)) GIS a 
Now apply I’ Hopital’s rule to get 


lim Iny = lim P(x) 


x2 0o 





2c g(x) 
_ f@) 
roo g! (x) 
= jim, RELA B/e/ 0+ ste) 
— 3.cos(3/x) 3 cos 0 


aco 1 +sin(3/x)  1+sin0 
= 3. 


Since limz-... Iny = 3, we have 


lim y= e 
Thus, 


&L—->Co 


lim (1 +sin =) =e’. 
&2—>Co x 


42. Since lim; +9 sin? At = 0 and lim;_,9 cos At — 1 = 1 — 1 = 0, this is a 0/0 form. Applying |’Hopital’s rule we get 


lin sin? At 7 2A sin At cos At a ee 9 
2 ———————. = lim ———__—_ = = S29: 
t+0cosAt—1 t50 —Asin At t30 

43. We rewrite this in the form 


ze 

lim e' —t” = lim e! (1-5). 
too too e 

From Example 5 on page 244 of the text, with k = A = 1 and p = n, we know that e* dominates t”, so 


, t t" 
jim e (1 —) = 00: (1 0) =o. 


44. To get this expression in a form in which |’ Hopital’s rule applies, we rewrite it as a fraction: 








ey Inz 
x Inz = —. 
Letting f(x) = Ina and g(x) = x “, we have 
lim f(#) = lim In co, and ili (a) = lim z oe) 
= CS — ; m i —_—_— = 
x—0t 2—0t zor 2 z30+ 2° 
Then 


So l’Hopital’s rule can be used. To apply I’Hopital’s rule we differentiate to get f’(x) = 1/ax and g/(x) = —ax 


—a-l1 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 
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: o : Ing 
lim 2° Inz= lim 
a2—Ot 230+ 2% 
; 1/x 
= lim —~; 
230+ —ax7?— 
=—-— lim z” 
Q@ «230+ 


= 0. 


Let f(a) = sin(2x) and g(a) = x. Observe that f(1) = sin2 4 0 and g(1) = 1 ¥ O. Therefore |’ Hopital’s rule does 


not apply. However, 


ime = ue = 0.909297. 


a1 x 








Let f(x) = cosa and g(a) = x. Observe that since f(0) = 1, l’Hopital’s rule does not apply. But since g(0) = 0, 


. cosex : 
lim does not exist. 
x20 xz 





Let f(z) = e~* and g(x) = sina. Observe that as x increases, f(x) approaches 0 but g(2) oscillates between —1 and 
1. Since g(a) does not approach 0 in the limit, l’Hopital’s rule does not apply. Because g(z:) is in the denominator and 
oscillates through 0 forever, the limit does not exist. 


Let n = 1/2, son + 00 as x — 0*. Thus 
A 1/a ‘ Nt 
lim (1+ 2)/* = lim 1+ =e. 


a2—0t n— oo 


Let k = n/2, so k + co as n > oo. Thus, 


Q\nr 1 2k 1 k 7 
lim (a+ -) = lim (14 z) = lim (1+ z) ier 


Let n = 1/(ka), son + 00 as x — 0+. Thus 


1 nkt 1\r kt 
lim (1+ ka)'/* = lim (1+) = lim ((1+=) ) =e". 
x2—Ot n—0o n n—-0o n 


Let 


Then 





Iny =In (1 ~)" =nin (a ~) — eee 


As n — oo, both the numerator and the denominator of the last fraction tend to 0. Thus, applying L’Hopital’s rule, we 
have 


1 1 
a ie ee 
noo 1/n N— 00 —1/n? n—-oco 1—1/n 
Thus, 
lim ny = -1 
n—-+ Co 
lim y= e, 
n—-co 
so 
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52. Let k = n/X, so k > 00 as n > oo. Thus 


n kX k\ > 
din 0-2)" =m (0-2) ea (Gg) ) cere 
53. This limit is of the form 0° so we apply l’Hopital’s rule to 


In f(t) = bale) 


We have 
cc ee 


t+—0co t+—0o 1 

(In 3)3* + (In 5)5* 
t+—0o 3% + 5 

a In3 + (In 5) (5/3)! 
ts-0 «©6014. (5/3) 

— n3+0 _ 

~ 140 — 





In3. 





Thus 
lim f(t) = lim ein FO — climes —co In f(t) _ eln3 _ 9. 
t>—oco t——oo 


° so we apply I’Hopital’s rule to 


In f (6) = ee) 


54. This limit is of the form oo 


We have 
fine Infect OD ee) 


t++00 t—++00 1 
(In 3)3* + (In 5)5* 
t++00 3% + 5t 
t 
= (In 3)(3/5)° + In5 
t—++00 (3/5)* +1 
; 0+1n5 
= lim = 
t—++0o0 0 + 1 


— 
=r 





In 5. 





Thus 
lim f(t) = lim em F) — elim —ooln fH) = pind _ 5 
t——oo t—— oo 


55. This limit is of the form 1° so we apply |’ Hopital’s rule to 


In f(£) = eaRAZIE) 


We have 
hie oo eae 


t0 t-0 1 
t t 
= lim (In 3)3° + (In 5)5 
t0 3t ar Be 
Ind+In5 — Inld 
141 2° 








Thus 
lim f(t) = ‘tin en fl) < elimt—co In f(t) - fin 15)/2 _ 15. 


t——oo t——oo 
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56. To evaluate, we use l’Hopital’s Rule: 
sinh 22 . 2cosh 2x 
m lim. ————— 





z30 86 x0 1 
57. To evaluate, we use |’ Hopital’s Rule: 
. 1l—cosh3z . —3sinh 3x 
lim ————— = lim ———— = 0. 
20 x r—0 1 
58. To evaluate, we use |’ Hopital’s Rule: 
1 — cosh —5sinh —2 h 
lim cosh 5x lim 5 sinh 5a =~ lim 5 cosh 5a ee 
x0 x? x0 22 x20 2 
59. To evaluate, we use l’Hopital’s Rule: 
x — sinha 1—coshz — sinha —coshaz 
lim ——— = lim ——— = lim —— = lim —— = -1/6. 
has ab Ba? a) Get . 


60. Since the limit is of the form 0/0, we can apply I’ Hopital’s rule. Doing it twice we have 


e* —1—In(1+4+ 2) = ie e* —1/(14+ 2) 





lim li 
x20 aw? x2—0 2x 
x 2 
ki e* +1/(14+2) _it+l_, 
x0 2 2 
61. Since the limit is of the form 0/0, we can apply I’ Hopital’s rule. We have 
l—sing+cosz _ . Coa sing _ = t _y 


lim ——  ——— = lim - —= 
2onr/2sinex+cosxr—1 2-7/2 cosx—sing —1 


62. Since the limit is of the form 0/0, we can apply |’ Hopital’s rule. First note that 


dx® _ dez=™= 
dx — dz 








=erlr (x. =+1-Inc) =2° +a" lng. 
x 


Applying |’ Hopital’s rule twice we have 
i eo — 2 i g® +a7lnz2—1 
im. ——— = lim —————— 
aseil—-a+mna col —-141/x 
lin x” +a7lna+ (a7 4+a"lne)Ine+a*(1/z) 1404041 
= at = Ch 


aol —1/x? -1 





Strengthen Your Understanding 





63. There is no such n because the function e” dominates x” for every n, no matter how large. This means that for any n, the 
values of e” are much larger than the values of x” for large x. Thus, x” cannot dominate e”. 
To see why e* dominates x” for all positive integers n, let f(a) = x” and g(x) = e®. Then limz-+.0. f(x) = 00 
and limz-+s0 g(a) = 00 so we apply |’ Hopital’s rule: 





i 
lim —= lim —~= lim f(z) 
@—oo ev Loo g(a LOCO g(x) 





so e* dominates x” for all positive integers n. 


64. 


65. 


66. 
67. 


68. 


Solutions for Section 4.8 
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If f(x) = 5a + cosa and g(x) = x, we have limz-5.. f(x) = 00 and limz-+00 g(a) = 00, so we try to use |’Hopital’s 


rule: | 
fim Oe toost _ yf) _ a £@) _ yy Boing 





However, limz-+.. 5 — sin x does not exist, so 1’ Hopital’s rule is not applicable. 





When finding limz-+2 f(a) /g(x), we can only apply I’Hopital’s rule if f(a) = g(a) = 0 or limz-4a f(~) = oo and 
limz—+a g(x) = too. Thus, there are many examples of limits of rational functions to which |’ Hopital’s rule cannot be 
applied. One example is limz-+0 ——- 














Since limz-+0. naz = oo, if limz-+00. f(x) = +oo we could apply L’Hopital’s rule to try to find limz-40. : One 
possible example is f(a) = x. 


False. To use |’ Hopital’s rule, we need f(a) = g(a) = 0. For example, if f(a) = 3 and g(a) = , then g(1) = 1 and 
f'(1)/9'(1) = 0/1 = 0, but lims. 1 (f(2)/g(w)) = 3/1 =3. 
(b) 


Exercises 





1. 


2. 


Between times t = 0 and t = 1, x goes at a constant rate from 0 to 1 and y goes at a constant rate from 1 to 0. So the 
particle moves in a straight line from (0, 1) to (1, 0). Similarly, between times ¢ = 1 and t = 2, it goes in a straight line 
to (0, —1), then to (—1, 0), then back to (0, 1). So it traces out the diamond shown in Figure 4.121. 











-1Wt=2 
Figure 4.121 


This is like Example 2, except that the x-coordinate goes all the way to 2 and back. So the particle traces out the rectangle 
shown in Figure 4.122. 





Figure 4.122 
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3. As the x-coordinate goes at a constant rate from 2 to 0, the y-coordinate goes from 0 to 1, then down to —1, then back 


to 0. So the particle zigs and zags from (2, 0) to (1.5, 1) to (1,0) to (.5, —1) to (0,0). Then it zigs and zags back again, 
forming the shape in Figure 4.123. 











Figure 4.123 


4. Between times t = 0 and t = 1, x goes from —1 to 1, while y stays fixed at 1. So the particle goes in a straight line from 


Sst oun 


(—1, 1) to (1,1). Then both the x- and y-coordinates decrease at a constant rate from 1 to —1. So the particle goes in a 
straight line from (1, 1) to (—1, —1). Then it moves across to (1, —1), then back diagonally to (—1, 1). See Figure 4.124. 








-1 


Figure 4.124 


One possible answer is x = 3cost,y = —3sint,0 <t < 27. 
One possible answer is x = —2,y = t. 
One possible answer is x = 2+ 5cost,y=1+5sint,0 <t < 27. 
The parameterization x = 2cost, y = 2sint,0 <t < 2n7, is a circle of radius 2 traced out counterclockwise starting at 
the point (2, 0). To start at (—2, 0), put a negative in front of the first coordinate 
x=-—2cost y=2sint, O0<t< 2r. 


Now we must check whether this parameterization traces out the circle clockwise or counterclockwise. Since when t 
increases from 0, sin t is positive, the point (x, y) moves from (—2, 0) into the second quadrant. Thus, the circle is traced 
out clockwise and so this is one possible parameterization. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
19. 
20. 
21. 
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The slope of the line is 


The equation of the line with slope —4 through the point (2, —1) is y — (—1) = (—4)(x — 2), so one possible parame- 
terization is x = tand y = —4t+8—1=—4t+7. 


The ellipse x? /25 + y’ /49 = 1 can be parameterized by x = 5cost, y = 7sint,0 <t < 27. 








The parameterization x = —3cost, y = 7sint,0 < t < 2n, starts at the right point but sweeps out the ellipse 
in the wrong direction (the y-coordinate becomes positive as t increases). Thus, a possible parameterization is 7 = 
—3cos(—t) = —3cost, y = 7sin(—t) = —7sint,0 <t < 2z. 

ForO <t< on we have x = sint increasing and y = cost decreasing, so the motion is clockwise for 0 < t < ae 
Similarly, we see that the motion is clockwise for the time intervals 5 <t<aam<t< an and — <t< 27. 


The particle moves clockwise: For 0 < t < 4, we have x = cost decreasing and y = — sin decreasing. Similarly, for 
the time intervals > <t<aam<t< aa and — <t < 27, we see that the particle moves clockwise. 


Let f(t) = t?. The particle is moving clockwise when f(t) is decreasing, that is, when f’(t) = 2t < 0, so whent < 0. 
The particle is moving counterclockwise when f’(t) = 2¢ > 0, so when t > 0. 


Let f(t) = t? — t. The particle is moving clockwise when f(t) is decreasing, that is, when f’(t) = 3t? —1 < 0, 
and counterclockwise when f’(t) = 3t? — 1 > 0. That is, it moves clockwise when -/ff <t< 3, between 
(cos((— 4/4) + 4/4), sin((—./4)? + /4)) and (cos((,/4)? - /4), sin(( 3)? - 3), and counterclockwise 
when t < —V/t ort > Jt. 

Let f(t) = Int. Then f(t) = 4. The particle is moving counterclockwise when f’(t) > 0, that is, when t > 0. Any 
other time, when t < 0, the position is not defined. 


Let f(t) = cost. Then f’(t) = — sin t. The particle is moving clockwise when f’(t) < 0, or — sint < 0, that is, when 
2kn <t < (2k+1)7, 

where k is an integer. The particle is otherwise moving counterclockwise, that is, when 
(2k —1)0 <t < 2k, 

where k is an integer. Actually, the particle does not fully trace out a circle. The range of f(t) is [—1, 1] so the particle 

oscillates between the points (cos(—1), sin(—1)) and (cos 1, sin 1). 

The circle (x — 2)? + (y—2)? =1. 

The line segment y+ 2 =4,forl <2 <3. 

The parabola y = (a — 2)? ,forl <a <3. 


We see from the parametric equations that the particle moves along a line. It suffices to plot two points: at t = 0, the 
particle is at point (1, —4), and at ¢ = 1, the particle is at point (4, —3). Since x increases as ¢ increases, the motion is 
left to right on the line as shown in Figure 4.125. 











Figure 4.125 


Alternately, we can solve the first equation for t, giving t = (a — 1)/3, and substitute this into the second equation 
to get 








13 


The line is y = $a — ae 
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22. If we eliminate the parameter t, we see that 





y =(e¢-—3)-2=2-5. 


Thus, the particle moves along a line. Notice, however, that t? + 3 > 3 and so x > 3. Similarly, y > —2. The graph is 
the ray, or half-line, shown in Figure 4.126. 








y 
4AkL 
x 
5 
—25 t=0 
Figure 4.126 
Notice that at ¢ = 0, the particle is at point (3,2), at t = 1, the particle is at point (4,—1), and at t = —1, the 


particle is at point (4, —1). The particle is at the endpoint of the ray when t = 0. As ¢ increases through negative t values, 
the particle moves down the ray toward the point (3, —2). At t = 0, it changes direction. As t increases through positive 
t values, the particle moves up the ray again. 


23. The Cartesian equation of the motion is obtained by eliminating the parameter ¢, giving 


y = («#— 4)? —-3=2? — 824+ 13. 





The graph of this parabola is shown in Figure 4.127. At t = 0, the particle is at the vertex of the parabola (4, —3), and the 
motion is left to right since x increases steadily as t increases. 








y 
8 es 
4 cs 

[-— £ 

4 8 
ob 
t=0 
Figure 4.127 


24. The graph is a circle centered at the origin with radius 1. The equation is 
az? + y” = (cos 3t)? + (sin 3t)? = 1. 
The particle is at the point (1,0) when t = 0, and motion is counterclockwise. See Figure 4.128. 


y 
1 








—1 


Figure 4.128 
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25. The graph is a circle centered at the origin with radius 3. The equation is 
x’ +y = (3cost)? + (3sint)? = 9. 


The particle is at the point (3, 0) when t = 0, and motion is counterclockwise. See Figure 4.129. 


y 
3 








—3 


Figure 4.129 


26. The graph is a circle centered at the point (2, 7) with radius 5. The equation is 


(a — 2)? + (y— 7)” = (Scost)? + (5sint)? = 25. 





The particle is at the point (7, 7) when t = 0, and motion is counterclockwise. See Figure 4.130. 


y 








Figure 4.130 


27. We have 
dy _dy/dt _—-2t 


dz da/dt  3t?—-1° 
Thus when t = 2, the slope of the tangent line is 4/11. Also when t = 2, we have 


g=2?-2=6, y=2=4. 








Therefore the equation of the tangent line is 
4 


(y-4) = 5@-6). 


28. We have 
dy _dy/dt _2t+2 


dx  dax/dt 2t—2° 
When t = 1, the denominator is zero and the numerator is nonzero, so the tangent line is vertical. Since x = —1 when 
t = 1, the equation of the tangent line is x = —1. 
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29. 


30. 


31. 


32. 


33. 


34. 
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We have 

dy _ dy/dt _ 4cos(4t) 
dx  dx/dt  3cos(3t)’ 
Thus when t = 7, the slope of the tangent line is —4/3. Since x = 0 and y = 0 when t = 7, the equation of the tangent 
line is y = —(4/3)a. 


We have da /dt = 2t and dy/dt = 3t?. Therefore, the speed of the particle is 


v=\/(S) + (2) = VG = le VE). 


The particle comes to a complete stop when its speed is 0, that is, if t/4 + 9t? = 0, and so when t = 0. 
We have da /dt = —2tsin(t?) and dy/dt = 2t cos(t”). Therefore, the speed of the particle is given by 





v = \/(—2tsin(t2))? + (2t cos(t?))? 


= \/4t? (sin(t?))? + 4t?(cos(t?))? 
= 2|t|,/ sin? (t2) + cos?(t?) 


= It]. 


The particle comes to a complete stop when speed is 0, that is, if 2/¢] = 0, and so whent = 0. 


We have 


dx ; dy 
oo —2sin 2t, = cos t. 


v = \/4sin?(2t) + cos? t. 
Thus, v = 0 when sin(2t) = cost = 0, and so the particle stops when ¢ = +7/2,+37/2,...ort = (2n+1) 
integer n. 


We have 


The speed is 











as 
5. for any 


OF Sd dy _ 3)? _ 19, 
dt 


v = \/(2t — 4)? + (38 — 12)?. 


The particle stops when 2¢ — 4 = 0 and 3¢? — 12 = 0. Since these are both satisfied only by t = 2, this is the only time 
that the particle stops. 


The speed is given by: 


At t = 2, the position is (2, 2°) = (4,8), the velocity in the x-direction is 2 - 2 = 4, and the velocity in the y-direction 
is 3 - 2? = 12. So we want the line going through the point (4,8), with the given x- and y-velocities: 


c=44+4t, y=8+12t. 


Problems 





35. 


The graphs are in Figure 4.131. 


7 f(t) 7 g(t) 








8 16 24 32 8 16 24 32 


Figure 4.131 
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36. The graphs are in Figure 4.132. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


1 f(t) 1 g(t) 





Figure 4.132 


(a) We get the part of the line with z < 10 andy < 0. 
(b) We get the part of the line between the points (10, 0) and (11, 2). 


(a) Ift > 0, we have x > 2, y > 4, so we get the part of the line to the right of and above the point (2, 4). 

(b) When ¢ = 0, (a, y) = (2,4). When t = —1, (a, y) = (—1, —3). Restricting ¢ to the interval —1 < t < 0 gives the 
part of the line between these two points. 

(c) Ifa < 0, giving 2+ 3t < Oort < —2/3. Thus t < —2/3 gives the points on the line to the left of the y-axis. 


(a) Eliminating ¢ between 


gives 


y = 3x — 2. 


Eliminating ¢ between 





c=1-2t, y=1-6t 


gives 


y—-1=3(¢-1), 
y = 3x — 2. 


Since both parametric equations give rise to the same equation in x and y, they both parameterize the same line. 
(b) Slope = 3, y-intercept = —2. 


In all three cases, y = «7, so that the motion takes place on the parabola y = x”. 


In case (a), the x-coordinate always increases at a constant rate of one unit distance per unit time, so the equations 
describe a particle moving to the right on the parabola at constant horizontal speed. 

In case (b), the x-coordinate is never negative, so the particle is confined to the right half of the parabola. As t moves 
from —oo to +00, = ft? goes from oo to 0 to oo. Thus the particle first comes down the right half of the parabola, 
reaching the origin (0, 0) at time t = 0, where it reverses direction and goes back up the right half of the parabola. 

In case (c), as in case (a), the particle traces out the entire parabola y = x? from left to right. The difference is that 
the horizontal speed is not constant. This is because a unit change in ¢ causes larger and larger changes in x = t? as t 
approaches —oo or oo. The horizontal motion of the particle is faster when it is farther from the origin. 





(a) C{ has center at the origin and radius 5, so a = b = 0,k = 5 or —5. 

(b) C2 has center at (0,5) and radius 5, soa = 0,b = 5,k = 5 or —5. 

(c) C3 has center at (10, —10), so a = 10, b = —10. The radius of C3 is ,/10? + (—10)? = V/200, so k = V200 or 
k = —V/200. 


(L) has a positive slope and so must be /; or lz. Since its y-intercept is negative, these equations must describe lz. (I1) 
has a negative slope and positive x-intercept, so these equations must describe /3. 





It is a straight line through the point (3,5) with slope —1. A linear parameterization of the same line is x = 3 + t, 
y=d-t. 


(a) The curve is a spiral as shown in Figure 4.133. 
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(b) Att = 2, the position is (2 cos 2,2 sin 2) = (—0.8323, 1.8186), and att = 2.01 the position is (2.01 cos 2.01, 2.01 sin 2.01) = 
(—0.8546, 1.8192). The distance between these points is 


(—0.8546 — (—0.8323))? + (1.8192 — 1.8186)? = 0.022. 
Thus the speed is approximately 0.022/0.01 ~ 2.2. See Figure 4.134. 

















y 
x x 
Figure 4.133: The spiral Figure 4.134: The spiral = t cost, y = tsint and three velocity 
x=tcost,y=tsintfor0<t< 4a vectors 
(c) Evaluating the exact formula 
v = y/(cost — tsint)? + (sint + tcos t)? 


gives : 
v(2) = \/ (—2.235)? + (0.077)? = 2.2363. 
45. (a) The chain rule gives 
dy dy/dt — 4e*" 
dx = dx/dt et 
(b) We are given y = 2e”’ so y = 2(e")?. Since x = e', we can substitute x for e’. Thus y = 22”. 
(c) Differentiating y = 2a? with respect to x, we get dy/dx = 4x. Notice that, since x = e', this is equivalent to the 
answer that we obtained in part (a). 


de’. 














46. (a) In order for the particle to stop, its velocity both dx/dt and dy/dt must be zero, 











d 

= 37 —3 = 3(t— 1) +1) =90, 

dt 

dy 

= = 2-2 =2(¢-1) =0. 

A (t—1) 
The value t = 1 is the only solution. Therefore, the particle stops when t = 1 at the point (3 3t, t? 2t)|ta1 = 
(—2,-1). 

(b) In order for the particle to be traveling straight up or down, the velocity in the x-direction must be 0. Thus, we 

solve dx/dt = 3t? — 3 = 0 and obtain t = +1. However, at ¢ = 1 the particle has no vertical motion, as we 
saw in part (a). Thus, the particle is moving straight up or down only when t = —1. The position at that time is 


(48 — 3t, t? — 2t)|2--1 = (2,3). 

(c) For horizontal motion we need dy/dt = 0. That happens when dy/dt = 2t — 2 = 0, and so t = 1. But from part (a) 
we also have dx/dt = 0 also at t = 1, so the particle is not moving at all when t = 1. Thus, there is no time when 
the motion is horizontal. 


47. (a) (i) A horizontal tangent occurs when dy/dt = 0 and dx/dt 4 0. Thus, 


me a 6e7* — 2e°% = 0 


dt 

6e7* = 2e77# 

tal 

3 

1 

4t = In= 

ee 
t= int = -0.25m3 = —0.275 
=qinz=—0. = —0.275. 


48. 


49. 


50. 
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We need to check that da /dt ¢ 0 when t = —0.25 In 3. Since da /dt = 2e7* + 2e~** is always positive, dx /dt 
is never zero. 
(ii) A vertical tangent occurs when dx/dt = 0 and dy/dt ¢ 0. Since dx/dt = 2e”" + 2e~*' is always positive, 
there is no vertical tangent. 
(b) The chain rule gives 
dy _dy/dt _ 6e** —2e~** 37 — e** 


dx da/dt 2c? + 2e-2# — et + e- 24 * 
(c) As t + oo, we have e~ 7 5 0. Thus, 


As t — oo, the fraction gets closer and closer to 3. 


(a) Since y = f’(t) > 0 for all points on the curve, f is increasing. 

(b) Since x = f(t) is increasing by part (a), the motion is to the right from P to Q. 

(c) As t increases and the curve is traced from P to Q, the values of the derivative y = f’(t) decrease, so f is concave 
down. 


(a) Figure 4.135 shows the path and the clockwise direction of motion. (The curve is an ellipse.) 


a! 








—4 
Figure 4.135 
(b) At t = 7/4, the position is given by 
2 2 
x(m/4) = 5sin =5sin==5 and y(m/4) = 4cos <* =4cos= =0. 
4 2 4 2 
Differentiating, we get x’(t) = 10 cos(2t) and y’(t) = —8sin(2t). Att = 7/4, the velocity is given by 


x’ (1/4) = 10.cos = a LOcos =0 and y'(r/4) = ote a” = —8sin = =-8. 


4 2 
(c) As t increases from 0 to 27, the ellipse is traced out twice. Thus, the particle passes through the point (5, 0) twice. 
(d) Since x’ (7/4) = 0 and y' (7/4) = —8, when t = 7/4, the particle is moving in the negative y-direction, parallel to 


the y-axis. 
(e) At time t, 


Speed = y/(a/(t))? + (y/(t))? = ./ (10 cos(2t))? + (—8sin(2t))?. 


Speed = /(10cos(27))? + (—8sin(27))? = ,/(10- 1)? + (—8- 0)? = 10. 


When t = 7, 
(a) Substituting a = 36° = 7/5 and vo = 60 into x(t) = (vo cos a)t and y(t) = (vo sin a)t — 4gt?, we get 


a(t) = (60 cos =) t and y(t)= (so sin =) i= 53D = (6osin =) t — 16¢”. 


(b) Figure 4.136 shows the path and the direction of motion. 


y 


a 


Figure 4.136 
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(c) When the football hits the ground, y(t) = 0, so 
(60sin =) t—16t? =0 
At (15sin 2 “ At) =0 


_ 1sin(7/5) 


t=0 or ¢t = 2.204 seconds. 


The ball hits the ground in approximately 2.204 seconds. The ball’s distance from the spot where it was kicked is 
x(2.204) = 106.994 feet. 

(d) At its highest point, the football is moving neither upward nor downward, so y’(t) is zero. To find the time when the 
football reaches its maximum height, we set y’(t) = 0, giving 


y'(t) = (60 sin =) — 32t =0 
fz: 60 sin(7/5) 
7 32 
This makes sense since this is half the time it took the football to reach the ground. The maximum height is 


y(1.102) = 19.434 feet. Thus the football reaches 19.434 feet. 
(e) Since x(t) = (60 cos z) t and y(t) = (60 sin z) t — 16t”, we have 


= 1.102 seconds. 


x’ (t) = 60.cos = and y(t) = 60 sin 2 — 32t. 


Speed = J (a(t)? + (yb)? = \/ (60 cos z) + (sosin = — 321) . 


T\? T a 
Speed = (so cos =) + (co sin 5 32) = 48.651 feet/sec. 


Thus, 


Att=1, 


51. (a) To determine if the particles collide, we check whether they are ever at the same point at the same time. We first set 
the two «-coordinates equal to each other: 


4t—4 = 3t 
t= 4. 
When t¢ = 4, both x-coordinates are 12. Now we check whether the y-coordinates are also equal at t = 4: 
ya(4) =2-4-5=3 
yp(4) = 47 -2-4-1=7. 
Thus, the particles do not collide since they are not at the same point at the same time. 
(b) For the particles to collide, we need both x- and y-coordinates to be equal. Since the x-coordinates are equal at t = 4, 
we find the & value making ya(4) = yp(4). 
Substituting ¢ = 4 into ya(t) = 2¢ — k and yp(t) = t? — 2t — 1, we have 
8-—k=16-8-1 
k=1. 
(c) To find the speed of the particles, we differentiate. 
For particle A, 
x(t) = 4t — 4, so a(t) = 4, and x’ (4) = 4 
y(t) = 2t — 1, so y’(t) = 2, and y’(4) = 2 


Speed 4 = Ve")? + WO)? = VP +2 = V2. 
For particle B, 


x(t) = 3t, so a(t) = 3, and 2’(4) =3 
y(t) = t? — 2t—1, so y'(t) = 2t — 2, and y'(4) = 6 


Speed , = (a)? + y' OP = V8 +E = VB. 


Thus, when ¢ = 4, particle B is moving faster. 
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52. (a) Since x = t? + t and y= t”, we have 
ee dy _dy/dt _—-2t 
~ dx dx/dt~  3t2 +17 








Differentiating w with respect to t, we get 


dw _ (3t? +1)2—(2t)(6t) — —6t? +2 
dt (3t? + 1)? ~ (3t2 + 1)?’ 
SO 
dy dw dw/dt _ —6t?+2 


dz? dx ~~ da/dt ~~ (3t2 +13" 
(b) When t = 1, we have d?y/dx? = —1/16 < 0, so the curve is concave down. 


53. (a) The x and y-coordinates of the point on the graph when t = 7/3 are given by 
1 


r=3-p=n and y= cos (=) = 5" 


Thus when t = 7/3, the particle is at the point (7, —1/2). 
To find the slope, we find dy/dx 
dy _ dy/dt _ —2sin(2t) 


dx dx/dt — 3 
When t = 7/3, 

dy _ —2sin(2r/3) V3 

dx 3 a 
The equation of the tangent line when t = 7/3 is: 


(b) To find the smallest positive value of t for which the y-coordinate is a local maximum, we set dy/dt = 0. We have 


ay = —2sin(2t) =0 

26=7 or 2b 20 
T 

t=—> or t=7; 
2 


There is a minimum of y = cos(2t) at t = 7/2, and a maximum at t = 7. 
(c) To find d?y/dx? when t = 2, we use the formula: 


2 
ea where wa e, 
Since w = —2sin(2t)/3 from part (a), we have 
dy _ —4cos(2t)/3 
dx2 3 ; 
When t = 2, we have 
ey = ee = 0.291. 


Since the second derivative is positive, the graph is concave up when t = 2. 
54. (a) We differentiate for both x and y in terms of t, giving us: 


dy  dy/dt  2e7' + 6e! t 
= 2) ee 
dx dx/dt ef coe 
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(b) 


(c) 
(d) 


55. (a) 


(b) 


(c) 


56. Let 


To find d?y/dx?, we use the formula: 
¥ 
d’y  dw/dt dy 
pac mec oes hi ey 
da? dz/dt “ “de 
dy = 2e* a 
dv? et 


Since the second derivative is always positive, the graph is concave up everywhere. 
We are given y = e”’ + 6e’ + 9. We can factor this to y = (e* + 3)2. Since = e' +3, we can substitute «x for 
e' + 3. Thus, y = x? for x > 3. 
Since y = x”, dy/dx = 2x and d?y/dx? = 2. 
From part (a), we have dy/dx = 2e’ + 6. We can factor this to dy/dx = 2(e’ + 3) = 2a. 
Part (b) tells us that d?y/da? = 2, which is what we have just determined. 
Our graph is a parabola that is concave up everywhere. 


The particle touches the x-axis when y = 0. Since y = cos(2t) = 0 for the first time when 2t = 1/2, we have 
t = 7/4. To find the speed of the particle at that time, we use the formula 
2 dy 2 
Speed = (=) + (2) = \/ (cost)? + (—2sin(2t))?. 


When t = 7/4, 


Speed = \/(cos(m/4))? + (—2sin(/2))? = 4/(W2/2)? + (—2- 1)? = \/9/2. 


The particle is at rest when its speed is zero. Since ,/ (cost)? + (—2sin(2t))? > 0, the speed is zero when 
cost=Q and = — 2sin(2t) =0. 


Now cost = 0 when t = 7/2 or t = 37/2. Since —2sin(2t) = —4sint cost, we see that this expression also 
equals zero when t = 7/2 or t = 37/2. 
We need to find d?y/dx?. First, we must determine dy/dx. We know 


dy _dy/dt _ —2sin2t = —4sintcost _ 








= = = —Asint. 
dx dx/dt cost cos t sa 
Since dy/dx = —4sin t, we can now use the formula: 
d’y  dw/dt dy 
Beds h = 
da? dz/dt “ “de 
ee 
dx? cos t 


Since d?y / dz: is always negative, our graph is concave down everywhere. 
Using the identity y = cos(2t) = 1— 2 sin? t, we can eliminate the parameter and write the original equation 
as y = 1 — 2x”, which is a parabola that is concave down everywhere. 


_ dy _ dy/dt 
~ dx dx/dt’ 





We want to find 


d’y dw  dw/dt 


ae ae ae 





To find dw /dt, we use the quotient rule: 


dw _ (de/dt)(d?y/dt?) — (dy/dt)(d?x/at?) 


di (dz /dt)? 


We then divide this by dx /dt again to get the required formula, since 


dy dw _ dw/dt 
dx? dx ~~ dx/dt’ 
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57. For 0 < t < 27, we get Figure 4.137. 








Figure 4.137 


58. For 0 < t < 27, we get Figure 4.138. 

















Figure 4.138 


59. For 0 < t < 27, we get Figure 4.139. 








Figure 4.139 
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60. This curve never closes on itself. The plot for 0 < ¢ < 87 is in Figure 4.140. 








page 














T 
Figure 4.140 


61. (a) To find the equations of the moon’s motion relative to the star, you must first calculate the equation of the planet’s 
motion relative to the star, and then the moon’s motion relative to the planet, and then add the two together. 
The distance from the planet to the star is R, and the time to make one revolution is one unit, so the parametric 
equations for the planet relative to the star are x = Rcost, y = Rsint. 
The distance from the moon to the planet is 1, and the time to make one revolution is twelve units, therefore, the 
parametric equations for the moon relative to the planet are x = cos 12t, y = sin 12t. 
Adding these together, we get: 


x = Rcost+ cos 12t, 
y = Rsint + sin 12t. 


(b) For the moon to stop completely at time t, the velocity of the moon must be equal to zero. Therefore, 


da = —Rsint — 12sin12t = 0, 
dt 
au = Reost+ 12cos12t = 0. 


There are many possible values to choose for R and ¢ that make both of these equations equal to zero. We choose 
t = 7, and R = 12. 
(c) The graph with R = 12 is shown in Figure 4.141. 


Figure 4.141 


Strengthen Your Understanding 





62. The parameterization does give the required line segment but traversed in the wrong direction. 


63. 


64. 
65. 
66. 


67. 


Solutions for Chapter 4 Review 
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The given parametric equations give a circle of radius 2 but centered at (0,0). We need x = 2coszt, y = 1+ 2sinzt, 
0 <t < 2. There are many other possibilities. 


One possible choice is x = 2cost, y = 2sint, 0 <t< 4. There are many other possibilities. 
One possible choice is x = t, y = 2t, 0 < t < 1. There are many other possibilities. 


False. If the particle tracing out the curve comes to a complete stop, it can then head off in a completely new direction. 
For example, the curve given parametrically by « = t? and y = f? is the same as the graph of y = x?/? which has a cusp 
atx = 0. 


False. The slope is given by 
dy _ dy/dt ___2tcos(t”) cos(t?) 


dx  dx/dt —2tsin(t?) — sin(#2)° 











Exercises 





1. 


2. 


3. 


See Figure 4.142. 


Local and global max 


















50 Local max 
in f(a) 
Local max 
30 
20 Local min 
10 Local and global min 
L L L L L L xr 
al 2 3 4 5 6 
Figure 4.142 
See Figure 4.143. 
Local and global max 
8 Local max 
6 Critical point 
(not max or min) 
4 
2 Local and global min 
| | | | | az 
uF 2 3 4 5 
Figure 4.143 


(a) We wish to investigate the behavior of f(x) = x? — 3x7 on the interval —1 <a <3. We find: 


f' (x) = 3a? — 6a = 32(a — 2) 

f" (2) = 6x — 6 = 6(x — 1) 
(b) The critical points of f are = 2 and x = 0 since f’(zx) 
find that z = 0 is a local maximum since f’(0) = 0 and f’ 


f'(2) = Oand f" (2) =6>0. 
(c) There is an inflection point at x = 1 since f” changes sign at 2 = 1. 





0 at those points. Using the second derivative test, we 


(0) = —6 < 0, and that x = 2 is a local minimum since 
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(d) At the critical points, f(0) = 0 and f(2) = —4. 

At the endpoints: f(—1) = —4, f(3) = 0. 

So the global maxima are f(0) = 0 and f(3) = 0, while the global minima are f(—1) = —4 and f(2) = —4. 
(e) See Figure 4.144. 


| incr. | decreasing | incr. | 
| concave down | concaveup | 











Figure 4.144 


4. (a) First we find f’ and f"; f’(z) =1-+ cosa and f” (x) = —sinz. 

(b) The critical point of f is x = 7, since f’(7) = 0. 

(c) Since f” changes sign at x = 7, it means that x = 7 is an inflection point. 

(d) Evaluating f at the critical point and endpoints, we find f(0) = 0, f(a) = 7, f(2a) = 27,. Therefore, the global 
maximum is f(27) = 27, and the global minimum is f(0) = 0. Note that z = 7 is not a local maximum or 
minimum of f, and that the second derivative test is inconclusive here. 

(e) See Figure 4.145. 





T 20 
| | 





increasing 
concave down | concaveup | 





Figure 4.145 


5. (a) First we find f’ and f”: 


f(a) = -e-* sing +e" cosa 
f" (2) =e" sina — e* cosa 
—e “cost—e “sing 
= —2e *cosx 
(b) The critical points are x = 1/4, 57/4, since f’(x) = 0 here. 
(c) The inflection points are x = 7/2, 37/2, since f” changes sign at these points. 
(d) Atthe endpoints, f(0) = 0, f (2a) = 0. So we have f(m/4) = (e~ 7/4) (2/2) as the global maximum; f (57/4) = 
—et/4(\/2/2) as the global minimum. 

(e) See Figure 4.146. 


3a 
2 
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5 T 20 

x 
conc. down | concave up | conc. down | 
incr, | decreasing | increasing | 

Figure 4.146 
6. (a) We first find f’ and f”: 

f(z) = -Ze 3 + z Pe z 3 (x — 2) 
f(x) = woh - =o 4 — ~ F208 (e —5) 


(b) Critical point: 7 = 2. 
(c) There are no inflection points, since f” does not change sign on the interval 1.2 < x < 3.5. 


(d) At the endpoints, f(1.2) = 1.94821 and f(3.5) = 1.95209. So, the global minimum is f(2) & 1.88988 and the 


global maximum is f (3.5) + 1.95209. 
(e) See Figure 4.147. 














2 a 
ig ee 
1.8 7 
1.2 2 3.5 
1 2£ 
| decr | incr | 
| concave up | 
Figure 4.147 
7. The polynomial f(a) behaves like 2x° as x goes to 00. Therefore, lim f(z) =ooand lim f(x) = —oo 
~—> OO Z—>—0o 
We have f(a) = 6x” — 18 + 12 = 6(a# — 2)(a — 1), which is zero when x = 1 or x = 2. 
Also, f(a) = 12a — 18 = 6(2x — 3), which is zero when 2 = 3/2. For x < 3/2, f’ (x) < 0; for 2 > 3/2, 


f(a) > 0. Thus x = 3/2 is an inflection point. 
The critical points are x = 1 and x = 2, and f(1) = 6, f(2) = 5. By the second derivative test, f’’(1) = —6 < 0, 


so z = 1 isa local maximum; f”(2) = 6 > 0, so 2 = 2 is a local minimum. 


Now we can draw the diagrams below. 








y' >0 y <0 y >0 
T T 
increasing ,— decreasing ,—9 increasing 
y! <0 y" >0 
| 
concave down 7, —3 /2 concave up 
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The graph of f(x) = 2x3 — 9a? + 12a + 1 is shown in Figure 4.148. It has no global maximum or minimum. 


f(x) = 2x3 — 92? + 12a +1 











Figure 4.148 


8. If we divide the denominator and numerator of f(a) by 2? we have 
2 














lim - = lim r= 
aw—>+too TA 4+ a—+too ] + a 
since 
1 





Using the quotient rule we get 


'(e) (a? + 1)8a — 4x?(22) 8a 

¢.)=-— SUES CU. 

’ (x? +1)? (x? + 1)?’ 

which is zero when x = 0, positive when x > 0, and negative when x < 0. Thus f(a) has a local minimum when x = 0, 


with f(0) =0. 
Because f’(a) = 8a/(x? + 1)?, the quotient rule implies that 


(a? + 1)?8 — 8a[2(a? + 1)2a] 


f" (2) = (x? +1)4 
_ 8x7 +8— 32x?  8(1 — 32”) 
~ (et +3 (@? +13" 


The denominator is always positive, so f(x) = 0 when x = +,/1/3, positive when —\/1/3 < x < 4/1/3, and 
negative when x > \/1/3 or x < —,/1/3. This gives the diagram 








y’ <0 y' >0 
; T : : 
decreasing 2=0 increasing 
y"” <0 ; y” >0 y” <0 
concave down |! concaveup  ! concave down 


z= -—4/1/3 z= /1/3 


and the graph of f looks Figure 4.149. 








et 
x 
Figure 4.149 
with inflection points x = +,/1/3, a global minimum at 2 = 0, and no local or global maxima (since f(a) never 





equals 4). 
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9. Asx > —o0,e * > oo, 80 xe * — —oo. Thus lim;_-._.. re” = —o0. 
As 2 —> oo, ma — 0, since e* grows much more quickly than x. Thus limy-,.. ze” = 0 


—2£ 


je", 





Using the product rule, 
f'(2) =e *—a2e* =(1 


1, and positive when « < 1. Thus f(1) = 1/e’ = 1/e is a local 


which is zero when x = 1, negative when x > 


maximum. 
Again, using the product rule, 
f(z) = ago _ ae 4 ne * 
=xe"—2e”* 
= (x ~~ 2)e*, 


which is zero when x = 2, positive when x > 2, and negative when x < 2, giving an inflection point at (2, 4). With the 


above, we have the following diagram: 


y >0 y <0 





| decreasing 


increasing 
be a9 


y" <0 | y” >0 





concave down . concave up 


The graph of f is shown in Figure 4.150. 








Figure 4.150 


and f(a) has one global maximum at 1/e and no local or global minima. 
10. Since f(x) = e~* sin is continuous and the interval 0 < x < 27 is closed, there must be a global maximum and 


minimum. The possible candidates are critical points in the interval and endpoints. Since there are no points where f” is 


undefined, we solve f’(x) = 0 to find all critical points: 


f'(a) =—e~* sina +e~* cosa = e *(—sina + cosz) = 0. 





Since e~* # 0, the critical points are when sin = cos; the only solutions in the given interval are x = 7/4 and 


x = 51/4. We then compare the values of f at the critical points and the endpoints: 
2 —V2 
#0) =0, f(n/4)= e774 (2) = 0.322, f(5n/4) = e-®"/4 (=) = 0.0139, f(2n) = 0. 


Thus the global maximum is 0.322 at x = 7/4, and the global minimum is —0.0139 at « = 57/4. 
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11. 


12. 


13. 


14. 
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Since f(a) = e” +cos x is continuous on the closed interval 0 < x < 7, there must be a global maximum and minimum. 
The possible candidates are critical points in the interval and endpoints. Since there are no points in the interval where 
f(x) is undefined, we solve f’(x) = 0 to find the critical points: 


f'(z) =e" —sina = 0. 


Since e” > 1 for all z > O and sinx < 1 for all z, the only possibility is = 0, but e? — sin 0 = 1. Thus there are no 
critical points in the interval. We then compare the values of f at the endpoints: 


f(0)=2, f(a) =e” +cos(m) = 22.141. 


Thus, the global maximum is 22.141 at 2 = 7, and the global minimum is 2 at x = 0. 


Since f(x) = x? + 2a + 1 is continuous and the interval 0 < 2 < 3 is closed, there must be a global maximum 
and minimum. The candidates are critical points in the interval and endpoints. Since there are no points where f(a) is 
undefined, we solve f’(x) = 0 to find all the critical points: 


f'(a) =2a+2=0, 
so the only critical point, z = —1, is not in the interval 0 < x < 3. At the endpoints, we have 
f(0)=1,  f(3) = 16. 
Thus, the global maximum is 16 at x = 3, and the global minimum is 1 at x = 0. 


‘ a2 -s , : ; : _ 
Since f(x) = e~” is continuous and the interval 0 < a < 10 is closed, there must be a global maximum and minimum. 
The candidates are critical points in the interval and endpoints. Since there are no points where f’(zx) is undefined, we 
solve f’(x) = 0 to find all the critical points: 


/ —x? 
f(z) =—-22e"” =0, 
so the only critical point, « = 0, is at an endpoint of the interval. At the endpoints, we have 
AO=1,. fA Sew 0, 


Thus, the global maximum is 1 at x = 0, and the global minimum is near 0 at x = 10. 
We rewrite h(z) as h(z) = z~' + 42”. 
Differentiating gives 


so the critical points satisfy 


—z ~+8z=0 
z= 82 

822 =1 
oe 

8 

we 

ig 


Since h’ is negative for 0 < z < 1/2 and h’ is positive for z > 1/2, there is a local minimum at z = 1/2. 
Since h(z) + 00 as z + 0¢ and as z — 00, the local minimum at z = 1/2 is a global minimum; there is no global 
maximum. See Figure 4.151. Thus, the global minimum is h(1/2) = 3. 





Figure 4.151 
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15. Since g(t) is always decreasing for t > 0, we expect it to a global maximum at t = 0 but no global minimum. At t = 0, 
we have g(0) = 1, and as t > oo, we have g(t) > 0. 
Alternatively, rewriting as g(t) = (¢? + 1)~' and differentiating using the chain rule gives 


gs $1) *3r: 
Since 3¢? = 0 when t = 0, there is a critical point at t = 0, and g decreases for all t > 0. See Figure 4.152. 


1 








Figure 4.152 


16. We begin by rewriting f(x): 


f(x) = (el? +2 = (a = 1)? + Ds = (x? — 2x ae 3)". 
Differentiating using the chain rule gives 
y 2 =2 222 
=—(x" —2 22 — 2) = ————}; 
f'(2) (x xz +3) “(2x — 2) (e? — 22 +3)? 
so the critical points satisfy 
2— 22 =0 
(a? — 2x + 3)? 
2—22 =0 
24 = 2 
z=1 


Since f’ is positive for x < 1 and f’ is negative for x > 1, there is a local maximum at x = 1. 
Since f(x) + 0 as x — oo and as x —+ —oo, the local maximum at x = 1 is a global maximum; there is no global 
minimum. See Figure 4.153. Thus, the global maximum is f(1) = 1/2. 


1/24 











1 
Figure 4.153 


17. lim f(a) =+o00,and lim f(a#) = —oo. 
Z—+ OO x2—>—Co 
There are no asymptotes. 
f' (x) = 3x? + 6x — 9 = 3(a + 3)(a — 1). Critical points are x = —3, 2 = 1. 


f"(@) = 6(@ + 1). 
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Thus, « = —1 is an inflection point. f(—3) = 12 is a local maximum; f(1) = —20 is a local minimum. There are 
no global maxima or minima. See Figure 4.154. 
f(x) = a3 + 3a? — 9x — 15 
x 
Figure 4.154 


18. lim f(a) =+o00,and lim f(«#) = —ov. 
@Z—++00 @Z—+—oo 
There are no asymptotes. 


f(x) = 5a* — 45a? = 5a? (x? — 9) = 52?(a + 3)(a — 3). 

The critical points are x = 0, x = +3. f’ changes sign at 3 and —3 but not at 0. 
f(x) = 20x° — 90x = 10a(2x? — 9). f” changes sign at 0, +3//2. 

So, inflection points are at x = 0, 7 = +3//2. 

















Thus, f(—3) is a local maximum; f(3) is a local minimum. There are no global maxima or minima. 











f(z) = 2° — 152° + 10 


19. lim f(a) = +00, and lim f(x) = +00. 
xz—0t 





w—+>+0o 
Hence, x = 0 is a vertical asymptote. 
2 2-2 ' ae : 
f(z) =1-== , 80 x = 2 is the only critical point. 
x x 


f(a) = —: which can never be zero. So there are no inflection points. 
x 














Thus, f(2) is a local and global minimum. 
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20. Since lim f(x)= lim f(x) = 0, y = Oisa horizontal asymptote. 


@Z——0o x2—+00 
f(a) = —2re-*’. So, x = Ois the only critical point. 
f(a) = —2(e7®” + 2(—2n)e7®") = 2e7®” (Qa? — 1) = 2e-®” (2x — 1)(/2a +1). 
Thus, « = +1/,/2 are inflection points. 





Table 4.1 





Thus, f(0) = 1 is a local and global maximum. 











21. lim f(x)=+00, lim f(x) =0. 
@Z—++00 @w@—-+>—o0o 
y = O1s the horizontal asymptote. 
f(x) = 2ae* + 5a7e°” = xe" (Sa + 2). 
Thus, « = —2 and x = 0 are the critical points. 


f(x) = 2e°* + 2ae** -5 + 10re™* + 25x7e°* 
= e°" (25a + 20x + 2). 














—0.4 


So, f(—#) is a local maximum; f (0) is a local and global minimum. 
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22. lim f(x) = lim f(x) =1. 


z—-+oo 
Thus, y = 1 is a horizontal asymptote. Since x? + 1 is never 0, there are no vertical asymptotes. 


I'(e) = Qe(e?+1)—a7(22) 
(+1? (ot +1 
So, x = 01s the only critical point. 


ne,  2(@? +1)? — 2x- (a? +1) - 2x 
f aes oo |, eal 





2(a? + 1 — 42?) 
(x? + 1)8 

_ 2(1 — 327) 

cre 





bce eee ; 
0, x = +-—= are inflection points. 
ma V3 P 














Figure 4.155 


23. For 0 < r < a, the speed at which air is expelled is given by 
v(r) = k(a—r)r? = kar? — kr’. 
Thus, the derivative is defined for all r and given by 
v (r) = 2kar — 3kr? = 2kr (« - sr) : 


The derivative is zero if r = za or r = 0. These are the critical points of v. To decide if the critical points give global 


maxima or minima, we evaluate v at the critical point: 
» (52) =» (0-32) (30) 
=a) = == = 
3 3 3 
=k (5) 4a” 
3 


a 
9 


and we evaluate v at the endpoints: 
v(0) = v(a) = 0. 


Thus, v has a global maximum at r = Za. The global minimum of v = 0 occurs at both endpoints r = 0 and r = a. 
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24. The slope of the curve, dy/dt, is given by 


25. 


26. 


27. 


“ = —50(1+6e~*)~” (—12e~"*) = 600e~** (1+ 6e"*)*. 


If the slope has a maximum, it occurs at a critical point of dy/dt or at the endpoint t = 0. We have 


At acritical point of dy/dt, we have d*y/dt? = 0, so 
6e **-1=0 
t= 5 Ino = 0.896. 


Since 


dy = ue = 12.25 and dy = 25, 
dt\i-9 49 dt |4=(1/2) ne 


the maximum slope occurs at t = s In6. 

We see in Figure 4.156 that the slope increases as ¢ increases from 0 and tends to 0 as t — ow, so the only critical 
point of slope, t = $n 6, is a local and global maximum for the slope. At t = 3ln 6, we have y = 25. The point 
(4 In6, 25) is the point where slope is maximum. 





y 
50 50 
Y= Tygon 

+ 6e 

25 

; t 
5 In6 
Figure 4.156 
We have f’(x) = (a? — 2”) /(a? + a?)?, so that the critical points occur when a? — a? = 0, that is, when 2 = +a. We 





see that as a increases the x-value of the extrema moves away the origin. 
Looking at the figure we see that A’s local maximum has the smallest z-value, while C’s has the largest x-value. 
Thus, A corresponds toa = 1, Btoa = 2, andC toa = 3. 


We have f’(a) = ae”, so that f’(0) = a. We see that as a increases the slopes of the curves at the origin become more 
and more positive. Thus, C' corresponds toa = 1, B toa = 2, and A toa = 3. 


(a) We set the derivative equal to zero and solve for x to find critical points: 


f' (a) = 4a? — 4ax = 0 


We see that there are three critical points: 
Critical points: «=0, x= Ja, x=-—Va. 
To find possible inflection points, we set the second derivative equal to zero and solve for x: 
f’ (x) = 122? — 4a = 0. 


There are two possible inflection points: 


Possible inflection points: 2 = 1 C= _/5. 
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To see if these are inflection points, we determine whether concavity changes by evaluating f’” at values on either 
side of each of the potential inflection points. We see that 





r"(-2y/9) = 12(45) 4a = 16a — 4a = 12a > 0, 
so f is concave up to the left of 2 = —,/a/3. Also, 
f" (0) = —4a < 0, 


so f is concave down between x = —,/a/3 and x = ,/a/3. Finally, we see that 








ral) = 12(45) 4a = 16a — 4a = 12a > 0, 


so f is concave up to the right of « = \/a/3. Since f(x) changes concavity at 7 = \/a/3 and « = —,/a/3, both 
points are inflection points. 


(b) The only positive critical point is at x = \/a, so to have a critical point at z = 2, we substitute: 


a= Va 
2=Va 


(eae 


Since the critical point is at the point (2,5), we have 





f(2) =5 

2* — 2(4)2? +b =5 
16-32 4+6=5 
b= 21. 


The function is f(x) = x* — 8a? + 21. 
(c) We have seen that a = 4, so the inflection points are at x = \/4/3 and « = —,/4/3. 
28. (a) The function f(x) is defined for x > 0. 
We set the derivative equal to zero and solve for x to find critical points: 


f(e)=1-5 


1 


ax V2 =0 
a 

Si i) 
2/z 

2/rt =a 


a2 
t=. 
4 


Notice that f’ is undefined at 2 = 0 so there are two critical points: « = 0 and x = a” /4. 


(b) We want the critical point 7 = a’ /4 to occur at x = 5, so we have: 
5-2 
4 
20 = a? 





a=+v20. 


Since a is positive, we use the positive square root. The second derivative, 


f" (2) = qos? = 5V 2? 


is positive for all x > 0, so the function is concave up and x = 5 gives a local minimum. See Figure 4.157. 
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Figure 4.157 


29. The domain is all real numbers except x = b. The function is undefined at « = b and has a vertical asymptote there. To 
find the critical points, we set the derivative equal to zero and solve for x. Using the quotient rule, we have: 


(a — b)2ax — (ax”)1 





f =_-eeooooooo-S(— 
2ax” — 2abx — ax? =0 
(2 — 6)? - 
ax” — 2aba =0 
(w— 6)? 
The first derivative is equal to zero if 
ax” — 2abx = 0 
ax(x — 2b) =0 
x=0 or «=2b. 
There are two critical points: at x = 0 and x = 2b. 
30. Let the numbers be x and y. Then 
Average = : - a= 180, so y=360- 2. 


Since both numbers are nonnegative, we restrict to0 < x < 360. 
The product is 
P = zy = 2(360 — x) = 3602 — x”. 





Differentiating to find the maximum, 


ae = 360 — 2x = 0 
dx 
360 
= — = 180. 
x 5 80 
So there is a critical point at 2 = 180; the end points are at x = 0, 360. 
Evaluating gives 
At x = 0, we have P = 0. 
At x = 180, we have P = 180(360 — 180) = 32,400. 
At « = 360, we have P = 360(360 — 360) = 0. 
Thus, the maximum value is 32,400. 
31. Let the numbers be 2, y, z and let y = 2x. Then 
xyz = 2x z = 192, so c=5g=35 
Since all the numbers are positive, we restrict to x > 0. 
The sum is 
96 96 


S=atytz=2+20+—=3r4+ =. 
x x 
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Differentiating to find the minimum, 


dS 96 
— =3-2—=0 
dx a? 
192 
ge = ee so z=4 
3 
There is only one critical point at x = 4. We find 
PS 3192 
dz? 4 * 


Since d?.S/dx? > 0 for all «, there is a local minimum at « = 4. The derivative dS/da is negative for 0 < « < 4 and 
dS/dz is positive for x > 4. Thus, x = 4 gives the global minimum for x > 0. 

The minimum value of the sum obtained from the three numbers 4, 8, and 6 is 

96 
S=3-44+ p= 18. 
32. Let x be the larger number and y be the smaller number. Then x — y = 24, so y = x — 24. 

Since both numbers are 100 or larger, we restrict to x > 124. 

The product is 





P = cy = 2(¢— 24) = x? — 24r. 
Differentiating to find the minimum, 


dP 


— = 27—-24=0 
dx : 
24 
=—=12. 
2 =o 


So there is a critical point at x = 12. There is an end point at x = 124; the domain x > 124 has no critical points. 

Since the derivative, dP/dz, is positive for all x greater than 12, the minimum value of P occurs at the left end of 
the domain, « = 124. 

The minimum value of the product is 


P = 124(124 — 24) = 12,400. 


33. (a) Total cost, in millions of dollars, C(q) = 3 + 0.4q. 
(b) Revenue, in millions of dollars, R(q) = 0.5q. 
(c) Profit, in millions of dollars, 7(q) = R(q) — C(q) = 0.5q — (3 + 0.4¢) = 0.1g — 3. 


34. The square is S = x. Differentiating with respect to time gives 





We are interested in the instant when x = 10 and dS/dt = 5, giving 


dx 
— 9 . 19 
5 0 qe’ 
so 
ae Seas unit per second 
dt 20 4 
35. We have iaE ; 
| 2 3) ax 
—_— = Ax” )—. 
Fi (3° + 0.4a MET 
If x = 5, then 


dM 


== [3(57) + 0.4(5*)](0.02) = 2.5 gm/hr. 


36. 


37. 


38. 
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We have ax a 
> (3 + 4 cos @ + cos(26)) =. 
So a 
— a (3 + 4cos (=) + cos) 0.3 = 0.6 cm?/min. 
dt =n /2 2 
We see from the parametric equations that the particle moves along a line. It suffices to plot two points: at t = 0, the 


particle is at point (4,1), and at t = 1, the particle is at point (2,5). Since x decreases as ¢ increases, the motion is right 
to left and the curve is shown in Figure 4.158. 

















Alternately, we can solve the first equation for t, giving t = —(a — 4)/2, and substitute this into the second equation 
to get 
—(2—4 
yaa(=E9 ) +1=-2¢4+9. 
The line is y = —2a” + 9. 
y 
y 2,¢t=0 
6 mS 
4 te 
2), x 
—2 2 
- a0 
—2 
—-2-+ 
—2 
Figure 4.158 Figure 4.159 


The graph is a circle centered at the origin with radius 2. The equation is 
x’? +y* = (2sint)” + (2cost)? = 4. 


The particle is at the point (0, 1) when t = 0, and motion is clockwise. See Figure 4.159. 


Problems 





39. 


40. 


41. 


(a) The function f is a local maximum where f’(x) = 0 and f’ > 0 to the left, f’ < 0 to the right. This occurs at the 
point x3. 

(b) The function f is a local minimum where f’(x) = 0 and f’ < 0 to the left, f’ > 0 to the right. This occurs at the 
points x1 and x5. 

(c) The graph of f is climbing fastest where f’ is a maximum, which is at the point 2. 

(d) The graph of f is falling most steeply where f’ is the most negative, which is at the point 0. 

The function f has critical points atx = 1,7 = 3,4 =5. 
By the first derivative test, since f’ is positive to the left of z = 1 and negative to the right, x = 1 is a local maximum. 
Since f’ is negative to the left of 2 = 3 and positive to the right, 2 = 3 is a local minimum. 
Since f’ does not change sign at 2 = 5, this point is neither a local maximum nor a local minimum. 


The critical points of f occur where f’ is zero. These two points are indicated in the figure below. 





f(x) 
has a. f has crit. pt. ; 
ocal min. Neither max or min 





Note that the point labeled as a local minimum of f is not a critical point of f’. 
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42. From the first condition, we get that c = 2 is a local minimum for f. From the second condition, it follows that x = 4 is 
an inflection point. A possible graph is shown in Figure 4.160. 


Point of inflection 





Local min 
| | | | | | | f xz 


S21 123 4 5 6 





Figure 4.160 


43. Since the x term has coefficient of 1, the cubic polynomial is of the form y = x? + ax? + bx +c. We now find a, b, and 
c. Differentiating gives 

















d 
aa, = 3x7 + 2ax +b. 
dx 
The derivative is 0 at local maxima and minima, so 
ay = 3(1)? + 2a(1) +b =34+2a+b=0 
dx 
z=1 
d 
oa = 3(3)? + 2a(3) +6 = 27+ 6a +b =0 
xLr=3 





Subtracting the first equation from the second and solving for a and b gives 


24+ 4a = 0 so a=-6 
b= —3 — 2(-6) = 9. 


Since the y-intercept is 5, the cubic is 





y= 2° — 607 + 9x +5. 
Since the coefficient of 2° is positive, 2 = 1 is the maximum and x = 3 is the minimum. See Figure 4.161. To confirm 
that z = 1 gives a maximum and x = 3 gives a minimum, we calculate 


d’y 


d 
Atx=1, — = —6 < 0, so we have a maximum. 
dy 
At x = 3, 7 = 6 > 0, so we have a minimum. 
r 
¥ 
5 








Figure 4.161: Graph of y = «* — 6a? + 9a +5 
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44. Since the graph of the quartic polynomial is symmetric about the y-axis, the quartic must have only even powers and be 
of the form 


y = ar + br? +c. 
The y-intercept is 3, so c = 3. Differentiating gives 


dy = dax® + 2be. 
dx 


Since there is a maximum at (1, 4), we have dy/dx = 0 if x = 1, so 


4a(1)* + 2b(1) = 4a + 2b =0 








so b= —2a. 
The fact that dy/dx = 0 if x = —1 gives us the same relationship 
—4da — 2b=0 so b= —2a. 
We also know that y = 4 if « = +1, so 
a(1)* +b(1)? +3 =a+b+3=4 


so a+b=1. 
Solving for a and b gives 


a-—2a=1 


so 
Finding d*y/da? so that we can check that « = 


a=-—landb=2. 


t 1 are maxima, not minima, we see 





2 
SY = 12007 + 2b = —120" +4, 
2 
Thus £4 = -8 <0 forn =: 
IC 





tl,sox=d 





{1 are maxima. See Figure 4.162. 


(-1, 4) (1, 4) 








Figure 4.162: Graph of y = —x* + 227 +3 


45. Differentiating y = ax? Ina, we have 


dy 


=abr?'Inz +azx?- 
dx 


Ble 


=ax’'(bInz +1). 
Since the maximum occurs at 7 = e’, we know that 


a(e”)’"*(bIn(e”) +1) =0. 
Since a 4 0 and (e”)’~* F 0 for all b, we have 


bln(e?) +1=0. 
Since In(e?) = 2, the equation becomes 


408 


46. 


47. 
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Thus y = ax~‘/? Ina. When «x = e”, we know y = 6e~*, so 


y =a(e?)*/? ne? = ae '(2) = be! 


a= 


Thus y = 3a2—'/? In x. To check that 2 = e? gives a local maximum, we differentiate twice 


d 1 

ee a2 5-3/8 Ing +3a71/?.-= 2 U2 ie 2 Se ae 
dx 2 x 

dy 9 —5/2 3 —3/2 1 3 —5/2 


4 
a sa? Inz — 62 °/? = s0~/?(3inx — 8). 


At x = e?, since In(e”) = 2, we have a maximum because 


d?y 
dx? 


3, 2\-5/2 2 3-5 
= qi) (3In(e*) — 8) = Je (3-2-8) <0. 


See Figure 4.163. 





y = 1.75 











5 10 «15 








Figure 4.164: Graph of 
Figure 4.163: Graph of y = 3a~'/? Ing y = 0.25 sin(wa/10) + 1.75 


Since the maximum is y = 2 and the minimum is y = 1.5, the amplitude is A = (2 — 1.5)/2 = 0.25. Between 
the maximum and the minimum, the xz-value changes by 10. There is half a period between a maximum and the next 


minimum, so the period is 20. Thus 
27 7 


BR = 20 so see TT 


The mid-line is y = C = (2+ 1.5)/2 = 1.75. Figure 4.164 shows a graph of the function 





Tx 
= 0.25 sin ( — 1.75: 
y=0 5sin (=) +1.75 


First notice that since this function approaches 0 as x approaches either plus or minus infinity, any local extrema that we 


find are also global extrema. 


. . os 2 . 
Differentiating y = axe °” gives 


d be —bx —ba 
OY — ge” _ 2abe?e™” = ae be (1 = 2be”), 


dx 
Since we have a critical points at x = 1 and = —1, we know 1 — 2b = 0, sob = 1/2. 
The global maximum is 2 at x = 1, so we have 2 = ae~!/? which gives a = 2e1/?. Notice that this value of a also 
gives the global minimum at x = —1. 


Thus, 
2 
(AS). 


y = 2xe 
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48. We want to maximize the volume V = 27h of the box, shown in Figure 4.165. The box has 6 faces: the top and bottom, 
each of which has area x” and the four sides, each of which has area xh. Thus 8 = 2a? + 4h, so 
8 — 22? 


h= : 
4x 





Substituting this expression in for A in the formula for V gives 





2 8-22? 1 3 
V=a2 = 7 (82 2x”) 
Differentiating gives 
dV il 2 
dg — 48 — 8) 





To maximize V we look for critical points, so we solve 0 = (8 — 6x”) /4, getting 2 = +,/4/3. We discard the negative 
solution, since x is a positive length. Then we can find 














wl es 


Thus « = h = ,/4/3 cm (the box is a cube). 
We can check that this critical point is a maximum of V by checking the sign of 


dV 


dae = 38" 


which is negative when x 4 0. So V is concave down at the critical point and therefore x = ,/4/3 gives a maximum 
value of V. 





Figure 4.165 Figure 4.166 


49. We want to maximize the volume V = «7h of the box, shown in Figure 4.166. The box has 5 faces: the bottom, which 
has area x” and the four sides, each of which has area xh. Thus 8 = x? + 4h, so 
8— 2? 
Aa 





Substituting this expression in for A in the formula for V gives 


8-2? 





2 1 3 
Vea i a (8a — x”) 
Differentiating gives 
dV 1 2 





To maximize V we look for critical points, so we solve 0 = (8 — 3x”)/4, getting « = +,/8/3. We discard the negative 
solution, since x is a positive length. Then we can find 


lo) 
| 
8 
tw 
co 
| 
eo}oo 
loo 














e 
8 
ee 
9] 00] 
ee 

ea] 00] 
bo 

oop 
cory} 
ow 
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Thus x = \/8/3 cmand h = \/2/3 cm. 


We can check that this critical point is a maximum of V by checking the sign of 


eV 3. 
dx2 2” 
which is negative when x > 0. So V is concave down at the critical point and therefore x = \/8/3 gives a maximum 


value of V. 


50. We want to maximize the volume V = mr7h of the cylinder, shown in Figure 4.167. The cylinder has 3 pieces: the top 
and bottom disks, each of which has area +r? and the tube, which has area 27rh. Thus 8 = 27r? + 2arh. Solving for h 
gives 

8 —2Qnr? 

Qar 

Substituting this expression in for A in the formula for V gives 


h= 











— nr? 
Vag me =4r —or 
2rr 
Differentiating gives 
dV 
“ae =4- 30r? 
To maximize V we look for critical points, so we solve 0 = 4 — 3rr?, thus r = +2 /V3n. We discard the negative 
solution, since r is a positive length. Substituting this value in for r in the formula for h gives 
4 16 8 
, — 822 (ae) a er 
2 2 2 7 
ae es Van 37 


We can check that this critical point is a maximum of V by checking the sign of 


2 
cas = —6ar 


dr? 


which is negative when r > 0. So V is concave down at the critical point and therefore r = 2/./37 is a maximum. 


Figure 4.167 Figure 4.168 


51. We want to maximize the volume V = rr7h of the cylinder, shown in Figure 4.168. The cylinder has 2 pieces: the end 
disk, of area rr? and the tube, which has area 27rh. Thus 8 = mr? + 27rh. Solving for h gives 


8— amr? 


k= 





2rr 


Substituting this expression in for A in the formula for V gives 


8— ar? 1 





ae) _ tre 3 
V=ar a = (8r — mr”) 
Differentiating gives 
dV il 2 
aie = 58 — 30r ) 
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To maximize V we look for critical points, so we solve 0 = (8 — 3rr?) /2, thus r = +,/8/(37). We discard the negative 
solution, since r is a positive length. Substituting this value in for r in the formula for h gives 








8 16 8 
"i 8-7) FF  F _ [8 
8 8 8 . 


We can check that this critical point is a maximum of V by checking the sign of 


PV 
— =-—37r 
dr? 
which is negative when r > 0. So V is concave down at the critical point and therefore r = ,/8/(377) is a maximum. 
52. y 
5Br/4 








Letting f(z) =e” sin x, we have 
f'(a) = —e~* sing + e~* cosa. 


Solving f’(x) = 0, we get sin x = cos x. This means x = arctan(1) = 7/4, and 7/4 plus multiples of 7, are the critical 
points of f(x). By evaluating f(a) at the points ka + 72/4, where k is an integer, we can find: 


e 9/4 sin(5a/4) < e* sina < e774 sin(1/4), 
since f (0) = 0 at the endpoint. So 
—0.014 <e *sinz < 0.322. 


53. Let f(x) = xsina. Then f'(x) = xcosx +sinz. 
f' (x) = 0 when x = 0,x © 2, and x © 5. The latter two estimates we can get from the graph of f’ (zx). 
Zooming in (or using some other approximation method), we can find the zeros of f’(a) with more precision. They 
are (approximately) 0, 2.029, and 4.913. We check the endpoints and critical points for the global maximum and minimum. 


f(0) =0, f(2m) = 0, 
f (2.029) % 1.8197, (4.914) = —4.814. 


Thus for 0 < x < 27, —4.81 < f(x) < 1.82. 


54. To find the best possible bounds for f(x) = 2? — 6x? +9a+50n0 < # < 5, we find the global maximum and minimum 
for the function on the interval. First, we find the critical points. Differentiating yields 


f' (a) = 32? —122+9 
Letting f’(a) = 0 and factoring yields 


3a? — 128 +9 =0 
3(a? — 42 +3) =0 
3(a@ — 3)(a@— 1) =0 


So x = 1 and x = 3 are critical points for the function on 0 < x < 5. Evaluating the function at the critical points and 
endpoints gives us 








f(0) = (0)° — 6(0)? + 9(0) +5 =5 
f@) = (1) - 6(1)? +. 911) +5 = 9 
(8) = (3)? - 6(8)? + 9(3) +5 =5 
f(5) = (5)? — 6(5)" + 9(5) + 5 = 25 
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55. 


56. 


57. 
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So the global minimum on this interval is f(0) = f(3) = 5 and the global maximum is f(5) = 25. From this we 
conclude 
5 <a°—627+92+5 < 25 
are the best possible bounds for the function on the interval 0 < x < 5. 
We first solve for P 
P =—6jm? + 4jk — 5km, 


and find the derivative 
dP 


= —12jm — 5k. 
dm aye 
Since the derivative is defined for all m, we find the critical points by solving dP/dm = 0: 
dP 
— =-12jm—-—5k =0 
ain J™m , 
_ 5k 
124 
There is one critical point at m = —5k/(127). Since P is a quadratic function of m with a negative leading coefficient 





—6j, the critical point gives the global maximum of P. There is no global minimum because P —> —oo as m — +00. 
Differentiating gives 


d 

7A = a(e”* — bre") = ae” (1 — ba). 
Thus, dy/dz = 0 when x = 1/b. Then 
= 1 —b1/b  @ -1 
y=are =-e. 


Differentiating again gives 


—abe~°*(1 — br) — abe~°* 


—abe~°* (2 — br) 


When x = 1/8, 
dy —b-1/b 1 4 
Taz = abe (2-0-5) =-abe : 
Therefore the point (+, ¢e~ +) is a maximum if a and b are positive. We can make (2, 10) a maximum by setting 
1 1 
3 = “80; b= 5 
and s o 
7 = 73° =2ae7'=10 so a=5e. 


Thus a = 5e, b = 1/2. 
(a) We set the derivative equal to zero and solve for ¢ to find critical points. Using the product rule, we have: 
f'(t) = (at?)(e~"(—b)) + (2at)e“™’ = 0 
ate (—bt + 2) =0 
2 
t=0 t=-. 
or - 


There are two critical points: = 0 and t = 2/b. 
(b) Since we want a critical point at t = 5, we substitute and solve for b: 


5 = 2/b 
2 
b=2=04. 
5 =0 


To find the value of a, we use the fact that f(5) = 12, so we have: 


a(5’)e— 9-4) — 12 
a: 25e? = 12 
12e? 


= = 3.547. 
= Bs 
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(c) To show that f(t) has a local minimum at t = 0 and a local maximum at t = 5, we can use the first derivative test or 
the second derivative test. Using the first derivative test, we evaluate f’ at values on either side of t = 0 andt = 5. 
Since f'(t) = 3.547te~°*! (—0.4t + 2), we have 


f'(—1) = -3.547e"* (2.4) = —12.700 < 0 
and 
f' (1) = 3.547e °4 (1.6) = 3.804 > 0, 
and 
f' (6) = 3.547(6)e 74 (—0.4) = —0.772 < 0. 


The function f is decreasing to the left of t = 0, increasing between t = 0 and t = 5, and decreasing to the right of 
t = 5. Therefore, f(t) has a local minimum at ¢ = 0 and a local maximum at t = 5. See Figure 4.169. 


f(t) 
+12 








Figure 4.169 


58. We have f(x) = a? + 2ax = x(a + 2a) = 0 when x = 0 or x = —2a. 


=0O whens =-—a 
f'(a) = 2x4 2a =2(r+a)4 >0 whens > —a 
<O whenz < —a. 


See Figure 4.170. Furthermore, f” (x) = 2, so that f(—a) = —a? is a global minimum, and the graph is always concave 
up. 











Figure 4.170 


Increasing |a| stretches the graph horizontally. Also, the critical value (the value of f at the critical point) drops 
further beneath the x-axis. Letting a < 0 would reflect the graph shown through the y-axis. 


59. 
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To solve for the critical points, we set — = 0. Since — ( — ax?) = 32? — 2ax, we want 3a? — 2ar = 0, so 
x=Oorr= Za. At x = 0, we have y = 0. This first critical point is independent of a and lies on the curve y = — ta°. 
3 ga ; F 
Atz= 2a, we calculate y = — sa® = —5 (3a) . Thus the second critical point also lies on the curve y = te. 


60. We want the maximum value of r(t) = ate~™ 


to be 0.3 ml/sec and to occur at t = 0.5 sec. Differentiating gives 
r'(t) =ae~™ — abte™, 
so r’(t) = 0 when 

ae (1 — bt) =0 or t= 


Since the maximum occurs at t = 0.5, we have 


Thus, r(t) = ate~**. The maximum value of r is given by 
r(0.5) = a(0.5)e 2°) = 0.5ae™". 


Since the maximum value of 7 is 0.3, we have 


0.3e 
0.5ae~* = 0.3 = —— = 1.63. 

ae so a= 
Thus, r(t) = 1.63te~** ml/sec. 


61. We know that dp/dt = —3 mm/sec when p = 35 mm and we want to know q and dq/dt at that time. We also know that 
f = 15 mm. Since 


substituting p = 35 and f = 15 gives 
eo ees, ane Sud asa 
q 15 35 105 4 


Differentiating with respect to time t gives, 





Substituting gives 
1 
aD ieiy ta  —iit 
352 (105/4)? dt 
so 4)? 
dq  (105/4)"3 27 
at = 352 = 16 = 1.688 mm/sec. 
Thus, the image is moving away from the lens at 1.688 mm per second. 


62. 
r(A) = a(A)9(e?/* — 171 


r'(X) = a(—5A~®)(e"/? — 1)72 +. aA) (se) (e°/> — 1)? 


(0.96, 3.13) is a maximum, so r’(0.96) = 0 implies that the following holds, with \ = 0.96: 


5A(e°/* — 1) = be? 
5Ave/* — 5X = be?! 
Bre — beb/* = 5 
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Using Newton’s method, or some other approximation method, we search for a root. The root should be near 4.8. Using 
our initial guess, we get b © 4.7665. At \ = 0.96, r = 3.13, so 
a 
= 0,965(€70.95 — 1) 
a = 3.13(0.96)° (e°/° °° — 1) 
& 363.23. 


3.13 or 


As acheck, we try (4) © 0.155, which looks about right on the given graph. 


63. Since I(t) is a periodic function with period 27/w, it is enough to consider I(t) for 0 < wt < 27. Differentiating, we 


find 
dl 


aoe sin(wt) + V3w cos(wt). 


At a critical point 
—wsin(wt) + V3w cos(wt) = 0 
sin(wt) = V3cos(wt) 
tan(wt) = V3. 
So wt = 7/3 or 47/3, or these values plus multiples of 27. Substituting into J, we see 


Atwt= 2: 1 = cos (5) + v3sin (=) a as. (4) = 2. 


Atwt = =; 1 = cos (<*) + v3sin (=) Lit dag/a, (2) =-2. 


Thus, the maximum value is 2 amps and the minimum is —2 amps. 


64. 
dE _ (u+6)(1 — 2u6) — (0 — 6") _ w(1 — 20 — 0) 


do (+0)? (n+ 0)? 


Now dE/d@ = 0 when 0 = —p + \/1+ p?. Since 0 > 0, the only possible critical point is when 0 = —y 4+ 4/p? +1. 
Differentiating again gives E” < 0 at this point and so it is a local maximum. Since E(6) is continuous for 6 > 0 and 
E(@) has only one critical point, the local maximum is the global maximum. 


65. The top half of the circle has equation y = V1 — x?. The rectangle in Figure 4.171 has area, A, given by 


A = 2ay = 2av\/1—- 2?, for O<a<1. 








At a critical point, 


dA 1 
==? T= a? + 22 (5 (1-2°) 


—1/2 (-22)) ~o 
2 
i/o eG 


ie 


2(/T—a@?)* — 20? - 
i== 


2(1 — 2? — 2”) = 
V1i— a 
2(1 — 2u7) = 0 
ca 


J2 


Since A = 0 at the endpoints x = 0 and x = 1, and since A is positive at the only critical point, « = 1/ /2, 
in the interval 0 < a2 < 1, the critical point is a local and global maximum. The vertices on the circle have y = 


,/1— (1/2)? = 1/2. Thus the coordinates of the rectangle with maximum area are 


(Ze): Ge va): ae): se wa) 
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and the maximum area is 








1 1 
A= 2—-—~=1. 
V2 V2 
¥ 
J. 
y=vl-2z 
¥ 
l\, 
=1 k—xc— 1 
Figure 4.171 
66. The triangle in Figure 4.172 has area, A, given by 
A= xt y= soe 
If the area has a maximum, it occurs where 
dA 3 29 32 3.3 30 
a= 2" a” : 
=o7(1 eye 9 
z=0,1 
The value x = 0 gives the minimum area, A = 0, for x > 0. Since 
dA 3 2 —3a 
oe = Se 
we see that Ay re 
—>0 for 0<2x<1 and — <0 for x>1. 
dx dx 


Thus, x = 1 gives the local and global maximum of 

















K——_ 1 ——— 


Figure 4.172 


67. The distance from a given point on the parabola (a, x”) to (1,0) is given by 
D=\/(a—- 1)? + (a? — 0). 


Minimizing this is equivalent to minimizing d = (a — 1)? + 2+. (We can ignore the square root if we are only 
interested in minimizing because the square root is smallest when the thing it is the square root of is smallest.) To minimize 
d, we find its critical points by solving d’ = 0. Since d = (x — 1)? + a4 = a? — 24414 2%, 


d’ = 22 — 24 42? = 2(207 + x — 1). 


By graphing d’ = 2(223 + 2x — 1) on acalculator, we see that it has only 1 root, z ~ 0.59. This must give a minimum 
because d + oo as © — —oo and as x — +00, and d has only one critical point. This is confirmed by the second 
derivative test: d’ = 12x”° + 2 = 2(6x? + 1), which is always positive. Thus the point (0.59, 0.597) = (0.59, 0.35) is 
approximately the closest point of y = x” to (1, 0). 
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68. Any point on the curve can be written (x, 2). The distance between such a point and (3, 0) is given by 


s(x) = /(8-2)?+ (0-27)? = /f(8-2)?4+ 24. 


Plotting this function in Figure 4.173, we see that there is a minimum near x = 1. 
To find the value of x that minimizes the distance we can instead minimize the function Q = s? (the derivative is 
simpler). Then we have 





O(e)= (G=2) 42°. 
Differentiating Q(x) gives 


a =-64 294+ 4a’. 

dx 

Plotting the function 4z:* + 2a — 6 shows that there is one real solution at « = 1, which can be verified by substitution; the 
required coordinates are therefore (1, 1). Because Q(x) = 2 + 122 is always positive, 2 = 1 is indeed the minimum. 
See Figure 4.174. 

















-4 —-2 0 2 d —100- 





Figure 4.173 Figure 4.174 


69. We see that the width of the tunnel is 27. The area of the rectangle is then (2r)h. The area of the semicircle is (wr?) /2. 
The cross-sectional area, A, is then 


A=2rh+ srr 
and the perimeter, P, is 
P=2h+2r+qr. 
From A = 2rh + (rr?) /2 we get 








poe Am 
2r 4 
Thus, 
A 
p=2(—-=) 42r+tar=442 +o 
We now have the perimeter in terms of r and the constant A. Differentiating, we obtain 
dP A 4o48 
dr r? 2° 
To find the critical points we set P’ = 0: 
A 
= a5 oF 2 +2=0 
r? 2 
A 447 
2A 
= : 
4+7 
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Since P > 00 as r + 07 and as r + oo, this critical point must be a global minimum. Notice that the h-value simplifies 


/ 2A 
h= Tice 


to 





70. Consider the rectangle of sides x and y shown in Figure 4.175. 


71. 


x 


Figure 4.175 


The total area is czy = 3000, so y = 3000/z. Suppose the left and right edges and the lower edge have the shrubs 
and the top edge has the fencing. The total cost is 


C = 45(@ + 2y) + 20(z) 
= 652 + 90y. 


Since y = 3000/z, this reduces to 
C(x) = 65x + 90(3000/x) = 65x + 270,000/z. 


Therefore, C’(x) = 65 — 270,000/2”. We set this to 0 to find the critical points: 








Bis aoe a 
x 
2 
eons Lege 
Hi 
x? = 4153.85 
x = 64.450 ft 


so that 
y = 3000/a = 46.548 ft. 


Since C(a) —> 00 as x + OF and a — oo, we see that x = 64.450 is a minimum. The minimum total cost is then 


C(64.450) = $8378.54. 


Figure 4.176 shows the the pool has dimensions x by y and the deck extends 5 feet at either side and 10 feet at the ends 
of the pool. 





Figure 4.176 


The dimensions of the plot of land containing the pool are then (x + 5 + 5) by (y + 10 + 10). The area of the land 
is then 
A = (x + 10)(y + 20), 
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which is to be minimized. We also are told that the area of the pool is cy = 1800, so 


y = 1800/a 
and 
A= (a+ 10) (= +20) 


= 1800 + 20x” + = + 200. 


We find dA/dz and set it to zero to get 





dA 18000 
oa a 
20x? = 18000 
x” = 900 
x = 30 feet. 


Since A + 00 as 2 —> 0F and as x — on, this critical point must be a global minimum. Also, y = 1800/30 = 60 feet. 
The plot of land is therefore (30 + 10) = 40 by (60 + 20) = 80 feet. 


72. (a) Suppose n passengers sign up for the cruise. If n < 100, then the cruise’s revenue is R = 2000n, so the maximum 
revenue is 


R = 2000 - 100 = 200,000. 


If n > 100, then the price is 
p = 2000 — 10(n — 100) 


and hence the revenue is 








R = n(2000 — 10(n — 100)) = 3000n — 10n?. 


To find the maximum revenue, we set dR/dn = 0, giving 20n = 3000 or n = 150. Then the revenue is 
R = (2000 — 10 - 50) - 150 = 225,000. 


Since this is more than the maximum revenue when n < 100, the boat maximizes its revenue with 150 passengers, 
each paying $1500. 

(b) We approach this problem in a similar way to part (a), except now we are dealing with the profit function 7. If 
n < 100, we have 





m = 2000n — 80,000 — 400n, 


so 7 is maximized with 100 passengers yielding a profit of 
m = 1600 - 100 — 80,000 = $80,000. 


If n > 100, we have 
am = n(2000 — 10(m — 100)) — (80,000 + 400n). 


We again set dz /dn = 0, giving 2600 = 20n, son = 130. The profit is then $89,000. So the boat maximizes profit 
by boarding 130 passengers, each paying $1700. This gives the boat $89,000 in profit. 


73. (a) m(q) is maximized when R(q) > C(q) and they are as far apart as possible. See Figure 4.177. 
(b) 7’(qo) = R’(qo) — C’(qo) = 0 implies that C’(qo) = R'(qo) = p. 

Graphically, the slopes of the two curves at go are equal. This is plausible because if C’(qo) were greater than p 
or less than p, the maximum of 7(q) would be to the left or right of go, respectively. In economic terms, if the cost 
were rising more quickly than revenues, the profit would be maximized at a lower quantity (and if the cost were rising 
more slowly, at a higher quantity). 

(c) See Figure 4.178. 
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Figure 4.177 Figure 4.178 
74. marginal 
cost 
y marginal 
profit revenue 
q 
1 qd 
| qd | i q 
1 q2 71 q2 
75. D (km) 
15 knots 3 
> I 
TE 
2 LL 
A 12 knots 
3 km 
1 = 
Ss 
(hr) 
0.05 0.1 
Figure 4.179: Position of the tanker Figure 4.180: Distance between the 
and ship ship at S and the tanker at T’ 


Suppose ¢ is the time, in hours, since the ships were 3 km apart. Then TT = 3v2 — (15)(1.85)¢ and ST = 
re — (12)(1.85)t. So the distance, D(t), in km, between the ships at time ¢ is 


D(t) = ( =o% rst) (ee 2 O97 at) 


Differentiating gives 
dD -55.5 (4 — 27.751) — 44.4 (Sy — 22.21) 
dt : 2 : a= 
2 (+ — 27.75 t) + (+ : 22.2) 
Solving dD/dt = 0 gives a critical point at t = 0.0839 hours when the ships will be approximately 331 meters apart. So 


the ships do not need to change course. Alternatively, tracing along the curve in Figure 4.180 gives the same result. Note 
that this is after the eastbound ship crosses the path of the northbound ship. 
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76. Since the volume is fixed at 200 ml (i.e. 200 cm), we can solve the volume expression for h in terms of r to get (with h 
and r in centimeters) 
200 - 3 
h= > 
Tarr 
Using this expression in the surface area formula we arrive at 








By plotting S(r) we see that there is a minimum value near r = 2.7 cm. 


77. (a) We have g(t) — tO/e)oint = ——. which is zero if t = e, negative if t > e, and positive if t < e, since Int is 
increasing. Thus g(e) = + is a global maximum for g. Since t = e was the only point at which g'(t) = 0, there is no 
minimum. 

(b) Now Int/t is increasing for 0 < t < e, In 1/1 = 0, and In5/5 = 0.322 < In(e)/e. Thus, for 1 < t < e, Int/t 
increases from 0 to above In 5/5, so there must be a ¢ between 1 and e such that In¢t/t = In 5/5. For t > e, there 
is only one solution to Int/t = In 5/5, namely t = 5, since Int/t is decreasing for t > e. For 0 < t < 1, Int/t is 
negative and so cannot equal In 5/5. Thus In w/a = Int/t has exactly two solutions. 

(c) The graph of In t/t intersects the horizontal line y = In 5/5, at x = 5 and x = 1.75. 


78. (a) x-intercept: (a, 0), y-intercept: (0, 7) 


(b) Area = 3(a)(aq) = aay 





(c) 
a 
A= = 
2(a? + 1) 
a 2(a? + 1) — a(4a) 
4(a? + 1)? 
_ 2(1-a’) 
~ 4(a? +1)? 
7 (1- a”) 
~~ 2(a? +1)?" 
If A’ = 0, then a = +1. We only consider positive values of a, and we note that A’ changes sign from positive to 





negative at a = 1. Hence a = 1 isa local maximum of A which is a global maximum because A’ < 0 for alla > 1 
and A’ > 0 for0<a< 1. 
@) A=3(1)(3)=3 
(e) Set Watpa) =%5 and solve for a: 
ba = 2a" +2 
2a? —5a+2=0 
(2a — 1)(a— 2) =0. 


79. (a) Since the volume of water in the container is proportional to its depth, and the volume is increasing at a constant rate, 


d(t) = Depth at time t = Kt, 


where K is some positive constant. So the graph is linear, as shown in Figure 4.181. Since initially no water is in the 
container, we have d(0) = 0, and the graph starts from the origin. 
depth of water depth of water 


d(t) d(t) 


slope = Iv 











Figure 4.181 Figure 4.182 
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(b) As time increases, the additional volume needed to raise the water level by a fixed amount increases. Thus, although 
the depth, d(t), of water in the cone at time ¢, continues to increase, it does so more and more slowly. This means 
d'(t) is positive but decreasing, i.e., d(t) is concave down. See Figure 4.182. 


80. (a) The concavity changes at t; and tz, as shown in Figure 4.183. 











ty to t3 


Figure 4.183 


(b) f(t) grows most quickly where the vase is skinniest (at y3) and most slowly where the vase is widest (at y1). The 
diameter of the widest part of the vase looks to be about 4 times as large as the diameter at the skinniest part. Since 
the area of a cross section is given by 7r?, where r is the radius, the ratio between areas of cross sections at these 
two places is about 4”, so the growth rates are in a ratio of about 1 to 16 (the wide part being 16 times slower). 


81. The volume, V, of a cone of radius r and height h is 


V= arth. 


However, Figure 4.184 shows that h/r = 12/5, thus r = 5h/12, so 


2 9 
—— (3) ae ae 
732 


Differentiating with respect to time, t, gives 
dV 25 he dh 
— = —rh —. 
dt 144 dt 
When the depth of chemical in the tank is 1 meter, the level is falling at 0.1 meter/min so h = 1 and dh/dt = —0.1. Thus 


dV 25 2 _ 3 jan 
7 eames Fs 1° - 0.1 = —0.0545 m° /min. 
K5m—- 
12m 





K— > —1 


Figure 4.184 


$2. Evaluating the limits in the numerator and the denominator we get 0/e° = 0/1 = 0, so this is not an indeterminate form. 
l’Hopital’s rule does not apply. 


83. We have limz-,1 sin 7x = sin = 0, and limz-,1 x — 1 = 0, so this is a 0/0 form and I’ Hopital’s rule applies directly. 
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84. This is a 0/0 form. Applying I’ Hopital’s rule twice, we get 


lin e'—1-t im £ —~2 =! eee 1 
. ———— = ————q“1 —_—=-. 
t30 t? t30 2t t30 2 2 


85. Let f(t) = 3sint — sin 3t and g(t) = 3 tant — tan 3t, then f(0) = 0 and g(0) = O. Similarly, 


f' (t) = 3cost — 3cos 3t f'(0) =0 
f" (t) = —3sint + 9sin 3t f" (0) =0 
f(t) = —3 cost + 27 cos 3t f'”" (0) = 24 
g' (t) = 3sec? t — 3sec? 3¢ g'(0) =0 
g' (t) = 6 sec” ttant — 18 sec? 3t tan 3t g(0) =0 


g(t) = —54sec* 3t — 108 sec? 37 tan? 3t + 6sec*t + 12sec*ttan?t g’”’(0) = —48 
Since the first and second derivatives of f and g are both 0 at t = 0, we have to go as far as the third derivative to use 
1’ Hopital’s rule. Applying I’ Hopital’s rule gives 


. . / We ws 
a 3sin¢—sin3t _ jie f(t) ihe f'(t) 2 fies f(t) os oe 2 1 
toot 3tant—tan3t tso+ g(t) +tsot g(t) toot g(t)  —48 2 








86. If f(z) = 1 — cosh(5x) and g(x) = a”, then f(0) = g(0) = 0, so we use I’Hopital’s Rule: 
1 — cosh 5a li —5 sinh 5a . —25 cosh 5x 25 


im — —— = lim —— = lim ———— = -—. 
a—0 x? «20 2% «20 2 2 


87. If f(z) = x — sinha and g(x) = «, then f(0) = g(0) = 0. However, f’(0) = g’(0) = (0) = g’(0) = Oalso, so 








we use l’Hopital’s Rule three times. Since f’” (x) = — cosh a and g’”(x) = 6: 
. «“—sinhe . 1l—cosha . —sinhaz . —cosha 1 
lim —— = lim ——— = lim —— = lim ——— =-—.. 
20 x 230 © 3a? «30 ©6662 230) (6 6 


88. (a) The population is increasing if dP/dt > 0, that is, if 
kP(L—P)>0. 


Since P > Oandk, L > 0, we must have P > 0 and L— P > 0 for this to be true. Thus, the population is increasing 
if0<P<L. 
The population is decreasing if dP/dt < 0, that is, if P > L. 
The population remains constant if dP/dt = 0, so P = 0 or P = L. 
(b) Differentiating with respect to t using the chain rule gives 











Pd d 2, dP 
ae ae (kP(L — P)) = gp (kLP —kP*)- ae (kL — 2kP)(kP(L — P)) 
=k? P(L—2P)(L— P). 
89. We are given that the volume is increasing at a constant rate a = 400. The radius r is related to the volume by the 
formula V = rr’. By implicit differentiation, we have 
dV 4 9 dr 2 dr 
a — = 4rr* 
eo a a 
Plugging in — = 400 and r = 10, we have 
d 
400 = 4000 
dt 


so 2 = + & 0.32um/day. 


90. Let r be the radius of the raindrop. Then its volume V = amr? 


cm? and its surface area is S = 4rr? cm’. It is given that 


ae = 2S =8nr’. 
dt 
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Furthermore, 
a = Arr? 
dr : 
so from the chain rule, 
ems - and thus a oe 2 


‘dt dr dt dt dV/dr 
Since dr /dt is a constant, dr/dt = 2, the radius is increasing at a constant rate of 2 cm/sec. 


91. (a) Since d@/dt represents the rate of change of @ with time, d0/dt represents the angular velocity of the disk. 
(b) Suppose P is the point on the rim shown in Figure 4.185. 


P 


Figure 4.185 


Any other point on the rim is moving at the same speed, though in a different direction. We know that since 0 is 


in radians, 
s=aé. 
Since a is a constant, we know 
ds _ ao 
dt — dt 
But ds/dt = v, the speed of the point on the rim, so 
; dé 
v= ie 
92. We have a F r 
—r —rT Tr = - Kin —r ar 
Th Kle —(r+le la = Kr di 
93. We have 





94. Let V be the volume of the ice, so that V = 37(r? — 17). Now, 


Thus for r = 1.5, we have 
dV _ 


Fp = Sr (1-5) (0.03) = 0.848 cm? /hr. 
95. The volume, V, of a cone of height h and radius r is 


V= srrh. 


Since the angle of the cone is 7/6, so r = htan(m/6) = h/V3 


2 
V= fe (=) h= smh. 


Differentiating gives 
1 


dV 2 
a anh : 
To find dh/dt, use the chain rule to obtain 
dV _ dVdh 
‘dt ~~ dh dt 
So, 
dh _ dV/dt _ 0.1meters/hour 
dt dV/dh  —-rh2/3 
Since r = htan(7/6) = h/V/3, we have 
dr dh 1 1 03 
dt dt V3 V3mh? 
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0.3 
= The meters/hour. 


meters/hour. 


96. (a) The surface of the water is circular with radius r cm. Applying Pythagoras’ Theorem to the triangle in Figure 4.186 


shows that 
(i= Ayer 

so 

102 





r= (10 — h)? = 


= 10 


y/ 20h — h? cm. 


(b) We know dh/dt = —0.1 cm/hr and we want to know dr/dt when h = 5 cm. Differentiating 


r= 20h — h? 








gives 
dr 1 2\—1/2 ( dh =) 10-—h dh 
— = =(20h-—h 20— — 2h— ) = ———— .- —.. 
dt 3 | u ) OF dt /20h —h2 dt 
Substituting dh/dt = —0.1 and h = 5 gives 
dr ) 1. 
= = ————_. - (- 0.1) = — — = = — 0.0577 cm/shr. 
dt nop V20-5—5? ( ) 2/75 
Thus, the radius is decreasing at 0.0577 cm per hour. 
(10 — h) = 
h 
Tr 
Figure 4.186 
97. We have 
dF K(a? — 2y’) dy 
dt — (a? + y2)5/2 dt’ 
(a) When y = 0, we have 
dP _ gay 
dt dt” 
So, dF’/dt is positive and F’ is increasing. 
(b) When y = a/V/2, we have 
ae _K(a? =a?) dy _ 
dt ~— (a? + (a2/2))5/2 dt 
So, dF'/dt = 0 and F is not changing. 
(c) When y = 2a, we have 
dF _— K(a*—8a*) dy __—-7Ka”_ dy 


dt 
So, dF’ /dt is negative and F' is decreasing. 


(a2 + 4a?)5/2 dt 


~ (5a2)5/2 dt. 
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98. The rate at which the voltage, V, is changing is obtained by differentiating V = IR to get 
dV dR dl 
— = [— —. 
dt dt nee dt 


Since the voltage remains constant, dV/dt = 0. Thus 
dk 
de Tat 
(0.001) = —10 ohms/min. 


and the rate at which the resistance is changing is 
dR _ 1000 


dt Od 


We conclude that the resistance is falling by 10 ohms/min. 
99. From Figure 4.187, Pythagoras’ Theorem shows that the ground distance, d, between the train and the point, B, vertically 
Pax + y’. 


below the plane is given by 
2=P +4 


Figure 4.188 shows that 
Pax +y° 44. 


so 
We know that when x = 1, dx/dt = 80, y = 5, dy/dt = 500, and we want to know dz/dt. First, we find z: 
=P 45447 = 42, 50 z= V42. 


Differentiating 2? = x? + y? + 4? gives 
Q7z— 
“at 

d 
= = 1(80) + 5(500) 


Canceling 2s and substituting gives 
42—=1 
dt 


dz _ 2580 


ad J 


= 398.103 mph. 


Plane: 4 miles above 


| 
| 


| 





B 
this point 
| 
I 
| 
I 
| 
| 
| 
| 
I 
i 
r I 
| 
i y 
| 
I 
i 
| 
| 
| Plane 
| 
| 
7 4 miles 
Train / [ 
A Train 
k———+1 
x A d B 
Figure 4.188: Vertical view 


Figure 4.187: View from air 
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100. We want to find dP/dV. Solving PV = k for P gives 


P=k/V 
so, 
dP ik 
dv OV?" 


101. (a) Since V = k/P, the volume decreases. 
(b) Since PV = k and P = 2 when V = 10, we have k = 20, so 


20 
v=5. 


We think of both P and V as functions of time, so by the chain rule 


dV _ dV dP 
‘dt dP dt’ 
dV -.20dP 
‘dt —-~P? dt’ 


We know that dP/dt = 0.05 atm/min when P = 2 atm, so 


——= .- (0.05) = —0.25 cm?/min. 


CAS Challenge Problems 





102. (a) Since k > 0, we have lim e *' = 0. Thus 
too 


L L 
lim P= lim ———— = —— =. 
io See Oe — 10 
The constant L is called the carrying capacity of the environment because it represents the long-run population in the 
environment. 
(b) Using a CAS, we find 
@P LCke"**(1— Ce—**) 


dt2 (1 + Ce-*)3 
Thus, d? P/dt? = 0 when 
1-Ce“ =0 
po _in(1/C) 
a 


Since e~*’ and (1 + Ce~**) are both always positive, the sign of d? P/dt? is negative when (1 — Ce~**) > 0, 
that is, fort > —In(1/C)/k. Similarly, the sign of d?P/dt? is positive when (1 — Ce~*‘) < 0, that is, for 
t < —In(1/C)/k. Thus, there is an inflection point at t = — In(1/C)/k. 
For t = — In(1/C)/k, 
L L L 


~ 14+ CenG7e) ~ 1400/0) 2° 


Thus, the inflection point occurs where P = L/2. 


P 


103. (a) The graph has a jump discontinuity whose position depends on a. The function is increasing, and the slope at a given 
a-value seems to be the same for all values of a. See Figure 4.189. 
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y y y 
2F 27+ 25 
- x - £ - x 
1/a 1/a 1/a 
—25 —2F7 —27 
a=0.5 a=1 a=2 
Figure 4.189 


(b) Most computer algebra systems will give a fairly complicated answer for the derivative. Here is one example; others 


may be different. 
dy _ Jtt+ Jafar 
dx Qa (l+at2/fa/e+az+ax—2V/az) 


When we graph the derivative, it appears that we get the same graph for all values of a. See Figure 4.190. 


dy/dx 








Figure 4.190 


(c) Since a and = are positive, we have \/ax = \/a\/x. We can use this to simplify the expression we found for the 
derivative: 


dy _ VE + Vaya 

dx Qa (l+a+2V/a/z+ a+ ax — 2/faz) 

E+ Vavayt 

2x (1+at2VJ/a/z+x+ ax —2/a/z) 
VEt+aye_ (lta) vi 


~ Qa(l+a+a+ax) 2z(1ta)(l+a) 2x(1+2) 

















Since a has canceled out, the derivative is independent of a. This explains why all the graphs look the same in part 
(b). (In fact they are not exactly the same, because f’(2) is undefined where f(x) has its jump discontinuity. The 
point at which this happens changes with a.) 


104. (a) A CAS gives 
1 


V14+ 22 


d 
dp eesinh L£= 
(b) Differentiating both sides of sinh(arcsinh x) = x, we get 


cosh(arcsinh x Ls arcsinh x) = 1 
dx 


1 


z (arcsinh x) = 
dx ~~ cosh(aresinh 2) ’ 
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Since cosh? x — sinh?.x = 1, cosha = +1/1+4 sinh? x. Furthermore, since coshxz > 0 for all x, we take 
the positive square root, so cosha = \/ 1+ sinh? x. Therefore, cosh(arcsinha) = \/1+ (sinh(aresinh))? = 
V1-+ x7. Thus 


d 1 
—arcsinh x = 


dx Vita 
105. (a) A CAS gives 
iB eoasbee a a CA, 
x2 —1 


(b) Differentiating both sides of cosh(arccosh x) = x, we get 


sinh(arccosh x = arccosh x) = 1 
d 
xr 


1 


g (arccosh 7) = 
dx ~~ sinh(arccosh 2) ’ 


Since cosh? x — sinh? x = 1, sinha = +\/ cosh? x — 1. If x > 0, then sinh x > 0, so we take the positive square 


root. So sinh a = 1/ cosh? x — 1, a > 0. Therefore, sinh(arecosh 2) = \/(cosh(arecosh x))? — 1 = Va? — 1, for 


x > 1. Thus 





d 
—arccosh x = ————.. 
dx x? —1 


106. (a) Using a computer algebra system or differentiating by hand, we get 


f'(x) = pe 8 2 _e 
Watayar Ja) WaJat var 


Simplifying gives 
(= Se 
ee 
2(/a+ Va) JaVate 
The denominator of the derivative is always positive if x > 0, and the numerator is zero when x = a. Writing the 
numerator as \/a(./z — \/a), we see that the derivative changes from negative to positive at x = a. Thus, by the first 
derivative test, the function has a local minimum at x = a. 
(b) As a increases, the local minimum moves to the right. See Figure 4.191. This is consistent with what we found in 
part (a), since the local minimum is at 7 = a. 








y 
1 
a=1 
a=3 
o=5 
! x 
10 


Figure 4.191 


(c) Using a computer algebra system to find the second derivative when a = 2, we get 


— 4V2412 fe +622? —3 22? 


f"(«) 4(V2+ Vz) 09/2 (24 2)? 


Using the computer algebra system again to solve f’’ (x) = 0, we find that it has one zero at x = 4.6477. Graphing 
the second derivative, we see that it goes from positive to negative at x = 4.6477, so this is an inflection point. 
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107. (a) Different CASs give different answers. (In fact, their answers could be more complicated than what you get by hand.) 
One possible answer is 


dy - tan (4) 
d. 7 —cos x , 
° 2 ee 





(b) The graph in Figure 4.192 is a step function: 


f(a) = 1/2 Qnn <a < (2n+1)r 
-1/2) (Qn+1)m <a < (2n4 2)z. 








¥ 
o——o —— = — o——o 
-— & 
—4r —27 27 Ar 
o——o o——> ae o——o o——o 
Figure 4.192 


Figure 4.192, which shows the graph in disconnected line segments, is correct. However, unless you select certain 
graphing options in your CAS, it may join up the segments. Use the double angle formula cos() = cos? (x /2) — 
sin? (2/2) to simplify the answer in part (a). We find 


ay _ tan(z/2) _ ___tan(v/2)_ ss sitan(a/2) 
1~cos x 1~cos(2-(a/2)) 1—cos?(#/2)+sin? (2/2) 
T+ceos a T+¥cos(2-(a/2)) 1+cos?(#/2)—sin?(a#/2) 
tan(z/2)  — — tan(w/2) Ss tan(a/2) 


 g f2sint(e/2) 2./tan2(x/2) 2 |tan(x/2)| 
2 2 cos? (2/2) si (2/ ) 


Thus, dy/da = 1/2 when tan(2/2) > 0, ie. when 0 < x < 7 (more generally, when 2n7 < x < (2n + 1)7), and 
dy/dx = —1/2 when tan(x/2) < 0, i.e., when 7 < a < 2m (more generally, when (2n + 1)a < a < (2n + 2)z, 
where n is any integer). 


108. (a) 





Figure 4.193 
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We want to maximize the sum of the lengths EC and C'D in Figure 4.193. Let x be the distance AE. Then x 
can be between 0 and 1, the length of the left rope. By the Pythagorean theorem, 


EC =vV1-2?. 
The length of the rope from B to C' can also be found by the Pythagorean theorem: 
BC = VEC? + EB? =4/1—22 + (V3—2)? = V/4— 2V3z. 
Since the entire rope from B to D has length 3 m, the length from C' to D is 
CD =3-V4-2v3z. 


The distance we want to maximize is 





f(z) =EC+CD=V/1-—2?+4+3 4—2V/3x, for 0<a<1. 


Differentiating gives 


Ha 
21-2? 9/42/32 


Setting f’(x) = 0 gives the cubic equation 
2V3a° — 7a? +3=0. 


Using a computer algebra system to solve the equation gives three roots: c = —1/ J/3,2 = V3 (26S /3. We 
discard the negative root. Since x cannot be larger than 1 meter (the length of the left rope), the only critical point of 
interest is 7 = V3 /2, that is, halfway between A and B. 

To find the global maximum, we calculate the distance of the weight from the ceiling at the critical point and at 
the endpoints: 


f(0) =v1+3-V4=2 


(2 5) = eee ee ee oe, 
i euuia V4—-2V3 =4- V3 = 2.27. 


Thus, the weight is at the maximum distance from the ceiling when x = V3 /2; that is, the weight comes to rest at a 
point halfway between points A and B. 

(b) No, the equilibrium position depends on the length of the rope. For example, suppose that the left-hand rope was 1 
cm long. Then there is no way for the pulley at its end to move to a point halfway between the anchor points. 
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(a) (i) The slope, dV /dt, is the rate of change of the volume of air that has been exhaled over time. Thus, 
it is the rate of flow of the air out of the lungs, measured in liters per second. The greater the slope, 
the faster air is being expelled from the lungs. Notice that dV/dt is a volume flow; that is, the rate at 
which the volume of air exhaled is changing. It is not the speed at which air particles are leaving the 
lungs, which would be measured in meters per second. 

(ii) As the horizontal asymptote on the graph, the vital capacity VC is the volume of air expelled at the 
end of the exhalation. It is the maximum volume of air the patient can exhale in one breath. 

(b) (i) The slope of the flow-volume curve tells you how much the flow rate of air out of the lungs changes 
in response to exhalation of an additional volume of air. 
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(ii) 


(iii) 


(iv) 


For V near 0, when little air has been exhaled, the slope of the flow-volume curve is steep and positive. 
This means that the flow rate dV /dt is rapidly increasing as air is exhaled. The patient is expelling 
air faster and faster. The flow volume curve has zero slope when approximately 1 liter has been 
exhaled. This corresponds to the maximum flow rate dV /dt; air is expelled most rapidly at this stage. 
Thereafter, the slope of the flow-volume curve is negative, so the flow rate decreases and air is expelled 
slower and slower until approximately 5.5 liters of air have been exhaled. At that point, the patient 
has no more air to exhale and must take a breath. 

Suppose the flow rate, dV/dt, is given as function of V by the function f, so dV/dt = f(V); the 
flow-volume curve we were given is a graph of f. Now we are asked to plot f’(V), whose graph is in 
Figure 4.194. 


flow rate/liter 
20 
15 
10 


V,, liters 








Figure 4.194 


The maximal rate is identified as the highest point on the flow-volume curve, which occurs at about 
V = 1 liter. Thus, the patient’s peak expiratory flow occurs when | liter of air has been exhaled. The 
peak expiratory flow is about 11.5 liters per second. 

On the slope graph in Figure 4.194, a critical point occurs where the slope is 0; that is, where 
the slope graph intersects the horizontal axis. This occurs at V = 1. The first derivative test tells us 
that this critical point gives a maximum flow rate since the slope is positive to the left of V = 1 and 
negative to the right of V = 1. 


(c) The increased resistance to airflow means that the patient exhales more slowly. This makes the volume- 
time curve rise more slowly. In fact, sometimes the patient exhales so slowly that they “run out of time” 
and cannot exhale all the volume they want to, leading to air trapping. This corresponds to a lowered vital 
capacity, VC. See Figure 4.195. 


The peak expiratory flow will be lower. This means that the flow-volume curve does not rise as high. 


See Figure 4.196. 











V, liters dV /dt, liters/sec 

ei 12 

5b 10 

4 8 

3 6 
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Figure 4.195: Volume-time curve for an Figure 4.196: Flow-volume curve for an 


asthmatic asthmatic 
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~<—— Remaining wall 






Glass 


Removed 
wall 


eo Hh Y ——1 


Figure 4.197: A Cross-section of the Projected Greenhouse 


Suppose that the glass is at an angle @ (as shown in Figure 4.197), that the length of the wall is /, and that 
the glass has dimensions D ft by / ft. Since your parents will spend a fixed amount, the area of the glass, say 


k ft?, is fixed: 
Di=k. 
The width of the extension is D cos @. If h is the height of your tallest parent, he or she can walk in a distance 


of x, and 
h bac h 
—=tan so = —. 
, ¥ tan 0 
Thus, 


h T 
a= Deosé —y = Deosé— — for0 <0 < 5. 


We maximize x since doing so maximizes the usable area: 


dx h 1 
— = —Dsiné + ——{ :—~ =0 
dé ro * Gandp (cos 0)? 
3 
d= — 
sin D 


n\ 3 
6 = arcsin (($) : 
D 


This is the only critical point, and 2 — 0 when 0 —+ 0 and when @ — 7/2. Thus, the critical point is a global 


maximum. Since 
1 \2/3 
cos@ = V1—sin? 6 = 1-(5) ; 


the maximum value of xz is 





en ee ne ey eka 
tan@ sin 0 
1/2 
h h h\2/8 
( sna) ( aay) ( ©) 
2/3 1/2 
_ 2/3 p1/3 


3/2 


2/3 pas n2/3 
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This means 


Maximum Usable Area = Ix 


n2/3 3/2 
ni 2/3\°? 
= 1 —_— — 
C-()) 
3. (a) The point on the line y = ma corresponding to the point (2,3.5) has y-coordinate given by y = m(2) = 
2m. Thus, for the point (2, 3.5) 


Vertical distance to the line = |2m — 3.5]. 


We calculate the distance similarly for the other two points. We want to minimize the sum, S, of the 
squares of these vertical distances 


S$ = (2m — 3.5)? + (8m — 6.8) + (5m — 9.1)". 
Differentiating with respect to m gives 


dS 
dm 
Setting dS/dm = 0 gives 


= 2(2m — 3.5) - 2 + 2(3m — 6.8) -3 4+ 2(5m — 9.1) - 5. 


2-2(2m — 3.5) + 2-3(38m — 6.8) + 2-5(5m — 9.1) = 0. 
Canceling a 2 and multiplying out gives 


4m — 7+ 9m — 20.4 + 25m — 45.5 = 0 
38m = 72.9 
m = 1.92. 


Thus, the best fitting line has equation y = 1.922. 
To fit a line of the form y = mz to the data, we take y = V and x = r°. Then k will be the slope m. So 
we make the following table of data: 


(b 


~a 





To find the best fitting line of the form y = mx, we minimize the sums of the squares of the vertical 
distances from the line. For the point (8, 8.7) the corresponding point on the line has y = 8m, so 


Vertical distance = |8m — 8.7]. 
We find distances from the other points similarly. Thus we want to minimize 
S = (8m — 8.7)? + (125m — 140.3)? + (343m — 355.8)? + (512m — 539.2)?. 
Differentiating with respect to m, which is the variable, and setting the derivative to zero: 


dS 


Fy = 2(8m — 8.7) 8+ 2(125m — 140.3) - 125 + 2(343m — 355.8) -343 + 2(512m — 539.2) -512 = 0. 
™m 
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After canceling a 2, solving for m leads to the equation 


87m + 1252m + 3432m + 5122m = 8-8.7 + 125- 140.3 + 343 - 355.8 + 512 - 539.2 
m = 1.051. 


Thus, & = 1.051 and the relationship between V and r is 
V= L.081r*. 


(In fact, the correct relationship is V = rr? /3, so the exact value of k is 7/3 = 1.047.) 

(c) The best fitting line minimizes the sum of the squares of the vertical distances from points to the line. 
Since the point on the line y = mz corresponding to (21, y1) is the point with y = ma‘1; for this point we 
have 

Vertical distance = |ma, — yi}. 


We calculate the distance from the other points similarly. Thus we want to minimize 
S = (may = yi)? + (mx ~_ yo)? ieee (Man _ ie 
The variable is m (the x;s and y;s are all constants), so 


ds 


oa 2(may — y1)x1 + 2(mag — yo)vq + +++ + 2(MAy — Yn)tn = 0 





(mat +05 +--+ +02) — (e1ys + cay2 +--+ + 2nyn)) = 0. 
Solving for m gives 


n 
sith 
Lyi t+ 2y2+-°++2nYn _ » = 


2 2 2 n - 

T+re@Myte +s 

dt 2 n 2 
= 





4. (a) (i) We want to minimize A, the total area lost to the forest, which is made up of n firebreaks and 1 stand 
of trees lying between firebreaks. The area of each firebreak is (50 km)(0.01 km) = 0.5 km?, so 
the total area lost to the firebreaks is 0.5n km”. There are n total stands of trees between firebreaks. 
The area of a single stand of trees can be found by subtracting the firebreak area from the forest and 
dividing by n, so 

2500 — 0.5n 


n 


Area of one stand of trees = 
Thus, the total area lost is 


A= Area of one stand + Area lost to firebreaks 


2500 — 0. ? 
ie a 
n nm 


We assume that A is a differentiable function of a continuous variable, n. Differentiating this function 
yields 
dA 2500 
dn nn 
At critical points, dA/dn = 0, so 0.5 = 2500/n? orn = \/2500/0.5 © 70.7. Since n must be an 
integer, we check that when n = 71, A = 70.211 and when n = 70, A = 70.214. Thus, n = 71 gives 
a smaller area lost. 
We can check that this is a local minimum since the second derivative is positive everywhere 


PA _ 5000 56 

dn? n3 
Finally, we check the endpoints: n = 1 yields the entire forest lost after a fire, since there is only 
one stand of trees in this case and it all burns. The largest n is 5000, and in this case the firebreaks 


remove the entire forest. Both of these cases maximize the area of forest lost. Thus, n = 71 is a global 
minimum. So 71 firebreaks minimizes the area of forest lost. 





+ 0.5. 
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(ii) Repeating the calculation using b for the width gives 


2 
An 250 es0in, 
it) 


and 
dA —2500 


dn n2 


with a critical point when b = 50/n? son = \/50/b. So, for example, if we make the width b four 
times as large we need half as many firebreaks. 
(b) We want to minimize A, the total area lost to the forest, which is made up of n firebreaks in one direction, 
n firebreaks in the other, and one square of trees surrounded by firebreaks. The area of each firebreak is 
0.5 km?, and there are 2n of them, giving a total of 0.5 - 2n. But this is larger than the total area covered 
by the firebreaks, since it counts the small intersection squares, of size (0.01)?, twice. Since there are n? 
intersections, we must subtract (0.01)?n? from the total area of the 2n firebreaks. Thus, 





+ 50b, 


Area covered by the firebreaks = 0.5 - 2n — (0.01)?n?. 


To this we must add the area of one square patch of trees lost in a fire. These are squares of side (50 — 
0.01n)/n = 50/n — 0.01. Thus the total area lost is 


A=n-—0.0001n? + (50/n — 0.01)? 


Treating n as a continuous variable and differentiating this function yields 


A =) 
dA _ 1 _.0002n +2 0 001 = . 
dn n n? 


Using a computer algebra system to find critical points we find that dA/dn = 0 when n = 17 and 
n = 5000. Thus n = 17 gives a minimum lost area, since the endpoints of n = 1 and n = 5000 both yield 
A = 2500 or the entire forest lost. So we use 17 firebreaks in each direction. 


Solutions for Section 5.1 
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CHAPTER FIVE 


Exercises 





1. (a) Left sum 


(b) Upper estimate 

(c) 6 

(d) At =2 

(e) Upper estimate is approximately 4-2+4+2.9-24+2-241.5-241-2+4+0.8-2 = 24.4. 


. (a) (i) Since the velocity is increasing, for an upper estimate we use a right sum. Using n = 4, we have At = 3, so 
Upper estimate = (37)(3) + (38)(3) + (40)(3) + (45)(3) = 480. 


(ii) Using n = 2, we have At = 6, so 





Upper estimate = (38)(6) + (45)(6) = 498. 


(b) The answer using n = 4 is more accurate as it uses the values of v(t) when t = 3 and t = 9. 
(c) Since the velocity is increasing, for a lower estimate we use a left sum. Using n = 4, we have At = 3, so 


Lower estimate = (34)(3) + (37)(3) + (88)(3) + (40)(3) = 447. 
. (a) Since the velocity is decreasing, for an upper estimate, we use a left sum. With n = 5,we have At = 2. Then 
Upper estimate = (44)(2) + (42)(2) + (41)(2) + (40)(2) + (37)(2) = 408. 


(b) For a lower estimate, we use a right sum, so 














Lower estimate = (42)(2) + (41)(2) + (40)(2) + (37)(2) + (35)(2) = 390. 


. (a) Lower estimate = 60 + 40 + 25 + 10+ 0 = 135 feet. Upper estimate = 88 + 60 + 40 + 25 + 10 = 223 feet. 
(b) See Figure 5.1. 


velcoity 


88 


























time 





1 2 3 4 5 


Figure 5.1 


(c) The difference between the estimates = 223 — 135 = 88 feet. This is the sum of the lightly shaded areas in the graph, 
namely (88 — 0) - 1 = 88 feet. 
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10. 


11. 
12. 


13. 
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The distance traveled is represented by area under the velocity curve. We can approximate the area using left- and right- 
hand sums. Alternatively, counting the squares (each of which has area 10), and allowing for the broken squares, we can 
see that the area under the curve from 0 to 6 is between 140 and 150. Hence the distance traveled is between 140 and 150 
meters. 


Using At = 2, 


Lower estimate = v(0) - 2+ v(2)-2+4 v(4)-2 
= 1(2) + 5(2) + 17(2) 
= 46 
Upper estimate = v(2) - 2+ v(4)- 2+ v(6)- 2 
= 5(2) + 17(2) + 37(2) 


= 118 
Average = ane = 82 


Distance traveled ~ 82 meters. 





. (a) The velocity is always positive, so the particle is moving in the same direction throughout. However, the particle is 


speeding up until shortly before t = 0, and slowing down thereafter. 

(b) The distance traveled is represented by the area under the curve. We can calculate over and understimates for the area 
using a combination of left- and right-hand sums. Alternatively, using whole grid squares, we can overestimate the 
areaas3 +34+3+3+2+1= 15cm, and we can underestimate the area as 1 +2+2+1+0+0=6cm. 


. Using At = 0.2, our upper estimate is 


1 1 1 1 1 


— (0.2 0.2 0.2 0.2 0.2) © 0.75. 
+0! + 7792! )+ 779A! +7396! +7390! ) 














The lower estimate is 


al 1 iL 1 1 
0.2 0.2 0.2 0.2) —— (0.2) = 0.65. 
T4020! )+ 39a! + 396! )+ ) ez) 


1+ 0.8 1+1 














Since v is a decreasing function, the bug has crawled more than 0.65 meters, but less than 0.75 meters. We average the 


two to get a better estimate: 
0.65 + 0.75 


5 = 0.70 meters. 


. From t = 0 to t = 3 the velocity is constant and positive, so the change in position is 2 - 3 cm, that is 6 cm to the right. 


From t = 3 tot = 5, the velocity is negative and constant, so the change in position is —3 - 2 cm, that is 6 cm to the left. 
Thus the total change in position is 0. The particle moves 6 cm to the right, followed by 6 cm to the left, and returns to 
where it started. 

From t = 0 tot = 5 the velocity is positive so the change in position is to the right. The area under the velocity graph 
gives the distance traveled. The region is a triangle, and so has area (1/2)bh = (1/2)5- 10 = 25. Thus the change in 
position is 25 cm to the right. 

The velocity is constant and negative, so the change in position is —3 - 5 cm, that is 15 cm to the left. 

From t = 0 tot = 4 the velocity is positive so the change in position is to the right. The area under the velocity graph 
gives the distance traveled. The region is a triangle, and so has area (1/2)bh = (1/2)4-8 = 16. Thus the change in 
position is 16 cm to the right for t = 0 to t = 4. From t = 4 tot = 5, the velocity is negative so the change in position is 
to the left. The distance traveled to the left is given by the area of the triangle, (1/2)bh = (1/2)1- 2 = 1. Thus the total 
change in position is 16 — 1 = 15 cm to the right. 


(a) With n = 4, we have At = 2. Then 








to = 15,t1 =17,te =19,t3 =21,ts =23 and f(to) = 10, f(ti) = 13, f(t2) = 18, f(ts) = 20, f(ta) = 30 


(b) 


Left sum = (10)(2) + (13)(2) + (18)(2) + (20)(2) = 122 
Right sum = (13)(2) + (18)(2) + (20)(2) + (30)(2) = 162. 











14. 
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(c) With n = 2,we have At = 4. Then 
to = 15,t1 =19,t2 = 23 and f(to) = 10, f(ti) = 18, f(t2) = 30 








(d) 
Left sum = (10)(4) + (18)(4) = 112 
Right sum = (18)(4) + (30)(4) = 192. 





(a) With n = 4, we have At = 4. Then 
to 0, ti 4, te 8, tz 12, ta 16 and f (to) = 25, f (ti) = 23, f (t2) =22. f (ts) = 20, f (ta) =17 








(b) 
Left sum = (25)(4) + (23)(4) + (22)(4) + (20)(4) = 
Right sum = (23)(4) + (22)(4) + (20)(4) + (17)(4) = 
(c) With n = 2,we have At = 8. Then 
to =0,t1 = 8,t2=16 and f(to) = 25, f(ti) = 22, f(te) =17 











(d) 
Left sum = (25)(8) + (22)(8) = 376 
Right sum = (22)(8) + (17)(8) = 312. 





Problems 





15. 


16. 


(a) Note that 15 minutes equals 0.25 hours. Lower estimate = 11(0.25) + 10(0.25) = 5.25 miles. Upper estimate 
= 12(0.25) + 11(0.25) = 5.75 miles. 

(b) Lower estimate = 11(0.25) + 10(0.25) + 10(0.25) + 8(0.25) + 7(0.25) + 0(0.25) = 11.5 miles. Upper estimate 
= 12(0.25) + 11(0.25) + 10(0.25) + 10(0.25) + 8(0.25) + 7(0.25) = 14.5 miles. 

(c) The difference between Roger’s pace at the beginning and the end of his run is 12 mph. If the time between the 
measurements is h, then the difference between the upper and lower estimates is 12h. We want 12h < 0.1, so 


h< > = 0.0083 hours = 30 seconds 





Thus Jeff would have to measure Roger’s pace every 30 seconds. 


The change in position is calculated from the area between the velocity graph and the t-axis, with the region below the 
axis corresponding to negatives velocities and counting negatively. 

Figure 5.2 shows the graph of f(t). From t = 0 to t = 3 the velocity is positive. The region under the graph of f(t) 
is a triangle with height 6 cm/sec and base 3 seconds. Thus, from t = 0 to t = 3, the particle moves 


: : 1 : 
Distance moved to right = 3° 3-6 = 9 centimeters. 


From t = 3 tot = 4, the velocity is negative. The region between the graph of f(t) and the t-axis is a triangle with height 
2 cm/sec and base 1 second, so in this interval the particle moves 


Distance moved to left = ; - 1-2 = 1 centimeter. 


Thus, the total change in position is 9 — 1 = 8 centimeters to the right. 


y 





Motion to right: 9 cm 





Motion to left: 1 cm 


Figure 5.2 
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17. Since f is increasing, the right-hand sum is the upper estimate and the left-hand sum is the lower estimate. We have 
f(a) = 13, f(b) = 23 and At = (b— a)/n = 2/100. Thus, 


|Difference in estimates] = | f(b) — f(a)|At 


1 1 
= |23 — 13) — = =. 
| 50 5 


18. Since f is decreasing, the right-hand sum is the lower estimate and the left-hand sum is the upper estimate. We have 
f(a) = 24, f(b) = 9 and At = (b— a)/n = 3/500. Thus, 


|Difference in estimates] = | f(b) — f(a)|At 
3 
= |9 — 24/—— = 0.09. 
| | 500 


19. Since f is increasing, the right-hand sum is the upper estimate and the left-hand sum is the lower estimate. We have 
f(O) =0, f(a/2) = 1 and At = (b— a)/n = 7/200. Thus, 
|Difference in estimates| = | f(b) — f(a)|At 
T 
= |1 — 0/—~ = 0.0157. 
| | 200 


20. Since f is decreasing, the right-hand sum is the lower estimate and the left-hand sum is the upper estimate. We have 
f(0) =1, f(2) =e? and At = (b— a)/n = 2/20 = 1/10. Thus, 





|Difference in estimates| = | f(b) — f(a)|At 


=|e?- ae = 0.086. 


21. (a) See Figure 5.3. 

(b) The peak of the flight is when the velocity is 0, namely t = 3. The height at t = 3 is given by the area under the 
graph of the velocity from t = 0 to t = 3; see Figure 5.3. The region is a triangle of base 3 seconds and altitude 96 
ft/sec, so the height is (1/2)3 - 96 = 144 feet. 

(c) The velocity is negative from t = 3 to t = 5, so the motion is downward then. The distance traveled downward can 
be calculated by the area of the triangular region which has base of 2 seconds and altitude of —64 ft/sec. Thus, the 
baseball travels (1/2)2 - 64 = 64 feet downward from its peak height of 144 feet at t = 3. Thus, the height at time 
t = 5 is the total change in position, 144 — 64 = 80 feet. 


96 





—96 v(t) 


Figure 5.3 


22. From t = 0 to t = 3, you are moving away from home (v > 0); thereafter you move back toward home. So you are the 
farthest from home at t = 3. To find how far you are then, we can measure the area under the v curve as about 9 squares, 
or 9- 10 km/hr - 1 hr = 90 km. To find how far away from home you are at t = 5, we measure the area from t = 3 to 
t = 5 as about 25 km, except that this distance is directed toward home, giving a total distance from home during the trip 
of 90 — 25 = 65 km. 


23. 


24. 


25. 


26. 


27. 
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(a) When the aircraft is climbing at v ft/min, it takes 1/v minutes to climb 1 foot. Therefore 














1 min 1 min 1 min 
L timate = 1000 ft) + ( ——— } (1000 ft) + --- + ( —— ) (1000 ft 
eee (ssn) noe) (= ") ee) (sos ") ee 
x 14.73 minutes. 
; 1 min 1 min 1 min 
Upper estimate = (=) (1000 ft) SF (=>) (1000 ft) sp te se (=) (1000 ft) 


~ 15.93 minutes. 


Note: The Pilot Operating Manual for this aircraft gives 16 minutes as the estimated time required to climb to 10,000 
ft. 
(b) The difference between upper and lower sums with Aa = 500 ft would be 


1 min 1 min 


Difference = (a 70h  925h 


) (500 ft) = 0.60 minutes. 


(a) At t = 20 minutes, she stops moving toward the lake (with v > 0) and starts to move away from the lake (with 
v <0). So at ¢ = 20 minutes the cyclist turns around. 

(b) The cyclist is going the fastest when v has the greatest magnitude, either positive or negative. Looking at the graph, 
we can see that this occurs at t = 40 minutes, when v = —25 and the cyclist is pedaling at 25 km/hr away from the 
lake. 

(c) From t = 0 to t = 20 minutes, the cyclist comes closer to the lake, since v > 0; thereafter, v < 0 so the cyclist 
moves away from the lake. So at £ = 20 minutes, the cyclist comes the closest to the lake. To find out how close she 
is, note that between t = 0 and t = 20 minutes the distance she has come closer is equal to the area under the graph 
of v. Each box represents 5/6 of a kilometer, and there are about 2.5 boxes under the graph, giving a distance of about 
2 km. Since she was originally 5 km away, she then is about 5 — 2 = 3 km from the lake. 

(d) At t = 20 minutes she turns around , since v changes sign then. Since the area below the t-axis is greater than the 
area above, the farthest she is from the lake is at t = 60 minutes. Between t = 20 and t = 60 minutes, the area under 
the graph is about 10.8 km. (Since 13 boxes - 5/6 = 10.8.) So at t = 60 she will be about 3 + 10.8 = 13.8 km from 
the lake. 


(a) Since car B starts at t = 2, the tick marks on the horizontal axis (which we assume are equally spaced) are 2 hours 
apart. Thus car B stops at t = 6 and travels for 4 hours. 
Car A starts at t = 0 and stops at t = 8, so it travels for 8 hours. 

(b) Car A’s maximum velocity is approximately twice that of car B, that is 100 km/hr. 

(c) The distance traveled is given by the area of under the velocity graph. Using the formula for the area of a triangle, the 
distances are given approximately by 

-8- 100 = 400 km 


Car A travels = — - Base - Height = 


Car B travels = — - Base - Height = ~- 4-50 = 100 km. 


Nl pele 
Nl ple 


(a) Car A has the largest maximum velocity because the peak of car A’s velocity curve is higher than the peak of B’s. 
(b) Car A stops first because the curve representing its velocity hits zero (on the t-axis) first. 
(c) Car B travels farther because the area under car B’s velocity curve is the larger. 


(a) See Figure 5.4. 

(b) The distance traveled is the area under the graph of the velocity in Figure 5.4. The region is a triangle of base 5 
seconds and altitude 50 ft/sec, so the distance traveled is (1/2)5 - 50 = 125 feet. 

(c) The slope of the graph of the velocity function is the same, so the triangular region under it has twice the altitude and 
twice the base (it takes twice as long to stop). See Figure 5.5. Thus, the area is 4 times as large and the car travels 4 
times as far. 
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100 


50 50 








Figure 5.4 Figure 5.5 


28. The graph of her velocity against time is a straight line from 0 mph to 60 mph; see Figure 5.6. Since the distance traveled 
is the area under the curve, we have 


Shaded area = 5 -t- 60 = 10 miles 
Solving for t gives 


as sin = 20 minutes . 


velocity (mph) 


al poses 


Area = 10 





time (hr 
: (hr) 


Figure 5.6 


29. Since acceleration is the derivative of velocity (a(t) = v'(t)), and a(t) is a constant, v(t) must be a linear function. Its 
v-intercept is 0 since the object has zero initial velocity. Thus the graph of v is a line through the origin with slope 32 and 
equation v(t) = 32t ft/sec. See Figure 5.7. 

Using At = 1, the right sum, 32 + 64 + 96 + 128 = 320 feet, is an upper bound on the distance traveled. The left 
sum, 0 + 32 + 64 + 96 = 192 feet, is a lower bound. 

To find the actual distance, we find the exact area of the region below the line—it is the triangle in Figure 5.7 with 
height 32 - 4 = 128 and base 4, so its area is 256 ft. 


128 + 










96 5 


u(t) = 32t 
si (t) 


32 





Figure 5.7 


30. No, the 2010 Prius Plug-in Prototype cannot travel half a mile in EV-only mode in under 25 seconds, because the upper 
estimate for the distance traveled in 25 seconds is only about 0.3 miles. To see this, we convert seconds to hours (1 sec 
= 1/3600 hours) so that the upper distance estimate is in miles: 


Total distance traveled 5 5 5 5 5 


bet t 2 20 - —— -—— +45-— _— _— .3 mil 
etween O and ¢ 5 0 3600 1 °° 3600 + 5 3600 1 2 3600 1” 771 i 
(Upper estimate) 








31. 
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To estimate the distance between the two cars at t = 15, we calculate upper and lower bound estimates for this distance 
and then average these estimates. Note that because the speed of the Prius is in miles per hour, we need to convert seconds 
to hours (1 sec = 1/3600 hours) to calculate the distance estimates in miles. We may then convert miles to feet (1 mile 
= 5280 feet). 


Distance between cars at t = 15 


(Upper Estimate) Difference in speeds at t = 5) - (Travel time) 


Difference in speeds at t = 10) - (Travel time) 





= ( 
 ( 
+ (Difference in speeds at t = 15) - (Travel time) 

= ( + (70 — 45) - ae = 0.081 miles 


peel) 3600 


+ (53:— 33) - 


3600 3600 


Distance between cars at t = 15 


(Lower Estimates Difference in speeds at t = 0) - (Travel time) 


Difference in speeds at t = 5) - (Travel time) 





Difference in speeds at t = 10) - (Travel time) 


+ (53 — 33) - eee 0.046 miles 


+ (33 — 20) - 3600 


* 3600 3600 


Since: 
Average of Lower and Upper Estimates of  __ 0.081 + 0.046 


distance between cars at t = 15 _ 2 
the distance between the two cars is about 335 feet, 15 seconds after leaving the stoplight. 


= 0.0635 miles = 335 feet, 


Strengthen Your Understanding 





32. 


33. 


34. 


35. 


36. 


37. 


This is only true if the car accelerates at a constant rate, that is, if the graph of the velocity is a linear function increasing 
from 0 to 50 in 10 seconds. If the graph of velocity is above that line, the car travels further, and if the graph of velocity 
is below that line the car travels less far. 

Recording the velocity every 0.1 seconds means there are 10 subdivisions, so if the velocity of the car in ft/sec is f(t) 
after t seconds, and if f is increasing during the second, then the difference between the lower and upper estimates is 


b-a 
10 ’ 





(f(b) — f(a) 


where [a, b] is the interval during which the velocity is recorded. Since the interval is one second long, b — a = 1, so the 
difference is (f(b) — f(a))/10. This could be much bigger than 0.1 feet if the car is accelerating quickly. For example, if 
f(a) =O and f(b) = 10, then the difference between the estimates is 1 foot. 


If f is decreasing on the interval then the right sum is less than the left sum, so f(x) = x”, [a,b] = [—2,—1] is an 
example. 
If f(t) is increasing on the interval [a, b], then the difference between the upper and lower estimates is | f(b) — f(a)|-At = 


| f(b) — f(a)|(b — a)/n, where n is the number of subdivisions. So if, for example, f(b) — f(a) = 10 andb-—a=1, 
then b 46 
—a 

IF) — f(@|-—* ==, 
and n would have to be > 100 to make this < 0.1. A velocity function and interval that satisfy these conditions are 
f(x) = 102 and [a, b] = [0, 1]. 
True. Since the velocity is increasing, each term in the left-hand sum is less than the corresponding term in the right-hand 
sum. 





True. If the velocity is f(t) and the interval isa < t < b, then 
Difference between left and right sums = (f(a) — f(b)) - At. 


Since At is halved when the number of subdivisions is doubled, the difference is halved also. 
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38. False. For example, for a constant function, the difference does not get smaller, since it is always 0. Another example is 
the velocity function f(x) = x? on the interval —1 < x < 1. By the symmetry of the graph, for an even number of 
subdivisions the difference between the left and right sums is always 0. 

39. (a) On [3, 5] and on [9, 10], since v = 0 there. 

(b) 3600 feet to the east, since this is the area under the velocity curve between t = 0 and t = 3. 
(c) Att = 8 minutes, since the areas above and below the curve between t = 0 and t = 8 are equal. 
(d) It will take her 30 seconds longer. By calculating areas, we see that at t = 11, 


Distance from home = 2-30-60 —3-30-60+0.5- 30-60 = —900 feet. 


Thus, at t = 11, she is 900 feet west of home. At a velocity of 30 ft/sec eastward, it takes 900/30 = 30 seconds to 
get home. 


Solutions for Section 5.2 


Exercises 





1. (a) Right sum 
(b) Upper estimate 
(c) 3 
(d) Av = 2 
2. (a) Left sum 
(b) Lower estimate 
(c) 3 
(d) Ar = 2 
3. (a) Left-hand sum. Right-hand sum would be smaller. 
(b) We havea = 0,b=2,n=6,Ar=2=4 

















6 3° 
4. a2 SI 32 
24 24 
16 16 F(t) 

8 8 

t t 

2 4 6 8 2 4 6 8 
Figure 5.8: Left Sum, At = 4 Figure 5.9: Right Sum, At = 4 


(a) Left-hand sum = 32-4 + 24-4 = 224, 
(b) Right-hand sum = 24-4+4+0-4= 96. 
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24 24 
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h(t) f(t) 
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t t 
2 4 6 8 2 4 6 8 
Figure 5.10: Left Sum, At = 2 Figure 5.11: Right Sum, At = 2 


(c) Left-hand sum = 32-2 + 30-2+4+ 24-24 14-2 = 200. 
(d) Right-hand sum = 30-2+ 24-24 14-2+0-2= 136. 





10. 


11. 


12. 


13. 


14. 



































5.2 SOLUTIONS 
4 
. We use a calculator or computer to see that / (a? + x) dx = 28.5. 
1 
3 
. We use a calculator or computer to see that | 2°dx = 10.0989. 
0 
- 2 
. We use a calculator or computer to see that / e” dx = 1.4936. 
-1 
3 
. We use a calculator or computer to see that | In(y? + 1) dy = 3.406. 
0 
1 
. We use a calculator or computer to see that i sin(t”)dt = 0.3103. 
0 
4 
We use a calculator or computer to see that / ve? +zdz=6.111. 
3 
We estimate I. ~ f(x)dz using left- and right-hand sums: 
Left sum = 350 - 10 + 410- 10 + 435 - 10 + 450 - 10 = 16,450. 
Right sum = 410-10 + 435 - 10 + 450 - 10 + 460 - 10 = 17,550. 
We estimate that 
ve. 4 1 
fra te 6 es 7550 _ = 17,000. 
In this estimate, we used n = 4 and Ax = 10. 
With Az = 3, we have 
Left-hand sum = 3(32 + 22 + 15 + 11) = 240, 
Right-hand sum = 3(22+15+11+4 9) = 171. 
The average of these two sums is our best guess for the value of the integral; 
~ 24 171 
[ f(a he = 205.5. 
~~ 
We take Ax = 3. Then: 
Left-hand sum = 50(3) + 48(3) + 44(3) + 36(3) + 24(3) 
= 606 
Right-hand sum = 48(3) + 44(3) + 36(3) + 24(3) + 8(3) 
= 480 
Average = “ = 543. 
So, 
15 
i: f(x) dx © 543. 
0 
Since we have 5 subdivisions, 
te a aie. 
n 5 
The interval begins at x = 3 and ends at x = 7. Table 5.1 gives the value of f(z) at the pertinent points. 
Table 5.1 
x 7.0 
1 
f(x) Ta70 
So a right-hand sum is 
1 1 1 
(0.8) (0.8) rs (0.8) 
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20 
15. / f(a) dx is equal to the area shaded in Figure 5.12. We estimate the area by counting boxes. There are about 15 boxes 
0 


and each box represents 4 square units, so the area shaded is about 60. We have 


20 
/ f(x) dx = 60. 
0 
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Figure 5.12 


16. We know that 
/ f(a)dx = Area under f(x) between x = —10 and x = 15. 
—10 


The area under the curve consists of approximately 14 boxes, and each box has area (5)(5) = 25. Thus, the area under 
the curve is about (14)(25) = 350, so 


15 
/ f(x)dx © 350. 
—10 


17. We know that ‘ 
/ f(x)dx = Area above the axis — Area below the axis. 
-3 


The area above the axis is about 3 boxes. Since each box has area (1)(5) = 5, the area above the axis is about (3)(5) = 15. 
The area below the axis is about 11 boxes, giving an area of about (11)(5) = 55. We have 


/ f(a)dx = 15 — 55 = —40. 


3 


Problems 





18. The graph given shows that f is positive for 0 < t < 1. Since the graph is contained within a rectangle of height 100 and 
length 1, the answers —98.35 and 100.12 are both either too small or too large to represent I. f (t)dt. Since the graph of 
f is above the horizontal line y = 80 for 0 < t < 0.95, the best estimate is IV, 93.47 and not 71.84. 


19. (a) The total area between f(x) and the x-axis is the sum of the two given areas, so 
Area = 7+6= 18. 


(b) To find the integral, we note that from x = 3 to x = 5, the function lies below the x-axis, and hence makes a negative 
contribution to the integral. So 


[seoar= fi neyars [ seyte=7-6=1. 
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20. The graph of y = 4 — x” crosses the x-axis at x = 2 since solving y = 4 — x” = 0 gives x = +2. See Figure 5.13. To 
find the total area, we find the area above the axis and the area below the axis separately. We have 


2 3 
i (4 — a”)dax = 5.3333 and / (4 — a”)dx = —2.3333. 
0 2 


As expected, the integral from 2 to 3 is negative. The area above the axis is 5.3333 and the area below the axis is 2.3333, 
so 





Total area = 5.3333 + 2.3333 = 7.6666. 
Thus the area is 7.667. 









y 
4 
}+- 2£ 
2 3 
y=4- x? 
Figure 5.13 
21. (a) The graph of f(x) = x? — x crosses the x-axis at x = 1 since solving f(x) = x? — « = O gives x = Oand x = +1. 





See Figure 5.14. To find the total area, we find the area above the axis and the area below the axis separately. We have 


1 3 
/ (a? — x)dx =—0.25 and / (a? — x)dx = 16. 
0 1 
As expected, the integral from 0 to | is negative. The area above the axis is 16 and the area below the axis is 0.25 so 

Total area = 16.25. 
(b) We have 

3 

/ (a? — x)dx = 15.75. 
0 


Notice that the integral is equal to the area above the axis minus the area below the axis, as expected. 
(c) No, they are not the same, since the integral counts area below the axis negatively while total area counts all area as 
positive. The two answers are not expected to be the same unless all the area lies above the horizontal axis. 


y 











Figure 5.14 


22. A graph of y = 6x? — 2 shows that this function is nonnegative on the interval 2 = 5 to = 10. Thus, 


10 
Area = i: (6x? — 2) dx = 14,052.5. 


5 


The integral was evaluated on a calculator. 
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23. Since cost > 0 for 0 < t < 7/2, the area is given by 


n/2 
Area -| cost dt = 1. 
0 


The integral was evaluated on a calculator. 


24. A graph of y = In shows that this function is non-negative on the interval « = 1 to x = 4. Thus, 


4 
Area = Ina dx = 2.545. 
1 


The integral was evaluated on a calculator. 


25. A graph of y = 2.cos(t/10) shows that this function is nonnegative on the interval t = 1 to t = 2. Thus, 
° t 
Area = 2cos — dt = 1.977. 
‘i 10 


The integral was evaluated on a calculator. 


26. Since cos \/z > 0 for0 < x < 2, the area is given by 


2 
Area -| cos \/x dx = 1.106. 
0 


The integral was evaluated on a calculator. 





27. The graph of y = 7 — x” has intercepts 2 = +,/7. See Figure 5.15. Therefore we have 





V7 

Area = / (7 — x”) dx = 24.694. 
—v7 

The integral was evaluated on a calculator. 


y=7—2? 








Figure 5.15 





28. The graph of y = x* — 8 has intercepts ¢ = + 1/8. See Figure 5.16. Since the region is below the x-axis, the integral is 
negative, so 
v8 
Area = -| (x* — 8) dx = 21.527. 
-~ v8 
The integral was evaluated on a calculator. 


y=a*—8 








Figure 5.16 
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29. (a) The area between the graph of f and the x-axis between x = a and x = bis 13, so 


/ f(x) dx = 13. 


(b) Since the graph of f(a) is below the x-axis forb < x <c, 


[1 dx = —2. 


(c) Since the graph of f(2:) is above the x-axis for a < x < band below for b < x <c, 
/ f(x) dx =13-2=11. 


(d) The graph of | f(a)| is the same as the graph of f(x) except that the part below the x-axis is reflected to be above it. 
See Figure 5.17. Thus 


[ eolae= 1342-16. 





If(x)| 
Area = 13 
Area = 2 
x 
a b c 
Figure 5.17 


30. The region shaded between x = 0 and x = 2 appears to have approximately the same area as the region shaded between 
x = —2 and x = 0, but it lies below the axis. Since le f(x)dx = 4, we have the following results: 


(a) i f(a)da x -f, f(a)de = —4, 


() f°, f(a)de ~4-4=0. 
(c) The total area shaded is approximately 4+ 4 = 8. 


0 
31. @ | f(x) dx = —2. 
£3 


4 0 3 4 A A 
(b) | sede = | sede + | se)ae+ | f(x)dx =-242-=—=--—. 
-3 ~3 0 3 2 2 


32. We can compute each integral in this problem by finding the difference between the area that lies above the x-axis and the 
area that lies below the x-axis on the given interval. 





(a) For 4 : f(x) dx, on 0 < x < 1 the area under the graph is 1; on 1 < x < 2 the areas above and below the x-axis are 


equal and cancel each other out. Therefore, J. i f(x) dx =1. 
(b) On 3 < x < 7 the graph of f(z) is the upper half circle of radius 2 centered at (5,0). The integral is equal to the 
area between the graph of f(a) and the x-axis, which is the area of a semicircle of radius 2. This area is 277, and so 


7 2 
2 
| f(x) dx = Fe = On. 
7 By 
(c) On 2 < x < 7 we are looking at two areas: We already know that the area of the semicircle on 3 < # < 7is 27. On 
2 < x <3, the graph lies below the x-axis and the area of the triangle is 3. Therefore, 


: 1 
/ f(x) dx = —= 4+ 2n. 
: 2 


(d) For this portion of the problem, we can split the region between the graph and the x-axis into a quarter circle on 
5 < a < Tanda trapezoid on 7 < x < 8 below the x-axis. The semicircle has area 7, the trapezoid has area 3/2. 


Therefore, 
. 3 
/ f(x) dx =m — 3° 
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33. (a) 











(b) Ai 


0 
/ f(x) dx = 2.667. 
~2 
1 


Ao = -| f(x) dx = 0.417. 


0 
So total area = A; + Ao & 3.084. Note that while A, and Ag are accurate to 3 decimal places, the quoted value for 
A, + Az is accurate only to 2 decimal places. 


ni 
(c) / f(a) dx = Ay — Ag = 2.250. 
—2 


4 
34. / cos \/x dx = 0.80 = Area A; — Area Apo. See Figure 5.18. 
0 








Figure 5.18 


35. Looking at the graph of e * sin x for0 < x < 27 in Figure 5.19, we see that the area, Ai, below the curve for0 < «<7 
is much greater than the area, Az, above the curve for 7 < x < 27. Thus, the integral is 


Qn 
| e *sinadx = A; — Ao > 0. 
0 

















uv 20 


Figure 5.19 


. — 2 . . . . . . . 
36. Since e * is decreasing between x = 0 and x = 1, the left sum is an overestimate and the right sum is an underestimate 


of the integral. Letting f(x) = oe, we divide the interval 0 < x < 1 into n = 5 sub-intervals to create Table 5.2. 


(a) 


(b) 


37. (a) 


(b) 


(c) 


 sin t cost. 
dx \2 2 


(i) Using a calculator, ris sin t cos t dt = 0.056 
(ii) The Fundamental Theorem of Calculus tells us that the integral is 


NI 


0.4 
f sint cost dt = F(0.4) — F (0.2) = = (sin? (0.4) — sin? (0.2)) = 0.05609. 
0.2 


18. (a) By the chain rule, 


(i) Using a calculator, S 2ye7 dx = 1.718. 
(ii) The Fundamental Theorem of Calculus says we can get the exact value of the integral by looking at 


1 " 3 
n 2xe" dz = F(1) - F(0) =e — e" = e — 1 = 171828. 
0 


19. (a) On day 12 pollution is removed from the lake at a rate of 500 kg/day. 

(b) The limits of the integral are t = 5 and t = 15. Since t is time in days, the units of the 5 and 15 are days. The units 
of the integral are obtained by multiplying the units of f(t), kg/day, by the units of dt, day. Thus the units of the 
integral are 

kg x day = kg. 

day 
The 4000 has units of kilograms. 

(c) The integral of a rate gives the total change. Here f(t) is the rate of change of the quantity of pollution that has been 
removed from the lake. The integral gives the change in the quantity of pollution that has been removed during the 
time interval; in other words, the total quantity removed during that time period. During the 10 days from day 5 to 
day 15, a total of 4000 kg were removed from the lake. 
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20. For any t, consider the interval |t, t+ At]. During this interval, oil is leaking out at an approximately constant rate of f (t) 


21. 


22. 


23. 


24. 


gallons/minute. Thus, the amount of oil which has leaked out during this interval can be expressed as 
Amount of oil leaked = Rate x Time = f(t) At 


and the units of f(t) At are gallons/minute x minutes = gallons. The total amount of oil leaked is obtained by adding 
all these amounts between t = 0 and t = 60. (An hour is 60 minutes.) The sum of all these infinitesimal amounts is the 
integral 


60 
Total amount of - | f(t) dt. 
oil leaked, in gallons 0 


2 
(a) The amount leaked between t = 0 and t = 2 is J R(t)dt. 
0 


(b) (0,2) 
2 
(1, 1.6) 
(2,1) 
: R(t) 
t 
1 2 


(c) The rectangular boxes on the diagram each have area 5 Of these 45 are wholly beneath the curve, hence the area 
under the curve is certainly more than = > 2.81. There are 9 more partially beneath the curve, and so the desired 
area is completely covered by 54 boxes. Therefore the area is less than E « 3.38. 

These are very safe estimates but far apart. We can do much better by estimating what fractions of the broken 
boxes are beneath the curve. Using this method, we can estimate the area to be about 3.2, which corresponds to 3.2 


gallons leaking over two hours. 


(a) Using rectangles under the curve, we get 
Acres defaced ~ (1)(0.2 + 0.4 + 1 + 2) = 3.6 acres. 


(b) Using rectangles above the curve, we get 


Acres defaced ~ (1)(0.4 + 1 4- 2 + 3.5) = 6.9 acres. 


(c) The number of acres defaced is between 3.6 and 6.9, so we estimate the average, 5.25 acres. 


(a) Quantity used — re f (t) dt. 
(b) Using a left sum, our approximation is 


39e PPO) 3949 POY 4.99 09501. 495400881 4.9940 0880 = 177.270. 


Since f is an increasing function, this represents an underestimate. 
(c) Each term is a lower estimate of one year's consumption of oil. 


(a) Solving v(t) = —4t? + 16t = 0 gives t = 0 and t = 4. At t = 0 the jump has just started; at t = 4 the jumper 
is momentarily stopped before starting back up. In Figure 5.34, we see the velocity is positive from t = 0 tot = 4 
and negative from t = 4 to t = 5. The total number of meters traveled is given by the total area between the velocity 
curve and the t-axis. We find the total area by finding the areas above and below the axis separately. We have 


4 5 
| (—4t? + 16t) dt = 42.6667 and J (—4t? + 16t) dt = —9.3333. 
0 4 


The jumper traveled 42.6667 meters downward and then 9.3333 meters upward, so 
Total number of meters traveled — 42.6667 4- 9.3333 — 52 meters. 
(b) Since the jumper fell 42.6667 meters downward and came back up 9.3333 meters, 


Ending position — 42.6667 — 9.3333 — 33.333 meters below the starting point. 
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(c) We find that 


5 


l (—4t? + 16t) dt = 33.333 meters. 
0 


Thus, the net change in position is a positive 33.333 meters, or 33.333 meters below the starting point. The net change 
is given by the integral, while the total number of meters traveled is given by the total area. 


u(t) = —4t? + 16t 


Figure 5.34 


25. (a) Note that the rate r(t) sometimes increases and sometimes decreases in the interval. We can calculate an upper 
estimate of the volume by choosing At = 5 and then choosing the highest value of r(t) on each interval, and 
similarly a lower estimate by choosing the lowest value of r(t) on each interval: 


Upper estimate = 5/20 + 24 + 24] = 340 liters. 
Lower estimate = 5[12 + 20 + 16] = 240 liters. 


(b) A graph of r(t) along with the areas represented by the choices of r(t) in calculating the lower estimate is shown in 
Figure 5.35. 


24 F 


16 F 
12 


t 


5 10 15 


Figure 5.35 


26. We use left- and right-hand sums to estimate the total amount of coal produced during this period: 
Left sum = (1.090)2 + (1.094)2 + (1.121)2 + (1.072)2 + (1.132)2 + (1.147)2 = 13.312. 


Right sum = (1.094)2 + (1.121)2 + (1.072)2 + (1.132)2 + (1.147)2 + (1.073)2 = 13.278. 


eet 13.312 + 13.278 
Total amount of coal produced ~ ————— — 13.295 billion tons. 
The total amount of coal produced is the definite integral of the rate of coal production r = f(t) given in the table. Since 


t is in years since 1997, the limits of integration are t = 0 and t = 12. We have 


12 
Total amount of coal produced — I J (t) dt billion tons. 
0 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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Since W is in tons per week and t is in weeks since January 1, 2005, the integral J. E W dt gives the amount of waste, in 
tons, produced during the year 2005. 


52 
Total waste during the year — f 3.75e7” 0t dt = 159.5249 tons. 
0 


Since waste removal costs $15/ton, the cost of waste removal for the company is 159.5249 - 15 — $2392.87. 


The total number of “worker-hours” is equal to the area under the curve. The total area is about 14.5 boxes. Since each 
box represents (10 workers)(8 hours) — 80 worker-hours, the total area is 1160 worker-hours. At $10 per hour, the total 
cost is $11,600. 


The time period 9am to 5pm is represented by the time t = 0 to t = 8 and t = 24 to t = 32. The area under the curve, 
or total number of worker-hours for these times, is about 9 boxes or 9(80) — 720 worker-hours. The total cost for 9am to 
5pm is (720)(10) — $7200. The area under the rest of the curve is about 5.5 boxes, or 5.5(80) — 440 worker-hours. The 
total cost for this time period is (440)(15) — $6600. The total cost is about 7200 4- 6600 — $13,800. 


The area under the curve represents the number of cubic feet of storage times the number of days the storage was used. 
This area is given by 


Area under graph = Area of rectangle + Area of triangle 
1 
= 30 - 10,000 + 3' 30(30,000 — 10,000) 
— 600,000. 
Since the warehouse charges $5 for every 10 cubic feet of storage used for a day, the company will have to pay 
(5)(60,000) — $300,000. 
If H(t) is the temperature of the coffee at time t, by the Fundamental Theorem of Calculus 


10 10 
Change in temperature = H(10) — H(0) = I H'(t) dt = n —Te 9" dt. 
0 0 


Therefore, 


10 
H(10) = H(0) + n —7(0.9") dt ~ 90 — 44.2 = 45.8°C. 
0 
The change in the amount of water is the integral of rate of change, so we have 


60 
Number of liters pumped out — | (5 — 5e°'!**)dt = 258.4 liters. 
0 


Since the tank contained 1000 liters of water initially, we see that 


Amount in tank after one hour — 1000 — 258.4 — 741.6 liters. 


By the Fundamental Theorem, 
1 
01) = 400) | reas 
0 


Since f'(x) is negative for 0 € æ < 1, this integral must be negative and so f(1) < f(0). 


First rewrite each of the quantities in terms of f’, since we have the graph of f’. If A1 and A» are the positive areas shown 
in Figure 5.36: 
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Since Area A; > Area A», 


Rat - ae 
SO 
disce - Soui 
and therefore 
5G) - £9) < 101710) & pay — Fea) 
y 


Figure 5.36 


35. We know that the the integral of F’, and therefore the work, can be obtained by computing the areas in Figure 5.37. 


F (newtons) 


x (meters) 


Figure 5.37 


16 
W= f F(x)dx = Area above x-axis — Area below x-axis 
0 
=A, +A, +A, = AY 
1 1 1 


ee Ue ey ee ee men 
2 TOS 2 


— 12 newton - meters. 


36. According to the Fundamental Theorem, 


ien fat 


a 2 2 
f(2) = r+ f e" dt, since f'(t)=e™. 
1 


We estimate the integral using left and right sums. Since f’(t) = e is decreasing between t = 1 and t = 2, the 
left sum overestimates and the right sum underestimates the integral. 
To find left- and right-hand sums of 5 rectangles, we let At = (2 — 1)/5 = 0.2. The table gives values of f’(t). 


37. 


38. 


39. 


40. 
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We have the following estimates: 


LHS = At (f'(1.0) + f'(1.2) + f'(1.4) + f'(1.6) + f'(1.8)) = 0.2 (0.862) = 0.1724 
RHS = At (f'(1.2) + f’(1.4) + f’(1.6) + f'(1.8) + f’(2.0)) = 0.2(0.512) = 0.1024. 


So " 
0.1024 < I e? dt < 0.1734. 
1 


Adding 7, we estimate that 
7.1024 < f(2) < 7.1724. 


All the integrals have positive values, since f > 0. The integral in (ii) is about one-half the integral in (i), due to the 
apparent symmetry of f. The integral in (iv) will be much larger than the integral in (i), since the two peaks of f? rise to 
10,000. The integral in (iii) will be smaller than half of the integral in (i), since the peaks in f 1/2 will only rise to 10. So 


[ven dx < [ f(x) dx < T f(x) dx < [oo dz. 


(a) V, since the slope is constant. 
(b) IV, since the net area under this curve is the most negative. 
(c) III, since the area under the curve is largest. 
(d) II, since the steepest ascent at t = 0 occurs on this curve. 
(e) IIL since average velocity is (total distance)/5, and III moves the largest total distance. 
oa 5 1 ee 
(f) I, since average acceleration is 5 v'(t) dt = 5 (5) — v(0)), and in I, the velocity increases the most from start 
0 
(t — 0) to finish (t — 5). 
To make this estimate, we first observe that, for constant speed, 


Miles traveled Speed - Time 
Fuel used = ———————— = —______. 
Miles/gallon Miles/gallon 
We make estimates at the start and end of each of the six intervals given. The 60 mph increase in speed (from 10 mph 
to 70 mph) takes half an hour, or 30 minutes. Since the speed increases at a constant rate, each 10 mph increase takes 5 
minutes. 
At the start of the first 5 minutes, the speed is 10 mph and at the end, the speed is 20 mph. Since 5min = 5/60 hour, 

during the first 5 minutes the distance traveled is between 


10- 4i mile and 20 - 2 mile. 
During this first five minute period, the speed is between 10 and 20 mph, so the fuel efficiency is between 15 mpg and 


18 mpg. So the fuel used during this period is between 


E : 10- » gallons and 5 : 20- 2 gallons. 


Thus, an underestimate of the fuel used is 


Fuel = (ig 104 5p 204 oy B04 57-40 + z 50+ 5-60) 2 0.788 gallons. 


18 21 23 24 25 26 60 
An overestimate of the fuel used is 
1 1 1 1 1 1 5 
Fuel = (x2 Tag Ota Otz 9D TED z 7) 60 = 1.032 gallons. 


We can get better bounds by using the actual distance traveled during each five minute period. For example, in the 

first five minutes the average speed is 15 mph (halfway between 10 and 20 mph because the speed is increasing at a 
constant rate). Since 5 minutes is 5/60 of an hour, in the first five minutes the car travels 15(5/60)=5/4 miles. Thus the fuel 
used during this period was between 

5 1 5 1 

—-— and —--—. 

4 18 4 15 
Using this method for each five minute period gives a lower estimate of 0.843 gallons and an upper estimate of 0.909 
gallons. 


The value of this integral tells us how much oil is pumped from the well between day t = 0 and day t = to. 
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42. 


43. 


44. 


45. 
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The time period from to to 2to is shorter (and contained within) the time period from 0 to 2to. Thus, the amount of oil 


to 
pumped out during the shorter time period, J r(t) dt, is less than the amount of oil pumped out in the longer timer 
to 


2to 2to 
i r(t) dt < | r(t) dt. 
to 0 


The length of the time period from 2t to 3to is the same as the length from to to 2to: both are to days. But the rate 
at which oil is pumped is going down, since r’(t) < 0. Thus, less oil is pumped out during the later time period, so 


3to 2to 
J r(t)dt < / r(t) dt. 
2to to 


3to 2to 2to 
We conclude that f r(t) dt < | r(t)dt < / r(t) dt. 


2tg to 0 


2to 
period, i r(t) dt. This means 
0 


(a) The black curve is for boys, the colored one for girls. The area under each curve represents the change in growth in 
centimeters. Since men are generally taller than women, the curve with the larger area under it is the height velocity 
of the boys. 

(b) Each square below the height velocity curve has area 1 cm/yr- 1 yr = 1 cm. Counting squares lying below the black 
curve gives about 43 cm. Thus, on average, boys grow about 43 cm between ages 3 and 10. 

(c) Counting squares lying below the black curve gives about 23 cm growth for boys during their growth spurt. Counting 
squares lying below the colored curve gives about 18 cm for girls during their growth spurt. 

(d) We can measure the difference in growth by counting squares that lie between the two curves. Between ages 2 and 
12.5, the average girl grows faster than the average boy. Counting squares yields about 5 cm between the colored and 
black curves for 2 < x < 12.5. Counting squares between the curves for 12.5 < x < 18 gives about 18 squares. 
Thus, there is a net increase of boys over girls by about 18 — 5 — 13 cm. 


Using a left-hand Riemann sum with At = 0.1, we have: 


0.5 
/ f(t) dt e f(O)At+ f(O.1)At +--+ f(0.4)At 
0 


= 0.3(0.1) + 0.2(0.1) + 0.2(0.1) + 0.3(0.1) + 0.4(0.1) using values from the table 
— 0.14. 


From the Fundamental Theorem of Calculus, we have: 


0.5 

f g (t) dt = g(0.5) — g(0.2) since g is an antiderivative of g’ 

0.2 
—0.8—5.1 using values from the table 


= —4.3. 


Referring to the table, we see that: 


Using a left-hand Riemann sum with At = 0.1, we have: 


0.3 
| g (F) dt = g (f(0)) At + g (f(0.1)) At + g (f(0.2)) At. 
0 


= 5.1(0.1) + 5.1(0.1) + 5.1(0.1) 
= 1.53. 


46. 


47. 


48. 


49. 


50. 


51. 
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Since C is an antiderivative of c, we know by the Fundamental Theorem that 


D c(n) dn = C(24) — C(15) 213— 8 = 5. 


5 
Since C(24) is the cost to plow a 24 inch snowfall, and C'(15) is the cost to plow a 15 inch snowfall, this tells us that it 
costs $5 million more to plow a 24 inch snowfall than a 15 inch snowfall. 


Since C is an antiderivative of c, we know from the Fundamental Theorem that 


so C(0)—8- 7.5 = 0.5. 


This tells us the cost of preparing for a storm, even if no snow falls, is $0.5 million, or $500,000. 


By the Fundamental Theorem, we have 


c(15) +f c (n) dn = c(15) + c(24) — c(15) 
= c(24) = 0.4. 


Since c(n) = C” (n), we have C'(24) = 0.4, which tells us the cost of plowing increases at the instantaneous rate of $0.4 
million/inch, or by $400,000 per each additional inch, after 24 inches have already fallen. 


The expression f x r(t) dt represents the amount of water that leaked from the ruptured pipe during the first two hours. 


NM ; 4 ; ; 
Likewise, the expression ri A r(t) dt represents the amount of water that leaked from the ruptured pipe during the next two 
hours. Since the leak “worsened throughout the afternoon,” we know that r is an increasing function, which means that 
more water leaked out during the second two hours than during the first two hours. Therefore, 


[ro dt < [ro dt. 


The expression f x r(t) dt represents the amount of water that leaked from the ruptured pipe during the first four hours. 
The expression r(4) represents the rate water was leaking from the pipe at time t = 4, or four hours after the leak 
began. Had water leaked at this rate during the whole four-hour time period, 


Total amount- of water leaked Rate x Time elapsed = 4r (4) gallons. 
Zo 


at a constant rate of r(4) A 
r 4 


According to the article, the leak “worsened throughout the afternoon,” so the rate that water leaked out initially was 
less than r(4). Thus, 4r (4) overestimates the total amount of water leaked during the first four hours. 
We conclude that 


/ r(t) dt < 4r(4). 
0 


According to the article, the leak “worsened throughout the afternoon,” eventually reaching (before being shut off) 8 
million gallons/hour. Thus, 0 < r(t) < 8 million gal/hr. The leak began around 10 am and ended after 6 pm. The 
expression [i » r(t) dt represents the total amount of water leaked during the first 8 hours (or almost the total amount of 
water leaked altogether). Since r(t) < 8 million gal/hr, 


Total amoutit of- water leaked < Rate (million gal/hr) x Time elapsed = 64 million gallons. 
—_v.. ~C 


during first 8 hours 
8 8 
Thus, 


8 
i r(t) dt < 64 million gallons. 
0 
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52. Since f(t) represents the rate of change of the weight of the dog, Jf 7 f (t)dt represents the total change in the weight of 
the dog from the time the dog is born to its fourth birthday. This is not the same as the weight of the dog when it is four 
years old, because the dog has a nonzero weight when it is born. 

53. In the Fundamental Theorem of Calculus, the integrand is the derivative of the function that is evaluated at the limits of 
the integral. Since \/z is not the derivative of J/z, the statement is not correct. One way to write a correct statement is 

9 
f; 1/2) da = V9 — V4. 
54. Since 4e* = e”, f(x) = e” with a = 2 and b = 4 is one example. 
55. If the car travels at a constant velocity of 50 miles per hour, it travels 200 miles in 4 hours as shown in Figure 5.38. 


velocit 
(miles houn 


50 


i ! i L— t (hours) 
4 


Figure 5.38 


56. False. The units of the integral are the product of the units for f (x) times the units for x. 


Solutions for Section 5.4 


Exercises 


1. Note that Jj: g(x) dx = f? g(t) dt. Thus, we have 
b b b 
/ (f(x) + g(x)) dz = I sede + | g(x) dx = 8 + 2 = 10. 
2. Note that f? f(z)dz — f? f(x)dx. Thus, we have 


f e = [1i - &c. 


3. Note that J. (g(x)? dx = (g(t)? dt. Thus, we have 
l (GE -Ce de = / (F2)? dz — l (g(2)) dz =12-3=9. 


4. We have 


/ (rey as - ( fias) = 12— 8? = —52. 


5. 


10. 


11. 


12. 


13. 


. Average value 
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We write 


-a | ET f FE dx 


= a (2) + c3(12) = 2e + 12d. 


The graph of y = f(x — 5) is the graph of y = f(x) shifted to the right by 5. Since the limits of integration have also 
shifted by 5 (to a + 5 and b + 5), the areas corresponding to Lx f(x — 5) dx and f? f(x) dx are the same. Thus, 


b+5 b 
1 fle—s)de= | f(eyde=8. 
a+5 a 


Il 
— 
Lr 
+ 
Gs 
a 
+ 
Il 


10 
1 
. Average value — n e! dt — 35 (22025) = 2202.5 
Q 


. We have 


b—a 


b 
Average value = 1 J f(x) dx 
b 
a 1 2dr = 1 ] | Area of rectangle 


b—aj, b-a of height 2 and base b — a 


Sketch the graph of f on 1 < x < 3. The integral is the area under the curve, which is a trapezoidal area. So the average 


value is " 
1 J| rna} BER 2 2 as 
1 


3-1 2 2 


The integral represents the area below the graph of f (x) but above the x-axis. 


(a) Since each square has area 1, by counting squares and half-squares we find 


6 
i f(x) dx = 8.5. 
1 
5 7 


6 
al 8. 1 

b) Th lue i dx = — = — = 1.7. 
(b) The average value esa f(x) dx 5 1 


Since the average value is given by 


b 
1 
Average value = 5 -f f(x) dz, 


the units for dx inside the integral are canceled by the units for 1/(b — a) outside the integral, leaving only the units for 
f(x). This is as it should be, since the average value of f should be measured in the same units as f(x). 


The graph of y = e” is above the line y = 1 for 0 € x < 2. See Figure 5.39. Therefore 


2 
Area =j (e7 — 1) dx = 4.389. 
0 


The integral was evaluated on a calculator. 
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Figure 5.39 


14. The graph of y = 5 1n(2z) is above the line y = 3 for 3 < x < 5. See Figure 5.40. Therefore 


Area = J (5In(2x) — 3) dx = 14.688. 
3 


The integral was evaluated on a calculator. 


y = 51n(2z) 


3 5 
Figure 5.40 


15. Since z? < x? for 0 < x < 1, we have 


1 
Area x (a? — x°) dz = 0.083. 
0 


The integral was evaluated on a calculator. 


16. Since z!/? < x!’ for 0 < x < 1, we have 
L 4 
Area — n (z!/? — x1?) dx = 0.0833. 
0 


The integral was evaluated on a calculator. 
17. The graph of y = sin x + 2 is above the line y = 0.5 for 6 € x < 10. See Figure 5.41. Therefore 


10 
Area — / sin z + 2 — 0.5dx = 7.799. 
6 


The integral was evaluated on a calculator. 
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< 


Figure 5.41 


18. The graph of y = cost is above the graph of y = sint for 0 € t € m/4 and y = cost is below y = sint for 
c /4 < t< m. See Figure 5.42. Therefore, we find the area in two pieces: 


n/A T 
Area = f (cost — sin t) dt + / (sin t — cost) dt = 2.828. 
0 n/4 


The integral was evaluated on a calculator. 


y 


y —sinz 


T/4 


y =cosx 


Figure 5.42 


19. To find the points of intersection of the two curves, we must solve the equation 
e * — A(x — x°). 


This equation cannot be solved exactly, but numerical methods (for example, zooming in on the graph on a calculator) 
give x = 0.261 and x = 0.883. See Figure 5.43. Since y = 4(x — z?) is above y = e ^ on this interval, 


0.883 
Area — n (4(x — x°) — €") dz = 0.172. 
0 


.261 


The integral was evaluated numerically. 


l 
0.261 0.883 


Figure 5.43 
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20. The curves y = e ^ and y = In x cross where 
e ^ — nz. 
Numerical methods (for example, zooming in on the graph on a calculator) give x = 1.310. See Figure 5.44. Since 
y = e`” is above y = ln z for 1 € x < 1.310 and y = e * is below y = ln z for 1.310 < x < 2, we break the area 
into two parts: 
1.310 2 
Area = (e * —Inz) dz + 1 (Inz — e 7) dz. 
1 1.310 
Evaluating the integrals numerically gives 


Area = 0.054 + 0.208 = 0.262. 


y 
1 
y —1nzx 
| 
| 
| 
ine S 
| p IUe 
1 1.310 2 
Figure 5.44 
Problems 
21. (a) For0 € x € 3, we have 
3 
1 1 
A lue = —— dx = =(6) = 2. 
verage value 5l J (x)da 3( ) 
(b) If f(a) is even, the graph is symmetric about the x-axis. For example, see Figure 5.45. By symmetry, the area between 
x = —3 and x = 3 is twice the area between x = 0 and x = 3, so 


3 
J f(x)dx = 2(6) = 12. 
-3 
Thus for —3 € x < 3, we have 


(12) — 2. 


[e 


3 
1 
Average value = ————— | f(a)dz = 
sop | fo 


The graph confirms that the average value between x = —3 and x = 3 is the same as the average value between 
x = 0 and x = 3, which is 2. 


Figure 5.45 Figure 5.46 


(c) If f(x) is odd, then the graph is symmetric about the origin. For example, see Figure 5.46. By symmetry, the area 
above the x-axis cancels out the area below the x-axis, so 


L f(x)dx = 0. 
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Thus for —3 < x < 3, we have 


3 
Average value = TS I. f(x)dx = = (0) =0. 


The graph confirms that the average value between z = —3 and x = 3 is zero. 


22. We know that we can divide the integral up as follows: 


prosz [roe noe 


The graph suggests that f is an even function for —1 < x < 1, so 1 f(x) dx = 2 SF x) dx. Substituting this in to 


the preceding equation, we have 
3 if 3 
J (oes f noa f ras 
0 2J 1 


23. (a) The integral represents the area of a rectangle with height 1 and base b — a. See Figure 5.47. Thus Í. » ldr —b-—a. 
() (i) f; 1dz =3. 
Gi) fË 1dz — 11. 
Gi) f° 23 dx = 23 f? dx = 46. 


a b 
Figure 5.47 


24. Using properties of the definite integral, we have: 


[ere +3) dz = 17 


5 5 
Ji fede +3 | ldz = 17 
2 2 


2E )dz-L3.3 — 17 
JECD 
me 


25. Since t = 0 in 1975 and t = 35 in 2010, we want: 
35 


1 t 
A Value = ——— 225(1.15) dt 
verage Value = > i 5(1.15) 


1 
= = (212,787) = $6080. 
g; (212,787) = $ 
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26. (a) The integral represents the area above the x-axis and below the line y = x between x = a and x = b. See Figure 5.48 
This area is 


= 2 rd 
Ai Aa =a(b—a) + 5 (6 — a)? = (a4 d 2) (@— a) = ak EP E 4 
2 2 2 
The formula holds similarly for negative values. 
(b) (i) fp xde = 21/2. 
Gi) f°, dz = 55/2. 


(i) [Sade =5 f? xde = 20. 


Figure 5.48 


27. We have 


o= f racc f pojat | tae 


Since f is odd, f, f(x)dx = 0, so J- f(x) dx = 30. 


28. We have " : 
s= f (f) - 34 - f fo)ds-s | ldz. 
-2 -2 -2 


Thus f^, f(x) dz = 8 + 3(2 — (—2)) = 20. Since f is even, f? f(a) dz = (1/2)20 = 10. 


29. This integral is 0 because the function z? cos(z?) is odd (meaning f(—a) = 


— f (x)), and so the negative contribution to 
the integral from — 7 < x < 0 exactly cancels the positive contribution from 0 < x < 4. See Figure 5.49. 


x cos x 


ala Hea 


Figure 5.49 


30. On the interval 2 € x < 5, 


Average value 


1 5 
of f -5f f(x) dx = 4, 


| f(x) dx = 12. 
2 


J rataa f fa)de+2 | 1 dx = 3(12) + 2(5 — 2) = 42. 


so 


Thus 


31. 


32. 


33. 


34. 


35. 
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We know 


3 3 3 
I (a? — x) dx = | x? dx — J dg. 
1 1 1 


Since 2 3z?dr = 3 fË x? da and we are given i 3a” dx = 26, we have 


3 
n Pie 
i 3 


Similarly, since fË 2rdx = 2 fË xdx and f 2x dx = 8, we have 


3 
J gdr = 4. 
1 


3 
fe eee dim 
1 


Thus, 


3 3 


(a) Over the interval [—1, 3], we estimate that the total change of the population is about 1.5, by counting boxes between 
the curve and the x-axis; we count about 1.5 boxes below the x-axis from x = —1 to x = 1 and about 3 above from 
x = 1to x = 3. So the average rate of change is just the total change divided by the length of the interval, that is 
1.5/4 = 0.375 thousand/hour. 

(b) We can estimate the total change of the algae population by counting boxes between the curve and the x-axis. Here, 
there is about 1 box above the x-axis from x = —3 to x = —2, about 0.75 of a box below the x-axis from x = —2 
to x = —1, and a total change of about 1.5 boxes thereafter (as discussed in part (a)). So the total change is about 
1— 0.75 + 1.5 = 1.75 thousands of algae. 


(a) The integral is the area above the x-axis minus the area below the x-axis. Thus, we can see that f ed f(a) dx is about 
—6 + 2 = —4 (the negative of the area from t = —3 tot = 1 plus the area from t = 1 to t = 3.) 


(b) Since the integral in part (a) is negative, the average value of f(a) between x = —3 and x = 3 is negative. From the 
graph, however, it appears that the average value of f(x) from x = 0 to x = 3 is positive. Hence (ii) is the larger 
quantity. 

(a) At the end of one hour t = 60, and H = 22°C. 

(b) 


60 
Average temperature — x | (20 + 980e 9 qt 
0 


1 o 
— (1 = 183°C. 
ag (10976) = 183°C 


(c) Average temperature at beginning and end of hour = (1000 + 22)/2 = 511°C. The average found in part (b) is 
smaller than the average of these two temperatures because the bar cools quickly at first and so spends less time at 
high temperatures. Alternatively, the graph of H against t is concave up. 


1000° 


S. H = 20 + 980e 9-1 
bu e 


299 bk 


t (mins) 


(a) We have 
]|o[? 
Average population — Y / 112(1.011)' dt. 
0 
Evaluating the integral numerically gives 


Average population — 140.508 million. 
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(b) In 2010, t = 0, and P = 112(1.011)° = 112 
In 2050, t = 40, and P = 112(1.011)*° = 173.486. 


1 
Average — 3012 -- 173.486) — 142.743 million. 


(c) If P had been linear, the average value found in part (a) would have been the same as we found in part (b). Since the 
population graph is concave up, it is below the secant line. Thus, the actual values of P are less than the corresponding 
values on the secant line, so the average found in part (a) is smaller than that found in part (b). 


36. (a) See Figure 5.50. Since the shaded region lies within a rectangle of area 1, the area is less than 1. 
(b) Since the area is given by the integral 


1 
Area a eo? /? dx = 0.856. 
0 


Figure 5.50 


37. Notice that f(z) = vI + x? is increasing for 0 < x < 2, since x? gets bigger as x increases. This means that f(0) < 
f(x) € f(2). For this function, f(0) = 1 and f(2) = 3. Thus, the area under f (x) lies between the area under the line 
y = 1 and the area under the line y = 3 on the interval 0 € x < 2. See Figure 5.51. That is, 


i(2-0) < / vV1-a3dr < 3(2—0). 


Figure 5.51 


38. (a) The integrand is positive, so the integral cannot be negative. 
(b) The integrand > 0. If the integral = 0, then the integrand must be identically 0, which is not true. 


39. See Figure 5.52. 


— £0)-f(2) 
Slope= “=a 


Figure 5.52 Figure 5.53 


40. See Figure 5.53. 


5.4 SOLUTIONS 473 


41. See Figure 5.54. 


f(x) f(x) 
F(b)—F (a) 
b—a 
a b a b 
Figure 5.54 Figure 5.55 


42. See Figure 5.55. Note that we are using the interpretation of the definite integral as the length of the interval times the 
average value of the function on that interval, which we developed in Section 5.3. 


43. See Figure 5.56. Since ru f(x) dx = A, and fÈ f(x)dx = — Ag and f f(x)dx = As, we know that 


o< [paar f reyes | fae 


In addition, [s f(x) dz = A1 — Aa, which is negative, but smaller in magnitude than Pu f(x) dx. Thus 


fto dx < [ (9 dx <0. 


The area As lies inside a rectangle of height 20 and base 1, so A3 < 20. The area Ag lies inside a rectangle below the 
a-axis of height 10 and width 1, so —10 < Ag. Thus: 


(vill) < (ii) < (i) < (vi) < (i) < (v) < (iv) < (vii). 


Figure 5.56 


44. (a) (i) Since the triangular region under the graphs of f(a) has area 1/2, we have 


2 
1 1 i1 1 
A E "S E 
verage( f) E of f(x) dx 2593 
(ii) Similarly, 
2 
1 1 1 1 
Average(g) — zs g(x) dx = tee 


(iii) Since f(x) is nonzero only for 0 < x < 1 and g(x) is nonzero only for 1 < x < 2, the product f()g(x) = 0 
for all x. Thus 


i. LY 
Average( f - g) = zs] f(z)g(x) dz = J 0 dx = 0. 
0 0 


(b) Since the average values of f(x) and g(x) are nonzero, their product is nonzero. Thus the left side of the statement 
is nonzero. However, the average of the product f (x)g(x) is zero. Thus, the right side of the statement is zero, so the 
statement is not true. 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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(a) Since f(x) = sin x over [0, 7] is between 0 and 1, the average of f(x) must itself be between 0 and 1. Furthermore, 


since the graph of f(x) is concave down on this interval, the average value must be greater than the average height 
of the triangle shown in Figure 5.57, namely, 0.5. 


y —sinz 


Figure 5.57 


(b) Average — 5) sin x dx = 0.64. 
-7T—0 7 


(a) Splitting the integral in order to make use of the values in the table gives: 


1 
-2/2 q -23/2 dg — 1 | e. = 0.4987 — 0.3413 = 0.1574 
V 20 +f. Fa 27 +f. v 27 Jo l ` : f 


x? /2 


(b) Using the symmetry of e , we have 


3 
: / e * /2 de= 5 +f T 4 =| ~2?/2 dr 
V2T J 5 V 27 


—az?/2 dz 1 ri —x?/2 

+ — [2 da 
EE 2v +f. v 27 Jo 
= 0.4772 + 0.4987 = 0.9759. 


There is not enough information to decide. If we had more information—say, for example, we knew that g was periodic 
or had even or odd symmetry—we might be able to evaluate this expression. 


The graph of y = g(—2) is the graph of y = g(x) reflected horizontally across the y-axis. This does not change the total 
4 


area. Thus, the two integrals are equal, so g(—x) dx = 12. 
—4 


7 7 
since | f(x) dx = 25, we have ji f(a) dx = v25 = 5. 
0 0 


There is not enough information to decide. In terms of area, knowing the area under the graph of f on 0 € x < 7 does not 
help us find the area on 0 < x < 3.5. It depends on the shape of the graph and where it lies above and below the x-axis. 


The graph of g(x) = f(x + 2) is the graph of y = f(x) shifted left by 2 units. Thus, the area under the graph of g on 
—2 < x < 5is the same as the area under the graph of f on 0 € x < 7. Therefore, 


5 
J f(x +2) dx = 25. 
-2 


T T T 
| Ga) dee | fees | cit 
0 0 0 


We have 


25 7-2=14 

Note that, thinking graphically, JS. Á 2 dz is the area of a rectangle of height 2 and width 7. 

(a) Clearly, the points where x = yr, vV 2r, V 3n, v 4v are where the graph intersects the x-axis because f(x) = 
sin(z?) = 0 where « is the square root of some multiple of 7. 


(b) Let f(a) = sin(x?), and let A, B, C, and D be the areas of the regions indicated in the figure below. Then we see 
that A > B >C >D. 
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Note that 


vm Van 
f f(x) dx = A, 1 f(x)dx = A— B, 


) 0 
Van Vain 
n f(r)dz: — A— B--C, and J f(z)de=A-B+C-D. 
0 0 


It follows that 


Vi VBR 
f f(a)ae= A> [ f(z)de = A-(B-C)2 A- B4 C » 
0 0 


Van Van 
n f()às- A- Be C-D» | f(x)dx = (A — B) > 0. 
0 0 
And thus the ordering is n = 1, n = 3, n = 4, and n = 2 from largest to smallest. All the numbers are positive. 


54. See Figure 5.58. 


The slope of 
this line is f (a) 


Figure 5.58 Figure 5.59 


55. See Figure 5.59. 
56. See 5.60. 


F(b) - 


The slope of this line is " 
F(b—F(a) — 1. 
= gà f, fle) de 


b—a b—a 
F(a) 
a b 
1 1 g 
k——b — a— 
Figure 5.60 
57. On the interval a < t < b, we have 
b 
Average value = 1 f v(t) dt. 
of v(t) b—a 


Since u(t) = s'(t), by the Fundamental Theorem of Calculus, we get: 


b 
L I v(t) dt = 5 : (s(b) — s(a)) = Average velocity. 
—à 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 
65. 


66. 


67. 
68. 


69. 


70. 


It is possible that f(x) has both positive and negative values on the interval [a, b], even if the integral is positive. 
For example, suppose that a = 0 and b = 3, and let f(x) = 2 — x for all x. Then by finding areas, we can see that 
Ds f(x)dx = 3/2, which is nonnegative. However, f(x) < 0 for x in the interval (2, 3]. 


Using the properties of definite integrals, we have 


nz 3f (x)) dz = [se +f sro da 


= 5(b— a) +3 f f(x) dz. 


The value of the integral f. id 5 dx is 5(b—a) because the integral represents the area of a rectangle with height 5 and width 
b — a. 


The time needs to be expressed in days in the definite integral, since the population is a function of time ¢ in days. If the 
six-month period contains 181 days, the correct integral is 


1 181 
mI | f(t) dt. 


For a different six-month period, the number 181 may be different. 


If we let A = i f(x)dx, then we have J; 2f(x)dz = 2 Jr f(x)dx = 2A. We want to define f(x) so that 2A < A. 
In order for this to happen, A must be negative. So we'll define f(x) to be negative on [0, 1]; for example, f(x) = —1. 


Then i f(x) dx = —1, and J- 2f (x) dz = Jr —2 dr = —2. 

Let's try the function f(x) = 2 — x. The area between the graph of the function f(x) = 2 — x and the z-axis on the 
interval [0, 4] consists of two isosceles right triangles with legs of length 2: one above the x-axis and one below. When 
we compute the integral J. “(2 — x) dz, the areas of these two congruent triangles cancel out, and the integral is zero. 


If the car is going v(t) miles per hour at time t hours, then 


5 


Average speed = v(t) dt. 


5-0 J, 


2 2 2 

True, since Jr (f(x) + g(x)) dz = ie f(x) dx + Jo g(a) da. 

False. It is possible that T (f(x) + g(x)) dx = 10 and i f(x)dx = 4 and i g(x) dx = 6, for instance. For example, 
if f(x) = 5x — 3 and g(x) = 3, then fe) + 9(x)) dz = f 5x dx = 10, but Jp f(x) dx = 4 and L g(x) dx = 6. 
False. We know that h f(x) dx = i, f(a) dz + J f(x) dx, but it is not true that ie f(x) dx must be the same value 
as L f(a) da. For example, if f(a) = 3x, then fe f(a) dx = 6, but Jp f(a) dx = 24. 
True, since Du 2f (x) dx —2 JE f (x) dx. 

False. This would be true if h(x) = 5f(x). However, we cannot assume that f(5x) = 5/(x). so for many functions 
this statement is false. For example, if f is the constant function f(x) = 3, then h(a) = 3 as well, so rs f(a) dz = 
fo h(x) dx = 6. 


True. If a = b, then Ax = 0 for any Riemann sum for f on the interval [a, b], so every Riemann sum has value 0. Thus, 
the limit of the Riemann sums is 0. 


False. For example, let a = —1 and b = 1 and f(a) = x.Then the areas bounded by the graph of f and the x-axis on the 
two halves of the interval [—1, 1] cancel with each other and make aa f(x) dx = 0. See Figure 5.61. 
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Figure 5.61 


71. False. Let f(x) = 7 and g(x) = 9 for all x. 
2 3 3 3 
Then f; f(z) dz + f, g(z) dz =7+9 = 16, but f (f(x) + g(z)) dz = f; 16 dx = 32. 
72. False. If the graph of f is symmetric about the y-axis, this is true, but otherwise it is usually not true. For example, if 
f(x) = x +1 the area under the graph of f for —1 € x < 0 is less than the area under the graph of f for 0 € x < 1, so 
f f(x) dz < ED f(a) dx. See Figure 5.62. 


fw) =e +1 


Figure 5.62 


73. True, by Theorem 5.4 on Comparison of Definite Integrals: 


p f 1 f 
=f fle)de< LL f g(x) dx. 


74. True. We have 


10 
1 

Average value of f on [0, 10] — n f(a) dx 

0 


—0 


10 
ZIEL 
ZIEL 


. The average of the average value of f on [0, 5] and 
~~ the average value of f on [5, 10]. 


75. False. If the values of f(x) on the interval [c, d] are larger than the values of f(z) in the rest of the interval [a, b], then the 
average value of f on the interval [c, d] is larger than the average value of f on the interval [a, b]. For example, suppose 


0 r«lorr»2 
f(z) = 
1 1<a2<2. 


Then the average value of f on the interval [1, 2] is 1, whereas the average value of f on the interval [0,3] is (1/(3 — 


0)) f? f(x) dz = 1/3. 
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76. True. We have by the properties of integrals in Theorem 5.3, 


IT fedes f f(a) dz. 


Since (1/(4 — 1) f f(z) dx = A and (1/(9 — 4)) f? f(z) de = B, we have 


9 
I f(x) dz = 3A + BB. 


Dividing this equation through by 8, we get that the average value of f on the interval [1, 9] is (3/8) A + (5/8) B. 


77. True. By the properties of integrals in Theorem 5.3, we have: 


/ ÉL | fis) de 4 i E 


Dividing both sides of this equation through by b — a, we get that the average value of f(x) + g(x) is average value of 
f(x) plus the average value of g(x): 
b 


78. False. A counterexample is given by 


3 O0<a<l _ 
f@)={5 125222 d s9- 


Since f(x) is nonzero for 0 € x < 1 and g(x) is nonzero for 1 < x < 2, the product f(x)g(x) = 0 for all x. Thus the 


average values of f(x) and g(x) are nonzero, but the average of the product is zero. 
Specifically, on [0, 2) we have 


2 
Average(f) = zs] f(x) dx = 
1 p 


Average(g) = zs] g(x) dx = 


2 
I Odx = 0. 
0 


Average( f) - Average(g) — : . z = D 


NI = 


0 
2 
Average( f - g) = zs] f(x)g(x) dz = 
0 


but 


79. (a) Does not follow; the statement implies that 
b b 
/ fa)ae+ | g(a) dz = 5 +7 = 12, 
but the fact that the two integrals add to 12 does not tell us what the integrals are individually. For example, we could 


have f? f(a) dx = 10 and MC) dz = 2. 
(b) This follows: 


[otes [rae facer 14. 


(c) This follows: rearranging the original statement by subtracting f? g(x) dx from both sides gives 


f Jora- f dee f fix) ds. 


Since f(x) + g(x) = h(a), we have f(x) = h(a) — g(x). Substituting for f(x), we get 


[ ro- fois f am - anas 
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Exercises 


1. 


2. 


(a) Lower estimate = (45)(2) + (16)(2) + (0)(2) = 122 feet. 
Upper estimate = (88)(2) + (45)(2) + (16)(2) = 298 feet. 
(b) v 


To find the distance the car moved before stopping, we estimate the distance traveled for each two-second interval. Since 
speed decreases throughout, we know that the left-handed sum will be an overestimate to the distance traveled and the 
right-hand sum an underestimate. Applying the formulas for these sums with At = 2 gives: 


LEFT = 2(100 + 80 + 50 + 25 + 10) = 530 ft. 
RIGHT = 2(804-50--25--104-0) = 330 ft. 


(a) The best estimate of the distance traveled will be the average of these two estimates, or 


Best estimate — LM — 430 ft. 


(b) All we can be sure of is that the distance traveled lies between the upper and lower estimates calculated above. In 
other words, all the black-box data tells us for sure is that the car traveled between 330 and 530 feet before stopping. 
So we don’t know whether it hit the skunk or not; the answer is (ii). 


3 
| f(x) dx is equal to the area shaded. We estimate the area by counting shaded rectangles. There are 3 fully shaded 
0 


and about 4 partially shaded rectangles, for a total of approximately 5 shaded rectangles. Since each rectangle represents 
4 square units, our estimated area is 5(4) = 20. We have 


3 
f f(a) dx ~ 20. 
0 


16 
12 
8 
f(z) 
4 
HH 
1 2 3 


Figure 5.63 
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4. With Az = 5, we have 


Left-hand sum = 5(0 + 100 + 200 + 100 + 200 + 250 + 275) = 5625, 


Right-hand sum = 5(100 + 200 + 100 + 200 + 250 + 275 + 300) = 7125. 


The average of these two sums is our best guess for the value of the integral; 


T. fiz ., 5625 — 7125 — 6375. 


5. We take At = 20. Then: 


Left-hand sum = 1.2(20) + 2.8(20) + 4.0(20) + 4.7(20) + 5.1(20) 
= 356. 
Right-hand sum = 2.8(20) + 4.0(20) + 4.7(20) + 5.1(20) + 5.2(20) 
= 436. 
I f(t) dt ~ Average = a“ = 396. 
0 


6. (a) Suppose f(t) is the flow rate in m?/hr at time t. We are only given two values of the flow rate, so in making our 
estimates of the flow, we use one subinterval, with At — 3/1 — 3: 


Left estimate = 3[f(6 am)] = 3- 100 = 300 m? (an underestimate) 
Right estimate = 3[f(9 am)] = 3-280 = 840 m? (an overestimate). 


The best estimate is the average of these two estimates, 


Left 4- Right 
Best estimate — Ee Rca = ae = 570 m? 
2 2 

(b) Since the flow rate is increasing throughout, the error, i.e., the difference between over- and under-estimates, is given 

by 

Error < At [f(9 am) — f(6 am)] = At[280 — 100] = 180At. 
We wish to choose At so that the the error 180A£ < 6, or At < 6/180 = 1/30. So the flow rate gauge should be 
read every 1/30 of an hour, or every 2 minutes. 


7. (a) An upper estimate is 9.81 + 8.03 + 6.53 + 5.38 + 4.41 = 34.16 m/sec. A lower estimate is 8.03 + 6.53 + 5.38 + 
4.41 + 3.61 = 27.96 m/sec. 
(b) The average is 3 (34.16 + 27.96) = 31.06 m/sec. Because the graph of acceleration is concave up, this estimate is 
too high, as can be seen in Figure 5.64. The area of the shaded region is the average of the areas of the rectangles 
ABFE and CDFE. 


A B 
Ü D 
E F 


Figure 5.64 


10. 


11. 


12. 


13. 


14. 
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. We have f(t) = F'(t) = 4t?, so by the Fundamental Theorem of Calculus, 


ETE Fil edd. 


1 


Notice in this case the integral is 0 because the function being integrated, f(t) = 4t?, is odd: the negative contribution to 
the integral from a = —1 to b = 1 exactly cancels the positive. 


. We have f(t) = F'(t) = 12t? — 15t? + 5, so by the Fundamental Theorem of Calculus, 


1 
f o 15¢? + 5) dt = F(1) — F(—2) = 3 — 78 = —75. 
E 


The «x intercepts of y = 4 — x? are x = —2 and 7 
x = 2, and the graph is above the x-axis on the 
! 4 
interval [—2, 2]. 
2 "mE 
Area — / (4 — a?) dx = 10.667. CONS 
-2 
The integral was evaluated on a calculator. 
x 
=2 2 
The z intercepts of y = z? — 9 are x = —3 and " 


x = 3, and since the graph is below the x axis on 
the interval [—3, 3]. 


3 
Area =- f (a? — 9) dx = 36. 
-3 


The integral was evaluated on a calculator. 


Since x intercepts are x = 0,7,27,..., 


Area x sin z dz = 2. 
0 


y=sing 


The integral was evaluated on a calculator. 


zx 
T 
Since the 0 intercepts of y — sin 0 are 
9 = 0,975 27,285 y=l 
Area = i (1 — sin 0) d0 = 1.142. 
0 
The integral was evaluated on a calculator. 
0 


T 


The graph of y = —z? + 5x — 4 is shown in Figure 5.65. We wish to find the area shaded. Since the graph crosses the 
x-axis at x = 1, we must split the integral at x = 1. For x < 1, the graph is below the x-axis, so the area is the negative 
of the integral. Thus 


1 3 
Area shaded — -f (—a? + 5x — 4)dx + J (—a? + 5z — 4)dz. 
0 1 


Using a calculator or computer, we find 


1 3 
| (=x? + 5a — 4)dx = —1.8333 and J (—a? + 5x — 4)dz = 3.3333. 
0 1 


Thus, 
Area shaded = 1.8333 + 3.3333 = 5.167. 
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(Notice that J f(x)dx = —1.8333 + 3.333 = 1.5, but the value of this integral is not the area shaded.) 


y 
5L 


Figure 5.65 


15. The graph of y = cos x + 7 is above y = ln(x — 3) for 5 € x < 7. See Figure 5.66. Therefore 
7 
Area — i cos x + 7 — ln(x — 3) dz = 13.457. 


The integral was evaluated on a calculator. 


y 

y=cosx+7 Y 
BW y--et4 e2(z—1) 

2 
x 
y = ln(z — 3) 
x 
5 7 
Figure 5.66 Figure 5.67 
2(z—1) 


16. The graph of y = —e? + e?(*— has intercepts where e” = e 
Since the region is below the x-axis, the integral is negative, so 


, or where z = 2(x — 1), so x = 2. See Figure 5.67. 


2 
Area = -f —e” + e! 7) dg = 2.762. 
0 
The integral was evaluated on a calculator. 


Problems 


17. This integral represents the area of two triangles, each of base 1 and height 1. See Figure 5.68. Therefore: 


Figure 5.68 


18. 


19. 


20. 


21. 


22. 


23. 
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The distance traveled is represented by area under the velocity curve. We can approximate the area using left- and right- 
hand sums. Alternatively, by counting squares and fractions of squares, we find that the area under the graph appears to 
be around 310 (miles/hour) sec, within about 10. So the distance traveled was about 310 ( 5280) x 455 feet, within about 


3600 
10 (3289) a: 15 feet. (Note that 455 feet is about 0.086 miles) 


3600 
(a) We calculate the right- and left-hand sums as follows: 


Left = 2[80 + 52 + 28 + 10] = 340 ft. 
Right = 2[52 + 28+ 10 + 0] = 180 ft. 


Our best estimate will be the average of these two sums, 


Left + Right 340 + 180 
p- = a 


Best = = 260 ft. 


(b) Since v is decreasing throughout, 


Left — Right = At - [f(0) — f(8)] 
= 80At. 
Since our best estimate is the average of Left and Right, the maximum error is (80) At¢/2. For (80)At/2 < 20, we 
must have At < 1/2. In other words, we must measure the velocity every 0.5 second. 
As illustrated in Figure 5.69, the left- and right-hand sums are both equal to (47) - 3 = 127, while the integral is smaller. 


Thus we have: 


An 
J (2 + cos x) dx < Left-hand sum = Right-hand sum. 
0 


DA 
2n Am 


Figure 5.69: Integral vs. Left- and Right-Hand Sums 


14 
Distance traveled = | sin(t”) dt = 0.399 miles. 
0 


Since v(t) > 0 for 0 € t < 3, we can find the total distance traveled by integrating the velocity from t = 0 to t = 3. 
Using a calculator to compute the integral gives 


3 
Distance = n In(t? + 1) dt = 3.406 ft. 
0 


(a) The integral Jf E J (t)dt represents the total emissions of nitrogen oxides, in millions of metric tons, during the period 
1970 to 2000. 
(b) We estimate the integral using left- and right-hand sums: 


Left sum = (26.9)5 + (26.4)5 + (27.1)5 + (25.8)5 + (25.5)5 + (25.0)5 = 783.5. 


Right sum = (26.4)5 + (27.1)5 + (25.8)5 + (25.5)5 + (25.0)5 + (22.6)5 = 762.0. 
We average the left- and right-hand sums to find the best estimate of the integral: 


30 

3 j2. 

/ f(t)dt = ae = 772.8 million metric tons. 
0 


Between 1970 and 2000, about 772.8 million metric tons of nitrogen oxides were emitted. 
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24. 


25. 


26. 


27. 


28. 
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(a) If the level first becomes acceptable at time £1, then Ro = 4R(ti), and 


1 = 
zo = Re 0904: 


1 e 00046 
A : 


Taking natural logs on both sides yields 


1 
In = = —0.004t 
ig 0.00414 


In i 


i= Eom & 346.574 hours. 
(b) Since the initial radiation was four times the acceptable limit of 0.6 millirems/hour, we have Ro = 4(0.6) = 2.4. 
The rate at which radiation is emitted is R(t) = Roe~ °°’, so 


346.574 
Total radiation emitted = 1 2.4e 00046 ae. 
0 


Evaluating the integral numerically, we find that 450 millirems were emitted during this time. 


(a) An overestimate is 7 tons. An underestimate is 5 tons. 

(b) An overestimate is 7 + 8 + 10 + 13 + 16 + 20 = 74 tons. An underestimate is 5 + 7 4- 8 4- 10 + 13 + 16 = 59 tons. 

(c) If measurements are made every At months, then the error is | /(6) — f(0)| - At. So for this to be less than 1 ton, we 
need (20 — 5) - At < 1, or At « 1/15. So measurements every 2 days or so will guarantee an error in over- and 
underestimates of less than 1 ton. 


Suppose F (t) represents the total quantity of water in the water tower at time t, where t is in days since April 1. Then the 
graph shown in the problem is a graph of F'(t). By the Fundamental Theorem, 


F(30) — F(0) = [ F'(t)dt. 
0 


We can calculate the change in the quantity of water by calculating the area under the curve. If each box represents about 
300 liters, there is about one box, or —300 liters, from t = 0 to t = 12, and 6 boxes, or about +1800 liters, from t = 12 
to t = 30. Thus 


30 
I F'(t)dt = 1800 — 300 = 1500, 
0 


so the final amount of water is given by 


30 
F(30) = F(0) + I F'(t)dt = 12,000 + 1500 = 13,500 liters. 
0 


(a) Average value of f — if f(x) dx. 
(b) Average value of |f| = 4 fie |f(x)| dz = 4 fe f(a) dx — f f(x) dz). 
We'll show that in terms of the average value of f, 


I>H=IV>I 


Using the definition of average value and the fact that f is even, we have 


2 2 
Average value _ i f(x)dx = iao f(x)dx 
of f on II B 2 2 


NO 
siat E 


= Average value of f on IV. 
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Since f is decreasing on [0,5], the average value of f on the interval [0, c], where 0 € c < 5, is decreasing as a 
function of c. The larger the interval the more low values of f are included. Hence 


Average value of f s Average value of f = Average value of f 
on [0, 1] on [0, 2] on [0, 5] 


29. (a) A graph of f'(x) = sin(z?) is shown in Figure 5.70. Since the derivative f'(x) is positive between x = 0 and 
x = 1, the change in f(a) is positive, so f(1) is larger than f (0). Between z = 2 and x = 2.5, we see that f(x) is 
negative, so the change in f(a) is negative; thus, f(2) is greater than f (2.5). 


—1 


Figure 5.70: Graph of f'(x) = sin(z?) 


(b) The change in f(x) between x = 0 and x = 1 is given by the Fundamental Theorem of Calculus: 


f) - £0) -f sin(z?)d« = 0.310. 


0 


Since f (0) = 2, we have 
f(1) = 2 + 0.310 = 2.310. 


Similarly, since 


f(2) — f(0) -f sin(x”)dax = 0.805, 


0 


we have 
f(2) = 2 + 0.805 = 2.805. 
Since 5 
I3) — FQ) -f sin(z?)dz = 0.774, 
0 
we have 


f(3) = 2 + 0.774 = 2.774. 


The results are shown in the table. 


z Jo 1 | 2 | 3 
f) 2.774 


30. (a) By the product rule 
F'(t)=1-Int+t- 2- 1=lntż. 


12 
(b) (i) Using a calculator, we find J ln tdt = 4.793. 
10 
Gi) The Fundamental Theorem of Calculus tells us that we can get the exact value of the integral by looking at 


12 
J Intdt = F(12) — F(10) = (121n12 — 12) — (10 1n 10 — 10) = 121n 12 — 10 1n 10 — 2 = 4.79303. 
10 
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31. (a) F(0) — 0. 


(b) F increases because F”(x) = e ^ is positive. 
(c) Using a calculator, we get F(1) ~ 0.7468, F(2) ~ 0.8821, F(3) ~ 0.8862. 


32. We have ; 5 g 
s= | fa)ae= f fe)de+ | f(x)dx 
=2 =2 2 


Since f is odd, f^, f(x) (x) dx = 0, so f^, f( f(x) dx = 8. 
33. Since f is even, de i (a) dx = (1/2)6 = 3 and Jn x) dx = (1/2)14 = 7. Therefore 


[ fed f jed- f fico raa 


5 5 5 
is- f (3f (x) 4- 4) dz — 3 roas f 4 dz. 
2 2 2 


Thus, since rd 4dx = 4(5 — 2) = 12, we have 


Zi f(x) dx = 18 — 12 = 6, 
2 

] (e 

2 


35. We have f. f( a) dx = 8/2 =4and f? f( dx = — f° f(x) dx = —1. Thus 


[row f fedes | fla)dr=4-1=3, 


36. (a) 0, since the integrand is an odd function and the limits are symmetric around 0. 
(b) 0, since the ie is an odd function and the limits are symmetric around 0. 

37. Let A = is P f(x) dx. We are told A > 0. We can interpret A as the area under f on this interval. Since the graph of f 
repeats E every p units, the area under the graph also repeats. This means 


2 
=% 


34. We have 


so 


p 2p 3p 
/ fiz)ds - f sle)ae = f f(a) dz =--- =A. 
0 p 2p 
area under one area under one area under one 
full period full period full period 
We have that 
2p p 2p 
f f(x) dx = f se)ae+ | f(x) dx =2A 
0 0 p 
A 
5p 2p 8 5p 
/ tæa - | foder f f(x)dx = 4A 
p p Ap 
Tp 6p = Tp " 
I f(x) dx = I VOLESI f(x) dx = 2A, 
5p 5p 6p 
SO 


c) d. 
[ roe fT sere PE ET 
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38. Since the graph is symmetrical, we know that 


I E dz = l “f(e)de = } f i f(2) de. 


0 
This means that if we let A = J f(x) dx then 


39. (a) Since the function is odd, the areas above and below the x-axis cancel. Thus, 


(b) 


(c) 


So 


3 0 3 
2 2 2 
I ze ^ dx xt ze ^ dx «f ze ^ dz =Q. 
e EE 0 


For 0 € x € 3 with n = 3, we have zo = 0, z1 = 1, £2 = 2, z3 = 3, and Ax = 1. See Figure 5.71. Thus, 


Left sum = f(xo)Az + f(zi)Az + f(z2)Az = 0e 9 . 1+ 1e -14-2e ^? . 1 = 0.4045. 
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For —3 € x € 0, with n = 3, we have xo 3,21 2, x2 1, x3 = 0, and Az = 1. See Figure 5.71. Thus, 


E — _9,-(-3)? 1 _ 935,7002?.4. 45,7CD?^ Q4 
Left sum = f(zo)Ax + f(zi)Ax + f(z2)Ax 3e 1- 2e 1— le 1 0.4049. 


(d) No. The rectangles between —3 and 0 are not the same size as those between 0 and 3. See Figure 5.71. There are 


three rectangles with nonzero height on [—3, 0] and only two on [0, 3]. 


Figure 5.71 


40. (a) Train A starts earlier than Train B, and stops later. At every moment Train A is going faster than Train B. Both trains 
increase their speed at a constant rate through the first half of their trip and slow down during the second half. Both 
trains reach their maximum speed at the same time. The area under the velocity graph for Train A is larger than the 
area under the velocity graph for Train B, meaning that Train A travels farther—as would be expected, given that its 


(b) 


speed is always higher than B’s. 


(i) The maximum velocity is read off the vertical axis. The graph for Train A appears to go about twice as high as 


the graph for Train B; see Figure 5.72. So 


Maximum velocity of Train A VA 
Maximum velocity of Train B ^ vB 
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v (km/hr) Train A 
VA 


Train B 


UB 
Va t (hr) 


k—t g — 
k— t i—i 


Figure 5.72 


(ii) The time of travel is the horizontal distance between the start and stop times (the two t-intercepts). The horizontal 
distance for Train A appears to be about twice the corresponding distance for Train B; see Figure 5.72. So 


Time traveled by Train A _ ta 


a NR p 
Time traveled by Train B tn 


(iii) The distance traveled by each train is given by the area under its graph. Since the area of triangle is i : Base- 
Height, and since the base and height for Train A is approximately twice that for Train B, we have 


Distance traveled by Train A — 4-va ta Rud ln 
Distance traveled by Train B i vpetp = ES 


41. (a) The model indicates that wind capacity was 21,000 in 2000 and 21,000e°:??1° = 189,525.284 in 2010. 
(b) Since the continuous growth rate was 0.22, the wind energy generating capacity was increasing by 22% per year. 
(c) We use the formula for average value between t = 0 and t = 10: 


10 
Average value — I 21,000?” dt = 1g (766,024.02) = 76,602.402 megawatts. 
0 


1 
10—0 


T 
42. We know that T' is the time at which all the fuel has burned, so r(t) dt is the total amount of fuel burned during the 


0 
entire time period. We also know that Q is the initial amount of fuel. 


T 
Since the fuel is completely burned at time t = T, we conclude that f r(t)dt = Q. 
0 


0.5T 
43. The expression I r(t) dt is the amount of fuel burned during the first half of the total time. 
0 


ty 
The expression f r(t) dt is the amount of fuel burned during the second half of the total time. 


0.5T 
Since r'(t) « 0, we know the rate fuel burns is going down. Thus, fuel is burned faster at first, then slower later on, 


so more fuel is burned during the first half of the total time than during the second half. 


0.5T T 
We conclude that I r(t)dt > f r(t)dt. 
0 0 


ST 
T/3 
44. The expression / r(t) dt is the amount of fuel burned during the first one-third of the total time. The expression Q/3 


0 
is one-third of the total fuel burned. 
Since r'(t) « 0, we know the rate fuel burns is going down. Thus, fuel is burned faster at first, then slower later on, 


so more than one-third of the total fuel burned is burned during the first one-third of the total time. 


T/3 
We conclude tu f r(t) dt > Q/3. 
0 


Th 
45. We know that Th is the time at which half the fuel has burned, so / r(t) dt equals half the fuel burned. 


0 
We know that T is the time at which all the fuel has burned, so 0.57' is halfway through the entire time period. This 


0.5T 
means | r(t) dt is the amount of fuel burned halfway through the total time period. 
0 
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Since r'(t) < 0, we know the rate fuel burns is going down. This means more than half the fuel is burned during the 
first half of the total time period than the second half. 


Th 
We conclude that more than half the fuel is burned during the first half of the time period, so ji r(t)dt. « 
0 


f "n a 


46. By the given property, / f(x) dx = -f f(x) dx, so 2 f f(x) dz = 0. thus f f(x) dx = 0. 
, SO 


47. We know that the average value of v(x) = 4 


6 6 
za v(x) dx = 4, and thus v(x) dx = 20. 
6-1, i 
Similarly, we are told that 
8 8 
= v(x) dx = 5, so u(x) dz = 10. 
8 —6 Js 6 
The average value for 1 < x < 8 is given by 
8 6 8 
1 1 2 1 
Average value — PI i v(x) dx = 7 (J v(x) as | v(a) dr) = “= a =. 
48. (a) Yes. 
(b) No, because the sum of the left sums has 20 subdivisions. The result is the left-sum approximation with 20 subdivi- 
sions to p: f(x) dx. 


49. In Figure 5.73 the area A is largest, A» is next, and As is smallest. We have 
b c e 
i= f f(x) dx = Ai, i=j f(x)dx = A1 — As, m= f f(x) dx = A1 — A2 + As, 


V= f f(e)dr=—Aa + As V= f roe =~ Aa 
b b 


The relative sizes of Ai, A», and A3 mean that I is positive and largest, III is next largest (since — A2 + A3 is negative, 
but less negative than — A»), II is next largest, but still positive (since A is larger than A2). The integrals IV and V are 
both negative, but V is more negative. Thus 


V«IV«0Oc«II«II-«I. 


Figure 5.73 


50. Since f(t) = F'(t), we know from the Fundamental Theorem of Calculus that 


[ 10s ze- ro ed 
7 Ww YW 


This tells us that between the hours of 7 am and 9 am, the ice thickness increased by 1 inch. 
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Since f(t) = F'(t), we know from the Fundamental Theorem of Calculus that 


"à f(t) dt = F(T) - F(4) 
so F(4) = ode = 2.5. 
~o 4 


4 —M— 


1.5 
This tells us that at 4 am the ice is 2.5 inches thick. 
We know that f(t) = F'(t), so F'(3.5) = f (3.5). We have: 
3.5 
f f(t) dt = 0.75 
2 
f(3.5) — f(2) = 0.75 Fundamental Theorem of Calculus 
(3.5) = f(2) +0.75 = 1.25, 
Ne 
0.5 


so F'(3.5) = 1.25. This tells us that the ice thickness is growing by 1.25 inches/hour at 3:30 am. 
(a) For —2 < x < 2, f is symmetrical about the y-axis, so P E \dx = ian x) dx and f^, f(x) dx = 2[; f(x) dx 
(b) For any function f, S f(x) dx = T x) dx — ei 
0 0 5 
(c) Note that f^, f(x) dx = 4 ffi pu f(x m f(x )ds-][ f(x) dx = des f(x) dx—i f^, f(x 
(a) We know that f" f(x) dr = h f(x) dx— fr f(x) dx. By symmetry, Ve z)dz —5 tf^, f(x) dz, so f f(x) dz = 


Jo fG z)ds-if, f(x . 
O) f; f(z)dz = f^, f(x t f(x) dz = [?, f(x) dx — 2 f°, f(x) dx 


(c) Using symmetry again, p x) dx = (P, f(x) dx — Lh f(x) dz) : 


(a) The mouse changes direction (when its velocity is zero) at about times 17, 23, and 27. 

(b) The mouse is moving most rapidly to the right at time 10 and most rapidly to the left at time 40. 

(c) The mouse is farthest to the right when the integral of the velocity, i " v(t) dt, is most positive. Since the integral is 
the sum of the areas above the axis minus the areas below the axis, the integral is largest when the velocity is zero at 
about 17 seconds. The mouse is farthest to the left of center when the integral is most negative at 40 seconds. 

(d) The mouse's speed decreases during seconds 10 to 17, from 20 to 23 seconds, and from 24 seconds to 27 seconds. 

(e) The mouse is at the center of the tunnel at any time t for which the integral from 0 to t of the velocity is zero. This is 
true at time 0 and again somewhere around 35 seconds. 


To estimate the distance traveled during the first 15 seconds, we calculate upper and lower bound estimates for this 
distance, and then average these estimates. Note that because the speed of the Prius is in miles per hour, we need to 
convert seconds to hours (1 sec — 1/3600 hours) to calculate the distance estimates in miles. We then convert miles to 
feet (1 mile — 5280 feet). 


Total distance traveled 5 5 5 
between t = 0 and b=15 0- 3600 +20. 3600 +33. 3600 " — 0.0736 miles or 389 feet 
(Lower Estimate) 
Total distance traveled 5 5 5 
bet t dj=1 p one qu eer : 
etween Oan 5 20 3600 + 33 3600 + 45 3600 0.1361 miles or 719 feet 


(Upper Estimate) 


Since: 


Average of Lower and Upper _ 389 + 719 — 554 feet, 
Estimates 2 


the 2010 Prius Prototype travels about 554 feet, roughly a tenth of a mile, during the first 15 seconds of movement in 
EV-only mode. 


To estimate the distance between the two cars at t = 5, we calculate upper and lower bound estimates for this distance 
and then average these estimates. Note that because the speed of the Prius is in miles per hour, we need to convert seconds 


58. 


59. 
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to hours (1 sec = 1/3600 hours) to calculate the distance estimates in miles. We may then convert miles to feet (1 mile 


= 5280 feet). 
Distance between cars at t = 5 : : : 
(Upper Estimate) ~ (Difference in speeds at t = 5) - (Travel time) 
= (33 — 20) EE — 0.018 miles 
Distance between cars at t — 5 : : : 
(Lower Estimate) ~ (Difference in speeds at t = 0) - (Travel time) 
= (0—0) - ui — 0 miles 
Since: 
Average of Lower and Upper Estimates of — 0.018 +0 — 0.009 miles — 48 feet, 
distance between cars at t = 5 2 


the distance between the two cars is about 48 feet, five seconds after leaving the stoplight. 


(a) 


(b) 
(c) 


(d) 
(e) 


(f) 


(a) 
(b) 
(c) 


(d) 
(e) 


(f) 


The acceleration is positive for 0 < t « 40 and for a tiny period before t = 60, since the slope is positive over these 
intervals. Just to the left of t = 40, it looks like the acceleration is approaching 0. Between t = 40 and a moment just 
before t — 60, the acceleration is negative. 

The maximum altitude was about 500 feet, when t was a little greater than 40 (here we are estimating the area under 
the graph for 0 < t < 42). 

The acceleration is greatest when the slope of the velocity is most positive. This happens just before t — 60, where 
the magnitude of the velocity is plunging and the direction of the acceleration is positive, or up. 

The deceleration is greatest when the slope of the velocity is most negative. This happens just after t = 40. 

After the Montgolfier Brothers hit their top climbing speed (at t = 40), they suddenly stopped climbing and started 
to fall. This suggests some kind of catastrophe—the flame going out, the balloon ripping, etc. (In actual fact, in their 
first flight in 1783, the material covering their balloon, held together by buttons, ripped and the balloon landed in 
flames.) 

The total change in altitude for the Montgolfiers and their balloon is the definite integral of their velocity, or the total 
area under the given graph (counting the part after t = 42 as negative, of course). As mentioned before, the total area 
of the graph for 0 < t < 42 is about 500. The area for t > 42 is about 220. So subtracting, we see that the balloon 
finished 280 feet or so higher than where it began. 


About 300 meter?/sec. 

About 250 meter?/sec. 

Looking at the graph, we can see that the 1996 flood reached its maximum just between March and April, for a high 
of about 1250 meter?/sec. Similarly, the 1957 flood reached its maximum in mid-June, for a maximum flow rate of 
3500 meter®/sec. 

The 1996 flood lasted about 1/3 of a month, or about 10 days. The 1957 flood lasted about 4 months. 

The area under the controlled flood graph is about 2/3 box. Each box represents 500 meter®/sec for one month. Since 


days hours minutes seconds 
: 24 -60 - 60 — 
month day hour minute 


= 2.592 - 10° ~ 2.6 - 10°seconds, 


1 month = 30 


each box represents 
Flow ~ (500 meter? /sec) - (2.6 - 10° sec) = 13 - 10° meter?of water. 


So, for the artificial flood, 
Additional flow ~ : -13- 105 = 8.7 - 10° meter? z 10? meter’. 


The 1957 flood released a volume of water represented by about 12 boxes above the 250 meter/sec baseline. Thus, 
for the natural flood, 


Additional flow zz 12- 13- 108 = 1.95 - 10? ~ 2. 101° meter?. 


So, the natural flood was nearly 20 times larger than the controlled flood and lasted much longer. 
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In (a), f'(1) is the slope of a tangent line at x = 1, which is negative. As for (c), the rate of change in f(x) is given by 
f'(x), and the average value of this over 0 € x < ais 


pO" asc fla) = FO) 
[ roa £e) - FO). 


a—0 a—0 


This is the slope of the line through the points (0, 1) and (a, 0), which is less negative that the tangent line at x = 1. 
Therefore, (a) « (c) « 0. The quantity (b) is d f(x) dz) /a and (d) is fo f(x)dx, which is the net area under the 
graph of f (counting the area as negative for f below the x-axis). Since a > 1 and f. S f(x) dz > 0, we have 0 <(b)<(d). 
Therefore 


(a) « (c) « (b) « (d). 


This expression gives the tangent-line approximation to /(3.1). Since f"(x) < 0, this tells us that the graph of f is 
concave-down, which means that the graph of f lies below its tangent line. Thus, this value overestimates (3.1). 


From the Fundamental Theorem of Calculus, we see that 


3.1 
f) f f'(t) dt = F(3) + f(3.4) - f(3) = £311), 
3 


so this value is exact. 


F(3.11) — F(3.1) 


The expression gives the slope of the secant line to the graph of F from x = 3.1 to x = 3.11. This 


approximates the value of F '(3.1). Since f(x) = F’(x), this means the expressions approximates the value of f (3.1). 
Notice that f'(x) = F” (x); since f'(x) > 0, this means F"(x) > 0, which tells us that the graph of F is concave- 

up. This means the slope of the secant line from x = 3.1 to x = 3.11 is greater (either “less negative" or “more positive") 

than the slope of the tangent line at x = 3.1. Thus, this expression overestimates F’(3.1), so it is an overestimate of 


f (3:1. 
We see that 5 f’ (i) Az is a right-hand Riemann sum. Since f" (x) < 0 for all x, we know that f'(x) is a decreasing 


i=1 
function, which means the right-hand sum is an underestimate of the true value. Thus, 


3.1 
VORS oF (ee <10)+ MEIO 
3 


= f(3) + f(3.1) — f(3) Fundamental Theorem of Calculus 


This means the expression is an underestimate of f (3.1). 


(a) Divide the interval 0 < t < T into small subintervals of length At on which the temperature is approximately 
constant. Then if t; is the i*® interval, on that interval 


AS x (H xt Amin) At = (f(t) n Hin) At. 


Thus, the total number of degree-days is approximated by 


n 


S 5 UF (ti) — Ain) At. 


i=l 
As n — oco, we have 
T 
S= f uto Hin) dt. 
0 


(b) Since Hin = 15°C and S = 125 degree-days, the formula in part (a) gives 


125 — [wo — 15)dt. 
0 
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We approximate the definite integral using a Riemann sum: 


n 


f (f(t) — 15)dt = V (F(t) - 15)At. 


0 i=1 


In the table, we have At = 1. We want to find how many terms in the sum are required to (approximately) equal the 
required number of degree-days, S = 125. From the table, we have 


S) — 15) At = (20 — 15)1 + (22 — 15)1 = 12, 


i=l 


so the sum of degree-days over a two-day period is much smaller than the required sum of 125. Likewise, the sum 
over a three-day period is only 24: 


3 
Y) — 15) At = (20 — 15)1 + (22 — 15)1 + (27 — 15)1 = 24. 


i=l 


Summing over a ten-day period and an eleven-day period, we find, respectively, that 
10 
Y (6) — 15)At = (20 — 15)1 + (22 — 15)1 + (27 — 15)1 + (28 — 15)1 + (27 — 15)1 + (31 — 15)1 
l 
+(29 — 15)1 + (30 — 15)1 + (28 — 15)1 + (25 — 15)1 = 117 


NOO) - 15)At = (20 — 15)1 + (22 — 15)1 + (27 — 15)1 + (28 — 15)1 + (27 — 15)1 + (31 — 15)1 


+(29 — 15)1 + (30 — 15)1 + (28 — 15)1 + (25 — 15)1 + (24 — 15)1 = 126. 


Thus, the sum reaches 125 degree-days somewhere just short of T = 11 days. 
66. (a) The slope of a line is the tangent of the angle the line makes with the horizontal. Thus the slope, f'(x), of the tangent 
line at x is the tangent of the angle 0. 
(b) Using the identity 


1 
1+ tan? 0 = 
+ tan 1p 
and part (a) we have 
1 
1 / 2 SS 
+(f'(@) = 
(c) Using the chain rule, we have 
d (tan0) = 1 dé 
da: ~ cos? 6 dx’ 
Therefore, using parts (a) and (b), we have 
dé opd y 
Ta 7e 0 Tz f(x) 
T 1 " 
Leg! O 


(d) By the Fundamental Theorem of Calculus we have 
b b 7 
a.u) duel eq 
&)- «9 f rea f FO, 


CAS Challenge Problems 


67. (a) We have Az = (1 — 0)/n = 1/n and x; = 0 + i - Ax = i/n. So we get 


n 


T " 4 n " 
Right-hand sum = S Ax = 5 (=) (-) = =. 
n n n 


i=l i=l i—1 
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(b) The CAS gives 
i^ 6n*+15n? + 10n* —1 
n5 — 30n4 ` 


Right-hand sum = 5 
i=1 
(The results may look slightly different depending on the CAS you use.) 
(c) Using a CAS or by hand, we get 
. 6n'-c 15m? +10n?—1  , 6n* 1 
lim = 1 = 


Resa 30n4 a0 5 


The numerator is dominated by the highest power term, which is 6^, so when n is large, the ratio behaves like 
6n* /30n* = 1/5 as n — oc. Thus we see that 
1 
1 
f ade = =. 
v 5 


68. (a) A Riemann sum with n subdivisions of [0, 1] has Ax = 1/n and z; = i/n. Thus, 


Right-hand sum = 5 (+) (=) = = 
n n n 
; = 


i=1 i= 


(b) A CAS gives 
n 5 4 e" 2 
Right-hand sum = —_ 2n gn pom 1 


nS 12n4 
(c) Taking the limit by hand or using a CAS gives 
_ ant +6n?+5n?-1 , 2m 1 
lim —————— ——— —— = lim =. 
n— o0 12n4 n— oo 12n4 6 


The numerator is dominated by the highest power term, which is 2n*, so the ratio behaves like 2n* / 12n4 =1 /6, as 


n — oo. Thus we see that i 
T 1 
J z di ==, 
" 6 


69. (a) Since the length of the interval of integration is 2 — 1 = 1, the width of each subdivision is At = 1/n. Thus the 
endpoints of the subdivision are 


to l, ti 1+ At RA scs APR Ee 
TU T 


j — 1 
ti=1+iAt=1+4,..., tni Se = deat ——- 
n n 
Thus, since the integrand is f(t) = t, 
n—1l n-1 n-1 : 1 n—1 4 
i ndi 
Left-hand = ti)At = tiAt 1+-)-= j 
twin = 3 eats ace S (144) 1 tz 
i—0 i=0 i=0 i=0 
(b) The CAS finds the formula for the Riemann sum 
Y nd i Chinn +n? 7 3 B 1 
n?o n2 ~ 2 2n 
i=0 
(c) Taking the limit as n — oo 
3 1 3 1 3 3 
li 2-——|- lim 42— lim —=- == 
PS (5 mn) a eon ae 


(d) The shape under the graph of y = t between t = 1 and t = 2 is a trapezoid of width 1, height 1 on the left and 2 on 
the right. So its area is 1 - (1 + 2)/2 = 3/2. This is the same answer we got by computing the definite integral. 


70. 


71. 
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(a) Since the length of the interval of integration is 2 — 1 = 1, the width of each subdivision is At = 1/n. Thus the 
endpoints of the subdivision are 


(Po Pwo. ear... 
n mr 


hcdipALRSPg E. 2 SoredqDwedjAbedg. 2 
n n 
Thus, since the integrand is f(t) = t’, 
Left-hand sum = Y e Acta Ys Es mo 
i=0 i=0 E i=0 B 


(b) Using a CAS to find the sum, we get 


n—1 


(n4-i?  (-14-2m)(-147m) 7 1 3 
y OH = ee I. E 


E ns 6n? 6n? 2n 
(c) Taking the limit as n — oo 
7 1 3 7 1 3 7 7 
li ztz3z-7_]= lim 5+ lim —,- lim — — 5 =>. 
in (Ge 7.) aT ipu ggg TET. 


(d) We have calculated f 7 t? dt using Riemann sums. Since £? is above the t-axis between t = 1 and t = 2, this integral 
is the area; so the area is 7/3. 

(a) Since the length of the interval of integration is 7, the width of each subdivision is Ax = r/n. Thus the endpoints 
of the subdivision are 


2 

zo = 0, 21 =0+Azr=4, z2 = 04 dT ou 
n n 

ri =0+iAr = 2, -— tn = 0 +nAr = “=n. 
n n 


Thus, since the integrand is f(x) = sin z, 


Right-hand sum = »» f(a) Ar = 5 sin(x;)Ax = sin (=) i. 
TL 


i=1 i=1 i=1 
(b) If the CAS can evaluate this sum, we get 


n n n sin(r/2n) ' 


y EN (&) m  mcot(r/2n)  mcos(m/2n) 

- = 
i=1 

(c) Using the computer algebra system, we find that 


lim 7 cos(t/2n) "A 


noo n sin(m/2n) 


| sin z dx = 2. 
0 


f eme: fees) cost) 


(d) The computer algebra system gives 


(a) A CAS gives 


Cc c 


(b) If F (x) is an antiderivative of sin(cx), then the Fundamental Theorem of Calculus says that 
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Comparing this with the answer to part (a), we see that 


POs a Ee EOS (- n) (2) . 


c C C 


This suggests that 


Taking the derivative confirms this: 


73. (a) Different systems may give different answers. A typical answer is 


eb+1 
ln 
I T ab+1 


ü 
toe 2b 


Some CASs may not have the absolute values in the answer; since b > 0, the answer is correct without the absolute 
values. 
(b) Using the properties of logarithms, we can rewrite the answer to part (a) as 


A" In|co 1| -in|a?b +1] m|?b 1| Inja’ 4 1| 
| ri ga 2b =æ» 3» € 


If F(a) is an antiderivative of z/(1 + bx?), then the Fundamental Theorem of Calculus says that 


f —À2À de = F(c) — F(a). 


1+ bx? 

Thus 
" * In|c?b+1] — In |a?b 4 1| 
Ee) ap o7 X» C 
This suggests that 
In [1 + ba? | 
F = 
(x) 273 


(Since b > 0, we know |1 + ba? | = 1+ bx?) Taking the derivative confirms this: 
d (In(l+b2?)\ a 
dx 2b ~ 1+ba?° 
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1. (a) The work done by the ventricle wall on the blood is the force exerted on the blood times the distance the 
wall pushes the blood; that is, the distance the wall moves. In Phases 1 and 3 there is no work done because 
the ventricle wall is motionless. 

The wall moves in Phases 2 and 4. The work done by the wall is positive if the force from the wall to 
the blood is in the direction of the movement, and it is negative if the force and movement are in opposite 
directions. In Phase 4, the ventricle is contracting, pushing the blood, so the work is positive. In Phase 2, 
the ventricle is expanding, being pushed out by the blood, so the work is negative. 

(b) Since pressure is expressed in units of force per unit area (newtons/cm?) and volume is expressed in units 
of length cubed (cm?), area in the pressure-volume plane has units of 


newtons 


ene x (cm)? = newtons x cm. 


The units of area in the pressure-volume plane are force times distance, which are the units of work and 
energy. 
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(c) (i) Let the area of the LV wall be A. The force exerted by the wall in Phase 4 when the LV has volume V 
is the pressure, f (V), times the area A. When the wall moves inward during Phase 4 a small distance 
Az, the volume, which decreases, changes by approximately AV = —AAm. The work done during 
this movement is approximately 


Force - Distance = f(V)A- Ax = —f(V) AV. 


Thus, the total work done in Phase 4 as the volume decreases from b to a is f, E —f(V)daV = 
[? f(V)av. 

(ii) The force exerted by the wall in Phase 2 when the LV has volume V is the pressure, g(V), times 
the area of the LV wall, A. When the wall moves outward during Phase 2 a small distance Az, the 
volume, which increases, changes by approximately AV = AAwm. Since the force from the wall to 
the blood is in the direction opposite the direction of motion, the work done during this movement is 


approximately 
—Force - Distance = —g(V)A - Ax = —g(V) AV. 
Thus, the total work done in Phase 2 as the volume increases from a to b is ft —g(V)dV = 
b 
— f, gV) dV. 
(d) Since Phases 1 and 3 are vertical lines, the area of the pressure-volume loop is the area between f (V) and 


g(V) from V = a to V = b. Thus, 


b 
Area enclosed =| (f(V) — g(V)) av. 


a 


Since the LV does no work in Phases | and 3, using part (c), we have 


b b 
Area enclosed = f(V) av - f g(V) dV 


= Work done in Phase 4 + Work done in Phase 2 
— Work done by LV in one cardiac cycle. 


2. To find distances from the velocity graph, we use the fact that if t is the time measured from noon, and v is the 
velocity, then 
Distance traveled u n T d= Area under velocity 
0 


by car up to time 7' graph between 0 and T'. 


The truck's motion can be represented on the same graph by the horizontal line v = 50, starting at t = 1. The 

distance traveled by the truck is then the rectangular area under this line, and the distance between the two 

vehicles is the difference between these areas. Note each small rectangle on the graph corresponds to moving 

at 10 mph for a half hour (that is, to a distance of 5 miles). 

(a) The distance traveled by the car when the truck starts is represented by the shaded area in Figure 5.74, 
which totals about seven rectangles or about 35 miles. 


v 


80 
60 
Utruck 
40 
20 
Ucar 


1 2 34506 7 8 9 10 


Figure 5.74: Shaded area represents distance traveled 
by car from noon to lpm 
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(b) 


(c) 


(d) 


(e) 
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At 3 pm, the car is traveling with a velocity of about 67 mph, while the truck has a velocity of 50 mph. 
Because the car is ahead of the truck at 3 pm and is traveling at a greater velocity, the distance between 
the car and the truck is increasing at this time. If dear and dtruck represent the distance traveled by the car 
and the truck respectively, then 

Distance apart = dear — dtruck- 


The rate of change of the distance apart is given by its derivative: 


(Distance apart) = (dear)! — (dtruck)’ 


= Ucar — Utruck 


At 3 pm, we have (Distance apart)’ = 67 mph — 50 mph = 17 mph. Thus, at 3 pm the car is traveling 
with a velocity 17 mph greater than the truck’s velocity, and the distance between them is increasing at 17 
miles per hour. 

At 2 pm, the car's velocity is greatest. Because the truck's velocity is constant, Ucar — Vtruck 18 largest 
when the car's velocity is largest. Thus, at 2 pm the distance between the car and the truck is increasing 
fastest—that is, the car is pulling away at the greatest rate. 

(Note: This only takes into account the time when the truck is moving. When the truck is not moving 

(from 12:00 to 1:00), the car pulls away from the truck at an even greater rate.) 
The car starts ahead of the truck, and the distance between them increases as long as the velocity of the car 
is greater than the velocity of the truck. Later, when the truck's velocity exceeds the car's, the truck starts to 
gain on the car. In other words, the distance between the car and the truck increases as long as Ucar > Utruck, 
and it decreases when Ucar < Utruck. Therefore, the maximum distance occurs when Ucar = Vtruck, that is, 
when t z 4.3 hours (at about 4:20 pm). (See Figure 5.75.) 

The distance traveled by the car is the area under the Vear graph between t = 0 and t = 4.3; the distance 
traveled by the truck is the area under the Viruck line between t = 1 (when it started) and t = 4.3. So the 
distance between the car and truck is represented by the shaded area in Figure 5.75. Thus, approximately 


Distance between car and truck = 35 miles +50 miles = 85 miles. 


The truck overtakes the car when both have traveled the same distance. This occurs when the area under 
the curve (Ucar) up to that time equals the area under the line vua up to that time. Since the areas under 
Ucar ANd Vtruck overlap (see Figure 5.76), they are equal when the lightly shaded area equals the heavily 
shaded area (which we know is about 85 miles). This happens when t ~ 8.3 hours, or about 8:20 pm. At 
this time, each has traveled about 365 miles. 


Truck overtakes 
Car farthest ahead is f 
v at thistime v car at this time 

80 80 
60 60 

Utruck A Utruck 
40 40 
20 20 

Ucar Ucar 

t 
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 
Figure 5.75: Shaded area = distance by which car is Figure 5.76: Truck overtakes car when dark and light 
ahead at about 4:20 pm shaded areas are equal 


See Figure 5.77. 
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car truck 


roat. tr = i UR ad Ae 


i =i 
HL d]. | 
| 
| 


Heu 


time 


Figure 5.77 


(f) The graphs intersect twice, at about 0.7 hours and 4.3 hours. At each intersection point, the velocity of the 
car is equal to the velocity of the truck, so Ucar = Vtruck. From the time they start until 0.7 hours later, the 
truck is traveling at a greater velocity than the car, so the truck is ahead of the car and is pulling farther 
away. At 0.7 hours they are traveling at the same velocity, and after 0.7 hours the car is traveling faster 
than the truck, so that the car begins to gain on the truck. Thus, at 0.7 hours the truck is farther from the 
car than it is immediately before or after 0.7 hours. 

Similarly, because the car's velocity is greater than the truck's after 0.7 hours, it will catch up with the 
truck and eventually pass and pull away from the truck until 4.3 hours, at which point the two are again 
traveling at the same velocity. After 4.3 hours the truck travels faster than the car, so that it now gains on 
the car. Thus, 4.3 hours represents the point where the car is farthest ahead of the truck. 


3. (a) For Operation 1, we have the following: 
(i) A plot of current use versus time is given in Figure 5.78. 


battery current (amperes) 
30 F 


20 - 


10r 


l l l L—— ¢, time (minutes) 
15 30 45 60 75 90 


Figure 5.78: Operation 1 


The battery current function is given by the formulas 


ides peau 

S i; 

m -z0 SS SN 

Dit) 249 15«t« 60 
30 60 « t « 90. 


(ii) The battery current function gives the rate at which the current is flowing. Thus, the total discharge is 
given by the integral of the battery current function: 


90 15 dnt 60 90 
Total discharge = D(t) dt = 7 10sin —— dt + / 0 dt + f 30 dt 
0 0 30 15 60 
~ 95.5 + 900 


= 995.5 ampere-minutes = 16.6 ampere-hours. 
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(iii) The battery can discharge up to 40% of 50 ampere-hours, which is 20 ampere-hours, without damage. 
Since Operation | can be performed with just 16.6 ampere-hours, it is safe. 


(b) For Operation 2, we have the following: 


(i) The total battery discharge is given by the area under the battery current curve in Figure 5.79. The 
area under the right-most portion of the curve, (when the satellite is shadowed by the earth), is easily 
calculated as 30 amps: 30 minutes = 900 ampere-minutes = 15 ampere-hours. For the other part 
we estimate by trapezoids, which are the average of left and right rectangles on each subinterval. 
Estimated values of the function are in Table 5.3. 


Table 5.3 Estimated values of the battery current 


Time 0 5 10 15 20 25 30 
Current 5 16 18 12 5 12 0 


Using At — 5, we see 


1 1 1 
Total discharge — 30-16): 5 7 (16 + 18). 54 38 + 12)-5 


1 1 1 
+512 +5) -5 + 5(5 +12)-5 + 5012 +0)-5 
~~ 330 ampere-minutes = 5.5 ampere-hours. 


The total estimated discharge is 20.5 ampere-hours. 


battery current (amperes) 
30 F 


20 - 


| 900 amp-min 
10 | 


t, time (minutes) 
15 30 45 60 75 90 


Figure 5.79: Operation 2 


(ii) Since the estimated discharge appears to be an underestimate, Operation 2 probably should not be 
performed. 
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CHAPTER SIX 


Solutions for Section 6.1 


Exercises 


1. (a) If f(x) is positive over an interval, then F(x) is increasing over the interval. 
(b) If f(x) is increasing over an interval, then F(x) is concave up over the interval. 

2. Since dP/dt is positive for t < 3 and negative for t > 3, we know that P is increasing for t < 3 and decreasing for 
t > 3. Between each two integer values, the magnitude of the change is equal to the area between the graph dP/dt and 
the t-axis. For example, between t = 0 and t = 1, we see that the change in P is 1. Since P = 0 at t = 0, we must have 
P = 1 att = 1. The other values are found similarly, and are shown in Table 6.1. 


Table 6.1 


3. Since dP/dt is negative for t < 3 and positive for t > 3, we know that P is decreasing for t < 3 and increasing for 
t > 3. Between each two integer values, the magnitude of the change is equal to the area between the graph dP/dt and 
the t-axis. For example, between t = 0 and t = 1, we see that the change in P is —1. Since P = 2 at t = 0, we must 
have P = 1 att = 1. The other values are found similarly, and are shown in Table 6.2. 


Table 6.2 


4. See Figure 6.1. 


Figure 6.1 


5. See Figure 6.2. 


1 
1 zx 
F(0)— 
F(0)— 


Figure 6.2 
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6. See Figure 6.3. 


Figure 6.3 
7. See Figure 6.4. 
F(0)=1 
1 | F(0)—0 
zr 
1 
Figure 6.4 
8. See Figure 6.5. 
1 F(0)=1 
x 
F(0) =0 
Figure 6.5 


9. See Figure 6.6. 


Figure 6.6 
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10. See Figure 6.7. 


l EH 
1 
F(0) =0 
Figure 6.7 
11. See Figure 6.8 
1 
F(0)—1 
zr 
1 
F(0) =0 
Figure 6.8 


Problems 


12. (a) If P f(x) dx = 4, and F(5) = 10 then F(2) = 6, since RF x) dx gives the total change in F(x) between x = 2 


and x = 5. 
(b) If [29 fa 
13. By the Fundamental Theorem of Calculus, we know that 


-i= f Foi 


Using a left-hand sum, we estimate f f'(x)dx z (10)(2) = 20. Using a right-hand sum, we estimate L f' (a)dx zm 


(18) (2) = 36. Averaging, we have 
2 
I f' (a)dax ~ Wt c 28. 
" 2 


2 
f(2) = f(0) +f f'(x)dx z 100 + 28 = 128. 
0 


[row , 182) + C2) _ 


4 
f(4) = f(2) «f f (x)dx ~ 128 + 41 = 169. 
2 


) dz = 0, then F(100) = F(0), since the total change in F(x) from x = 0 to x = 100 is 0. 


We know f(0) = 100, so 
Similarly, we estimate 
so 


Similarly, 


[rn Pode x PODO _ gg, 
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14. 


15. 


16. 
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so 


6 
f(6) = f(4) «f f(x)dx ~ 169 + 48 = 217. 
4 


x |o|2 {a 
f(x) 169 | 217 


The change in f (x) between 0 and 2 is equal to Te f' (x) dz. A left-hand estimate for this integral is (17)(2) = 34 and a 
right hand estimate is (15)(2) = 30. Our best estimate is the average, 32. The change in f(x) between 0 and 2 is +32. 
Since / (0) = 50, we have f(2) = 82. We find the other values similarly. The results are shown in Table 6.3. 


The values are shown in the table. 


Table 6.3 
x | o| 2] 4] 6 
f(x) 107 | 119 


Between t = 0 and t = 1, the particle moves at 10 km/hr for 1 hour. Since it starts at x = 5, the particle is at x = 15 
when £ = 1. See Figure 6.9. The graph of distance is a straight line between t = 0 and t = 1 because the velocity is 
constant then. 

Between £ = 1 and t = 2, the particle moves 10 km to the left, ending at x = 5. Between t = 2 and t = 3, it moves 
10 km to the right again. See Figure 6.9. 


x (km) 
15 | 


10 r 


Figure 6.9 


As an aside, note that the original velocity graph is not entirely realistic as it suggests the particle reverses direction 
instantaneously at the end of each hour. In practice this means the reversal of direction occurs over a time interval that is 
short in comparison to an hour. 


(a) We know that f i f'(x)dx = f(3) — f(0) from the Fundamental Theorem of Calculus. From the graph of f’ we 
can see that Ps f' (x)dx = 2 — 1 = 1 by subtracting areas between f’ and the x-axis. Since f(0) = 0, we find that 
f (3) = 1. Similar reasoning gives f(7) = i f'(a)dz =2-—14+2-44+1=0. 

(b) We have f(0) = 0, f(2) = 2, f(3) = 1, f(4) = 3, f(6) = —1, and f(7) = 0. So the graph, beginning at x = 0, 
starts at zero, increases to 2 at x = 2, decreases to 1 at x = 3, increases to 3 at x = 4, then passes through a zero as 
it decreases to —1 at x = 6, and finally increases to 0 at 7. Thus, there are three zeroes: x = 0, x = 5.5, and x = 7. 

(c) y 


17. 


18. 
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Let y'(t) = dy/dt. Then y is the antiderivative of y’ such that y(0) = 0. We know that 


vee) = [ voa. 


0 


Thus, y(x) is the area under the graph of dy/dt from t = 0 to t = x, where regions below the t-axis contribute negatively 
to the integral. We see that y(t) = 2, y(t3) = 2 — 2 = 0, and y(ts) = 2. See Figure 6.10. 

Since y’ is positive on the intervals (0, £1) and (t3, oo), we know that y is increasing on those intervals. Since y’ is 
negative on the interval (tı, £3), we know that y is decreasing on that interval. 

Since y’ is increasing on the interval (£5, t4), we know that y is concave up on that interval; since y’ is decreasing on 
(0, t2), we know that y is concave down there. The point where the concavity changes, t2, is an inflection point. Finally, 
since y’ is constant and positive on the interval (t4, oo), the graph of y is linear with positive slope on this interval. The 
value y(t1) = 2 is a local maximum and y(t3) = 0 is a local minimum. 


Figure 6.10 


Let y'(t) — dy/dt. Then y is the antiderivative of y' such that y(0) — 0. We know that 


ui f “yO dt. 


0 


Thus y(x) is the area under the graph of dy /dt from t = 0 to t = x, with regions below the t-axis contributing negatively 
to the integral. We see that y(t1) = —2, y(t3) = —2 + 2 = 0, and y(ts) = —2. See Figure 6.11. 

Since y’ is positive on the interval (41, £3), we know that y is increasing on that interval. Since y’ is negative on the 
intervals (0, t1) and (£3, oo), we know y is decreasing on those intervals. 

Since y’ is increasing on (0, t2), we know that y is concave up on that interval. Since y’ is decreasing on (t2, t4), 
we know that y is concave down there. The point where concavity changes, t2, is an inflection point. In addition, since 
y’ is a negative constant on the interval (t4, oo), the graph of y is a line with negative slope on this interval. The value 
y(t1) = —2 is a local minimum and y(t3) = 0 is a local maximum. 


Figure 6.11 
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19. The critical points are at (0,5), (2, 21), (4, 13), and (5, 15). A graph is given in Figure 6.12. 


y (2,21) 


20 
15 (5, 15) 


10 


Figure 6.12 


20. Looking at the graph of g' in Figure 6.13, we see that the critical points of g occur when x = 15 and x = 40, since 
g'(x) = 0 at these values. Inflection points of g occur when x = 10 and x = 20, because g'(x) has a local maximum or 
minimum at these values. Knowing these four key points, we sketch the graph of g(x) in Figure 6.14. 

We start at x = 0, where g(0) = 50. Since g’ is negative on the interval [0, 10], the value of g(a) is decreasing there. 
At x = 10 we have 


10 
g(10) = g(0) + l of (x) dz 
0 


= 50 — (area of shaded trapezoid T) 


= 50 — (= . 10) — —100. 
Similarly, 
15 
«05 = g(10)+ | sio) da 
10 
— —100 — (area of triangle 75) 
= -100 — 5(5)(20) = —150. 
Continuing, 
20 1 
g(20) = g(15) «f g'(x) dz = —150 + 5(5)(10) = —125, 
15 
and 


40 
g(40) = g(20) +f g' (x) dx = —125 + 
20 


We now find concavity of g(x) in the intervals [0, 10], [10, 15], [15, 20], [20, 40] by checking whether g'(x) increases 
or decreases in these same intervals. If g'(x) increases, then g(a) is concave up; if g'(x) decreases, then g(x) is concave 
down. Thus we finally have the graph of g(x) in Figure 6.14. 


(20, 10) 


(10, —20) (15, —150) 


Figure 6.13 Figure 6.14 
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21. The rate of change is negative for t < 5 and positive for t > 5, so the concentration of adrenaline decreases until t = 5 
and then increases. Since the area under the t-axis is greater than the area over the t-axis, the concentration of adrenaline 
goes down more than it goes up. Thus, the concentration at t = 8 is less than the concentration at t = 0. See Figure 6.15. 


adrenaline 
concentration (g/ml) 


l T: L- t (minutes) 
8 


Figure 6.15 


22. (a) The total volume emptied must increase with time and cannot decrease. The smooth graph (I) that is always increasing 
is therefore the volume emptied from the bladder. The jagged graph (II) that increases then decreases to zero is the 


flow rate. 
(b) The total change in volume is the integral of the flow rate. Thus, the graph giving total change (I) shows an antideriva- 


tive of the rate of change in graph (II). 


23. See Figure 6.16. Note that since f (xı) = O and f’(x1) < 0, F(a1) is a local maximum; since f(3) = 0 and f'(x3) > 0, 
F (23) is a local minimum. Also, since f’(x2) = 0 and f changes from decreasing to increasing about x = x2, F has an 


inflection point at x = x2. 


Figure 6.16 


24. See Figure 6.17. Note that since f(z1) = 0 and f’(21) > 0, F (a1) is a local minimum; since f(23) = 0 and f'(x3) < 0, 
F (x3) is a local maximum. Also, since f’(x2) = 0 and f changes from decreasing to increasing about x = x2, F has an 


inflection point at x = x2. 


2) 


Figure 6.17 
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25. See Figure 6.18. Note that since f (xı) = 0, F'(a1) is either a local minimum or a point of inflection; it is impossible to 
tell which from the graph. Since f'(z3) = 0, and f’ changes sign around x = x3, F (x3) is an inflection point. Also, 
since f’(x2) = 0 and f changes from increasing to decreasing about x = x2, F has another inflection point at x = z2. 


Figure 6.18 


26. See Figure 6.19. Since f(xı) = 0 and f'(zi) < 0, we see that F'(x1) is a local maximum. Since f(z3) = 0 and 
f' (x3) > 0, we see that F(z3) is a local minimum. Since f’(22) = 0 and f changes from decreasing to increasing at 
T = x2, we see that P" has an inflection point at x = x2. 


Figure 6.19 


27. The graph of f(x) = 2sin(z?) is shown in Figure 6.20. We see that there are roots at x = 1.77 and x = 2.51. These are 
the critical points of F(x). Looking at the graph, it appears that of the three areas marked, Aj is the largest, A» is next, 
and As is smallest. Thus, as x increases from 0 to 3, the function F'(x) increases (by A1), decreases (by A2), and then 
increases again (by A3). Therefore, the maximum is attained at the critical point x = 1.77. 

What is the value of the function at this maximum? We know that F(1) = 5, so we need to find the change in F 
between x = 1 and x = 1.77. We have 


1.77 
Change in F — I 2sin(z?) dx = 1.17. 
1 


We see that F (1.77) = 5 + 1.17 = 6.17, so the maximum value of F on this interval is 6.17. 


Figure 6.20 
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28. Both F(x) and G(x) have roots at x = 0 and x = 4. Both have a critical point (which is a local maximum) at x = 2. 


However, since the area under g(x) between x = 0 and x = 2 is larger than the area under f(x) between x = 0 and 
x = 2, the y-coordinate of G(x) at 2 will be larger than the y-coordinate of F(x) at 2. See below. 


G(x) 


29. (a) Let r(t) be the leakage rate in liters per second at time t minutes, shown in the graph. Since time is in minutes, it is 
helpful to express leakage in units of liters per minute. The leakage rate in liters per minute is 60r(t). The quantity 
leaked during the first b minutes, in liters, is given by [i M 60r(t) dt. 


We can evaluate the quantity leaked by computing area under the rate graph, by counting grid squares. Each grid 
square contributes area 


liter 


lgridsquare — (10 zx) x (10 minutes) — 60 - 10 liters 


- x (10 minutes) — 6000 liters. 
minute 


Thus each grid square represents 6000 liters of leakage. So 
Total spill over 1 


= — grid square - 6000 = 3000 liters. 
first 10 minutes 2 


Total spill over dd squares - 6000 = 12,000 liters. 
20 minutes 


Continuing, we have 


Time t (minutes) 0 10 20 30 40 50 


0 3000 12,000 21,000 27,000 30,000 


Total spill, over t minutes (liters) 


y 
30,000 
20,000 
10,000 
zx 
10 20 30 40 50 
Figure 6.21 
30. (a) Suppose Q(t) is the amount of water in the reservoir at time t. Then 
Q' (t) u Rate at which water _ Inflow 7 Outflow 
in reservoir is changing rate rate 


Thus the amount of water in the reservoir is increasing when the inflow curve is above the outflow, and decreasing 
when it is below. This means that Q(t) is a maximum where the curves cross in July 2007 (as shown in Figure 6.22), 


and Q(t) is decreasing fastest when the outflow is farthest above the inflow curve, which occurs about October 2007 
(see Figure 6.22). 
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To estimate values of Q(t), we use the Fundamental Theorem which says that the change in the total quantity 
of water in the reservoir is given by 


t 


Q(t) — Q(Jan 2007) = ii (inflow rate — outflow rate) dt 


Jan 07 


t 
or Q(t) = Q(Jan 2007) + i, (Inflow rate — Outflow rate) dt. 
Jan 07 


rate of flow 
(millions of gallons/day) 


Q(t) is max 
| Q(t) is min 
| Outflow 
Inflow 
Jan (07) April Jan[08) 


Q(t) 
millions of gallons 


Q(t) is decreasing most rapidly 


Jan (07) April July Oct Jan(08) 


Figure 6.22 


(b) See Figure 6.22. Maximum in July 2007. Minimum in Jan 2008. 

(c) See Figure 6.22. Increasing fastest in May 2007. Decreasing fastest in Oct 2007. 

(d) In order for the water to be the same as Jan 2007 the total amount of water which has flowed into the reservoir minus 
the total amount of water which has flowed out of the reservoir must be 0. Referring to Figure 6.23, we have 


July 08 
f (Inflow — Outflow) dt = —Aı + A» — Aa + A4 = 0 
Jan 07 


giving A1 + As = Ao+ A4 


rate of flow 
(millions of gallons/day) 


Inflow 


Outflow 
E 


Jan (07) April July Oct Jan ('08) April July 


Figure 6.23 
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Strengthen Your Understanding 


31. The statement has f(x) and F(x) reversed. Namely if an antiderivative F (x) is increasing, then F’(x) = f(x) > 0. 
We can see the statement given is not always true by looking for a counterexample. The function f(x) = 2 
always increasing, but it has antiderivatives that are less than 0. For example, the antiderivative F(x) with F(0) = —1 is 
negative at 0. See Figure 6.24. 
A correct statement is: If f(a) > 0 everywhere, then F(x) is increasing everywhere. 


f(x) = 2x 


x —1 


Figure 6.24: f(x) = 2x increasing and its antiderivative F(x) is not always positive 


32. Consider F(a) = a? and G(x) = x? + 1 which are both antiderivatives of f(a) = 2x. Then H (x) = F(x) + G(x) = 
22? + 1, and H'(z) = 4a Æ f(x). Thus, H(z) = F(x) + G(x) is not an antiderivative of f (x). 

33. Any function for which the area between the function’s graph above the x-axis is equal to the area between the function’s 
graph below the x-axis will work. One such function, f(x) = 1 — x, is shown in Figure 6.25. 


=] E 


Figure 6.25: f(z) = 1— x 


34. Any positive function will work. One such function is f(x) = 1; see Figure 6.26. 


Figure 6.26 


35. True. A function can have only one derivative. 


36. False. If f (t) is an increasing function, then F” is increasing, so F changes at an increasing rate. Thus F is not linear. 


512 


Solutions for Section 6.2 
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Exercises 


=m ee ke 
SSS © 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


W go c GO Gee (6 Be ok 


1 p 
=t+ m which has antiderivative F + In |t| 


"t 


(t) 2 | etat 230 +C 


no = fo z)ds - = 2 ic 


2 


3 
P(e) = fe? 40 +7) de A A +72 +C 


G(x) = [ime + cos) dr = — cosx + sinz + C 


io) = [as 7T)dz = zf- Iz C 


P(t) ZETA +C 


P(t)-— [corse at = 2t — cost + C 


28. 


29. 


30. 


31. 


32. 


dt = Ttant + C 


s? t 
f(x) = 3, so F(a) = 3x + C. F (0) = 0 implies that 3 - 0 4 
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+ C = 0, so C = 0. Thus F(x) = 3z is the only possibility. 


f(x) = 2z, so F(x) = z? + C. F(0) = 0 implies that 0? 4 


—7r? 
f(x) = —Tx, so F(x) = = 
only possibility. 
f(x) = 2 + 4v + 52°, so F(x) = 2x + 22? 


is the only possibility. 


i 3 


C. F 


5 
3v 


33. f(x) = 4x, so F(x) = 
possibility. 
3 
34. f(x) = a?,so F(z) = B +C. F 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
42. 


43. 


44 


45 


46 


47. 


f(x) 2 x2, so F(x) = ag? + C. F(0) = 0 implies th: 
only possibility. 

f(x) = sin z, so F(x) 
is the only possibility. 
2a? +7r+ C 


1 
[ c Dae=2e +inje|+c 
[Goto mese 
frear 


Joe + 2sin x) dx = 3e” — 2 cos x + C 


We have: 


+ C. F(0) = 0 implies that —Z - 0? + C = 0, so C = 0. Thus F(x) 


3 
(0) = 0 implies that T +C = 0, so C = 0. Thus F(x) 


— cos x + C. F(0) = 0 implies th 


-C = 0, so C = 0. Thus F(x) = x? is the only possibility. 


Tz? [2 is the 


(0) = 0 implies that C = 0. Thus F(x) = 2x + 22? + $2? 


B + C. F(0) = 0 implies that 2 - 0? + C = 0, so C = 0. Thus F(x) = x?/8 is the only 


2 
== is the only possibility. 


at 2 -09/? + C = 0, so C = 0. Thus F(x) = 2z?/? is the 


—cosx+1 


at — cos 0 + C = 0, so C = 1. Thus F(x) 


[de 592 da= [sis | sina 


=4 


= de” 


[earns [ sine ae 


3(— cosx) + C 


= 4e” + 3cosz + C. 


We have 


(53? + 2/2) dx = | 5 
J i 
( 


5 
2 
3 


fe j »*as- fe 
n 


— dz = 1602? +C 
2 
fs 3In|i] +7 £C 


. 
. 


Jz 


e” + 5r +C 


1 
2 4 
Luc eC: 


ede + [vs 
z?dz4 2 zi? dz 


2 
a) ec 


d EIC 


3 
6a 4 9)dz = = + 3a? + 9x £C 
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48. Expand the integrand and then integrate 


[*e«»«- [€*9«- ley ls. 


49. 22°/? — 21n|z| +C 


50. Since f(r) — PM 


1 
= 1 + -, the indefinite integral is x + In |x| + C 
x 


3 3 
51. f (x? + Ax +3) dx = (F +20 +0) 
0 


e 
s f = dt = ln [t| 
" t 


T/4 
53. n sin z dx = —cosx 
0 


1 

54. n 2e” dx = 2e” 

0 
2 

55. f 3e” dx = 3e"| = 3e? — 3e? = 3e? — 3 = 19.167. 

0 0 


ue z^ ng? 
56. f (a? — xx?) dae = | — — — 
z 4 3 
1 


1 


= ] — cos 1 e 0.460. 
0 


3 
= (9 +18 + 9) — 0 = 36 
0 


3 
= In |3| — In |1| = In 3 ~ 1.0986. 


1 


7/4 
= cos + (—cos0) = 2 + 1 = 0.293. 


0 
1 


= 2e — 2 & 3.437. 


0 
2 


= “ — 39m ~ 29.728. 


2 


57. n sin 0 dÜ = — cos0 
0 


58. Since = B +y, 


=n2+ z & 2.193. 
1 


59. 


K= 
~, 
oS 

w| &, 

+ 

N 

8 
Se 

a 

8 

Il 
Pn 
E 
sit 

ER 

N 
Si 


— Í 4 = 16/3 ~ 5.333. 
ua 


M. (2 2)-c 


T/4 
60. f (sin t + cos t) dt = (— cost + sint) 
0 0 


Problems 


61. The rate at which water is entering the tank (in volume per unit time) is 


T = 120 — 6t ft? /min. 


Thus, the total quantity of water in the tank at time t = 4, in ft, is 


4 
Vay, (120 — 6t) dt. 
0 


Since an antiderivative to 120 — 6t is 
120t — 3t?, 
we have 
4 


4 
V = (120 — 6t) dt = (120t — 3t?) 
0 


0 
= (120 - 4 — 3. 45) — (120 -0 — 3 - 0°) 
= 432 ft. 
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The radius is 5 feet, so if the height is ^ ft, the volume is V = T5? h = 25rh. Thus, at time t = 4, we have V = 432, so 


432 = 25rh 
432 
h = — = 5.500 ft. 
257 


62. (a) The formula v = 6 — 2t implies that v > 0 (the car is moving forward) if 0 < t < 3 and that v < 0 (the car is 
moving backward) if t > 3. When t = 3, v = 0, so the car is not moving at the instant t = 3. The car is decelerating 
when |v| is decreasing; since v decreases (from 6 to 0) on the interval 0 € t « 3, the car decelerates on that interval. 
The car accelerates when |v| is increasing, which occurs on the domain t > 3. 

(b) The car moves forward on the interval 0 < t < 3, so it is furthest to the right at t = 3. For all t > 3, the car is 
decelerating. There is no upper bound on the car’s distance behind its starting point since it is decelerating for all 
t3. 

(c) Let s(t) be the position of the car at time t. Then 


so s(t) is an antiderivative of v(t). Thus, 


«07 fa f6 2t) dt = 6t — t? + C. 


Since the car's position is measured from its starting point, we have s(0) = 0, so C = 0. Thus, s(t) = 6t — t?. 


63. (a) Since the rotor is slowing down at a constant rate, 


Angular acceleration — I = —60 revs/min?. 


Units are revolutions per minute per minute, or revs/min?. 
(b) To decrease from 350 to 0 revs/min at a deceleration of 60 revs/min?, 


Time needed = a = 5.83 min. 


(c) We know angular acceleration is the derivative of angular velocity. Since 
Angular acceleration = —60 revs/min?, 


we have 
Angular velocity = —60t + C. 


Measuring time from the moment when angular velocity is 350 revs/min, we get C = 350. Thus 
Angular velocity = —60t + 350. 


So, the total number of revolutions made between the time the angular speed is 350 revs/min and stopping is given 
by: 

5.83 
Number of revolutions = / (Angular velocity) dt 
0 


5.83 5.83 
= J (—60t + 350)dt = —30t? + 350t 
0 0 
— 1020.83 revolutions. 


64. Since C’(x) = 4000 + 10x we want to evaluate the indefinite integral 
n (4000 + 10x) da = 4000x + 5x? + K 


where K is a constant. Thus C(x) = 5x? + 40002 + K, and the fixed cost of 1,000,000 riyal means that C(0) = 
1,000,000 = K. Therefore, the total cost is 


C(x) = 5a? + 40002 + 1,000,000. 


Since C (x) depends on x”, the square of the depth drilled, costs will increase dramatically when x grows large. 
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3 
=9-0=9. 


3 r? 
e. f at 
0 3 0 


66. Since y = a? — x = x(x — 1)(z + 1), the graph crosses the axis at the three points shown in Figure 6.27. The two regions 
have the same area (by symmetry). Since the graph is below the axis for 0 < x < 1, we have 


Area -(-f (a? — x) ic) 


Figure 6.27 


67. The area we want (the shaded area in Figure 6.28) is symmetric about the y-axis and so is given by 


7/3 


Figure 6.28 


68. Since y < 0 from z = 0 to x = 1 and y > 0 from x = 1 to x = 3, we have 


1 3 
Area — -f (32? — 3) dx «f (32? — 3) da 
0 1 


1 3 


= (a? 3a) ; t (x° 3x) : 


= —(—2 — 0) + (18 — (-2)) = 2 + 20 = 22. 
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69. (a) See Figure 6.29. sin puc OMNE ) «0for2 < x < 5, we have 


= |(4- S +20) (0 0+0)| (= =P +125) (4 Z +20)! 


_ 253 
~ 412 
5 
z 
2 
Figure 6.29: Graph of f(a) = x? — 7z? + 10x 
(b) Calculating T ) dx gives 


5 
f(x) dz = T (£? — 72? + 102) dx 
0 


xt Ta? 2 
= (=- S ED 


0 


625 875 

= (58 - 2 +125) -@-0+0) 
. 125 

~~ Dp 


This integral measures the difference between the area above the x-axis and the area below the x-axis. Since the 
definite integral is negative, the graph of f(x) lies more below the x-axis than above it. Since the function crosses 


the axis at x — 2, 
5 2 5 
16 63 —125 
di d dz = 18 _ 88 _ -Y 
[ (0 n z+ [teas Bee 


Am = [f ja- [ rye pa Sa 


70. The graph of y = e^ — 2 is below the x-axis at x = 0 and above the x-axis at x = 2. The graph crosses the axis where 


whereas 


e —2=0 
g= n2: 


See Figure 6.30. Thus we find the area by dividing the region at x = In 2: 


1n2 2 
Area =- f (6-244 | (e? — 2) dx 
0 In2 


In 2 


In 2 

cog One +e? od (d^. 22) 
26^? 441In2-3+e 

= 2.2: 42-34 ? =e? E AIn2 — 7. 
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x 
In2 
Figure 6.30 
71. Solving x” = 2 — x shows that the curves intersect at x = +1. To find the area between the curves for —1 < x < 1 we 


integrate the top curve y = 2 — z? minus the bottom curve y = x”. Thus 


1 
2. 1 
Area between curves J (2 — a? — a?) dy = 2x 37 
E 


72. The function is a cubic polynomial which crosses the z-axis at x = 1,2,3, with f(x) > 0 for 1 < x < 2and f(x) < 0 
for 2 < x < 3. Thus the total area is given by 
3 
f toa 
2 


Since f(x) = x? — 6x? + 11x — 6, we can evaluate each integral to get 


4 
Total area (= 23? H u s) 


2 
Total area -f f(x) dx + 
1 


en J 
a pa 


4 2 


73. The graph of y = e^ — 2 starts below the x-axis at x = 0 and climbs. See Figure 6.31. The graph crosses the axis where 


e m 


g= n2. 
Since the integral 
J (e? — 2) dx = — Aj, + Ao, 
0 


we choose c to make the integral 0: 


e* — 2c — 1. 
Solving numerically (for example, by zooming in on the graph on a calculator), we get 
c—0 and c=1.257. 


The solution we want is c = 1.257. 


Ay In2 


Figure 6.31 
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74. Since the area under the curve is 6, we have 
b 
1 1/2 
— dz = 2x 
/ Va 


75. The graph of y = c(1— z?) has z-intercepts of x = +1. See Figure 6.32. Since it is symmetric about the y-axis, we have 


1 1 
Area — | c(1— x”) de = 2e | (1— 2?) dx 
= 0 


i 


b 
= 25? — 2(1) = 6. 
1 


Thus b'/? = 4 and b = 16. 


3 : Ac 
= 2 (e = =) oe 
3 8 3 
We want the area to be 1, so 
a 1 iving c= 
y 
E 
HH 
—1 1 
y =c(1— z?) 
Figure 6.32 


76. The curves intersect at (0, 0) and (7, 0). At any z-coordinate the “height” between the two curves is sina — x(a — 7). 
See Figure 6.33. 


Height — 
y sing — g(x — r) 


Figure 6.33 


Thus the total area is 


cos x 2 + ma 
3 2 


T? T? 
2 


pi 
=. 
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Another approach is to notice that the area between the two curves is (area A) + (area B). 


Tv 
AreaB = -f x(x — 7) dz since the function is negative on 0 < £ < m 
0 

u (= — TO m ME 
= — — — ——— z= —— — — > — 3$ 

3 2 " 2 6 

T 
=2 


T 
Area A = sin z dx = —cosx 
0 


0 


z3 
Thus the area is 2 + = 


77. See Figure 6.34. The average value of f(x) is given by 


9 9 
Average = : Jax dx = " (i 


2 Average value 


Figure 6.34 


78. We have 


f(a) 24(2) betae d) de 


79. By the Fundamental theorem, 


3 
A648 417 3.8519. 


3 
/ f' (x) dz = f(3) - f(1) = 42? 


1 


80. The curves y = x and y = x” cross at x = 0 and x = 1. For 0 < x < 1, the curve y = x is above y = x”. Thus the 
area is given by 


Since x” — 0 for 0 € x < 1, as n — oo, the area between the curves approaches the area under the line y = x between 
x = Qand v = 1. 

81. (a) Recall that z = e™™”. Thus z” = (e™ 7)” = e” ™*, 
(b) Using part (a) and the chain rule 


= (2°) = (et) = etm (eng) =e" ™* (Ing +1) = z*(Inz + 1). 


(c) By the Fundamental Theorem of Calculus and part (b), 


fea +Inz)dr=2" + C. 
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(d) By the Fundamental Theorem of Calculus, 


2 
J z^(1-4 Inz)dz = x* 
1 


Using a calculator, we get fÈ z^(1-FInz) dz = 3. 
82. (a) The average value of f(t) = sint over 0 € t < 27 is given by the formula 


27 

1 

Average = sin t dt 
2x — 0 Jo 


1 2m 
= ——(- cost 
m cos t) 


0 


1 
d cos 27 — (— cos 0)) = 0. 


We can check this answer by looking at the graph of sin t in Figure 6.35. The area below the curve and above the 
t-axis over the interval 0 < t < 7, Aj, is the same as the area above the curve but below the t-axis over the interval 
T X t € 2n, A2. When we take the integral of sin t over the entire interval 0 € t < 27, we get Ai — A» = 0. 


Al 


Figure 6.35 


(b) Since 


7T 


= — cosa — (—cos0) = —(—1) - (-1) = 2, 


T 
T sintdt — — cost 
0 0 


the average value of sin t on 0 < t < 7 is given by 


LT 2 
Average value — — I sin tdt = —. 
7 Jo T 


83. The area beneath the curve in Figure 6.36 is given by 


a a 3/2 2] 2 
/ y dx T (Ja — V/z)^dz = jor ivan + z| = NN 
0 0 


The area of the square is a? so the area above the curve is 5a? /6. Thus, the ratio of the areas is 5 to 1. 


0 a 
a 


Figure 6.36: The curve 


VE- Vj Va 
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Strengthen Your Understanding 


84. We cannot integrate the numerator and denominator separately. Using the quotient rule to differentiate we see that 


d p +c) (3x? + 1)(a?) — (x? + x) (22) 


dx x2 xt ] 


2 
1 
which is not equal to pum : 


To compute the correct integral, we can split the integrand into two terms: 


3z? +1 3 1 3ga 1 
J zm da= f (e+ 2) dz = 7% +5 nel +C. 


85. The statement is true for all n Z —1, since f x~* dx = In |v| + C. 


86. If two functions (x) and G(x) differ by a constant, they have the same derivative. Therefore, F(x) = x* and G(x) = 
z^ — 8 both have the same derivative. 


87. We are given F(x) = mz + C with m a negative constant. Since F’(x) = f(x) = m, any negative constant function 
will work, for example f(x) = —1. 


88. True. Check by differentiating + (2(x + 1/2) = 9. 3(a + 1)? = 3yr +1. 
89. True. Any antiderivative of 3z? is obtained by adding a constant to z?. 

90. True. Any antiderivative of 1/x is obtained by adding a constant to In |x|. 

91. False. Differentiating using the product and chain rules gives 


d (= zd Em! gU 4 —a? 
dx 2r B L : 


92. False. It is not true in general that f zf(x)dz = x f f(x) dz, so this statement is false for many functions f(x). For 
example, if f(x) = 1, then f z f(x) dz = z?/2 + C, but z f f(z) dz = z(x -- C). 

93. True. Adding a constant to an antiderivative gives another antiderivative. 

94. True. Since F(x) and G(x) are antiderivatives of the same function on an interval, F(x) — G(x) is a constant function. 
Thus F(10) — G(10) = F(5) — G(5) > 0. 

95. False. For a counterexample, take f(x) = g(x) = 1. Then F(x) = x and G(x) = {x are antiderivatives of f(x) and 
g(x), but F(a) - G(x) = a? is not an antiderivative of f(a) - g(x) = 1. 

96. True. The derivative of F(x) — G(x) is (F(x) — G(a))' = f(x) — f(x) = 0, so F(x) — G(x) is a constant function. 


Solutions for Section 6.3 


Exercises 


1. We differentiate y = re ^ + 2 using the product rule to obtain 


dy =g = 
To 72 (—1)) + (2e * +0 
——ge?^-re* 
(1— z)e *, 


and so y = xe ^ + 2 satisfies the differential equation. We now check that y(0) = 2: 


y=ae "+2 
y(0) = 0e? +2 =2. 
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. First, we check that y = sin(2t) satisfies the initial condition y(0) = 0: 
sin(2-0) = 0. 
Next, we substitute y = sin(2t) into each side of the differential equation and check that we get the same result. The 
left-hand side gives 
d 
E — 2cos(2t). 
For 0 € t € 7/4, the right-hand side gives 


24/1 — y? = 24/1 — sin? (2t) = 2cos(2t). 


Thus for 0 € t < 7/4 the initial value problem is satisfied. 


. We need to find a function whose derivative is 2, so one antiderivative is z?. The general solution is 


y= ee. 
To check, we differentiate to get 
dy d (2 
ae +C) EE 


as required. 


. We need to find a function whose derivative is £?, so one antiderivative is t? /3. The general solution is 


y=—4+C. 


dy d(/(t _ 2 
woo (f+c)=8 


. We need to find a function whose derivative is x? + 5a:*, so one antiderivative is 2*/4 + z?. The general solution is 


To check, we differentiate to get 


as required. 


4 


y= tec. 


4 
2 -x(e O) osea 


. We need to find a function whose derivative is e*, so one antiderivative is e^. The general solution is 


To check, we differentiate to get 


ou 


as required. 


y=e'+C. 
To check, we differentiate to get 
dy d (4 t 
a 7365 -C)-e, 


as required. 


. We need to find a function whose derivative is cos x, so one antiderivative is sin x. The general solution is 
y — sinc +C. 


To check, we differentiate to get 

d 
m s (sin x + C) = cosa, 
as required. 


. We need to find a function whose derivative is 1/7, so one antiderivative is In x. The general solution is 
y —lnz4 C. 


To check, we differentiate to get 


as required. 


524 
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10. 


11. 


12. 
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Integrating gives 


dy 2 2 NE 
fZ- [os )dz = z” + C. 


If y = 5 when x = 0, then 0? + C = 5 so C = 5. Thus y = x? +5. 


Integrating gives 


1 1 7 
ux x EU. 
Thus 
$ x V T 
Iig vam 


Integrating gives 
Sas fedac 


If y = 7 when x = 0, then e" + C = 7 so C = 6. Thus y = e” + 6. 


Integrating gives 
J U d = [e = — cos g + C. 


If y = 3 when x = 0, then — cos 0 + C = 3 so C = 4. Thus y = — cos x + 4. 


Problems 


13. 


14. 


The acceleration is a(t) = —32, so the velocity is v(t) = —32t + C. We find C using v (0) 


downward) so 
v(t) = —32t — 10. 


Then, the height of the rock above the water is 
s(t) = —16t? — 10t + D. 


We find D using s(0) = 100, so 
s(t) = —16t? — 10t + 100. 


Now we can find when the rock hits the water by solving the quadratic equation 


0 = —16t? — 10t + 100. 


—10, (negative velocity is 


There are two solutions: t = 2.207 seconds and t = — 2.832 seconds. We discard the negative solution. So, at t = 2.207 


the rock is traveling with a velocity of 


v(2.207) = —32(2.207) — 10 = —80.624 ft/sec. 


Thus the rock is traveling with a speed of 80.624 ft/sec downward when it hits the water. 


(a) To find the height of the balloon, we integrate its velocity with respect to time: 


h(t) = fw dt 


= nz + 40) dt 


g 
= -327 + 40t +C. 


Since at t = 0, we have h = 30, we can solve for C to get C = 30, giving us a height of 


h(t) = —16t? + 40t + 30. 
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(b) To find the average velocity between t = 1.5 and t = 3, we find the total displacement and divide by time. 


h(3) — h(1. -— 
Average velocity — MS) MO = LL = —32 ft/sec. 


The balloon’s average velocity is 32 ft/sec downward. 
(c) First, we must find the time when h(t) = 6. Solving the equation —16t? + 40t + 30 = 6, we get 


6 = —16t° + 40t + 30 
0 = —16t? + 40t + 24 
0 = 2? —5t—3 

0 = (2t+1)(t- 3). 


Thus, t = —1/2 or t = 3. Since t = —1/2 makes no physical sense, we use t = 3 to calculate the balloon's 
velocity. At t = 3, we have a velocity of v(3) = —32(3) + 40 = —56 ft/sec. So the balloon's velocity is 56 ft/sec 
downward at the time of impact. 


15. Since the acceleration a = dv/dt, where v is the velocity of the car, we have 


dv 
— = —Q.6t + 4. 
a; 0.6¢ + 


Integrating gives 
2 
v= -0.67 T 4t 4 C. 


The car starts from rest, so v = 0 when t = 0, and therefore C' = 0. If x is the distance from the starting point, v = dx /dt 


and d 
X 2 
ES Huc qat 
E 0.3t? + 4t, 
SO 0.3 4 
p= + st +O =—0.1t* +20 +O. 


Since x = 0 when t = 0, we have C = 0, so 
x = —0.1¢7 + 2. 


We want to solve for t when x = 100: 
100 = —0.18? + 22”. 


This equation can be rewritten as 


0.1? — 27? + 100 = 0 
t? — 20t? + 1000 = 0. 


The equation can be solved numerically, or by tracing along a graph, or by factoring 


(t — 10)(é? — 10t — 100) = 0. 


The solutions are t = 10 and t = 19zv900 — —6.18, 16.18. Since we are told 0 < t < 12, the solution we want is 
t — 10 sec. 


16. 
d kVt = ki? 
y= zie 4C. 


Since y = 0 when t = 0, we have C = 0, so 
2 3/2 
cp 
=a 
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17. (a) Since 
R'(p) = 25 — 2p 


R(p) = nz 2p) dp — 25p pP +C. 


We assume that the revenue is 0 when the price is 0. Substituting gives 
0 =25-0-07+C 
C=0. 


Thus 
R(p) = 25p — p". 
(b) The revenue increases with price if R’(p) > 0, that is 25 — 2p > 0, so p < 12.5 dollars. The revenue decreases with 
price if R’(p) < 0, that is 25 — 2p < 0, so p > 12.5. 


18. (a) The marginal cost, MC, is found by differentiating the total cost function, C, with respect to q so MC = C'(q). 
Thus the differential equation is 
C'(q) = 3q? + 6q +9. 


(b) Solving the differential equation gives 
C(q) = J (34° + 6q +9) dq 


— q? +30 +9q + D, 


where D is a constant. We can check this by noting 


d 
C'(a) = 5 (d^ +34" + 94+ D) = 39! + 6q +9 = MC. 


The fixed costs are 400, so C = 400 when q = 0. Thus, 
400 = 0? +3-0°+9-0+ D, 


so D = 400. The total cost function is 


C(q) = q? + 34? + 9q + 400. 


19. (a) Acceleration = a(t) = —9.8 m/sec? 
Velocity = v(t) = —9.8t + 40 m/sec 
Height = h(t) = —4.9t? + 40t + 25 m 


(b) At the highest point, 
v(t) = —9.8t + 40 = 0, 

so 

|. 40 

~ 9.8 
At that time, h(4.082) = 106.633 m. We see that the tomato reaches a height of 106.633 m, at 4.082 seconds after 
it is thrown. 

(c) The tomato lands when h(t) = 0, so 


t = 4.082 seconds. 


4.9t? + 40t + 25 = 0. 
The solutions are t = —0.583 and t = 8.747 seconds. We see that it lands 8.747 seconds after it is thrown. 


20. (a) 


21. 


(b) The total distance is represented by the shaded region A, the area under the graph of v(t). 


80 ft/sec 


t 
5 sec 


(c) The area A, a triangle, is given by 


A= 5 (base) height) = TE sec) (80 ft/sec) = 200 ft. 
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(d) Using integration and the Fundamental Theorem of Calculus, we have A = f D v(t) dt or A — s(5) — s(0), where 
s(t) is an antiderivative of v(t). 

We have that a(t), the acceleration, is constant: a(t) = k for some constant k. Therefore v(t) = kt+C for some 

constant C. We have 80 = v(0) = k(0) +C = C, so that v(t) = kt-- 80. Putting in t = 5,0 = v(5) = (k)(5)+ 80, 


or k = —80/5 = —16. 


Thus v(t) = —16t + 80, and an antiderivative for v(t) is s(t) = —8t? + 80t + C. Since the total distance 


traveled at t = 0 is 0, we have s(0) = 0 which means C = 0. Finally, A = h v(t)dt — s(5) — s(0) 
(—8(5)? + (80)(5)) — (—8(0)? + (80)(0)) = 200 ft, which agrees with the previous part. 


(a) The velocity is decreasing at 32 ft/ sec”, the acceleration due to gravity. 
(b) The graph is a line because the velocity is decreasing at a constant rate. 
(c) The highest point is reached when the velocity is 0, which occurs when 


Time — 100 = 5 sec. 


(d) The object hits the ground at t = 10 seconds, since by symmetry if the object takes 5 seconds to go up, it takes 5 
seconds to come back down. 


(e) See Figure 6.37. 


(f) The maximum height is the distance traveled when going up, which is represented by the area A of the triangle above 


the time axis. 


Area = —(160 ft/sec)(5 sec) = 400 feet. 


NI = 


(g) The slope of the line is —32 so 


Antidifferentiating, we get 


v(t) = —32t + 160. 


s(t) = —16t? + 160t + so. 


Since the object starts on the ground, so = 0, so 


At t = 5, we have 


s(t) = —160^ + 160t. 


s(t) = —400 + 800 = 400 ft. 


velocity (ft/sec) 
160 


v(t 
Highest 
point 


—160 


Figure 6.37 
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22. The equation of motion is y = — Æ Sot Hyo = — 16t? +128t+320. Taking the first derivative, we get v = —32t+128. 
The second derivative gives us a = —32. 
(a) Atits highest point, the stone’s velocity is zero: 
v = 0 = —32t+ 128, sot = 4. 
(b) At t = 4, the height is y = —16(4)? + 128(4) + 320 = 576 ft 
(c) When the stone hits the beach, 


y = 0 = —162 + 128¢ + 320 
0 = =t? + 8t + 20 = (10 — t)(2 + t). 


So t = 10 seconds. 


(d) Impact is at t = 10. The velocity, v, at this time is v(10) = —32(10) + 128 = —192 ft/sec. Upon impact, the stone’s 
velocity is 192 ft/sec downward. 


23. Since the acceleration is constant, a graph of the velocity versus time looks like this: 


v (mph) 
200 mph 


t (sec) 


The distance traveled in 30 seconds, which is how long the runway must be, is equal to the area represented by A. 
We have A = 4(base)(height). First we convert the required velocity into miles per second. 


200 mbh = 200 miles ( 1 hour ) ( 1 minute ) 
pa = hour 60 minutes 60 seconds 


_ 200 miles 
~ 8600 second 


ieee 
= Ta miles/second. 


Therefore A = $(30 sec)(200 mph) = 4(30 sec) (+ miles/sec) = 2 miles. 


24. The height of an object above the ground which begins at rest and falls for t seconds is 
s(t) = —168? + K, 


where K is the initial height. Here the flower pot falls from 200 ft, so AK = 200. To see when the pot hits the ground, 
solve —16£? + 200 = 0. The solution is 


200 
t= Te 3.54 seconds. 


Now, velocity is given by s'(t) = v(t) = —32t. So, the velocity when the pot hits the ground is 


v(3.54) zz —113.1 ft/sec, 


which is approximately 77 mph downward. 


25. The first thing we should do is convert our units. We’ll bring everything into feet and seconds. Thus, the initial speed of 


the car is 
70 miles / 1hour Y / 5280 feet 
hour E =) (a) & 102.7 ft/sec. 
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We assume that the acceleration is constant as the car comes to a stop. A graph of its velocity versus time is given in 
Figure 6.38. We know that the area under the curve represents the distance that the car travels before it comes to a stop, 
157 feet. But this area is a triangle, so it is easy to find £o, the time the car comes to rest. We solve 


1 
5 (102.7)to = 157, 


which gives 

to ~ 3.06 sec. 
Since acceleration is the rate of change of velocity, the car’s acceleration is given by the slope of the line in Figure 6.38. 
Thus, the acceleration, k, is given by 


102.7 — 0 2 
k = —— x —33.56 fi : 
0— 3.06 33.56 ft/sec 
Notice that k is negative because the car is slowing down. 
y 
102.7 ft/sec 
y = v(t) 
t 
to 


Figure 6.38: Graph of velocity versus time 


26. (a) y= fe + 1) dz, so the solution is y = x? + z + C. 
(b) y y 


(c) At y(1) = 5, we have 1? + 1+ C = 5 and so C = 3. Thus we have the solution y = x? + +3. 
27. (a) We are asking for a function whose derivative is sin x + 2. One antiderivative of sin z + 2 is 
y = —cosz + 2x. 


The general solution is therefore 
y = — cos z + 2r +C, 
where C is any constant. Figure 6.39 shows several curves in this family. 
y 


Figure 6.39 
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29. 
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31. 


32. 


33. 
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(b) We have already seen that the general solution to the differential equation is y = — cos x + 2x + C. The initial 
condition allows us to determine the constant C. Substituting y(3) = 5 gives 


5 = y(3) = —cos3 + 2-3 + C, 


so C is given by 
C = 5 + cos 3 — 6 œ~ —1.99. 


Thus, the (unique) solution is 
y — — cos z + 2z — 1.99. 


Figure 6.39 shows this particular solution, marked C — — 1.99. 

(a) a(t) = 1.6, so v(t) = 1.6t + vo = 1.6t, since the initial velocity is 0. 

(b) s(t) — 0.81? + so, where so is the rock's initial height. 

(a) s = vot — 160, where vo — initial velocity, and v — s’ = vo — 32t. At the maximum height, v = 0, so vo = 32tmax. 
Plugging into the distance equation yields 100 — 32t24x — 16t2ax = 16t24x, SO tmax = 3 seconds, from which we 
get vo = 32 (3) = 80 ft/sec. 

(b) This time g = 5 ft/sec”, so s = vot — 2.547 = 80t — 2.502, and v = s’ = 80 — 5t. At the highest point, v = 0, so 
tmax = so = 16 seconds. Plugging into the distance equation yields s = 80(16) — 2.5(16)? = 640 ft. 


The velocity as a function of time is given by: v = vo + at. Since the object starts from rest, vo = 0, and the velocity 
is just the acceleration times time: v = —32t. Integrating this, we get position as a function of time: y = —16t? + yo, 
where the last term, yo, is the initial position at the top of the tower, so yo — 400 feet. Thus we have a function giving 
position as a function of time: y = —16t? + 400. 

To find at what time the object hits the ground, we find t when y = 0. We solve 0 = —16t” + 400 for t, getting 
p= 400/16 = 25, so t = 5. Therefore the object hits the ground after 5 seconds. At this time it is moving with a 
velocity v = —32(5) = —160 feet/second. 


In Problem 30 we used the equation 0 = —16t? + 400 to learn that the object hits the ground after 5 seconds. In a more 
general form this is the equation y = — 2p + vot + yo, and we know that vo = 0, yo = 400 ft. So the moment the object 
hits the ground is given by 0 — — gp? + 400. In Problem 30 we used g = 32 ft/sec”, but in this case we want to find a g 
that results in the object hitting the ground after only 5/2 seconds. We put in 5/2 for t and solve for g: 


2(400) 


(yap 7 128 ft/sec’. 


_ 9/5) _ 
0= a (3) + 400, sog = 


a(t) = —32. Since v(t) is the antiderivative of a(t), v(t) = —32t + vo. But vo = 0, so v(t) = —32t. Since s(t) is 
the antiderivative of u(t), s(t) = —16t? + so, where so is the height of the building. Since the ball hits the ground in 5 
seconds, s(5) = 0 = —400 + so. Hence so = 400 feet, so the window is 400 feet high. 


Let time t = 0 be the moment when the astronaut jumps up. If acceleration due to gravity is 5 ft/sec? and initial velocity 
is 10 ft/sec, then the velocity of the astronaut is described by 


v(t) = 10 — 5t. 


Suppose y(t) describes his distance from the surface of the moon. By the Fundamental Theorem, 


0) = 10 — 5a) dx 
y(t) — y(0) f (10 — 52) 
y(t) = 10t — st. 


since y(0) = 0 (assuming the astronaut jumps off the surface of the moon). 
The astronaut reaches the maximum height when his velocity is 0, i.e. when 


dy _ _ _ 
at v(t) 2 10 — 5t — 0. 


Solving for t, we get t = 2 sec as the time at which he reaches the maximum height from the surface of the moon. At this 
time his height is 


y(2) = 10(2) — 55(2)? =10ft. 


34. 


35. 


36. 
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When the astronaut is at height y = 0, he either just landed or is about to jump. To find how long it is before he comes 
back down, we find when he is at height y = 0. Set y(t) = 0 to get 


0 = 10t- 5507 
0 = 20t — 5¢? 
0—4t—£? 

0 = t(£— 4). 


So we have t = 0 sec (when he jumps off) and t = 4 sec (when he lands, which gives the time he spent in the air). 


e For [0, tı], the acceleration is constant and positive and the velocity is positive so the displacement is positive. Thus, 
the work done is positive. 
e For [t1, t2], the acceleration, and therefore the force, is zero. Therefore, the work done is zero. 
e For [t2, t3], the acceleration is negative and thus the force is negative. The velocity, and thus the displacement, is 
positive; therefore the work done is negative. 
e For [¢3, ta], the acceleration (and thus the force) and the velocity (and thus the displacement) are negative. Thus, the 
work done is positive. 
e For [t2, t4], the acceleration and thus the force is constant and negative. Velocity both positive and negative; total 
displacement is 0. Since force is constant, work is 0. 
Since j 
Acceleration — E =-4g, 
velocity is the antiderivative of —g, so 
v=—gt+C. 
Since the initial velocity is vo, then C = vo, so 
v = —gt + vo. 
We know that 
ds 
dt = v = —gt + vo. 


Therefore, we can find s by antidifferentiating again, giving: 


2 
s=- + vot + C. 


If the initial position is so, then we must have 


gt” 
s = =z T Vot tso: 


Let the acceleration due to gravity equal —k meters/sec?, for some positive constant k, and suppose the object falls from 
an initial height of s(0) meters. We have a(t) = du/dt = —k, so that 


v(t) = —kt + vo. 


Since the initial velocity is zero, we have 


which means vo = 0. Our formula becomes 


ds 
This means 
T M 
2 
Since 3 
s(0) = AO 4 so, 


we have so = s(0), and our formula becomes 
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Suppose that the object falls for t seconds. Assuming it has not hit the ground, its height is 


s() = + s(0), 


so that the distance traveled is E 


s(0) — s(t) = -3- meters, 


which is proportional to t°. 


(a) t = q , where t is the time it takes for an object to travel the distance s, starting from rest with uniform 


75 Umax 
acceleration a. Umax is the highest velocity the object reaches. Since its initial velocity is 0, the mean of its highest 
velocity and initial velocity is LUmax. 

(b) By Problem 36, s — 4 gt”, where g is the acceleration due to gravity, so it takes 4/200/32 = 5/2 seconds for the 
body to hit the ground. Since v = gt, Umax = 32(2) = 80 ft/sec. Galileo’s statement predicts (100 ft) /(40 ft/sec) = 
5/2 seconds, and so Galileo’s result is verified. 

(c) If the acceleration is a constant a, then s = zat?, and Umax = at. Thus 


E iat? 
i = 4 =t. 
2 Umax gat 
(a) Since the gravitational force is acting downward 
GMm _ mes 
r? dt?" 
Hence, 
d's V = Constant 
d? Po l 
If we define g = GM/r?, then 
d?s = 
d? 7 


(b) The fact that the mass cancels out of Newton's equations of motion reflects Galileo's experimental observation that 
the acceleration due to gravity is independent of the mass of the body. 


(a) Since s(t) — -i gt, the distance a body falls in the first second is 
1 2 g 
12--2:9:1 2-—Z. 
s(l)=—5-9 3 
In the second second, the body travels 
1 2 2 1 3g 
s(2)- s(1)= -3 (9-2 g:1)- 3 (49 g)= J 
In the third second, the body travels 
1 1 5 
s(3) — s(2) = —z (g- 3 -g 2”) = -5 (99 — 49) = — "2. 
2 2 2 
and in the fourth second, the body travels 
1 1 T 
s(4) - (3) = -3 (9:4 - 9-3") - -z (16g — 99) = - 2. 


(b) Galileo seems to have been correct. His observation follows from the fact that the differences between consecutive 
squares are consecutive odd numbers. For, if n is any number, then n? (n 1)? = 2n — 1, which is the n*^ odd 
number (where 1 is the first). 


Strengthen Your Understanding 


40. 


The dropped rock has constant acceleration, dv/dt = —32 ft/sec”. Assuming that the rock is not thrown, we let initial 
velocity be zero, so v — ds/dt — —32t. Thus s — —16t? + K, where K is the initial height, in feet, from which the rock 
was dropped. We compare the two formulas for s: 


si(t) = —16t” + 400 


41. 
42. 


43. 
44. 


45. 


46. 


47. 


48. 


49. 
50. 


51. 
52. 


53. 


54. 
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and 
s»(t) = —16¢” + 200. 


The rock dropped from the 400-foot cliff hits the ground when sı(t) = 0 or at t = 5 seconds, and the second rock hits 
the ground when s2(t) = 0, approximately t = 3.5 seconds. Thus, the rock dropped from a 400-foot cliff takes less than 
twice as long to hit the ground as the rock dropped from a 200-foot cliff. 


If y = cos(t?), then dy/dt = —2t sin(t?). Thus, y = cos(t?) does not satisfy the differential equation. 


The differential equation has solutions of the form y = F(x) + C with F'(x) = f(x). Two solutions correspond to 
different values of C and do not cross at any point. 

The differential equation dy/dx = 0 has general solution y = C, which is a family of constant solutions. 

Solutions are of the form 


t2 
y= z t3t+C. 


Different solutions correspond to different values of C. For example 


t2 
zT qd 
9—73 
t2 
Brae, 
3 


If y = cos (5a), we have dy/dx = —5 sin (5x). The equation dy/dx = —5 sin (5x) is therefore a differential equation 
that has y = cos (5x) as a solution. 


True. If F(x) is an antiderivative of f(x), then F’(x) = f(x), so dy/dx = f(x). Therefore, y = F(x) is a solution to 
this differential equation. 


True. If y = F(x) is a solution to the differential equation dy/dx = f(x), then F'(x) = f(x), so F(a) is an antideriva- 
tive of f(x). 


True. If acceleration is a(t) = k for some constant k, k 4 0, then we have 


Velocity = v(t) = nc dt — nz — kt 4C, 


for some constant C1. We integrate again to find position as a function of time: 


2 


Position = s(t) = fw dt = i (kt + C1) dt = T + Cit 4 Co, 


for some constant C2. Since k Z 0, this is a quadratic polynomial. 
False. In an initial value problem the value of y is specified at one value of x, but it does not have to be z = 0. 


False. The solution of the initial value problem dy/dx = 1 with y(0) = —5 is a solution of the differential equation that 
is not positive at x = 0. 

True. If dy/dx = f(x) > 0, then all solutions y(x) have positive derivative and thus are increasing functions. 

True. Two solutions y = F(x) and y = G(x) of the same differential equation dy/dx = f(x) are both antiderivatives of 
f(x) and hence they differ by a constant: F(x) — G(x) = C for all x. Since F(3) Z G(3) we have C F 0. 

True. If y = f(z) satisfies the differential equation dy/dx = sin z/z, then f'(x) = sinz/z. Since (f(x) 4- 5) = 
f'(x) = sinz/z, the function y = f(x) + 5 is also a solution of the same differential equation. 

True. All solutions of the differential equation dy/dt = 3t? are in the family y(t) = t? + C of antiderivatives of 3t?. The 
initial condition y(1) = 7 tells us that y(1) = 7 = 1? + C, so C = m — 1. Thus y(t) = t? + 7 — 1 is the only solution 
of the initial value problem. 
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Solutions for Section 6.4 


Exercises 


1 Table 6.4 


2. Using the Fundamental Theorem, we know that the change in F between x = 0 and x = 0.5 is given by 
0.5 
F(0.5) — F (0) = / sin t cos t dt ~ 0.115. 
0 


Since F(0) = 1.0, we have F'(0.5) ~ 1.115. The other values are found similarly, and are given in Table 6.5. 
Table 6.5 


b OEREN 25 | 3 
Fo) | 1 | 1.11492 | 1.35404 | 1.4975 | 1.41341 | 1.17908 | 1.00996 


3. (a) Again using 0.00001 as the lower limit, because the integral is improper, gives Si(4) = 1.76, Si(5) = 1.55. 
(b) Si(a i decreases when the integrand is negative, which occurs when v < x < 27. 


4. If f'(x) = sin(z?), then f(x) is of the form 
f(x) = c+ f sin(t?) dt. 
Since f (0) = 7, we take a = 0 and C = 7, giving 


f(x) =7+ f sin(t?) dt. 


0 


sin x 


5. If f'(x) = , then f(a) is of the form 


f(z) =C «f 2n dt. 
Since f (1) = 5, we take a = 1 and C = 5, giving 
f(x) = s+ f =“ dt. 
1 


6. If f'(x) = Si(z), then f(x) is of the form 
f(z) =C+ ri Si(t) dt 


Since f (0) = 2, we take a = 0 and C = 2, giving 


f(r)22- n Si(t) dt 


0 


7. By the Fundamental Theorem, f(x) = F'(z). Since f is positive and increasing, F is increasing and concave up. Since 
F(0) = f f(t)dt = 0, the graph of F must start from the origin. See Figure 6.40. 


F(z) 


Figure 6.40 
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8. By the Fundamental Theorem, f(x) = F'(z). Since f is positive and decreasing, F is increasing and concave down. 
Since F(0) = To J (t)dt = 0, the graph of F must start from the origin. See Figure 6.41. 


F(a) 
x 
Figure 6.41 
9. Since f is always positive, F is always increasing. F has an inflection point where f^ = 0. Since F(0) = : f(t)dt = 0, 
F goes through the origin. See Figure 6.42. 
F(z) 
x 

Figure 6.42 


10. Since f is always non-negative, F is increasing. F is concave up where f is increasing and concave down where f is 
decreasing; F has inflection points at the critical points of f. Since F(0) = Jf N f(t)dt = 0, the graph of F goes through 
the origin. See Figure 6.43. 


F(x) 
x 
Figure 6.43 
11. cos(z?). 
12. From 
d t 
gj re ro 
we have 


da f, . 
a] sin(/z) dx = sin( Vt). 


13. (1+2)?”. 
14. From 
d Ed 
xj «12 
we have - 
=| ime? +1) de = Inte? + 1). 


15. arctan(z?). 


16. Considering Si(a”) as the composition of Si(u) and u(x) = x?, we may apply the chain rule to obtain 


d d(Siu)) du 


dx du dx 
= |: 22 
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Problems 


17. 


18. 


19. 


We need to find where F” (x) is positive or negative. First, we compute 


F'zr)-e", 
then : 
F"(y)-—-—2xe ". 
Since e? > 0 for all x, we see that 
F(x) > 0forz «0 
and 


F” (x) < 0 for x > 0. 
Thus the graph of F'(x) is concave up for x < 0 and concave down for x > 0. 


The graph of f(x) = re ^ is shown in Figure 6.44. We see that f(x) < 0 when x < 0 and f(x) > 0 when z > 0. 
There is some value a with —1 < a < 0, for which the area of f(x) below the x-axis from x = a to x = 0 equals the 
area above the x-axis from x = 0 to x = 1. Then for this value of a, 


F(a) — f(t) dt « ] =0. 


1 
F(1) x te ' dt — 0. 
1 


There are no other values of x for which F(x) = 0, since for z > 1, the area under the graph of f(x) increases, because 
f(x) > 0. Similarly, for x < a, we have f(x) < 0 and the area under the graph of f (x) increases as x gets more negative. 


Also 


Figure 6.44 


By the Fundamental Theorem of Calculus, 


Fe- ro) - | son= f sin(t^) dt. 
0 0 


Since F(0) = 0, we have 
F(x) = / sin(t?) dt. 
0 


Using a calculator, we get 


F(0) =0 
F(0.5) — 0.041 

F(1) — 0.310 
F(1.5) = 0.778 

F(2) — 0.805 
F(2.5) = 0.431 


20. 


21. 


22. 


23. 
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The graph of f(x) = F' (x) = sin(x?) is in Figure 6.45. The function F(x) is increasing where F'(z) = f(x) > 0, that 
is, for 0 < x < 5 ~ 1.772. The function F(x) is decreasing where F’ (x) = f(x) < 0, that is, for 1.772 < x < 2.5. 


1 
0.5 
vr x 
1 2 
0.5 
f(x) = sin(z?) 
i NA 


Figure 6.45 


Using the solution to Problem 20, we see that F(x) is increasing for x < \/7 and F(x) is decreasing for x > \/7. Thus 
F'(x) has its maximum value when x = yr. 
By the Fundamental Theorem of Calculus, 


vm 
0 


Ju 
rwn - ro) - f soa= f sin(t?) dt. 
0 


Since F(0) = 0, calculating Riemann sums gives 
VT 
F(/n) = n sin(t”) dt = 0.895. 
0 


See Figure 6.46. 


Figure 6.46 


We know that F'(z) increases for x < 50 because the derivative of F' is positive there. See Figure 6.47. Similarly, F (£) 
decreases for x > 50. Therefore, the graph of F rises until x = 50, and then it begins to fall. Thus, the maximum value 
attained by F' is F(50). To evaluate F (50), we use the Fundamental Theorem: 


F(50) — F(20) = ‘| F' (a) dx, 
20 
which gives 
50 50 
F(x) dx = 150 +f F'(x) dz. 


20 


F(50) = F (20) +f 


20 


The definite integral equals the area of the shaded region under the graph of F”, which is roughly 350. Therefore, the 
greatest value attained by F' is F(50) ~ 150 + 350 = 500. 
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F' 
20 F 
10 - 
| l |r 
20 40 60 
—]0 = 
Figure 6.47 


24. (a) The definition of g gives g(0) = ig f(t) dt = 0. 
(b) The Fundamental Theorem gives g'(1) = f(1) = —2. 
(c) The function g is concave upward where g” is positive. Since g” = f’, we see that g is concave up where f is 
increasing. This occurs on the interval 1 < x < 6. 
(d) The function g decreases from x = 0 to x = 3 and increases for 3 < x < 8, and the magnitude of the increase is 
more than the magnitude of the decrease. Thus g takes its maximum value at x = 8. 


25. (a) Since £ (cost) = —2sin(2t), we have F(t) = | sin(2t) dt = -2 cos(2t)| = -jü —1)20. 
0 
(b) F(a) = (Area above t-axis) — (Area below t-axis) = 0. (The two areas are equal.) 


sin 2t 


(c) F(x) > 0 everywhere. F(x) = 0 only at integer multiples of 7. This can be seen for z > 0 by noting F(x) = 
(Area above t-axis) — (Area below t-axis), which is always non-negative and only equals zero when z is an integer 
multiple of 7. For x > 0 


F(-2) = / sin 2t dt 
0 


0 
— I sin 2t dt 


= | sin 2t dt = F(x), 
0 


since the area from —< to 0 is the negative of the area from 0 to x. So we have F(x) > 0 for all x. 


26. (a) F’(x) = — by the Construction Theorem. 


(b) For z > 2, F'(x) > 0, so F(x) is increasing. Since F” (x) = STE < 0 for x > 2, the graph of F(x) is 
x 
concave down. 
(c) 3 
F(z) 
2 
1 
i i 1 i Lg 
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27. (a) The definition of R gives o 
R(0) = i V1+ dt =0 
and i - 
R(—x)-— I 1+ t? dt. 
0 


Changing the variable of integration by letting t = —z gives 


] vigas | VCF- | iege. 


Thus R is an odd function. 
(b) Using the Second Fundamental Theorem gives R’(x) = V1 + z?, which is always positive, so R is increasing 
everywhere. 


(c) Since 
T 


Vita’ 


then R is concave up if > 0 and concave down if x < 0. 
(d) See Figure 6.48. 


R" (x) = 


T R(x) 
rc 
—10 10 
—35 
Figure 6.48 
(e) We have 

* V14- 8 dt 
lim nw) = lim Ju pdt 

z—00 r2 r— 00 x? 


Using l’ Hopital’s rule gives 


lim vitas’ = lim 2————— UEI = : 
z—:00 2x B z—00 2 i 2 


Thus the limit exists; its value is 1/2. 


28. (a) We have F(x) — iin f (t) dx = 0 for all x. 
(b) We have F'(x) = f(x) by the Second Fundamental Theorem. We have F'(x) = 0 by part (a). Hence f(x) = 0. 


29. Since F'(x) = e-* and F(0) = 2, we have 
F(a) = F(0) +f e dt=2 +f e^? dt. 
0 0 
Substituting z — 1 and evaluating the integral numerically gives 


1 
F(1) =2 +f e? dt = 2.747. 


0 
30. Since G(x) = cos(z?) and G(0) = —3, we have 
G(x) = G(0) + [ cos(t?) dt = —3 + i cos(t?) dt. 
0 0 
Substituting x — —1 and evaluating the integral numerically gives 


=i 
G(-1) = -3 +f cos(t”) dt = —3.905. 
0 
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We have 


0.4 
w(0.4) = I q(x) dx 
0 


~ 0.1¢(0.0) + 0.1q(0.1) + 0.19(0.2) + 0.19(0.3) left-hand sum with At = 0.1 
= 0.1(5.3) + 0.1(5.2) + 0.1(4.9) + 0.1(4.5) = 1.99. 


Since g'(x) < 0, we know a left-hand sum provides an overestimate. 
Alternatively, we could use a right-hand sum to provide an underestimate: 


0.4 
w(0.4) = J q(x) dx 
0 


~ 0.19¢(0.1) + 0.19(0.2) + 0.19(0.3) + 0.1q(0.4) right-hand sum with At = 0.1 
= 0.1(5.2) + 0.1(4.9) + 0.1(4.5) + 0.1(3.9) = 1.85. 


We have: 


0.4 
v(0.4) = | q (a) dex, 
0 


= q(0.4) — q(0) Fundamental Theorem of Calculus 
= 3.9 — 5.3 from the table 
= —1.4. 


This answer is exact. 


t 
Since w(t) = | q(x) dx, we know from the Construction Theorem that w is an antiderivative of q. This means: 
0 


w'(t) = a(t), 
so w'(0.4) = q(0.4) =3.9 from the table. 


This answer is exact. 


t 
Since v(t) = / q' (a) dx, we know from the Construction Theorem that v is an antiderivative of q’. This means: 
0 


average rate of change of q 


E M ec 


Since q’ and q” are both negative, we know q is decreasing and its graph is concave-down. This tells us that the secant 
line from z = 0.4 to x = 0.5 is steeper (its slope is “more negative") than the tangent line, making —8 an underestimate. 
Alternatively we can write 


A) — i 
v' (0.4) = q' (0.4) & 2093) as average rate of change of q 


39-23 | 


== 


0.1 


Here, the secant line from x = 0.3 to x = 0.4 is less steep (its slope is “less negative") than the tangent line, making —6 
an overestimate. 


If we let F(x) = i, In(1 + £?) dt, using the chain rule gives 


— F(x”) = 2x F'(a?) = 2x In(1 + (a?)?) = 2x In(1 + z*). 
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36. If we let f(t) = i cos(a?) da and g(t) = sin t, using the chain rule gives 
d sint 


um : cos(z?) dx = f'(g(t)) - g/(t) = cos((sint)?) - cost = cos(sin? t)(cos t). 


37. We first write 


as 
Letting 


and using the chain rule gives 


£ ror) = 2F' (2t) = 2[- sin(V2t)] = —2sin(Vt). 


38. If we split the integral at x = 0, we have 


If we let 


39. 


40. If we let f(x) = erf(x) and g(x) = V, then we are looking for 4[f(g(x))]. By the chain rule, this is the same as 
g (x) f'(g(x)). Since 


1 _ d 2 —#? 


and so 


542 


41. 


42. 
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If we let f(x) = i e^" dt and g(x) = z?, then we use the chain rule because we are looking for 4 f(g(x)) = 
f'(g(x))- g'(x). Since f'(x) = e^* , we have 


2 
ES f e” dt) = f' (a?) - 3a? = gU Vau eger 
dz | Jo 


3 
We split the integral S: e^* dt into two pieces, say at t = 1 (though it could be at any other point): 


3 3 3 


g£ g“ 5 1 " c A m 5 
J gU die J e™ dt «f et dt= J e dt— I e ^ dt. 
x 1 x 1 1 


We have used the fact that af "mg dt=— JT H e” dt. Differentiating gives 


3 3 
d 7 —t? u d 7 m d 7 —t? 
(f e «) -z(f e «) -z(f* it) 


For the first integral, we use the chain rule with g(a) = x? as the inside function, so the final answer is 


3 
d = : 
— (/ get «) = eG» 3232 — er = 322e7** = er. 
dx » 


Strengthen Your Understanding 


43. 


44. 
45. 


46. 


47. 


48. 
49. 
50. 


51. 
52. 


53. 


5 


9 
Note that f t dtisa constant, therefore its derivative is zero. 
0 


f(x) = x? has a minimum at x = 0. However, F(x) is non-decreasing for all x since F'(z) = x? > 0 everywhere. 


The derivative of F(x), which is f(x), has a local minimum at x = 2. The function F(x) has local minimums at x = —1 
and x = 3, where f(x) goes from negative to positive. 


From the Second Fundamental Theorem of Calculus, we have F(x) = f. f (t)dt (so that F(0) = 0). In order to assure 
that F’ is a nondecreasing function, we need only pick a function f(t) that is nonnegative for all t. The choices are many, 
but one possible example is f(t) = t^, giving F(x) = n 0? dt. 


From the Second Fundamental Theorem of Calculus, we have G(x) = J. g(t)dt. Since G(7) = 0, we let a = 7, and 
in order to ensure that G is concave up, we need a function g(t) that has a positive derivative. One possible example is 
g(t) = e', giving G(x) = f edt. 

True. The Construction Theorem for Antiderivatives gives a method for building an antiderivative with a definite integral. 
True, by the Second Fundamental Theorem of Calculus. 


True. We see that 


5 3 5 
Fo) - Fe) = f roa- f| roa= f f(t) dt. 
0 0 3 


False. If f is positive then F is increasing, but if f is negative then F^ is decreasing. 


True. Since F and G are both antiderivatives of f, they must differ by a constant. In fact, we can see that the constant C 
is equal to IN f(t) dt since 


ro)- f soas f ras f f(t) dt = G(x) + C. 
0 2 0 


True, since J (f(t) + g(t)) dt = I f (t) dt + Jo. g(t) dt. 
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Solutions for Chapter 6 Review 


Exercises 


1. We find the changes in f(x) between any two values of x by counting the area between the curve of f'(x) and the x-axis. 
Since f'(x) is linear throughout, this is quite easy to do. From x = 0 to x = 1, we see that f'(x) outlines a triangle of 
area 1/2 below the x-axis (the base is 1 and the height is 1). By the Fundamental Theorem, 


n func) dur 
0 


so 
1 
«f f'G)ds = f() 
0 

1 3 

Em) epe cmd 

2 2 
Similarly, between x = 1 and x = 3 we can see that f'(x) outlines a rectangle below the x-axis with area —1, so 
f(2) = 3/2 — 1 = 1/2. Continuing with this procedure (note that at x = 4, f'(x) becomes positive), we get the table 

below. 


2. Since F(0) = 0, F(b) = [4 f (t) dt. For each b we determine F(b) graphically as follows: 


F(0) =0 

F(1) = F(0) + Area of 1 x 1 rectangle = 0 + 1 = 1 

F(2) = F(1) + Area of triangle G :1:1)2140521.5 
F(3) = F(2) + Negative of area of triangle = 1.5 — 0.5— 1 
F(4) = F(3) + Negative of area of rectangle = 1 — 1 = 0 

F(5) = F(4) + Negative of area of rectangle = 0 — 1 = —1 
F(6) = F(5) + Negative of area of triangle = —1 — 0.5 = —1.5 


The graph of F(t), for 0 € t € 6, is shown in Figure 6.49. 


Figure 6.49 


3. F is increasing because f is positive; F is concave up because f is increasing. See Figure 6.50. 


e m 
F(x) 
2- 
Lr 
i l Lg 
1 2 3 


Figure 6.50 


544 Chapter Six /SOLUTIONS 


4. F is increasing because f is positive; F is concave up because f is increasing. See Figure 6.51. 


27 F(a) 
1 ls 
l l x£ 
1 2 
Figure 6.51 


5. (a) The value of the integral is negative since the area below the x-axis is greater than the area above the x-axis. We 
count boxes: The area below the x-axis includes approximately 11.5 boxes and each box has area (2)(1) = 2, so 


5 
n f(x)dx ~ —23. 
0 


The area above the x-axis includes approximately 2 boxes, each of area 2, so 


7 
J f(w)de x 
5 
7 5 7 
| fe)de= | foy f f(a)dx ~ —23 + 4 = —19. 
0 0 5 


(b) By the Fundamental Theorem of Calculus, we have 


So we have 


7 
ra ro = f f(a)dx 
0 


F(7) = F(0) «f f(x)dx = 25 + (-19) = 6. 
0 


6. -—Ó TC. 


2 


x 
=—4C 
z p 


DL 


je 
gem 

8. f momo eme 
/ 

fe 


4 
9, g*-—2jds- 7.9940 
1 i" Y 
10 hijd ve cau 
5) 3 t 
4 4 
ti | dcc 
n = 
3 2 
12. [e+ i = +80 +C 


13. [view = sui? 40 


14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 
22. 


23. 
24. 
25. 


26. 
27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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5/2 
pe +9?) dt = n 2p? G) 


ET qu 
12 
x 
— +C 
TL + 12 + 


3sint + 207? C 


2 
1 " 1 y? 1 
—-2]| dy= -24+—)dy=4+-2%--4+C 
"c +) 1 "c z) dab N^ 


tang +C 
21n |r| — r cosx + C 


: 1 ; —- ; 1 
Since f(x) = x + 1 4- —, the indefinite integral is at +xe+In|z|+C 
x 


5e* +C 

1 T H d x Ed 
i2? + C, since Te ) = (In2)-2 
3sinz+7cosx+C 


2e" — 8sin x + C 


Z= 8/9 ~ —0.889. 


—3 


7/2 
J 2 cos ddd = 2 | sin 
—r/2 


3 
FG) = | se)ar = f a? de = Z+ car) = 4 then F0) = 0+ C = A and thus C = 4 So F(2) = 


ds - 2 (sin — sin =) =2(1 - (=1)). =4. 


—n/2 


xt 


4 


+ 2x? — Ax +4. 


4 
We have F(r) = T +20° — An C. Since F(0) = 4, we have 4 = 0 + C, so C = 4. So F(x) = 
F(x = | vza = s 40. If F(0) = 4, then F(0) = 0 + C = 4 and thus C = 4. So F(x) = za pa, 


F(x = f ede = é + carro) = 4 then F(0) = 1 + C = 4 and thus C = 3. So F(z) =e" +3. 


Since (z^)' = x” (1 + ln z), we have 


F(x)= | sinadx = — cos xz + C. If F (0) = 4, then F (0) = —1 + C = 4 and thus C = 5. So F(x) = — cos z + 5. 


F(x)= | cosxdx = sin xv + C. If F (0) = 4, then F (0) = 0 + C = 4 and thus C = 4. So F(x) = sin z + 4. 


3 3 
J £a*226-7 — 3? — 1! = 26. 
1 


1 


Since y = x + sin x — 7, we differentiate to see that dy/dx = 1+ cos x, so y satisfies the differential equation. To show 
that it also satisfies the initial condition, we check that y(7) = 0: 


y—rz--sinr—m 


y(r) =r +sinT — r =Q. 


Differentiating y with respect to x gives 


for all values of A. 
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39 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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3 y= [eas teseec 
1 2 
v= | (se+2) dx = 4x^ + ln |z| +C 
z 
w= facta = $0 +0 


p J ssupav= —3 cos p + C 


y= fe + Ax) dx = 22? + 2x? + C. If y(2) = 10, then 2(2)? + 2(2)? + C = 10 and C = 10 — 16 — 8 = —14. 
Thus, y = 2x? + 2z? — 14. 


P= J 10e* dt = 10e* + C. If P(0) = 25, then 10e? + C = 25 so C = 15. Thus, P = 10e* + 15. 


s= nz + 100) dt = —16t? + 100¢ + C. If s = 50 when t = 0, then —16(0)? + 100(0) + C = 50, so C = 50. 
Thus s = — 16t? + 100t + 50. 


Integrating gives 


| fees [asma onc 
z 


If q = 5 when z = 0, then 2(0) — cos(0) + C = 5 so C = 6. Thus q = 2z — cos z + 6. 


2 “eae = mmo = — cos(t?) 
dt — dt . 7 


1 HA 
E nee — Intdt | =—Inz. 
dx » da i 


Problems 


49. We can start by finding four points on the graph of F (x). The first one is given: F (2) = 3. By the Fundamental Theorem 


50. 


of Calculus, F (6) = F (2) + IN F" (z)da. The value of this integral is —7 (the area is 7, but the graph lies below the 
x-axis), so F(6) = 3 — 7 = —4. Similarly, F(0) = F(2) — 2 = 1, and F(8) = F(6) + 4 = 0. We sketch a graph of 
F(x) by connecting these points, as shown in Figure 6.52. 


(2,3) 


(0, 1) 


(6, —4) 


Figure 6.52 


Between time t = 0 and time t = B, the velocity of the cork is always positive, which means the cork is moving upward. 
At time t = B, the velocity is zero, and so the cork has stopped moving altogether. Since shortly thereafter the velocity 
of the cork becomes negative, the cork will next begin to move downward. Thus when t = B the cork has risen as far as 
it ever will, and is riding on top of the crest of the wave. 

From time t = B to time t = D, the velocity of the cork is negative, which means it is falling. When t = D, the 
velocity is again zero, and the cork has ceased to fall. Thus when t = D the cork is riding on the bottom of the trough of 
the wave. 

Since the cork is on the crest at time B and in the trough at time D, it is probably midway between crest and trough 
when the time is midway between B and D. Thus at time t = C the cork is moving through the equilibrium position on 
its way down. (The equilibrium position is where the cork would be if the water were absolutely calm.) By symmetry, 
t = A is the time when the cork is moving through the equilibrium position on the way up. 

Since acceleration is the derivative of velocity, points where the acceleration is zero would be critical points of the 
velocity function. Since point A (a maximum) and point C (a minimum) are critical points, the acceleration is zero there. 
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A possible graph of the height of the cork is shown in Figure 6.53. The horizontal axis represents a height equal to 
the average depth of the ocean at that point (the equilibrium position of the cork). 


height B 


time 


D 
Figure 6.53 


51. (a) Critical points of F(x) are the zeros of f: x = 1 and x = 3. 
(b) F(x) has a local minimum at z = 1 and a local maximum at x = 3. 


(c) See Figure 6.54. 


Figure 6.54 


Notice that the graph could also be above or below the z-axis at x = 3. 


52. (a) Critical points of F(z) are x = —1, x = 1 and z = 3. 
(b) F(x) has a local minimum at z = —1, a local maximum at x = 1, and a local minimum at x = 3. 


(c) See Figure 6.55. 


| | | | rc 
—2 4 
F(a) 
Figure 6.55 
53. 
z4 
x 
21 22 23 T5 
f(x) 


(a) f(x) is greatest at zi. 
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(b) f(z) is least at zs. 

(c) f'(x) is greatest at £3.. 
(d) f'(x)is least at z5. 

(e) f"(x)is greatest at zi. 
(f) f" (x) is least at xs. 


54. (a) Starting at x = 3, we are given that f(3) = 0. Moving to the left on the interval 2 < x < 3, we have f'(x) = —1, 
so f(2) = f(3) — (1)(—1) = 1. On the interval 0 < x < 2, we have f'(x) = 1, so 


f(0) = f(2) + 1(-2) — ii, 


Moving to the right from z = 3, we know that f'(x) = 20n3 < x < 4. So f(4) = f(3) +2 = 2. On the interval 
4 « z « 6, f'(z) 2 —2so 


f(6) = f(4) + 2(-2) = -2. 


On the interval 6 < x < 7, we have f'(x) = 1, so 


m 


(b) In part (a) we found that f(0) = —1 and f(7) = —1. 
(c) The integral i f'(x) dz is given by the sum 


[ F(z) de = (1)(2) + (=D) + (22) + (-2)2) + (0)(1) = 0. 


Alternatively, knowing f(7) and f(0) and using the Fundamental Theorem of Calculus, we have 


[ro dx = f(7) - (0) =-1-(-1) =0. 


55. We have i 
E 3 3 3 _ 
Am f d= E == Z — 1 21. 
1 
56. The graph crosses the x-axis where 
7—8r+2" =0 


so x = 1 and x = 7. See Figure 6.56. The parabola opens upward and the region is below the x-axis, so 


7 
Area --| (7 — 8x + x°) dx 
1 


7 
— T E 
3 


= 36. 
y =7-— 8r +r? 


1 


Figure 6.56 
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57. Since y = z*(1 — x) is positive for 0 € x < 1 and y = 0, when x = 0, 1, the area is given by 


4 5]! 


1 1 
Area = Í z?(1— x) dz = J (a? — z*) dx = ay 
" o 4 5 


58. Since y = 0 only when x = 0 and x = 1, the area lies between these limits and is given by 


1 1 1 
Area — f Pa-ads= f z^(1— 2x + x°) dr = f (a? — 22? + z^) dx 
0 0 0 


1 
4 x? 
+ — 


20° 


0 


x? 2 1 
= See 
4 


30 


59. The curves cross at the origin and at (1, 1). See Figure 6.57. Since the upper half of z = y? is given by y = /z and this 


curve is above y = x, we have 


1 
1 3/2 3 
z ee EA || See 
Ara = | (ve x^) dx (57 =) =3 3. 
0 


Figure 6.57 


60. The graph is shown in Figure 6.58. Since cos 0 > sin 0 for 0 < 0 < 7/4, we have 


T/4 
Area = 1 (cos 0 — sin 0) d8 
0 


n/4 
= (sin 0 + cos 8) 


el T 


Figure 6.58 


61. The graphs of /(0) = sin 0 and g(0) = cos@ cross at 0 = 7/4 and 0 = 57/4. See Figure 6.59. Since sin Ó is above 
cos 0 between these two crossing points and cos @ is above sin 0 outside, we have 


5n/4 27 


7/4 
Area — / (cos 0 — sin 0) dO + J (sin 0 — cos 0) d0 + f (cos 0 — sin 0) d0 
0 n/4 


57/4 
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n/A 
+ (— cos 0 — sin 0) 


51/4 
+ (sin 0 + cos 0) 


2m 
= (sin 0 + cos 0) 


cos 0 


Figure 6.59 


62. Since the graph of y = e” is above the graph of y = cos x (see Figure 6.60) we have 


Area — 


1 1 
eae | cos x dx 
0 


1 1 
— sin g 
0 


T 
=e 


0 
1 : : 
=e — e° —sin1 +sin0 


=e-—1l1-sinl. 


Figure 6.60 


63. The area is given by 


1 1 
A= / (cosh x — sinh z) dx = (sinh x — cosh x) 


1 —1 


— sinh 1 — cosh 1 — (sinh(—1) 
— 2sinh 1. 


cosh(—1)) 
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64. The area under f(x) = 8x between x = 1 and x = bis given by f. : (8x)dx. Using the Fundamental Theorem to evaluate 


the integral: 
b 


Area = 4x7] = Ab? — 4. 


Since the area is 192, we have 


4b? — 4 = 192 
4b? = 196 

b = 49 
b = +7. 


Since b is larger than 1, we have b = 7. 


65. The graph of y = z? — c? has x-intercepts of x = +c. See Figure 6.61. The shaded area is given by 


Area =- f (a? — c?) dx 


& 


We want c to satisfy (4c?)/3 = 36, so c = 3. 


Figure 6.61 


66. We have 


L qe 1 fz 
A lue = — Se 1)dz = | 
verage value wf (x^ + 1)dx 10 (5 +2) 


We see in Figure 6.62 that the average value of 103/3 ~ 34.33 for f(x) looks right. 


100 } f(z)2z?41 


50 
34.33 


Figure 6.62 
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67. The average value of v(x) on the interval 1 < x < cis 
1 f 1 j 
ee 
c= iji 2 c—-1 Tu 


Since g S =p mid ee 
c= 1 jJi x? c 


68. Letting y = f(x), we have x = f !(y): 


y — 5x 
vc = 0.2y 
L = 0.04y? 
so f (x) = 0.0427. 


Letting k = 0.04 and n = 2, we have 


4 
4 0.04 944 
x) dx = — -x 
] Pee- 3% 


2 
0.04 3 


= —— rT 


1 


3 
84. 


Il 
o 


69. We have 


(f(2)^ = (va) 


Letting k = 0.2 and n = —0.5, we have 


f (2) do = Duces 


70. Letting k — 5 and n — 0.5, we have 


Thus, 


71. 


72. 


73. 


74. 


75. 


76. 
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We have: 
2 
fQ= i Qa? dx 
D ad 
= 2 f x? dx 
P 2 
=2. 5g’ 
3 0 
. 16 
| 8 
We have: 
f(n) = f na? dx 
0 TL 
= nf x? dx nisa constant 
0 TL 
1 
= fj Lg? 
3 0 
1 4 
= >n”. 
3 
If we let f(x) = [7 sin(t?) dt and g(x) = z?, using the chain rule gives 
2 g g g 
gf 
Em sin(t?) dt = f'(g()) - g'(x) = sin((z?)?) - 3a” = 3? sin(a?). 
2 
Since E e dt = — ae * e dt, if we let f(z) = T. e? dt and g(x) = cos x, using the chain rule gives 
4 f? am a [7 E d= f'(g(x))- g'(x) = elm)? sin x) = sin ges v 
da: cos c B da: 3 7 P E B i m l 


If we split the integral at x = 0, we have 


m 0 um —ox zx 
J of d= / ET diae n et dtes I e dt+ / e* dt. 
=ğ —c 0 0 0 


If we let 


using the chain rule on each part separately gives 


d 
dx 


[- Pica) + Fey = (21) (-2) + (L) F’ (£) me 79 aeu = 27, 


We split the integral at x — 1 (or any other point we choose): 


3 t 


Differentiating each part separately and using the chain rule gives 


t 


3 43 et 
d d d 
— 1+a2dx = — V1+22 dx — — 1+22d 
di + c^ ax =f Toda =f + 2" dr 


et 


= 4/1 + (8)2 - 3t? — 1/14 (et)? - ef 


= 3804/1 + t$ — eb 1 4 et, 


t 1? 1 t e 
J iar f Visas | pesas f Fade- f 1 + 2? dz. 
et 1 et 1 1 
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77. (a) Inventory at time tis f(t) = Q — S, See Figure 6.63. 


Q 
f(t) 
i 
A 
Figure 6.63 
(b) Over the period 0 < t < A, 
A 
Average inventory — a nc f(t) 
A 
mE: B zu) 
c f " at) d 
-A(e- $9) | -3(04- 5) -1e 
0 


Graphically, the average is the y coordinate of the midpoint of the line in the graph above. Thus, the answer should 

Q-0 Q 
P E 
Common sense tells us that since the rate is constant, the average amount should equal the amount at the midpoint 
of the interval, which is indeed Q/2. 


78. (a) The distance traveled is equal to the area of the region under the graph of u(t) between t = 0 and t = 10, or, the area 
of the trapezoid T in Figure 6.64. 


v(0) + (10) ,, _ (2+ 10-0) +(2+10- 10) 


A fT = 10 = 520 ft. 
rea o 5 3 

v v(t) =2+ 10t 
102 ft/sec | 
T 

2 ft/sec -¥ t 
10 sec 
Figure 6.64 


(b) Since v(t) = 2 + 10t > 0 for all t > 0, the car is always moving in the same direction. If the car's initial position is 
s(0), then its position at time ¢ is simply s(0)+ distance traveled in t seconds. To find this distance we calculate the 
area of the trapezoid where the right-hand limit is ¢ rather than 10. 


v(0) + v(t) ,, __ @+10-0) + (2+ 10), _ 4+ 108 


t = 5t? + 2t. 
E + 


Area of trapezoid = 


Thus s(t) = s(0) + 5t? + 2t feet. 
(c) The distance traveled by the car between t = 0 and t = 10 seconds is found by substituting into s(t): 


s(10) — s(0) = (s(0) + 5(10)? + 2- 10) — s(0) = 5(10)” + 2- 10 = 520 ft. 


This is the same answer we found in part (a). 
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(d) The distance traveled by the car between t = 0 and t = 10 is the area of the region under the graph of v(t) and 
between t = 0 and t = 10, that is 


10 10 
Total distance = I v(t) dt = / (2 + 10t) dt. 
0 0 


The Fundamental Theorem of Calculus asserts that since s(t) is an antiderivative for u(t), 


fe + 10t) dt = s(10) — s(0). 
0 


The integral on the left is given by the area we found in part (a) and the difference on the right is what we found in 
part (c). Thus the Fundamental Theorem guarantees that the distances found in parts (a) and (c) are the same. 


79. (a) Since f'(t) is positive on the interval 0 < t < 2 and negative on the interval 2 < t < 5, the function f(t) is 
increasing on 0 < t < 2 and decreasing on 2 < t < 5. Thus f(t) attains its maximum at t = 2. Since the area 
under the t-axis is greater than the area above the t-axis, the function f(t) decreases more than it increases. Thus, the 
minimum is at t = 5. 

(b) To estimate the value of f at t = 2, we see that the area under f’(t) between t = 0 and t = 2 is about 1 box, which 
has area 5. Thus, 


f(2) = f(0) +f f'(t)dt ~ 50 +5 = 55. 
0 


The maximum value attained by the function is f (2) ~ 55. 
The area between f" (t) and the t-axis between t = 2 and t = 5 is about 3 boxes, each of which has an area of 
5. Thus 


f(5) = F2) + 1 f (t)dt = 55 + (—15) = 40. 


The minimum value attained by the function is f (5) = 40. 
(c) Using part (b), we have f(5) — f(0) = 40 — 50 = —10. Alternately, we can use the Fundamental Theorem: 


f(5) — f(0) = a f'(t)dt 5 — 15 = —10. 
0 


80. Let v be the velocity and s be the position of the particle at time t. We know that a = dv/dt, so acceleration is the slope 
of the velocity graph. Similarly, velocity is the slope of the position graph. Graphs of v and s are shown in Figures 6.65 
and 6.66, respectively. 


t 
| 1 n | i 1 t 
1 2 3 4 5 6 7 
Figure 6.65: Velocity against time Figure 6.66: Position against time 
81. (a) Since 6 sec = 1/10 min, 
Angular acceleration = a = 14,000 revs/min?. 


(b) We know angular acceleration is the derivative of angular velocity. Since 
Angular acceleration = 14,000, 


we have 
Angular velocity = 14,000t + C. 


Measuring time from the moment at which the angular velocity is 1100 revs/min, we have C = 1100. Thus, 
Angular velocity = 14,000¢ + 1100. 


Thus the total number of revolutions performed during the period from t = 0 to t = 1/10 min is given by 
1/10 1/10 
= Í (14000t + 1100)dt = 7000¢? + 1100t = 180 revolutions. 
0 0 


Number of 


revolutions 
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82. (a) We find F for each piece, 0 € x < 1and 1 < x < 2. 
For 0 € z € 1, we have f(x) = —x + 1, so F is of the form 


2 
[coe eoe 


Since we want F(1) — 1, we need C — 1/2. See Figure 6.67. 
For 1 € x € 2, we have f(x) = x — 1, so F is of the form 


2 
[e-2e- 5-26 


Again, since we want F(1) — 1, we have C — 3/2. See Figure 6.67. 


(b) Evaluating 
2 5 
F(2) ro- (£ 2+3) ( piget 


The region under the graph of f consists of two triangles, whose area is 


Ec: 


Area = = 
rea 2 2 


(c) The Fundamental Theorem of Calculus says 


Since the value of the integral is just the area under the curve, we have shown this in part (b). 


F(z) 


1 | m 


1 


N 


Figure 6.67 


83. Since the car’s acceleration is constant, a graph of its velocity against time t is linear, as shown below. 


v (mph) 


80 


l t (seconds) 
6 
The acceleration is just the slope of this line: 
dv  80—0mph 40 mph 
— = ——— = — = 13.33 —. 
dt 6 sec 3 sec 
To convert our units into ft/sec?, 
40 mph 5280 ft 1 hour 19.55 ft 


3 sec I mile 3600 sec sec? 
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84. (a) Since the velocity is constantly decreasing, and v(6) = 0, the car stops after 6 seconds. 


85. 


86. 


(b) 


(c) 


(d) 


(b) 
(c) 


(d) 


tie) fo | os | a fis | 2 | 25 |3 | 25 | 4 [45 [5 [5.5 | 
v(t) (ise) || 30 | 27.5 | 25 | 22.5 | 20 | 175 | 15 | 25 | v0 | r5 | 5 | 255 


Over the interval a < t < a + 4, the left- hand velocity is v(a), and the right-hand velocity is v(a + $). Since we 
are considering half-second intervals; At = =, and n = 12. The left sum is 97.5 ft., and the right sum is 82.5 ft. 
Area A in the figure below represents distance traveled. 


A= 5 (base) height) = 5 - 6 - 30 = 90 ft. 
velocity (ft/sec) 


30 


Deceleration 
- 5 ft/sec? 


t (seconds) 


The velocity is constantly decreasing at a rate of 5 ft/sec per second, i.e. after each second the velocity has dropped 
by 5 units. Therefore v(t) — 30 — 5t. 

An antiderivative for v(t) is s(t), where s(t) = 30t — 3¢?. Thus by the Fundamental Theorem of Calculus, 
the distance traveled = s(6) — s(0) = (30(6) — 2(6)?) — (30(0) — 2(0)?) = 90 ft. Since v(t) is decreasing, the 
left-hand sum in part (b) overestimates the distance traveled, while the right-hand sum underestimates it. 

The area A is equal to the average of the left-hand and right-hand sums: 90 ft — 4(97.5 ft + 82.5 ft). The 


left-hand sum is an overestimate of A; the right-hand sum is an underestimate. 


Using g = —32 ft/sec?, we have 


The object reaches its highest point when v = 0, which appears to be at t = 2.5 seconds. By symmetry, the object 
should hit the ground again at t = 5 seconds. 

Left sum = 80(1) + 48(1) + 16(4) = 136 ft , which is an overestimate. 

Right sum = 48(1) + 16(1) + (—16)(3) = 56 ft, which is an underestimate. 

Note that we used a smaller third rectangle of width 1/2 to end our sum at t = 2.5. 

We have u(t) = 80 — 32t, so antidifferentiation yields s(t) = 80t — 16t? + so. 

But so = 0, so s(t) = 80t — 16£?. 

At t = 2.5, s(t) = 100 ft., so 100 ft. is the highest point. 


Since A'(r) = C(r) and C(r) = 27r, we have 


A'(r) = 27r. 


Thus, we have, for some arbitrary constant K: 


2 
Ai) o. | 2nrdr=2n | rar me Ete 


Since a circle of radius r = 0 has area = 0, we substitute to find K: 


0=70 +K 
K — 0. 


Thus 
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87. Since V'(r) = S(r) and S(r) = 4rr?, we have 
V'(r) = 4nr?. 


Thus, we have, for some arbitrary constant K: 


3 
veo f amr? dr =a f rar an EK amr K. 


Since a sphere of radius r = 0 has volume = 0, we substitute to find K: 


4 
O= gn0 +K 
K — 0. 
Thus 
V(r) = Bur 
EE! 

88. The velocity of the car decreases at a constant rate, so we can write: dv/dt = —a. Integrating this gives v = —at + C. 
The constant of integration C' is the velocity when t = 0, so C = 60 mph = 88 ft/sec, and v = —at + 88. From this 
equation we can see the car comes to rest at time t = 88/a. 

Integrating the expression for velocity we get s — =a + 88t + C, where C is the initial position, so C = 0. We 
can use fact that the car comes to rest at time t = 88/a after traveling 200 feet. Start with 
Qa 2 
= — >t + 88t, 
aoa 


and substitute t = 88/a and s = 200: 


2 2 
200 = -2 (=) +88 (=) m.s 
a a 2a 


= 19.36 ft/sec? 


~ 2(200) 


89. (a) In the beginning, both birth and death rates are small; this is consistent with a very small population. Both rates begin 
climbing, the birth rate faster than the death rate, which is consistent with a growing population. The birth rate is then 
high, but it begins to decrease as the population increases. 

(b) bacteria/hour 
bacteria/hour 


time (hours) 


time (hours) 


Figure 6.68: Difference between B and D is greatest at t ~ 6 


The bacteria population is growing most quickly when B — D, the rate of change of population, is maximal; 
that happens when P is farthest above D, which is at a point where the slopes of both graphs are equal. That point is 
t © 6 hours. 
(c) Total number born by time t is the area under the B graph from t = 0 up to time t. See Figure 6.69. 
Total number alive at time t is the number born minus the number that have died, which is the area under the B 
graph minus the area under the D graph, up to time t. See Figure 6.70. 
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bacteria 
bacteria 
B 
D 
l | L time (hours) time (hours) 
5 10 15 
Figure 6.69: Number born by time t is Figure 6.70: Number alive at time t is 
t 
f B(a) dx f (B(x) — D(z)) dx 


From Figure 6.70, we see that the population is at a maximum when B = D, that is, after about 11 hours. This 
stands to reason, because B — D is the rate of change of population, so population is maximized when B — D = 0, 
that is, when B — D. 


90. See Figure 6.71. 

Suppose tı is the time to fill the left side to the top of the middle ridge. Since the container gets wider as you go up, 
the rate dH / dt decreases with time. Therefore, for 0 € t < tı, graph is concave down. 

At t = tı, water starts to spill over to right side and so depth of left side does not change. It takes as long for the 
right side to fill to the ridge as the left side, namely tı. Thus the graph is horizontal for tı € t < 2tı. 

For t > 2t, water level is above the central ridge. The graph is climbing because the depth is increasing, but at a 
slower rate than for t < tı because the container is wider. The graph is concave down because width is increasing with 
depth. Time £3 represents the time when container is full. 


H (height) 


l l l t (time) 
Figure 6.71 


91. By the Second Fundamental Theorem, we know that N’ (t) = r(t). Since r(t) > 0, this means N'(t) > 0, so N is an 
increasing function. Since r’(t) < 0, this means N” (t) < 0, so the graph of N is concave down. 


92. Since r(x) > 0 and r’(x) < 0, we know that the graph of r lies above the axis and is dropping from left to right. From 
the definition of N, we see that: 
20 
N(20) = / 
0 


r(r)dx = Area from t = 0 to t = 20 
10 

N(10 -f r(r)dx = Area from t = 0 to t = 10 
220 

N(20) — N(10 -f r(x) dx = Area from t = 10 to t = 20 
rs 

N(15) — N(5 E r(x)dx = Area from t = 5 to t = 15. 


20 


e The largest area is described by N(20) = f ~ 1(x) dx. This corresponds to the amount of pollutant leeched out 


( 
during the first 20 days. 
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e The remaining three areas all describe 10-day intervals. Since the function is decreasing, areas to the left are larger 


than areas to the right. Thus, 
20 15 10 
J r(x)dz < f r(x) dz < I r(x) da. 
10 5 0 


e—_——— Sse ~C 
N(20)—N(10) N(15)—N(5) N(10) 
These correspond (from least to greatest) the amount of pollutant leeched out from day 10 to day 20, from day 5 to 
day 15, and from day 0 to day 10. 
e Inconclusion: N(20) — N(10) < N(15) — N(5) < N(10) < N(20). 
0 


93. (a) We know that F(0) = 1 f (t) dt = 0. so F has a zero at x = 0. 


0 
We know that 


5 3 5 
F(5) = J f(t) dt = / f(t) as f f (t) dt = 0 since JT f(t) dt = -j f (t) dt. 
0 0 3 


So F has a zero at x = 5. 
We know that f(x) = F'(z), so F'(3) = f(3) = 0. 


This means F has at least two zeros, at x = 0, 5, and one critical point, at x = 3. 
1 


(b) We know that G(1) — Í F(t) dt = 0, so G has a zero at z = 1. 
1 

We know that F(x) = G” (x), so G” (5) = F (5) = 0 and G'(0) = F (0) = 0. 

This means G has at least one zero, at x = 1, and two critical points, at x = 0, 5. 


94. (a) The definition of P gives 
0 
P(0) = f arctan(t”) dt = 0 
0 
and E 
P(—x) = n arctan(t”) dt. 
0 
Changing the variable of integration by letting t = —z gives 
f arctan(t?) dt = | arctan((—z)*)(—dz) = — n arctan(z?) dz. 
0 0 0 
Thus P is an odd function. 


(b) Using the Second Fundamental Theorem gives P'(x) = arctan(z?), which is greater than 0 for 2 4 0. Thus P is 
increasing everywhere. 


(c) Since 
2x 
P" = 
(=, 
we have P concave up if z > 0 and concave down if x < 0. 

(d) See Figure 6.72. 

"| PG 

Har 
—5 5 
—T + 


Figure 6.72 
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CAS Challenge Problems 
(b — 


2! so, since f(z;) = z;?, 


Riemann sum Sy > m3 = . 


95. (a) We have Az — 


a) and s; = a + (Av) = a +i (1 


(b) A CAS gives 


n n 4n? 


i=l 


Taking the limit as n — oo gives 
TI ITEM e MN CER CRDI GEM 
n— oo = í n n 4 ` 


. . bY oat 2s d [xt 
(c) The answer to part (b) simplifies to — — —. Since — | — 
4 4 dr \ 4 


x’, the Fundamental Theorem of Calculus says 


that 


96. (a) A CAS gives 


fe dz = je fe dz = je m dz = sorts, 


(b) The three integrals in part (a) obey the rule 
J eom to dz = 1 a+b 
a 


(c) Checking the formula by calculating the derivative 


d (žest) 1 d ax+b 


— = =e by the constant multiple rule 
dr \a 


= —e uae + b) by the chain rule 
dx 


a 
lacs E E eee ro 
a 
97. (a) ACAS gives 
: 1 : 1 i 1 
sin(3r) dz = E cos(3x) sin(4x) dz = -3 cos(4x) sin(3x — 2) dz = -3 cos(3x — 2). 
(b) The three integrals in part (a) obey the rule 


[em + b) dz = -i cos(ax + b). 


(c) Checking the formula by calculating the derivative 


d 
dx 


T ld 
(- — cos(ax + 5) ——— cos(ax + b) by the constant multiple rule 
a a dx 


1 A d 
— z (— sin(ax + b)) Gy 0 + b) by the chain rule 


= -ic sin(ax + b)) - a = sin(ax + b). 
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98. (a) A CAS gives 


ED 
v—1 


] eimi 


=l 
— 1 

J: dz = x + ln|z — 2| 
t=2 


Although the absolute values are needed in the answer, some CASs may not include them. 
(b) The three integrals in part (a) obey the rule 


|= eso a) In|x — t. 


t— 
(c) Checking the formula by calculating the derivative 


2 Godd cuya am 146 a)— 


dx 
_ (x—b)+(b—-a) x-a 


r—b r—b 


by the sum and constant multiple rules 


99. (a) A CAS gives 


1 
| zu (In |z — 3| — In |z — 1|) 


| «-»&-*- 


il 
sees duc 


Although the absolute values are needed in the answer, some CASs may not include them. 
(b) The three integrals in part (a) obey the rule 


1 1 
| eem p-a raie 


(c) Checking the formula by calculating the derivative 


ap 1 1 1 
£ (yl edm a)) ric BE) 


(In |z — 4| — ln |z — 1]) 


(In |e + 3| — In |z — 1|). 


Ble ole Nie 
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1. (a) If the poorest p% of the population has exactly p% of the goods, then F(x) = x. 

(b) Any such F is increasing. For example, the poorest 50% of the population includes the poorest 40%, and 
so the poorest 50% must own more than the poorest 40%. Thus F (0.4) < F (0.5), and so, in general, F is 
increasing. In addition, it is clear that F (0) = 0 and F (1) = 1. 

The graph of F is concave up by the following argument. Consider F'(0.05) — F (0.04). This is the 
fraction of resources the fifth poorest percent of the population has. Similarly, F(0.20) — F(0.19) is the 
fraction of resources that the twentieth poorest percent of the population has. Since the twentieth poorest 
percent owns more than the fifth poorest percent, we have 


F(0.05) — F(0.04) < F(0.20) — F(0.19). 
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More generally, we can see that 


F(a, + Ag) — F(a) € F(zo + Ax) — F (z2) 


for any x, smaller than x2 and for any increment Az. Dividing this inequality by Ax and taking the limit 


as Ax — 0, we get 


F'(x1) < F' (s). 


So, the derivative of F is an increasing function, i.e. F is concave up. 
(c) G is twice the shaded area below in the following figure. If the resource is distributed evenly, then G is 
zero. The larger G is, the more unevenly the resource is distributed. The maximum possible value of G is 


1. 


2. (a) In Figure 6.73, the area of the shaded region is F(M). Thus, F(M) = ing y(t) dt and, by the Fundamental 
Theorem, F'(M) = y(M). 


y (annual yield) 


t (time in years) 
M 


Figure 6.73 


(b) Figure 6.74 is a graph of F(M). Note that the graph of y looks like the graph of a quadratic function. 
Thus, the graph of F looks like a cubic. 


F (total yield) 
20000 | 
15000 r 
10000 r 
5000 F 
l l ! l — M (time in years) 
10 20 30 40 50 


Figure 6.74 
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(c) We have 


M 
a(M) = TrM) i + I y(t) dt. 


(d) If the function a( M) takes on its maximum at some point M, then a'(M) = 0. Since 
(M) = —F(M) 
a(M) = — 
M ' 


differentiating using the quotient rule gives 


MF'(M) — F(M) 


a'(M) = E 


=0, 
so MF'(M) = F(M). Since F'(M) = y(M), the condition for a maximum may be written as 
My(M) = F(M) 
or as 
y(M) = a(M). 


To estimate the value of M which satisfies My(M) = F(M), use the graph of y(t). Notice that 
F(M)is the area under the curve from 0 to M, and that My(M) is the area of a rectangle of base M and 
height y(M). Thus, we want the area under the curve to be equal to the area of the rectangle, or A — B 
in Figure 6.75. This happens when M ~ 50 years. In other words, the orchard should be cut down after 
about 50 years. 


y (annual yield Area B 


Area A -== 


t (time in years) 
50 


Figure 6.75 


3. (a) (G) 


ae 


! sin z, has both positive 


(ii) Si(z) neither always decreases nor always increases, since its derivative, £7 
and negative values for x > 0. For positive x, Si(z) is the area under the curve zint and above the 
t-axis from t = 0 to t = x, minus the area above the curve and below the t-axis. Looking at the graph 


above, one can see that this difference of areas is going to always be positive. 


(iii) 


(c) (i) 
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It seems that the limit exists: the curve drawn in the slope field, 
Xs t 
y = Si(x) «f SD qt, 
0 r^ 


seems to approach some limiting height as x — oo. (In fact, the limiting height is 7/2.) 

y (ii) 2 

50 + F(x) =l tt dt 
0 

40 

30 


20 


10 


(ii) 


The most obvious feature of the graph of y = sin(x?) is its symmetry about the y-axis. This means 
the function g(x) = sin(x?) is an even function, i.e. for all x, we have g(x) = g(—z). Since 
sin(x?) is even, its antiderivative F must be odd, that is F(—x) = —F(—2). To see this, set F(t) = 
P sin(x?) dz, then 


—t 0 t 

F(-t)= f sin(z?) dz = -f sin(z?) dz = -f sin(z?) dz = —F (t), 

0 -t 0 

since the area from —t to 0 is the same as the area from 0 to t. Thus F(t) = —F(—t) and F is odd. 
The second obvious feature of the graph of y = sin(x?) is that it oscillates between —1 and 1 with 

a “period” which goes to zero as |x| increases. This implies that F”(x) alternates between intervals 
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(ii) 


where it is positive or negative, and increasing or decreasing, with frequency growing arbitrarily 
large as |x| increases. Thus F (x) itself similarly alternates between intervals where it is increasing or 
decreasing, and concave up or concave down. 

Finally, since y = sin(x?) = F'(z) passes through (0,0), and F(0) = 0, F is tangent to the 
x-axis at the origin. 


Figure 6.76 


F never crosses the x-axis in the region x > 0, and lim F(x) exists. One way to see these facts 
T—> 00 


is to note that by the Construction Theorem, 
F(a) = F(x) — F(0) = n F'(t) dt. 
0 


So F(a) is just the area between the curve y = sin(t?) and the t-axis for 0 < t < x (with area 
above the t-axis counting positively, and area below the t-axis counting negatively). Now looking at 
the graph of curve, we see that this area will include alternating pieces above and below the t-axis. 
We can also see that the area of these pieces is approaching 0 as we go further out. So we add a piece, 
take a piece away, add another piece, take another piece away, and so on. 

It turns out that this means that the sums of the pieces converge. To see this, think of walking 
from point A to point B. If you walk almost to B, then go a smaller distance toward A, then a yet 
smaller distance back toward B, and so on, you will eventually approach some point between A and 
B. So we can see that lm F(a) exists. Also, since we always subtract a smaller piece than we just 


added, and the first piece is added instead of subtracted, we see that we never get a negative sum; thus 
F(x) is never negative in the region x > 0, so F(x) never crosses the x-axis there. 
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CHAPTER SEVEN 


Solutions for Section 7.1 


Exercises 


1. (a) We substitute w = 1 + x”, dw = 2x dz. 


x=1 w=2 
T 1 1 1 1 
dz = > — dw = -I = —1n2. 
L TF7 sf wo gne 2^ 
(b) We substitute w = cos z, dw = — sin x dz. 
oom. w=V2/2 
4a 
n sin x dr = — | dw 
aug COST gsi w 
v2/2 
eT ees a 
2 
1 
2. (a) Æ sin(x? + 1) = 2x cos(x? + 1); # sin(x? + 1) = 3z? cos(x? + 1) 


(b) (i) isin(z?-- 1) - C Gi) $sin(z? +1) +C 
(c) G) —4 cos(x? - 1) +C (i) —4 cos(z? +1) - C 
3. We use the substitution w = 32, dw = 3 dz. 


3a _1 w NET doa. 
fe da=; fe dw = 4e +O ce +C. 


Check: 4 ($e°* + C) = $e°"(3) = e°”. 
4. Make the substitution w = t°, dw = 2t dt. The general antiderivative is f te’ dt = (1/ 2)e* +C. 


5. We use the substitution w = —x, dw = — dz. 


[m [mmm 0e +0, 


Check: L(-e * + C) = -(-e *)-e*. 
6. We use the substitution w = —0.2t, dw = —0.2 dt. 


[recta - zu e" dw = —125e" de —125e 9t +C. 


Check: 4(—125e~°* + C) = —125e~°*(—0.2) = 25e7°*. 


7. We use the substitution w = 27, dw = 2dz. 
: 1 : 1 1 
sin(2r)dx = 5 sin(w)dw — E cos(w) + C = E cos(2x) + C. 


Check: 4 (—4 cos(2x) + C) = 4 sin(2x)(2) = sin(2z). 
8. We use the substitution w = t°, dw = 2t dt. 


fiosa = JE = 5 sin(w) +C= 5 sin(t*) tC. 


Check: zG sin(t?) + C) = 5 cos(t?) Qu) = t cos(t?). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
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We use the substitution w = 3 — t, dw = — dt. 


/ sin(3 — t)dt = — J sin(w)dw = 


Check: 4 (cos(3 — t) + C) = — sin(3 — t)(—1) = sin(3 


t). 


We use the substitution w = —x?, dw = —2z dz. 
Lg? 1 E 
IE da =-i fe (—2zx dx) = 
1 1! 2 
= — +e” +C = -4e 7” 
z 2° 


Check: + ( Lee FC) = (—22)( Lamer) = re” 


Either expand (r + 1)? or use the substitution w = r + 1. If w = r + 1, then dw = dr and 


fexmeo [udu = Fut +o = ea 


We use the substitution w = y? + 5, dw = 2y dy. 


n T5) dy = 


yle yie 


Check: f- (75W? +5)? +C) = Flo? - 9 QI = uly? +5). 


dy`18 18 
We use the substitution w = 1 + 2a°, dw = 62? da. 


[Para a = fega 


1 -" 1 
heck: — |= (14-227? EC =— 
i as [ere eG) ae 


We use the substitution w = t? — 3, dw = 3t? dt. 


d 


3 


l,w 
m rix 


[3(1 + 222)? (62?)] = z?(1 + 223)?. 


fee — 3)" dt = rfe — 3)? (3t°dt) = pe (s aw 


) 


1 wt 1 3 11 
—-1—-—-C-u . 
3 11 33 3) p 
Check: (Le — 3)" 0] = 108 — 3)9(32) = (8 — 3)". 
dt 33 3 
We use the substitution w = x? + 3, dw = 2x dz. 
3 
a(x? + 3)? dx = | w?(=dw) = Iu C= lg? H3)? 4 
23 6 
. d 1 2 3 PM 1 2 2 _ 2 2 
Check: — | =(x? + 3)? +C =; Be + 3)?(2x)| = x(x? +3). 


dx 16 
We use the substitution w = x? — 4, dw = 2z dz. 


f 58 ife -a Gude) = fraw 


TP (Qaeda 
g^ Ayer? aer 
(z^ — 4). 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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In this case, it seems easier not to substitute. 


[vo ty) dy = 


y (y^ + 2y + 1) dy = no + 2y? + y?) dy 


ex[& —, 


d fy yt y? 4 3,2 2 2 
heck: — | — + = + Z = 24? p) = 1X. 
Chec (Eks hrc y +24” ^y =y (yt) 


We use the substitution w = 2t — 7, dw = 2 dt. 


73 E 73 _ 1 74 aL m4 
ye 7) “al dum DU +O = qug 7) 4C. 


d 1 74 


We use the substitution w = z? + 1, dw = 32? dz, to get 


+1 1 1 1 e” +1 
dx d — + — + i 
jee ES w = 36 C= rig C 


A (at — 7)? (2) = Qt — 775. 


d /1 1 E 
Check: d (se^ + c) = se 80? = oe? +, 
We use the substitution w = y + 5, dw = dy, to get 


d d 
X 2 =In|w| +C =nly+5/ - C. 
ytd 
Check: d in +3 +C) = : 
dy Y (0yt5 
We use the substitution w = 4 — z, dw = —dz. 
— te = = | -dw = -2V0 +C = -2V1 T+C 
-r LI Jw T . 
Check: © ( Fui eee E a 
2 4-2 4-2 


In this case, it seems easier not to substitute. 


nz »*as- fo + 6x? 4 9) dz = — + 20° + 9x + C. 


Check: E [Dean esee] = qf + 62? +9 = (2? 4 3)*. 


We use the substitution w = cos 0 + 5, dw = — sin 0 dé. 
J smo(coso +57 ao =- nc = -2u +C 
= Li (cos 0 4- 5)? + C. 
8 
Check: 
d 1 7 " 
d$ | (cos 0 + 5) c = —-.B(cos0 + 5)! - (— sin 0) 


8 
= sin 0(cos 0 + 5)" 


569 


570 Chapter Seven /SOLUTIONS 


24. We use the substitution w = cos 3t, dw = —3 sin 3t dt. 


-$ | vom 
2 3 


1 3 2 3 
gau +C = =g (cos 3t) +C. 


j v cos 3t sin 3t dt 


Check: 
£ [- (cost)? + c = -$ . = (cos 3t)? - (— sin3t) -3 


= wv cos 3t sin 3f. 


25. We use the substitution w = sin 0, dw = cos 0 dé. 


7 un 
[item f uf aw = I g= 4 HC. 


+ c| = sin? 0 cos 0. 


26. We use the substitution w = sin o, dw = cosa da. 


4 AP 
[sm ecosada= fw aw = —+¢ = S qe 


4 
Check: — (ss + c) -— i - Asin? a: cosa = sin? a cos a. 
a 
27. We use the substitution w = sin 50, dw = 5 cos 50 dé. 
. 6 1 6 1 w’ 1 - 7 
sin 90 cos 50 dô = — w dw = z(=) + C = gc sin 50 4- C. 


Check: (ae sin’ 50+C)= x [7 sin? 50](5 cos 50) = sin? 50 cos 50. 
Note that we could also use Problem 25 to solve this problem, substituting w = 50 and dw = 5 dé to get: 


J sin? 50 cos 50 dð = : / sin? w cos w dw 


1 sin’ w 1 7 
EN = — sin' 50 : 
al = )+C zg Sin 50 +C 


28. We use the substitution w = cos 2r, dw = —2 sin 2x da. 


tan 2z dx = pe dx = zl di 
cos 2x 2 w 


= Zinju C= 5 In| cos 22| + C. 


Check: 
£ [=5 In cos 22| +c] = -i : — -—2sin 2x 
sin 2x 
= = tan 2x 
cos 2x 
29. We use the substitution w = In z, dw = + dz. 
2 3 3 
[oe d= | utdw= Los om +C 
z 3 3 
3 2 
Check: — ES «e =3- gn zj.-2- (inz) 
z 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


7.1 SOLUTIONS 


We use the substitution w = e* +t, dw = (e* + 1) dt. 


tog 
J5 L= | 2 dw =tnul +C=Inlel +t ec 
e +t w 


eti 


Check: S nje! +t|+C)= 


It seems easier not to substitute. 


2 2 
Je a= |O a 
t2 t2 


ICI a) d t+2Inf\- 7 C. 


d 1 2 1 (¢+1) 
heck: —(£4-21n|[t| C 2--C) 21- 4 — — 
ENS ac kg t x TY t? 


We use the substitution w = y? + 4, dw = 2y dy. 
y dw 1 1 2 
dy = a C=-1 4 C. 
[eo y E pp zy +4) + 


(We can drop the absolute value signs since y? + 4 > 0 for all y.) 


d i.a 1 1 y 
heck: < | =1 4 21. d 4, l 
Cheek: y E n(y + )+¢] 2 ya TyF 


Let w = V2a, so dw = V2dz. Then, since a arctan w = 1 , we have 
dw 1+ w? 
dx 1 1 
n T+ 2x? = 5 Dm = no Jg arctan(v 2e) + C. 


Let w = 2a, then dw = 2 dz so that 


z arcsin w + C = arcsin (2x) + C. 


|= xe 
Jea 2) flog 2 


We use the substitution w = yx, dw = ne dz. 
ERAT des cos w(2 dw) = 2sin w + C = 2sin Vg + C. 
Va 
Check: JL sin VE + C) = 2cos /z (=) = TET 
1 
We use the substitution w = \/y, dw = —— dy. 
Vy 2/5 
vI 
ay =2 fe dw = 2e" +C = 2e"? + C. 
Vy 
1 ev? 


d 
Check: —(2eV? + C) = 2e V9 . — = =~. 
ET ) Ti 


We use the substitution w = x + e”, dw = (1 + e”) dz. 
a Z —2/w4C-2/z4e +C. 
vere = 


1+e” 


d 1 a\—i zx 
: = EE er 2. = —— 
Check: CVE +e +0) - 2: 5(2- e") 5 -(1 +e") = o 
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38. We use the substitution w = 2 + e^, dw = e” da. 
e” dw £ 
dz = | — = ln |w| + C = In(2 + e^) + C. 
2 +e w 
(We can drop the absolute value signs since 2 + e” > 0 for all x.) 


d à a 
Check: gree +e")+C]= 


" e 
= : 

2 -rFe* 2 e? 

39. We use the substitution w = x? + 2x + 19, dw = 2(x + 1)dz. 


(a + 1)dx dw 1 1 2 
——————— = — —-I C= =l 2 19) + C. 
(> 2 w a ge a 
(We can drop the absolute value signs, since £? + 2r + 19 = (x + 1)? + 18 > 0 for all x.) 
TN 2 1 1 z+1 
heck: — [|= 1 2 19)] = == (2 + 2) = —————. 
Eee ya Far a rar a 


40. We use the substitution w = 1 + 3t?, dw = 6t dt. 


t 1j 1 1 2 
+ d= | (ode) = inl +C dad 4 
bc n Uie ee eos ca ps get 


(We can drop the absolute value signs since 1 + 3t? > 0 for all t). 


d [1 = - 
Check: = HIE )«c]- eG = v um. 


41. We use the substitution w = e^ + e°”, dw = (e* — e *) dz. 


[Że [Emme eme eec 


ep eTe 


(We can drop the absolute value signs since e? + e ^ > 0 for all x). 


d x —z E x -T 
Check: G +e ")4+Cl= EUNT (e — e *). 


42. We use the substitution w = sin(z?), dw = 2x cos(z?) dz. 


[Se z=} fw baw = 50b) «c - Vane) c. 
/ sin(x?) 2 A 


PE 
Check: — z (V sin( (a?) -- C) — — —— [cos(z?)]2x gL cos(x“) ] 
EN Su 


43. Since d(cosh 3t) /dt = 3 sinh 3t, we have 
J sinh 3t dt = = 5 cosh 3t+C. 


44. Since d(sinh z)/dx = cosh x, we have 
] mem = sinh z + C. 


45. Since d(sinh(2w + 1))/dw = 2 cosh(2w + 1), we have 


n +1)dw= 5 sinh(2w +1)4+C. 


46. Since d(cosh z)/dz = sinh z, the chain rule shows that 
L eo *) = (sinh zero z ; 
Thus, 


n z)e™? dz = go 


47. 


48. 


49. 
50. 


51. 


52. 
53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


7.1 SOLUTIONS 
Use the substitution w = cosh x and dw = sinh x dx so 


1 1 
[ rome e f dw = zw’ +C = 3 cosh? z + C. 


Check this answer by taking the derivative: L s cosh? x + c = cosh” z sinh z. 
£ 


We use the substitution w = z? and dw = 2xdx so 


1 1 1 
] ao = | coshwdw = Fsinhw +C = $ sinha? +C. 


d [1 
Check this answer by taking the derivative: T E sinh z? + c = z cosh x°. 
x 


The general antiderivative is f(x? + 4t) dt = (n/A)t* + 2t? + C. 
Make the substitution w = 32, dw = 3 dx. We have 


sin 3z dr = JEDE g (7 cos) +C = -$ cos3z C. 


Make the substitution w = z?, dw = 2x dx. We have 


Zr cos(«*) de= f coswdw =sinw -C — sinz? +C. 


Make the substitution w = t®, dw = 3t? dt. The general antiderivative is 7 12t? cos(t?) dt = Asin(t?) + C. 
Make the substitution w = 2 — 5x, then dw = —5dx. We have 


n — 5z)dz = [sow ( z) dw — = ( cosw) + C = = cos(2 — 5z) + C. 
Make the substitution w = sin x, dw = cos x dx. We have 


[ mm [mmu EC Ie EG. 


Make the substitution w = x? + 1, dw = 2x dx. We have 
x 1 dw 1 Al 2 
———— da = =- — = -l = -1 1 š 
PEE ak JE: zelel +c 5 ine +1) +C 
(Notice that since z? + 1 > 0, |£? + 1| = z? + 1.) 
Make the substitution w = 2z, then dw = 2dx. We have 


1 1 1 1 
Jz 2x nem jJ cos? w (5) ay 


-1J l dw — z tanw + C — c tan 2e 4 C. 


cos? w 


f cos(x + 7) dz = sin(x 4 x)|^ sin(27) —sin(x) 20—0-—0 
0 


We substitute w = mg. Then dw = 7 dz. 
E = T 
z=5 w=rj2 1 l.. /2 1 
cos cx dx = cos w(— dw) = — (sin w) => 
T T T 
x=0 w=0 0 
7/2 7/2 
| e cos 0 sin 0 d0 — e~ cos 0 — cos(n/2) _ x cos(0) E 5 
0 0 
2 2 2 : 2 2 
J 2re" da =e” | =e? —e" =e -— e= ele -— 1) 
1 1 


Let /z — w, Iz-5dz = dw, 22 = 2dw. If z = 1 then w = 1, and if x = 4 so w = 2. So we have 


: ev? i w w s 2 
dg = e” .2dw —2e"| —2(e^ — e) = 9.34. 
1 ve 1 P 
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62. We substitute w = t + 2, so dw = dt. 


t—e—2 w=e 
J l g J ES inii 
t——1 t+ 2 w-—l ur 


1 
63. We substitute w = 4/z. Then dw = g* de. 


z—4 w=2 
I Diye dr = cos w(2 dw) 
g= Vu w=1 


2 
= 2(sin 2 — sin 1). 


— ]ne— In1 — 1. 
1 


= 2(sin w) 


64. We substitute w = 1 + z?. Then dw = 2z dz. 


"=? og LO a cy. SAID d 
ge- [1809 -4Q)[-1 
sp (lL +2?) wi wU? \2 2Nw/l 5 
4 |3 2 
x 5x 
65. CET r= T T6 — 40. 
i cd 
1 
ER 
ES 
—1 


67. EE 
£ 


1 
—1 
cim ~ +7], 


68. 


-1 
a2 Try — —dy-tan y 


Cr)“ Ca) =a 


69. 7 VEFi iva lign "m 


—1 


70. It turns out that È cannot be integrated using elementary methods. However, the function is decreasing on [1,2]. One 


x 
way to see this is to graph the function on a calculator or computer, as has been done below: 


in 2 in 1 
sin2 = | ies 
0.61 At. So with 13 intervals, our error will be less than 0.05. With n = 13, the left sum is about 0.674, and the right sum 
is about 0.644. For more accurate sums, with n = 100 the left sum is about 0.6613 and the right sum is about 0.6574. The 
actual integral is about 0.6593. 


71. Let w = vy +1, so y = w° — 1 and dy = 2w dw. Thus 


ndr epit nie 


So since our function is monotonic, the error for our left- and right-hand sums is less than or equal to 


2 ; 
(y - 1)? — s+ 15^ +C. 


ae 
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72. Let w = (z + 1), so z = w? — 1 and dz = 3w? dw. Thus 
fer az= [e - uu? aw =3 [ ut -u dw 
= =" — swt tC= zs 1) = SG D 1G, 
73. Let w = vt F I, sot = w° — 1 and dt = 2w dw. Thus 
2 2. 42 2. 
: E = (w =) +w 1) i + (w D ow dw —2 w^ — w° dw 
Ver” w 
25 23 2 5/2 2 3/2 
E > tC=-(t+1 —=(t+1 C 
= gw qu zt +1) 3t +1)” 
74. Let w = 2 + 2/7, so z = ((w — 2)/2)? = (w/2 — 1)?, and dz = 2(w/2 — 1)(1/2) dw = (w/2 — 1) dw. Thus 
dr —— (w/2 — 1) dw _ (5 7 1) "T 
24 2x w 2 w 
1 
= 7 — mjw] +C = 5 (2+ 2v7) —In|2 + 2v/z] - C 
= 1 + vz -1n|2-2Vz| +C = vz — ln |2 + 2z| + C. 
In the last line, the 1 has been combined with the C. 
75. Let w = yz — 2, so x = w? + 2 and dz = 2w dw. Thus 
[ P973 [e + 2)urwdw =2 f a6 + du! + 4u dw 
2 5 
E e Ble 2)? c. 
76. Letw = /1 —Z, so z = 1 — w° and dz = —2w dw. Thus 
Jer DVT fa - eom aw =2 f wt - 3u? ae 
2 5 Bk tay 2 5/2 3/2 
p" 2w" +C z0 z) 2(1— 2z)” +C. 
77. Let w = vt F 1, sot = w? — 1 and dt = 2w dw. Thus 
J : d *2udw =2 fw - 1v 
Ve" 
= Zu — 2w+C = zt 197 p Bur 
78. Let w = /2x + 1, so x = $(w? — 1) and dz = w dw. Thus 
3x — 2 3-$(w? —1)-2 5x 7 
——————————wdw- | w° — -dw 
VARIUS w - 2 
olan T d 3/2 T 1/2 
—3U swt = 5(2e +1) 5 (2a + 1) +C. 
Problems 
79. If we let y = 3x in the first integral, we get dy = 3dz. Also, the limits x = 0 and x = 7/3 become y = 0 and 


y = 3(1/3) = n. Thus 
7/3 7/3 T 
n 3sin?(3z) dx = f sin? (3x) 3dx = f sin? (y) dy. 
0 0 0 


576 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 
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If we let t = s? in the first integral, we get dt = 2s ds, so 


2ds = igi = —dt. 
E 


E 


Also, the limits s = 1 and s = 2 become t = 1 and t = 4. Thus 


2 2 4 
J 2 In(s? +1)ds = / In(s? +1)2ds = 7 In(t + je dt. 
1 1 1 vt 


If we let w = e in the first integral, we get dw = e*dz and z = In w. Also, the limits w = 1 and w = e become z = 0 


and z = 1. Thus i 
J (In w)? dw = / ze? dz. 
1 0 


If we let t = 7 — x in the first integral, we get dt = —dx and x = m — t. Also, the limits x = 0 and x = m become t = m 


and t = 0. Thus F 
I xcos(t — x) dz = i (a — t) cost dt = n (a — t) cost dt. 
0 T 0 


As x goes from v/a to Vb the values of w = zx? increase from a to b. Since x = yw we have dx = dw/(2,/w). Hence 


vb boy b 
da: = —=dw a g(w)dw 
J; a 2Vw " 


gu) = um 


with 


As x goes from a to b the values of w = e” increase from e^ to e". We have e^? 


dx = dw/w. Hence 


= 1/w. Since x = ln w we have 


b e e 
I etd f 12. | g(w)dw 
a g2 w w eo 
with 
1 
g(w) = E 


1 1 
- d 
Ee. m 


while after the substitution w = sin x and dw = cos x dz, the second integral becomes 


m 
1+ w? 


The substitution w = In z, dw = = dx transforms the first integral into f w dw, which is just a respelling of the integral 
f z da. 


For the first integral, let w = sin x, dw = cos x dx. Then 


f emn | e aw 


For the second integral, let w = arcsin x, dw = Ld. Then 


earesin T 


fae 


e" dw. 
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88. The substitutions w = sin x, dw = cos w and w = x? + 1, dw = 32? dz transform the integrals into 


fèw and J 3 dw. 
89. For the first integral, let w = x + 1, dw = dx. Then 
|a= f vim. 


For the second integral, let w = 1 + /z, dw = ius dx = ne dx. Then, E — 2 dw, and 
4/1 ++ 
[2u [ vm (8) =2 | vou, 
Ja Ja 


90. Using substitution, we can show 


1 
i f(z) sin f(x) dx = — cos f(z)| = — cos f(1) + cos f(0) = cos 5 — cos 7. 
0 


91. Using substitution, we have 


3 
EN CNN NET EA 


3 
I (ae! dz = cf 
1 


1 


92. Using substitution, we have 


ic 
f L8 ae = ttf) 


3 
= In|f(3) — In|f(1)) = n11 — In7 = In(11/7). 
1 


93. Using substitution, we have 


= f(e') - f(e) = f(e) - f) = 10-7 =3. 


94. Using substitution, we have 


"n Ln) ge = f (In x) 


e 


= f(ne) — f(n 1) = f(1) - f(0)=7 -5 =2. 


1 


95. Using substitution, we can show 


[ rexre as - 9e 


0 


96. Using substitution, we have 


1/2 


- -4 (cos (2)) + fo = AO LIM B47 So: 


7/2 
/ sing- f'(cosz) dz = — f (cos x) 
0 


0 


97. By substitution with w — g(x), we have 


578 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 
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By substitution with w = g(a), we have 


[awe ae = [eme FC — e 4 c. 


By substitution with w = g(x), we have 


[ snas = f sin waw - cosw + C = — cos g(x) + C. 
By substitution with w = 1 + g(x), we have 
, 1/2 w?/? 2 3/2 
g (x) /1-- g(zx)dz = | Vwdw = | wdw = 373 +C = 3 s(z)) +C. 
Letting w = 1 — 4z?, dw = —12z? dx, we have 
a1 —4a3 dx = | (1 — 4°)!” (-3) (—12z? dz) = (-3) w^? dw, 
—— 1275 —5ÓÓÉ —C 12 
w dw 
so w = 1 — 4z?, k = —1/12,n = 1/2. 
Letting w = sin t, dw = cost dt, we have 


t = E 
J2 a= [ino ‘ostay= fiw ! dw, 
sin t SH” rre mel 


dw 


sow — sint, k — 1,n — —1. 


Letting w = z? — 3, dw = 2x dz, we have 


sow —z?—3,k 2 1,n— -2. 
Since w = 5z? + 7 we have dw = 10x dx so x dx = 0.1 dw. Finding the limits of integration in terms of w gives: 
wo = 5(1) +7 = 12 
wi = 5(5)? + 7 = 132. 
This gives 
a 3cdr — [f 3(0.1dw) _ ie TR 
1 V52? +7 12 ups TN 
so k = 0.3, n = —1/2, wo = 12, wı = 132. 
Since w = 2” + 3 we have dw = 2” In2 dz, so 2” dx = dw/ ln 2. Finding the limits of integration in terms of w gives: 
Wo = 2 + = 
w = 2 +3 = 35 
This gives 


5 2 dz 95 dw/1n2 ae zd 
——— = ————— = — u dw, 
o F3 j 243 Jj, n2 


so k = 1/1n2,n 1, wo = 4, w1 = 35. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 
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Since w = sin 2x we have dw = 2cos 2x dz, so cos 2x dx = 0.5 dw. Finding the limits of integration in terms of w 
gives: 
wo = sin (2: x) = sin (=) = 0:5 
wi = sin (2. z) = sin (=) LX 
4 2 
This gives 
T/4 1 
J sin’ (2a) cos(2x) dx = f 0.5w" dw, 
7/12 0.5 
sok = 0.5,n = 7, wo = 0.5, w1 = 1. 
Letting w = —z?, dw = —2xz dx, we have 
2? de = leg 
ze oS (-5) e du, 
sow = —z?,k = —1/2. 
Letting w = sin à, dw = cos ¢, we have 
Dru cos od = J 1- e” dw, 
so w — sin ġ, k = 1. 
We have 
[vee = few dr 
= fer dr 
Letting w = 0.5r, dw = 0.5 dr, and dr = 2 dw, we have 
na dr — pre dw, 
sow = 0.5r,k = 2. 
We have 2 
d r 
J ad s = [ee dz. 
eo 
Letting w = z°, so dw = 32? dz, we have 
z? dz _ lw FT 
ec? [3 , 
sow = 2°,k = 1/3. 
We have 
dps a= pete di 
—4 1 w 
= je UER dw where w = 5t, dw = 5 dt, 
l w 
= J Bet *€ dw, 
so w = 5t and k = 1/(5e?). 
Let w = 2t — 3, dw = 2 dt. Then 


7 t=7 w=11 
/ et dt = J e” 0.5 dw = / 0.5e" dw, 
3 t=3 w=3 
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113. Let w = cos(zt), dw = — sin(vt) dt. Then sin(zt) dt = —(1/7) dw, giving 


1 t=1 E um Feci 
/ geo (nt) sin(zt) dt — J e" (—) dw = J (=) e” dw, 
= T w=] us 


0 t=0 = 


soa=1,b 1A 1/m,w = cos(rt). Note that since 


another possible answer is a 1,b=1,A=1/n,w = cos(nt). 
114. (a) 2/z- C 
(b 2/e+1+C 


(c) To get this last result, we make the substitution w = \/x. Normally we would like to substitute dw = ne dz, but in 


this case we cannot since there are no spare = terms around. Instead, we note w = x, so 2w dw = dz. Then 


1 2w 
——— dx = | ——d 
lan a [a P 


= 2(w — In |jw - 1) - C 
= 2x — 2]n(y/z + 1) + C. 


We also note that we can drop the absolute value signs, since y£ + 1 > 0 for all z. 


115. (a) This integral can be evaluated using integration by substitution. We use w = x”, dw = 2xdz. 
22 1 : 1 2 
veing dr = sin(w)dw = E cos(w) + C = —z cos(z^) + C. 


(b) This integral cannot be evaluated using a simple integration by substitution. 
(c) This integral cannot be evaluated using a simple integration by substitution. 
(d) This integral can be evaluated using integration by substitution. We use w = 1 + z?, dw = 2xdx. 


Lic =i 
|r =} | hw a AU FT appe 


(e) This integral cannot be evaluated using a simple integration by substitution. 
(f) This integral can be evaluated using integration by substitution. We use w = 2 + cos x, dw = — sin zdz. 


J sin £ d=- f taw = In|w| + C = —In|2+ cosz| +C 
2+cosz w 


116. To find the area under the graph of f(x) = ze", we need to evaluate the definite integral 


2 2 
f xe” da. 
0 


This is done in Example 9, Section 7.1, using the substitution w = x”, the result being 


"NR 1 
n ze” dx = -(e*— 1). 
^ 2 


117. Since f(x) = 1/(x + 1) is positive on the interval x = 0 to x = 2, we have 


*. q 
Area — dx = ln(x + 1) 
o «tl 


2 


— In3— In1 = In3. 
0 


The area is In 3 ~ 1.0986. 
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118. The area under f(x) = sinh(«/2) between x = 0 and x = 2 is given by 


2 2 
a= f sinh (5) dx = 2cosh (5) 


0 


= 2cosh 1 — 2. 


119. Since (c? ^1)? = e39*3 = e°? . 63. we have 


2 2 
Area — f (e9*1)3 qg = I e”? . e? d0 
0 0 


120. Since c'*' is larger than e', we have 


2 


2 
Area ET (et! — e') at = (ett — ef) 
0 


0 


(The integral f e*t! dt = e*t! + C can be done by substitution or guess and check.) 
121. The curves y = e^ and y = 3 cross where 
e —3 so m-—1n3, 


and the graph of y = e” is below the line y = 3 for 0 € x < 1n3. (See Figure 7.1.) Thus 


n3 In3 
Area = J (3 — e*) dz = (3x — e?) 
0 


0 
= 3In3 — e"? — (0 — 1) = 31n3— 2. 


y —e* 


3 y=3 


In3 


Figure 7.1 


122. See Figure 7.2. The period of V = Vo sin(wt) is 27 /w, so the area under the first arch is given by 


m/w 
Area = 1 Vo sin(wt) dt 
0 


581 
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Vo + 


ely 


Ela 


Vo sin(wt) 


Figure 7.2 


123. If f(x) = - D the average value of f on the interval 0 < x < 2 is defined to be 
x 


2 2 
S ie S : 
2-0, 2], v1 


We'll integrate by substitution. We let w = x + 1 and dw = dz, and we have 
r—2 w=3 3 

/ ae z. GU ini =]n3-—ln1 =ln3. 
x=0 T 1 w=1 io 1 


0.54931 


Figure 7.3 


124. On the interval [0, 26] 
2b 
Average value of f — = f(x) dx. 
2b Jo 
If we let x = 2u in this integral, we get 


b b 

2 f(2u)2du = i g(u) du = Average value of g on {0, b]. 
2b Jo b Jo 

125. (a) If w = t/2, then dw = (1/2)dt. When t = 0, w = 0; when t = 4, w = 2. Thus, 


[ simae f omae 2 f(y au =2-5 = 10. 


(b) If w = 2 — t, then dw = —dt. When t = 0, w = 2; when t = 2, w = 0. Thus, 


[ 36-07 f i-a f aa =s 


126. 


127. 


128. 


129. 


(a) 


(b) 


(c) 


(b) 


(a) 
(b) 


(c) 


(a) 


(b) 


(c) 


(d) 
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If w = 2t, then dw = 2dt. When t = 0, w = 0; when t = 0.5, w = 1. Thus, 


[se dt = [ Flee) dw = d fein e 5 


If w = 1 — t, then dw = —dt. When t = 0, w = 1; when t = 1, w = 0. Thus, 


[ (6-07 f fci ms f feu c 


If w = 3 — 2t, then dw = —2dt. When t = 1, w = 1; when t = 1.5, w = 0. Thus, 


[ re-ma- [fo (-54v) -+3 | swyaw= > 


The Fundamental Theorem gives 


7 3 
li cos? 0 sin 0 do = E 


T 


=x 


This agrees with the fact that the function /(0) = cos? 0 sin 0 is odd and the interval of integration is centered at 
x = 0, thus we must get 0 for the definite integral. 
The area is given by 


E T 
cos? 0 


Area - f cos? 0 sin 0 do = — 
0 


f ec naso f ananas ih exec. 
If w = x? + 1, then dw = 2z dz. 


f ec naso [rdw =u? += Pec 


The expressions from parts (a) and (b) look different, but they are both correct. Note that (x? + 1)? +C=a*+ 
2x* + 1 + C. In other words, the expressions from parts (a) and (b) differ only by a constant, so they are both correct 
antiderivatives. 


We first try the substitution w = sin 0, dw = cos 0 d0. Then 


2 + 2 
sin 0 cos 0 d0 = nz = T y= S 0 1C. 
If we instead try the substitution w = cos 0, dw = — sin 0 d0, we get 


f tes = JE = a +C = eo +C. 
Once we note that sin 20 = 2 sin 0 cos 0, we can also say 

sin 0 cos 0 d0 = ; sin 20 d0. 
Substituting w — 20, dw — 2 d0, the above equals 


1 COS w cos 20 
= i dw = — Cae C. 
i sin w dw 2 + 1 + 


All these answers are correct. Although they have different forms, they differ from each other only in terms of a 
constant, and thus they are all acceptable antiderivatives. For example, 1 — cos? 0 = sin? 0, so and =— cose + i 
Thus the first two expressions differ only by a constant C. 

Similarly, cos 20 = cos? 0 — sin? 0 = 2cos? 0 — 1, so —— = epa 8 } i and thus the second and third 
expressions differ only by a constant. Of course, if the first two expressions and the last two expressions differ only 


in the constant C, then the first and last only differ in the constant as well. 


130. Letting w = 6x /z = 627^, we have dw = (3/2)6x'/*da = 9 /zdz, so Vzdz = (1/9)dw. This means we can write 


fw) — (1/9) dw 


[TA Fate o frs de 


m-—1 
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sok = 1/9,a = 6,b = 162. 
n 2 2 —1 
131. Letting w — ln (a + 1) , we have dw = (a + 1) - 2xdz, so 


xdr il. 
z?--1 D gu 
This means we can write 
f(w) (1/2) dw 
5 f (In (z? +1)) z dz nd, 
e OO a 


Il 
s 
I 
o 
— 
— 
€ 
Ll 
NI 
a 
& 


so k = 1/2,a = ln 5,b = 1n 26. 


132. Since tan x = sin z / cos x, we use the substitution w = cos x. Then we have 


v= [tone +tae= f 22 s [1dr =~In|oosa| +2 +6. 


COST 


Therefore, the general solution of the differential equation is 
y = —In|cosz| + x + C. 


The initial condition allows us to determine the constant C. Substituting y(0) = 1 gives 


1 = —In|cos0| + 0 + C. 


Since In | cos 0| = In 1 = 0, we have C = 1. The solution is 


y = —ln|cosz| +z 4- 1. 


133. We substitute w = 1 — z into Im,n. Then dw = —dz, and x = 1 — w. 
When x = 0, w = 1, and when x = 1, w = 0, so 


1 m 
iie a(i a'd = [ (1 — w)” w^ (—dw) 
0 1 
1 


o 
-f w”(1— w)” dw = | w”(1— w)" dw = Ina. 
1 


0 


134. (a) Since change of position is the integral of velocity, for t in seconds we have 
60 
Change in position — / f(t) dt meters. 
0 


(b) Since 1 minute is 60 seconds, t = 60T'. The constant 60 has units sec/min, so 607' has units sec/min x min = sec. 
Applying the substitution t = 60T' to the integral in part (a), we get 


1 
Change in position — f f (6077) 60 dT meters. 
0 


135. (a) 


(b) 


136. (a) 


(b) 


137. (a) 


(b) 


138. (a) 


(b) 
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Integrating I, we have 

C(t) = 1.3t + Co. 
Substituting t = 0 gives Co = 311, so 

C(t) = 1.3t + 311. 


Integrating II, we have 
2 


t 
C(t) = 0.5t + 0.037 + Co. 
Substituting t = 0 gives Co = 311, so 


C(t) = 0.5t + 0.0152? + 311. 


Integrating III, we have 


0.5 
(t) = mm eO: 02t + Co 


Substituting t = 0 and Co = 311, we have 
311 = 25e? 9200 + Co 


311 = 25 + Co 
Co = 286. 
Thus 
C(t) = 25e? 9?* + 286. 
In 2020, we have t = 70, so 
I C(70) = 1.3 - 70 + 311 = 402 ppm. 
II C(70) = 0.5 - 70 + 0.015 - 70? + 311 = 419.5 ppm. 
III C(70) = 25e9.92(70 + 286 = 387.380 ppm. 


585 


A time period of At hours with flow rate of f(t) cubic meters per hour has a flow of f(t) At cubic meters. Summing 


the flows, we get total flow ~ Xf (t) At, so 


72 
Total flow — |! f (t) dt cubic meters. 
0 


Since 1 day is 24 hours, t = 24T. The constant 24 has units hours per day, so 24T' has units hours/day x day = hours. 


Applying the substitution t = 24T' to the integral in part (a), we get 


3 
Total flow — f f (24T) 24 dT cubic meters. 
0 


In 2010, we have P = 6.1e°°!?"!° = 6.9 billion people. 
In 2020, we have P = 6.1c9:017:?9 — 7 8 billion people. 


We have 
10 10 
Average population — i 61e” qt = 1. 61 cO 012t 
10 — 0 Jo 10 0.012 à 
_ 1 ( 61 o1 0 ) E 
= 10 (so E I 


The average population of the world between 2000 and 2010 is predicted to be 6.5 billion people. 


At time t = 0, the rate of oil leakage = r(0) = 50 thousand liters/minute. 
At t — 60, rate — r(60) — 15.06 thousand liters/minute. 
To find the amount of oil leaked during the first hour, we integrate the rate from t = 0 to t = 60: 


60 T 
Oil leaked - f 50e -9-92t qz — (- guum 
0 


= —2500e 1? + 2500e° = 1747 thousand liters. 
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139. (a) E(t) = 1.4e°°% 
(b) 
Total Consumption for the Century 


A Yearl tion = 
verage Yearly Consumption 100 years 


1 100 
= 1.4e9-97* dt 


100 J, 
100 
0 | 


= (0.014) [ag = 2] 


= 0.2(e" — 1) z 219 million megawatt-hours. 


l oon 
(0.014) lai 


(c) We are looking for t such that E (t) ~ 219: 


1.4e99"* ~ 219 
e" 97* — 156.4. 


Taking natural logs, 


0.07t = In 156.4 
5.05 
x — — x 12.18. 
0.07 
Thus, consumption was closest to the average during 1972. 


(d) Between the years 1900 and 2000 the graph of E(t) looks like 


E(t) 
1.4e7 b 
E(t) = 1.4e0-07t 
219 
m 
1900 1950 2000 
t= (t = 50) (t = 100) 


From the graph, we can see the ¢ value such that E(t) = 219. It lies to the right of t = 50, and is thus in the 
second half of the century. 


140. We have Q'(t) = —I (t) and I(t) = Ioe™*, so 
Q'(t) = —Ioe *. 
We have 
Q(t) = Io J —e™ dt = Ioe™ + C. 
Since Q(0) = Qo, we have 
Qo = Ioe °C = Io +0, 
so 
C = Qo — Io 


Thus, 
Q(t) = Ioe * + Qo — Io. 
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141. Since v = T. it follows that h(t) = fw dt and h(0) = ho. Since 


k 
we have 
A(t) = | v(t)dt= 29 | a- 79 | eht at 
k k 
The first integral is simply DE, + C. To evaluate the second integral, make the substitution w = —Rt. Then 
dw — Ed dt, 
m 
so 
[cfe (-z) due deti» 
Thus 
7 _ mg, mg( m -ki 
h(t) nz t mal me +e 
2 
mg mg -Et 
=—“t C 
k d k? Y 
Since h(0) = ho, 
2 
_ mg m g o 
ho ps 0+ "um +C; 
2 
m g 
C = ho — i 
Thus > 
mg Mg -Et mg 
h(t) = por D e — D + ho 
2 
mg m g -Et 
h(t) = 7t- i2 (1-e Ft) + hg 


142. Since v is given as the velocity of a falling body, the height h is decreasing, so v = 


— / v(t) dt and h(0) = ho. Let w = et Vok + etV9* Then 


dia = ‘gk: Ga = gm dt 
$0 dw = (etv'ae — et ak) dt. Therefore, 


€ 


vgk 
ent Ik 
- f voa =- f (Ems DNE gk E 
"UE m cum (ene) dt 
EO 
=- fmo 
= E (eV + etn) +C 
nd h(0) = —— In(e? + e?) C= In2 HC = ho, 


587 


and it follows that h(t) = 
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we have C = ho + =. Thus, 


ty/gk —ty/gk 
h(t) = -2m (ev + gm + = i Tae E (28 mm 


143. (a) In the first case, we are given that Ro = 1000 widgets/year. So we have R = 1000e9-125*. To determine the total 
number sold, we need to integrate this rate over the time period from 0 to 10. Therefore 


10 
= 8000 (e? — 1) = 19,923 widgets. 
0 


1000. 5.125: 


10 
Total number of widgets sold — J 1000e9-125* dt = 
" 0.125 


In the second case, 
10 


10 
Total number of widgets sold — | 1,000,000e?-1?** dt = 1,000,000e°'?°*| = 19.9 million widgets. 
0 


0 


(b) We want to determine T such that 


T 
i 1000e% 125" q, = 19:928. 
" 2 


Evaluating both sides, we get 


T 
1000 e0-0125t 


TEES = 8000(e* 1297 — 1) = 9,961 


0 
8000e°17°7 = 17,961 


go 9T _ 9 945 
0.125T' — 0.8088, 
T' = 6.47 years. 


Similarly, in the second case, we want T' so that 


f 1,000 000e” 15t dt = 19:200 000 : : 
E , 2 
0 


Evaluating both sides, we get 


1,000,000 0.125: 
0.125 " 
8,000,000(c9- 797 — 1) = 9,950,000 
8,000,000e°!?°7 = 17,950,000 
eO POT _ 2,2438 
T = 6.47 years. 


= 9,950,000 


So the half way mark is reached at the same time regardless of the initial rate. 
(c) Since half the widgets are sold in the last 34 years of the decade, if each widget is expected to last at least 3.5 years, 
their claim could easily be true. 
144. (a) Amount of water entering tank in a short period of time = Ratex Time = r(t) At. 
(b) Summing the contribution from each of the small intervals At: 


n—1 


Amount of water entering the tank __ b» r(ti)At 
Rd i 
between t = 0 and t = 5 


where At = 5/n. 
i=0 
Taking a limit as At — 0: 
; 5 
Amount of water entering the tank " f r(t) dt. 
between t = 0 and t = 5 0 
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(c) If Q(t) is the amount of water in the tank at time t, then Q'(t) = r(t). We want to calculate Q(5) — Q(0). By the 
Fundamental Theorem, 


! 5 5 5 
Amount which has = Q(5) — Q(0) = J r(t)dt = | 20e% dt = 20 e0-02t 
entered tank 0 0 0.02 ò 


= 1000(e°°?) — 1) ~ 105.17 gallons. 


(d) By the Fundamental Theorem again, 


Amount which has _ Q(t) - Q(0) = / r(t) dt 
0 


entered tank 
i 

Q(t) — 3000 — f 20e°* dt 
0 


So 


i t 
Q(t) = 3000 + | 206% dt = 3000 + 20. 0.02: 
o 0.02 . 


= 3000 + 1000(e°°”* — 1) 
= 1000e°°* + 2000. 


Strengthen Your Understanding 


145. 


146. 


147. 


148. 


149. 
150. 


151. 


152. 


To do guess-and-check or substitution, we need an extra factor of f'(x) in the integrand. For example, if f(x) = 2x, the 


left side is i 
footar= [6 = = +G; 
while the right side is 8x? /3 + C. 


If we do guess-and-check and our guess is off by a constant factor, we can fix our guess by dividing our guess by that 
constant. This does not work if we are off by a factor which is not constant. In this case, if we check our answer by 
differentiating, we get, using the quotient rule: 


d (=) _ cos(a*) (22) (2x) — 2 sin x? 


2 
dx 2x 4x? iis 


When we make a substitution in a definite integral, we must either change the limits of integration or return to the original 
32/2 
0 

The inside function is cos0, so f (0) should be the derivative of cos (or a constant multiple of the derivative). Thus, 


f(@) = — sin 0 works. 
The integrand should have a factor that is a constant multiple of 3x? — 3, for example f sin(z? — 3x) (x? — 1) dz. 
True. Let w = f(x), so dw = f'(x) dz, then 


variable before evaluating. Since w = 3x, the right side should be (1/3) cos w dw. 


J ries as e f coswaw = sinw C = infa) +6. 


False. Differentiating gives 
d 1 
E i 
TO= au. 


so, in general 


1 
] s time 


True. Let w = 5 — t?, then dw = —2t dt. 
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Solutions for Section 7.2 


Exercises 


1. (a) Since we can change x” into a multiple of z? by integrating, let v’ = x? and u = e”. Using v = x /3 and u’ = e” 


we get 
2 2 1 f 
]* as f wide =w- | tts 


(b) Since we can change z? into a multiple of x by differentiating, let u = x? and v’ = e^. Using u’ = 2x and v = e” 


we have 
2 1 $ 
] 96m ftm f weds 
2 g z 
=r e -2 f ze dz. 


: I ing b : 
gus ntegrating by parts, we get: 


2. Let u = arctan z, v’ = 1. Then v = x and u’ = UE 


1- arctan z dr = r-arctanz — [| x- = 
1 +z? 


To compute the second integral use the substitution, z = 1 + z?. 


1 d 1 1 
7 “de = 5 | == Fine +C= 5m +27) +0, 


1-327773 
Thus, 
1 

[mem =«- arctan x — 5 In(1 4- z?) 4- C. 

3. Let u — t, v' — sint. Thus, v — — cost and u' — 1. With this choice of u and v, integration by parts gives: 
n = —tcost — n cos t) dt 
= —tcost + sin t + C. 

4. Let u = t?, v = sint implying v = — cost and u’ = 2t. Integrating by parts, we get: 


[esincat = t’ cost fa cos t) dt. 


Again, applying integration by parts with u = t, v’ = cost, we have: 
n = tsint + cost + C. 


Thus 
ferna = —t’ cost + 2t sint + 2 cost + C. 


5t t 


5. Let u = t and v’ = e ‚so u' = l and v = Łe”. 
Then fte” dt = tte” — f te dt = ltet — Łe +C. 


5 
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6. Let u = t? and v’ = e”, sou! = 2t and v = ie. 
Then fee dt = te” — 2 fte" dt. 
Using Problem 5, we have f t^e?! dt = ie — 2 (ite — e.c 
m 2 te ape CO. 
7. Let u = p and v’ = eC 9D», u’ = 1. Thus, v = f eC 9 Dp dp = —10e 79». With this choice of u and v, integration 
by parts gives: 


js dp — p(—10e (7 9-7) E f ciem dp 


= —10pe- 9D» + ij. | dietis dp 


—10pe 79-9? — 19967 9D» + C. 


8. Let u = z + 1, v’ = e^*, Thus, v = 4e?” and u’ = 1. Integrating by parts, we get: 


fe + 1)e* dz = (z + 1)- e — I ze dz 


9. Integration by parts with u = In z, v' = g gives 


2 
— z 1 — 1 2 1 2 
[ mim 5 lng ] 5e z7 lng 17 +C. 


Or use the integral table, III-13, with n = 1. 


P 4 
10. Letu = In z and v’ = zł, sou! = I and v = =. Then 


4 3 4 4 
3 La > ra CE. 
fe lng dr = 7 Ina J 1 dx 1 Ing igt 


5 s 1 . 
11. Letu = In 5q, v’ = q?. Then v = iq? and u’ = —. Integrating by parts, we get: 
q 


- q.s D. Ug 
l dq = =q 1 = .—). ig? d 
fa n 5q dq = z4 In5g fe 5g) gd d4 


ls ls 
=d | == : 
ri n5q 362 +C 


12. Let u = 0? and v/ = cos 30, so u’ = 20 and v = i sin 30. 
Then f 0? cos 30 dé = 10? sin 30 — i f 0 sin 30 d0. The integral on the right hand side is simpler than our original 
integral, but to evaluate it we need to again use integration by parts. 
To find f 0 sin 30 d0, let u = 0 and v’ = sin 30, sou’ = 1 and v = -4 cos 30. 
This gives 


J osnsoao= oos $ f cos30ao = -$0 00530 + $ sinso + C 
Thus, 


2 dran. 2 2. 
fe cos 30d0 = 3° sin 30 + g? cos 36 27 sin 30 + C. 
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13. Let u = sin 0 and v’ = sin 0, so u’ = cos @ and v = — cos 0. Then 


J fom = —sinocoso + | cos? odo 


= sind cosd+ f (1 — sim? 0) a8 


=-sindoos+ f 1d0— [ sin? oa. 


By adding f sin? 0 dÓ to both sides of the above equation, we find that 2 f sin? 0 d0 = — sin 0 cos 0 + 0 + C, so 
J sin? 0 d0 = —4 sin 0 cos0 + $ + C". 


14. Let u = cos(3a + 1) and v' = cos(3o + 1), so u' = —3sin(3a + 1), and v = 4 sin(3a + 1). Then 


] 5e +1)da= J (cos(3a + 1)) cos(3a + 1) da 


cos(3a + 1) sin(3a + 1) J sin? (3a + 1) da 


5 cos(3a + 1)sin(3a + 1) «f (1 — cos? (3a + 1)) da 


= 5 cos(3a + 1)sin(3a +1) +a ] 55e +1) da. 
By adding f cos? (3a + 1) da to both sides of the above equation, we find that 
2 f cos?(3a + 1) da = 3 cos(3a + 1) sin(3a 4- 1) - a 4- C, 


which gives 


] e +1)da= = cos(3a + l)sin(3a + 1) + 5 +C. 


2Int 
15. Let u = (Int)? and v = 1, sow’ = = and v = t. Then 


[one dt = t(Int)? — 2 f miat = t(Int)? — 2t lnt + 2t + C. 
(We use the fact that J ln z dx = x ln z — x + C, a result which can be derived using integration by parts.) 
16. Remember that In(z?) = 21n x. Therefore, 


[maso f mede ima 22+ C. 


Check: 


d 2x E E 2 
germe- 2r C) 2Inz 4 Es 2 = 2ln v = In(z^). 
17. Let u = y and v' = (y + 3)!/?, so u' = Land v = 2(y + 3)?/?: 


2 
3 
_2 3/2 2 JC SR UN 
yv/ y + 3dy = sy(y +3) = z0 +3) dy guy + 3) get) FC. 


18. Let u = t+ 2 and v = YZF 3t, sou’ = 1 and v = 2(2 + 3t)*/?. Then 


/ (E+ 2)VZF3Edt = (6-2) 30 - É ferna 


4 
TBs | 


s 2)(2 + 3t)?/2 24-3097 4. C. 
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. Let u = 0 + 1 and v' = sin(0 + 1), sou’ = 1 and v = — cos(0 + 1). 


fe + 1)sin( + 1) dó = —(0 + 1) cos(0 4- 1) + n 4-1) d0 
= —(0 + 1) cos(0 + 1) + sin(0 + 1) + C. 


. Let u = z, v =e ^. Thus v = —e ^ and v = 1. Integration by parts gives: 


[4e eem 


—-—ze^—e^-L4C 
=-(z+1e*4+C. 


. Letu = ln z, v’ = z ?. Then v = —27! and u’ = £~". Integrating by parts, we get: 


] omm Lg ma- f (=) -a2 da 


= -x ! lng- gr! +C. 


22. Let u = y and v' = == so u' = Land v = —2(5 — y)!/?. 
y " 1/2 1/24 — 1/2 4 3/2 
dy — —2y(5 — +2 | (5- d 2y(5 =(5 FC. 
[tra meae [6 aao c y - 6-9 
t+7 t =1/2 
23. dt = dt +7 [(5—t dt. 
y5—ít ls f ) 
To calculate the first integral, we use integration by parts. Let u = t and v’ = =, sou’ = l and v = —2(5 t)/?, 
Then 
t 1/2 1/2 i2 4 3/2 
dt = —2t(5b —t + 2 5—í dt 2t(5 —t z(5—t +C. 
] Meme nen [i-o (5- ^ -$6-9 


We can calculate the second integral directly: rfo t) 17? = —14(5 — t)? + C,. Thus 


t+7 
Vo-t 


dt = —24(5 — t)? — 15 — #)9/? — 14(5 — t? +. 0s. 


3 2 
24. Let u = (In z)? and v = 2, so u’ = ther and v = £-. Then 


f z(In x)? dx is somewhat less complicated than f a(In x)! dx. To calculate it, we again try integration by parts, this 
time letting u = (In x)? (instead of (In z)^) and v’ = x. We find 


E = Z (nz)! " ; f sar as 


Once again, express the given integral in terms of a less-complicated one. Using integration by parts two more times, we 


find that 
2 x 2 
feaa dr = zr) ZEE 


and that 


Putting this all together, we have 


no dr = nz) — z? (Inz)? + 57^ (In ay = =o lng + oo? +C. 
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25. Integrate by parts letting u = (In r)? and dv = rdr, then du = (2/r) In rdr and v = r?/2. We get 


noo dr — snr)? — f» 


Then using integration by parts again with u = In r and dv = rdr, so du = dr /r and v = r?/2, we get 


n = Ir’ (nr) — Fa Inr — z fra = Zr’ (nr) — r Inr + DU HC. 


H 


V 1—w2 


J arcsin w dw = w arcsin w 


and v = w. Then 


26. Let u = arcsin w and v' = 1, so u/ = 


w 
— | ——— dw = w arcsin w + y 1 — w? + C. 
|= 


= Lm LEN T = Tz dz DP 
27. Let u = arctan 7z and v' = 1, so u = 1149:7 and v — z. Now f Trips can be evaluated by the substitution 


w = 1 + 4927, dw = 982 dz, so 
Tz dz dw 1 fdw 1 1 
7 | E Se C = —In(14+ 4922) +C 
] o / w MES pa Og inuenta 


E Tz dz = z arctan Tz — = In(1 + 4927) +C. 


So 


28. This integral can first be simplified by making the substitution w = x°, dw = 2x dx. Then 


1 
fe arctan z? dz = 3 i arctan w dw. 


To evaluate f arctan w dw, we'll use integration by parts. Let u = arctan w and v’ = 1, sou’ = Tu and v — w. 
Then 


1+ w? 


Since 1 + w? is never negative, we can drop the absolute value signs. Thus, we have 


1 
J sme warctanw- f — dw = warctanw — 5 In |l  w^| +C. 


1 1 
n dz = 3 (2° arctan x? jn + (z2)5) 4 c) 


= je arctan x° — ima +z’) +C. 


29. Let u = xz? and v' = ze", sou’ = 2x and v = ig. Then 
1 1 ; 1 
Ce dr = re” — lak Goer es Vg HC. 
2 2 2 


Note that we can also do this problem by substitution and integration by parts. If we let w = z?, so dw = 2x dz, then 


TOS 1 
/ ve? dr = 3 J we" dw. We could then perform integration by parts on this integral to get the same result. 


30. To simplify matters, let us try the substitution w = z?, dw = 3x? dx. Then 


[ cose! ae = jf omm. 


Now we integrate by parts. Let u = w and v’ = cos w, so u’ = 1 and v = sin w. Then 


jJ weoswaw = slwsinw— f smwdu 


= s lwsinw + cosu] +C 


1 1 
= 37 sing’ + 5 coss? +C 


7.2 SOLUTIONS 


31. Let u = z, u' = 1 and v' = sinh z, v = cosh z. Integrating by parts, we get 


n ax scs | cosha dx 


= x cosh x — sinh x + C. 


32. Let u = x — 1, u' = 1 and v' = cosh g, v = sinh z. Integrating by parts, we get 


fe- oma = (r— 1)sinta— f sina dz 


= (x — l)sinh z — cosh x + C. 


5 


= 51n5 — 4 zz 4.047 
d 


5 
33. | midt= (mt t) 
1 


5 

= cos 5 + 5sin 5 — cos 3 — 3 sin 3 & —3.944. 
3 
35. We use integration by parts. Let u = z and v’ = e ^, so u’ = 1 and v = —e ^. Then 


5 
34. f x cos z dx = (cos z + z sin x) 
3 


; 1 Dp 9 
36. / tIntdt — (3P nt- 3”) = Ż In3 — 2 2.944. 
i 2 A JL 2 


37. We use integration by parts. Let u = arctan y and v’ = 1, so u' = IL and v — y. Thus 


1 
n arctan y dy — (arctan y)y 
0 


0 


In 2 ~ 0.439. 


38. f ma soa Caroma +t)—(1+t))| =6ln6 — 5z 5.751. 
0 


0 


. ; , 1 
39. We use integration by parts. Let u = arcsin z and v’ = 1, so u = ————4 and v = z. Then 


f= 


1 
f arcsin z dz = z arcsin z 
0 


RI 
o—~ 
ick 
ES 
YE 
x 
NJ 
a 
R 


1 1 
-f m e € 
B o Vl- 2? 2 
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41. 


42. 
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To find dz, we substitute w = 1 — z?, so dw = —2z dz. 


iL: 
zZ 
| ae 


Then 


z=1 w=0 w=1 1 
-= ud : J -3 dw L J -3 dw = w? 1 
no T D E ag * = >= pU MES = ex 

z=0 1— z? 2 w=1 2 w=0 0 


Thus our final answer is | — 1 ~ 0.571. 


To simplify the integral, we first make the substitution z = u°, so dz = 2u du. Then 


u=1 z=1 

22 1 : 

warcsin u^ du = = arcsin z dz. 
u=0 2 z—Üü 


From Problem 39, we know that ji E arcsin z dz — - — ]. Thus, 


(a) This integral can be evaluated using integration by parts with u = x, v’ = sin z. 
(b) We evaluate this integral using the substitution w — 1 4- z?. 

(c) We evaluate this integral using the substitution w = x. 

(d) We evaluate this integral using the substitution w = z^. 

(e) We evaluate this integral using the substitution w = 3x + 1. 

(f) This integral can be evaluated using integration by parts with u = x”, v’ = sin x. 
(g) This integral can be evaluated using integration by parts with u — In z, v' — 1. 


A calculator gives f. . In x dx = 0.386. An antiderivative of In x is x In a — 1, so the Fundamental Theorem of Calculus 


gives 
2 


2 
Í ln zdz = (xlng — x)| — 21n2- 1. 
1 1 


Since 2 ln 2 — 1 = 0.386, the value from the Fundamental Theorem agrees with the numerical answer. 


Problems 


43. 


Using a log property, we have 


n ((5— 3x)”) dz = fane- 3x) dz. 


So we let 

w = 5-— 3x 

dw = —3dx 

dy = -5 dw, 
which gives, 

w -4 dw 
n — 3x)? dx = n (5-32) dx 
= J- ln w dw 


Thus, w = 5 — 3x, k = —2/3. 


7.2 SOLUTIONS 
44. We have 
1 1 
n 78a ou i 
= fm ((4— 52) 7) dx 
1 
= f -}- ina 50) a log property. 
So we let 
w = 4-— 5r 
dw = —5dx 
de = -1 du, 
which gives 
w -4 dw 
NET E l ae aie 
"Vie ER o CUN 
1 
= jp mwa 


Thus w = 4 — 5x, k = 1/10. 


45. We have 
In ( (1n z)? In (1 
/ ie ) bus JE log property 
ZELLE 
So we let 


which gives 


aU dw 


[ 59 uc. oa 


= n 
Thus w = ln z, k = 3. 
=t 


46. Using integration by parts with u’ = e™*, v = t, sou e™* and v’ = 1, we have 


2 
Í 1-e ‘dt 
0 


2e? — e? 4+1=1-3e. 


2 


0 
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47. Since f arctan z dz = f 1- arctan z dz, we take u = arctan z, v' = 1, so u' = 1/(1 + 2°) and v = z. Then 


1 
| smit = zarctanz- | 25 dz = zarctan z — 5 In(1 + z^) + C. 


Thus, we have 
2 


2 
/ arctan z dz = (z arctan z TG | )) — 2arctan 2 — jm 5. 
0 


0 


48. Since f arcsin y dy = f 1- arcsin y dy, we take u = arcsin y, v = 1, so u = 1/4/1 — y? and v = y. Thus 


J sut = yaresiny [ Lay, 
1-y 


Substituting w = 1 — y?, dw = —2y dy, we have 


-1/2 
| —e-- SP aw =-5 fw dw aw +0=yI-# +e. 
1 


Thus 


1 
Area = f arcsin y dy = (y arcsin y + y 1 — y?) 
0 


= 1-aresinl-1= 5-1. 


1 
0 


49. Sinceln(z?) = 21n z and f In zdz = zlnz — x + C, we have 


2 2 

Area -f (ine?) - naa = f (21n z — In x) dx 
1 1 
2 


—21n2—2— (1In1— 1) 2 2In2 — I. 


1 


2 
- f ln zdz = (xln z — zx) 
1 


50. Since the graph of f(t) = In(t? — 1) is above the graph of g(t) = In(t — 1) for t > 1, we have 


Area = fone 1) —In(t pa fn (=) a= [nien 


We can cancel the factor of (t — 1) in the last step above because the integral is over 2 < t < 3, where (t — 1) is not zero. 
We use f ln zdz = xln g — 1 with the substitution x = t + 1. The limits t = 2, t = 3 become x = 3,a = 4, 
respectively. Thus 


3 4 
Area -f wt nara f Ina dz = (xln z — z) 
2 3 


3 


— 4In4 — 4— (31n3— 3) 2 4in4 — 3In3— 1. 


51. 2m + f(x) = vsinz 


=27r 
The graph of f(x) = x sin x is shown above. The first positive zero is at x = 7r, so, using integration by parts, 


T 
Area a xsin g dx 
0 
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T T 
+ f cos x dx 
0 0 


T 


= —gzcosrz| +sinz 


0 
= —T COST 0cos0) + sin — sin 0 = 7. 


52. From integration by parts in Problem 13, we obtain 
P L; 1 
sin^ 0 dð = -z Sin O cos 0 + 59 +C. 


Using the identity given in the book, we have 


2 E 1 — cos 20 al l 
n oa - | 2 d0ü = 5? 7 sin 20 + C. 


Although the answers differ in form, they are really the same, since (by one of the standard double angle formulas) 
1 1 1 
2 sin 20 — —7(2sin 6 cos 8) m sin 0 cos 0. 


53. Integration by parts: let u = cos 0 and v’ = cos0, so u’ = — sin 0 and v = sin 0. 
n 0 d0 = sin 0 cos 0 — n sin 0) (sin 0) d0 
= sin 0 cos 0 + J sin? 0 dð. 


Now use sin? 0 = 1 — cos? 0. 


[cost oa = sin 0 cos 0 + [o 0) d0 


=sindcosd + | ao — f cos? oap. 


Adding f cos? 0 dÓ to both sides, we have 
2 | cos? 6d0 = sin 0 cos0 -- 0 +C 


] 5 = 5 sin 8 cos + 56 C". 


Use the identity cos? 0 = s: 
1 + cos 20 1 ZH 
cos?8d0 = | ————d0 = £0 + = sin 20 + C. 
2 2 4 

The only difference is in the two terms 2 sin 0 cos 0 and isin 20, but since sin 20 = 2sin0 cos, we have 

i sin 20 — +(2 sin 0 cos 0) = i sin 0 cos 0, so there is no real difference between the formulas. 
54. First, let u = e” and v’ = sin z, so u’ = e” and v = — cos z. 
Thus | e” sin z dx = —e* cosx + | e” cos z dz. To calculate | e” cos x dx, we again need to use integration by parts. 
; g g yp 
Let u = e” and v’ = cos g, so u/ = e” and v = sin x. 
Thus 
Je cos z dx = e^ sin z — fe sin x dz. 

This gives 


T 2 x L x T. Li 
fe sin x dx = e” sin x — e oss- fe sin z dx. 
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By adding f e” sin x dz to both sides, we obtain 
ihe sin z dx = e” (sin x — cosz) + C. 
Thus fe sin x dz = 5€ (sins — cos z) + C. 
This problem could also be done in other ways; for example, we could have started with u = sin x and v’ = e” as well. 


55. Let u = e? and v' = cos 0, sou’ = e? and v = sin 0. Then f e? cos 0 dé = e? sin 0 — f e? sin 0 dé. 


In Problem 54 we found that T e” sin zdz = Le (sin z — cos x) + C. 


n cos 0 dà = e? sind — [5e (sin & — cos6)] +C 


1 
= ze (sind + cos 0) + C. 
56. We integrate by parts. Since in Problem 54 we found that f e” singdz = ze" (sinx — cos x), we let u = x and 
v' = e” sin x, so u' = 1 and v = $e” (sin x — cos x). 


1 1 
Then fe sin x dz = zre (sing — cos x) — 5 / e” (sin x — cosa) dx 


1 1 1 
= 3€ (sing — cosx) — pf rte 5 [ toas 


Using Problems 54 and 55, we see that this equals 
1 1 1 
zre (sina — cos x) — ge (sine — cos x) + 18 (sin z + cos z) + C 


1 1 
= zre (sing — cos x) + 3€ cosg + C. 


57. Again we use Problems 54 and 55. Integrate by parts, letting u = 0 and v’ = e? cos 0, so u' = 1 and v = ze (sin 0+ 


cos 0). Then 
6 R 1 8 ras 
de’ cos0 dé = 39e (sin 0 + cos 0) — a) * (sin 0 + cos 0) d0 
l,oe,. J 8. 1 6 
= ~0e’ (sin ð + cos 6) — 54° sin 0 d0 — m E cos 0 d0 
0 (as lo. M 
= =e” (sin 0 + cos0) — IE (sin 0 — cos 6) — 4 (sin 0 + cos 4) +C 
= 54e"(sin 0 4 cos 0) — xe sin 0 + C. 


58. Using integration by parts on the first integral with u(x) = lng and v'(z) = f”(x), we have u'(x) = 1/x and 


v(x) = f'(x), so 
] rmi foma- [ae 


Using integration by parts on the second integral with u(x) = f(a) and v'(r) = 1/z?, we have u/(x) = f'(x) and 
v(x) = —1/z,so 
1 
1) 10), fia 
x E x 


Adding the results gives 


[romedss farama- [ 89s - My [a= fma ec 
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59. Using integration by parts with u(x) = x and v'(x) = f" (x) gives u'(x) = 1 and v(x) = f'(x), so 


[ sre ear - [ras sro) f(a) - C. 


60. Using integration by parts, we let u = x, v’ = f'(x). This gives u’ = 1, v = f(x), and we have 
8 g yp g 


f tmm fn 


/ 


"uv uv 
= afa) - | THe) as 
= xf(x)— F(x) +C since f(x) = F” (z). 


5 


5 
Therefore, f uv’ dx = (af (x) — F(x)) 
0 0 


= 5f (5) - F(5) — (0- f(0) — F(0)) 
= 5.27 — 20 — (0.2 — 10) = 125. 


61. We integrate by parts. Since we know what the answer is supposed to be, it's easier to choose u and v’. Let u = x” and 
v' =e", so u = nz"-! and v = e”. Then 


-1 
fee asse caf 2 e” da. 


62. We integrate by parts. Let u = x” and v' = cos ax, so u’ = nz" ! and v = + sin ax. Then 


1 =i, 7h 
f” cosa de = Lr sinas -. f (ni^ ')(= sin ax) dx 
a 


a 


1 no n n—l 
=-2 sinaz—— |x sin az da. 
a a 


63. We integrate by parts. Let u = x” and v’ = sin ax, so u’ = nz"! and v = (I cos ax. Then 


1 2 1 
fe sinag dx = —-z^ cosaz— [^ 1\(—= cos ax) da 
a a 


1 n 
=i 
—-z"cosax-- — | z" ^cosaz dz. 
a a 


64. We integrate by parts. Since we know what the answer is supposed to be, it’s easier to choose u and v’. Let u = cos" ! x 


and v’ = cos z, so u’ = (n — 1) cos"? z(— sin x) and v = sin x. Then 


cos" wae = cos" xsinz + (n— 1) [ cos” xsin“ x dx 


= cos" ! xsinx + (n — 1) / cos"? z(1— cos? x) dx 
= cos" ! xsin x — (n— 1) f cos" wa +(n- 1) f cos"? mdr. 


Thus, by adding (n — 1) I cos" æ da to both sides of the equation, we find 


n f cos v da = cos"! «sina + (n — 1) f o7 x da, 


1 eub m n—1 —29 
so n dx = —cos" ^ zsinz + ——— | cos" ^z dz. 
n n 
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65. (a) One way to avoid integrating by parts is to take the derivative of the right hand side instead. Since f e^? sin ba dx is 
the antiderivative of e^" sin bz, 


e^? sin bx = £ [e“* (A sin bx + B cos bx) + C] 
= ae^^ (Asin br + B cos br) + e** (Abcos bz — Bbsin bz) 
= e“*[(aA — bB) sin bx + (aB + bA) cos bx]. 


Thus aA — bB = 1 and aB + bA = 0. Solving for A and B in terms of a and b, we get 
a b 


== Bcn 
a? + b?" a? + b? 


Thus 
ac ac a r b 
€ sin bz = e (y sinbe — ug cos ba) +C. 


(b) If we go through the same process, we find 


ae^^ [(a.A — bB) sin bz + (aB + bA) cos bx] = e°” cos ba. 
Thus aA — bB = 0, and aB + bA = 1. In this case, solving for A and B yields 


b a 
——, B= ——. 
a? +b?’ a? + b? 


Thus f e°” cos ba = e (5 sin bz + 25757 cos bx) + C. 


10 
f road 
0 


10 
= f(10)g(10) — f(0)g(0) — 2 n TE 
0 


66. Since f'(x) = 2x, integration by parts tells us that 


10 10 
n f(a)o'(a) de = f(x)g()|. - 
0 


We can use left and right Riemann Sums with Az = 2 to approximate Jf o d xg(x) da: 
Left sum z& 0- g(0)Az + 2: g(2)Ax + 4- g(4)Ax + 6- g(6)Ax + 8 - g(8)Ax 
= (0(2.3) + 2(3.1) + 4(4.1) + 6(5.5) + 8(5.9)) 2 = 205.6. 
Right sum z 2: g(2)Ax + 4- g(4)Ax + 6 - g(6)Ax + 8 - g(8)Ax + 10 - g(10)Ac 
= (2(3.1) + 4(4.1) + 6(5.5) + 8(5.9) + 10(6.1)) 2 = 327.6. 


A good estimate for the integral is the average of the left and right sums, so 


10 
205. 21. 
/ ag(x) dx © 205.6 + 327.6 _ 266.6. 
0 


2 
Substituting values for f and g, we have 
10 10 
J reas = r0000) - FOO) -2 | ogle) 
0 0 


e 10? (6.1) — 0?(2.3) — 2(266.6) = 76.8 ~ 77. 


67. Using integration by parts we have 


xf" (x) dx = 

f f'a) Le 

= 1-701) -0-7°0 — [f(1) - £(0)] 
SR on. 
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68. Letting u = vT, u’ 


peque pue 


69. Letting u = z,v' = f'(x), we have u’ = 1 and v = f(z). Integration by parts gives: 


uv! u 


T 7 
-— I f(x) dx 
0 0 


5 


= 7 f(7) —0- f(0) —5 x = 7isazero of f 
L 


This means 


7 
] ef war - sten 
0 


70. (a) We have 


0 
2 —a —a | 
= —aqe 2ae 2e + 2. 


(b) F(a) is increasing because z°e™” is positive, so as a increases, the area under the curve from 0 to a also increases 
and thus the integral increases. 


(c) We have F'(a) = a?e~, so 


F" (a) = 2ae~* — a?e * = a(2 — a)e~*. 
We see that F” (a) > 0 for 0 < a < 2, so F is concave up on this interval. 
71. We have " 
Bioavailability — T 15te 9? qr. 
0 


We first use integration by parts to evaluate the indefinite integral of this function. Let u = 15t and v’ = e ??' qt, so 
u' = 15dt and v = —5e-9?'. Then, 


LE 50-577? - f Cesar 


= —75te 9?! 4 75 f e 9 dt = —75te °°? — 375e O77 +C. 
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Thus, 


3 3 
f 15te7™ dt = (—75te 9?* — 375e 9?*)| = —329.29 + 375 = 45.71. 
0 0 


The bioavailability of the drug over this time interval is 45.71 (ng/ml)-hours. 


72. (a) 


(b) 


(c) 


73. (a) 


(b) 


Increasing Vo increases the maximum value of V, since this maximum is Vo. Increasing w or ¢ does not affect the 
maximum of V. 


Since 
dV 


dt 
the maximum of dV /dt is wVo. Thus, the maximum of dV /dt is increased if Vo or w is increased, and is unaffected 
if œ is increased. 
The period of V = Vo cos(wt + $) is 27 /w, so 


= —wVo sin(wt + 9), 


2n/w 
Average value — X (Vo cos(wt + $))? dt. 
2r/w Jo 


Substituting x = wt + $, we have dz = wdt. When t = 0, x = $, and when t = 2r /w, x = 27 + ¢. Thus, 


i» 27$ 1 
Average value — — I Vo (cos z)? — dx 
2m à w 


2 
vè T+ 


= (cos x)? dx. 
2m $ 


2 


Using integration by parts and the fact that sin? x = 1 — cos? z, we see that 


Average value Vor E (cos xsin x + 2) 
= — |= ing 
s Qn [2 


27--ó 
$ 


2 
= n [cos(27 + Q) sin(27 + o) + (27 + Q) — cos ó sin à — €] 


T 
2 2 
EU T Eo 
4m 2 


Thus, increasing Vo increases the average value; increasing w or ¢ has no effect. 
However, it is not in fact necessary to compute the integral to see that w does not affect the average value, since all 
w’s dropped out of the average value expression when we made the substitution x = wt + ¢. 


T 
dE 
We know that up 7o the total energy E used in the first 7' hours is given by E = I te~% dt. We use 
0 


integration by parts. Let u = t, v’ = e ^*, Then u’ = 1, v = —4+e~™. 
a 


T 
z= f te“ dt 
0 


1 T 1 
lim E-—-—- li —|1- li ; 
ee zm (sr) +a ( T-jos zr) 
Since a > 0, the second limit on the right hand side in the above expression is 0. In the first limit, although both the 


numerator and the denominator go to infinity, the denominator e^" goes to infinity more quickly than T does. So in 


the end the denominator e^" is much greater than the numerator T. Hence lim -r = 0. (You can check this by 
T> € 


T 1 
graphing y = —7. on a calculator or computer for some values of a.) Thus lim E = —. 
ea T— 00 a 
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1 
74. Letting u = ln |z|, u’ = =, v = v' = f'(x), we have: 
x 
1 
pe )In|z| dz = f DES )In|z| — [ise 
ccr 
Du EM [2 da 
om Ta 


= h(x) — g(x) + C. 


75. (a) We have u = erf(x),v’ = 1, which means v = z. From the Construction Theorem, we see that erf(x) is an 
antiderivative of ae so u' = ACT. Using integration by parts, we have 
erf(r) dz = raia) | ee um 
= xerf(x) — J oq. dx 
Vr 
(b) One possibility is to let w = —2?, dw = —2xdx, which gives: 
1 d g? 
na "us | e (- 5) --Age inia +C. 
Another possibility is to let w = ec , dw = —2ze-* dx, which leads to the same result. 


(c) Based on our answers to parts (a) and (b), we have: 


foroa = xerf(x) — J ees dx 
T 
= rerf(z) + Ed +C. 


T 
Checking our answer, we see that: 
£ (sett) + " d 4 c) m £ (x erf(z)) + £ (=) 
= 1- erf(x) + x- (erf(z)) +e” (2r) 
Ss Wm 
e 
= erf(z) + hee? e? 
Vm Vm 
= erf(z). as required 
76. Since Li(« NC, — dt, we see from the Construction Theorem that Li(x) is an antiderivative of 1/ ln(x), which 
means that (Li(a:))' ln(x). We need to perform integration by parts where u = Li(x), v = ln x. We have: 
Coc and Jt, 
lng x 
which means 
ns dr = uv — J u'v dz integration by parts 
—— 


uv! 


=Li(a)ing~ f me da: 
—— In 
—— 


uv 


SE 


= Li(z)lnnz — z + C. 
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Strengthen Your Understanding 


77. 
78. 


79. 


80. 
81. 
82. 


83. 


84. 


85. 


Solutions for Section 7.3 


To use integration by parts on f tln tdt, use u = Int, v' = t. 


We can write arctan z = (1)(arctan x). Then using u = arctan and v' = 1, we can evaluate the integral using 
integration by parts. 


Using integration by parts with u = ) and v’ = 1 gives u’ = f'(x), v = x, so we get 


Cos «fe)- f «reas 


The integral f 6? sin 0 dO requires integration by parts twice. Many other answers are possible. 

f xe” dx 

f e” sin x dz, can be evaluated by applying integration by parts twice, both times with u = e”, or by applying integration 
by parts once with u = sin x and then a second time with u = cos x. 

True. Let u = t,v' = sin(5 — t), so u’ = 1,v = cos(5 — t). Then the integral f 1 cos(5 — t) dt can be done by 
guess-and-check or by substituting w = 5 — t. 


3—t 


True. If we let u = t? and v’ = e?™ and integrate by parts twice, we obtain 


fe e-t dt = tet ig dr p 


False. Suppose we have Í z? sin z dx. If we choose u = sin x and v = z?, the resulting integral is 


zx? | r’ 
— sing — | —cosadz, 
3 3 


which is no simpler than the original integral. Choosing u = x? and v’ = sin x make the integral simpler. After integrating 


twice, we get —x° cos x + 2(xsina + 2 cos x) + C. 


Exercises 


pn ns- aca + C. (Let n = 5 in M-13.) 


1 
— eC 39 (L3 cos 0 + sin 0) + C. 
(Let a = —3,b = 1 in II-9.) 
The integrand, a polynomial, z?, multiplied by sin 5z, is in the form of III-15. There are only three successive derivatives 


of z? before 0 is reached (namely, 322, 6x, and 6), so there will be four terms. The signs in the terms will be —--4-—, as 
given in III-15, so we get 


ELLE 3a? sin 5a + = 6x cos 5a — m Osin Se C. 


. Formula III-13 applies only to functions of the form x” In x, so we'll have to multiply out and separate into two integrals. 


[ 6 meas f made | meas. 


Now we can use formula III-13 on each integral separately, to get 


2 x? z? 
(a* + 3)ln zdr = zme- y t3slnz -2) C. 
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5. Note that you can’t use substitution here: letting w = x? + 5 does not work, since there is no dw = 3x? dz in the 


integrand. What will work is simply multiplying out the square: (z? t 5)? = zê + 10x? + 25. Then use I-1: 


f+ d= [anri [cens | ide =a +10- Fat +250 +0. 


l sg 
6. — 5 cos? w + C 
(Let x = cos w, as suggested in IV-23. Then — sin w dw = dz, and if sin w cos? w dw = — f z^ dx.) 


35v cosz — 3 incensed a +0. 


(Use IV-17.) 
8. el — 2g" +-2—- z) e ac 
(Let a = 2, p(x) = x in III-14.) 


15 2 2 3a 
9. (52 st+ oe 4C. 


1 
Ts =F sin 


(Let a = 3, p(x) = x? in III-14.) 
10. le? 40 
. 3° + . 


(Substitute w = x? , dw = 3x? dz. It is not necessary to use the table.) 


la 43,425 8 >) 3x 

H. |S ad 4 sett C. 
(52 g^ O° oF Tap © 
(Let a = 3, p(x) = x* in M-14.) 


12. Substitute w = 5u, dw = 5 du. Then 


fe In(5u) du = E w In wdw 


1,1 g 1 g 
= m In5u — au +C. 


Or use ln 5u = ln 5 + ln u. 


J Emsudu=ms f dus [mun 


L3 up aha e (using III-13) 
mE: 6 36 E 
us 1 6 


1 y 
13. — arctan —— + C. 
V3 V3 
(Let a = v3 in V-24). 


14. We first factor out the 9 and then use formula V-24: 


dx dx 1 1 duds zr n 
— — —— = — e. — ar n —— 
9x? + 16 9(x? + 16/9) 9 4/3 4/3 


15. We first factor out the 16 and then use formula V-28 to get 


[aSe-/ ammi ye 
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1 : 

iain (2) +C 
1 Ax 

Z arcsin (= 5 z) +C. 


16. The integral suggests formula VI-29, but is not a perfect match because of the coefficient of 9. One way to deal with the 
9 is to factor it out, so that, using formula IV-29, 
5 2 
e+ ya? + (s) 


= In 


| aera: | vem 3 r? 


Alternatively, we can write 


IE i 


We now use the substitution w = 3z, so that dw = 3dz, and the integral becomes 


idw 
gne wa +C= 5 In |3z + y 9x? + 25| + C. 
Tatts > v pow | 


17. 2 sin 30 sin 50 + = cos 30 cos 50 + C. 
(Let a = 3,6 = 5 in II-12.) 


18. 4 cos 30 sin 50 — 2 sin 30 cos 50 + C. 
(Let a = 3,6 = 5 in II-10.) 
19. Let m = 3 in IV-21. 


1 sing sing +1 


I 1 dr = 1 Sine «af 1 ET 
cos? x 2cos*x 2 cos X 

di 

4 


E| + C by 1v-22. 


2 cos? x sin £ 


20. Use long division to reorganize the integral: 


Eti 
dt = 1 
[res [65 


To get this second integral, let a = 1, b = —1 in V-26, so 


2 
m G-0641) 7 
Jela Dery” 


2 
Justme- In |t 4- 1| 4 C. 


21. ae (5sin 3x — 3 cos 3x) + C. 
(Let a = 5,6 — 3inIL&) 
22. = (7 cos 2y sin Ty — 2sin 2y cos 7y) + C. 


(Let a = 2,b = 7 inII-11.) 
23. 


fe sin 2y dy = -59 cos 2y + —(2y) sin 2y + 502) cos 2y + C 


rar ge 


1 1 
= — 5" cos 2y + ay sin 2y + 4 cos 2y + C. 


(Use a = 2, p(y) = y? in III-15.) 


7.3 SOLUTIONS 


24. Substitute w = z?, dw = 2x dx. Then / z’ sina” dx = 5 n By III-15, we have 


2 


J cmm = — wos w + 5sinw +C= -2e cos z? + ssina? 4 C. 


25. Substitute w = 7x, dw = 7 dx. Then use IV-21. 


ME Lp =i [i sinw 2 PR 
cost 7x ~ 7 ] costw ~ 7/13cossw 3 cos? w 


_ 1 sinw 2 [sinw 
= jase ta lee | 
c b BAUR «oS eant 
21 co? w 21 
1 tan 7x 


2 
ee ls 
leat oe e 


26. Substitute w = 30, dw = 3 d0. Then use IV-19, letting m = 3. 


1 1 1 1 1 cosw 1 1 
—— d0= = z= dw-z|-z - d 
Jz 30 3 1 sin? w ui | 2 sin? w x 2 J sin w «| 


1cosw , l1 |1, |cos(w) — 1 
=—= =|= — C| by IV-20 
6 sin? w AES | y 
1 cos 30 1 cos(30) — 1 
-—- —ln|————— +C. 
6sin230 12 cos(30) + 1 | j 


27. Substitute w = 20, dw = 2 d0. Then use IV-19, letting m = 2. 


1 1 1 1, cosw 1 1 
=, l= | —— dw = =(- =- == : 
laa JE w 3 ( mau 2tanw Tr 2tan 20 TO 


28. Use IV-21 twice to get the exponent down to 1: 
1 1 sing 3 1 
dz = = ea d 
J cosr  4dcosta 4 J costa 7 


1 as 1 sing I 1 d 
See eee cea gp m i 
cos? x 2cos*x 2 cos x 


Now use IV-22 to get 
1 1 (sina) +1 
dx = = In | = : 
] 27 eattlec 
Putting this all together gives 
1 1 sing ,3 sing 3 (sin z) +1 
—— dx = —- — + = — + Sh | . 
J coss 4deosta  8cos?a 16 (sina) — 1 | TP 


29. 


1 1 1 
— —Á C: E RT i 
i x (ah z — x (In|z-c 11 - In[|z € 3) +C 


(Let a = —1 and b = —3 in V-26). 
30. 


1 1 1 
i zu i n j ao 


You need not use the table. 
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31. 


(Let a = 0,b = 3 in V-26.) 


32. 
dy J dy 1 
=— | ——— ———- = -— (In ly — 2| — InJy + 2) + C. 
[3 Gey Ty 7l -2- nl 2 


(Let a = 2,b = —2 in V-26.) 


33. arctan(z + 2) + C. 
(Substitute w = z + 2 and use V-24, letting a = 1.) 


34. 


1 il 
——— ——— dy = | ———{ dy = arctan(y + 2) + C. 
|m E ] d (y 2) 
(Substitute w = y + 2, and let a = 1 in V-24). 
35. We use the method of IV-23 in the table. Using the Pythagorean Identity, we rewrite the integrand: 


. HN . 2 . . 2 . 
sin? x = (sin a) sın rt = (1 — cos a) Sın t = Sn g — cos zrzsinz. 


Thus, we have 


> * 2 " 
Jf = f (sne cos asin x) dx 


SEU 


The first of these new integrals can be easily found. The second can be found using the substitution w = cos x so 
dw = — sin x dz. The second integral becomes 
] 5 es = JE 
l 3 
=--> C 
3" T 
l3 
= —=cos C, 
3 cos £ + 


so the final answer is 


à é 2 è 
J siot f singar- f cos xsin z dx 


— cos x + (1/3) cos? z + C. 


36. Using the advice in IV-23, since both m and n are even and since n is negative, we convert everything to cosines, since 


cos x is in the denominator. 
A" 
n = J a dx 
cos? x 
1 — cos? Y 
" J ( os x) T 
cos? x 
1 1 
= dx — 2 dx+ | ldz. 
cost x cos? x 


1 d 1 sing " 2 1 d 
T = [M — ——— daz 
cost x 3co?xr 3] co?m ^ 


T E dz = sin x +C 
cos? x cos x 


By IV-21 


7.3 SOLUTIONS 


Substituting back in, we get 
1 sing 4 sina 


iin ei c EL 
/ eee 3 cos? x dog: CR 


37. Since cosh? x — sinh? x = 1 we rewrite sinh? x as sinh z sinh? x = sinh z(cosh? x — 1). Then 


n x cosh’ x dz = J sinh z(cosh? z — 1) cosh? x dz 


= n a — cosh? x) sinh x dz. 


Now use the substitution w = cosh xz, dw = sinh z dz to find 


[ef aeg gu C = $ cosh? z — 5 cosh? s C. 


38. Since cosh? x — sinh? x = 1 we rewrite cosh? x as cosh z cosh? x = cosh z(1 + sinh? æ). This gives 
n x cosh? x dx = n az (sinh? x + 1) cosh z dx 


= n x + sinh? x) cosh x dz. 


Now use the substitution w = sinh x, dw = cosh z dz to find 


[ot mae gt gu C= c sinh? z + $ sinh? z C. 


39. 


J sin? 30 cos? 30 d0 = fo 30) (cos? 30) (1 — cos? 30) d8 


= f% 30 (cos? 30 — cos* 30) dé. 


Using an extension of the tip given in rule IV-23, we let w = cos 30, dw = —3 sin 30 d0. 
fa 30 (cos? 30 — cos* 30) dd = E fe — w^) dw 
l,w? w? 
——2(——)-C 
3 ( 3 5 ) 
1 
9 


(cos? 30) + Z (cos 30) + C. 


40. If we make the substitution w = 2z then dw = 4z dz, and the integral becomes: 


1 
je cos(22?) dz = i fe cos w dw 


Now we can use Formula 9 from the table of integrals to get: 


T f cosw dw = 


p= 
NIA 


e" (cos w + sin w) + C 


e" (cos w + sin w) + C 


œol= l= Ble 


on (cos 22? + sin22?) + C 
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41. Substitute w = 3a, dw = 3da. Then da = : dw. We have 


sin 3a da 


| 
o Il 
da 
Il 
wI = 
~~ 
ll € 
o Il 
[SE] 
2, 
B 
g 
a 
€ 


42. Let a — 5 and b — 6 in II-12. Then 


J sin 5x cos 6 dx = = (6 sin 5x sin 6x + 5 cos 5a cos 6x) =0, 


=F 


=F 


This answer makes sense since sin 5x cos 6x is odd, so its integral over any interval —a < x < a should be 0. 


43. Using III-13: 
2 2 2 
f e 2:2 = f vine de ~2 | x? Ina dx 
1 1 1 
2 


2 l2 l a l4 
= (5% Ing — 72°) (52 lng 3”), 
3 15 
= 2In2— — In2— — 
n » (81n x 
= 2- 61n 2 = —3.034. 


44. Leta = V3 in VI-30 and VI-28: 


1 
1 3 x 

y 3 — x? dz = (=2\/3 — x? + = arcsin —=) 

f 2 2 V3 


à 1 "d 
as. f zu] 7L — dr 
o z? +2a+1 o (2+1) 


We substitute w = x + 1, so dw = dz. Note that when x = 1, we have w = 2, and when x = 0, we have w = 1. 


= i dx = Ut dw — i 
wep (Q1)? E wo w? w 


46. Substitute w = x + 1 and use V-24: 


[ dx --f dx 
o c£ +2r+5 o (2-1? 44 


| = ; arctan 1 — ; arctan 3 = 0.1609. 


EU 


zz 1.630. 
0 


1 1 
=--4+1=-. 
2" 2 


w-—l 


47. Let w = z?, dw = 2x dx. When x = 0, w = 0, and when z = wows 5. 


IR 
- 
2 
© 
3 


i 
2 


1 1 
V2 xdr 2 i dw 1 . 
—————c = — arcsin w 
0 


Viexs Jj, peus" 2 


il 
(arcsin 3^ arcsin 0) — F 


0 


7.3 SOLUTIONS 


48. Let w = x + 2, giving dw = dx. When x = 0, w = 2, and when x = 1, w = 3. Thus, 


1 3 
AE) axes | a us 
o (©+2)? +1 , w^ 1 


For the last integral, we make the substitution u — w? + 1, du = 2w dw. Then, we have 


3 1 3 
f —— dw = = l|? + 1| 
, we+l 


2 2 

1 

= 5 (In|10] — In [5]) 
1, /10\ 1 
-gh(g)-gmo) 


49. Using IV-19 with m — 3, followed by IV-20, we find that 
7/3. de NL LN 
na sinz 2sin2'x 4 


50. Substitute w = x + 3 and then use VI-29: 


7/3 
— 0.5398. 
n/4 


cos x — 1 


cosx + 1 


=l dax = dx = 
J =] — = Info +3 +yz? +6r+10| . 
—3 v x? + 6x -- 10 -3 \/ (z 4-3)? +1 —3 


= In |2 + V5| = 1.4436. 


Problems 


613 


51. Letting w = 2x + 1, dw = 2dz, dx = 0.5 dw, we find that k = 0.5, w = 2x + 1, n = 3: 
fe + 1)? In(2z + 1) dz = n In(w)0.5 dw = nz» In w dw. 


52. Letting w = 2x + 1, dw = 2 dz, da = 0.5 dw, we see that k = —1/4,w = 2r + 1,n = 3: 


3 1 E 3 1 
= nz In (w=?) dw 


= n» (3) Inwdw log property 


= n In w dw. 
4 


53. We can use form (i) by writing this as 


where a = —1/6,b = —1/4,c = 5. 
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54. We can use form (ii) by writing this as 


/ dx u jJ dx 7 -- 3x simplify 
5 5 7432 
2 2 
lc rue EE Tu 
= T — dx distribute 
2 : 
z(3x 4 7) + 7438 (3a + 7) 
u 3r +7 E 
6z? + 14x 4- 5 
with m = 3,n = 7,a = 6,b = 14,c = 5. 


55. We can use form (iii) by writing this as: 


dx 
2 bet 6) (x — 2)(z — 2))? ((x — 
a? — 5a + 6)3(x — 2)4(z — 3)4 


T 
| dx 

fe 

j 


dx 
inn 2 — 6x +9)? 3)(z — 3))? 


3))* 
da 


— 5x + 6)* 


x? — 5a + 6)? (x? 
dx 
x? — 5a + 6)7 


where a = 1,6 5,6— 6,7 = T. 


2-32 
ae po o d 
- |r s= |n 


-42 we see that a = 5, b = 4, À = 2: 


56. We see that a = e, b = 4, À = s | oe 


57. Multiplying the numerator and denominator by e 


8x 
e 
—— ——— d 
i —— Co 


e87 e € 


det + 5eSe 
e8t Am 


4e4% e—4c E 5e6r e—4x da 


/ 
[ec 
| 


dx 


e74e 


58. (a) Let w = x°, dw = 2axdz. Then 
since z^ = w? and zdz = idw 


(b) Using the identity from the table, we have 
2 
[ dw = ke” (+ B + z) +C, 


; 1 2 
so, since k = g,w-za, 


factor 
regroup 
regroup 
multiply out 


simplify, 


7.3 SOLUTIONS 
59. Using II-10 in the integral table, if m A +n, then 
m" 1 : li 
sin m0sinn0dÜ = | ————7|m cos m0 sin n — n sin m6 cos nô] 
m n? m - 
1 


= — c3 (m cos mm sin nz — n sin mm cos nz) — 
n?—m 


(m cos(—mn) sin(—n7) — n sin(—m7) cos(—n))] 


But sin kx = 0 for all integers k, so each term reduces to 0, making the whole integral reduce to 0. 
60. Using formula II-11, if m Æ +n, then 


T 


J cos mô cos n0 dd = — (n cos m6 sin n0 — m sin m0 cos n0) 
z n?—m 


7T —T7 


We see that in the evaluation, each term will have a sin kz term, so the expression reduces to 0. 
61. (a) 


1 1 


1 | Vo . 

Io ' Vo cos(120zt)dt = 1207 sin(1207t) : 
| Vo... : 
= UT [sin(1207) — sin(0)] 

Vo 
= - 4-39 
(b) Let's find the average of V? first. 
—2 1 j 
V = Average of y? = — V?dt 
1—0 J, 
1 1 
= — | (Vocos(120nt))?dt 
1-0 J, 
1 
= ve | cos? (120zt)dt 
0 
Now, let 1207t = x, and dt = a So 
; EM — 1207° 
2 1207 
V = a | cos? zdz. 
T 
0 
1207 
Ve 1 . 
= i204 (5 coswsina + 5") : II-18 
E Ve E Ve 
=e 
2 
So, the average of V? is Vo and V = 4/ average of V? = LOS 
2 v2 


(c) Vo = V2-V = 1102 z 156 volts. 
62. (a) Since R(T) is the rate or production, we find the total production by integrating: 


t R(t)dt — [a + Be sin(2nt)) dt 


N 
= NA+ Bf e™ sin(2rt) dt. 
0 
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Let a = —1 and b = 2m in IL-8. 


N 
= NA+ eee sin(27t) — 2r cos(2nt)) f 


Since N is an integer (so sin 2r N = 0 and cos 2r N = 1), 


N 
2n —N 
t) dt = NA+ B— —(1- 
[ ro B Lx asi BM 


Thus the total production is NA + fe (1 — e^) over the first N years. 


(b) The average production over the first N years is 


N -N 
1 Ri) dt j, ore l-e l 
i N 1 +4r N 


(c) As N > œ, A + Ter d — A, since the second term in the sum goes to 0. This is why A is called the 
average! 

(d) When ¢ gets large, the term Be * sin(2zt) gets very small. Thus, R(t) ~ A for most t, so it makes sense that the 
average of al R(t) dt is Aas N > oo. 

(e) This model is not reasonable for long periods of time, since an oil well has finite capacity and will eventually “run 
dry.” Thus, we cannot expect average production to be close to constant over a long period of time. 


Strengthen Your Understanding 


63. To find the integral, we factor the denominator 
(=F = -—(t— vVT)(t+vVT) 


and use V-26 with a = v7, b = — T. 


64. Ifa = 3, then z? + 4r +3 = (a + 1)(x +3), so by Formula V-26, the answer involves In not arctan. In general, the 
antiderivative involves an arctan only if the quadratic has no real roots. 


65. To use the table, we first make the substitution w = 2x + 1. Then dw = 2 dx. So the integral becomes 
2r-41. . 1 wo: 
fe sine +)de= 5 fe sin w dw 4- C. 


Now using Formula II-8 we get 


jum sin(2z + 1) dx = sett (sin(2x + 1) — cos(2x + 1)) + C. 


66. Formula II-12 only holds for a Z b; the integral is defined. 
The integral can be solved using substitution. Let sin z — w. Then cos x dz — dw. We have 


2 
[miento o [om - ec. 


2 


f iem = = a tC. 


Substituting w = sin x back we get 


67. The table only gives formulas for f p(x) sin x dx, where p(x) is a polynomial. Since 1/z is not a polynomial, the table 
is no help. In fact, it is known that sin x /x does not have an elementary function as an antiderivative. 


68. To evaluate f 1/\/2x — x? dx, we must first complete the square for 2x — x” to get 1 — (a — 1)”. Then we can substitute 
w = x — 1 and use Formula V-28 in the table. 


69. f 1/ sinf x dz can be evaluated by using Formula IV-19 twice. 
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70. True. Rewrite sin’ 0 = sin@sin®° 0 = sin (1 — cos? 0)?. Expanding, substituting w = cos 0, dw = — sin 0 d0, and 
integrating gives a polynomial in w, which is a polynomial in cos 0. 


71. False. Completing the square gives 


dx dx 
—— = | ———————— - arct 2 F 
|= b arctan(z + 2) + C 


72. False. Factoring gives 


|=] eneo hh) 


73. True. Let w = ln z, dw = x^! dx. Then 


= (In | - 1| —In|a +5|) +C. 


ferns) + (Inz)?)dz = nc +w?) dw = ES 4 T 3 


Solutions for Section 7.4 


Exercises 


1. Since 6x + a” = z(6 + x), we take 
r1 A B 


6r+4r? zr 64a" 


So, 
x+1=A(6+2)+ Br 
z+1= (A+ B)z + 6A, 
giving 
A+B=1 
6A — I1. 


Thus A — 1/6, and B — 5/6 so 
z+1 1/6 | 5/6 


6x + x? x 642° 


2. Since 25 — a? = (5 —2)(5 + x), we take 


20  — A B 
25—z2 5—m 5+r 
So, 
20 = A(5+2)+ B(5 — x) 
20 = (A — B)x + 5A + 5B, 
giving 
A-B=0 
5A+5B = 20. 
Thus A = B = 2 and 
20 2 2 
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3 


3. Since w^ — w? = w?(w — 1), we have 


t 4 QE 0 D 
w*^—w3 w-l w w w? 
Thus, 
1 = Au? + B(w — 1)u? + C(w — 1)w + D(w — 1) 
1 = (A+ Bw + (B + C)w? + (-C + D)w + (=D), 
giving 
A+B=0 
-B+C =0 
-C+D=0 
-D=1 


4. Since y? — y? +y — 1 = (y — 1) (y? + 1), we take 
2y A 5 By+C 
y-y--y-Ll y-1 ^ el 


So, 
2y = A(y? + 1) + (By 4- C)(y — 1) 
2y = (A+ By? + (C - By - A- C, 
giving 
A+B=0 
-B+C=2 
A-C=0 
Thus A = C = 1, B = —1 so 
2y 1 1—y 


5. Since y? — 4y = y(y — 2)(y + 2), we take 


GM TE NCC 
y —-4y y y-2 y-2 
So, 
8 = A(y — 2)(y + 2) + By(y + 2) + Cy(y — 2) 
8 = (A + B + C)y? + (2B — 20y — 4A, 
giving 
A+B+C=0 
2B—2C —0 
—4A — 8. 
Thus A = —2, B = C = 1 so 
8 —2 1 1 
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6. Since s? + 3s + 2 = (s + 2)(s + 1), we have 


2(145) —— 2(14- s) IEEE. 
s(s?--3s--2)  s(s--2)(s--1)  s(s--2) 
so we take 
2 EE A B 
s(s--2 s 3+2 
Thus, 
2 = A(s +2) + Bs 
2 = (A + B)s + 2A, 
giving 
A+B=0 
2A = 2. 
Thus A = 1 and B = —1 and 
2(1425) — 1 1 


s(s?--3s--2) s 842° 


7. Since sê — 1 = (s? — 1)(s? +1) = (s — 1)(s + 1)(s? + 1), we have 


2 $A , B_,Cs+D 
st—1 s—l stl s?41° 
Thus, 
2 = A(s +1)(s? +1) + B(s — 1)(s? + 1) + (Cs + D)(s — 1)(s +1) 
2— (A+B +C)s? - (A- B +D)? - (A-- B — C)s - (A— B — D), 
giving 
A+B+C=0 
A-B+D=0 
A+B-C=0 
A-B-D=2. 


From the first and third equations we find A + B = 0 and C = 0. From the second and fourth we find A — B = 1 and 
D = —1. Thus A = 1/2 and B = —1/2 and 


2 1 1 1 


f=-1 35-1 Xs+) 41 


8. Using the result of Problem 1, we have 


/ aa da= |La f 3/6 de = = (in |a| 5n [6 zl) + C. 


6x + x? ur 6+2 


9. Using the result of Problem 2, we have 


20 2 2 
] ze [ m [ae 21n|5 — z| - 2n |5 + z| + C. 


10. Using the result of Exercise 3, we have 


1 1 1 1 1 1 1 
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11. Using the result of Problem 4, we have 


2y u 1 1—y = 1 2 


12. Using the result of Problem 5, we have 


8 2 1 1 
——_ dy = | — dy + | — dy + | — dy = -21n + In 2| + In|y 4- 2 +C. 
|> y J y y-3 9 |= y ly| ly — 2| ly + 2] 


13. Using the result of Exercise 6, we have 


2(1 4- s) u 1 1 7 : | 
| eye ] G- ia) m mere 


14. Using the result of Exercise 7, we have 


2 1 1 1 1 1 
damllL—————————.42-2 1|—=In|s +1 tan s +C. 
] x i (acy mones :) cs n|s — 1| 5 n|s + 1| — arctan s + C 


15. We let 


3x? — 8a +1 A B, £ 
z3 — 4r? +xr1+6 2-2 zr+1 x—3 
giving 
3z? — 8r +1 — A(x + 1)(z — 3) + B(x — 2)(x — 3) + C(x — 2)(z + 1) 
32? — 8a + 1 = (A + B + C)z? — (2A + 5B + C)x — 3A + 6B — 2C 
so 


A+B+C=3 
2A — 5B — C = -8 
—3A + 6B- 2C = 1. 


Thus, A = B = Č = 1, so 


3a? — 8a +1 dx dx dx 
ul spe = In|x —2| +1 1| 4-In|z — 3| 4- K. 
[A » JS Ja n|z — 2|+In|x +1]  In|z — 3| + 


We use K as the constant of integration, since we already used C in the problem. 


16. We let 
AN 1 M Boh C 
zr?—z?  z?(m—1) vx 2? al 
giving 
1 = Az(z — 1) + B(x — 1) + Cz? 
1 = (A+ C)z? + (B — A)z — B 
so 
A+C=0 
B-A=0 
-B=1 


Thus, A = B = —1, C = 1, so 


da da dx | da E 
J=- J= [5 T [ eem +lnjz — 1| + K. 


We use K as the constant of integration, since we already used C in the problem. 


17. 


18. 


19. 


7.4 SOLUTIONS 
We let 
10x + 2 _ 10x + 2 _ A p Bate 
z3—52?--z —5  (r—5)a?--1) 2-5 «741 
giving 
10z 4-2 = A(x? + 1) + (Bx + C)(x — 5) 
10a +2 = (A+ B)z? + (C — 5B)z +A — 5C 
so 
A+B=0 
C -5B = 10 
A — 5C — 2. 
Thus, A = 2, B = —2, C = 0, so 
7 dt = 2in|x 5| In |x? | 1| K. 


10x +2 
o erja 5? 


Division gives 


LET 


x + 120° +1527 4+25¢+11 — 


x? +122? + 11x 


Since a? + 12a? + 11x = x(a + 1)(x + 11), we write 
4r? +25a+11 A 
T? +127? + 1l g 
giving 


Az? + 25x +11 
x3 + 1202 + lla” 


B C 
xe+1 z-1l 


Az? + 25x +11 = A(x + 1)(z 4- 11) + Bz(z 4- 11) + Ca(z + 1) 


4x? 4+ 25z +11 = (A + B + C)z? 


SO 


+ (12A +11B + C)z 4- 11A 


A+B+C=4 
124 -11B 4 C = 25 
11A — 11. 


Thus, A= B=1,C =2s0 


x4 + 122? + 152? + 25a + ip 
r3 4122? + 11x 


ELS 


2dx 


/ 3 


+ In |z| + In |z 4- 1| 4- 21n |z - 11| + K. 


We use K as the constant of integration, since we already used C in the problem. 


Division gives 
vt + 3r? 4207 +1 — 
r? +3r+2 i 


Since a? + 3x + 2 = (a + 1)(x + 2), we write 
1 7 1 
r? +3r+2  (x+1)(x4 
giving 
1 = A(x + 2) 


1— (A+ B)z 


2 1 
z?--3z +2 


+ B(a +1) 


--2A4 B 
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so 
A+B=0 
2A+B=1. 
Thus, A= 1, B= —1 so 
z^ + 32? + 222 +1, dx 
j= EET inm =- 


E 


20. Since x = (3/2) sint, we have dx = (3/2) cost dt. Substituting into the integral gives 


lat = -t+C= 5 arcsin (=) +C. 


|=- [ae a ka E 


21. Since x = sin t + 2, we have 


4x — 3 — x? = 4(sint + 2) — 3 — (sint + 2)? = 1 — sin? t = cos’ t 


and dx = cos t dt, so substitution gives 


1 1 
— oc —— cost dt dt t+ C arcsin(r — 2 T CG: 
J a / I J (x — 2) 


22. Completing the square gives z? + 4r +5 = 1 + (x +2)?. Since x + 2 = tant and dx = (1/ cos? t)dt, we have 


1 1 1 
[pe gcc E zi cS LO 


23. (a) Yes, use x = 3sin 0. 

(b) No; better to substitute w = 9 — x”, so dw = —2z dz. 
24. (a) Substitute w = x? + 10, so dw = 2x dz. 

(b) Substitute x = V 10 tan 0. 


Problems 


25. We have 


w = (3r + 2)(x — 1) 
= 32" - 2-2 
so dw = (6x — 1) dx 
which means (12r — 2) dz = 2 dw, 


ivin ro? dr=2 Hn 
EVE I Get Dep w’ 


so w = (3a + 2) (x — 1) = 3x? — x — 2 and k = 2. 


26. Using partial fractions, we have 


122-2 A , B 
Cx E T. r—1 
B i : 
12x — 2 = (= 12 + aa z) (3x +2)(x— 1) multiply by denominator 
12: — 2 = A(x — 1) + B(3z + 2) simplify 
= (A +3B)r +2B — A regroup 


so A+3B=12 matching coefficients of x 


and 2B— A = —2 
giving A--3B + (2B — A) = 12 + (-2) 


5B = 10 
B=2 
which means A+3-2= 12 
A=6 


12x — 2 
ieldi T— ——— d 
yie ing | rcm a 


Checking our answer, we see that: 


as required. 


27. Focusing on the integrand, we have: 


2x 4-9 


(3x 4 5)(4 — 5z) 


So 


2x 4-9 
J -ae 


B 3r 4-2 


7.4 SOLUTIONS 


matching constants 


adding above two equations 


letting B = 2 in A + 3B = 12 


6  r-l 2 
341 +2 x-1 


3r +2 
r—1 3r+2 


_ 6(@ — 1) + 2(3a 4- 2) 


(3x + 2)(x — 1) 
6x — 6 + ôx + 4 


CEPO 


(3x +2) (£ — 1)’ 


z—a r—b 
We see that a = —5/3,b = 4/5,c 2/15,d 3/5. 
28. We have: 
V 12 — 4x? = 4/4 (3 — x?) 
ITE 


Thus, a = /3,k = 0.5. 
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29. Taking the hint, we see that 


e?” — de® + 3 = (e”)? — 4e” +3 
=w —4w4+3 letting w = e” 
= (w-—3)(w — 1). factoring 


Notice that dw = e"dz and that the numerator of the integrand can be written 2e^ + 1 = 2w + 1. Using the method of 
partial fractions, we have: 


2w 41 A B 


(u—3(w—1)  w-3 wI 
2w +1 = A(w — 1) + B(w — 3) multiply through by (w — 3)(w — 1) 
= (A+ B)w -(—A— 3B). regroup 


Identifying the coefficients of w and the constant terms on both sides, we have: 


A+B=2 soA=2-B 
and —A—3B-1 
so —(2—B)-3B=1 since A = 2 — B 
—2-2B=1 
- 3 
giving B—-—- 


2 7 
and A=2-B=>5. 


2w +1 7/2 3/2 
Th oom = —— + ———.,80: 
mens CUN (SET O28 ot 


o € —4e* 43 P (w — 3)(w — 1) 


Zud dw since w = e” 
wat (w-—3)(w-— 1) 
- f 7/2 HZ dw 
i w-3 w-1 
Thus, 
7 3 z z 
A=-,B —,w = e", dw = e" dz,r = 1,s = T. 
2 2 
30. (a) We have 
3x +6 — 2Ae+3) | x c 1 
z?-t3z  z(r-c-3) z(r-3) zx z-3 


Thus 


[#4 u- (2 1 ) dz = 21n |a| + In| + 3| C. 


x? + 32 r «+3 
(b) Let a = 0,b = —3,c = 3, and d = 6 in V-27. 


[FR ae = | 3r+6_ ir 

xu? + 3x x(a +3) 
EE! 
E 


(61n |z| + 31n | + 3]) +C = 21n |z| 4- In [x 4- 3|] + C. 


31. Since z? + 2x + 2 = (x +1)? +1, we have 


— t dae |l e 
z2--2:2--2 ^ jJ (a+1)2?41 °° 


Substitute x + 1 = tan 0, so z = (tan 0) — 1. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 
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Since z? + 6x + 9 is a perfect square, we write 


— — n — —— à a S 
z?-F6r--25 J (a? +6x+9)+16°° J (x—-3)-16 - 


We use the trigonometric substitution x + 3 = 4tan 0, so x = 4tan0 — 3. 


Since y? + 3y + 3 = (y + 3/2)? + (3 — 9/4) = (y + 3/2)? + 3/4, we have 
-——-——— — 
y? + 3y +3 (y + 3/2)? + 3/4" 
Substitute y + 3/2 = tan 0, so y = (tan@) — 3/2. 
Since x? + 2x + 2 = (a + 1)? +1, we have 
z41 r1 
— dr = — dr. 
d [= 7 
Substitute w = (x + 1)?, so dw = 2(a + 1) dz. 
This integral can also be calculated without completing the square, by substituting w = £? + 2x + 2, so dw = 
2(x + 1) dz. 
Since 2z — z? = 1 — (z — 1)?, we have 
4 1 
—— dz = 4 | —————ds. 
f VEA f I- GIP 
Substitute z — 1 = sin 0, so z = (sin 0) + 1. 
Since 2z — 2° = 1 — (z — 1)?, we have 
z—1 z—1 
———— ds = I —— dz. 
V 2z — 2? 1—(z—1) 
Substitute w = 1 — (z — 1)?, so dw = —2(z — 1) dz. 
Since t? + At + 7 = (t + 2)? + 3, we have 
fe + 2) sin(t? + 4t + 7) dt = fe + 2) sin((t + 2)? + 3) dt. 
Substitute w = (t + 2)? + 3, so dw = 2(t + 2) dt. 
This integral can also be computed without completing the square, by substituting w = t? + 4t + 7, so dw = 
(2t + 4) dt. 
Since 0? — 40 = (0 — 2)? — 4, we have 
fe — 0) cos(6? — 40) d0 = i (0 — 2) cos((@ — 2)? — 4) dé. 
Substitute w = (0 — 2)? — 4, so dw = 2(0 — 2) do. 
This integral can also be computed without completing the square, by substituting w = 0?— 40, so dw = (20—4) dé. 
We write 
1 _ A " B 
(r—5)(1—-3) 2-5 z-3 
giving 


1 = A(x — 3) + B(x — 5) 
1 = (A+ B)z — (944-5) 


so 
A+B=0 
—3A—5B = 1. 

Thus, A — 1/2, B — —1/2, so 


1 ofu 1/2 1 1 
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40. We write 


| 1 ALB 
(r--2)(r4-3) 2+2 243’ 
giving 
1= A(x+3)+ B(x +2) 
1 = (A+ B)e + (3A + 2B) 
SO 
A+B=0 
3A+2B=1. 


Thus, A = 1, B = —1, so 


1 1 1 
-—— — m dz =1 2|-1 
b ü |= Š Ja eee) cA 


41. We write 


ae es 

(r47)(r—2) 2+7 2-2’ 
giving 

1 = A(x —2)+ B(x +7) 

1 = (A + B)x+(-2A+4+7B) 
so 

A+B=0 
—2A-FTB — 1. 


Thus, A — —1/9, B — 1/9, so 


1 7 1/9 1/9 , 1 1 


42. The denominator a” — 3a + 2 can be factored as (a — 1)(x — 2). Splitting the integrand into partial fractions with 
denominators (x — 1) and (x — 2), we have 


z?—3r4-2  (x—1)(x—2) Bed ad 


Multiplying by (x — 1)(a — 2) gives the identity 


x = A(r—2)-4 B(r—1) 
B z —(A-B)x —24A — B. 


Since this equation holds for all z, the constant terms on both sides must be equal. Similarly, the coefficient of x on both 
sides must be equal. So 


—2A— B=0 
A+B=1. 
Solving these equations gives A = —1, B = 2 and the integral becomes 


x 1 1 
——————da = — d. 2 dx = — l 1| +21 2 . 
] ze fa z+ |> n |x | n |x |+C 


43. 


44. 


45. 


46. 
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This can be done by formula V—26 in the integral table or by partial fractions 


dz dz 1 1 


£- o. d 
z+1 zz. 


Check: 


d 1 
zg (n l2] - mlz +1 FC) F 


We know a” + 52 + 4 = (a + 1)(x + 4), so we can use V-26 of the integral table with a = —1 and b = —4 to write 


dx L 
— = -l -1|-I +4) 4 C. 
n Ba ad 3 (In |x |—In|ax +c 


We use partial fractions and write 
1 A B 


3P3P? 3P I P 
multiply through by 3P(1 — P), and then solve for A and B, getting A = 1 and B = 1/3. So 


dP o M 1 2m dP 1 dP 
3P-3P? — 3P | 3(1— P) 83] P 3] 1-P 


1 1 1 P 
= -ln |P|— -ln |1- P| +C = +1 C. 
jM eg bee rr 
Using partial fractions, we have: 
3a +1 3x +1 A B 
—————À = —————- zb ' 
z?—3r4-2  (r—1)x—-2) x-1 x-2 
Multiplying by (x — 1) and (x — 2), this becomes 
3x +1 = A(x — 2) + B(x — 1) 

= (A+ B)x — 2A — B 

which produces the system of equations 
A+B=3 
—2A— B =1. 
Solving this system yields A = —4 and B = 7. So, 
3r +1 4 T 
———— dr = — + d 
[the Ji x1 3) i 
dx dx 
= —4 ae 
T g= rf q—2 
= —4ln |z — 1| +7 ln |z — 2| + C. 


47. Since 2y? + 3y + 1 = (2y + 1)(y +1), we write 


yt2 || A i: B 
2y2 +3y +1 2%+1 yt’ 


giving 
y +2 = A(y +1) + B(2y + 1) 
y+2=(A+2B)y+A+B 


so 


A+2B=1 
A+B=2. 
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49. 


50. 
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Thus, A = 3, B = —1, so 


y+2 
LE d m =I 2y +1|—1 ren 
b un n i - n Ug par lye Tp e 


Since z? + x = x(g? + 1) cannot be factored further, we write 
ct+1l A 2 Br+ C 
e+e xr 2410 


Multiplying by x(x? + 1) gives 
g+1=A(2?+1)+(Be+C)x 
xr+1= (A+ B)z? 4 Cz + A, 


so 
A+B=0 

C= 1 

A=1. 


Thus, A = C = 1, B = —1, and we have 


Ztl i= (i4 =) dr xdr da 
r3 +r x =) SI z?4-1 


—In|z| — s la^ + 1| + arctan x + K. 


Since z? + z^ = x? (1 + x°) cannot be factored further, we write 
r—2 -444 B Foo 
r? +t — 1+ a2? 


Multiplying by z?(1 + x?) gives 
z—2-—Az(lctr ee te Meuse" 
g—2=(A+C)a?4+(B+D)2? + Ar + B, 


so 
A+C=0 
B+D=0 
A=1 

B=-2 


Thus, A= 1, B 2,C 1, D = 2, and we have 


r—2 PF (i-i — dz — xdr 4 
x?c«x3 770 x x? 1+2 :) 1+ 2? 


" 


= In|2| 4 e + x 
x 


We use K as the constant of integration, since we already used C in the problem. 
Let y = 5 tan 0 so dy = (5/cos? 0) d0. Since 1 + tan? 0 = 1/ cos? 0, we have 


2 2 
y 25 tan” 0 5 2 
— dy= | =: d0 = tan" 0 dé. 
/ 25 + y? 9 J 25(1 + tan? 0) cos?6 oe 


Using 1 + tan? 0 = 1/ cos? 0 again gives 


ji 


+ 2arctan x 4- K. 


2 
y E 2 = 1 ) _ ; 
Jee ay=5 f tan ea -5 | (ay 1) do — 5tan6 — 56 + C. 


In addition, since 0 = arctan(y/5), we get 


2 
y = y 
] uiri (4) +C. 


dx 
14+ x2 


7.4 SOLUTIONS 


51. Since (4 — z?)°/? = (\/4— 2”), we substitute z = 2sin 0, so dz = 2 cos 0 d0. We get 


dz 2 cos 0 d0 2 cos 0 d0 1 dé 1 
= = = = —tan0 + C 
(4— 22)3/2 J (4— 4sin?0)3/2 — 8cos0 4] co?0 4 


Since sin 0 = z/2, we have cos0 = 4/1 — (z/2)? = (V4 — z2)/2, so 


629 


dz 1 sin 1 z/2 z 
tan = => 
] un 9E PP "Truc m cam 
52. We have 
10 _ A Pe TE 
(s+2)(s? +1) s+2 s41" 
Thus, 
10 = A(s? + 1) + (Bs + C)(s +2) 
10 = (A+ B)s? + (2B + C)s + (A + 2C), 
giving 
A+B=0 
2B+C=0 
A+2C = 10. 
Thus, from the first two equations we have C = —2B = 2A, which, when used in the third, gives 54 = 10, so that 
A= 2, B = —2, and C = 4. We now have 
10 | 2 —2s+4 2 28 | 4 
(s+2)(s?+1) s+2  s?41 s+2 +1 +I 
so 
10 2 2s 4 2 
——————-— ds = — ds = 21 2|-I 1| + 4arct K. 
aE : IS Fart pr) t= 2njs +2 — I|? + 1 + 4arctans + 


We use K as the constant of integration, since we already used C in the problem. 


53. Completing the square, we get 
x? +4¢4+13 = (x - 2)? +9. 


We use the substitution z + 2 = 3 tant, then dx = (3/ cos? t) dt. Since tan? t + 1 = 1/ cos? t, the integral becomes 


1 T 3 1 1 r2 
— ———— dr = ——————.——dti- -dt = = t A 
i — 7 |z cos? t E z arctan ( 3 )*c 


54. Using the substitution w = e^, we get dw = e^ dz, so we have 


But 


Ee 301 wii) 


ise coe - fi or wes) a 


(In |w — 1| —In|w + 2) - C 


SO 


1 
3 
1 
anle — 1| — ln |e” -2]) +C. 
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55. Let x = tan 0 so dx = (1/cos? 0)d0. Since V1 + tan? 0 = 1/ cos 0, we have 


1 dz — | dMeco?j0  — 0 cos 0 d0 = cos 6 do 
z?J1-ca32 J tan?0V1-tan?0 tan?0cos?0 ^ | sin?0 ` 


The last integral can be evaluated by guess-and-check or by substituting w — sin 0. The result is 


1 cos@ , 1 “Cc 
aia” sin? ae — sind i 
We need to know sin @ in terms of x. From the triangle in Figure 7.4, which shows x = tan, we see that sin = 


x/V1+ z?. Thus 
1 EE BETE 
x 


z?V/1-4- x? E sin 0 + T 


1+2 


O 
1 


Figure 7.4: In this triangle, tan 0 = x 


56. Let x = 3sin 0 so dx = 3 cos 0 dé, giving 


a 2 +2 
SR D seosoag= | CS OCC?) ap — o f sin? oa. 


[aat | an 
e -——— ip PE 
9—z? 9 — 9sin2 0 3cos0 
From formula IV-18, we get 
1 0 
n = — 5 sin @ cos 0 + 3 +C. 
We have sin@ = x/3 and 0 = arcsin(x/3). From the triangle in Figure 7.5, which shows sin = «/3, we see that 


cos 0 = V9 — x?/3. Therefore 


9 9 
|e =9 f sin’ 0d6 = —5sin8cosÜ + 5 -0+C 


9 u 2 9 A Wi 
+ 5 arcsin (Z) +0 = x 9 a + Z arcsin (2) +0 


/9—z2 


Figure 7.5: In this triangle, 
sinü = z/3 


57. Let 22 = sin 0. Then dx = (1/2) cos 0 d0 and V1 — 4x? = 4/1 — sin? 0 = cos 0, so 
J1-— 4x2 2 
J 1 CE [Sa cos 0 (55040) = JE: Ü 0 
x 


(sin? 0) /4 sin? 0 


CE 5 (zm 1) dd. 
sin* 0 sin* 0 
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From formula IV-18, we get 


1 cos 0 
Cc. 1) d sin 0 Bara 


arcsin(2r). From the triangle in Figure 7.6, which shows sin 0 = 2z, we see that 


We have sind = 2x and 0 = 


cos 0 = V1 — 4x2. Therefore 
NEN TY : /T—da2 JT 4:3 
|A u = 2( Sun o) +C = (( xem... ~ aresin(2)) +C = IL. ine 
£ £ 


sin 0 2x 


: 2x 
O 
V1 — 4r? 
Figure 7.6: In this triangle, 
sin #0 = 2x 


58. Let 32 = 5sin 0. Then dx = (5/3) cos 6d and V25 — 9a? = 4/25 — 25 sin? 0 = 5 cos 0, so 
= ^d ;2 

v 25 — 9x? 5 cos 0 (È coso ao) -5 DBE Ü 0 
x (5/3) sin 0 sin 0 


=5 1— sin? ay _ 5 (sp sin) a. 
sin 0 sin 0 


From formula IV-21, we get 


1 . 1 
| (is e) de = gin 


We have sin 0 = 37/5 and 0 = arcsin(3a/5). From the triangle in Figure 7.7, which shows sin 0 = 32/5, we see that 


cos 0 = v25 — 9x?/5. Therefore 
V 25 — 9x2 1 cos 0 5 5 — 25 — 9x? 
Ve dx =5 (5! I +0088) + + C = = ln | —————_ + V 25 — 927 + C 
/ T - 5 +25 — 9z? 


cos0 + 1 2 


: 3x 
L1] 
v 25 — 9x? 
Figure 7.7: In this triangle, 
sin 0 = 32/5 


59. Let 22 = 3sin 0. Then dx = (3/2) cos 0 d0 and V9 — 4x? = y 9 — 9 sin? 0 = 3 cos 0, so 


1 


1 1 3 1 
— dz = | L——————— 0d0| = = | —dé 
|= * fase E us )- JE 


From formula IV-21, we get 


1 1 cos 0 
|= z” ^C 
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From the triangle in Figure 7.8, which shows sin 0 = 27/3, we see that cos 0 = /9 — 4z?/3. Therefore 


1 1, |cos0 — 1 1, |V/9—422/3—1 1 V9 — 4r? — 3 
— dr = = In] —— | + C = = In |4] + C = = In | |} 4+ C. 
aV9 — 4x2 6 |cos@ +1 6 |/9— 422/341 6 |./9— 422 +3 

: 2x 
O 
V9 — Ax? 
Figure 7.8: In this triangle, 
sin 0 = 22/3 


60. Let 4x = tan 0. Then dz = (1/4)/ cos? 0 d0 and VI + 16x? = VI + tan? 0 = 1/ cos 8, so 
1 cos 0 1/4 1 
— Á———— da = —————À | — d0 = dé. 
J- T+ 1622 7 (ws) cos? 0 IE 
From formula IV-21, we get 
1 1 
J sin 0 m 2 » 


From the triangle in Figure 7.9, which shows tan 0 = 4x, we see that cos 0 = 1/4/1 + 16x2. Therefore 


cos0— 1 
cos + 1 


|«c 


1 1, |cosó— 1 1, |1/V1+ 1622-1 1, |1- 1+ 1622 
dn = Fn | | eo = Sn OO ea | MN 
zV14 Ax? 2 |cosO+1 2. |1/V1+l16r? +1 2 |1+v1+Fl6r? 


v1 + 16x2 à 
a 


if 


Figure 7.9: In this triangle, 
tan 0 = 4x 


61. Let x = 2sin 0 so dz = 2 cos 0d0. Since 4/4 — 4sin? 6 = 2 cos 6, we have 


1 1 1 1 
——— dx =_ | — 2 cos dd = — | —— d0 
x?V4 — x? 7 / (4 sin? 0)(2 cos 0) SS 4 Í sin? 0 


From formula IV-20 with m = 2, we get 
1 cos 0 
— dd = — C 
J sin? 0 sin 0 T 


We need to know cos @ in terms of x. From the triangle in Figure 7.10, which shows 7/2 = sin 0, we see that cos 0 = 


v4 — z?/2. Thus 


— 72 =a 
I pO i aa ea ge 
z2/4— r? 4 sin 4  m/2 4, x 


62. 


63. 
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2 
zr 
LI 
V4— r? 
Figure 7.10: In this triangle, 
sini = 27/2 


Let 2a = 5tan 0 so dz = (5/2)(1/ cos? 0)d0. Since 
(25 + Az?)?/? = (25 + 25 tan? 0)?/? = (25/ cos? 8)?/? = 125/ cos? 6, 


1 cos0 (5 1 1 1 
-—-— — RÀ 2 do) = — 6d0 = —sin0 + C. 
|a u | 125 Don ) ES 5g er 


we have 
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We need to know sin 0 in terms of x. From the triangle in Figure 7.11, which shows 27/5 = tan 0, we see that sin 0 = 


2x /V/25 + 4x?. Thus 
1 1 1 2x 1 az 
———.dr- sinl +0 = = _—__+¢C=—_+__ic¢ 
] ar r= ate = S97 ld 7 ^ Ba 


V25 + 4x2 9 
z 


5 


Figure 7.11: In this triangle, 
tan @ = 2z/5 


Let x = 4sin 0 so dz = 4 cos 0 dé. Since 


(16 — x°)? = (16 — 16sin? 0)?/? = (16 cos? 8)?/? = 64 cos? 0, 


1 1 1 1 
J (16 — z2)3/2 Mus / 64 my ded = x/ cos? 0 d 


From formula IV-22 with m — 2, we get 


we have 


|an Acme 


cos? 0 cos 0 


We need to know tan 0 in terms of x. From the triangle in Figure 7.12, which shows z/4 = sin 0, we see that 


tan 0 = x//16 — x?. Thus 


1 1 1 T 
E pcr tanb 4 C =Z 
d t= 7, tan +C wor ~ 


v16 — z2 


Figure 7.12: In this triangle, 
sin ð = 27/4 
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64. Let 3r = tan 0 so dz = (1/3)(1/ cos? 0) d0. Since (1 + 9a)?/? = (1 + tan? 0)?/? = 1/ cos? 0, we have 
1 J sin? 0 dà 


(1 + 922)5/2 7 — 
nod — sin 0 + C. 


From formula IV-22 with m — 2, we get 
=. 2 2 
sin* 0 1 —cos* 0 1 1 
dð = 0 = — - 0) dd=-1 
J cos 0 / cos 0 nc mS ) 2 sinü—1 
We need to know sin 0 in terms of x. From the triangle in Figure 7.13, which shows 3x = tan, we see that 
sin 0 = 3r/A/1 + 9z?. Thus 
x? 1/1, |sinó-1| . 1 (1, |3z- V1-4 92? 3r 
a de = = (S10 - ~ sind) +C = 5 = In |1] — —— 
(1 + 9x?)3/2 27 \2 sinü—1 27 \ 2 3a — /1 + 9272 VI + 9x2 
V1+ 9x2 
3x 
LI 
1 
Figure 7.13: In this triangle, 
tan 0 = 3x 
65. Notice that because CECEN is negative for 2 < x < 3, 
3 
3x 
Area = -f — dr. 
o (x—1)(x-— 4) 
Using partial fractions gives 
3r _ A ES B | (A+B)a—B—4A 
(r—-1)(r—4) z—-1 mx-4 (z — 1)(x — 4) 
Multiplying through by (x — 1)(x — 4) gives 
3a = (A + B)r— B — AA 
so A = —1 and B = 4. Thus 
3 
+ m : 7) dx = (In|x — 1| — 4ln |z — 4|)| — 51n2. 
2 


-| or (FS 


aras f Be? +a T 
" (a? + 1)(z + 1) 


66. We have 
Using partial fractions gives 
3r? +r | Ar+B C 
(z2--1)(z-1) z2?+1 x41 
_ (Av + B)(z +1) + C(x? +1) 
E (a? 4- 1)(z +1) 
(A+C)a?+(A+B)r+B+C 
] GECESI) | 
-B)r- B+C, 


Thus 
3z? +a — (A *- C)a? 4- (A4 


7.4 SOLUTIONS 
giving 
3=A+C, 1=A+B, and 0—-B-«C, 


with solution 
A=2.B==1,C =1. 


Thus 
1 2 
Area [ LIE 
o. (2 1)(z 4 1) 
7 ( 2x l old Ja 
E go Nee]. atl 41 7 
1 
= ln(z? + 1) — arctan x + ln |£ + 1| 
0 
— 21n2— 7/4. 
67. We have 


1/2 z2 
Area = —— dr. 
f ie 
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Let x = sin @ so dz = cos 0 d0 and V1 — x? = 4/1 — sin? 0 = cos @. When z = 0,0 = 0. When x = 1/2,0 = 7/6. 


i "E 7/6 sin? 0 1/6 . 
See = | St costo = | sin* 0 d0 
0 vV1l-z? 0 V/1-— sin? 0 0 
n/6 
a _ v3 
3: 


12 


=“ MES =“ 


(5 —— 


0 


The integral f sin? 0 d@ is done using parts and the identity cos? 0 + sin? 0 = 1. 
68. We have 


v2 3 
Area = —— dz. 
f V4- z? 


Let x = 2sinf so dr = 2cos0d0 and V4— z? = 4/4— 4sin?ð = 2cos0. When z = 0,0 = 0 and when 


x = V2, 0 = 7/4. 
V2 3 7/4 ; 3 
f e f Pane) E 
o Vv4—22 o  VA- (2sin0)? 
n/A n/A 
= Ji sn*oao =s f (sin 0 — sin 0 cos? 0) d0 
0 0 
n/4 
—8 — cos + C = 2 5 
3 , 3 0/2] 
69. We have 


X. 


3 
1 
Area — ————d 
f vr? +9 
Let x = 3 tan 0 so dx = (3/ cos? 0)d0 and 


. 26 
[249 - 9 sin T 


cos? 0 cos 0' 


[vv 
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70. 


71. 
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When z = 0,0 = 0 and when x = 3,0 = 7/4. Thus 


—— dx = C —— M d0 = em " d0 = um 
o vz249 i b V9tan20-L9cos20 ' — o  93/cos0 cos?0 i o  €0os0 
Ed ett = 5 (5) 

=5 ————— : 


sind+1 
sin — 1 


2 lg-i| 2° \v2-i 


1 
= $i 


This answer can be simplified to In(1 + /2) by multiplying the numerator and denominator of the fraction by (v2 + 1) 
and using the properties of logarithms. The integral f (1/ cos 0)d0 is done using the Table of Integrals. 


We have 


3 
1 
Area — ————dax 
J, cy z? +9 
Let z = 3 tan 0 so dx = (3/ cos? 0)d0 and 


sind /9sin? 0 9sin0 
V z2?4-9—3——4|—À3 +9 = —_. 
By cos0 V cos?0 t cos? 0 
When z = v3, 0 = 7/6 and when x = 3,0 = 7/4. Thus 
3 T/4 n/4 
Loe ae ae y 
yy zva? +9 oe 9sin0/ cos? 0 cos? 0 3 x/6 sin 0 


El) 
(6 INAI] v3 


1 


2 n 


cos? — 1 
cos +1 


wI = 


71/6 
1- /2 V3+2 
In +1n i 
14 v2 v3-2 
This answer can be simplified by multiplying the first fraction by (1 — \/2) in numerator and denominator and the second 
one by (4/3 + 2). This gives 


Ole 


Area 


(In(3 — 2V2) + In(7 + 4V3)) = = In((3 — 2V3)(7 + 4v3)). 


ale 


The integral f (1/ sin 0)d0 is done using the Table of Integrals. 


Using partial fractions, we write 
1 A B 


Desc Lie Tee 
1=A(l—2)+ B(1 + z) = (B — Ajr + A + B. 


So, B — A = 0 and A + B = 1, giving A = B = 1/2. Thus 


dx 1 1 1 c 


Using the substitution x = sin 0, we get dx = cos 0 d0, we have 


dx cos 0 cos 0 1 
= —— — 0 = ——— d0 = dé. 
/ 1— x2 J 1 — sin? 0 J cos? 0 / cos 0 


The Table of Integrals Formula IV-22 gives 


dx 1 1 (sin 9) +1 1 r+1 
z dð = = In | $T EN 
n l= zn ERAI +c ano 
The properties of logarithms and the fact that |x — 1| = |1 — x| show that the two results are the same: 


a+ 
—1 


jm E | = 5 (n|t +|- 1n|1 al). 
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72. Using partial fractions, we write 
D SUE ERN M 
z2—1 z41 2-1 
2z = A(x — 1) + B(z + 1) = (A + B)z — A + B. 
So, A + B = 2 and — A + B = 0, giving A = B = 1. Thus 


2x 1 1 
|e- (a+) dz = 1n |z + 1| - In|z — 1| + C. 


Using the substitution w = x? — 1, we get dw = 2x dz, so we have 


I = d= | Œ - miu eco m? -1| ec. 
g^-—1 w 


The properties of logarithms show that the two results are the same: 


In [z + 1| +In|x — 1| = In |(z + 1)(z — 1)| -ln|z? —- 1|. 


73. Using partial fractions, we write 
337-1 — 34-41 A, Bz4C 
e+e —x(r?--1) c z?-F1 


3z? +1 = A(x? + 1) + (Bx + C)z = (A + B)z? + Cz + A. 
So, A+ B = 3, C = 0 and A = 1, giving B = 2. Thus 


32? +1 1 2r 2 
[9 a= [ (1-2) dx = In |x| + In |x +1| +K. 


Using the substitution w = z? + z, we get dw = (3x? + 1)dz, so we have 


2 
[5 IE -mjo K =|’ & z| +K. 
P a a w 


The properties of logarithms show that the two results are the same: 


In |x| 4 In |x | 1| EK — In |z(z? 1) + K —In |a? | x| HK. 


We use K as the constant of integration, since we already used C in the problem. 
74. (a) We differentiate: 


m ^u) us - — e 
dð NV tan@/  tan?0 cos? singe cos?0 sin? 0" 
1 1 
—— d0 = —-— 
] zm ug" 
(b) Let y = /5sin 0 so dy = v5 cos0 dé giving 


ER r -f V/5 cos 0 EHE V/5 cos 0 
"Wurm 5sin? 04/ 5 — 5 sin? sin sin? 0/5 cos 0 


1 
=- | —— dł = — C 
a 29 5tanð 


Since sin 0 = y/vV5, we have cos 0 = y/1 — (y/ v5)? = 4/5 — y2/ /5. Thus, 
1 VEPM ie 


y 
— 5 = - —| 4 +C = -~> +C. 
y24/5 — y? 5 tan 0 " B(y/V5) - 5y 


Thus, 
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75. (a) Ifa Z b, we have 


1 1 1 1 1 
[emt] zx) aes Sg eee) cocos o: 


(b) If a = b, we have 


76. (a) Ifa Z b, we have 


a 1 a b 1 
flee *- JSS) dx = ——— (aln|x — a| — bln|x — b|) + C. 


giving 
1 = A(z + Va) + B(x — va), 
so A + B = 0 and (A — B)va = 1. Thus, A = — B = 1/(2,/a). 
So 


1 1 1 1 
[o [n m a) t agam - va-le 


(b) If a — 0, we have 
[ 59-6 


(c) Ifa < 0, then Ca > 0soz? — a = a? + (—a) cannot be factored. Thus 


l dr = : dz = 1 arctan = +C 
zx?2—a — J #2 + (—a) ^ Sa Jä , 


78. (a) We integrate to find 


b 1 1 x 


So 


(b) We know that ¢(0.01) = 0 so 
0.01(1 — a) 
= bl —_——— |. 
pee ( 0.994 ) 


0.01(1—a) _ 
0.99a B 
0.01(1— a) — 0.99a 


0.01 — 0.01a — 0.99a 
a = 0.01. 


But b > 0 and In z = 0 means x = 1, so 
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(c) We know that £(0.5) = 1 so 


0.5 - 0.99 1 


0.9 
0.218 1 0.9(1 — 0.01) 
t(0.9) = —— dz = — ln | = ] = 1.478. 
m | z(l-z) n9 (ee) i 


.01 


(d) We have 


79. (a) We want to evaluate the integral 


Using partial fractions, we have 
k C D 
(a—z)(b—z) a-r b-r 
k = C(b — z) + D(a — x) 
k = —(C + D)x + Cb + Da 


so 
0=-(C +D) 

k = Cb + Da, 

giving 3 
rmn b—a 


Thus, the time is given by 


pef". kd _ 5 "( 1 1 ) ae 
fy (a-a)(b-2) b-a J, a-x b-r 


k a/2 
= — (—lnja — z| + ln |b — z|) 
b—a 0 
k bg 
= In 
b—a à — zo 


(b) A similar calculation with zo instead of a/2 leads to the following expression for the time 
"o k dx k 

ps L—————— = — ] 

f (a — z)(b — x) b-u 


k b 
= I —1n[-]]. 
b—a ( B 7 a 
As zo — a, the value of |a — xo| — 0, so |b — zo| /|a — zo| — oo. Thus, T — oo as zo — a. In other words, the 
time taken tends to infinity. 


zo 


b- zr 
a— T 


0 
b — x0 


Qa, — Zo 


80. We complete the square in the exponent so that we can make a substitution: 


m(t) — = | eem 2 dx 


1 ii — (x? —2ta)/2 
= —— e da 
yV 2T i. 
1  _ (m2 —2t0-+t2)—42)/2 
= e dx 
V2T J s 
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—(z—t)?/2 et /2 di 


1 oo 
= — e 
mu. 


£42 oo à 
ae e 079 /2 dg. 
V2T Joo 
Substitute w = x — t, then dw = dx and w = oo when x = oo, and w = —oo when x = —oo. Thus 
et /2 oo 29 


t 

= —w? /2 <e / 

= —— e dw = —— : V 2T 
A2. d= v 2T 


m(t) — er 


m(t) 


Strengthen Your Understanding 


81. The partial fractions required are of the form 


82. We use x = 2 tan 0. 
83. Since f 1/(1 + x?) dz = arctan x + C, so f(x) = 1/(1 + x?) works. 
84. To evaluate f 1/(z? — x) dz, we first factor z? — x = a(x — 1)(x + 1) and then use partial fractions. 


85. If Q(x) does not decompose into linear factors, then we cannot decompose P(x)/Q(xz) into partial fractions. So for 
example, if P(x) = x and Q(x) = x? + 1, then the rational function P(x)/Q(zx) does not have a partial fraction 
decomposition. Alternatively, if Q(x) contains a repeated linear factor, then the partial fraction decomposition may not 
be in the given form. For example, if P(x) = x + 1 and Q(x) = a? + 6x + 9, then the partial fraction decomposition of 


P(x)/Q(x) is T r a 


z2 +6149 x43 (@+3)2 
86. An example is the integral 
J dx 
V9 — 4r? 


sin 0, dx = 3 cos 0 dO, then we obtain 


If we make the substitution z — 3 
J dz =] 3 cos0 do = 3 cos 0 do = 3008 | 
V9— 407 J \/g9—9sin?9 J v9co?0 Jj 3cos0 
= [ a9 = fo = 5 aresin (Fx) +0 


87. False. If we use the given substitution the radicand becomes 9 — 9 tan? 0 = 9(1 — tan? 0). However, 1 — tan? 0 is not 
equal to a monomial. 


88. True. Since the denominator can be factored into x?(x + 1), involving the repeated factor x”, we use partial fractions of 


the form 
-— i EUN C dx 
v3 + r2 E r zr? ge+1 ` 


89. (e). x = sin 0 is appropriate. 


x? 1 1 
90. (c) and (b). ———; = it — RETE UE 
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Solutions for Section 7.5 


Exercises 


1. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand 
endpoint. See Figure 7.14. We see that this approximation is an underestimate. 


g b a b 


Figure 7.14 Figure 7.15 


(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand 
endpoint. See Figure 7.15. We see that this approximation is an overestimate. 

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect- 
ing the two endpoints. See Figure 7.16. We see that this approximation is an overestimate. 


a b 
Figure 7.16 


(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the 
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at 
the midpoint. Both interpretations are shown in Figure 7.17. We see from the tangent line interpretation that this 
approximation is an underestimate 


Figure 7.17 
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2. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand 
endpoint. See Figure 7.18. We see that this approximation is an overestimate. 


a b a b 


Figure 7.18 Figure 7.19 


(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand 
endpoint. See Figure 7.19. We see that this approximation is an underestimate. 

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect- 
ing the two endpoints. See Figure 7.20. We see that this approximation is an underestimate. 


a b 
Figure 7.20 


(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the 
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at 
the midpoint. Both interpretations are shown in Figure 7.21. We see from the tangent line interpretation that this 
approximation is an overestimate. 


Figure 7.21 
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3. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand 
endpoint. See Figure 7.22. We see that this approximation is an underestimate. 


a b a b 


Figure 7.22 Figure 7.23 


(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand 
endpoint. See Figure 7.23. We see that this approximation is an overestimate. 

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect- 
ing the two endpoints. See Figure 7.24. We see that this approximation is an underestimate. 


a b 
Figure 7.24 


(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the 
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at 
the midpoint. Both interpretations are shown in Figure 7.25. We see from the tangent line interpretation that this 
approximation is an overestimate. 


EN 


Figure 7.25 
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4. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand 
endpoint. See Figure 7.26. We see that this approximation is an overestimate. 


a b a b 


Figure 7.26 Figure 7.27 


(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand 
endpoint. See Figure 7.27. We see that this approximation is an underestimate. 

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect- 
ing the two endpoints. See Figure 7.28. We see that this approximation is an overestimate. 


a b 
Figure 7.28 


(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the 
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at 
the midpoint. Both interpretations are shown in Figure 7.29. We see from the tangent line interpretation that this 
approximation is an underestimate. 


Figure 7.29 


7.5 SOLUTIONS 645 


5. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand 
endpoint. See Figure 7.30. We see that this approximation is an underestimate (that is, it is more negative). 


Figure 7.30 Figure 7.31 


(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand 
endpoint. See Figure 7.31. We see that this approximation is an overestimate (that is, it is less negative). 

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect- 
ing the two endpoints. See Figure 7.32. We see that this approximation is an overestimate (that is, it is less negative). 


8 


Figure 7.32 


(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the 
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at 
the midpoint. Both interpretations are shown in Figure 7.33. We see from the tangent line interpretation that this 
approximation is an underestimate (that is, it is more negative). 


Figure 7.33 
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6. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand 
endpoint. See Figure 7.34. We see that this approximation is an overestimate (that is, it is less negative). 


b a b 


| £ } x 


Figure 7.34 Figure 7.35 


(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand 
endpoint. See Figure 7.35. We see that this approximation is an underestimate (that is, it is more negative). 

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect- 
ing the two endpoints. See Figure 7.36. We see that this approximation is an overestimate (that is, it is less negative). 


a b 


Figure 7.36 


(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the 
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at 
the midpoint. Both interpretations are shown in Figure 7.37. We see from the tangent line interpretation that this 
approximation is an underestimate (that is, the approximation is more negative). 


Figure 7.37 


7. (a) Since two rectangles are being used, the width of each rectangle is 3. The height is given by the left-hand endpoint 
so we have 
LEFT(2) = f(0)-3+f(3)-3=07-3437-3 = 27. 
(b) Since two rectangles are being used, the width of each rectangle is 3. The height is given by the right-hand endpoint 
so we have 


RIGHT(2) = f(3)-3+ f(6).3— 3° -3 + 6° .3 = 135. 
(c) We know that TRAP is the average of LEFT and RIGHT and so 


TRAP(2) = a= = 81. 
(d) Since two rectangles are being used, the width of each rectangle is 3. The height is given by the height at the midpoint 


so we have 
MID(2) = f(1.5) -3 + (4.5) - 3 = (1.5? - 3 + (4.5)? - 3 = 67.5. 
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8. (a) 
LEFT(2) = 2- f(0) +2- f(2) 
=2-142-5 
= 12 
RIGHT(2) = 2- f(2) +2- f(4) 
=2-54+2-17 
= 44 
(b) 
f(z) =a? +1 f(a) =22 +1 
Area shaded Area shaded 
= LEFT(2) = RIGHT(2) 
HH HH 
2 4 2 4 
LEFT(2) is an underestimate, while RIGHT(2) is an overestimate. 
9. (a) 
MID(2) = 2- f(1) 4- 2- f(3) 
=2-2+2-10 
= 24 
TRAP(2) = LEFT(2) L RIGHT(2) 
12 4- 44 
= 2 (see Problem 8) 
— 28 
(b) 
f(z) =a? +1 f(a) =a? +1 
Area shaded Area shaded 
= MID(2) = TRAP(2) 
x zx 
2 4 2 4 


MID(2) is an underestimate, since f(x) = x” + 1 is concave up and a tangent line will be below the curve. 
TRAP(2) is an overestimate, since a secant line lies above the curve. 
10. (a) Since two rectangles are being used, the width of each rectangle is 7/2. The height is given by the left-hand endpoint 
so we have 
LEFTQ) = f(0)- Z + f(n/2)- 4 =sin0- Ž +sin(/2)-2 = Z. 
2 2 2 2 2 
(b) Since two rectangles are being used, the width of each rectangle is 7/2. The height is given by the right-hand endpoint 
so we have 
RIGHTQ) = f(/2) - 5 + f(r): 5 = sin(/2) - 5 + sin(r)- S = T 
(c) We know that TRAP is the average of LEFT and RIGHT and so 


TRAP(2) = EE = 


NIA 
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(d) Since two rectangles are being used, the width of each rectangle is 7/2. The height is given by the height at the 


midpoint so we have 
MID(2) = f (1/4) - 5 + f(387/4)- 5 = sin(1/4) - 5 + sin(37/4) - z = Em 


Problems 


11. For n = 5, we have At = (2 — 1)/5 = 0.2, so 
MID(5) = 0.2/ (1.1) + 0.2/(1.3) + 0.2/ (1.5) + 0.2/ (1.7) + 0.2/ (1.9) 
= 0.2 (—2.9 — 3.7 — 3.2 — 1.7 + 0.5) 
L2. 


12. For n — 4, we have Ax — (2 — 0)/4 — 0.5, so 
MID(4) = f(0.25)0.5 + f(0.75)(0.5) + f(1.25)(0.5) + f(1.75)(0.5) 
= 0.5(5.8 + 9.3 + 10.8 + 10.3) 
= 18.1. 


13. We have n = 2 and Az = 0.5, so 
LEFT(2) = Az (f(2) + f(2.5)) 


1 1 
= 0.5 E + ye) 
pe u 
=— 202 

200 0.205 


TRAP(2) = LEFT(2) + RIGHT(2) 

4 6 

— Xx + 355 _ 0.1703. 
2 


14. We have n = 2 and Az = 0.5, so 
MID(2) = Az (f (2.25) + f(2.75)) 
= 0.5 ( : + : 
|. 7 N28? — 2.752 
— 0.1649. 


15. (a) (i) Let f(z) — Tes The left-hand Riemann sum is 


1 1 2 T 

aU ers) er) + +4) 

1/64 64 64 64 64 64 64 64 
=> (= L+ Ht H HM — 

8 N64. 65 68 73 80 89 100 113 


e: 8(0.1020) = 0.8160. 


(ii) Let f(x) = TL The right-hand Riemann sum is 


OLEG) +) 
-i(m 64 | 64 gc 04 SE mx) 


— — —+— — 


65 68 73 | 80 89 100 113 128 


8 
1 

= 0.8160 — — = 0.7535. 
16 


16. 


17. 


18. 


19. 
20. 
21. 
22. 
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(iii) The trapezoid rule gives us that 


LEFT(8) + RIGHT(8) 


TRAP(8) = 5 


£z 0.7847. 


1 : 
(b) Since 1 + x? is increasing for x > 0, so 1x is decreasing over the interval. Thus 


q2 


1 
RIGHT(8) < | —}— ds < LEFT(8) 
1+ 2? 


0 


0.7535 < n « 0.8160 


3.014 < m < 3.264. 


Let s(t) be the distance traveled at time t and v(t) be the velocity at time t. Then the distance traveled during the interval 
0<t< 61s 


s(6) — s(0) = s(t) 


0 


6 
= f s'(t)dt (by the Fundamental Theorem) 
0 


- [ dt. 


We estimate the distance by estimating this integral. 
From the table, we find: LEFT(6) — 31, RIGHT(6) — 39, TRAP(6) — 35. 


Since the function is decreasing, LEFT is an overestimate and RIGHT is an underestimate. Since the graph is concave 
down, secant lines lie below the graph so TRAP is an underestimate and tangent lines lie above the graph so MID is an 
overestimate. We can see that MID and TRAP are closer to the exact value than LEFT and RIGHT. In order smallest to 
largest, we have: 

RIGHT(n) < TRAP(n) < Exact value < MID(n) < LEFT(n). 


For a decreasing function whose graph is concave up, the diagrams below show that RIGHT « MID « TRAP « LEFT. 
Thus, 

(a) 0.664 = LEFT, 0.633 = TRAP, 0.632 = MID, and 0.601 = RIGHT. 

(b) 0.632 < true value < 0.633. 


| 
RIGHT = 0.601 MID = 0.632 TRAP = 0.633 LEFT = 0.664 
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23. (a) Since we are using n = 2 on the interval x = 0 to x = 4, we have Ax = 2. The midpoint of the first subinterval is 1 


24. 


25. 


26. 


27. 


(b) 


(c) 
(d) 


(e) 


(b) 


(b) 


(b) 


(c) 


and the midpoint of the second subinterval is 3, so we have 


MID) = 3V1 - 2 + 3/3. 2 = 16.392. 


We have 
4 4 
f 3a? da = 2a°/?) = 2(43/?) = 16. 
0 0 
Error — Actual — Approximation — 16 — 16.392 — —0.392. 


Since n is multiplied by 10 in going from n = 2 to n = 20, we expect the error to be multiplied by approximately 
1/10?. We estimate that 


Error for MID(20) ~ s - (—0.392) = —0.00392. 


We expect the approximation for MID(20) to be an overestimate (since f(x) = 34/z is concave down) and to be 
0.00392 away from the exact value of 16. We have 


MID(20) ~ 16.00392. 


Since f(a) is closer to horizontal (that is, | f’| < |g'|), LEFT and RIGHT will be more accurate with f(x). 
Since g(x) has more curvature, MID and TRAP will be more accurate with f(x). 


TRAP(4) gives probably the best estimate of the integral. We cannot calculate MID(4). 


LEFT(4) = 3 - 100 + 3-97+3-90+3-78 = 1095 
RIGHT(4) = 3-97 + 3- 90 + 3- 78 + 3: 55 = 960 
1 
TRAP(4) — DERIT — 1027.5. 
Because there are no points of inflection, the graph is either concave down or concave up. By plotting points, we see 


that it is concave down. So TRAP(4) is an underestimate. 
2v 


27 
[i sin 0 d0 = — cos 0 zi). 
0 


0 
See Figure 7.38. MID(1) is 0 since the midpoint of 0 and 27 is 7, and sin m = 0. Thus MID(1) = 
The midpoints we use for MID(2) are 7/2 and 37/2, and sin(1/2) = — sin(37/2). Thus MID(2) 
7 sin(37/2) = 0. 


2n (sin) = 0. 
= r sin(v/2) + 


27 


Figure 7.38 


MID(3) — 0. 

In general, MID(n) = 0 for all n, even though your calculator (because of round-off error) might not return 
it as such. The reason is that sin(x) = — sin(2a — x). If we use MID(n), we will always take sums where we are 
adding pairs of the form sin(x) and sin(27 — x), so the sum will cancel to 0. (If n is odd, we will get a sin z in the 
sum which does not pair up with anything — but sin 7 is already 0.) 


See Figure 7.39. We observe that the error in the left or right rule depends on how steeply the graph of f rises or falls. A 
steep curve makes the triangular regions missed by the left or right rectangles tall and hence large in area. This observation 
suggests that the error in the left or right rules depends on the magnitude of the derivative of f. 
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Right rule = 
g error a Left rule 


Right rule ~ A Left rul 
? error erue 


Small f: small error Large f’: large error 


Figure 7.39: The error in the left and right rules depends on the steepness of the curve 


28. From Figure 7.40 it appears that the errors in the trapezoid and midpoint rules depend on how much the curve is bent up 
or down. In other words, the concavity, and hence the magnitude of the second derivative, f", has an effect on the errors 
of these two rules. 


Trapezoid error Trapezoid error 


Midpoint -——— Midpoint error 
idpoint error —— > 


Small | f” |: small error Large | f" |: large error 


Figure 7.40: The error in the trapezoid and midpoint rules depends on how bent the curve is 


29. (a) The graph of y = V/2 — z? is the upper half of a circle of radius v2 centered at the origin. The integral represents 
the area under this curve between the lines x = 0 and x = 1. From Figure 7.41, we see that this area can be split 
into 2 parts, Ai and A2. Notice since OQ = QP = 1, AOQP is isosceles. Thus ZPOQ = ZROP = 4, and Ai 
is exactly i of the entire circle. Thus the total area is 


Area = A; + A» = an(v3) + = = 


NIA 


T4 
1 


Figure 7.41 


(b) LEFT(5) © 1.32350, RIGHT(5) e 1.24066, T 
TRAP(5) ~ 1.28208, MID(5) © 1.28705 
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Exact value © 1.285398163 


Left-hand error ~ —0.03810, Right-hand error ~ 0.04474, 
Trapezoidal error zz 0.00332, Midpoint error ~ —0.001656 


Thus right-hand error > trapezoidal error > 0 > midpoint error > left-hand error, and |midpt error| < |trap error| < 
|left-error| < |right-error]. 


30. We approximate the area of the playing field by using Riemann sums. From the data provided, 
LEFT(10) = RIGHT(10) = TRAP(10) = 89,000 square feet. 


Thus approximately 
89,000 sq. ft. 


= 445 Ibs. of fertili 
200 sq. ft./Ib. 5 Ibs. of fertilizer 


should be necessary. 


31. 


a = £o X1 T2 ee In-1 Zn-—0b 


From the diagram, the difference between RIGHT(n) and LEFT (n) is the area of the shaded rectangles. 
RIGHT(n) = f(zi)Azx + f(z2)Ax +--+ + f(an)Ax 
LEFT (n) = f(xo)Az + f(zi)Az +---+ f(an—1) Ar 
Notice that the terms in these two sums are the same, except that RIGHT(n) contains f(an)Ax (= f(b)Az), and 
LEFT(n) contains f(zo)Ax (= f(a)Az). Thus 


RIGHT(n) = LEFT(n) + f(an)Aw — f(xo)Ac 
= LEFT(n) + f(b)Ax — f(a)Ax 


32. 


TRAP(n) = LEFT(n) + RIGHT(n) 


LEFT(n) + LEFT(n) + f(b)Aa — f(a)Ax 


33i 
a=tot, to ta ta tan =b 
To T T2 Zn 
Divide the interval [a, b] into n pieces, by zo, 21, z2,..., x. and also into 2n pieces, by to 
the x’s coincide with the even £'s, so zo = to, z1 = t2, £2 = ta, ..., En = tan and At = zA-. 


LEFT(n) = f(xo)Az + f(zi)Az ----- f(an—-1)Ax 
Since MID (n) is obtained by evaluating f at the midpoints t1, t3, t5, . . . of the x intervals, we get 
MID(n) f(t3)Ax + f(t3)Aax Tec J (tos 1) Ax 


Now 
LEFT(2n) = f(to) At + f(ti) At + f(t2) At +--+ f(t2s 1) AK. 
Regroup terms, putting all the even t’s first, the odd t’s last: 


LEFT(2n) = f(to) At + f (t2) At +--+ f(ton-2) At + f(ti)At + f(t) At +--+ 


= f(29) 2. far) E. + + fé) AE (6) + f) 5 


2 2 


+ fta) = t f(ton-1) 5-7 
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,ti,te,..., tan. Then 


f (t2 21) At 


Ax 
2 


N ——M———— 


LEFT(n)/2 MID(n) /2 
So 


LEFT(2n) = =(LEFT(n) + MID(n)) 


34. When n = 10, we have a = 1; b = 2; Az = ai f(a) =1;f(b)= 
LEFT(10) z 0.71877, RIGHT(10) z 0.66877, TRAP(10) z 0.69377 
We have 


2 
5 


so the equations are verified. 


35. First, we compute: 


Il 
^N 

— 

| 

= 
Ee 
y Ww 
Ss lw 
PONE 
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RIGHT(10) = LEFT(10) + 24 = 3.156 + 2.4 = 5.556. 

TRAP(10) = LEFT(10) + (2.4) = 3.156 + 1.2 = 4.356. 

LEFT(20) = 3 (LEFT(10) + MID(10)) = 3(3.156 + 3.242) = 3.199. 
RIGHT (20) = LEFT(20) + 2.4 = 3.199 + 1.2 = 4.399. 

TRAP(20) = LEFT(20) + $(1.2) = 3.199 + 0.6 = 3.799. 


36. (a) If f(x) = 1, then 


Also, 


So the equation holds for f(x) = 
If f(a) = x, then 


b 2 2 2 
x b —a 
dae es 
fedi T = 
Also, 
h / f(a) f(b) = (3 a+b 2) 
(Ig tasma A re e ME 
= Ou ($+0+043) 
EM. 2 
= ?x* (3o Za) 
^ 8 M3 2 
«(b — a)(b 4 a) 
B 2 
b? — a? 
7-3 
So the equation holds for f (x 
b3 — 3 


Dp 
If f(z) = 2? "n oed -$3| 


h (( f(a) f(b) b—a (a? a+b\? p 
5 (L car 0) = bot (a (es? >) +5) 


_b-a a^ a +2ab+b? b? 
| 8 2 2 2 
— b—a ( 2a? + 2ab + 20? 
| 8 2 
|. b—a 2 b b? 
EE. (a Tab ) 
b — a? 
= 3 


So the equation holds for f(x) = z?. 


(b) For any quadratic function, f(x) = Ax? + Ba + C, the “Facts about Sums and Constant Multiples of Integrands” 


give us: 
b b b b b 
J (oa f at + Be +cyae=a | dr+B | var +c f ldz. 


Now we use the results of part (a) to get: 


b? h /a b h /1 1 
[19 dx = As (S 42m PaE) ens (eme) eet ($4214) 


2 
= (ARE EAEC L 2(Am? + Bm C) + tO d 
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h (f(a) £0) 
“3 (E + 270m) 2) 


37. (a) Suppose q:(x) is the quadratic function approximating f(x) on the subinterval [r;, 2:41], and m; is the midpoint 
of the interval, m; = (a; + zi41)/2. Then, using the equation in Problem 36, with a = x; and b = x41 and 
h= Ac = Vi41 — Ti: 


[^ Ho)de = - itd bre zi E + 2g; (mi) + cL ; 


i i 


(b) Summing over all subintervals gives 


b n—-1 Til qued l | 
J f(x)dx ~ >| qi(x)dx at x + 2gi(m;) + ae l 
a i=0 " Ti : 


Splitting the sum into two parts: 


n-1 n—1 
2 y 1 5 qi(zi) + qi(£it1) 
3 a? 20003 00 


= : MID(n) + : TRAP(n) 
SIMP(n). 


Strengthen Your Understanding 


38. The midpoint rule is exact if the integrand is a linear function. 

39. As n — oo, the error approaches 0, so TRAP(n) — 0 only if the value of the definite integral is 0. 

40. It depends on the concavity. If f is concave up, then TRAP(n) > MID(n), but if f is concave down, then TRAP(n) < 
MID(n). 

41. Since the total time for each extra two digits of TRAP goes up by a factor of 10, the total time grows exponentially with 
the number of digits. Thus there is much more additional time to go from 8 digits to 10 digits than from 1 digit to 3 digits. 


42. Since we want RIGHT(10) to be an underestimate of f E f(x)dx, we use a function f(a) that is decreasing on [0, 1]. 
Since we want MID(10) to be an overestimate of the integral, we make f(x) concave down on [0, 1]. The function 
f(x) = 1 — x? has both of these features. Since f(a) = 1 — x? is both decreasing and concave down on [0, 1], we have 


RIGHT(10) < "n f (a)dx < MID(10). 
0 


43. In most cases, increasing the number of subintervals in a Trapezoid Rule approximation makes the approximation more 
accurate. Therefore, we try a function f(x) for which the Trapezoid Rule overestimates the integral, since it is likely in 


this case that TRAP(40) is a greater overestimate of J f(x)dx than TRAP(80). Suppose that f(x) = e”. Then f(x) 
is concave up, and TRAP(40) and TRAP(80) are both overestimates. However, TRAP(80) is smaller, since all of the 
trapezoids that make up the estimate TRAP(80) fit inside the trapezoids that make up TRAP(40). 


44. True. y? — 1 is concave up, and the midpoint rule always underestimates for a function that is concave up. 
45. False. If the function f(x) is a line, then the trapezoid rule gives the exact answer to f? f(x) da. 

46. False. The subdivision size Ax = (1/10)(6 — 2) = 4/10. 

47. True, since Az = (6 — 2)/n = 4/n. 


48. False. If f is decreasing, then on each subinterval the value of f (x) at the left endpoint is larger than the value at the right 
endpoint, which means that LEFT(n) >RIGHT(n) for any n. 


49. False. As n approaches infinity, LEFT (n) approaches the value of the integral [i E f(x) dx, which is generally not 0. 
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50. 


51. 
52. 


53. 


54. 


55. 


56. 
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True. We have 


LEFT(n) — RIGHT(n) = (f(xo) + f(zi) +--+ + f(@n—1)) Az — (f(zi) + f(z2) +++ + f(an)) Az. 


On the right side of the equation, all terms cancel except the first and last, so: 
LEFT(n) — RIGHT(n) = (f(xo) — f(an))Aw = (f(2) — f(6))A«. 


This is also discussed in Section 5.1. 
True. This follows from the fact that Ax = (6 — 2)/n = 4/n. 


False. Since LEFT(n) — RIGHT(n) = (f(2) — f(6)) Az, we have LEFT(n) = RIGHT(n) for any function such that 
f(2) = f(6). Such a function, for example f(a) = (x — 4)?, need not be a constant function. 

False. Although TRAP(n) is usually a better estimate, it is not always better. If f(2) = f (6), then LEFT(n) = RIGHT(n) 
and hence TRAP(n) = LEFT(n) = RIGHT(n), so in this case TRAP(n) is no better. 

False. This is true if f is an increasing function or if f is a decreasing function, but it is not true in general. For example, 
suppose that f(2) = f (6). Then LEFT(n) = RIGHT(n) for all n, which means that if f. E f(x) dx lies between LEFT(n) 


and RIGHT(n), then it must equal LEFT(n), which is not always the case. 
For example, if f(a) = (x — 4)? and n = 1, then f(2) = f(6) = 4, so 


LEFT(1) = RIGHT(1) = 4- (6 — 2) = 16. 


6 36 3 3 
— 4) 2 2 16 
ca dr EE z e eee 
n j de 3 |, 3 ( 3 3 


In this example, since LEFT(n) — RIGHT(n), we have TRAP(n) — LEFT(n). However trapezoids overestimate the 
area, since the graph of f is concave up. This is also discussed in Section 7.5. 


However 


False. Suppose f is the following: 


Then LEFT(2) — 0, LEFT(4) — 4, and 


[owsa 


True. Since f’ and g' are greater than 0, all left rectangles give underestimates. The bigger the derivative, the bigger 
the underestimate, so the bigger the error. (Note: if we did not have 0 < f’ < g', but instead just had f^ < g', the 
statement would not necessarily be true. This is because some left rectangles could be overestimates and some could be 
underestimates-so, for example, it could be that the error in approximating g is 0! If 0 < f" < g', however, this can't 
happen. 


7.6 SOLUTIONS 657 
Solutions for Section 7.6 
Exercises 
1. (a) See Figure 7.42. The area extends out infinitely far along the positive x-axis. 
y y 
zr zx 
1 Ai 
Figure 7.42 Figure 7.43 


2. 


3. 


4. 


(b) See Figure 7.43. The area extends up infinitely far along the positive y-axis. 
We have 


oo b 
ni e "^d, = lim e ?^dz = lim (-2.5e ^^*)|j = lim (—2.5e 9^ + 2.5). 
0 b—oo b— co 


b—oo 0 


As b — oo, we know e- 4^ 


indefinitely out to the right. 


T 
Figure 7.44 
(a) We use a calculator or computer to evaluate the integrals. 
When b = 5, we have f ze “dx = 0.9596. 
When b = 10, we have [7^ xe~*da = 0.9995. 
When b = 20, we have f° xe~*da = 0.99999996. 
(b) It appears from the answers to part (a) that ho ze “dx = 1.0. 
(a) See Figure 7.45. The total area under the curve is shaded. 
1 
x 
—4 -3 -2 -1 1 2 3 4 
Figure 7.45 


(b) When a — 1, we use a calculator or computer to see that Js. e dr = 1.49365. 


Similarly, we have: 

When a = 2, the value of the integral is 1.76416. 
When a = 3, the value of the integral is 1.77241. 
When a = 4, the value of the integral is 1.77245. 
When a = 5, the value of the integral is 1.77245. 


(c) It appears that the integral Í. E e^* dr converges to approximately 1.77245. 


— 0 and so we see that the integral converges to 2.5. See Figure 7.44. The area continues 
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5. We have 
oo b 
1 1 1 
dr = li dr = li =I 2 
i Br Ly Br +2" Jim (5 oer ) 


As b «— oo, we know that In (5b + 2) — oo, and so this integral diverges. 
6. We have 


: 1 1 
= Jim. (=n (55 +2) — Zma (7)) : 


b 
1 


m i 5 TAE i 1 
J zdz = li L zdr = lim ( ) = lim (— =) =04+5=5. 
1 (x42) boo J, (x +2) boo \ T 1 b>oœ\b++2 3 3 3 
This integral converges to 1/3. 
7. This integral is improper at the lower end, so 
1 1 
f lngdx = lim Ina dx 
0 a—0t ü 
1 
= lim (xlnz — x) 
a—0t* a 
= lim (11n1— 1) - (alna — a)) 
a—0t 
= —1 + lim a(1-— Ina) 
aot 
Edd 1-4 
a-0t a 
—1l/a . 
=-1+ li by l’ Hopital 
C DARIN 
=-1+ lim a 
a—0t 
--]. 


If the integral converges, we'd expect it to have a negative value because the logarithm graph is below the x-axis for 
0czz«l. 


. . = . 1 
8. Use the substitution w = /z. Since dw = 5x 


REPE 


Note that this substitution leaves the limits unchanged. Using integration by parts with u = w and v’ = e "^, we find that 


2 f we dw = 2 e + fem an 


-1/2 dz, we have dx = 2w dw, so 


= 2/-we "—e ™] 
So, 
D we "dx = lim 2 [-we"" = e" 
0 b—oo 0 
2 lim (—be — e™” + 1) 
b—oo 
- 2 lim a +1] 
b—oo € 
À 1 : ] 
=2 | im. =o + 1] by l’ Hopital 
EA 
9. We have 
oo b = b = = 
/ ze "^ de = lim ze " dx = lim (xe) — lim (=e >) =04 ic E 
0 b—oo 0 b—oo 2 0 b—oo 2 2 2 2 


This integral converges to 1/2. 
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10. 
b 


oo b ent 
=) ; —2 p 
e ^ dy = lim e ^ dy — lim — 
1 b> JA boo 2 i 


= lim (-e- /2+ e7?/2) = 0 + e ?/2— e^? /2, 
—o0o 


where the first limit is 0 because lim; s, e ” = 0. 


11. Using integration by parts with u = x and v' = e ^, we find that 


peo dz = —ze ^ J e "dz = —(1 + x)e ^ 


SO 


12. 
b 


201 C 
zu digg eli 
: im ejes in 


oo b 
zx " HH " 1 2 
— = 1 dx = lim = In|4 
f ie dm f poa pe h 


As b — oo, In |4 + b?| — oo, so the limit diverges. 


13. 
0 e? o Ge 
dx = lim dx 
zæ LHe b——oo J, 1L+e* 


0 


lim In|1 4- e*] 
b——oo 


b 
lim [In |1 + e°| 2 In|1 + e*[] 
b—-—oo 


= In(1 + 1) — In(1 +0) = In2. 


14. First, we note that 1/(2? + 25) is an even function. Therefore, 


" de _ f° dz [* _dz__, [* d 
259 4 428. J 2-25 ae ee ae +25 


We'll now evaluate this improper integral by using a limit: 


UE ^ ee 1 lom 
n Z2 ^ Jm (s arctan(b/5) — 5 arctan (0) ) = 5s — ag" 


So the original integral is twice that, namely 7/5. 


15. This integral is improper because 1/4/z is undefined at x = 0. Then 


= 4 > di 
— dr = li — dz = li 2 
n sacr], VE aot Me 


The integral converges. 


b—0t 


= lim (4— 2vb) = 4. 
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16. 


7/2 j b : 

f sin Tt d li sın T d 

£ = im X 
n/4 y COS x bor /2- n/4 y COST 


b 
= lim -f (cos «)~'/?(— sin x) dx 


bor /2 /4 
b 

= lim -2(cosz)'? 

bon /2- sja 
= lim [—2(cosb)!/? + 2(cos v /4)/?] 

bon /2- 

1 

=) (3) E 


17. This integral is improper because 1/v is undefined at v — 0. Then 


ri =i 
/ —dv — lim f = dv = lim | Inv 
0 Vv b>0+ b Y b—0-t 


As b — 07, this goes to infinity and the integral diverges. 
18. 


1 
= = lnb. 
b 


[1/4 — (a*/4+ In a)], 


lim 
a—0t 


which diverges as a — 0, since In a — —oo. 


19. 
oo b 
| —L— ds — lim J =i 
Q 27-1 boo J; x^-c1 
b 
= lim arctan(z) 
b— co 1 
= lim [arctan(b) — arctan(1)] 
b—oo 
= T/2 — n/4 = n/A4. 
20. 


S i e i 
——— dr = lim | ———— dz 
f z2? +1 Ly vx? +1 
= lim In |z + Va? + 1| 
— 00 
= lim In(b + Vb +1) —In(1+ V2). 
— 00 


As b — ov, this limit does not exist, so the integral diverges. 
21. We use V-26 with a = 4 and b = —4: 


4 b 
E xdi 
———du- li —— d 
| = im f w—16°" 


i = | 
= ]i —— d 
im f (u—4)(u- 4) ^ 
— (In [u — 4| — In |u +4) |" 
ur nip nut), 
b—4— 8 


b 
1 


0 


— lim HU 4| + In4— In|b+ 4| 2 1n 4). 


As b + 4 ,In|b — 4| + —oo, so the limit does not exist and the integral diverges. 
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22. 
dy = lim = ———— d 
f yt+1 y boo 2 Ji (y?)? +1 d 
1 b 
= lim <arctan(y’) 
b—oo 2 1 
= lim T rasctantif) — arctan 1] 
boo 2 
= (1/2)[n/2 — 7/4] = 7/8. 
23. With the substitution w = ln z, dw = ide, 
J da = f Saw = mi co In| nal +C 
cing w 
so 
ri da . ? da 
= lim 
, thr bof, xrlngz 
b 
= lim In|Inz| 
b—oo 2 
= lim [In |In 0| — ln | In 2]. 
b—oo 
As b — ov, the limit goes to oo and hence the integral diverges. 
24. With the substitution w = ln z, dw = idz, 
[=u fvw- jw +0 = Znz)’ +0 
so 
‘ing ‘ing 1 i 
J — dx = lim — dr = lim =[In(x))?| = lim —=[In(a)}? 
0 x aor à x a—0t 2 a—0-t 
As a + 0*,Ina — —oo, so the integral diverges. 
25. This is a proper integral; use V-26 in the integral table with a — 4 and b — —4. 
20 20 
1 1 
a y? — 16 16 (y — 4)(y + 4) 
20 
E In |y — 4| — ln |y + 4] 
: 16 
. Inl6 — In 24 — (In 12 — In 20) 
EIE 


= mary ness = = In(10/9) = 0.01317. 


" ae a E] 
26. Using the substitution w = —z?2,—2dw = x 2 dz, 


So 
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27. Letting w = Inz, dw = ide, 


so 
7 dr 2 ^^ da 
4, «v(Ina)? a 4 vna)? 
= lim (- : + ! ) 
^— b—o0 lnb In3 
= Í 
— n3 
28. 
T 1 dx = lim | 1 dx 
o V4—2? b52- Jg V4— x? 
f ooi ° 
= lim arcsin c 
b32- 2 " 
. . b . 
= lim arcsin = = arcsin 1 = — 
b32- 2 
b 
7? dx ^ dz 1 
29. — = li = lim —- ae ji EI 
f (@—1? mJ, WIP oe (@—1)|, sim | bi d 
dx da 1 1 |x — 1| 
$ ——— | —— — = -(l 1| -1 t1))+C=--({1 
30 J= Jn Fa ie eee a (o Ens 
^? dr ^ dz 
2 z lim 5 
a Wl boo J, z^—1 
1(, ril 
r— 
jim $ (a EH) 
4 
= lim [;(7 7) = 5! >| 
boo 12 b+1 2 5 
=o Sino 
2 o 2 3 
31. 


Il 
= 
B 
N 

ES 
| 
[91i 


jim (25 — 5 — 2/2). 


As b — oo, this limit goes to oc, so the integral diverges. 
32. The integrand is undefined at y — 3. 


3 
y dy = lim 


b 
_ydy  _ Y iis lim (-(9— 3"? 
o y9- y? jim f ae A. Pug 


= B — (9 — py = 
= lim (3- (9— 6°)"") =3. 
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33. The integrand is undefined at 0 = 4, so we must split the integral there. 


6 6 
f ay lim EX =. im (4—0) 
4 


= lim (- MAE: ) 
4-6)? a—4t a (4 — 8)? a—4t a asah —2 4—a/' 


Since 1/(4 — a) — —oo as a — 4 from the right, the integral does not converge. It is not necessary to check the 


convergence of f. ^ üt» However, we could have started with f. N T 75 , instead of Jd N T rary , and arrived at the same 
conclusion. 
Problems 
34. We have 
Ed 
f(x) = I e dt 
—oo 
Ed 
— ]im e dt 
a——oo à 
= lim (e*— e?) 
G— —oo 
—e*— lim e* 
0 —oo 
—— 
0 
x 
=e": 


35. (a) There is no simple antiderivative for this integrand, so we use numerical methods. We find 


1 2 
P(1)- = | e * dt = 0.421. 
0 


(b) To calculate this improper integral, use numerical methods. If you cannot input infinity into your calculator, increase 
the upper limit until the value of the integral settles down. We find 


P(oo) = = | e^ dt = 0.500. 
0 


36. Since the graph is above the x-axis for x > 0, we have 


b—oo 0 


b b 
— lim (-.7 «f oa) 
b—oo 0 0 
b 
= lim (-tet-e ) 
0 


oo b 
Area - f ce ” dz = lim we” dx 
0 


b—oo 
= lim (-be ^ — e™ + e°) 2 1, 
b—oo 
37. The curve has an asymptote at t = 4, and so the area integral is improper there. 


z b 
2 dt dt 
Area = — = lim z= lim tant 
o Cos t b+F Jo COS t aes 


which diverges. Therefore the area is infinite. 
38. We have: 


oo b 
—t : —t : l 4 
= dt = | dt = lim ——> 
F0)= | a= jim f, $7 im cas 


f = lim du (3^-39)- —— — 0.910. 


b—oo ln n3 


(Since lim 3^ = 0.) 
b—oo 
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39. We have: 


(Since lim b^? = 0.) 


b—oo 


40. We have: 


41. We have: i 


f(3) = 2t.3e ! GO? dt = 6te ?* dt — 6 lim judi ae 
0 0 b—oo 0 


Integration by parts with u = t, du = dt, dv = e ?'dt,v = (—1/9)e ?' gives: 


p dt=t (3) p^ J (3) e dt = -pe — ac +C. 


Thus: 


42. (a) We have 


99 e-v/a P " 
J dy = lim —e^?7/?| = lim (1— e™Ħ)=1. 
0 a b—oo 0 b—oo 
(b) Using integration by parts with u = y and v’ = (1/a)e-*/ ^, sou’ = 1, v = —e^"/?, we have 
œ | ío-u/o b yeye 
n ye — dy -— lim | 9£—— dy 
0 Q b—oo 0 Qa 


= lim (en 
b—oo 


lim | be ^ — ge VI 


b—oo 


= lim (—be^/* — ae*/* + a) 


b—oo 
Since lim; ,4, —be~°/* = limpo e^ ^ = 0, we have 
—y/a 
ye” 
dy = a. 
(c) Using integration by parts, this time with u = y?, v = (1/a)e~¥/%, so u’ = 2y, v = —e-"/^, we have 
oo 2,—y/o b 2,—y/o 
f w yi] E 
Ü a b> Jo a 


b b 
= lim (een +2 f ye "/* i) 
b—oo o 0 


= lim ee 42 f ye "/? dy 
0 


b—oo 


Now lim, oo —i?e-"/* = Q and in part (b) we found 


OO y/o 
/ i: dy — a, 
0 Q 
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SO 


Thus, 


r = 1000te -0-5t 


(b) People are getting sick fastest when the rate of infection is highest, i.e. when r is at its maximum. Since 
r' = 1000e ?9* — 1000(0.5)te 5! 
= 5ote- "(9 t) 
this must occur at t = 2. 


(c) The total number of sick people = | 1000te 95* dt. 
0 


Using integration by parts, with u = t, v’ = e °°": 


Total — lim 1000 (zc 


ey -0.5b 2 x 
= lim 1000 ( 2be DZE 


= lim 1000 (—2be 99^ — 4e 095 4 4) 
b—oo 


— 4000 people. 


44. The energy required is 


b 


E= / kag de= koga Bine 
1 b—oo T 


T 


1 


= (9 x 10?) (1)(1)(1) = 9 x 10? joules 


45. We let t = (x — a)/ v/b. This means that dt = dz / v/b, and that t = +00 when a = too. We have 


I P e^* (Vbdt) = i e^" dt = V bs = Vor. 


oo 


46. Applying integration by parts with u — e7* P? and v’ = g'(x), sou’ = —ge 7/2 


J g (z)e 7 ^ de = g(a)? 


oo 


and v = g(x), we have 


-f —ze * P g(g) dx. 


oo 


Since g(x) is bounded, lim;.,55 g(z)e-* /? = liM g(x)e7®/? = 0. Thus 


J g' (e77? dx sd zg(rje /? dz. 
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47. Make the substitution w = 2x, so dw = 2 dx and x = w/2. When x = 0, w = 0 and when x — oo, we have w — co. 


We have 
oo 4 2m oo 4 ow 
x^e (w/2)*e 
————— dr = ———._ dw/2 
ri (e? — 1)2 | (ew — 1)? 


oo 
1 wte” 


48. (a) 


Using Problem 11, 


ra= f te“dt=1. 
0 
—t 


(b) We integrate by parts. Let u = t", v' = e *. Then u’ = nt”! and v = —e *, so 


[ee dt = —t™e t4 a ee dt. 


D(n 4 1) - f t^e t dt 
0 


b 
= lim te ‘dt 


b—oo 0 
b b 
+a f t” te dt] 
0 0 


b 
= lim —b"e^* + lim nf t-te dt 
0 


So 


— lim [- Pe~” 
b—oo 


b—oo b—oo 
=0+ nf t” le! dt 
0 
=n (n). 


(c) We already have r (1) = 1 and T (2) = 1. Using T(n + 1) = nI (n) we can get 


So it appears that T (n) is just the first n — 1 numbers multiplied together, so 
I(n) = (n — 1)t. 


Strengthen Your Understanding 


49. Let f(x) = g(x) = 1/x. Then both i? f(x) dx and SE g(x) dx diverge, but Jos f (x)g(x) dx = SE 1/x? dz, which 
converges. 
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50. If f(x) = 1/z, then T f(x) dx diverges, but lim; ss f(x) = 0. 
51. The function f(x) = 1/2 is an example. We know that limz-+.. 1/x = 0, but 


“i "1 
/ —dx = lim —dzx = lim (Inb — In 1) =o. 
1 


x b—oo 1 HH b—oo 


Thus the improper integral diverges. 


52. Since the integral is over a bounded interval, and f(x) is continuous at x = 2 and at x = 5, we need to find a function 
f(x) that has a discontinuity in the interval (2, 5). Let's try f(a) = 1/(a — 3)?. Because this function is discontinuous at 


x = 3, we must split the improper integral f. 1/(a — 3)? dz into two integrals: 


5 


* og "*.g * q 
| OEE dx -f (z—3y 3j2 dæ | m3 32 dx 
1 


5 
= li — d li — d 
ie Goat f (z—3)2 77 


— lim : TE. + lim : + : 
v23- V (b—3) | 2-3 a>3+ \ (5—3) (a—3) 
1 1 1 
— li lj] d mi 
jim. (gig 1) «m (e - 1) 
Both of these limits go to oo. Thus the improper integral r^ : f(x)dzx diverges. 


53. True. Since i " 
lim f f(x) dx = n f(x) dx + lim J f(x) dz, 
b—oo 0 0 b—oo P" 


the limit on the left side of the equation is finite exactly when the limit on the right side is finite. Thus, if Jd b. f(x) dx 


converges, then so does f f(x) dx. 


54. diverges. 
True. Suppose that f has period p. Then td f(x) dz, p^ f(x) da, E f(x) dx,...are all equal. If we let k = 


Ju. f(x) dx, then M f(x)dx = nk, for any positive integer n. Since f(x) is positive, so is k. Thus as n approaches 


oo, the value of Jf d f(x) dx = nk approaches oo. That means that lim; oo f 7 f(x) dz is not finite; that is, the integral 
diverges. 


55. False. Let f(x) = 1/(x + 1). Then 


i dr = lim Injz+1|} = lim In(b+1), 
g 2+ 1 b—oo o  b—oo 
but lim; «o; In(b + 1) does not exist. 
56. False. Let f(x) = x + 1. Then 
1 dr = lim Inj#+1|} = lim ln(b+ 1), 
0 ot 1 b—oo 0 b—oo 


but limp... In(b + 1) does not exist. 


57. True. By properties of integrals and limits, 


b b b 
lim i (f(x) + g(x)) dx = lim ri f(x) dx + lim i: g(x) da. 
0 b— oo 0 b—oo 0 


b—oo 


Since the two limits on the right side of the equation are finite, the limit on the left side is also finite, that is, f’ ES (f(x) + g(x)) dx 
converges. 

58. False. For example, let f(x) = x and g(x) = —z. Then f(x) + g(x) = 0, so Je (f(x) + g(x)) dx converges, even 
though im f(x) dx and i. g(a) dx diverge. 


59. 


60. 


61. 


62. 
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True. By properties of integrals and limits, 


b—oo 0 


b b 
lim i af (x) dr =a lim f(x) dx. 
b— co 0 
Thus, the limit on the left of the equation is finite exactly when the limit on the right side of the equation is finite. Thus 


be af (x) dx converges if Lh f (x) dx converges. 


True. Make the substitution w = ax. Then dw = a dz, so 


f “flax de = 2 f - fée, 


where c = ab. As b approaches infinity, so does c, since a is constant. Thus the limit of the left side of the equation as b 
approaches infinity is finite exactly when the limit of the right side of the equation as c approaches infinity is finite. That 


is, E f (ax) dx converges exactly when f Si f(x) dx converges. 


True. Make the substitution w = a + x, so dw = dx. Then w = a when x = 0, and w = a + b when x = b, so 


] (2e = fu) dw = nc 


where c = b+ a. As b approaches infinity, so does c, since a is constant. Thus the limit of the left side of the equation as b 
approaches infinity is finite exactly when the limit of the right side of the equation as c approaches infinity is finite. Since 
i f(x) dx converges, we know that lime... Ps f (w) dw is finite, so lime, oo JE f(w) dw is finite for any positive a. 


Thus, I f(a + x) dx converges. 
b b b 
f (a+ s(o)ae= | ades | f(x) dz. 
0 0 0 


False. We have 

Since f Sj f (x) dx converges, the second integral on the right side of the equation has a finite limit as b approaches infinity. 
But the first integral on the right side has an infinite limit as b approaches infinity, since a # 0. Thus the right side all 
together has an infinite limit, which means that f. h^ (a + f(x)) dz diverges. 


Exercises 


1. 


2. 


For large z, the integrand behaves like 1/ x” because 


co 
A T s n > 4 4 
Since — converges, we expect our integral to converge. More precisely, since z^ + 1 z^, we have 
x 
1 


i 7 dz. j 9? g? 
Since —; is convergent, the comparison test tells us that wad dx converges also. 
x x 
1 1 


For large x, the integrand behaves like 1/2 because 
3 D 
z4—1 axi 


1 
= 
oo 
: s : : 4 4 
Since f — dx does not converge, we expect our integral not to converge. More precisely, since x^ — 1 < x^, we have 
9 € 
3 3 


x oy d 
z^—1^ at r 


oo oo 3 
Since f — dx does not converge, the comparison test tells us that Í 4 dx does not converge either. 
Hi x 
2 2 


10. 


11. 


12. 


13. 


14. 
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The integrand is continuous for all x > 1, so whether the integral converges or diverges depends only on the behavior of 
the function as x — oo. As x — oo, polynomials behave like the highest powered term. Thus, as x — oo, the integrand 
2 2 oo 
1 1 1 
eS behaves like z or T Since f z dx diverges, we predict that the given integral will diverge. 


The integrand is continuous for all x > 1, so whether the integral converges or diverges depends only on the behavior of 
the function as x — oo. As x — oco, polynomials behave like the highest powered term. Thus, as x — oo, the integrand 
1 
xr? +5r+1 
The integrand is continuous for all x > 1, so whether the integral converges or diverges depends only on the behavior of 
the function as x — oo. As x — oo, polynomials behave like the highest powered term. Thus, as x — oo, the integrand 


ae ; dete ; 
behaves like —. Since J —3 dz converges, we predict that the given integral will converge. 
x x 
1 


1 oo 
TUS ener behaves like - or a Since / = dx diverges, we predict that the given integral will diverge. 
The integrand is continuous for all x > 1, so whether the integral converges or diverges depends only on the behavior of 
the function as x — oo. As x — oo, polynomials behave like the highest powered term. Thus, as x — oo, the integrand 
2 2 oo 
—6z4-1 : : y "m "m 
——— behaves like - or 1. Since 1 dx diverges, we predict that the given integral will diverge. 
T T 
1 
The integrand is continuous for all x > 1, so whether the integral converges or diverges depends only on the behavior of 
the function as x — oo. As x — oo, polynomials behave like the highest powered term. Thus, as 7 — oo, the integrand 
5r +2 


z*--F8z?--4 


- NX z . T 
behaves like — or —. Since J — dx converges, we predict that the given integral will converge. 
x T x 
1 


For large t, the 2 is negligible in comparison to eř*, so the integrand behaves like e^ ?*. Thus 


1 1 -5t 
e5t +2 ^7 edt . 


More precisely, since e? + 2 > e°*, we have 


1 1 -5t 
est 4.2 < pee 
co 5 ; T d 
Since Í A e~ dt converges, by the Comparison Theorem 1 FIND, dt converges also. 


The integrand is continuous for all x > 1, so whether the integral converges or diverges depends only on the behavior of 
the function as x — oo. As x — oc, polynomials behave like the highest powered term. Thus, as x — oo, the integrand 
2 2 oo 
x 4 ENS Pos: : : ; : 
ae NE behaves like — or —. Since — dx converges, we predict that the given integral will converge. 
zt + 322411 at gq? ME 


It converges: 
b 
^ dz i dz A l _» 
— = lim — = lim | — cz 
Z3 b> Z3 b> 2 
50 50 
dx 


Since l = ES and l E dx diverges, we have that 
Lpa 2x 2), t VOLI 


i -T o e d. 
E ^ 2b-300\502 02/ 5000 


diverges. 


If z > 1, we know that — < 
x3 +1 


The integrand is unbounded as t — 5. We substitute w = t — 5, so dw = dt. When t = 5, w = 0 and when t = 8, 


oo oo 
1 . da . , dx 
< -3> and since —; converges, the improper integral =F converges. 
T 1 T Qp £5 1 


w=3. Š 3 
6 6 
———dt= | dw. 
/ vi-5 | Vu 
Since 
? 6 | al? Js da 
——dw = lim 6 | —=dw =6 lim 2 = 12 lim (V3— Va) = 12V3, 
Sg f Goo E EU D 


our integral converges. 
The integral converges. 


1 


= lim 20 (1— a) = 20. 


a—0 


=i ^od 
B B 1/20 


a—0 á 19/20 a0 
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15. This integral diverges. To see this, substitute t + 1 = w, dt = dw. So, 


16. 


17. 


18. 


19. 


20. 


5 


"nu dt T. dw 
t——1 (t4-1)" w=0 w?’ 


we can use the Fundamental Theorem of Calculus to evaluate the integral. 


which diverges. 


Since we know the antiderivative of 1 a: 
u 


Since the integrand is even, we write 


oo oo b 
du _s du ^ iim du 
os deaeque o lcu boo Jy lcu? 


— 2 lim arctan b — 2 (2) =T: 


b—oo 


Thus, the integral converges to m. 


f 1 1 , ^ du 22 
Since ———~ < — for u > 1, and since — converges, 
utu2 ~ u? y wi i 


ae converges. 
— ] : ; 1 1 1 B . 
This improper integral diverges. We expect this because, for large 0, ————— ~ —— = — and —- diverges. More 
0? +1 92? 0 1 0 


precisely, for 0 > 1 
1 1 1 1 


1 
—— ———————. 
V0? c1 V+ 2/9? V2 0 


^ d 
and J Y* diverges. (The factor w does not affect the divergence.) 
1 


1 1 1 ^ do © do 
For 0 > 2, we have ———2 < — = —, and —, converges (check by integration), so | ————— con- 
VFI V 62 f 63/2 2 Ve+1 
verges. 
This integral is improper at 0 = 0. For 0 < 0 < 1, we have 1 < 1 and since I E d0 converges 
l E ~ 03-0 — Vo 0 v8 Í 


[ do 
o VO+0 


converges. 
1 1 a EN n 
21. Since ——— < — =e " and e ” dy converges, the integral converges. 
l+ey~ ey d ^ + ev 
22. This integral is convergent because, for ọ > 1, 
2 + cos 3 
"E ? < Q9? 
d “3 dọ = ae! d 
an F o=3 oi o converges. 
1 1 
1 oo oo 
23. Since — < — = e ^ for z > 0, and € ^dz converges, Z converges. 
e^ + 2? e* 0 0 e + 22 
2 m T 1 T 2 mA 
24. Since P < =a for 0 < à X m, and ine | Qi diverges, / eas must diverge. 
0 0 


25 


. 2 : oo 2 ; oo . . 
. Since Sens > — for a > 4, and since f — da diverges, then | SEM diverges. 
a a 4 @ i a 


Problems 


26 


. (a) The area is infinite. The area under 1/z is infinite and the area under 1/z? is 1. So the area between the two has to 
be infinite also. 

(b) Since f(x) is bounded between 0 and 1/z?, and the area under 1/z? is finite, f(x) will have finite area by the 

comparison test. Similarly, h(a) lies above 1/x, whose area is infinite, so h(x) must have infinite area as well. We 

can tell nothing about the area of g(x), because the comparison test tells us nothing about a function larger than a 
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function with finite area but smaller than one with infinite area. Finally, k(x) will certainly have infinite area, because 


it has a lower bound m, for some m > 0. Thus, Jf 5i k(x) dx > ma, and since the latter does not converge as a — oo, 
neither can the former. 


27. The convergence or divergence of an improper integral depends on the long-term behavior of the integrand, not on its 
short-term behavior. Figure 7.46 suggests that g(x) < f(a) for all values of x beyond x = k. Since J, a f(x) dx 
converges, we expect f E g(x) dx converges also. 


However we are interested in i g(x) dx. Breaking the integral into two parts enables us to use the fact that 


J, g(a) dz is finite: . 
i g(x) dx = | g(a) dx + "n g(a) dz. 


The first integral is also finite because the interval from a to k is finite. Therefore, we expect L g(x) dx converges. 


Figure 7.46 
; : . NM dx dx 
28. First let's calculate the indefinite integral | —————. Let In x = w, then — = dw. So 
az (In x)? x 
dx dw 
a (In a)? wP 
|f In|w| +c, ifp=1 
=e +C, ifpzl 
_ f(In|Inz| t C, ifp=1 
"d Gnz) +0, ifpAl. 
Notice that lim ln z = +00. 
z—o00o0 
(a) p — 1: 
j EE. coner (mima = 2) = +00 
9, zlar b>00 
(b p<: 
peu w- — (Jim (Inb)'~? — (In B = +00 
, (lng)  1—p Woo 
(c) p» 1: 


T da u 1 S 1-p um 
i; z(Inr)  1—p ( im (mb) na) 


1 7 1 1—p 
1-p (im. upper n9 ) 


(In 2)!^*, 


=P 


> d : : 
Thus, — js convergent for p > 1, divergent for p < 1. 
9, «(Ina)P 
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29. The indefinite integral il — is computed in Problem 28. Let In x = w, then gz = dw. Notice that lim In z = 0, 


z(In z) x al 
and lim lng = —oo. 
rz—0t 
For this integral notice that In 1 = 0, so the integrand blows up at x = 1. 
(a) p=1: 


2 
I Ik = ii (in = ajira) 
1 n a—1t 


Since Ina + 0 as a > 1, In| In a| + —oo as b > 1. So the integral is divergent. 


(b p< 1: 
? de 1 
= : 1-p _ =p 
f ana? Ie? im ((In 2) (In a) ) 
= 1 1—p 
xe (1n2) ?. 
(c) p» 1L 


n + jim, (n2)? — (Ina)!7?) 


In z)? S Pai 
As lim (Ina)? = lim 7 = +00, the integral diverges. 


ait ait (In a)?— 


2 
d. 
Thus, LL cd convergent for p < 1, divergent for p > 1. 
, «(Inw)P 


oo 2 oo 
x e ^ dr< ri e ?* dx 
3 3 


30. (a) Since e « e7?? for x > 3, 


Now 
oo b b 
T e ?" dz = lim e ?* dx = lim —=e ?* 
3 b—oo 3 b—oo 3 
"M NM M. 
= lim — = — 
boo 3 3 3 
Thus 


(b) By reasoning similar to part (a), 


oo 2 oo 
I e^ as f e "? dy, 
TL TL 
oo 
= 1 2 
] «e 
n n 
oo 
cg I 2 
] «eM 
n 
T 


31. (a) The tangent line to e* has slope (e*)' = e'. Thus at t = 0, the slope is c? = 1. The line passes through (0, e°) = 
(0, 1). Thus the equation of the tangent line is y = 1 + t. Since e! is everywhere concave up, its graph is always 
above the graph of any of its tangent lines; in particular, e’ is always above the line y = 1 + t. This is tantamount to 
saying 


and 


So 


Itze, 
with equality holding only at the point of tangency, t = 0. 


7.7 SOLUTIONS 
1 , , 
(b) Ift = —, then the above inequality becomes 
T 
band < a. ore" —1> zi. 
x x 


Since t = —, t is never zero. Therefore, the inequality is strict, and we write 
x 


1 
pi. 
z 
(c) Since e'/* — 1 > > 
x 
1 1 1 


oo oo 
Si dx dx 
ince — converges ————~ converges. 
p uw Ax (e — 1) 


Strengthen Your Understanding 


32 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


the second, depending on the sign of sin x. 
. : 1 , 
We can use the comparison test with — Since x > 0, we have 
x 
1 1 
uc ——Ó—— 6 = 
Styl av 


um TE = Í 
and f A dæ is convergent (p = v2 > 1), the original integral, | 21 dx, converges. 


co 
The integral | f(x) dx might converge or diverge; the comparison test can not be used here. 
0 


Let f(x) = =. Then J E da: converges. However f A5 
1 


We know that the integral f " 3/ (2?) dx converges because 


dx = J x’ dx diverges. 
1 


oo b 
3 3 à 5X 3 
de = li ~~ dx = lim (-+ +=) =<. 
f 2:277 be J, 27 Jim ( B 2 


673 


. Wecannot compare the integrals, because the first integrand is sometimes less than the second and sometimes greater than 


So we know that if f(x) is positive and f(a) < 3/(2z?) for all x > 1, then A f(x)dx converges. So the function 


f(x) = 3/(2x? + 1) is a good example. 
Since —1 < sin x < 1 for all x, we know that, for all x, 
7x — 2 < Tz —2sing € Tz +2. 
So since 7x — 2 sin x > 0 for all x > 1, we know that for all x > 1, 
e 2 = 2° 


So let 


We then have 


oo b 
3 3 3 
dx = li dx = li 5 In|7b+ 2|-— 2I E 
[| feo fim. [tnm jim (meni Fins) = 


So the integral I ij f(x)dx diverges, as desired. 


converges. 
er ee 


1 Í =l Ñ 
True. Since < — and — dx converges, - 
F [2d p. € o € tz 


1 1 ! dz ! dz 
True. Since 3-3 = 28 and | nt diverges, f 23 diverges. 
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Solutions for Chapter 7 Review 


Exercises 
1. $(t+1)° 
2. —cos 20 
HE 
3. Ind 
4. A 55e" = eta e 
5. Using the power rule gives Žu? + 7w+C. 
6. ie" +C 
1 d 3 
7. Since di cost = — sin t, we have 
| sint dt = — cost + C, where C is a constant. 
8. Let 2t — w, then 2dt — dw, so dt — idw, so 
1 1. T: 
cos 2t dt — 5 cos w dw = ; sinw +C = z sin2t +C, 
where C is a constant. 
9. Let 5z — w, then 5dz — dw, which means dz — idw, so 
[eu feiw JEDE se" + C= se +0, 
where C is a constant. 
10. sin(a+1)+C 
11. Since / sin w d0 = — cos w + C, the substitution w = 20, dw = 2 d0 gives fa 20 d0 = -i cos 20 4- C. 
12. Let w = z? — 1, then dw = 3x? dz so that 
(a? — 1)*z?dz = 1 wdw = Aay +C = 1 (z? -1) +C 
3 15 15 
vec 2.5/2, 3,5/3 
13. The power rule gives 57 + 57 +C 
14. From the rule for antidifferentiation of exponentials, we get 
] 1 
x T d - x No x . 
fe +37) dz e + n3 3 +C 
1 -— -z 
15. ge z= e dz—--e^4C 
16. Rewrite the integrand as 


17. 


Chapter Seven /SOLUTIONS 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


SOLUTIONS to Review Problems for Chapter Seven 


Let w = 1 + ln z, then dw = dz/z so that 


2 


x 
Substitute w = t?, so dw = 2t dt. 
1 1 1 1 
]«- Ife ad= fee a qc se +C. 


d (lg nula. w 
5 e +C) 2x (Se!) = ie". 


Check: 


Integration by parts with u = x, v’ = cos x gives 


ELSE HC = rsinz + cos z + C. 


Or use III-16 with p(x) = x and a = 1 in the integral table. 


Integration by parts twice gives 


2 2e 2 
í 1 9. 
Jer dz = x JE dx = 7” Ze | "a LC 


Or use the integral table, III-14 with p(x) = x? and a = 1. 


Using substitution with w = 1 — x and dw = —dz, we get 


[^^ xdx = fo w)ywdw = zu 2 3/2 | c-iü x)” =(1 z)/? +0. 


3 


1 
Let u = In y, v’ = y. Then, v = 3y? and u’ = —. Integrating by parts, we get: 
y 


ylnydy = Ly? iny-. | 1? lay 
2 2 y 
i3 1 
ig uec qu 
gj! ny JE y 


l 2 1 2 
= >y lny — =- 
"Li ny ri +C 


We integrate by parts, with u = y, v' = sin y. We have u’ = 1, v = — cos y, and 


nr y cos y fi cos y) dy = —y cos y + sin y + C. 
Check: F 
Gy ee DOR d: URUUU AUOD SENE 


We integrate by parts, using u — (In x)? and v’ = 1. Then u’ = gms and v = 2, so 


no = z(Inz)? — 2 f madz. 


But, integrating by parts or using the integral table, f ln z dx = x ln x — x + C. Therefore, 
[ox dx = z(In £)? — 2z1nz + 2z + C. 


Check: 5j i 
dz [z(Inz)? — 2z In z + 2x + C] = (Inz)? +a 27 -2lnz 207 + 2=(Inz)’. 
x 
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26. Using the exponent rules and the chain rule, we have 


0.5—0.3 0.5 0.3 e ast pagans 
ferae feet a— - Set + C = -= +C. 


27. Let sin 0 = w, then cos 0 d@ = dw, so 
focoso = fu? aw = Zw? C — isi 04 C, 


where C' is a constant. 


28. Substitute w = 4 — z?, dw = —2z da: 


E (Par =-5 | Viae = -4 +0 = gu r?) FC. 
Check J " irá 
<| Sa-a) c = sa z?) 20)] = a /A — a*. 
x 


29. Expanding the numerator and dividing, we have 


3 3 2 
[H u [8 u f (erti) d 
uU u u uU 


2 
1 
= 43u+3ln|u| -= +C. 
2 u 


Check: " F 
A (Sreseomm- Eee) cene ts =" 
30. Substitute w = /y, dw = 1/(2,/y) dy. Then 


cos 
AME ay ca f coswaw = 2sinw+ C =2sin E C. 
y 


Check: " 
Lm T C= ca i] = sau. 
dy 2y vI 


31. Since L (tan z)= , we have 
z 


cos? z 


J - dz = tan z + C. 
cos? z 


Check: 
ee +C)= d sinz _ (cos z)(cos z) — (sin z)(— sin z) EN l 
dz dz cos z cos? z cos? z 
32. Denote I cos? 0 dà by A. Let u = cos 0, v’ = cos. Then, v = sin 0 and u’ = — sin 0. Integrating by parts, we get: 


A=cos0sin0— | (sind) sino. 


Employing the identity sin? 0 = 1 — cos? 0, the equation above becomes: 


A=costsind + | ao- f cos* odo 


= cosÜsin0 --0 — A +C. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


SOLUTIONS to Review Problems for Chapter Seven 


Solving this equation for A, and using the identity sin 20 = 2 cos 0 sin 0 we get: 
2 d 1 
A= | cos 0 d0 = 7 sin 20 + z? C. 


[Note: An alternate solution would have been to use the identity cos? 0 = i cos 20 4- i] 


Multiplying out and integrating term by term: 
10 11 10 11 10 i as 10, 
t°(t— 10) dt = f(t — 108") dt= | tdt- 10 | t° dt = 750 -t € C. 


Substitute w = 2x — 6. Then dw = 2 dx and 


1 1 i 
f e 9a E 5 | mem = J n dw 
2] cosw 


1 ; 
= In | cos w| + C by substitution or by I-7 of the integral table. 


N 


= 5 in | cos(2e — 6)| + C. 


Let In x = w, then = dx = dw, so 


l 2 
I ey dz = fe dw = Su? +C = gn x)? + C, where C is a constant. 


HH 


Multiplying out, dividing, and then integrating yields 


(t+ 2)? P+4t+4 1 4 4 4 2 
d= | ws | idt | Sas | Sain) SS 
/ m rm CUN poner Iz Bag 


where C is a constant. 


Integrating term by term: 


f (92 =) de = 50° +27 Inr] +C, 


where C is a constant. 


Dividing and then integrating, we obtain 


[hae [fas f hazm- where C is a constant. 


t2 


where C is a constant. 


Let cos 0 = w, then — sin 0 d@ = dw, so 


finou- [Sao mut om 
cos 0 w 


= —In|w| + C = -ln | cos 0| + C, 


where C is a constant. 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 
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If u = sin(50), du = cos(50) - 5 d0, so 
: 1 : 1 
sin(50) cos(50)d0 = 5 sin(50) - 5cos(50)d0 = 5 udu 
ÉL +C= L gin?(58) +C 
N2 10 
or 
: 1 . 1 . 
ns cos(50)d0 = 2 T 2sin(50) cos(50)d0 = 2 J sin(100)d0 (using sin(2r) = 2 sin x cos x) 
=- Z eos(100) +C 
= zg 008 ‘ 
Using substitution, 
"dg = 1 dii (a? +1=w, 2d =i sel 
FIIT] w lx E, 
= ifie 5 in +C= mjs +1 4 C, 

where C is a constant. 
Since L (arctan z)- — we have 

dz — : 

i-i arctan z + C, where C is a constant. 
: d i 

Let w = 2z, so dw = 2dz. Then, since — arctan w = ———~, we have 

dw 14+ w? 

1 
5d 
|5 = J D = 5 arctanw +C = Z arctan 2z + C. 

Let w = cos 20. Then dw = —2 sin 20 d0, hence 


4 4 
[cost z0sinz0aa=—5 [e -E c zd +C. 


Check: 


d cos* 20 (4 cos? 20) (— sin 26) (2) 3an 
36 (=) =- = C08 20 sin 20. 


Let cos 50 = w, then —5 sin 50 d0 = dw, sin 50 d0 = —zdw. So 


, 3 = 3 1 ma! sao l a 
] 50 0s x = fw (7g)dw = 5 dw = gni +O 


m 1 4 
= -zg ° 50 +C, 


where C is a constant. 


J zeo zaz = [m z) cos? z dz 


; > 5 
sin 20os' zdz — f sin zcos zdz 


48. 


49. 


50. 


51. 


52. 


SOLUTIONS to Review Problems for Chapter Seven 


— 


where C is a constant. 


If u = t — 10, t = u + 10 and dt = 1 du, so substituting we get 


fe + 10)u'? du = fe + 10u?) du = =u" 
1 12 , 10 1 
= —(t-1 + —(t—1 4 
gz- 10)" + Ft - 10) 


Let sin 0 = w, then cos 0 d0 = dw, so 


J seit f vti 


_ (i+w)? _ 
i 3/2 deren 


wile 


where C is a constant. 


w? (—dw) n (—dw) (let cos z = w, so — sin z dz = dw) 


(+ sinb)? 4. C, 


ee | eas (let z = u,e” = v', e” = v) 


= re — e^ +C, 
where C is a constant. 
fee dt = te’ — [see dt (let È = u,e =v',3t =u’, v) 
= the’ — 3 fee dt (lett? = u, e =v’) 


= the’ — 3(t?e* — [re dt) 


= the’ — 3t?e* + sf i dt (lett = u,e = v’) 


= the’ — 3t?e! + 6(te’ E dt) 


= Pet — 3268 + Gte* — 6e +C, 


where C' is a constant. 


Let x? = w, then 2zdr = dw, x = 1 w-—l,z-—3- w-9.Thus, 


P. 
zii +1)" 
= (197! — 97), 
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53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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Let w = 3z + 5 and dw = 3 dz. Then 
ie Pg wdw = Lut +C = | (3z+5)} +C 
3 12 12 i 


Rewrite 9 + u? as 9[1 + (u/3)?] and let w = u/3, then dw = du/3 so that 


pu d gu = arctan O = Carga (=) +c 
944 3/ 1+u 3^ B edd 
Let u = sin w, then du = cos w dw so that 


d 
aes dw= | —“ ) =arctanu + C = arctan(sin w) + C. 
1+sin? w 14+u? 


Let w = In z, then dw = (1/x)dx which gives 


J imas f tanwaw= f uad dw = — ln(| cos w|) + C = — In(|cos(In x)|) + C. 


HH COS W 


Let w = In z, then dw = (1/x)dz so that 


J itas f sinwaw = cos w + C = — cos(Inz) + C. 
x 
Let u = 16 — u?, then du = —2w dw so that 


|=- a Jac Aul 4. 


Dividing and then integrating term by term, we get 


e?» 1 e?” 1 - 1 - 
/ ROT ay= | eu + ey a= fare ay = [a (75) fe ?"(—2) dy 
1 


Let u = 1 — cos w, then du = sin w dw which gives 


sin w dw Ju dud en/T-cm + ©. 


V1—cosw ~ Ju 
Let w = In z. Then dw = (1/x)dx which gives 
J E dupiaa] 4-6: 
rlinz w 


Let w = 3u + 8, then dw = 3du and 


du dw 1 


æde 
Let w = yx? + 1, then dw = ———— so that 
Í yr? +1 


Z 5 m eee ts iT 
IE E j Fide = [ coswdw=sinw+ C =sin yz 314 


SOLUTIONS to Review Problems for Chapter Seven 


64. Integrating by parts using u = t? and dv = Wm gives du = 2t dt and v = V1 + t?. Now 
m 


i Iye- fu 14 8 dt 


? TFP- F048)? +0 


] zm 
V1+2 


=V14+e(? — =(1 4-1) 


65. Using integration by parts, let r = u and dt = e*“du, so dr = du and t = (1/k)e*". Thus 
fp du= m — d^ du — 7 ze FC. 


66. Let u = w +5, then du = dw and noting that w = u — 5 we obtain 


nz 4 5)*w dw = fha- 5) du 


3 1 
67. petra = A I e? 3. 2dr. If u = V2z + 3, du = V2dz, so 


1 u 1 u 1 V2xr+3 
— | e-du= —e" + C = —e +C. 
af v2 v2 


68. "nz +2)?da = fe + 2xe” + a”)dy. Separating into three integrals, we have 


T 1 x 1 T 
fe i-is 2dz = se” TC, 


n = JE = 2xe* — 2e” + Co 


from Formula II-13 of the integral table or integration by parts, and 
3 
J x? dx = ES +03. 


Combining the results and writing C = C1 + C2 + C3, we get 


3 
2xe^ — 2e” 4 Z HC. 


2x 


1 
=e 
2 
69. Integrate by parts, r = In u and dt = u? du, so dr = (1/u) du and t = (1/3)u?. We have 


2 _1 3} 1 2, 13 1 3 
fe ln u du = 3" Inu 3 u^ du= 3" Inu g” +C. 
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70. 


71. 


72. 


73. 


74. 
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The integral table yields 


[ Sie = iue 4| S arctan 5 +0 


= mp? 4| 3arctan = + C. 
Check: 
d (5 2 6 z 5 1 1 1 
— (zal 4| + = arctan = = -= | ——(2 —————- 
dz (5 c dina | + garctan S +C) TET +3 it) 
29m " 6 54+6 
at 4 H4 2440 
Using Table IV-19, let m = 3, w = 2x, and dw = 2dx. Then 


3505573] xs; 
sin? (22) 2] sin’ w 


1 —1] cosw ioe 1 d 
~ 2 | (3-1) sin? w 4] sinw” 


and using Table IV-20, we have 


1 1 cos w — 1 
dw = —l 
n 2 [^C 
Thus, 
1 cos 2x 1 cos 2x — 1 
——— de =- + <n |S IJ +. 
[> S Asin? 2x ' 8 n + 


We can factor r? — 100 = (r — 10)(r + 10) so we can use Table V-26 (with a = 10 and b = —10) to get 
dr 1 
—— = — | —1 l 1 s 
n 35,1800 les e QU eta 


Integration by parts will be used twice here. First let u = y? and dv = sin(cy)dy, then du = 2ydy and v = 


— (1/c) cos(cy). Thus ; 


fv sin(cy) dy = -£ cos(cy) + ELT dy. 


Now use integration by parts to evaluate the integral in the right hand expression. Here let u — y and dv — cos(cy)dy 
which gives du = dy and v = (1/c) sin(cy). Then we have 


fe sin(cy) dy = -£ cos(cy) + Z E sin(cy) — EL w) 


2 
DNR.. 2y . 2 
igi cos(cy) + 3 sin(cy) + E cos(cy) 4- C. 


Integration by parts will be used twice. First let u = e~ and dv = sin(kt)dt, then du = —ce *'dt and v = 
(—1/k) cos kt. Then 


Je? sin kt dt — -2e cos kt — efe cos kt dt 


= 1 —ct [5 1 —ct _: C —ct . 
= zE cos kt (i sin kt + JE sin td) 


2 


i = ee —b = 
=—7e “cos kt — -Ge "sinkt — 5 e ^ sin kt dt 


75. 


76. 


77. 


78. 
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—ct 


Solving for f e *' sin kt dt gives 


2 2 —ct 
a T e sin kt dt = -5 (k cos kt + csin kt), 


so 
—ct 


—ct s € : 
fe sin kt dt = -z7 (k cos kt + csin kt) + C. 


Using Il-9 from the integral table, with a = 5 and b = 3, we have 


]* cos(3r) dx = — "dd [5 cos(3x) + 3sin(3z)] + C 


= "a [5 cos(3z) + 3sin(3z)] + C. 
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Since fe^ + (Vk)*)daz = [ote + [or dz, for the first integral, use Formula I-1 with n = Vk. For the 


second integral, use Formula I-3 with a = Vk. The result is 


VE 4 (VO) de = 2O WF 
fe 4 (Vk)*) d ELTE 


Factor \/3 out of the integrand and use VI-30 of the integral table with u = 2x and du = 2dz to get 


| VRE de= | sonis 
-2f 1 + u? du 
2 
v3 J 1 
= — | uy 1 +u? ++ ——— du]. 
4 D V1l+u? 


Then from VI-29, simplify the integral on the right to get 


[ 6mm - 98 (ur wi mee VIFA) +C 
= a (25/1 € Qa)? + In a + VIF Ql) +C. 


By completing the square, we get 


a —3r+2= (z? 3e 25)42-2-(G-3*-1. 
Then 
Vu? — 3r +2 V(x — 3)? - 4 
Let w = (x — (3/2)), then dw = dx and a? = 1/4. Then we have 
1 1 
—— dx = | —— dw 
== l= 
and from VI-29 of the integral table we have 
1 
—— dw = ln |w + Vw? —a?| +C 
fom 
3 dX il 
=In|(2—5) + (2-3) -3+0 


=In («- 5) + va 3042| C. 
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80. 


81. 


82. 


83. 


84. 


85. 
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First divide x? + 3x + 2 into x? to obtain 


ag ey 
w+ 3a+2 — z?--3z +2 


Since x? + 3a + 2 = (x + 1)(x + 2), we can use V-27 of the integral table (with c = 7, d = 6, a = —1, and b = —2) to 
get 


[EE infer aisi raise. 


Including the terms x — 3 from the long division and integrating them gives 


x? Tz +6 l5 
———— dr = — = ] dz = 5x" — 3r — l 1 l 2 . 
] —— z [€ 30 uu) t= 237 3r — In|z + 1] - 81n|z 4- 2| - C 


First divide x? + 1 by z? — 3x + 2 to obtain 


2 
1 3x— 1 
po i 
x? — 3242 xz? — 3r +2 


Factoring z? — 3a + 2 = (a — 2) (x — 1) we can use V-27 (with c = 3, d 1, a = 2 and b = 1) to write 


3x2 — 1 


Remembering to include the extra term of +1 we got when dividing, we get 


2 — 
[=e f 0 RA de =2+5In|x — 2| — 21n |x — 1| + C. 


We can factor the denominator into ax (x + 2), so 


da |. 1 1 
ar? +b aj s(x+è?) 


Now we can use V-26 (with A = 0 and B = -2 to give 
1 —— =. (misi -infe + 2}) £C s (ima - me 2|) +C. 
a z(r- 2) a b a b a 


Let w = az? + 2ba + c, then dw = (2ax + 2b)dz so that 


ax + b 1 dw 1 1 2 
= e = | eR =S] 2b i 
(== £ 5 T 5 Inlwl +C 5 In|ax + 2b2 + c| +C 


Multiplying out and integrating term by term, 
z 3M? x 9 1 (23 xt x 9 
—~+—-—) dv= | | —+24+-—4)de=—|{ — ]+2¢4+9| — | +C = — + 2r- - +C. 

/ 6*3) d [ (8 +3) S (3 ee a) og M ii 

If u = 2' + 1, du = 2° (In 2) dt, so 

t t 
Zou- [yL 
2 +1 In2 / 2 +1 In2 


If u = 1 — z, du = —1 dz, so 


t d 


" np nlul £C — iln T 1| +C. 


f 9e wa dax) = —1 | 10" du = —1 x +C =- 10 +C. 


SOLUTIONS to Review Problems for Chapter Seven 685 


86. Multiplying out and integrating term by term gives 


5 3 


nz +5)%dx = Je + 15a +752? + 125)dx = za i 15— + 7 + 1252 +C 


= za + 3a? + 252? + 125 + C. 


87. Integrate by parts letting r = v and dt = arcsin v dv then dr = dv and to find t we integrate arcsin v dv by parts letting 
x = arcsin v and dy = dv. This gives 


to varesine— | (1) T= odo = varesino + V1—v?. 


Now, back to the original integration by parts, and we have 


r 2 * * 
n arosinu coL = | [varcsinv + 1] dv. 


Adding f v arcsin v dv to both sides of the above line we obtain 


2 f varcsinvdo = P arcsinu toy T=- f YI Faw 


= v? arcsin v + vy/1 — v? je 1—v2 Í arcsin v 4C. 
Dividing by 2 gives 
2 
1 1 
[itm E (5 — i) arcsin v + qv 1-—v?+K, 
where K = C/2. 


88. By VI-30 in the table of integrals, we have 
nz —ghdg- DET = Ciel S 2 |== 
VA — x? m 


The same table informs us in formula VI-28 that 


m 
V4 — x? 2 f 
Thus 


/A— 3 
|V aso A auis ec. 


3 
= +524+25 + EM 


2 n 125 2 52? 1 
] àxve- [€ L5: 254 — ds =Z + emen | az 


3 


= Z + 32? +252 + 125In|z— 5| +C. 


89. By long division, so 
z 


90. If u = 1 + cos? w, du = 2(cos w)! (— sin w) dw, so 


sinwcosw wyi —2sinwcosw wyt l eo nll Be 
1+ cos? w 2 1+ cos? w 2 u 2 


= — 5 Im |1 + cos? uj +C. 
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1 " 1 _ f cos(30) u "m 
91. J fan(35) ^" = J E dð = / sin(30) —— dé. If u = sin(30), du = cos(30) : 3d0, so 
(38) 


cos 


cos(30) |, 1 f3cos(30) |, 1 f1, 1 1 - 
I sin(30) d0 = J Sin(36) d0 = 3 tt = 3 nul +C= 3 In| sin(38)| +C. 


1 1 
92. “de = | x dx. Using integration by parts with u = x, du = dx and dv = dax, v = tana, we 
cos? x cos? x cos? qz 


n = dz) = otang- | tanads. 
cos? x 


Formula I-7 gives the final result of z tan x — (— In | cos z|) + C = z tan z + ln | cos z| + C. 


93. Dividing and integrating term by term gives 


z41 i v= | (St =) f 1/2 is QM g! 2 3/2 
dz = | (£x +x )dz = —«— + = 4 C= Zxr” +2Vyr + C. 


94. If u = V/z +1, u? = x + 1 with z = u? — 1 and dz = 2u du. Substituting, we get 


[ae [eR fe D2du=2 fu? ~1)du 


=% oy ut oa t ym +ë. 


ss, [ 38722 = [yn dx; fuss davies ct ai so we have 
va 2/z 


abl? 


2 1 2 4 3/2 4 \ 8/2 , 
2 [ez en" zig doa fa xd u=2(4 3 )ee- fu” +C=3(ve+ 0" FC. 


96. If u = e?! + 1, then du = e742 dy, so 
2y 2y 
e 1 2e 1ı f1 1 jx 
—— dy = = | —— dy = = | -du = =1 = -] 9 au] ; 
] 3e JE EDT 5 nlul +C — 5 In|e? c 1] C 


97. If uu = z? — 5, du = 2z dz, then 


zZ — Die =3 E! 2 =3 zd =3 ER! u`? 
] owe fe 5) «aie 5) SIE ti (S5) +e 


98. Letting u = z — 5, z = u + 5, dz = du, and substituting, we have 


-[*t9a [usudu S es (US 
i, dz [3 du= fw +5u ”)du = e(o +C 


i -5 
= Gon pr S 


99, If u = 1 + tan z then du = x 
cos? x 


1+t $ Å 1+t 
jays ks ane) ax fa may : d= [és E +c Uraia +C. 
cos? x cos? x 4 4 


100. 


101. 


102. 


103. 


104. 


105. 
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x2 
pa De* in = / e" "(2 — 1)dz. If u = 2? — z, du = (2x — 1)dz, so 


et 
[ore —1)dr = fea 


=e"+e 


We use the substitution w = 2? + z, dw = (2x + 1) da. 


fe + 1je e dz = fe + ie +? dx = Je dw 


d 2 
Check: mU +0) =e” *.(254- 1) = (2x4 De? e? 


Let w = y? — 2y + 1, so dw = 2(y — 1) dy. Then 


CEDERE C - i oy qd) +O: 


687 


Alternatively, notice the integrand can be written J/(y — 1)?(y — 1) = (y — 1)?. This leads to a different-looking but 


equivalent answer. 


Let w = 2 + 3 cos z, so dw = —3 sin x dz, giving E dw = sin z dx. Then 
EID a= | vu (-3) dv - -3 | Vodw 
3 
w? 


=( z) E G= “(2+ 3082)? +0. 


Using Table III-14, with a = —4 we have 


nz — 3x + 2)e ^^ dz = -ic — 3x + 2)e ^" 


1 —Am 1 —Am 
16 (22 3)e 64 (2e F +C. 


Mt 1 e 4” 
= 35° (—11 + 20a — 8x7) + C. 
Let x = 20, then dx = 2d0. Thus 
fo (20) cos? (20) dd = fo x cos? z dx. 


We let w = sin x and dw = cos z dx. Then 


1 . 2 3 
z sin^ x cos” z dx = sin? x cos? z cos z dx 


fo z(1— sin? x) cos x dx 


ale nle NIE NIE Nle 


= w^(1— w’) w= 5 fo -wdw 
= Tai H) +O = Zante pateret 
= =sin?(20) — — sin?(20) + C 
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106. If u = 2 sin z, then du = 2 cos x dz, so 


n cos «dz = ; f cos(2sin:r)2008 ran = 5 [ em 


1 1 
= gsinutC= z sin(2sin x) + C. 


107. Let w = x + sin z, then dw = (1 + cos) dx which gives 


1 
[(ctsnayta + cos x) dz = fe dw = ri ŁC = 
108. Using Table III-16, 


J (22? + 3a + 4) cos(2x) dx = = (22? + 3x + 4) sin(2z) 


SO 


+= (6x? + 3) cos(2x) 


Cole Ale 


(122) sin(2z) — Ž cos(22) +C. 


2 
= 2sin(2x) + z? sin(2x) + -a cos(2x) + C. 


109. Use the substitution w = sinh x and dw = cosh xdz so 
2 2 w? 1 3 
n vooshe dr |w dw = +C = z sinh z 4C. 


: : x yee’ 4d fE À 
Check this answer by taking the derivative: T s sinh? x + c = sinh? x cosh z. 
aq 


110. We use the substitution w = x? + 2x and dw = (2a + 2) dæ so 


fe + 1)sinh(2? + 2x) dz = ; nr dw — 5 cosh w +C= 5 cosh(a? T 2z)-4 C. 


Check this answer by taking the derivative: L E cosh(a” + 2a) + c = 5 (2042) sinh(a?+2ar) = (z--1) sinh(z?4- 
a 
2x). 


il 
111. Substitute w = 1 + 27, dw = 2x dx. Then x dz = 3 dw, and 


z—l 1 w—2 w^ 
z(14- 2?) 9 dr = = w?? dw = —— 
P" 2 Jas 42 


2 
.. 299593 


1 
= 49932-. 
6 


112. Substitute w = x? + 4, dw = 2x dx. Then, 


z—1 w=5 
1 1 3 
cw x? + 4dr = J w?dw = sw? 
g=4 w 


113. We substitute w = cos 0 + 5, dw = — sin 0 d0. Then 


=r w=4 w=6 m 
| sin 0 d0(cos@ + 5)” = -f w'dw = / w'dw = — 
0—0 w=6 w=4 8 


114 
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. Let w = 1 + 52^. We have dw = 10% dz, so 777 = e de. When s = 0, w = 1. When z = 1, w = 6. 


6 


x dx Sidw 1 fjdw 1 
SS = — = —In|u| 
1+ 5x? 1 Ww 10 J, w 10 i 
In 6 
= —(In6— ln 1) = — 
(In SET 
115. " 2 : 
2 
I B Has f (e+ Lae = 2 pmby])| 2 ein 
Í x 1 x i 2 
116. Using integration by parts, we have 
3 3 3 
Í In(z?) dx = Ji ln z dz = 3(xln z — x)| = 9ln3 — 6 ~ 3.8875. 
1 1 1 
This matches the approximation given by Simpson’s rule with 10 intervals. 
117. In Problem 25, we found that 


118 


no = z(In z)? — 2zInz + 2z + C. 


Thus 


€ 


= e — 27 0.71828. 


/ (In x)? dz = [r(In z)? — 2x In z + 2z] 
1 1 


This matches the approximation given by Simpson's rule with 10 intervals. 


22 M 


z COS 2x, SO 


. Integrating by parts, we take u = e?”, u’ = 2e?*, v' = sin 2x, and v = — 


22 
J e?” sin 2z dz = -5 cos 2z + J e?” cos 2x dz. 


Integrating by parts again, with u = e?” 


„u = 2e?*, v’ = cos 2x, and v = 3 sin 2x, we get 
e?* 
J e?” cos 2g dz = a sin 2z — l e?” sin 2z dz. 
Substituting into the previous equation, we obtain 
e?* e?* 
x sin 2z dx = =y 60s 2x + E sin 2r — I e” sin 2z dz. 
Solving for y e?” sin 2x dx gives 


je sin 2r dr = 16 (sin 2x — cos 2x) + C. 


This result can also be obtained using Il-8 in the integral table. Thus 


J e” sin 2x = 1^" (sin 2x — cos 2x)|| = ie e?™) z; —133.8724. 


—T -T 


We get — 133.37 using Simpson’s rule with 10 intervals. With 100 intervals, we get — 133.8724. Thus our answer matches 
the approximation of Simpson’s rule. 
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10 
/ ze ^dz = [-ze ^] 
0 


119. 


i 10 
— | —e *dz (let z = u,e ^ —v',—e ^ = v) 
0 
o 


120. Let sin 0 = w, cos 8 dð = dw. So, if 0 = an then w = 5, and if 0 = E then w = es So we have 


n/4 v2/2 2/2 4 = 4 
I sin’ dcos0.d0 = | Pe T -(2) — (£) | =-Ž. 
= —4/3/2 


71/3 —-V3/2 
121. We substitute w = 4/x = 23. Then dw = Ly dx = NUTS da 
s = =x3, ae = 
8 Vx r—8 1—8 8 
/ : ax = f e" (3dw) = 3e” = 3e V7 = 3(e” — e). 
2 
1 T x=1 x=1 1 
122. g 
dx =i i =i =i T T 
f pi s =| en 1— tan dede. 


en 


123. We put the integral in a convenient form for a substitution by using the fact that sin? 0 — 1—cos? 0. Thus: I cos? 0 sin? 0 d0 = 


=% 
4 


* 
J cos” 0(1 — cos? 0)? sin 0 d0. 


Now, we can make a substitution which helps. We let w = cos 0, so dw = — sin 0 dé. 
2 
Note that w = E when 0 — x and when 0 = —. Thus after our substitution, we get 
OTE a 242 
— w^(1— w^) dw. 
w= 


Since the upper and lower limits of integration are the same, this definite integral must equal 0. Notice that we could have 
deduced this fact immediately, since cos? 0 is even and sin? 0 is odd, so cos? 0 sin? 0 is odd. 


0 a 
Thus f cos? 0 sin? 0 d0 = — | cos? 0 sin? 0 dO, and the given integral must evaluate to 0. 


-4 0 


124. We substitute w = £? + 4a +5, so dw = (2x + 4) dx. Notice that when z = —2, w = 1, and when z = 0, w = 5. 
g=0 w=5 w=5 
TTE dics er =In5. 
peg C) d Am +5 wai U iuum 


125. Since = = Ter. let’s imagine that our fraction is the result of adding together two terms, one with a denomi- 
nator of x — 1, the other with a denominator of x + 1: 


003 00A O dB 
(r—1)(x-1) z—1 «+1 


To find A and B, we multiply by the least common multiple of both sides to clear the fractions. This yields 


1— A(x +1) + B(z — 1) 
= (A+ B)z + (A — B). 


126. 


127. 


128. 
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Since the two sides are equal for all values of x in the domain, and there is no x term on the left-hand side, A + B = 0. 
Similarly, since A and — B are constant terms on the right-hand side, and 1 is the constant term on the left-hand side, 
A — B = 1. Therefore, we have the system of equations 


A+B=0 
A-B=1. 
Solving this gives us A = 1/2 and B = —1/2, so 


e ONE: 
z2—1  2(z—1) 2(r-41) 


|e] (m) 


Now, we find the integral 


1 1 
E zele- 1|- ginle+ 1+C. 
(a) We split = = zu into partial fractions: 
1 B 
z2—2 xr «£-1 


Multiplying by x(a — 1) gives 
1 = A(x — 1) + Br = (A + B)x — A, 
so — A = 1 and A + B = 0, giving A = —1, B = 1. Therefore, 


J= a= f ( i =) de = Info 1| - In [z] + C. 
z? — r r—1 cx 


(b) | zem | mg to tine = 1 and b = 0 in V-26, we get Im [e — 1] - Info| +C. 


Split the integrand into partial fractions, giving 
1 _A B 


x(L — x) — les 
1 = A(L — x) + Bz = (B — A)z + AL. 


We have B — A = 0 and AL = 1, so A = B = 1/L. Thus, 


1 1 /1 1 1 


(r—2)(-2) c "guns 
Multiplying by (a — 2)(x + 2) gives the identity 
1 = A(x + 2) + B(x — 2) 


so 


1— (A + B)r 4 2A — 2B. 
Since this equation holds for all x, the constant terms on both sides must be equal. Similarly, the coefficient of x on both 
sides must be equal. So 


2A—2B -1 
A+B=0. 
Solving these equations gives A = 1/4, B = —1/4 and the integral becomes 


1 1 1 1 1 1 
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129. 


130. 


131. 


132. 
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Let x = 5sint. Then dx = 5 cos t dt, so substitution gives 


5 cost 


mc] vum 
——— = | ——— d 
J 25 — x? 25 — 25sin?t 


t dt = t + C = arcsin (=) +C. 


Splitting the integrand into partial fractions with denominators x and (x + 5), we have 


1 A B 


a(x +5) ricum 


Multiplying by x(a + 5) gives the identity 
1 = A(x-45)- Bx 


so 


1 = (A + B)z + 5A. 


Since this equation holds for all x, the constant terms on both sides must be equal. Similarly, the coefficient of x on both 
sides must be equal. So 


5A-1 
A+B=0. 


Solving these equations gives A = 1/5, B = —1/5 and the integral becomes 


fap i [ ies f pe p mie esc 


i 
3 


We use the trigonometric substitution 3x = sin 0. Then dx = = cos 0 d0 and substitution gives 


1 1 1 1 cos 0 
——— dr = —= -. = cosd dd = = dé 
l= / 1—sin?9 3 3 V cos? 0 


1 1 1 f 
= JEDE 39 * € = g arcsin(3z) + C. 


Splitting the integrand into partial fractions with denominators x, (x + 2) and (x — 1), we have 


2r 4-3 A B C 


z(r-2)(r—1) zx «+2 mx-1 


Multiplying by x(a + 2)(x — 1) gives the identity 
2r +3 = A(x + 2)(x — 1) + Bau(x — 1) + Czx(x + 2) 


SO 
2x +3 = (A + B + C)z? + (A — B + 2C)x — 2A. 


Since this equation holds for all x, the constant terms on both sides must be equal. Similarly, the coefficient of x on both 
sides must be equal. So 


—2A = 3 
A-B+2C=2 
A+B+C=0. 


Solving these equations gives A = —3/2, B = —1/6 and C = 5/3. The integral becomes 


tI m dgl T 
x(a + 2)(x — 1) 2] «x 6f/ «+2 3] «-1 


= = In| 7 


In |x 4 a] +2 «nl 1) +K, 


We use K as the constant of integration, since we already used C in the problem. 
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133. The denominator can be factored to give x(x — 1)(x + 1). Splitting the integrand into partial fractions with denominators 


zx, x — 1, and z + 1, we have 
3x +1 _ A P B p C 
a(e—l1)\(@+1) 2-1 gz+1 cx 
Multiplying by x(a — 1)(x + 1) gives the identity 
1) + C(x — 1)(z +1) 


3x +1 = Az(x + 1) + Br(x 
C. 


so 
32 -1— (A+B - C)2? + (A— B)z 
Since this equation holds for all x, the constant terms on both sides must be equal. Similarly, the coefficient of x and x? 


on both sides must be equal. So 
-Czi 
A-B=3 
A+B+C=0. 
Solving these equations gives A = 2, B = —1 and C = —1. The integral becomes 
A -——— m 
x(x + 1)(x— 1) r—1 r1 c 
= 2ln |z — 1| 2 In|z + 1| 2 ln |z| + K. 


We use K as the constant of integration, since we already used C in the problem. 


134. Splitting the integrand into partial fractions with denominators (1 + x), (1 + x)? and z, we have 
1+2? A B C 
mia EE EE M dis RB TAM 

al+a)2 l+a (1-2)? c 


Multiplying by «(1 + x)? gives the identity 
1+a? = Az(14- z) - Bz - C(1 +r)? 


SO 
1-4-z*-— (A +C)? +(A+B+2C)2+C. 


Since this equation holds for all x, the constant terms on both sides must be equal. Similarly, the coefficient of x and x” 


on both sides must be equal. So 
C=1 

A+B+2C=0 

A+C=1. 

Solving these equations gives A = 0, B = —2 and C = 1. The integral becomes 
2 
IU dass —2 —€—— na T de EE. + In |a| + K 
(14+ x)?^r (14+ x)? x loc 


We use K as the constant of integration, since we already used C in the problem. 


Completing the square, we get 
z?- 2r 42 -— (x41) +1. 
We use the substitution z + 1 = tant, so dz = (1/ cos? t)dt. Since tan? t + 1 = 1/ cos? t, the integral becomes 


1 fe t+ C = arctan(z + 1) + C. 


1 1 
ee e EK: 
(z 4-1)? +1 tan?t+1 cos?t 


135. 
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136. Completing the square in the denominator gives 


dx _ dx 
r? +4r+5 J (#+2)?4+1° 


We make the substitution tan 0 = x + 2. Then dz = —-— dé. 


cos 


de do 
(x+2)2+1 J cos? (tan? 6+ 1) 


7 J dà 
cos? cas - + 1) 


cos 


B do 
iB sin? 0 + cos? 0 


= [ w-0+¢ 


But since tan 0 = x + 2, 0 = arctan(«# + 2), and so 0 + C = arctan(x + 2) + C. 


137. We use the trigonometric substitution bx = asin 0. Then dx = 7 cos 0 d0, and we have 


| ee fe tooa | ae ea 
V a? — (bx)? \/a? — (asin 0)? b a\/1—sin26 © 


1 cos 0 1 1 1 : bx 
= sal a= i fia = 5040 = Farsin (0) «c. 


138. Using the substitution w = sin z, we get dw = cos zdx, so we have 


COS X dw 
—— ——— da = aa ae 
sin? x + sina we +w 


1 1 1 w 


wu?-w wwtl w wl 


cos © 1 w 
sin’ z + sin x w w?+l 


=Infu| — 3m|w? +1] +0 


But 


so 


= In [sin z| — 5 In |sin® 2 + 1| +C. 


139. Using the substitution w = e”, we get dw = e” dx, so we have 


But 


AN 1 -i( 1 1 ) 
w?—1  (w—l1l)w-1) 2\w-1 w+1/’ 


e? 1 1 1 
da= | f Nd 
J= i ne "SU U 
1 
= g(ün|w — 1|- In|w+ 1|) +C 


so 


= g(nle* 1| — ln |e” + 1|) + C. 
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140. This is an improper integral because v 16 — x? = 0 at x = 4. So 


4 b 
/ dx = ke li dx 

o V16—z? >41- Jy V16—z? 
b 


= lim (arcsin z/4) 
b—4-— 


0 
= lim [arcsin(b/4) — arcsin(0)] = 4/2 — 0 = 1/2. 


b—4-— 


141. This integral is improper because 5/z? is undefined at x = 0. Then 


?5 35 
f = dx = lim — dz = lim | —5z ^! 
0 T b—0-t b T b—0+t 


As b — 07, this goes to infinity and the integral diverges. 


142. This integral is improper because 1/(x — 2) is undefined at x = 2. Then 


ult: "zl 
f dr = lim dr = lim | ]1n|x — 2| 
9 $-2 2- Jy 2—2 b—2- 


As b — 27, this goes to negative infinity and the integral diverges. 
143. This integral is improper because 1/ 4/8 — x is undefined at x = 8. Then 


b 
= lim (In|b — 2 2 1n 2). 
b—2-— 


8 b 
1 : —1/3 ; 2/3 
——- dz = | 8— dx = | 1.5(8 
f Wan dk f ae sin ( em 


The integral converges. 


dt ; ^ dt 
144. 1/2 should converge, since / gn COnverges for n » 1. 
1 


We calculate its value. 
oo dt b 
f = lim | °P dt = lim —2: 7? 


13/2 b—oo 4 b—oo 


= lim (—1.5(8 — b)? +.1.5(87/*)) = 6. 


0 b—8-— 


oo 


145. J Oe s In | In z| + C. (Substitute w = Ina, dw = + dz). 


rlinz 
Thus 
oo b 
f a im f ae 2: lim 1n |In z| 
18 rlnrz  b500 10 rlnz boo 


b 
= lim In(Inb) — In(In 10). 
10 b—oo 


As b — oo, In(In b) — oo, so this diverges. 


—w 


146. To find J we " dw, integrate by parts, with u = w and v' = e™™. Then u’ = 1 and v = —e 


Then 


fo dw= -we + fe dw we” —e “+C. 


Thus 


oo b 
we "dw = lim we "dw = lim(—we " —e ^) 
0 b—oo 0 b—oo 


147. The trouble spot is at x = 0, so we write 
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However, both these integrals diverge. For example, 


reside = 
" a—0t 3a? 3 ` 


1 
Since this limit does not exist, 1 —, dz diverges and so the original integral diverges. 
x 
0 


1 1 =3 
i ee | Sei ct 
0 T 


a>0t Ja X aot 3 


148. Since the value of tan 0 is between —1 and 1 on the interval —7/4 < 0 < 7/4, our integral is not improper and so 
converges. Moreover, since tan @ is an odd function, we have 


ps 0 t 
J tnodo = f tnodo V f tan 0 d0 
E HE: 0 
4 


9 a 
=- tan(—0) as f tan 0 d0 
= 0 


t 
tangao + f tan 0 d0 = 0. 
0 


en 


I 
| 
os 


149. It is easy to see that this integral converges: 


1 1 eo 1 71 1 
22.3 57» and so f ig] ge =o 


We can also find its exact value. 


oo b 
l occ l d 
2 4+2? boo J, 4+2? 
. 1 2 P 
= lim | = arctan = 
b—oo 2 2 2 
: 1 b 
= lim (5 arctan 5 — > arctan 1) 
b—oo 2 
= ln im m 
22 24 R 


Note that £ < 5. 
150. We find the exact value: 


i 1 
= ii — à 
Sae f (z4-3)(—2) ^ 


= iimw je- eae | 
boo 4 10 
= L tim [(in]b — 2| — In |b + 2)) — (In8 — In 12)] 
4 b—oo 
1 b 3 
a (Ges » q 
T _ In3/2 
z(n1-m3/2) = = 


15 b 
"E : "T d "e , d 
151. Substituting w = t + 5, we see that our integral is just £T. This will converge, since 2 converges for 
o vw o UP 


0 < p < 1. We find its exact value: 


15 15 
/ dw T dw lim 2w? 
— = nm —— = nm TU 
0 VW a—0t à Vw a—0t z 
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$ 1 $1 
f amw f gun 


The integral on the right diverges, so the integral on the left must also. Alternatively, we use IV-20 in the integral table to 


152. Since sin ¢ < ó for $ > 0, 


get 
$ 1 $ 1 

d$ = li d 

n sin ó ? boot p sing y 
tas. $ 

zd k = 
b04 2 cos o +1 " 

i, <3 cosb— 1 
= —- lim ln | ————— |. 

b—0+ cosb + 1 


As b — 0%, cosb — 1 — 0 and cosb + 1 > 2, so In| =] — —oo. Thus the integral diverges. 
153. Let o = 20. Then dọ = 2 dé, and 


T/4 1/2 1/2 E 
tan 20 d0 = eee ee Te a, 
0 o 2 2 cos ó 


0 


b : b 

1 1 

= lim 1 Leno dó-— lim —=In|cos¢|| . 
v—5(n/2)- Jy 2cosó b(n/2- 2 


As b + 7/2, cos ó — 0, so In| cos 9| + —oo. Thus the integral diverges. 
One could also see this by noting that cosx ~ 7/2 — x and sin x ~ 1 for x close to 7/2: therefore, tanz ~ 
1/(5 — x), the integral of which diverges. 


x 


154. The integrand da can converge. 


oo 
— las x — ov, so there's no way 
tl 1 € 


+1 


155. This function is difficult to integrate, so instead we try to compare it with some other function. Since Sirt > 0, we see 


rog . 
that » at dÓ > 0. Also, since sin? 0 < 1, 


o DNE oo b 
sin* 0 1 T 
d0 < d0 — li tanQü| = —. 
n 9 x1 «f 9.17 a4 | 


OO gin? : : 
Thus J, SR dé converges, and its value is between 0 and 5. 


156. Í tan? 6d0 = tan 0 — 0 + C, by formula IV-23. The integrand blows up at 0 = 3, so 
0 


T € T 
f tan? 0d0 = I tan? 0d0 + f tan? 0d0 = lim [tan 0 — 6] + lim [tan0 — 6|7 
0 0 


T T 
P b> F a> 


which is undefined. 
157. Since 0 < sin z < 1 for 0 € x < 1, we have 


(sinx)? < (sin x) 
so : > : 

(sin x)? (sin a) 
or (sin z)-3 > (sinx)! 


1 1 


sing tang 
a 


, which is infinite. 


1 
Thus f (sinz) tdg = lim In 
0 


a0 


-—-— PR 
Hence, d (sin z) 2 dz is infinite. 
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Problems 


158. Since (e”)? = e°”, we have 


1 1 1 : 
Area — f (e")? dz = | e? dx = Lg 
m 0 2 


159. Since (e*)? = e?” and (e)? = e°”, and the graph of (e”)° is above the graph of (e*)? for x > 0, we have 


e 3 
Area = | (e7)? — (e*)? dz = | (e? — e°”) dx = (5 — 5e) 
0 0 3 2 


0 


3 


0 


e” = 5e” 
e” =5 
1 


Since the graph of y = 5e * is above the graph of y = e” forO € x < i In 5 (see Figure 7.47), we have 


(1n 5)/2 
Area zi (5e * — e?) dx 
0 


(1n 5)/2 
= (—5e *—e^) 


0 
_ —5e in 5)/2 E en 9/2 ES (—5 .1— 1) 
big _ (pou +6 

= —5(5- 1/2) — (5)? +6 
5 


= —-— — V54+6=-2V5 +6. 
V5 


Figure 7.47 


161. As is evident from Figure 7.48 showing the graphs of y = sin x and y = cos x, the crossings occur at x = 4 on em 


Maps 


+9) 


and the regions bounded by any two consecutive crossings have the same area. So picking two consecutive crossings, we 


get an area of 


ES 
Area — | (sin x — cos x) dx 


162. 


163. 


164. 


165. 
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(Note that we integrated sin x — cos x here because for 4 < x < 97 sin x > cosg.) 


ela 


bla t 


Figure 7.48 


In the interval of 0 < x < 2, the equation y = v4 — x? represents one quadrant of the radius 2 circle centered at the 
origin. Interpreting the integral as an area gives a value of $12? =T. 


Letting w = 32? + 2, dw = 15z^ dz, we see that z^ dy = dw/15, so: 
4 5 5 1/2 4 
35 32de = fos +2)". 24 dz 


= | 3w. —. dw 


so w = 3x? + 2, p = 1/2,k = 1/5. 
Letting w = cos(30), dw = —3sin(30) d0, we see that sin(30) d0 = (—1/3) dw, so: 


E ZEE do 


= py 3. ee 


3 


= fe dw, 


5sin(30)  5sin(30) 1 


so w = cos(30), p = —3, k = —5/3. 
Alternatively, if we write 


cos? (30) cos(30) ^ cos?(30) 


and let w = tan(30), so dw = 3 d0 / cos? (30), and we have 


5sin(30)d0 __ 1 | [95 
[MAS = 7 Stan(98) (Go) d0 = J 3" dw, 


so here w = tan(30), p = 1, k = 5/3. 
Using partial fractions we have 
1 A B 
(Qr-3)3:-2) 22-8 32-2 
A(3r—2) + B(2x —3) 2 1 
3Ax — 2A -2Br - 3B = 1 
(3A + 2B)z - 2A — 3B — 1. 


We see that: 


3A4+2B=0 
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2 
A=-=-B 
so 3 
and —2A—3B=1 
2( : B) SB since A = —2B 
2 B-3B=1 
3 5 
--B=1 
3 3 
B = -- = —0. 
5 0.6 
A=-3(-3) since A = —2B 


Thus, da _ ( 0.4 " —0.6 ) dz. 
(2x — 3) (3x — 2) 27—3 3x—-2 
166. Let u = 0.54 — 1, du = 0.5 dx. Then dx = 2 du and, solving for x, 


05r—1-2u 
0.52 =u+1 
xz = 2u+2. 
This means 
z?- zr = (2u +2) +2u+2 
= 4u? + 10u +6 
so 


fo + z)cos(0.5x — 1) dz = "nc + 10u + 6) cos u(2 du) 


= nz + 20u + 12) cos udu, 


where p(u) = 8u? + 20u + 12. 
167. Let u = —a?, du = —2x dz, so that x dx = —0.5du. We have: 


sok — 0.5,u = —a?. 


168. Letting u = cos yx, we have 


du — Sau sin vz dx 


_ sin yz dz 
2/m ` 
So 
sin yz dx cg. 
Vr 
Thus, 


J cos4 BE VE de | J (cos SCA Vidz 
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- | co (um) ge 


—2u^ du, 


where k = —2,n = 4, and u = cos yz. 


169. After the substitution w = z?, the second integral becomes 

1 I dw 

2] Vl—w 
170. After the substitution w = x + 2, the first integral becomes 


fe dw. 


After the substitution w = x? + 1, the second integral becomes 


171. After the substitution w = 1 — x°, the first integral becomes 


After the substitution w — In z, the second integral becomes 


pe dw. 


172. First solution: After the substitution w = x + 1, the first integral becomes 


[aes ftw. 
w 


With this same substitution, the second integral becomes 


pe dw. 


Second solution: We note that the sum of the integrands is 1, so the sum of the integrals is x. Thus 


a dx = x — 1 dz. 
xr+1 rcl 


173. If we let w = 2x in the first integral, we get dw = 2dx. Also, the limits w = 0 and w = 2 become x = 0 and x = 1. 


Thus 
2 1 
—w? —4r? 
f e dw = Í e 2 dz. 
0 0 


174. If we let t = 3u in the first integral, we get dt = 3du, so dt/t = du/u. Also, the limits t = 0 and t = 3 become u = 0 


and u — 1. Thus 
* sint ! sin 3u 
/ — dt = du. 
o € o 3 


If we rename the variable u as t in the last integral, we have the equality we want. 
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175. Since the definition of f is different on 0 € t € 1 than itis on 1 < t < 2, break the definite integral at t = 1. 


] («- f (t) dt + f(t) dt 
0 0 1 


1 
- f eas (3 — 1$) di 
0 1 


3 2 


el D 
2t — — 


1 


= 1/3 + 1/2 = 5/6 ~ 0.833 


176. (a) (i Multiplying out gives 
3 
x 


(+100 +29) a= 5 + 5a” + 252 + C. 


(ii) Substituting w = x + 5, so dw = dz, gives 
3 3 


(b) The results of the two calculations are not the same since 


(z--5)! Go), 152^ , The , 125 
3 7 LAE ME 3 
However they differ only by a constant, 125/3, as guaranteed by the Fundamental Theorem of Calculus. 
177. (a) Since h(z) is even, we know that [o h(z)dz — la h(z) dz. Since I h(z) dz = Jj h(z) dz + jb h(z) dz, we 


see that f^, h(z)dz = 2 fy h(z) dz = 7. Thus fý h(z) dz = 3.5 
(b) If w = z + 3, then dw = dz. When z = —4, w = —1; when z = —2, w = 1. Thus, 


En h(w) (dw) = 5-7 = 35. 


—1 


178. The point of intersection of the two curves y = z? and y = 6 — x is at (2,4). The average height of the shaded area is the 
average value of the difference between the functions: 


179. The average width of the shaded area in the figure below is the average value of the horizontal distance between the two 
functions. If we call this horizontal distance h(y), then the average width is 


eyl h(y) dy. 
0 


We could compute this integral if we wanted to, but we don’t need to. We can simply note that the integral (without 
the t term) is just the area of the shaded region; similarly, the integral in Problem 178 is also just the area of the shaded 
region. So they are the same. Now we know that our average width is just i as much as the average height, since we 


divide by 6 instead of 2. So the answer is a. 
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180. (a) i. O ii, 2 iii. 4 
(b) Average value of f(t) < Average value of k(t) < Average value of g(t) 
We can look at the three functions in the range — 5 < x < 3® since they all have periods of 27 (| cos t| 
and (cos £)? also have a period of 7, but that does not hurt our calculation). It is clear from the graphs of the three 
functions below that the average value for cos t is O (since the area above the x-axis is equal to the area below it), 


while the average values for the other two are positive (since they are everywhere positive, except where they are 0). 


It is also fairly clear from the graphs that the average value of g(t) is greater than the average value of k(t); it is 
also possible to see this algebraically, since 


(cost)? = |cost|? < |cost| 


because | cos t| € 1 (and both of these <’s are <’s at all the points where the functions are not 0 or 1). 


181. This calculation cannot be correct because the integrand is positive everywhere, yet the value given for the integral is 
negative. 

The calculation is incorrect because the integral is improper but has not been treated as such. The integral is improper 

because the integrand 1/2? is undefined at x = 0. To determine whether the integral converges we split the integral into 


two improper integrals: 
4 T * d 
2% ory gs 


To decide whether the second integral converges, we compute 


2 2 
J ldz = lim ds = lim (-5 4E z) ] 
o € aot J, T aot 2 a 


The limit does not exist, and f eu /x?) dx diverges, so the original the integral f = 1/z? da diverges. 


182. (a) We have 
e” e? e+e” 


(b) We have 


Be) - F(a) = [| ze f a= [Ez dz = In |e” + e~*| + Cs, 


by using the substitution w = e^ + e * in the final integral. 
(c) We have 


E(z) + F(z) =c €i 


E(x) — F(x) = 1n |e? +e°7| + C2. 
Adding and subtracting we find 
E(x) = 3 + jm ete *|+C, 
where the arbitrary constant C = (C + C2) /2, and 
F(x) = a sin e +e "|+C, 


where C = (C1 — C2) /2. 
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183. Since f(x) is decreasing on [a,b], the left-hand Riemann sums are all overestimates and the right-hand sums are all 
underestimates. Because increasing the number of subintervals generally brings an approximation closer to the actual 
value, LEFT(10) is closer to the actual value (i.e., smaller, since the left sums are overestimates) than LEFT(5), and 
analogously for RIGHT(10) and RIGHT(5). Since the graph of f(x) is concave down, a secant line lies below the curve 
and a tangent line lies above the curve. Therefore, TRAP is an underestimate and MID is an overestimate. Putting these 
observations together, we have 


RIGHT(5) < RIGHT(10) < TRAP(10) < Exact value < MID(10) < LEFT(10) < LEFT(5). 


0.5 
184. (a) f(z) =1+e * is concave up for 0 € x < 0.5, so trapezoids will overestimate | f(x)dx, and the midpoint 
0 
rule will underestimate. " 
(b) f(x) = e^" is concave down for 0 < x < 0.5, so trapezoids will underestimate I f(x)dx and midpoint will 
0 


overestimate the integral. 


(c) Both the trapezoid rule and the midpoint rule will give the exact value of the integral. Note that upper and lower sums 
will not, unless the line is horizontal. 


185. (a) For the left-hand rule, error is approximately proportional to l. If we let np be the number of subdivisions needed 
for accuracy to p places, then there is a constant k such that 


5x107 = 1x104 oe 
2 NA 
5x107? = Í x 1078 we 
2 ng 
5x107 = 1x10 a Æ 
2 ni2 
5x107% = 1 x107? x Æ 
2 n20 


Thus the ratios n4 : ng : n12 : nao 7 1 : 10* : 108 : 1016, and assuming the computer time necessary is proportional 
to np, the computer times are approximately 


4 places: 2 seconds 

8 places: 2 x 10* seconds = 6 hours 

12 places: 2 x 10? seconds = 6 years 

20 places: 2 x 10'® seconds =~ 600 million years 


(b) For the trapezoidal rule, error is approximately proportional to i. If we let N, be the number of subdivisions needed 
for accuracy to p places, then there is a constant C such that 


sud te lado te, 
2 Na 

pei = i e 
2 Ng 

ski a e a m 
2 Nie 
1 C 

10721 — = «10779 4 
5 x 10 a 0 a 


Thus the ratios N4? : Ns? : Ni2? : Noo? & 1: 10* : 10? : 1076, and the ratios Na : Ns : Ni2 : Noo © 1: 10? : 
10* : 105. So the computer times are approximately 


4 places: 2 seconds 
8 places: 2 x 10? seconds x 3 minutes 
12 places: 2 x 10^ seconds = 6 hours 


20 places: 2 x 10? seconds & 6 years 
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186. Use integration by parts, with u = x and dv = ze-" . Then v = =(ijaie-* , and 


b 
2 —g? 1 —g? 
xe dx = —=xe 
" 2 


b 
= E d + E e * da. 
2 2 Ja 


Since the exponential grows faster than any power, 


lim be? um = lim — = 0. 
b—oo b—oo e"? 
So " 
] 4-3] eai VE y^ 
- 2 Jo 2 2 4 


187. (a) We calculate the integral using partial fractions with denominators P and L — P: 
k _A " B 
P(L-P) P L-P 
k = A(L— P) - BP 
k = (B — A)P + AL. 


Thus, 


B-A=0 
AL =k, 


so A = B = k/ L, and the time is given by 


L/2 L/2 
r-[ a 
L/A P(L- P) 


JG PI +7) dP = f (im |P| - In|L — P) 
(m (5) (2) -m(Z) + (7) 


_k, (3L/4\ k 
= —]n (525) -p]phO. 


k 
ut. L/A 
k 
L 


L (TA 


(b) A similar calculation gives the following expression for the time: 


P2 
T= 5 (n|PI In|L — PI) = $ (IP) - m|L- P - Ini] + m|L- Pi]. 
P, 


If P; — L, then L — P; — 0, so In P; — In L, and In(L — P5) — —oo. Thus the time tends to infinity. 
188. If I(t) is average per-capita income t years after 2005, then I'(t) = r(t). 
(a) Since t = 10 in 2015, by the Fundamental Theorem, 


T x: 1556.37 xd 
I(10) — I(0) = | r(t) dt = / 1556.37e9 945* dt = “91 0.045¢ 
0 0 


0.045 


so (10) = 34,586 + 19,655.65 = 54,241.65. 
(b) We have 


t t 1 
I(t) — I(0) = f r(t) dt = f 1556.3760 94>" dt = 1556.37 o.o4st 
0 0 0.045 


— 34,586 [oe -1). 


Thus, since 7 (0) = 34,586, 
I(t) = 34,586 + 34,586(e" 9 5* — 1) = 34,586e°** dollars. 


= 19,655.65 dollars. 
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189. (a) Since the rate is given by r(t) = 2te~** ml/sec, by the Fundamental Theorem of Calculus, the total quantity is given 


190. 


191. 


by the definite integral: 


oo b 
Total quantity ~ 2te ?' dt = 2 lim te” dt. 
0 b—oo 0 


Integration by parts with u = t, v’ = e7” gives 


t 
Total quantity ~ 2 lim (-5&" — 
b—oo 2 


1 
4 
— 2 lim (i- (3+1) id -3.1-05ml 


b—oo \4 


(b) At the end of 5 seconds, 


Quantity received — li 2te 7 dt ~ 0.49975 ml. 
0 


Since 0.49975/0.5 = 0.9995 = 99.95%, the patient has received 99.95% of the dose in the first 5 seconds. 


The rate at which petroleum is being used t years after 1990 is given by 


r(t) = 1.4 - 107? (1.02)' joules/year. 


Between 1990 and M years later 


M 
s ai 


M 
Total quantity of petroleum used = f 1.4 - 102? (1.02)* dt = 1.4 - 10 In(1.02) : 


= ——__((1.02)” — 1) joules. 


Setting the total quantity used equal to 10? gives 


1.4. 107° i 22 
———- (0.02 -—1)21 
In(1.02) ((.02) p= 
(1.02) = 100 In(1.02) 4+1=2.41 
1.4 
In(2.41) 
M= in(1.02) zz 45 years. 


So we will run out of petroleum in 2035. 
(a) We have 


(b) 


(c) 


18 18 
S= / (30 — 10)dt — 20 f dt = 20(18 — 0) = 360. 
0 (0) 


The units of S are degree-days, because the integrand f(t) — 10 has units of °C, and dt has units of days. 

In Figure 7.49, f(t) and Hmin are represented by the horizontal lines at H = 30 and H = 10, and T is represented 
by a vertical line at t = 18. The value of S, given by the definite integral, is represented by the area of the rectangle 
bounded by the vertical lines t = 0 (the H-axis) and t = 18, and the horizontal lines H = 10 and H = 30. 

The temperature cycles from a high of 30°C to a low of 10°C once every 6 days. During the 18-day period the 
temperature completes 3 complete cycles. The area between this curve and the horizontal line H = Hg, = 10 gives 
the value of the definite integral. See Figure 7.50. In order to get the same area as before, (namely S = 360), we see 
that Tə must be larger than T = 18. Thus we want T» to satisfy: 


T ae 2nt 
S= I (g(t) — 10)dt = / (10 cos (=) + 10) dt = 360. 
0 0 


Notice that, by symmetry, the area on the interval 0 < t < 18 is half the area shown in Figure 7.49. Thus, we expect 
that T5 — 2T' — 36. We can check this by calculation, using a substitution to evaluate the integral: 
36 
2nt 2nt T2 
8- / (10 cos (+) + 10) dt = (10: D sin (+) + 10t) = 360. 
0 6 2T 6 0 
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Thus, if T2 = 36, the integral evaluates to S = 360, as required. Thus, 36 days are required for development for with 
these temperatures. 


H,°C t=T =18 y H = g(t) t=T 
30 H = f(t) = 30 30 
S = Area = 360 20 S c Area Ah 
10 H= Himin = 10 10 H = Amin 
| t, days 1 g 
18 18 36 
Figure 7.49 Figure 7.50 


192. We want to calculate i 
| Ch sin(nzz) - Cm sin(mra) da. 
0 


We use II-11 from the table of integrals with a = nz, b = mz. Since n zz m, we see that 


1 1 
| Wn(x) + Um(x) dx = CaCa | sin(nzz) sin(mnz) dx 
0 0 


= Ch Cm 
mn? — nT? 
CnrCm . 
= mercy] (nx cos(n7) sin(mm) — mr sin(nr) cos(mr) 
m? — n?)r 


1 


(nx cos(nra) sin(mrax) — mm sin(nzz) cos(mra)) , 


—nm cos(0) sin(0) + m sin(0) cos(0)) 
-0 


since sin(0) = sin(n7) = sin(mm) = 0. 


CAS Challenge Problems 


193. (a) A CAS gives 


Í inar P (na) 


(b) Looking at the answers to part (a), 


(c) Let w = In z. Then dw = (1/x)dx, and 
n n+l n+l 
p= d= [una 2 pg- O9 ug 


x 
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194. (a) A CAS gives 


f» =-a+alne 
J (In z)? dz = 2x — 2x ln x + z(In z? 
/ (In x)? dx = —6x + 6x ln zx — 3z(In z)? + z(In z)? 


J (In z)^ dz = 24x — 24x In z + 12x (ln z)? — 4z (ln z)? + z(In z)* 


(b) In each of the cases in part (a), the expression for the integral I (In x)” dz has two parts. The first part is simply a 
multiple of the expression for f (In x)" da. For example, f (In x)? dz starts out with 2r —2r In x = —2 f In z dz. 
Similarly, f (In x)? da starts out with —6a + 6z Ina — 3(Inx)? = —3 J (In x)” dx, and jf (In c)? da starts out with 
—4 f (In z)? dx. The remaining part of each antiderivative is a single term: it’s z(In)? in the case n = 2, it’s 
z (In x)? for n = 3, and it’s «(In z)* for n = 4. The general pattern is 


f oo dz = -n faz? da + z(In x)". 


To check this formula, we use integration by parts. Let u = (In x)” so u’ = n(Inz)"-! /z and v' = 1 so v = z. 
Then 
l n—1 
no = z(Inz)" = pee -zdz 
m 


fo dx = z(ln £)” — n [ may da. 


This is the result we obtained before. 
Alternatively, we can check our result by differentiation: 


L (-» [a dx + zx (In a") = —n(Inz)^^! + Z (x(in2)") 


—n(In z)"-! + (In z)” + x - n(In qeu 


8 


= —n(In z)"^! + (in z)” + n(Inz)”* = (n x)”. 
Therefore, 
no dr= -n fdas) dx + z(In x)”. 
195. (a) A possible answer from the CAS is 
]* rins —9 cos(x) + cos(3 z) 
12 
(b) Differentiating 
d (2 cos(x) + cos(3 2) _ 9sin(z)-3sin(3z) _ 3sinz — sin(3z) 
dx 12 12 4 : 
(c) Using the identities, we get 
sin(3r) = sin(x + 2x) = sin x cos 2x + cos x sin 2x 
= sin z(1 — 2sin? x) + cos z(2sin z cos x) 


2g) 


= sin x — 2sin? x + 2sin z(1 — sin 

= 3sin z — Asin? z. 
Thus, 
3sinz — sin(3z) = 3sina — (3sinz — Asin? x) = Asin? a, 


so 
3sin x — sin(3x) 23 
—— € 
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196. (a) A possible answer is 
I sin z cos z cos(2r) dr = — ———— 
Different systems may give the answer in a different form. 
(b) 
d ( cos(4x) ) . sin(4a) 


dx 16 4 
(c) Using the double angle formula sin 2A = 2sin A cos A twice, we get 


sin(42) _2 sin(2x) cos(2z) _ 2-2sinxcos x cos(2x) EE EET e 


4 4 4 
197. (a) A possible answer from the CAS is 
4 
T x 3 
—— —— dr = —  —. — S aret . 
I ipa ee +s (Drm k an(x) 


Different systems may give the answer in different form. 
(b) Differentiating gives 


a ieee a ant UMEN EN 
dax 2 (1+?) 2 B 1-22? lax? 


(c) Putting the result of part (b) over a common denominator, we get 


x? 1 (1-2?) -z? — (14 a?) 
m (x a2)? E 1+ 2? aad (1 + x?)? 
1422? +r- rl | xt 
2 (1+ 22)? ~ (122)? 
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1. (a) Ife’ > 1 4- t, then 
i 
1 
>14 f (L+t)dt=1l+2+ 50°. 


0 
We can keep going with this idea. Since e* > 1 + t 4- $2?, 


eis] e! dt 
0 


s 1 1 1 
zie (1t 50) dt — 1 zt 5a° ca. 
0 


2 6 
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We notice that each term in our summation is of the form “T° Furthermore, we see that if we have a sum 


l4 z- 55 E. such that 
x a 
EU Ine 
2 n! 


then 
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Thus we can continue this process as far as we want, so 
1 1 “ah 
c 214r ca? Hota” = M — for any n. 
2 n! = j! 


(In fact, it turns out that if you let n get larger and larger and keep adding up terms, your values approach 
exactly e”.) 


ae z 
(b) We note that sin z — J cost dt and cos z = 1 — J sin t dt. Thus, since cost € 1, we have 
0 0 


z 
sin x <f Idt=z. 
0 


Now using sint < t, we have 


B 1 
cosa <1- f tdt =1— <2. 
0 2 


* 1 1 
sine < f (1-32) dt = x — =2°. 
0 2 6 


7 1 1 1 
<1- t= zt | dt=1-— za? La. 
COS dq < f ( 6 ) z7 +g” 


Then we just keep going: 


Therefore 
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Solutions for Section 8.1 


Exercises 


1. (a) The strip stretches between y = 0 and y = 22, so 
Area of region © S > (20) Ax 
(b) We have 
3 


3 
Area = (2x) dx —az?| =9. 


0 


0 


2. (a) The strip stretches between y = 0 and y = —z? + 6z, so 


Area of region © cs + 6x)Ax 


(b) We have 
6 r3 
Area = / (—a? + 6x) de = -= +327] = 36. 
0 3 
0 
3. (a) The strip stretches from x = y/2 to x = 3, so 
ion z _¥ 
Area of region © 5 (3 2) Ay. 
(b) We have 
6 2\ |6 
Area = (3 2) dy = | 3y 2 zB. 
B 2 4 
0 
4. (a) The equation y = —z? + 6x can be solved for x as 
r?—6x4y-0 
= immi 4 
p= SEVETN a. gy 


The left end of the strip is given by x = 3 — y9 — y, and the right end is given by x = 3+ v9 — y. Thus, 


Area of region & S (3+ 9 y) — (3- 9 y)Ay =X 2v9- y Ay. 


(b) We have 
9 


= 36. 
0 


2(9 — 2(9 - yy? 
Aa f 24/9 — y dy = = 


0 


5. Each strip is a rectangle of length 3 and width Az, so 


Area of strip = 3Az, so 


5 


Area of region = f 3dx = 3x 
0 


= 15. 


(0) 


Check: This area can also be computed using Length x Width =5-3= 15. 


712 Chapter Eight /SOLUTIONS 


6. Using similar triangles, the height, y, of the strip is given by 


E: ES 
m A E 
Thus, = 
Area of strip ~ yAx = 329, 
so 


26 


6 
Area of region — Zp 
o 2 4 


0 
Check: This area can also be computed using the formula i Base - Height = 5:6-3 — 9. 


7. By similar triangles, if w is the length of the strip at height h, we have 


Thus, 


Area of strip ~% wAh = 3 (1 — z) Ah. 


5 2N 15 
h 3h 15 
A fregion = 3 E z) dh = | 3h — — ==. 
rea of region f 5 ( 10 ), 5 
3 


Check: This area can also be computed using the formula i Base - Height = 5 - 


8. Suppose the length of the strip shown is w. Then the Pythagorean theorem gives 


2 wA? 2 
s (3) —3 so w= 21/3? — h?. 


Thus 


Area of strip + wAh = 24/3? — h? Ah, 


3 
Area of region = J 24/ 32 — h? dh. 
-3 


Using VI-30 in the Table of Integrals, we have 


3 
= 9(arcsin 1 — arcsin(—1)) = 9r. 


Area — (^ 32 — h2 + 3? arcsin (5) 
= 


Check: This area can also be computed using the formula rr? = 97. 


9. The strip has width Ay, so the variable of integration is y. The length of the strip is x. Since x? + y? = 10 and the region 
is in the first quadrant, solving for x gives x = 4/10 — y?. Thus 


Area of strip ~ zAy = 4/10 — y? dy. 


The region stretches from y = 0 to y = V/10, so 


VI0 
Area of region = J 4/10 — y? dy. 
0 


Evaluating using VI-30 from the Table of Integrals, we have 


1 ; y 
Area — — 10 — y2 + 10 arcsin | —— 


Check: This area can also be computed using the formula in r= in (v10)? = $m. 


10 5 
= 5(arcsin 1 — arcsin 0) = 37. 


0 


10. 


11. 


12. 


13. 


14. 
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The strip has width Ay, so the variable of integration is y. The length of the strip is 2x for x > 0. For positive x, we have 


x = y. Thus, 
Area of strip + 2r^y = 2yAy. 


Since the region extends from y = 0 to y = 4, 
4 


= 16. 


4 
Area of region = i 2y dy = y? 
0 0 


Check: The area of the region can be computed by 4 Base - Height = i -8-4= 16. 


The width of the strip is Ay, so the variable of integration is y. Since the graphs are x = y and x = y, the length of the 


strip is y — y’, and 
Area of strip ~ (y — y^) Ay. 
The curves cross at the points (0, 0) and (1, 1), so 


: 3 
Area of region = n (y — y?) dy = y Y|- S 
" 2 3 


The width of the strip is Az, so the variable of integration is x. The line has equation y = 6 — 3x. The length of the strip 
is 6 — 3x (x? 4) = 10 — 3x z?. (Since z? — 4 is negative where the graph is below the x-axis, subtracting x? — 4 


there adds the length below the x-axis.) Thus 
Area of strip e (10 — 3x — z^) Aa. 


Both graphs cross the x-axis where x = 2, so 


2 3 
3 34 
Area of region — | (10 — 3a — 2?) dz = 10x — <2? ede 
" 2 3 |, 3 
Each slice is a circular disk with radius r — 2 cm. 
Volume of disk = mr’ Ag = 4r Az cm’. 
Summing over all disks, we have 
Total volume ~ 5 An Ax cm?. 
Taking a limit as Az — 0, we get 
9 
Total volume = lim 4n Ax = T 4r dx cm?. 
Arz—0 0 
Evaluating gives 
9 
Total volume = 4xz| = 36r cm’. 
0 
Check: The volume of the cylinder can also be calculated using the formula V = mr?h = «2? - 9 = 360 cm? 


Each slice is a circular disk. Since the radius of the cone is 2 cm and the length is 6 cm, the radius is one-third of the 


distance from the vertex. Thus, the radius at x is r = 7/3 cm. See Figure 8.1. 


2 
S 2 "X 
Volume of slice zz zr ^ Ax = np m cm*. 


Summing over all disks, we have 
2 
x T 3 
Total volume ~ X 75 Ax cm. 


Taking a limit as Az — 0, we get 


a? SY? 
Total volume = lim a—Ar = T— daz cm’. 
Arz—Ü0 9 0 9 
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Evaluating, we get 
"TI T 
Total vol =-—| =>. 
otal volume 93 a 3 


0 


Check: The volume of the cone can also be calculated using the formula V — in rh= im 22.6 = 8r cm?. 


Aw 6 gm —1 


Figure 8.1 


15. Each slice is a circular disk. From Figure 8.2, we see that the radius at height y is r = iy cm. Thus 


2 D 
Volume of disk zz ar^ Ay = m (=v) Ay = sory’ Ay cm”, 


Summing over all disks, we have 
AT 2 3 
Total volume ~ 5 25 Ay cm”. 
Taking the limit as Ay — 0, we get 
Total volume = lim 5 ae 2 Ay = E ?dy cm? 
goo M ua 


Evaluating gives 


3 |5 
Total volume — zur E ze cm? 
25 3 |, 3 
Check: The volume of the cone can also be calculated using the formula V = 37 rh £2? 5 = T cm?. 
k— 2 —4 


5cm i 
| 


Figure 8.2 


16. Each slice is a rectangular slab of length 10 m and width that decreases with height. See Figure 8.3. At height y, the length 
x is given by the Pythagorean Theorem 
2 2 2 
y LX -—T. 


Solving gives x = 4/7? — y? m. Thus the width of the slab is 2x = 24/7? — y? and 


Volume of slab = Length - Width - Height = 10-24/72 — y? - Ay = 20/7? — y2Ay m*. 


17. 
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Summing over all slabs, we have 
Total volume ~ p» 204/ 7? — y2Ay m’. 


Taking a limit as Ay — 0, we get 


7 
Total volume — im. J 204/ 7? Fay f 204/72 — y? dy m*. 
y 


0 


7 
To evaluate, we use the table of integrals or the fact that 1 \/ 7? — y? dy represents the area of a quarter circle of radius 
0 


7, so 


7 
Total volume = / 204/72 — y? dy = 20- ant = 245r m?. 
0 


Check: the volume of a half cylinder can also be calculated using the formula V — im rh in 7? - 10 = 2457 m’. 


Figure 8.3 


Each slice is a circular disk. See Figure 8.4. The radius of the sphere is 5 mm, and the radius r at height y is given by the 
Pythagorean Theorem 


Solving gives r = 4/5? — y? mm. Thus, 


Volume of disk ~ mr? Ay = «(5? — y?)Ay mm?. 


y +r? -B. 


Summing over all disks, we have 
Total volume ~ r3 n(5° — y)Ay mm. 


Taking the limit as Ay — 0, we get 


5 
Total volume — lim a(59 — y*)Ay = i m(5° — y?) dy mm’. 
Ay—0 0 


Evaluating gives 


3\ J5 
Total volume = 7 (zs = £) = 
0 


Check: The volume of a hemisphere can be calculated using the formula V = im r? — 2453 — 250 j. 


Figure 8.4 
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18. Each slice is a square; the side length decreases as we go up the pyramid. See Figure 8.5. Since the base of the pyramid is 
equal to its vertical height, the slice at distance y from the base, or (2 — y) from the top, has side (2 — y). Thus 


Volume of slice z (2 — y)?’ Ay m’. 


Summing over all slices, we get 


Total volume ~ e — y Ay m’. 
2 


Ay—0 


Total volume — lim (2 av= f (2 — y)?dy m’. 
0 


Evaluating, we find 


2 3 2 
Total volume — / (4 — 4y + y?) dy = c —-2y) + £) z m. 
0 0 
Check: The volume of the pyramid can also be calculated using the formula V iUh i2 2 i m? 


| 


(2 — y) 


2m 


y 


| 


eR 2 m ——————» 


Figure 8.5 


Problems 


19. Triangle of base and height 1 and 3. See Figure 8.6. (Either 1 or 3 can be the base. A non-right triangle is also possible.) 


H— Fake 
Az 
ee | ———1 


Figure 8.6 


20. Semicircle of radius r = 9. See Figure 8.7. 


HE» Ke 
Ag 
n— 9——^ 


Figure 8.7 
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21. Quarter circle of radius r = yv 15. See Figure 8.8. 


v 15 — h2 


H—— j, ——n e 
Ah 


Figure 8.8 


22. Triangle of base and height 7 and 5. See Figure 8.9. (Either 7 or 5 can be the base. A non-right triangle is also possible.) 


| 


5 


| 


KK h — >H 
Ah 
kH— 7 —1 


Figure 8.9 


23. There are at least two possible answers. Since y = x — x” > 0 when 0 < x < 1, one possibility is that the integral gives 
the area between the parabola y = x — x” and the line y = 0 as shown in Figure 8.10. Alternatively, since z > x? when 


0 < z < 1, the integral gives the area between the curves y = x? and y = x, as shown in Figure 8.11. 


Figure 8.10 Figure 8.11 


24. (a) The area is shown in Figure 8.12(a) with one vertical slice shown. Each slice is bounded on the top by y = 3x and on 
the bottom by y = x°, so the height of each slice is 32 — z?. The width of each slice is Az, so the area is represented 


by 
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Figure 8.12 


(b) The area is shown in Figure 8.12(b) with one horizontal slice shown. Each slice is bounded on the right by y = 2”, 
which is x = \/y distance out from the y-axis, and is bounded on the left by y = 3a, which is x = y/3 distance 
out from the y-axis. The length of each slice is \/y — y/3. The width of each slice is Ay, and the area extends from 
y = 0 to y = 9 so the area is represented by 


9 
2 1 4/9 
a= f (vi 1) dy = zv e 
0 


Notice that the two ways of computing the area give the same answer, as we expect. 


25. (a) The area is shown in Figure 8.13(a) with one vertical slice shown. Each slice is bounded on the top by y = 12— x 
and on the bottom by y = 2z, so the height of each slice is (12 — x) — 2x. The width of each slice is Az and the 
area ranges from x = 0 to x = 4, so the area is represented by 


4 4 
A-[ ((12 — x) — 2x) dz - f 12 — 3x dz 
0 0 


Figure 8.13 


(b) The area is shown in Figure 8.13(b) with two horizontal slices shown. Because some of the slices are bounded on the 
right by y = 12 — x while others are bounded on the right by y = 2x, we use two separate integrals to calculate 
this area using horizontal slices. The slices between y — 0 and y — 8 are bounded on the right by y — 2z, which is 
x = y/2 distance from the y-axis, and are bounded on the left by the y-axis, which is x = 0. This part of the area is 
given by 

bx d 
Bottom part of the area = | : dy — =y? =-.8 —0=16. 
o 2 4 4 

The slices between y = 8 and y = 12 are bounded on the right by y = 12 — x, which is x = 12 — y distance from 

the y-axis, and are bounded on the left by the y-axis, which is x = 0. This part of the area is given by 


12 


12 
Top part of the area = I (12 — y) dy = 12y T 
8 8 


1 2 1 3 
=12-12——.-12 12- =. =&. 
2 ( 8 2 8 8 
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The total area is given by 


8 12 
Total area = n 2 dy +f (12 — y) dy = 16 + 8 = 24. 
0 8 


Notice that the two ways of computing the area give the same answer, as we expect. 

26. (a) The area is shown in Figure 8.14(a) with two vertical slices shown. Because some of the slices are bounded on the 
top by y = z? while others are bounded on the top by y = 6 — x, we use two separate integrals to calculate this area 
using vertical slices. The slices between x = 0 and x = 2 are bounded on the top by y = x” and are bounded on the 
bottom by the x-axis, which is y = 0. This part of the area is given by 


2 1 5 
3^ 2° — 0 = 2.667. 


2 

ls 

Left part of the area = / a dx = 3* 
0 


0 


The slices between x = 2 and x = 6 are bounded on the top by y = 6 — x and are bounded on the bottom by the 
x-axis, which is y = 0. This part of the area is given by 


6 


6 
1 
Right part of the area =i (6 — x) dx = 6x z” 
2 2 


l 2 ( 1 ) 
—6.6—-.6 6.2—-.2 ]-8. 
2 2 
The total area is given by 


2 6 
Total area — I x’ da + I (6 — x) dx = 2.667 + 8 = 10.667. 
0 2 


Figure 8.14 


(b) The area is shown in Figure 8.14(b) with one horizontal slice shown. The slices are all bounded on the right by 
y = 6 — x, which is x = 6 — y distance from the y-axis, and are bounded on the left by y = z?, which is x = VV 
distance from the y-axis. The area ranges from y = 0 to y = 4 so the area is given by 


E ju 2 wt 
A= ((6—y) — Vy) dy = 6y- sy — 3° 
0 0 
l 2 2 {3/2 
= 60d = 2 Ae cte 
6 5 3 0 
— 10.667. 


Notice that the two ways of computing the area give the same answer, as we expect. 


27. (a) The area is shown in Figure 8.15(a) with two vertical slices shown. Because some of the slices are bounded on the 
top by y = 2a while others are bounded on the top by y = 6, we need to use two separate integrals to calculate this 
area using vertical slices. The slices between x = 0 and x = 3 are bounded on the top by y = 2x and are bounded 
on the bottom by the x-axis, which is y = 0. This part of the area is given by 


3 


3 
Left part of the area zi Qe dz = x” 3 -—0=9. 
0 


0 
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The slices between x = 3 and x = 5 are bounded on the top by y = 6 and are bounded on the bottom by the x-axis, 
which is y = 0. This part of the area is given by 


5 5 


Right part of the area = / 6dx = 6x 
3 


=6-5-6-3= 12. 
3 


The total area is given by 


3 5 
Total area - f 2ede + f 6dx = 9 + 12 = 21. 
0 3 


Figure 8.15 


(b) The area is shown in Figure 8.15(b) with one horizontal slice shown. The slices are all bounded on the right by x = 5 


and are bounded on the left by y = 2x, which is x = y/2 distance from the y-axis. The area ranges from y = 0 to 
y = 6 so the area is given by 


: NP 1 
a= f (5 — (y/2)) dy = 5x —29?| =5-6- 2.6? 
3 4 4 


0 


0 — 21. 


Notice that the two ways of computing the area give the same answer, as we expect. 
28. Hemisphere with radius 12. See Figure 8.16. 


h 
= VIM- 
F 
5 12 
Figure 8.16 
29. Cone with height 12 and radius 12/3 — 4. See Figure 8.17. 
4 
3 
x 
zt ————H 12 


Figure 8.17 
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30. Cone with height 6 and radius 3. See Figure 8.18. 


y 
6 
3— y/2 
y 
3 
Figure 8.18 
31. Hemisphere with radius 2. See Figure 8.19. 
y 
2 
ie 
(2—y) 
y 
2-Q-yr 
Figure 8.19 


32. We slice up the sphere in planes perpen- 


dicular to the x-axis. Each slice is a cir- 


cle, with radius y = yr? — x; that's 
the radius because x? + y? = r°? when 
z = 0. Then the volume is 


Ve 5 n(y?) Ax = 5 n(r?—z?) Ag. 


Therefore, as Ax tends to zero, we get 


Radius = V/r? — z2 


33. We slice the cone horizontally into cylindrical disks with radius r and thickness Ah. See Figure 8.20. The volume of each 
disk is tr? Ah. We use the similar triangles in Figure 8.21 to write r as a function of h: 
r 3 1 
ago does ri 
The volume of the disk at height h is m(4h)? Ah. To find the total volume, we integrate this quantity from ^ = 0 to 


h= 12, E 
12 

1,\? zh? 

v=/ z (3h) dh = 463 


= 367 = 113.097 m?. 
0 
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F————— 6 m1 


H— 3—41 


12m 


kK > — 


Figure 8.20 


Figure 8.21 


34. This cone is what you get when you rotate the line x = r(h— 


y)/ h about the y-axis. So slicing perpendicular to the y-axis 
yields 


y-h h 7 2 
V = 7 va? dy — Ji [Em 2 dy 
E h 
y=0 0 


2 h 


ni (n? — 2hy + y^) dy 


x 


35. (a) A vertical slice has a triangular shape and thickness Ax. See Figure 8.22. 


1 1 
Volume of slice = Area of triangle - Az = a Base - Height - Az = 3 2.3Ax = 3Axz cm?. 


Thus, 
4 4 
Total volume — lim 3Ax = f 3dz =3ar| = 12 cm. 
Az—Ü0 0 0 
= = 
A E 
3cm 
3cm 


Figure 8.22 


(b) A horizontal slice has a rectangular shape and thickness Ah. See Figure 8.23. Using similar triangles, we see that 


w _ 3-h 


2 3 ^7 
so 


2 2 
= —(3--h —2-— =h. 
w 3! ) 3^ 
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Thus 8 
Volume of slice zz 4wAh = 4 (2 2 ) Ah = (s — sh) Ah. 


3 2 
Total volume = lim (s — z^) Ah -— (s — z^) dh — | 8h — w 
Ah-0 3 7 3 3 


So, 


Ah 4om E | 


Figure 8.23 


36. We slice the water into horizontal slices, each of which is a rectangle. See Figure 8.24. 
Volume of slice ~ 150wAh km’. 


To find w in terms of h, we use the similar triangles in Figure 8.25: 


A es 3 so  w — 15h. 
3 0.2 


So 
Volume of slice ~ 150 - 15kRAh = 2250hAR km?. 


Summing over all slices and letting Ah — 0 gives 


0.2 
Total volume — A 2250hAh = f 2250h dh km?. 
0 


—0 


Evaluating the integral gives 
0.2 


= 45 km?. 


0 


No mms E— — ——5 km — — —4H 


I» 


2 
Total volume = 2250-7 


0.2 km p" 


Figure 8.24 Figure 8.25 
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37. To calculate the volume of material, we slice the dam horizontally. See Figure 8.26. The slices are rectangular, so 
Volume of slice ~ 1400wAh m’. 


Since w is a linear function of h, and w = 160 when h = 0, and w = 10 when h = 150, this function has slope = 
(10 — 160)/150 = —1. Thus 
w = 160 — h meters, 


so 
Volume of slice zz 1400(160 — h)Ah m?. 


Summing over all slices and taking the limit as Ah — 0 gives 


150 
Total volume — aim, 1400(160 — h)Ah = J 1400(160 — h) dh m?. 
>c 


0 


Evaluating the integral gives 


n2\ [22° 
Total volume = 1400 (m = z) = 1.785 - 10" m?. 
0 
H—10m-4 
10m 
H—25 
i 
150m T 1 
h 
SR 
HK— 160 m —» H——— — — 160 m ——————A4 
Figure 8.26 Figure 8.27 


Strengthen Your Understanding 


38. The horizontal slice at height y goes from x = 0 to a point on the line y = 2x. At this point, x = y/2. The correct 
integral for the area is I y/2 dy. 

39. Slice the sphere z?--y? = 10? into slices of thickness A perpendicular to the x-axis. The typical slice is approximately a 
cylinder of radius y = /10? — x? and height h = A. The volume of the slice is approximately zy?^h = «(107 —z?) Ax. 
The volume of the sphere is thus Ye T (10? Ls a”) dx. 


40. It would be hard to use vertical slices to find the area of the shaded region in Figure 8.28 because the vertical slices on the 
right portion of the figure are in two pieces. 


y 


Figure 8.28 


41. 


42. 


43. 


44. 


45. 


Solutions for Section 8.2 
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One possible answer is the region between the positive x-axis, the positive y-axis and the line y = 1 — x. For horizontal 
slices, the width of a slice at height y is x = 1 — y, and for vertical slices the height of a slice at position x is y = 1 — x. 


True. Since y = +\/9 — x? represent the top and bottom halves of the sphere, slicing disks perpendicular to the x-axis 
gives 
Volume of slice ~ ry?’ Ax = x(9 — a?)Ax 
3 
Volume — j m(9 — z?) da. 
-3 
False. Evaluating does not give the volume of a cone zr? /3: 


h 2N |^ 2 
y) _ aa 
l m(r ids s (ru 2) EC :) 


Alternatively, you can show by slicing that the integral representing this volume is rà x ar?(1—y/h)? dy. 


False. Using the table of integrals (VI-28 and VI-30) or a trigonometric substitution gives 


J T/r? — y? dy = 5 (v r2 — y2 + r? arcsin (4)) 
r 
0 


0 


ar? f . wr? 
= -z (aresin 1 — arcsin 0) = 


The volume of a hemisphere is 277? /3. 
Alternatively, you can show by slicing that the integral representing this volume is Jd n(r? — y?) dy. 


True. Horizontal slicing gives rectangular slabs of length l, thickness Ay, and width w = 24/r? — y?. So the volume of 


one slab is 2/4/ r? — y? Ay, and the integral is I 2l /r? — y? dy. 


Exercises 


1. 


(a) The volume of a disk is given by 
AV x n(2z)? Az = Ana? Az, 


3 
Volume — | Anz? da. 
0 
(b) We have 
3 
= 367. 
o 


3 
Volume = An 


. (a) The volume of a disk is given by 


AV x n(—z? + 6x)? Ax, 


6 
Volume -f n(—x + 67)? dz. 
0 
(b) We have 


6 5 6 
Volume — J n(x? — 122° + 362”) dz = 7 (= — 3zf + 120") 


0 
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3. (a) The strip stretches from x = y/2 to x = 3. The volume of a disk with a hole in it is 


2 
AV zm (y — (4) ) Ay = 4 (36 — y^) Ay, 


2 
so 
or 
Volume = f = (36 — y?) dy 
o 4 
(b) We have 
T 3\ |? 
Volume = — (ss - £) = 367. 
4 3 
0 
4. (a) The equation y = —z? + 6x can be solved for x as 
x? — 6r + y=0 
6 + 36 — 4 
t= — — =3+,/9-y. 


The left end of the strip is given by x = 3 — \/9 — y, and the right end is given by x = 3 + v9 — y. Thus, the 
volume of a disk with a hole is 


AV ~ gtaq o1 - 08-9 - 3) Ay 
—mn((0--6/9—g9--9—9)—(9—6/9— y +9- 9)) Ay 
= 12:4/9— y Ay, 


so 
9 
Volume = 120 | 4/9 — y dy. 
0 
(b) We have 
— y)8/2 I 
Volume o O P caue 
—3/2 
0 
5. The volume is given by 
i A a |) r 
v= mdz = | rede =n—| = 5. 
" Ü Bug 5 


6. The volume is given by 


7. The volume is given by 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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The volume is given by 


1/2 1/2 
v= n ny? dx = I r cos? x dz. 
0 0 


1/2 


Integration by parts gives 


2 
V = =(cosxsinaz + x) = 


The volume is given by 


The volume is given by 


1 
= > sinh 2. 
0 


1 1 
V= a f (Vcosh 2x)” dx = «f cosh 2x da = 7 sinh 2x 
0 0 


Since the graph of y = z? is below the graph of y = x for 0 < x < 1, the volume is given by 


1 1 1 "I 
y= n na da -f n(x”)? dz = «f (2? — xt) dz = m (= =) = — 
0 0 0 3 9.7 lg 


Since the graph of y = e?” is above the graph of y = e” for 0 < x < 1, the volume is given by 


1 1 1 : eT e?* 1 
V= n n(e?*)? da — 1 r(e”)? dz = i n(e® — e?) dx =r | — — —— —-m«[|-— 
0 0 0 6 2 Js 


Since f'(x) = x, we evaluate the integral numerically or using the table to get 


Arc length -f V1-z?dr = nee + V5 = 2.958. 


al% 
| 

wm] % 
+ 


Since f'(x) = — sin z, we evaluate the integral numerically to get 


2 
Arc length = J V 1 + sin? z dx = 2.508. 
0 


Since f'(x) = 1/(x + 1), we evaluate the integral numerically to get 


2 1 2 
Arc length = 4/1 —} dz = 2.302. 
rc leng f +(—) " 30 


Note that this function is actually z?/? in disguise. So 


p 
NI 
N| o0 
a oS 
em 
mn 
[um 
aie 
njw 


= i) ~ 3.526, 


where we set w = 1 + a, so dz — $du. 


727 


This is a one-quarter of the circumference of a circle of radius 2. That circumference is 2 - 27 = 4r, so the length is 


An 


4 SM 
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20. Since f'(x) = sinh z, the arc length is given by 
2 2 2 2 
L= f yV 1 + sinh? z dz = f vV cosh? x dz = f cosh z dg = sinh z| = sinh 2. 
0 0 0 0 


21. The length is 
2 2 
| Ve or FUO FEO t= | JF ET CIF a = ve 
1 1 
This is the length of a straight line from the point (8, 5, 2) to (13, 9, 1). 
22. We have 


D= f (—et sin(e*))? + (et cos(et))? dt 


1 1 
-f vea | e! dt 
0 0 


—e-]. 


This is the length of the arc of a unit circle from the point (cos 1, sin 1) to (cos e, sin e)—in other words between the 
angles 0 = 1 and 0 = e. The length of this arc is (e — 1). 


23. We have 
27 
D= / (—3 sin 3t)? + (5 cos 5t)? dt. 
0 


We cannot find this integral symbolically, but numerical methods show D ~ 24.6. 
24. Since dx /dt = —3 cos? tsin t, dy/dt = 3 sin? t cost, we have 


2n 27 
Arc length = f y 9 cos^ t sin? t + 9 sin* t cos? t dt = Ji | cos t sin t| y cos?t + sin? t dt 
0 0 


2T 
= 3 | | cos t sin t| dt. 
0 


We calculate the integral over the interval 0 < t < 7/2, where both cos t and sin t are positive, and multiply by 4: 
7/2 


7/2 
Arclength — 2f cos t sin t dt = 6sin? t = 6. 
0 


0 


Problems 


25. The two functions intersect at (0, 0) and (8, 2). We slice the volume with planes perpendicular to the line x — 9. This 
divides the solid into thin washers with volume 


Volume of slice — mre AV — Trin A. 


The outer radius is the horizontal distance from the line x = 9 to the curve z = y?, SO Tout = 9— y’. Similarly, the inner 
radius is the horizontal distance from the line x = 9 to the curve x = 4y, so rin = 9 — 4y. Integrating from y = 0 to 
y = 2 we have 


2 
v= f i-i x19 4y] dy, 
0 
26. The two functions intersect at (0, 0) and (8, 2). We slice the volume with planes perpendicular to the line y — 3. This 
divides the solid into thin washers with 
Volume of slice = 7r2,,,Ar — nr, Aa. 


The outer radius is the vertical distance from the line y — 3 to the curve y — ta, SO Tout = 3 — ir. Similarly, the inner 
radius is the vertical distance from the line y = 3 to the curve y = 4/z, so rin = 3 — W/Z. Integrating from x = 0 to 
x = 8 we have 


V= [ [ra = 72)" —a(3— Yz)*| dz. 


27. 


28. 


29. 


30. 


31. 


32. 
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Note that the lines x = 9 and y = icr intersect at (9, 3). We slice the volume with planes that are perpendicular to the 
line y = —2. This divides the solid into thin washers with 
Volume of slice = «r2, Aa — rr Az. 


Note that the inner radius is the vertical distance from the line y = —2 to the x-axis, so rin = 2. Similarly, the outer 
radius is the vertical distance from the line y — —2 to the line y — iz. SO Tout = 2+ iv. Integrating from x — 0 to 
x = 9 we have 


9 
1 
V= / [re + zz)! — 12?! dz. 
" 3 
Note that the lines x = 9 and y = ic intersect at (9, 3). We slice the volume with planes that are perpendicular to the 
line z — —1. This divides the solid into thin washers with 
Volume of slice — mre AV — mre, Ay. 


Note that the inner radius is the horizontal distance from the line x = —1 to the line x = 3y, so rin = 1 + 3y. Similarly, 
the outer radius is the horizontal distance from the line x = —1 to the line x = 9, so rout = 1 4- 9. Integrating from 
y = 0 to y = 3 we have 


3 
y- f [r(1 + 9? — «(1 + 3y)?] dy. 
0 
The two functions intersect at (0, 0) and (5, 25). We slice the volume with planes perpendicular to the x-axis. This divides 
the solid into thin washers with volume 
Volume of slice = «((roui)? — (rin)?) Az. 


The outer radius is the vertical distance from the x-axis to the curve y = 52, so rout = 5x. Similarly, the inner radius is 
the vertical distance from the x-axis to the curve y = x, SO lij = x. Integrating from x = 0 to x = 5 we have 


5 


V= L m((5a)” — (x?)?) dz. 


The two functions intersect at (0, 0) and (5, 25). We slice the volume with planes perpendicular to the y-axis. This divides 
the solid into thin washers with volume 


Volume of slice = «((rou:)? — (Tin)”) Ay. 


The outer radius is the horizontal distance from the y-axis to the curve x = \/Y, so Tout = 4/y. Similarly, the inner radius 
is the horizontal distance from the y-axis to the curve z = y/5, so rin = y/5. Integrating from y = 0 to y = 25 we have 


ya 1 s((/9? — (y/5)*) dy. 


The two functions intersect at (0, 0) and (5, 25). We slice the volume with planes perpendicular to the horizontal line 
y = —4. This divides the solid into thin washers with volume 


Volume of slice = «((roui)? — (rin) ) Aa. 


The outer radius is the vertical distance from the line y = —4 to the curve y = 5x, so rout = 4 + 5x. Similarly, the inner 
radius is the vertical distance from the line y = —4 to the curve y = x”, so rin = 4 + z?. Integrating from x = 0 to 
x = 5 we have 


5 


V= [ m((4+ 5)? — (4+ 2”)”) dz. 


The two functions intersect at (0,0) and (5,25). We slice the volume with planes perpendicular to the vertical line 
x = —3. This divides the solid into thin washers with volume 


Volume of slice = T ((rout)? — (Tin)”) Ay. 


The outer radius is the horizontal distance from the line x = —3 to the curve x = Vu. SO Tout = 3 + Vy. Similarly, the 
inner radius is the horizontal distance from the line x = —3 to the curve x = y/5, so rin = 3 + y/5. Integrating from 
y = 0 to y = 25 we have 


25 
Ve L z((3-- Vg — (3 + y/5)°) dy. 
0 
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33. One arch of the sine curve lies between x = 0 and x = r. Since d(sin x) /dx = cos x, evaluating the integral numerically 


gives 
Arc length = Í y 1 + cos? «dx = 3.820. 
0 


34. The curves cross at (1, 1); see Figure 8.29. The straight side has length V2 = 1.414; as this is the hypotenuse of a right 
triangle with sides 1, 1, V2. The curved side has 


1 
Arc length = | V/ 1 + (22)? dz = ao fe ue = 1.479. 
0 


Thus the perimeter is 1.4142 + 1.479 = 2.893. 


y 


Figure 8.29 


35. (a) Slicing the region perpendicular to the x-axis gives disks of radius y. See Figure 8.30. 
Volume of slice ~ z^ Az = n(x? — 1)Ac. 


Thus, 


3 3 
Total volume = Jim 9 n^ —1l1)Ar-— f n(x” —1)de =r (= z) 


ace a) ear 


y 
z2 M y? =] 
y 
y 
x 
1 3 
t aK 
Ax Ax 
Figure 8.30 


(b) The arc length, L, of the curve y = f(x) is given by L = f? \/1+ (f'(x))? dz. In this problem y is an implicit 
function of x. Solving for y gives y = Vx? — 1 as the equation of the top half of the hyperbola. Differentiating gives 
dy 


c z^ -qy- bas = 


x 


ce — 1 
Thus 


x 3 x? ? / Qn? — 1 
Arc length = 14 [(——2| d= 1 dz = dx = 1.48. 
TRAE f u feet f tei” f z-i” : 
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47. " We slice the region perpendicular to the x-axis. The Rie- 
Radius = 1 + x mann sum we get is Y 5 m(x? + 1)? Az. So the volume V is 
the integral 


= (16/7)m z 7.18. 


38. We slice the region perpendicular to the y—axis. The Rie- 
mann sum we get is X` 2(1 — x)’ Ay = Y r (1— y?)? Ay. 
So the volume V is the integral 


Radius — 1— x 


1 
vel m(1— y^)? dy 
0 
1 
: =n] (1 — 2y* + y") dy 
0 


248 5\ | 
Q3) 


(8/15)m ~ 1.68. 


0 


39. We take slices perpendicular to the x-axis. The Riemann 
sum for approximating the volume is 5 7 sin? rAz. The 
volume is the integral corresponding to that sum, namely 


T 
52 
ve m sin x dx 
0 


= al l sin z cos z + y 
2 2 


Radius — sin x 


F 2 
= T zx 4.935. 
0 


40. Slice the object into disks horizontally, as in Figure 8.31. A typical disk has thickness Ay and radius x = ,/y. Thus 


Volume of slice ~ va^ Ay = ry Ay. 
E 


my dy = rE 
0 


1 
; : T 
Volume of solid = ain 1 my Ay = l 


731 
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Figure 8.31 
41. Slice the object into rings vertically, as is Figure 8.32. A typical ring has thickness Ax and outer radius y = 1 and inner 
radius y = x”. 
Volume of slice ~ m1? Aa — ry’ As = «(1— x^) Ac. 
j x 4 
Volume of solid = Jim 97 z(1— zf) Az = f z(1— zt) dz = 7 (: =) = pf 
0 
y = 42 
1 Y = T Outer radius 
Inner radius 
} x 
1 
—1 
Ee 
Ax 
Figure 8.32: Cross-section of solid 
42. The region is cylindrical with a hole around the axis of rotation, y — — 2. Slice it into rings vertically, as in Figure 8.33. 
A typical ring has thickness Ax and outer radius 1 + 2 = 3 and inner radius y + 2 = zx? + 2. Thus 
Volume of slice zz 43? Ax — (a? 4-2)? Az = 1(5 — z^ — Az?) Aa. 
í 1 
$5 4 52 
Volume of solid = | n(5— zf — 4x) Az = r | 5x — E L2 
ð 5 3 15 
0 
y 
} £ 
1 
2 Axis of rotation: y = —2 
—4 Inner radius 
—5 E... |... radius 
E 
Ax 


Figure 8.33: Cross-section of solid 
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43. Slicing perpendicularly to the x-axis gives squares whose thickness is Az and whose side is 1 — y = 1 — z?. See 


Figure 8.34. Thus 
Volume of square slice ~ (1 — x”)? Az = (1 — 22? + z^) Az. 
1 


I 2 a? 8 
Volume of solid = (1—2z? + z*)dz = z— $334 —| =. 
ü 3 5 15 
0 
d yz 
1—y ; 
Base of square (standing on paper) 


L g 


1 


Figure 8.34: Base of solid 


44. Slicing perpendicularly to the x-axis gives semicircles whose thickness is Ax and whose diameter is 1 — y = 1 — z?. See 
Figure 8.35. Thus 


2 
l-r? 
Volume of semicircular slice ~ 7 ( = ) Ar = zü — 227 + zf) Az. 


1 5 
Volume of solid = | za — 22? + z^) dz = n (e — - + =) 


Diameter of semicircle (standing on paper) 


Figure 8.35: Base of solid 


45. An equilateral triangle of side s has height /3s/2 and 


lici 98. 8d 
2 2 4’ 


Slicing perpendicularly to the y-axis gives equilateral triangles whose thickness is Ay and whose side is x = „/g. 


See Figure 8.36. Thus 
Volume of triangular slice ~ VS CL Ay = vB, Ay. 
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1 
Volume of solid = f vy dy = 
0 


JB 1 Vip 
4 


Base of triangle (standing on paper) 


L g 


1 


Figure 8.36: Base of solid 


This is the volume of revolution gotten from the rotating the 
curve y = e”. Take slices perpendicular to the x-axis. They 
will be circles with radius e7, so 


x=1 1 
v=] my’dz=r | e” dx 
x=0 0 


1 
me^ n(e —1) . 10036. 


We slice the volume with planes perpendicular to the line y — 
— 3. This divides the curve into thin washers, as in Example 3 on 
page 424 of the text, whose volumes are 


mre dz — nr, dz — «(34 y) dx 13° da. 


So the integral we get from adding all these washers up is 


V 


5 [1(3 +y)? — «3?] dx 


r f ione — 9] dx 
0 


2x 


1 
=r | [e?* + 6e"] dz = r[— + 6e*] 
r 2 


= n[(e?/2 + 6e) — (1/2 + 6)] ~ 42.42. 
This problem can be done by slicing the volume into washers 
with planes perpendicular to the axis of rotation, y = 7, just like 
in Example 3. This time the outside radius of a washer is 7, and 
the inside radius is 7 — e”. Therefore, the volume V is 


0 
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49. We now slice perpendicular to the x-axis. As stated in the problem, the cross-sections obtained thereby will be squares, 
with base length e^. The volume of one square slice is (e^)? dx. (See Figure 8.37.) Adding the volumes of the slices 


yields 
z=1 1 2x |1 2 
—1 
Volume — / y dr = / e” dz = — E 3.195. 
z=0 0 2 |o 
z 
x 
Figure 8.37 
50. We slice perpendicular to the x-axis. As stated in the problem, 


the cross-sections obtained thereby will be semicircles, with ra- 
" E ot 3 " r42 
dius S-. The volume of one semicircular slice is in (5) dz. 


(Look at the picture.) Adding up the volumes of the slices yields 


y 


51. If we revolve the region 0 € y € g(x) around the x-axis, the volume of the resulting solid is given by J r (g(£)}? da. 
0 


Taking the hint, we can write our integral in this form: 


I m(4— 4cos? x) da = | Am (1 — cos” a) dz = f 4n sin? z dz = f 7 (2sin z)? da. 
0 0 0 0 —À 
(g(x)) 


Therefore, g(x) = 2sin x or g(x) = —2 sin x. 


52. At time t = 6, the particle has traveled 3 - 6 = 18 cm. Suppose it is then at the point x = b. Then the arc length from the 
origin to this point is 18 cm. Since 
d (2&7) agile 


dx \3 
we have 


b b 
Arc length ad Fed = f MEET = 18 
0 0 
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b 
(14-2)77?| =18 


wl] wp 


(14+)? — = =18 


wile 


(1+ 5)?/? = 28 
b = 28? — 1 = 8221. 


When x = 8.221, y = 15.714. 
53. We want to approximate Í ia A(h) dh, where h is height, and A(h) represents the cross-sectional area of the trunk at 


height h. Since A = mr? (circular cross-sections), and c = 27r, where c is the circumference, we have A = mr? = 


v[c/(2x)? = c?/(4m). We make a table of A(h) based on this: 


Table 8.1 
height (feet) po | fo fo | of | 120 
Area (square feet) 28.7 ; ij 0.080 


We now form left & right sums using the chart: 


LEFT(6) = 53.79 - 20 + 38.52 - 20 + 28.73 - 20 + 15.60 - 20 + 2.865 - 20 + 0.716 - 20 
— 2804.42. 

RIGHT(6) = 38.52 - 20 + 28.73 - 20 + 15.60 - 20 + 2.865 - 20 + 0.716 - 20 + 0.080 - 20 
— 1730.22 


So 
RIGHT(6) +LEFT(6) 2804.42 + 1730.22 


TRAP(6) = 5 = 5 = 2267.32 cubic feet. 


54. Ify = pus then x = ,/—21n y. (Note that since 0 < y € 1, In y € 0.) A typical slice has thickness Ay and radius 
x. See Figure 8.38. So 
Volume of slice = zz? Ay = —2m ny Ay. 


Thus, 
1 
Total volume = —27 f In y dy. 
0 


Since In y is not defined at y = 0, this is an improper integral: 
1 1 
Total Volume — -2r | ln y dy = —27 lim ln y dy 
0 a0 " 
1 


= —2n lim(—1 — alna + a). 
a—0 


= —2m lim (yln y — y) 
a0 


a 


By looking at the graph of x 1n x on a calculator, we see that lim aln a = 0. Thus, 
a—0 


Total volume = —27(—1) = 2m. 


I Ay 


Figure 8.38 
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55. (a) We can begin by slicing the pie into horizontal slabs of thickness Ah located at height h. To find the radius of each 
slice, we note that radius increases linearly with height. Since r = 4.5 when h = 3 and r = 3.5 when h = 0, we 
should have r = 3.5 + ^/3. Then the volume of each slab will be zr? Ah = «(3.5 + h/3)? Ah. To find the total 
volume of the pie, we integrate this from h = 0 toh = 3: 


h? Th? | 49h 
271 6 4 


3 2 
-— B 4 7(3) + e e 152 in’. 


27 6 


(b) We use 1.5 in as a rough estimate of the radius of an apple. This gives us a volume of (4/3)r (1.5)? 10 in?. Since 
152/10 z 15, we would need about 15 apples to make a pie. 


56. (a) The volume can be computed by several methods, not all of them requiring integration. We will slice horizontally, 
forming rectangular slabs of length 100 cm, height Ay, width w and integrate. See Figure 8.39. 


Ay 


LM 


Figure 8.39 Figure 8.40 


From the right triangle, we see 


Z = tan 60° = v3 
so " 
d= =. 
V3 
Thus " 
Uy 
w = 5 + 2d = 5 + ——. 
v3 


The volume of the slab is 


2y 
AV z 100wAy = 100 | 5+ A | Ay, 


so the total volume is given by 
: : 2y 
Volume — dim AV = aim d 100 (s ve z) Ay 


i 2y y í h? 3 
= 100 | 5+ — | dy = 100 | 5y + — = 100 | 5h + —= | cm’. 


(b) The maximum value of h is h = 5 sin 60° = 5V/3/2 cm zz 4.33 cm. 
(c) The maximum volume of water that the gutter can hold is given by substituting h = 5/3 /2 into the volume: 


2 
Maximum volume = 100 d p (£) J = ZM Qva + V3) = 1875/3 ~ 3247.6 cm’. 


(d) Because the gutter is narrower at the bottom than the top, if it is filled with half the maximum possible volume of 
water, the gutter will be filled to a depth of more than half of 4.33 cm. 
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(e) We want to solve for the value of h such that 


h? 1 1 
Volume = 100 (s + 5) =5° 1875/3 = z Vmax 


hn? 
5h + — = 16.238. 
V3 


Solving gives h = 2.52 and h = —11.18. Since only positive values of ^ are meaningful, h = 2.52 cm. 
57. y 


H y =ar 


Ay 


We divide the interior of the boat into flat slabs of thickness Ay and width 2x = 2,/y/a. (See above.) We have 


Volume of slab ~ 2r LAy = 2L Ay. 
a 


We are interested in the total volume of the region 0 < y < H, so 


y\ 2/2) s y\ 0/2 
Total volume = lim 2L (2) Ay = 2L (2) dy 
Ay—0 a 0 a 
2b fay gy — HO 
« ya Jo 4 dim 3a ` 
If L and H are in meters, 


40,000LH 0/2 
Buoyancy force = ———— ——— newtons. 


3Va 


58. We can find the volume of the tree by slicing it into a series of thin horizontal cylinders of height dh and circumference 
C. The volume of each cylindrical disk will then be 


2 2 
V = ar? dh (IZ) dE dh 
2 Ar 


T 


Summing all such cylinders, we have the total volume of the tree as 


1 120 
Total volume = — f C? dh. 
AT 5 


We can estimate this volume using a trapezoidal approximation to the integral with Ah = 20: 


LEFT estimate = — [20(31? + 28? + 21? + 17? + 12? + 8°)] = + (53660). 
T 


RIGHT estimate = —([20(28? + 21? + 17? + 12? - 8? + 27] = = (34520). 
T 


TRAP = 1 (44090) z 3509 cubic inches. 


T 
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59. (a) The volume, V, contained in the bowl when the surface has height h is 


h 
Va | na dy. 
0 


However, since y = z^, we have x? = /y so that 


h 
V ET T /y dy = E mh”! 
0 


Differentiating gives dV/dh = mh'/? = nyh. We are given that dV /dt = —6\h, where the negative sign reflects 
the fact that V is decreasing. Using the chain rule we have 


dh dh dV 1 dV 1 6 
E pa er LIMINE e EE LA LM (GN hee 

dt dV dt dV/dh dt aJh ( 6vh) T 
Thus, dh/dt = —6/7, a constant. 


(b) Since dh/dt = —6/7 we know that h = —6t/r + C. However, when t = 0, h = 1, therefore h = 1 — 6t/r. The 
bowl is empty when h = 0, that is when t = 7/6 units. 


60. The problem appears complicated, because we are now working in three dimensions. However, if we take one dimension 
at a time, we will see that the solution is not too difficult. For example, let’s just work at a constant depth, say 0. We 
apply the trapezoid rule to find the approximate area along the length of the boat. For example, by the trapezoid rule the 
approximate area at depth 0 from the front of the boat to 10 feet toward the back is imm — 50. Overall, at depth 0 we 
have that the area for each length span is as follows: 


Table 8.2 
length span: 0-10 10-20 20-30 30-40 40-50 50-60 
depth 0| 50 105 145 165 165 130 


We can fill in the whole chart the same way: 


Table 8.3 
length span: 0-10 10-20 20-30 30-40 40-50 50-60 


0| 50 105 145 165 165 130 
2| 25 60 90 105 105 90 
depth 4 15 35 50 65 65 50 
6 5 15 25 35 35 25 
8 0 3 10 10 10 10 


Now, to find the volume, we just apply the trapezoid rule to the depths and areas. For example, according to the 
trapezoid rule the approximate volume as the depth goes from 0 to 2 and the length goes from 0 to 10 is ae = 75. 
Again, we fill in a chart: 


Table 8.4 
length span: 0-10 10-20 20-30 30-40 40-50 50-60 


0-2] 75 165 235 2770 270 220 
depth 24] 40 95 140 170 170 140 
span 4-6 20 50 75 100 100 75 

6-8 3 20 35 45 45 35 


Adding all this up, we find the volume is approximately 2595 cubic feet. 

You might wonder what would have happened if we had done our trapezoids along the depth axis first instead of 
along the length axis. If you try this, you'd find that you come up with the same answers in the volume chart! For the 
trapezoid rule, it does not matter which axis you choose first. 
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61. (a) The equation of a circle of radius r around the origin is z? -+y? = r°. This means that y? = r?— z?, so 2y(dy/dx) = 
—2z, and dy/dx = —2/y. Since the circle is symmetric about both axes, its arc length is 4 times the arc length in 


the first quadrant, namely 
r 2 T 2 
af yi GE ae=a | 1+(-2) dz. 
0 dx ð y 
(b) Evaluating this integral yields 
qu 2 T 2 y 2 
af 4/1 + (-2) da =a | "Er d de 
ó y ò r?—r 5 r?— 35 
r 1 . 
= 4r ] mm da = 4r(arcsin(x/r)) 


62. As can be seen in Figure 8.41, the region has three straight sides and one curved one. The lengths of the straight sides are 
1, 1, and e. The curved side is given by the equation y = f(x) = e”. We can find its length by the formula 


[ Viera | eae f vies 


Evaluating the integral numerically gives 2.0035. The total length, therefore, is about 1 + 1 + e + 2.0035 ~ 6.722. 


T 
= 2mnr. 
0 


This is the expected answer. 


Figure 8.41 


63. The graph of f is a downward-opening parabola with x-intercepts at x = 0,4, and f'(x) = (—a(a— 4))! = 4— 2z. 
The arc length of the graph of f from x = 0 to x = 4 is given by 


4 
Arc length — | 1+ (f (x))? dx 
0 


4 
= f 1+ (4— 2r)? dx. because f'(x) = 4 — 2x 
0 


4 
This integral can be simplified as / y 4x? — 16x + 17 da. 
0 


64. We would like to write the integrand in the form 


V1-4 Vz -—4/1- (f'(2)). 


This suggests: 


f(x) = ai^ alternatively f'(x) = —2z1/* 


= 
— 
B 
Il 
Sores 
R 
O 
LO 
IN 
+ 
Q 


87/4 letting C — 0 for convenience. 


65. 


66. 


67. 
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Thus, 


[ VA 4 Vz dz = [ \/ 1 + ((0.825/4)')* de, 


which is the arc length of the curve y = 0.82°/4 from x = 1 to x = 4. Other possible solutions are any of the curves 


y= +0.80°/4 +C. 
The graph of f is concave down where f” < 0: 


f(z)=e™ 
F (x) = -2xe * 
f'(zr)--2e * + 427e7* 
2e * (223? — 1) 
This means that f" (x) < 0 where 
22 -1« 0 
r? < 2 
z 


Thus, the graph is concave down for —4/1/2 < x < 4/1/2. The arc length of this portion of the graph of f is given by 


Arc length — [ 1+ (f'(x)? dx 


«/1/2 


1+ (-22e-2?)* dx 


1+ 4x2e-20? dg. 


The graph of f is concave down where f"(x) < 0: 


f(z) = z^ — 80° + 182? + 3a +7 
f' (x) = 4x? — 24a? + 36x + 3 
f" (x) = 122? — 48x + 36 
= 12(z — 1)(x — 3). 


Hence f” (x) < 0 for 1 < x < 3. The arc length of this portion of the graph of f is given by 


3 
Arc lengh = f 4/14 (P (2))? dx 
13 
-f V 1 + (4x3 — 24x? + 36x + 3)? da. 
1 


The arc length of the catenary between x = —b and x = bis 10 meters. Since 


d . 1 x =g 
4, (0 z) sinh x G e ^) 


we have 
M NE "d 
Arc length = 1+ =(e? — e77)? a= f Zy 4+ e) — 2 +e? dr 
=} 4 ET. 
b b ° 
= i (e? + e-*)? dy = Lie? 4 ge = lp —g 7 mg gt. 
,2 zd 2 
z E —b 
Thus 


e — ec? 210. 


Solving numerically gives b = 2.312 meters. Thus, the ends of the chain are 2(2.312) = 4.624 meters apart. 
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68. Here are many functions which “work.” 


e Any linear function y = ma + b “works.” This follows because zu — m is constant for such functions. So 


[VG ) e- | iwi co b — a)/A 4 m?. 


e The function y = = + xz “works”: du = l(g? — 1/2), an 


8 a =z d 
dy Y? em) _ : 
N- E "NEM (3 ES 


e One more function that ^works" is y — In(cos z); we have e 2 — — sin z/ cos x. Hence 


— sing sin? Tg 
Ji (2) m - fy in rss 
cos x cos 
| sin? x + cos? x 
^ cor Lu 
= dia 1i 
n 7 2 " 


where the last integral comes from IV-22 of the integral tables. 


69. (a) If f(x) — T A/I 1 dt, then, by the Fundamental Theorem of Calculus, f'(x) = \/g 1. So the arc 


length of T from 0 = x is 


Jl roma = f 1+ (4/g'(t)? — 1)? dt 
0 0 


= | viver cia 
0 


sinz+1 


UT 


sinx — 1 


(b) If g is the arc length of any function f, then by the Fundamental Theorem of Calculus, g'(x) = 4/1 + f'(x)? > 1. 
So if g'(x) < 1, g cannot be the arc length of a function. 
(c) We find a function f whose arc length from 0 to x is g(x) = 2x. Using part (a), we see that 


x) = | VUO- id= | v8 —1dt = V3z. 
0 0 


This is the equation of a line. Does it make sense to you that the arc length of a line segment depends linearly on its 
right endpoint? 


70. (a) For n = 1, we have 
|z| *- |y] — 1. 
In the first quadrant, the equation is the line 


z49y-l. 
By symmetry, the graph in the other quadrants gives the square in Figure 8.42. 
For n — 2, the equation is of a circle of radius 1, centered at the origin: 


x +y’ =, 


For n = 4, the equation is 


x +y“ =1, 


The graph is similar to a circle, but bulging out more. See Figure 8.42. 
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(b) For n = 1, the arc length is the perimeter of the square. Each side is the hypotenuse of a right triangle of sides 


1, 1, V2. Thus 
Arc length = 4V2 = 5.657. 


For n = 2, the arc length is the perimeter of the circle of radius 1. Thus 
Arc length = 27-1 = 27 = 6.283. 


For n = 4, we find the arc length using the formula 


L= f VEG as 


We find the arc length of the top half of the curve, given by y = (1 — x)" 4. and double it. Since 
3 


dy 1 3/4 u = 
qz 740-2] S uas 
Aim =2 f Vie (a (pan Jano f 4/1 aca 
The integral is improper because the integral is not defined at x = +1. Using numerical methods, we find 


1 3 
xê 
Arc length = i 14 ü- 2372 dx = 7.018. 


z*4y*-1 

r? +y? =1 

Salt 
—1 


Figure 8.42 


Strengthen Your Understanding 


71. 
72. 


73. 


74. 


75. 


The volume is h (n(32)? — 1 (2ar)”) dz, since the slices are disks-with-holes. 


The arc length is given by pe vV1- (f^ (z))? dx with f(x) = sin x. Thus, the correct formula for the arc length is 
i V1+ cos? «dx. 


The curve begins at the point (0, 0) and ends at the point (2, 32). The distance between these points is V2? + 32? > 32. 
Since the arc length of any curve is greater than or equal to the length of the straight line connecting the points, the arc 
length of y = z? between x = 0 and x = 2 must be greater than 32. 

The triangular region with vertices (0, 0), (0, 1) and (1, 0) gives the exact same solid shape whether rotated about the x- 
or y-axis. 


One example is the region bounded by y = 2x and the x-axis for 0 < x < 1. When the region is rotated about the x-axis, 
we get a cone of radius 2 and height 1. When it is rotated about the y-axis, we get a cone of radius 1 and height 2. 
Since " à 
Volume around z-axis — a” .22.1— = 
1 2 
Volume around y-axis = 3^ .12.2— T 


the volume is greater around the x-axis than around the y-axis. 


76. 


77. 


78. 


79. 


80. 


81. 


Solutions for Section 8.3 
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The circle of radius 5 centered at (5, 0) goes through both the points (0, 0) and (10, 0). The upper semicircle and the lower 
semicircle are different curves between these two points that have the same arc length, namely half the circumference of 
the circle. 


The distance from (0, 0) to (1, 1) is /2, so any curve other than a straight line between the points has an arc length greater 
than \/2. One possible example is f(x) = x”. 


False. The volume also depends on how far away the region is from the axis of revolution. For example, let R be the 
rectangle 0 € x < 8,0 € y < 1 and let S be the rectangle 0 < x < 3,0 € y < 2. Then rectangle R has area greater 
than rectangle S. However, when you revolve R about the x-axis you get a cylinder, lying on its side, of radius 1 and 
length 8, which has volume 87. When you revolve S about the x-axis, you get a cylinder of radius 2 and length 3, which 
has volume 127. Thus the second volume is larger, even though the region revolved has smaller area. 

False. Suppose that the graph of f starts at the point (0, 100) and then goes down to (1, 0) and from there on goes along 
the a-axis. For example, if f(a) = 100(a — 1)? on the interval [0, 1] and f(x) = 0 on the interval [1, 10], then f is 
differentiable on the interval [0, 10]. The arc length of the graph of f on the interval [0, 1] is at least 100, while the arc 
length on the interval [1, 10] is 9. 


True. Since f is concave up, f’ is an increasing function, so f'(x) > f’(0) = 3/4 on the interval [0, 4]. Thus 


V1+ (P'(2))? = 4/14 9/16 = 5/4. Then we have: 
4 4 5 
Acc length = f 1+ (f’(a))? dz > n 149-75. 
0 0 


False. Since f is concave down, this means that f'(x) is decreasing, so f'(x) < f'(0) = 3/4 on the interval [0, 4]. 
However, it could be that f'(x) becomes negative so that ( f' (z))? becomes large, making the integral for the arc length 
large also. For example, f(a) = (3/4)x — x? is concave down and f’(0) = 3/4, but f(0) = 0 and f(4) = —13, so the 
graph of f on the interval [0, 4] has arc length at least 13. 


Exercises 
1. With r = 1 and 0 = 27/3, we find z = r cos 0 = 1- cos(21/3) = —1/2 and y = rsin@ = 1- sin(21/3) = V3/2. 
The rectangular coordinates are (—1/2, V/3/2). 
2. With r = v3 and 0 = —37/4, we find x = rcos0 = V/3cos(—32/4) = V3(—V2/2) = —V6/2 and y = rsin 0 = 
V3sin(—-37/4) = V/3(—V2/2) v 6/2. 
The rectangular coordinates are (—/6/2, —/6/2). 
3. With r = 2/3 and 0 = —7/6, we find x = rcosü = 2V3cos(—7/6) = 2/3. 3/2 = 3 and y = rsinü = 
2 //3sin(—7/6) = 2//3(—1/2) V3. 
The rectangular coordinates are (3, —/3). 
4. With r = 2 and  — 51/6, we find x = r cos@ = 2cos(5r/6) = 2(—V3/2) = —V3and y = rsin@ = 2sin(57/6) = 


2(1/2) = 1. 

The rectangular coordinates are (— v3, 1). 
With x = 1 and y = 1, find r from r = 4/2? + y? = VI? + 1? = v2. Find 0 from tan 0 = y/x = 1/1 = 1. Thus, 
0 = tan ! (1) = 7/4. Since (1, 1) is in the first quadrant this is a correct 0. The polar coordinates are (/2, 7/4). 
With x = —1 and y = 0, find r = \/a? + y? = 4/(—1)? + 0? = 1. Find 0 from tan 0 = y/x = 0/(—1) = 0. Thus, 
0 = tan !(0) = 0. Since (—1, 0) is on the x-axis between the second and third quadrant, 0 = 7. The polar coordinates 
are (1, 7). 


With z = v6 and y = — V2, find r = y (V6)? + (-/2)? = V8 = 22. Find 0 from tan 0 = y/a = —/2/V6 = 
—1/4/3. Thus, 0 = tan! (—1/4/3) = —7/6. Since (V/6, — v2) is in the fourth quadrant, this is the correct 0. The polar 
coordinates are (2\/2, —1/6). 


With x = —V3 and y = 1, find r = \/(—V3)24+ 1? = V4 = 2. Find 0 from tan = y/x = 1/(—V/3). Thus, 
0 = tan ! (—1/4/3) 71/6. Since (— V3, 1) is in the second quadrant, 0 = —7/6+ 7 = 57/6. The polar coordinates 
are (2, 57/6). 
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9. (a) Table 8.5 contains values of r = 1 — sin 0, both exact and rounded to one decimal. 


Table 8.5 


(c) 


(d) 


y y 
2 -L 
1 paas 
H rc rc 

—2 2 2 

—24 

Figure 8.43 Figure 8.44 
The circle has equation r — 1/2. The cardioid is r — 1 — sin 0. Solving these two simultaneously gives 
1/2 = 1 — sin 9, 
or 
sin 0 = 1/2. 


Thus, 0 = 7/6 or 5/6. This gives the points (a, y) = ((1/2) cos 7/6, (1/2) sin /6) = (V/3/4, 1/4) and (x, y) = 
((1/2) cos 51/6, (1/2) sin 57/6) = (—V/3/4, 1/4) as the location of intersection. 
The curve r = 1 — sin 26, pictured in Figure 8.44, has two regions instead of the one region that r = 1 — sin 0 has. 


This is because 1 — sin 20 will be 0 twice for every 27 cycle in 0, as opposed to once for every 27 cycle in 0 for 
1— sin. 


10. There will be n loops. See Figures 8.45-8.48. 


OD &A RK 


Figure 8.45: n = 1 Figure 8.46: n = 2 Figure 8.47: n = 3 Figure 8.48: n = 4 


11. The graph will begin to draw over itself for any 0 > 27 so the graph will look the same in all three cases. See Figure 8.49. 


Figure 8.49 
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12. The curve will be a smaller loop inside a larger loop with an intersection point at the origin. Larger n values increase the 
size of the loops. See Figures 8.50-8.52. 


WE 1 ep 1 -1 d 


Figure 8.50: n = 2 Figure 8.51: n = 3 Figure 8.52: n = 4 


13. See Figures 8.53 and 8.54. The first curve will be similar to the second curve, except the cardioid (heart) will be rotated 
clockwise by 90° (7/2 radians). This makes sense because of the identity sin 0 = cos(0 — 1/2). 


Figure 8.53: r — 1 — cos0 Figure 8.54: r = 1 — sin 0 


14. Let 0 € 0 € 2r and 3/16 € r € 1/2. 


15. A loop starts and ends at the origin, that is, when r = 0. This happens first when 0 = 7/4 and next when 0 = 57/4. This 
can also be seen by using a trace mode on a calculator. Thus restricting 0 so that 7/4 < 0 < 57/4 will graph the upper 
loop only. See Figure 8.55. To show only the other loop use 0 € 0 < 7/4 and 57/4 < 0 € 2m. See Figure 8.56. 


Figure 8.56: 0 < 0 < 7/4 and 
Figure 8.55: 7/4 < 0 < 57/4 51/4 «€ 0 € 2n 


16. (a) Let0 € 0 € 1/Aand 0 € r € 1. 
(b) Break the region into two pieces: one with 0 € x < 2/2 and 0 < y < zx, the other with 2/2 <a € land 
0x y € V1- z?. 
17. The region is given by V8 < r < v18 and 1/4 < 0 < 1/2. 


18. 
19. 


20. 


21. 


22. 


23. 
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The region is given by 0 € r < 2and —7/6 € 0 < 7/6. 
The circular arc has equation r = 1, for 0 < 0 < 7/2. the vertical line x = 2 has polar equation r cos = 2, or 
r = 2/ cos 0. So the region is described by 0 < 0 < 7/2 and 1 € r € 2/ cos0. 


Expressing x and y in terms of 0, we have 
rz —2cosÜ and y= ?2sinð. 


The slope is given by 
dy | —2cos0 . cos 
dr 2sin@ sind’ 
At 0 = 7/4, we have 
dy AVR. 


dzle-«/4 1l/V3 


Expressing x and y in terms of 0, we have 
6 M 
r-—e cosÜü and y=e sind. 


The slope is given by 
dy e° sin +e’ cos@ — sind + cos 


dx — e^cosÓ— e?sinÜ — cosÓ — sinO- 

At 0 = 7/2, we have sin 0 = 1 and cos 0 = 0, so 
dy it _ 4 
dx ganj2 O-1 | ` 


Expressing x and y in terms of 0, we have 
x =(1—cos@)cosO and y= (1 -— cosð0)sin ð. 


The slope is given by 
dy _ —(1— cos 0) cos 0 — sin 0 sin 0 
dr — (1—cos8) sin — sin@cos@ ` 
At 0 = 7/2, we have cos 0 = 0 and sin 0 = 1, so that 


d 
a =r 
dx |o=r7/2 


The curve is given parametrically by 
x=e'cos@ and y= e? sin 0. 


Thus, calculating dx/d0 and dy/d0, gives 
Arclength — "n (e? cos 0 — e? sin 0)? + (e? sin 0 + e? cos 0)? d0 
2/2 
ES L e? 4/ (cos 0 — sin 0)? + (sin 0 + cos 0)? dO 
2/2 
= J , e? /2d0 


/2 


= Va(e* — e7/?), 
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24. The curve is given parametrically by 
cz —60^cosÜ and y= 0? sin 0. 
Thus, calculating dz /d0 and dy/d0, gives 


2v 
Arclength — / (20 cos 0 — 0? sin 9)? + (20 sin 0 + 0? cos 0)? d0 
0 
2m 


= I 40? + 64 d0 
0 


2v 
-f 0y 4 + 6? d0 
0 


1 2\3/2 laa 
— (444 aoa, 
gran) 3 


Problems 


25. The formula for area is 


Therefore, since 


1 n/3 1 1/3 
A- J sin^(30) d = J (sin 30)? d0, 
2 2- 


0 
we have r = sin 30. The integral represents the shaded area inside one petal of the three-petaled rose curve, r = sin 36, 
in Figure 8.57. 


—1 


Figure 8.57: Graph of r — sin 30 


26. The spiral is shown in Figure 8.58. 


Figure 8.58: Spiral r — 0 
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27. The region between the spirals is shaded in Figure 8.59. 
1 2T 1 2m 1. 2m . 
Area — — ((20)? — 0°) d0 = = 30° dd = -0? ^ = 4r’. 
2 Jo 2 Jo 2 


y 


27 An 


Figure 8.59: Region between the 
inner spiral, r = 0, and the outer 
spiral, r = 20 


28. The cardioid is shown in Figure 8.60. The following integral can be evaluated using a calculator or by parts or using the 
table of integrals. 


2m 2m 
Area — J (1 + cos 0)? dd = J (1 + 2cos 0 + cos? 0) d0 
0 0 
1 ; 1 ; al er 4 3n 
"s (9 +2sind + 5 cos sing + 5°) Ns 530m c0 0 m)— 7r. 
y 
zr 


Figure 8.60: Cardioid 
r= 14 cosÓ0 


29. (a) See Figure 8.61. In polar coordinates, the line x = 1 is r cos 0 = 1, so its equation is 


Pa 1 
^ cos 0" 
The circle of radius 2 centered at the origin has equation 
CS 2: 
(b) The line and circle intersect where 
1 
=2 
cos 0 
cos 0 = à 
2 
T T 
0--—,— 
3'3 


Thus, 
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(c) Evaluating gives 


Figure 8.61 


30. Using the formula Area= (1/2) fe (f(0))? dO gives 


2n 2 
Area = L a? do = 2-9 
2 2 


which is the formula for the area of a disk of radius a. 


31. Using the formula Arc length — I (dx/d0)? + (dy/d0)?d0, where x = a cos 8, y = a sin 0 and a > 0 gives 


2m 2m 
Arc length = f (—asin 0)? + (a cos 0)? d0 = / ad0 = a6|2" = 2ra, 
0 0 


which is the formula for the circumference of a circle of radius a. 


32. See Figure 8.62. Notice that the curves intersect at (1, 0), where 0 = 0, 27, and at (—1,0), where 0 = 7, so 


2T 27 
Area — J (1? — (1 + sin8)?) d0 = J (—2sin 0 — sin? 0) d0. 


Using a calculator, integration by parts, or formula IV-17 in the integral table, we have 


2T 
= 5 (2240-57) =2- 


Area = E (2:056 + bonds = 5°) 
2 2 2 2: 2 


y 


r=1+sin0 


Figure 8.62 


33. The two curves intersect where 
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1 
1—sing = = 
sin 2 
Wind d 
2 
did 
6 6 


See Figure 8.63. We find the area of the right half and multiply that answer by 2 to get the entire area. The integrals can be 
computed numerically with a calculator or, as we show, using integration by parts or formula IV-17 in the integral tables. 


Area of right half 


Thus, 


(a — sin 9)? — (37) do 


(1 - 2sing + sin? 9 — 1) dO 


pre 
a. 
y ig 
oS 


1 7/6 
= J (3 - 25i 6 + sin?0) dé 
2 4 
—71/2 
7/6 
= 1 ($0 + 2cos0 — leinig 5°) 
2 4 2 2 —n/2 
1/5 T 
a1 fam, Ws) 
2\ 6 8 
Total area = — + "3 


Figure 8.63 


34. Figure 8.64 shows the curves which touch at (2, 0) and the origin. However, the circle lies entirely inside the cardioid, so 
we find the area by subtracting the area of the circle from that of the cardioid. To find the areas, we take the integrals. 
The cardioid, r = 1 + cos 6, starts at (2, 0) when 0 = 0 and traces the top half, reaching the origin when 0 = 7. 


Thus 


Area of cardioid = 2- F (1 + cos 0)? dé. 
0 


The circle starts at (2, 0) when 0 = 0 and traces the top half, reaching the origin when 0 = 7/2. Thus 


7/2 
Area of circle = 2- 3 | (2cos 0)? d0. 
0 
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The area, A, we want is therefore 


T 1/2 
Area = 2- z (14-cos6)? do — 2.1 (2 cos 0)? d0 
24 2a 


T 1/2 
n (1 + 2cos 0 + cos? 0) a- f 4 cos? 0 dO 
0 0 


T 1/2 
= (0 +2sind + 5 (sin 0 cos0 +6)) — 5 (sin cosð -- 6) 
0 0 
3 "T T 
E 4m. 


Alternatively, we could compute the area of the cardioid and subtract the area of the circle of radius 1 from it. 
The integrals can be computed numerically using a calculator, or, as we show, using integration by parts or for- 
mula IV-18 from the integral tables. 


r —]1-4cos0 


Figure 8.64 


35. (a) The graph of r = 2cosÓ is a circle of radius 1 centered at (1,0); the graph of r = 2sin is a circle of radius 1 
centered at (0, 1). See Figure 8.65. 
(b) The Cartesian coordinates of the points of intersection are at (0, 0) and (1, 1). 
The origin corresponds to 0 = 7/2 on r = 2cos@ and to 0 = 0 on r = 2sin 0. The point (1, 1) has polar 
coordinates r = v2, 0 = 1/4. 
We find the area below the line 0 = 7/4 and above r = 2sin 0 and double it: 


1 7/4 T/4 
Area = 2. J (2sin 0)? dd = af sin? 0 d0. 
0 0 


Using a calculator, integration by parts or formula IV-17 from the integral tables, 


T/4 
9 s ND 


Area — 4 (75 sin cos 0 + 7) 
2 2/ lo 2 4 2 


Figure 8.65 
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36. The area is 


i-i] Pasif 0? dd =1 
2 Jo 2 Jo 
3 a 
(p^ 
0 
3 
Ww Ld 
6 
a? —6 
a= V6. 
37. (a) See Figure 8.66. 
(b) The curves intersect when r?22 
4cos 20 = 2 
1 
20 = = 
cos 5 
In the first quadrant: 
20 = 2 so 0— 5 


Using symmetry, the area in the first quadrant can be multiplied by 4 to find the area of the total bounded region. 


1 1/6 
Area = 4 (5) I (4 cos 20 — 2) d0 
0 


: 1/6 
= (S227 7 20) 
2 
2 


0 


= 4sin 2 — r 
3 
v3 2. 
EEUU 3 


= 2V3 — on = 1.370. 


r? = 4cos 20 


Figure 8.66 


38. The slope of the tangent line at 0 = 7/3 is dy/dx = V/3/5. Since x = 3sin(20) cos @ and y = 3sin(20) sin 0, when 
0 = 7/3, we have x = 3\/3/4 and y = 9/4. Thus, the equation of the tangent line is 


_9_ vB ( 3V3 
4 5 4 
V3 9 9 
5 0" 
/3 9 
Wege 
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39. 


40. 
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We first find the points with horizontal and vertical tangents in the first quadrant and then use symmetry to obtain the 
points in other quadrants. 
The slope of the tangent line is 


dy _ 6cos(20) sin 0 + 3sin(20) cos0 
dz ^ 6cos(20)cos0 — 3sin(20) sin 0° 


The curve has a horizontal tangent where 
6 cos(20) sin 0 + 3sin(20) cos 0 = 0. 


Solving this equation numerically for 0 < 0 < 7/2, we have 0 = 0.9553; in addition 0 = 0 is a solution. Thus, there 
are horizontal tangents where x = 1.633 and y = 2.309 and where x = 0, y = 0. Thus, the five points with horizontal 
tangents are 


(1.633, 2.309); (—1.633, 2.309); (—1.633,—2.309); (1.633, —2.309); (0,0). 
The curve has vertical tangents where 
6 cos(20) cos 0 — 3sin(20) sin 0 — 0. 


Solving this equation numerically for 0 < 0 < 7/2, we have 0 = 0.6155; in addition 0 = 7/2 is a solution. Thus, there 
are vertical tangents where x = 2.309, y = 1.633, and where x = 0,y = 0. Thus, there are five points with vertical 
tangents: 

(2.309,1.633); (—2.309, 1.633); (—2.309, —1.633); (2.309, —1.633); (0,0). 


We can express x and y in terms of 0 as a parameter. Since r = 0, we have 
x -—rcos0-(0cosÜ0 and y-rsin0 = 0sin0. 


Calculating the slope using the parametric formula, 


dy  dy/dó 


dr dx/d0’ 


we have 
dy _ sin0-F0cos0 


dr cos —0sin0" 
Horizontal tangents occur where dy/dx = 0, so 
sin + 0 cos 0 = 0 
0 = — tan 0. 
Solving this equation numerically gives 
0 — 0, 2.029, 4.913. 


Vertical tangents occur where dy/dx is undefined, so 


cos @ — 0sin0 = 0 


1 
= — =coté. 
tan@ co 


Solving this equation numerically gives 
0 = 0.860, 3.426. 
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41. (a) Expressing x and y parametrically in terms of 0, we have 


sin 0 


0 
x = r cos 0 = T and y= rsin = 


The slope of the tangent line is given by 


dy _ dy/dð _ (aoe) / (a) . sin — 0 cos0 


dx dx/d0 9? 0? ~ cos -- Ó sin" 
At 0 = 7/2, we have 
dy _ l-(s/20 2 
dx gan/2 O+(n/2)1 r` 


At 0 = 7/2, we have x = 0, y = 2/7, so the equation of the tangent line is 


2 2 
y-—--—r-ct-. 
T T 
(b) As0 — 0, 
cos 0 sin 0 
LS 9 00 and y= J — 1. 


Thus, y = 1 is a horizontal asymptote. See Figure 8.67. 


y 
y-1 — 
r — 1/0 
zr 


Figure 8.67 
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42. The limaçon is given by r = 1+ 2 cos 6; see Figure 8.68. At 0 = 0, the graph is at (3, 0); as 0 increases, the graph sweeps 


out the top arc (on which the maximum value of y occurs), reaching the origin when 


14-2cos0— 0 
1 
gcc 
cos 5 
ga 27. 
3 


Thus, we want to find the maximum value of y on the interval 0 < 0 < 27/3. Since y = r sin 0, we want to find the 


maximum value of 
y = (1+ 2cos0) sin 0 = sin 0 + 2cos@sin 0. 
At a critical point 
dy = cos 0 — 2sin? 0 + 2cos? 8 = 0 
d0 
cos 0 — 2(1 — cos? 0) + 2 cos? 0 = 0 
4cos? 0 + cos9 — 2 = 0 


cos @ = LS vee 0.593, —0.843. 


Thus, Ó = cos ^!(0.593) = 0.936 and 0 = cos! (—0.843) = 2.574 are the critical values. Since 2.574 is outside the 


interval 0 < 0 < 27/3, there is one critical point 6 = 0.963. 
At the endpoints of the interval, y — 0. At 0 — 0.936, we have y — 1.760, which is the maximum value. 
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r=1+2cos0 


Figure 8.68: The inner loop has r < 0 
43. Since x = 0 cos 0 and y = 0 sin 0, we have 
Arclength — a (cos 0 — 8 sin 0)? + (sin 0 + 0 cos 0)? d0 = ru v1 4- 8? do — 21.256. 
0 0 
44. Since x = cos 0/0 and y = sin 0/0, we have 


" EON 
Arc length = a cm mt ee) ee 


2 
e a d0 = 0.712. 


45. Parameterized by 0, the curve r = f(0) is given by x = f(0) cos 0 and y = f(@) sin 0. Then 


Arc length - f 
B 
= f (F'(0)cos8 — f(0) sin 0)? + (F'(0)sin 0 + f(0) cos 0)? d0 


= / ° SEO oo a OFO otsin F FON S 
l + ())? sin? 0 + 2f^(0) f (0) sin 0 cos 0 + ((0))? cos? 0 d 
= I * JF) Gos 8 x sn? 8) + (0 Gs 0 4 cos? 8) do 
- [FORT aoa. 
46. Let (0) = 0. Then f" (8) = 1. Using the formula derived in Problem 45, we have 
Arelength =f VA 4 82 de = 5 6A 8 += zlo vire] - st ee ee L Inja + VI n3 


47. Let f(0) = 1 + cos 8. Then f'(0) = — sin 0. Using numerical methods, we have 


Arclength = o — sin 0)? + (1 + cos 0)? d0 = m v2 + 2cos d0 = 2.828. 
0 


Strengthen Your Understanding 


48. The formula 0 = tan '(y/z) is incorrect if x < 0. If 2 = 0, then tan! (y/z) is not defined and so cannot be 
used. If x < 0, then the point (a, y) is in quadrant II or III, but tan ! (y/z) is an angle in quadrant I or IV, because 
—n/2 «tan !(y/z) < 1/2. 
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49. The points on the polar curve with 7/2 < 0 < 7 are in quadrant IV, because r = sin(20) < 0. 


50. Since dr /d0 is the rate of change of r with respect to 0, it cannot be interpreted as the slope of the polar curve. The circle 
r = 1 has positive slope at 0 = 37/4, yet dr/d0 = 0 everywhere, since the radius does not change as 0 increases. 


51. The rose with four petals, r — 3sin 20, shown in Figure 8.69 is symmetric about both axes. 
y 


r — 3sin 20 


Figure 8.69 


52. Changing the polar coordinate 0 by adding 27 does not change the point. For example, (r, 0) = (10,7) and (r,0) = 
(10, 37) correspond to the same point (x, y) = (—10, 0). 


53. The circle of radius k centered at the origin has equation r = k. For example, r = 100. 
54. One example is the Archimedean spiral r — 0. 


55. A polar curve is symmetric about the x-axis if replacing 0 by —0 in its formula makes no difference, so any formula 
involving only cos 0 will work. One such example is the limaçon r = 1 + cos 6. 


Solutions for Section 8.4 


Exercises 


1. Since density is e ^ gm/cm, 
10 


10 


10 
Mass — f e "dr =—e “| —1-e gm. 
0 


2. Strips perpendicular to the x-axis have length 3, area 3Az, and mass 5 - 3Ax gm. Thus 


2 2 
Mass S »sd- | 15 dz. 
0 0 


Strips perpendicular to the y-axis have length 2, area 2A y, and mass 5 - 2Ay gm. Thus 


3 3 
Mass = zi 10 dy. 
0 0 


3. (a) Suppose we choose an z, 0 € x < 2. If Ar isa small fraction of a meter, then the density of the rod is approximately 
6(x) anywhere from x to x + Ax meters from the left end of the rod (see below). The mass of the rod from x to 


x + Ax meters is therefore approximately ó(x) Ax = (2 4- 6x) Ax. If we slice the rod into N pieces, then a Riemann 
N 


sum is e + 6xi)Azc. 


i=1 


0 
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(b) The definite integral is 
2 

= 16 grams. 
0 


2 2 
m=f sajd = | (2+ 67) dx = (2x + 3a?) 
0 0 
4. We have 


2 2 

Moment - f via) de = | x(2 + 6x) dx 
0 0 

2 


— 20 gram-meters. 
0 


2 
E I (6z? + 2x) dz = (22? + x) 
0 


Now, using this and Problem 3 (b), we have 


M t 20 -met 5 ; 
Bua c meters (from its left end). 
Mass 16 grams 


Center of mass — 


5. (a) Figure 8.70 shows a graph of the density function. 
900 


300 


20 
Figure 8.70 


(b) Suppose we choose an x, 0 < x < 20. We approximate the density of the number of the cars between x and x + Az 
miles as ó(x) cars per mile. Therefore, the number of cars between x and x + Ax is approximately ó(x) Az. If we 
slice the 20 mile strip into N slices, we get that the total number of cars is 


N N 
C ~ M d(ai)Ax = X [600 + 300 sin(4V/z; +0.15)] Az, 
i=1 i=1 
N-1 
where Ax = 20/N. (This is a right-hand approximation; the corresponding left-hand approximation is 5 ó(z4) Ax.) 
i=0 


(c) As N — oo, the Riemann sum above approaches the integral 


20 
C= f (600 + 300 sin 4v x + 0.15) dz. 
0 


If we calculate the integral numerically, we find C z 11513. We can also find the integral exactly as follows: 


20 
C= n (600 + 300 sin 4v x + 0.15) dx 
0 
20 20 
= | 600 dz + f 300 sin 4v x + 0.15 dx 
0 0 


20 
— 12000 4- 300 | sin 4y x + 0.15 dz. 
0 


Let w = yx + 0.15, so x = w? — 0.15 and dx = 2w dw. Then 


x=20 w=V 20.15 
i, sin 4y x + 0.15 dz = 2 f w sin 4w dw, (using integral table III-15) 
x=0 w=V0.15 
v 20.15 
1 1 
=2 a cos 4w + — sin 4w) 
4 16 O35 


x —1.624. 
Using this, we have C œ~ 12000 + 300(— 1.624) ~ 11513, which matches our numerical approximation. 
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6. (a) Orient the rectangle in the coordinate plane in such a way that the side referred to in the problem—call it S—lies on 
the y-axis from y = 0 to y = 5, as shown in Figure 8.71. We may subdivide the rectangle into strips of width Ax 
and length 5. If the left side of a given strip is a distance x away from S (i.e., the y-axis), its density 2 is 1/(1 + z4). 
If Ax is small enough, the density of the strip is approximately constant—i.e., the density of the whole strip is about 
1/(1 + zł). The mass of the strip is just its density times its area, or 5Ax/(1 + z^). Thus the mass of the whole 
rectangle is approximated by the Riemann sum 


5A 
1+a4’ 
y 
Ax 
5 
S 
3 7 
Figure 8.71 


(b) The exact mass of the rectangle is obtained by letting Ax — 0 in the Riemann sums above, giving us the integral 


[a 5dx 
" 14z4 


Since it is not easy to find an antiderivative of 5/(1 4- x"), we evaluate this integral numerically, getting 5.5. 
7. The total mass is 7 grams. The center of mass is given by 


2(—3) + 5(4) 


7 = 2 cm to right of origin. 


T= 
8. The total mass is 9 gm, and so the center of mass is located at T = 3(—10 -54+1-34+2-1) 2 —5. 


9. We slice the block horizontally. A slice has area 10-3 — 30 and thickness Az. On such a slice, the density is approximately 


constant. Thus 
Mass of slice ~ Density - Volume z (2 — z) - 30Az, 


so we have 
Mass of block ~ Se — 2)30Az. 


In the limit as Az — 0, the sum becomes an integral and the approximation becomes exact. Thus 


1 
1 2 
Mass of block RE (2 — z)30dz = 30 (s 2) = 30 (2 5) = 45. 
0 
0 


Problems 


10. According to the table, the number of bats/ha drops from 117 at 3 km to 85 at 4 km. To make an overestimate, we can 
assume there are 117 bats/ha everywhere between 3 and 4 km from the cave. We have 


Area of ring (km?) — Area of outer circle — Area of inner circle — 77. 
eee i 


7.42 7.32 
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There are 100 ha per km?, so the area is 77(100) = 7007 ha. Assuming 117 bats/ha, this gives 


Oer timate TOF = Area of ring (ha) x Number bats per ha = 257,296. 
——— M 


number of bats 
7007 117 


11. According to the table, the number of bats/ha drops from 117 at 3 km to 85 at 4 km. To make an underestimate, we can 
assume there are 85 bats/ha everywhere between 3 and 4 km from the cave. We have 
Area of ring (km?) = Area of outer circle — Area of inner circle = 77. 
—————— 


7.42 7.32 


There are 100 ha per km?, so the area is 77 (100) = 7007 ha. Assuming 85 bats/ha, this gives 


VINISSEGUEIAIS TOT — Area of ring (ha) x Number bats per ha — 186,925. 
—— ma 


number of bats — 
7007 85 


12. The number of bats in a ring of inner radius r and width Ar is given by 


Number of bats = Area of ring (ha) x Bats per ha 
area (km?) 
-~ 
x 100- 2rrAr x f(r) 
S- A 
area (ha) 


= 200m f (r)rAr. 


bats per ha 


Thus, adding up the contributions from each ring gives: 
Total number of bats ~ 5 2007 f (r)rAr. 


Taking the limit of the sum as Ar — 0, we get 


5 
Total number of bats — J 2007 f (r)rdr. 
0 


13. Since the density varies with x, the region must be sliced perpendicular to the x-axis. This has the effect of making the 
density approximately constant on each strip. See Figure 8.72. Since a strip is of height y, its area is approximately y Az. 
The density on the strip is ó(z) = 1 + z gm/cm?. Thus 


Mass of strip ~ Density - Area zz (1 + z)yAx gm. 
Because the tops of the strips end on two different lines, one for x > 0 and the other for x < 0, the mass is calculated as 


the sum of two integrals. See Figure 8.72. For the left part of the region, y = x + 1, so 


0 


Mass of eft part = Jim S esas f a + x)(x + 1) dx 


From Figure 8.72, we see that for the right part of the region, y = —x + 1, so 


1 
Mass of right part = Jim, Da esas - f (1+ x)(—x +1) dx 
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-l e ae 1 
Ax Ax 
Figure 8.72 


14. Since the density 5(y) = 2 + y? is constant for fixed y, we take slices parallel to the x-axis of height Ay and length 2. 
Then a slice has area = 2A and approximate mass of (2 + y?) - 2Ay. Adding the slices and letting Ay — 0 gives 


3 
2 3 
Mass = 2(2 + y”) dy = 4y + y? = 30 gm. 
0 3 lo 


15. (a) We must find where the population density is zero. The density is given by the function 
10,000(3 — r); 


if 10,000(3 — r) — 0, then we must have r — 3. We thus conclude that the radius of Circle City is 3 miles. (Note that 
for r > 3, 10,000(3 — r) becomes negative, so at that point, our function no longer gives a meaningful representation 
of population density.) 

(b) We refer to Example 4 in this section, with f(r) = 10,000(3 — r). The population is approximated by a sum 


Population ~ 5 2rr - 10,000(3 — r)Ar. 


Since the city radius is 3 miles, r ranges from 0 to 3. Hence as Ar — 0, the sum is given by the integral 
3 
Population — n 2rr - 10,000(3 — r) dr. 
0 


This integral evaluates to 97 - 10,000 z 282,743. So we can say that the population of Circle City is approximately 
282,743. 

16. (a) Partition [0, 10,000] into N subintervals of width Ar. The area in the i‘ subinterval is zz 2rr;Ar. So the total mass 
in the slick = M ~ Y 77, 2nri (8%) Ar. 


10,000 
(b M - f 1007 "dr. We may rewrite £ as Ht l — | — —L., so that 
0 


1 +r 1 +r 1+r 1+r 1+r 
10,000 
0 
(c) We wish to find an R such that 


R " 1 10,000 " . 
1007 dr = = 1007 dr ~ 1.57 x 10°. 
o 1l-+r 2 7 1l-+r 


10,000 1 
u= | 100z(1— ——) dr = 1007 | r—In|1+7| 
0 ltr 


= 1007(10,000 — In(10,001)) z 3.14 x 10° kg. 


So 1007 (R — In |R + 1|) zz 1.57 x 10°; R — In |R + 1| ~ 5000. By trial and error, we find R ~ 5009 meters. 

17. (a) We form a Riemann sum by slicing the region into concentric rings of radius r and width Ar. Then the volume 
deposited on one ring will be the height H (r) multiplied by the area of the ring. A ring of width Ar will have an area 
given by 

Area = m(r + Ar)? — a(r?) 
= n(r? + 2rAr + (Ar)? — r°) 
= n(2rAr + (Ar)?). 
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Since Ar is approaching zero, we can approximate 


Area of ring zz 7(2rAr +0) = 2zrAr. 


From this, we have 
AV x H(r)- 2nrAr. 


Thus, summing the contributions from all rings we have 


Ve 5 H(r): 2rrAr. 


Taking the limit as Ar — 0, we get 


5 
v= f 2nr (0.115e 7") dr. 
0 


(b) We use integration by parts: 


5 
V= 023r f (re ^") dr 
0 


—2r —2r 
re e 
— 0.2 cM MR 
0 an ( 3 1 ) ; 


£z 0.181 (millimeters) - (kilometers)? = 0.181 - 10^? - 10° meters? = 181 cubic meters. 


BS 
18. Partition a < x < b into N subintervals of width Az = ( 


; a = £to < zı €-:: «€ zw — b. The mass of the 


strip on the ith subinterval is approximately m; = ó(z;)|f (ri) — g(zi)] Ax. If we use a right-hand Riemann sum, the 
approximation for the total mass is 
N 


5 ó(xi)[f(xi) — g(x:)]Ax, and the exact mass is M = 1 ó(x)[f (x) — g(x)]dz. 


19. FA Use the formula for the volume of a cylinder: 
Volume = zr?l. 
Since it is only a half cylinder 
Volume of shed = Larl. 
(b) Set up the axes as shown in Figure 8.73. The density can be defined as 
Density = ky. 


Now slice the sawdust horizontally into slabs of thickness Ay as shown in Figure 8.74, and calculate 


Volume of slab z 2zlAy = 2l(4/ r? — y2)Ay. 


Mass of slab = Density - Volume © 2kly y r? — y? Ay. 
Finally, we compute the total mass of sawdust: 


Total mass of sawdust — f Qklyy/r? — y? dy = d yy? 
0 


y 


| 

| 

| 
—r qon 


Figure 8.73 Figure 8.74 
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20. First we rewrite the chart, listing the density with the corresponding distance from the center of the earth (x km below the 
surface is equivalent to 6370 — x km from the center): 


This gives us spherical shells whose volumes are 4 


in(ri — r41) for any two consecutive distances from the origin. 
We will assume that the density of the earth is increasing with depth. Therefore, the average density of the it" shell is 
between D; and D;+1, the densities at top and bottom of shell i. So fnDiyı (r? — r2,4) and $TDilr} —r},,) are upper 
and lower bounds for the mass of the shell. 


10.1 
11.4 
12.6 
13.0 
13.0 


To get a rough approximation of the mass of the earth, we don’t need to use all the data. Let’s just use the densities 
at x = 0, 2900, 5000 and 6370 km. Calculating an upper bound on the mass, 


My = g^ [13.0(1370* — 0°) + 12.6(3470? — 1370?) + 5.6(6370? — 3470?)] - 10? ~ 7.29 x 10?" g. 


The factor of 10!? may appear unusual. Remember the radius is given in kilometers and the density is given in g/cm?, so 


we must convert kilometers to centimeters: 1 km = 10? cm, so 1 km? = 10? cm’. 


The lower bound is 
4 5 
Mz = 37 [12.6(1370° — 0?) + 5.6(3470? — 1370?) + 3.3(6370? — 3470°)] - 105 ~ 4.05 x 107" g. 


Here, our upper bound is just under 2 times our lower bound. 
Using all our data, we can find a more accurate estimate. The upper and lower bounds are 


7 
4 "P " 
My = 37 X Dia(r? — r31) 10” g 


i=0 
and 
i x ] 
M; = -DD Dir? r4) 10” g. 
i=0 
We have 
Mu = $7(4.5(6370" — 5370?) + 5.1(5370? — 4370?) + 5.6(4370? — 3470?) 
+ 10.1(3470? — 3370?) + 11.4(3370? — 2370?) + 12.6(2370? — 1370?) 
+ 13.0(1370? — 370°) + 13.0(370? — 03)] - 101? g 
e 6.50 x 10°" g 
and 


Mz = =7(3.3(6370" — 5370°) + 4.5(5370° — 43702) + 5.1(4370° — 3470?) 
+ 5.6(3470? — 3370?) + 10.1(3370? — 2370?) + 11.4(2370? — 1370?) 
+ 12.6(1370? — 370?) + 13.0(370? — 0?)] - 10? g 

& 5.46 x 107" g. 
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21. We slice time into small intervals. Since t is given in seconds, we convert the minute to 60 seconds. We consider water 
loss over the time interval 0 < t < 60. We also need to convert inches into feet since the velocity is given in ft/sec. Since 
1 inch = 1/12 foot, the square hole has area 1/144 square feet. For water flowing through a hole with constant velocity v, 
the amount of water which has passed through in some time, At, can be pictured as the rectangular solid in Figure 8.75, 
which has volume 
Area - Height = Area - Velocity - Time. 


Height = g(t)At — >] 
tt 


Figure 8.75: Volume of water passing 
through hole 


Over a small time interval of length At, starting at time t, water flows with a nearly constant velocity v = g(t) 
through a hole 1/144 square feet in area. In At seconds, we know that 


e (L e = ms 3 
Water lost ~ (5 ft ) (g(t) ft/sec) (At sec) = (zu) g(t) At ft". 


Adding the water from all subintervals gives 


1 , 
Total water lost ~ 5 14490 At fe. 


As At — 0, the sum tends to the definite integral: 


60 
1 3 
Total water lost = — g(t) dt f. 
otal water los f 14420 


22. (a) Divide the atmosphere into spherical shells of thickness Ah. See Figure 8.76. The density on a typical shell, p(h), is 
approximately constant. The volume of the shell is approximately the surface area of a sphere of radius re + h meters 
times Ah, where re = 6.4 - 10° meters is the radius of the earth, 


Volume of Shell ~ 47(re + hi) ^h. 
A Riemann sum for the total mass is 


Mass © V ^ An(re +h)? x 1.28e 0:099124hi Ah kg. 


Figure 8.76 
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(b) This Riemann sum becomes the integral 


100 
Mass = i f (re + h)? © 1.28e7% 000124h. qp 
0 
100 
= an f (6.4 - 10° + hy? .1.28e 0-000124h qp. 
0 


Evaluating the integral using numerical methods gives M = 6.5 - 10'° kg. 


23. We need the numerator of T, to be zero, i.e. 5 ximi = 0. Since all of the masses are the same, we can factor them out 
and write 4 ^ x; = 0. Thus the fourth mass needs to be placed so that all of the positions sum to zero. The first three 
positions sum to (—6 + 1 + 3) = —2, so the fourth mass needs to be placed at x = 2. 


24. We have r 


3 3 
Total mass of the rod = (14 x°) dr = l | =| = 12 grams. 
0 


0 
In addition, 


3 2 4 
Moment — "i z(14-2?)dz = E + =| = T gram-meters. 
0 


2 4 
0 
Thus, the center of mass is at the position x = EEIE = 2.06 meters. 
25. The center of mass is » 
P J x (2 + sin x) dz 
gz = = 


Js (2 + sin x) dx 
=r? +T. 
0 


The numerator is INC +asina) dx = (x? — x cos z + sin x) 


T 


The denominator is he + sin x) dx = (2x — cosx)| = 2r + 2. So the center of mass is at 


26. (a) We find that 


1 2 4\ jt 
Moment = f a(1+ ka?) dz = (5 + =) | 2l + E gram-meters, 
0 0 


2 4 2 
and that 
^ ka? i 
Total mass = / (1+ kx?) dx = (e + =) = 1 + — grams 
0 0 
Thus, the center of mass is 
C= ata = S (223) meters 
"1-5 4\3+k ' 


NS l 


(b) Let f(k) = $ ($2). Then f'(k) = de 


, Which is always positive, so f is an increasing function of k. 


Since f(0) = 0.5, this is the smallest value of f. As k + oo, f(k) — 3/4 = 0.75. So f(k) is always between 0.5 
and 0.75. 
27. (a) The density is minimum at x = —1 and increases as x increases, so more of the mass of the rod is in the right half of 


the rod. We thus expect the balancing point to be to the right of the origin. 
(b) We need to compute 
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We must divide this result by the total mass, which is given by 
1 


1 
/ (3—e *)dx=(34+e 7?) ede 


1 —1 


We therefore have 
2/e o 2 
6—e+(1/e) 146e—e? 
28. Since the region is symmetric about the x-axis, y = 0. 
To find Z, we first find the density. The area of the disk is 7/2 m?, so it has density 3/(7/2) = 6/s kg/m?. We find 
the mass of the small strip of width Ax in Figure 8.77. The height of the strip is V1 — z?, so 


£ 0.2. 


z= 


Area of the small strip zz Az(x)Aa = 2- /1— z2Ax m’. 


When multiplied by the density 6/7, we get 


Mass of the strip ~ HS. y 1 — x? Ar kg. 
T 


We then sum the product of these masses with x, and take the limit as Ax — 0 to get 
1 1 
12 4 4 
Moment — J gy1- r? dr = —-(1—2?)/7?| = = meter. 
o 7 T a T 


Finally, we divide by the total mass 3 kg to get the result z = 4/ (37m) meters. 


y Ax 


—1 


Figure 8.77: Area of a small strip 


29. (a) Since the density is constant, the mass is the product of the area of the plate and its density. 


i It. 
Area of the plate — f x dr = =x°| = = cm’. 
5 3 lo 3 


Thus the mass of the plate is 2 - 1/3 = 2/3 gm. 
(b) See Figure 8.78. Since the region is “fatter” closer to x = 1, z is greater than 1/2. 


y 


aK 1 
Ax 


Figure 8.78 
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(c) To find the center of mass along the x-axis, we slice the region into vertical strips of width Ax. See Figure 8.78. Then 
Area of strip = A,(x)Agx z z^ Ax 


Then, since the density is 2 gm/cm?, we have 


This is greater than 1/2, as predicted in part (b). 
30. (a) Since the density is constant, the mass is the product of the area of the plate and its density. 


1 2 2 


1 
Area of the plate = f yz dx = 2 92 
: 37 73 


Thus the mass of the plate is 5 - 2/3 = 10/3 gm. 
(b) To find z, we slice the region into vertical strips of width Az. See Figure 8.79. Then 


Area of strip = As(£) Ax © vzAx cm’. 
Then, since the density is 5 gm/cm?, we have 


f 25A2(2) dæ i 5z??dy 3 TE 
oC 2r | = — cm. 
Mass 10/3 10 0 5 


T= 
To find g, we slice the region into horizontal strips of width Ay 
Area of horizontal strip = Ay(y)Ay © (1 — z)Ay = (1 — y’) Ay cm’. 
Then, since the density is 5 gm/cm?, we have 


[usAQ)dy _ h y-v)dy _ 3 «(5 £) 
EE C ERE 2 


1 


Mass 10/3 ~ 10 


"E 3| 
y= 10 


0 


y 
VE 
x 
ah 1 
Ax 
Figure 8.79 


31. The triangle is symmetric about the x axis, so y — 0. 
To find z, we first calculate the density. The area of the triangle is ab/2, so it has density 2m/(ab) where m is the 
total mass of the triangle. We need to find the mass of a small strip of width Ax located at x; (see Figure 8.80). 


b(a — x) 


Aa. 
2a ai 


Area of the small strip ~ Az(a)Aga = 2- 
Multiplying by the density 2m/(ab) gives 


Mass of the strip ~ 2m 7 2) Aw, 
à 
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We then sum the product of these masses with x;, and take the limit as Ax — 0 to get 


^ 2mz(a — x) 2m (ax? N) 2m (a? a ma 
Moment eg ee a, 
dius | a? Tg ( 2 3j v2 3 3 


Finally, we divide by the total mass m to get the desired result Z = a/3, which is independent of the length of the base b. 


y 

b 

2 

T 
z-(a — x) 

i z 

a 
x 
_b Ax 
2 
Figure 8.80 


32. Stand the cone with the base horizontal, with center at the origin. Symmetry gives us that = y = 0. Since the cone is 
fatter near its base we expect the center of mass to be nearer to the base. 
Slice the cone into disks parallel to the xy-plane. 
As we saw in Example 3 on page 416, a disk of thickness Az at height z above the base has 


Volume of disk = Az(z)Az ~ «(5 — z)? Az cm?. 
Thus, since the density is ó, 
f 26Az(z)dz — fo z- õn(5-— z)” dz 


Mass Mass 
To evaluate the integral in the numerator, we factor out the constant density 6 and 7 to get 


5 5 2 3 AN |8 
f z- ôn(5— 2)? dz = in f z(25 — 10z + 2°) dz = ôr aa 107 EE = 
5 Ü 2 3 4 


z= cm. 


We divide this result by the total mass of the cone, which is (4057 . 5) ô: 


625 Vm 5 
12 —-9 
17586 m 1.25 cm. 


Z= 


As predicted, the center of mass is closer to the base of the cone than its top. 


33. Since the density is constant, the total mass of the solid is the product of the volume of the solid and its density: ó (1 — 
e-2)/2. By symmetry, ij = 0. To find Z, we slice the solid into disks of width Az, perpendicular to the x-axis. See 
Figure 8.81. A disk at x has radius y = e ^, so 


Volume of disk = Az(x)Az = ny Az = ne T Az. 


Since the density is 6, we have 


1 —2g 1 —2g 1 
r-Óme dr ôr | ze ^"dx 
Ja = Ja 2 f re`” dx. 
0 


= Total mass ôn(1 — e-?)/2 ECT 


The integral f e?" dx can be done by parts: let u = x and v' = e~?*. Then u' = 1 and v = e ?*/(—2). So 


—2m —22 —22 —22 
—2g ze € ze € 
dz = = dz = = . 
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D e? e? (o ty =e 
—2 4 4 4 : 


2 1—3e?  1-3e7? 
1—e-? 4 2-2e? 
Notice that z is less that 1/2, as we would expect from the fact that the solid is wider near the origin. 


and then 


The final result is: 


g= z~ 0.343. 


Radius = y 


Figure 8.81 
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34. (a) Position the pyramid so that the center of its base lies at the origin on the xy-plane. Slice the pyramid into square 


slabs parallel to its base. We compute the mass of the pyramid by adding the masses of the slabs. 


The mass of a slab is its volume multiplied by the density 6. To compute the volume of a slab, we need to get an 
expression for the side s of the slab in terms of its height z. Using the similar triangles in Figure 8.82, we see that 


s — (10— z) 


40 10 


Thus s — 4(10 — z). Since the area of the square slab's face is s?, 


Volume of the slab ~ A;(z)Az = s?Az = 16(10 — z)?Az. 


Mass of slab = 165(10 — z)^ Az. 


The mass of the pyramid can be found by summing all of the masses of the slabs, and letting the thickness Az 


approach zero: 


10 — z)°|"° 160006 
———————| = —— sm. 


10 
_ # 2 u 2, —166( 
Total mass — im D 166(10 — z) Az -f 166(10 — z) dz = 3 ; 3 


10—z 


10 cm 
i 


D 
| 


I $A 40 em 1 
Figure 8.82 


770 Chapter Eight /SOLUTIONS 


(b) From symmetry, we have = y = O0. Since the pyramid is fatter near its base we expect the center of mass to be 
nearer to the base. Since 
Volume of slab = A;(z)Az = 16(10 — z)? Az, 


fo^ z- 168(10 — z)? dz 


Total mass 


E 
To evaluate the integral in the numerator, we factor out the constant 16ó and expand the integrand to get 


10 


.—. 400006 


3 


10 . —9202? 4 
165 f (100z — 202? + 2?) dz = 166 (se ter wm =) 
0 


0 


We divide this result by the total mass 160006 /3 of the pyramid 


= 400006/3 40000 _ 25cm 
~ 160006/3 16000 


As predicted, the center of mass is closer to the base of the pyramid than its top. 


Strengthen Your Understanding 


35. Mass density can never be negative, but f(x) < 0 for 0 < x < 5. 
36. The center of mass with density ó(x) for 0 < x < 10 is given by 


ie x0(ax) Cua 
Jo. (2) dz 


Center of mass — 


The correct formula for ó(z) = x? is 


Center of mass — 


37. Any density function that is symmetric about the center of the rod will also give a center of mass in the center of the rod. 
For example, if a rod has ends at x = —1 and x = 1 and density ó(z) = x” then its center of mass is at the origin. 


38. When the density is constant, for example, if ó(r) — 3 everywhere on the disk, the mass of the disk is the density times 
the area of the disk, or 3- 9r = 277 gm. Since the density is not constant and is less than 3 everywhere except at the 
center of the disk, the mass of the disk must be less than 277 gm. 


39. Let the rod be the interval 0 € x < 10. Suppose the density is given by 
5, O<a<l 
ó(r) 2 4 1, l<a<5 

4 5<a<10 


The rod is denser at the end x = 0 than at the end x = 10. 
We have 
1 
[ aó(a j= [se f xdr + f Ar dx = 2.5 + 12 + 150 = 164.5 


L (x j= f sae f TJ 4dx = 5 + 4 + 20 = 29. 


10 
xôå(x)dzx 
Ja ZÒ) de _ 1645 672. 


——— 
Ji ó(x) dx 29 


The center of mass at x = 5.672 is nearer to the end x = 10 than to the end x = 0. 


Therefore 


Center of Mass = 


40. 


41. 


42. 


43. 
44. 


45. 


46. 
47. 
48. 


Solutions for Section 8.5 
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Any rod whose mass increases towards one end will skew the center of mass towards that end. As an example, if ó(x) = a, 
then the total mass of the rod is " 
Mass = n v dr = 2 
0 


1 f 1 
Center of mass = 3 x: 6(x) dx = 3 


0 


and the center of mass is 


which is not at the center of the rod. 


Taking a constant density ó(x) = 1 gives the desired result, since then the center of mass is 


2 
EACUS - = =1 cm. 
i ó(x) dx 


Center of mass = 


False. The population density needs to be approximately constant on each ring. This is only true if the population density 
is a function of r, the distance from the center of the city. 


False. Since the density varies with y, the region must be sliced perpendicular to the y-axis, along the lines of constant y. 


False. Although the density is greater near the center, the area of the suburbs is much larger than the area of the inner city, 
and population is determined by both area and density. In fact, the population of the inner city: 


1 1 
/ (10 — 3r)2ar dr = 2n(5r? — r?)| = 8r 
0 0 
is less than the population of the suburbs: 
2 2 
J (10 — 3r)2rr dr = 2r (5r? — r?)| = 16r. 
1 1 


True. One way to look at it is that the center of mass should not change if you change the units by which you measure the 
masses. If you double the masses, that is no different than using as a new unit of mass half the old unit. Alternatively, let 
the masses be mi, m», and ma located at £1, £2, and x3. Then the center of mass is given by: 
zım + LaM2 + 2373 

mi +m +m; ` 


p= 


Doubling the masses does not change the center of mass, since it doubles both the numerator and the denominator. 
False. The center of mass of a circular ring (for example, a coin with a hole in it) is at the center. 
True. The density of particles hitting the target is approximately constant on concentric rings. 


False. If the density were constant this would be true, but suppose that all the mass on the left half is concentrated at x = 0 
and all the mass on the right side is concentrated at x = 3. In order for the rod to balance at x = 2, the weight on the left 
side must be half the weight on the right side. 


Exercises 


1. 


2. 


This is in British units, so the distance raised, d, is first converted to feet: d = 0.75. feet. 


Work done = Fd = 40 lb - 0.75 ft = 30 ft-lb. 


This is in International units, so the distance raised, d, is first converted to meters: d = 0.3 m. The force due to gravity is 
mg = (20 kg) (g m/sec), so 


W = Fd = [(20 kg) (9.8 m/sec?)] - (0.3 m) = 58.8 joules. 
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3. 


4. 


5. 


6. 


10. 
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Because the force is a function F (x) of position x, then in moving from x = a to z = b, 


b 
Work done -f F(x) dx. 


In this case , 


— 1.333 ft-Ib. 


1 
1 

Work done — z?-2rdz = 2a? 27 

0 3 0 


The work done is given by 


2 2 
W = 3r dax = 25 = 3 joules. 
i 2 2 
1 
The work done is given by 
3 3 
W = 3x dx = € = — joules. 
0 2 lo 


(a) For compression from x = 0 to x = 1, 


1 
= : = 1.5 joules. 


: 3 
Work B 3a dx = 2a? 
0 2 0 


For compression from x = 4 to x = 5, 


5 
, = = (25 16) = Z = 13.5 joules. 


? 3 
Work -f 3a dr = Za? 
i 2 


(b) The second answer is larger. Since the force increases with x, for a given displacement, the work done is larger for 
larger x values. Thus, we expect more work to be done in moving from z = 4 to x = 5 than from z = 0 to z = 1. 


Since all parts of the plate are at the same depth, the force is constant on all parts of the plate. The force is the pressure, 
62.4 - 150 lb/ft? multiplied by the area of the plate, 4007 ft?, so 


Force = 1.176 - 10” pounds. 


. Because the bottom of the fish tank is horizontal, the pressure is the same at every point on the bottom, so 


Pressure = 62.4 lb/ft? - 1 ft = 62.4 lb/ft”. 


and 
Force = Pressure - Area = 62.4 lb/ft? - 2 ft. 1 ft = 124.8 pounds. 


. The only work is done by lifting the bucket initially, since the motion is parallel to the force of gravity, so the work is 


2-10 = 20 ft-lb. When the child is walking and holding the bucket at a constant height, the force of gravity and the 
motion are at right angles, and the work done is zero. Thus, the total work done is 20 ft-lb. 


Since the gravitational force is 
4-104 
r2 


F= newtons 


and r varies between 6.4 - 10° and 7.4 - 10° meters, 


7.4-109 7.4.1098 
4-104 


1 
Work done — f ;— dr = —4.10™ -= 
64100 7 ü 


6.4-106 


1 1 
= 4.10" (— nu) = 8.4 - 10° joules. 
6.1-106 7.4- 108 Pm 
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Problems 


11. The force exerted on the satellite by the earth (and vice versa!) is GMm/ r?, where r is the distance from the center of 
the earth to the center of the satellite, m is the mass of the satellite, M is the mass of the earth, and G is the gravitational 
constant. So the total work done is 


8.4-10% 8.4108 8.4-109 
Í Fdr= f e Ui (=) = 1.489 - 10™ joules. 
6.4-106 64100 T T 6.4-106 
12. Let x be the distance from ground to the bucket of cement. . 
At height x, if the bucket is lifted by Az, the work done is eut 
500A +0.5(75 — a) Ax. See Figure 8.83. The 500A: term "2 
is due to the bucket of cement; the 0.5(75 — x)A«x term is 
due to the remaining cable. So the total work, W, required 
to lift the bucket is 
30 30 
W = n 500dx + I 0.5(75 — x)dx L 
30 
0 0 
I 
= 500 - 30 + 0.5(75 - 30 — 530) x F [500 
= 15,900 ft-lb. ok 
Figure 8.83 


13. When the anchor has been lifted through h feet, the length of chain in the water is 25 — h feet, so the total weight of the 
anchor and chain in the water is 50 + 3(25 — h) Ib. Then 
Work to lift the anchor and chain Ah higher = Weight - Distance lifted 
= (100 + 3(25 — h))Ah. 


To find the total work, we integrate from h = 0 to h = 25: 


25 


= 3437.5ft-lbs. 


0 


25 25 3h? 
W= / (100 + 3(25 — h))dh = I (175 — 3h)dh = (us. x) 
0 0 


14. To lift the weight an additional height AA off the ground from a height of h, we must do work on the weight and the amount 
of rope not yet pulled onto the roof. Since the roof is 30 ft off the ground, there will be 30 — h feet remaining of rope, for 
a weight of 4(30 — A). So the work required to raise the weight and the rope a height Ah will be Ah(1000 + 4(30 — A)). 
To find the total work, we integrate this quantity from h = 0 to h = 10: 


10 
Work — / (1000 + 4(30 — A)) dh 
0 


10 
= J (1120 — 4h) dh 
0 


10 
= (1120h — 2h?) 


0 
— 11,200 — 200 


= 11,000 ft-lbs. 


15. The bucket moves upward at 40/10 = 4 meters/minute. If time is in minutes, at time t the bucket is at a height of x = 4t 
meters above the ground. See Figure 8.84. 
The water drips out at a rate of 5/10 = 0.5 kg/minute. Initially there is 20 kg of water in the bucket, so at time £ 
minutes, the mass of water remaining is 
m = 20 — 0.5t kg. 
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Consider the time interval between t and t + At. During this time the bucket moves a distance Ax = 4At meters. So, 
during this interval, 


Work done ~ mgAzx = (20 — 0.5t)g4At joules. 


10 
Total kd = li 20 — 0.5t)g4At = 4 20 — 0.5t) dt 
otal work done jim D 0 — 0.5t)g of (20 — 0.5t) 


0 


10 
= Ag(20t ns 0.25t?) = 700g = 700(9.8) = 6860 joules. 
0 
Platform 
P 
40m 
x 
Ground 
Figure 8.84 


16. Let x be the height (in feet) from ground to the cube of ice. It follows that 0 < x < 100. At height x, the ice cube w 
weighs 2000 — 4z since it's being lifted at a rate 1 ft./min. and it's melting at a rate of 4 Ib/min. To lift it Ax more the 
work required is (2000 — 4a:) Az. So the total work done is 


100 
W = 1 (2000 — Ax)dx 
0 


100 
= (20002 — 227) 


0 
= 2000(100) — 2 - (100)? 
= 180,000 ft-lb. 


17. Let y represent depth below the surface of the can. Slice the water in the can horizontally into cylinders of height Ay 


and radius 1. See Figure 8.85. To find the weight of such a slice, we multiply its volume by its weight per cubic foot: we 
obtain 


Weight = x1? (Ay)(62.4) ~ 196.04 Ay. 
So the work required to lift a slice at depth y to the surface is 196.04y Ay. 
To find the total work required to empty the can, we integrate: 


3 213 
Total Work ~ J 196.04y dy = 196.04% ~ 784.14 ft-lb. 
1 


1 
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Volume of Slice = 7 Ay 
Figure 8.85 


18. We slice the water horizontally and find the work required to pump each horizontal slice of water over the top. See 
Figure 8.86. At a distance h ft above the bottom, a slice of thickness Ah has 


Volume a 50 - 20Ah ft’. 
Since the density of water is p Ib/ft®, 
Weight of the slice ~ p(50 - 20 - Ah) Ibs. 
The distance to lift the slice of water at height ^ ft is 10 — A ft, so 


Work to move one slice = p- Volume - Distance lifted 
= p(50 - 20- Ah)(10 — h) 
= 100p(10 — h)Ah ft-lb. 


The work done, W, to pump all the water is the sum of the work done on the pieces: 


Wer 5 100p(10 — h) Ah. 


As Ah —> 0, we obtain a definite integral. Since h varies from h = 0 to h = 9 and p = 62.4 Ib/ft?, the total work is: 


9 
— 62400(49.5) — 3,088,800. 


9 2 
W= / 100p(10 — h)dh = 62400 (m = £) 
0 0 


The work to pump all the water out is 3,088,800 ft-Ibs. 


ee um 


DĂ 


Ah 
hft 


10 ft 


Figure 8.86 
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19. Let x be the distance measured from the bottom 


20. 


Therefore, the total work is 


the tank. See Figure 8.87. To pump a layer of wa- 6 


ter of thickness Ax at x feet from the bottom, the C ——R 
Work needed is 


62.4362 (20 — z)Aa. 
(62.4) 76" ( ) a 


20’ 
10 10’ 
W = J 36 - (62.4)7(20 — x)dx 
0 
1 10 
= 36 - (62.4) (20x — 3?) 
0 


= 36 - (62.4) (200 — 50) 
zz 1,058,591.1 ft-lb. Volume of Slice = 7 (62) Ax 


Figure 8.87 


Let x be the distance from the bottom of the 
tank. See Figure 8.88. To pump a layer of 
water of thickness Ax at x feet from the 
bottom to 10 feet above the tank, the work 
done is (62.4)6? (30 — x) Aa. Thus the to- 


tal work is SS5 


10’ 


ri 36 - (62.4) (30 — x)dx 
0 


i 20 30— c 
= 36 - (62.4) (30x = 5°”) 
0 20' 
= 36 - (62.4)1(30(20) — 520%) Aa 
ez 2,822,909.50 ft-lb. z 


Volume of Slice = 76° Ax 


Figure 8.88 


21. (a) We slice the water horizontally. Each slice is a cylindrical slab of radius 4 and thickness Ah, so 


Volume of each slab ~ 74° Ah ft. 
See Figure 8.89. The density of water is ô lb/ft, so 
Weight of slab ~ r4’? Ah Ib. 
Water at a height of h ft must be lifted a distance of 10 — h ft. 


Work to move one slice = ô - Volume - Distance lifted 


= ó(x (4) Ah)(10 — h) ft-lb. 


Since the density of water is 6 = 62.4 Ib/ft? and since h varies from h = 0 to h = 10, the total work, W, is: 


10 10 2 
W = / 6(74°)(10 — h)dh = tör | (10 — h)dh = 998.47 (wm = £) = 156,828 ft-lb. 
0 0 


0 


The total work required is 156,828 ft-Ibs. 
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(b) This is the same as part (a) except the water must be lifted a distance of 15 — h ft. The total work is: 


10 10 2 
h 
W = f 6(14^)(15 — h)dh = 165 | (15 — h)dh = 998.47 (isr E £) = 313,656 ft-lb. 
0 0 


0 
The total work required is 313,656 ft-Ibs. 
(c) This is the same as part (a) except that h varies from h = 0 to h = 8. The total work is: 


— 150,555. 
0 


8 8 2 
W= I (747) (10 — h)dh = tör | (10 — h)dh = 998.47 (m - z) 
0) 0 


The total work required is 150,555 ft-Ibs. 


Figure 8.90 
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Let x be the depth of the water measured from the bottom of the tank. See Figure 8.90. It follows that 0 € x < 15. Letr 
be the radius of the section of the cone with height x. By similar triangles, = = 12 sor = ix. Then the work required 


18? 


to pump a layer of water with thickness of Ax at depth x over the top of the tank is 62.47 (22)? Az(18 — x). So the 


total work done by pumping the water over the top of the tank is 


15 2 2 
W = I 62.47 (Ža) (18 — z)dx 
i 3 
4 15 


= oan f x’ (18 — x)dx 
0 


15 


Il 


62.40 (ox? z zc) 


0 


olè ole Cl 


62.4r (1593.75) ~ 661,619.41 ft-lb. 
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23. We slice the water horizontally as in Figure 8.91. We use similar triangles to find the radius r of the slice at height ^ in 


terms of h: 

Plo so r= l h 

h 12 ae 
At height h, 

2 
Volume of slice ~ nr? Ah = 7 (5^) Ah fe. 
The density of water is ó Ib/ft?, so 
3 
Weight of slice ~ ôr (s^) Ah Ib. 


The water at height h must be lifted a distance of 12 — h ft, so 


Work to move slice = ô - Volume - Distance lifted 
1 2 
"T ¢ (3+) an) (12 — h) ft-lb. 
The work done, W, to lift all the water is the sum of the work done on the pieces: 
1, \2 
w= >” on ( h) Ah(12 — h) feb. 
As Ah — 0, we obtain a definite integral. Since h varies from h = 0 to h = 9, and 6 = 62.4, we have: 


9 
9 9 4 
W= / nay tg — h)dh = S247 T (pene us -E 
wl d 9 J, 9 4 


0 


= 27,788 ft-lb. 


The work to pump all the water out is 27,788 ft-lbs. 


12 ft 


Figure 8.91 


24. Let h represent distance below the surface in feet. We slice the tank up into horizontal slabs of thickness Ah. From 
looking at Figure 8.92, we can see that the slabs will be rectangular. The length of any slab is 12 feet. The width w of a 
slab h units below the ground will equal 2x, where (14 — h)? + z? = 16, so w = 24/4? — (14 — h)?. The volume of 
such a slab is therefore 12w Ah = 244/16 — (14 — h)? Ah cubic feet; the slab weighs 42- 244/16 — (14 — h)? Ah = 
10084/16 — (14 — h)? Ah pounds. So the total work done in pumping out all the gasoline is 

18 


18 
n 1008h4/16 — (14 — h)? dh = is f h4/16 — (14 — h)? dh. 
10 10 


Substitute s — 14 — h, ds — —dh. We get 


18 —4 
1008 f hy/16 — (14 — h)? dh = is f (14 — s)\/16 — s? ds 
10 4 
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4 4 
= 1008-14 f i6— Fas — 1008 f sy 16 — s? ds. 
= —4 


The first integral represents the area of a semicircle of radius 4, which is 87. The second is the integral of an odd function, 
over the interval —4 < s < 4, and is therefore 0. Hence, the total work is 1008 - 14 - 87 ~ 354,673 foot-pounds. 


À 4 A 
pc surface | 10 Ih | 
Pd EN M Y | | 
É r ^ | 14 
\ 
a ef | Ah | 
T l Y 
\ i 
N. J 
E m E E » 
12 
Figure 8.92 


25. Divide the muddy water into horizontal slabs of thickness Ah. See Figure 8.93. Then for a typical slab 


Volume of slab = 7 (0.5)? Ah m? 
Mass of slab ~ ó(h)«(0.5)? Ah = 0.25z(1 + kh) Ah kg 


The water in this slab is moved a distance of h + 0.3 meters to the rim of the barrel. Now 


Work done = Mass : g - Distance moved, 


and work is measured in newtons if mass is in kilograms and distance is in meters, so 


Work done in moving slab ~ 0.257 (1 + kh)g(h + 0.3) Ah joules. 


Since the slices run from h = 0 to h = 1.5, we have 


1.5 
Total work done — | 0.257 (1 + kh)g(h + 0.3) dh 
0 


= 0.366(k + 1.077)g7 joules 


Top of water 


Figure 8.93 
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26. (a) We divide the triangular end into horizontal strips of thickness Ah. The length of a strip, s, depends on its height h 
from the bottom. See Figure 8.94. We use similar triangles to see that 


2 
ea e 
pog "Us 
Since each strip is approximately a rectangle, at height h, 


Area of strip ~ =hAh fê. 


Since the depth at height h is 3 — h, writing ô for the density of water, we have: 
Force on one strip = ô - Depth - Area 


~ 6(3 — h) (nan) Ib. 
To find the total force, F', we integrate the force on a strip from h = 0 to h = 3, using ô = 62.4 Ib/ft?^: 
3 3 2 3 
2 2 2 2 3h h 
P= 6(3 — h)=hdh = =6 3h — h^)dh = =62.4 | — — — 
| ( ^3 3 | ( ) 3 ( 2 3 ) 


(b) To find the work, we slice the water horizontally. Each slice is a rectangular slab with thickness Ah, length 15 ft, and 
width s as in Figure 8.95. As we saw in part (a), at a height of h we have s = Zh. At height h, 


3 


= 187.2 lbs. 
0 


Volume of slab zz 15 (n) Ah fé. 


The distance to lift the slice at height h is 3 — h, so if 6 is the density of water, we have: 
Work to lift one slice = 6 - Volume - Distance lifted 


B 5(15(Sh)Ah)(3 — h) ft-lb. 


To find the total work, W, we integrate the work to lift a slice from h = 0 to h = 3, using 6 = 62.4 Ib/ft?. 


3 3 2 3 
w- | nis (Zn) (3a) dn = 105 f (3h — h?)dh = 10 - 62.4 Mo 
, 3 A 2 3 


3 
= 106(4.5) = 2808 ft-lbs. 
0 


K———_ 2 ft — 


Ah 
3 ft 
Ah 


ar 
M —— M n X —— 


Figure 8.94 Figure 8.95 
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27. (a) Divide the wall into horizontal strips, each of height Ah. See Figure 8.96. The area of each strip is 1000A ^, and the 
pressure at depth h is 62.4h, so 


Force on strip ~ 1000(62.4h)Ah 
Force on dam ~ X 1000(62.4h) Ah. 


(b) The force on the dam is given by the integral 


50 2 


5 50 
Force on dam = 1 1000(62.4h) dh = 62400% 
0 


— 78,000,000 pounds. 
0 


1000 


P 
— 


~] 


Figure 8.96 


28. See Figure 8.97. 


For the bottom: The bottom of the tank is at constant depth 15 feet, and therefore is under constant pressure, 15 - 
62.4 = 936 Ib/ft?. The area of the base is 200 ft”, so 


Total force on bottom = 200 ft? - 936 lb/ft? = 187200 Ib. 


For the 15 x 10 side: The area of a horizontal strip of width dh is 10 dh square feet, and the pressure at height h is 
62.4h pounds per square foot. Therefore, the force on such a strip is 62.4h(10 dh) pounds. Hence, 


15 9 |15 
h 
Total force on the 15 x 10 side — J (62.4h)(10) dh = 624-7 = 70200 lbs. 
0 0 
For the 15 x 20 side: Similarly, 
15 p2] 
Total force on the 15 x 20 side = J (62.4h) (20) dh = 1248—- = 140400 lbs. 
0 0 
j K 
10 
h 
Ah a 
15 


CU exa 


I — M — 3 ———— — — —&4 


Figure 8.97 


29. We divide the water against the dam into horizontal strips, each of thickness Ah and length 100. 


Area of each strip ~ 100A ft^. 
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See Figure 8.98. The strip at height h ft from the bottom is at a water depth of 40 — h, so, if 6 Ib/ft? is the density of water, 
we have: 


Force of one strip = ô - Depth - Area 
& 6(40 — h)(100Ah) Ib. 


To find the total force, F, we integrate the force on a strip from h = 0 to h = 40, using 6 = 62.4 Ib/ft^: 
40 

= 6240(800) = 4,992,000lbs. 
0 
W———— — 100 ft———————— 


40 h2 
F= T 6(40 — h)100dh = 100 - 62.4 (am = z) 
0 


Ah 


ol 

© 
e——-(q > 
H— > — e 


Figure 8.98 


30. Bottom: 
Water force = 62.4(2)(12) = 1497.6 lbs. 
Front and back: 
2 1 2 
Water force — (24) | (2 — x) dx = (62.4)(4)(2x — 37) 
0 0 
— (62.4)(4)(2) — 499.2 Ibs. 


Both sides: a 
Water force — 24) | (2 — x) dx = (62.4)(3)(2) = 374.4 lbs. 


0 


31. (a) Since the density of water is ô = 1000 kg/m?, at the base of the dam, water pressure ógh = 1000 - 9.8 - 180 = 
1.76 - 10° nt/m?. 
(b) To set up a definite integral giving the force, we divide the dam into horizontal strips. We use horizontal strips 
because the pressure along each strip is approximately constant, since each part is at approximately the same depth. 
See Figure 8.99. 
Area of strip = 2000Ah m?. 


Pressure at depth of h meters = ógh = 9800h nt/m?. Thus, 
Force on strip z Pressure x Area = 9800h - 2000Ah = 1.96 - 10 hA nt. 


Summing over all strips and letting Ah — 0 gives: 


180 
Total force = lim 5 1.96 -10°hAh = 1.96 - w f h dh newtons. 
Ah-0 0 


Evaluating gives 


2 | 180 


Total force = 1.96 - 10 = 3.2 - 10! newtons. 


0 


2000 m 


180m 


— 
ae 


Figure 8.99 
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32. (a) At a depth of 350 feet, 
Pressure = 62.4. 350 = 21,840 lb/ft’. 


To imagine this pressure, we convert to pounds per square inch, giving a pressure of 21,840/144 = 151.7 Ib/in?. 
(b) (i) When the square is held horizontally, the pressure is constant at 21,840 Ibs/ft?, so 
Force = Pressure - Area = 21,840 - 5 = 546,000 pounds. 


(ii) When the square is held vertically, only the bottom is at 350 feet. Dividing into horizontal strips, as in Fig- 
ure 8.100, we have 
Area of strip = 5Ah ft. 


Since the pressure on a strip at a depth of h feet is 62.4 lb/ft’, 
Force on strip + 62.4h - 5Ah = 312h Ah pounds. 


Summing over all strips and taking the limit as Ah — 0 gives a definite integral. The strips vary between a 
depth of 350 feet and 345 feet, so 


350 
Totalforce — lim 312hAh = f 312h dh pounds. 
Ah-0 3 


Evaluating gives 
350 

= 156(350? — 345?) = 542,100 pounds. 
345 


h2 
Total force = 312 Ex 


H——— 5 t 
Depth = 345 ft ——> 


H- 


Ah 


Depth = 350 ft 


N 


Bottom of sea 


Figure 8.100 


33. (a) Since water has density 62.4 lb/ft, at a depth of 12,500 feet, 
Pressure = Density x Depth = 62.4. 12,500 = 780,000 Ib/square foot. 


To imagine this pressure, observe that it is equivalent to 780,000/144 ~ 5400 pounds per square inch. 
(b) To calculate the pressure on the porthole (window), we slice it into horizontal strips, as the pressure remains approx- 
imately constant along each one. See Figure 8.101. Since each strip is approximately rectangular 


Area of strip ~ 2rAh ft^. 
To calculate r in terms of h, we use the Pythagorean Theorem: 
r+h? =9 
r=~V/9-h?, 


so 
Area of strip ~ 24/9 — h2 Ah ft”. 


The center of the porthole is at a depth of 12,500 feet below the surface, so the strip shown in Figure 8.101 is at a 
depth of (12,500 — A) feet. Thus, pressure on the strip is 62.4(12,500 — h) Ib/ft?, so 


Force on strip = Pressure x Area ~ 62.4(12,500 — h)2\/9 — h? Ah lb 
= 124.8(12,500 — h)4/9 — h? Ah Ib. 
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To get the total force, we sum over all strips and take the limit as Ah — 0. Since h ranges from —3 to 3, we get the 
integral 


Total force = lim 124.8(12,500 — h)y 9 — h? Ah 
Ah-—0 


3 
iis f (12,500 — h)4/9 — h? dh Ib. 


—3 


Evaluating the integral numerically, we obtain a total force of 2.2 - 10^ pounds. 


Figure 8.101: Center of circle is 12,500 ft 
below the surface of ocean 


34. We divide the dam into horizontal strips since the pressure is then approximately constant on each one. See Figure 8.102. 
Area of strip ~ wAh m’. 


Since w is a linear function of ^, and w = 3600 when h = 0, and w = 3000 when ^ = 100, the function has slope 
(3000 — 3600)/100 — —6. Thus, 
w = 3600 — 6h, 


so 
Area of strip e (3600 — 6h) Ah m’. 


The density of water is 6 = 1000 kg/m’, so the pressure at depth ^ meters = ógh = 1000 - 9.8h = 9800h nt/m?. Thus, 
100 
Total force = lim. ` 9800h(3600 — 6h)Ah = 9800 n h(3600 — 6h) dh newtons. 
Ah-0 0 


Evaluating the integral gives 


100 


Total force = 9800(1800h? — 2h?)| = 1.6 - 10" newtons. 


H— 3600 m ——————__1 


H— — 3000 m———^4 
Figure 8.102 
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35. We need to divide the disk up into circular rings of charge and integrate their contributions to the potential (at P) from 0 
to a. These rings, however, are not uniformly distant from the point P. A ring of radius z is V R? + z? away from point 
P (see Figure 8.103). 


2rzo A 
The ring has area 27z Az, and charge 27:26 Az. The potential of the ring is then a 


VRBES 


and the total potential 


at point P is 
a 


Qrz0 dz 2zdz 
——————— — 70 ————. 
EE / R2 + PI mE / R2 + 22 
We make the substitution u = z?. Then du = 2z dz. We obtain 


az 


2 
2z dz d du 
————— = 10 ———— = To (2V/ RR +u 
o VR +22 f vR +u ( ). 
= 2ro (y R? +a? — R). 
0 


a 


TO 


= no(24/ R? + z?) 


(The substitution u = R? + z? or VR? + z2 works also.) 


Figure 8.103 


36. The density of the rod is 10 kg/6 m = 25m A lit- m" 
tle piece, dx m, of the rod thus has mass 5/3 dx kg. 
If this piece has an angular velocity of 2 rad/sec, =~ 
then its actual velocity is 2|r| m/sec. This is be- a 
cause a radian angle sweeps out an arc length equal \ \ 
to the radius of the circle, and in this case the lit- . Ei 
tle piece moves in circles about the origin of ra- da: 
dius |x|. See Figure 8.104. The kinetic energy of 
the little piece is mv?/2 = (5/3dx)(2|x|)? /2 = 
LIA dz. 


1j 


Figure 8.104 


Therefore, 


= 60 kg - m? /sec? = 60 joules. 


3 2 3 
Total Kinetic Energy — I 10x _ 20 E | 
-3 
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37. We slice the record into rings in such a way that every point 
has approximately the same speed: use concentric circles 
around the hole. See Figure 8.105. We assume the record is 
a flat disk of uniform density: since its mass is 50 grams and 


its area is 7(10cm)” = 1007 cm?, the record has density 
m = — E. So a ring of width dr, having area about 


2zr dr cm”, has mass approximately (27r dr)(1/27) = 
r dr gm. At radius r, the velocity of the ring is 


min 60sec  lrev 9 sec 


Figure 8.105 


The kinetic energy of the ring is 


107r =) 2 u 50z?r? dr gram - cm? 


bon = Liy dr grams) ( 
2 E Š 9 sec 81 sec? 


So the kinetic energy of the record, summing the energies of all these rings, is 


2 
aie M 
se 


= 15231 ergs. 


a 50z?r? dr _ 257°rt M 
" 81 162 " 


38. The density of the rod, in mass per unit length, is M /I (see Figure 8.106). So a slice of size dr has mass 44 — It pulls the 
small mass m with force Gms /r? = — So the total gravitational attraction between the rod and point is 


eH GmM dr — GmM (. 1N[ 
i ir? mE (=) 
_GmM (1. 1 
~ (G E" ui) 
GmM |l | GmM 


l a(a-l) a(a+l)’ 


@ 
I — —— ——— yr —____ > * dr 
Figure 8.106 


39. This time, let's split the second rod into small slices of length dr. See Figure 8.107. Each slice is of mass — dr, since 


the density of the second rod is Ta. Since the slice is small, we can treat it as a particle at distance r away from the end 


of the first rod, as in Problem 38. By that problem, the force of attraction between the first rod and particle is 
GM; "72 dr 
(r)r-h) 


So the total force of attraction between the rods is 


oth GMi72dr GMM [P dr 
/ (r)r-h) h J 


CMe [f 1 (i 1 
oo Sto dr. 
l2 a h NT orth 
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y a+l2 
= ——— (In|r| ^ In|r +l) 
2 


a 


= — — — [In [a + lo| — In [a +l + [2| — In |a| + In [a + l|] 


u GM Me (a 4- )(a + l2) 
© hl a(a li +l2) |` 


This result is symmetric: if you switch lı and l2 or M and M2, you get the same answer. That means it's not important 
which rod is “first,” and which is “second.” 


Figure 8.107 


40. In Figure 8.108, consider a small piece of the ring of length AJ and mass 


AIM 
2ra ` 


AM = 


The gravitational force exerted by the small piece of the ring is along the line QP. As we sum over all pieces of the 

ring, the components perpendicular to the line OP cancel. The components of the force toward the point O are all in the 

same direction, so the net force is in this direction. The small piece of length Al and mass ALM /27a is at a distance of 
a? + y? from P, so 


Gaim GMmAI 


27a 


(Vai y)  2nala? +y?) 


Gravitational force from small piece — AF — 


Thus the force toward O exerted by the small piece is given by 
p y _ GMmAl y _ GMmyAl 
[24 y2 2ma(a?+y?) ,/a2 fy?  2wa(a? + y?)3/2 
The total force toward O is given by F zz $^ AF cos 9, so 


F- GM my - Total length |. GMmy2ra GMmy 


Qna(a2 + y2)3/2 m 2ra(a? + y2)3/2 (a2 + y2)3/2* 


Figure 8.108 


41. Divide the disk into rings of radius r, width Ar, as shown in Figure 8.109. 
Then 
Area of ring © 2zT Ar. 


Since total area of disk is 7a”, 


2nrAr |, 2rM 


Mass of ring ~ M = — ^r. 
a 


TA 
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Thus, calculating the gravitational force due to the ring, we have 
Gravitational force _ G [LM ) my |  2GMmuyr 
on m due toring a? (r2 + y2)3/2 ^ a2(r2 + y?)3/2 
Summing over all rings, we get 
Total gravitational force _ 3 2GM myr ^" 
on m due to disk a?(r?--y2)9/2 ^" 


As Ar — 0, we get 


Gravitational force _ ^ 2GMmmyr dies 2GMmy =l ; 
on m due to disk a?(r? +y?)  — a? (r2 + y2)172 , 
2GMmy ( 1 1 
E a2 y  (a24y2)1/2 
P 
y 
a 
Ar 
Figure 8.109 


Strengthen Your Understanding 


42. 


43. 


44. 


45. 


46. 


The calculation given is correct when the entire rope is lifted 20 m. But the portions of the rope nearer the top are raised 
a shorter distance, so less work is required. 

It takes less work to pump the oil out of the top half of the tank than to pump it out of the bottom half of the tank because 
the oil in the top half has to be lifted a shorter distance. Emptying the full tank takes less than twice as much work as 
emptying the half-filled tank. 


The force exerted lifting the rock is equal to 10 kg x 9.8 m/sec? — 98 nt. The work is 


Work = Force x Distance = 98 - 2 joules. 


Raising a 2 kg book 1 meter off the ground requires work Force x Distance where Force — (2 kg) (9.8 m/ sec”) and 
Distance = 1 meter. 


Let tank A be a cylinder of radius 1 meter and height 4 meters and tank B be a cylinder of radius 2 meters and height 
1 meter as shown in Figure 8.110. The volume of each tank is 47 = 12.56 meters®. All the water in tank B has to be 
pumped at least 9 meters, whereas the water in the top part of tank A has to be pumped a shorter distance. Therefore, it 
takes less work to pump the water from tank A to a height of 10 meters than the water from tank B. 


Tank A 


Tank B 


Figure 8.110 


47. 
48. 


49. 


50. 


51. 
52. 


Solutions for Section 8.6 
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False. Work is the product of force and distance moved, so the work done in either case is 200 ft-lb. 


True. Displacement in the same direction as the force gives positive work; displacement in the opposite direction as the 
force gives negative work. 


False. Since the water pressure increases with depth, the force on the lower half of the new dam is greater than the force 
on the upper half of the new dam, which is the same as the force on the old dam. Thus the force on the new dam is more 
than double the force on the old dam. 


True. Since pressure increases with depth and we want the pressure to be approximately constant on each strip, we use 
horizontal strips. 


False. The pressure is positive and when integrated gives a positive force. 
True. Although work is expressed in an integral, the average value is also expressed in an integral. We have: 


4 


1 
Average value of the force = TT F(a) dz. 
g 1 


Thus if we multiply the average force by 3, we get f E F(x) dz, which is the work done. 


Exercises 


1. 


The future value, in dollars, is 


The present value, in dollars, is 
The present value, in dollars, is 


The present value, in dollars, is 


15 
i C e 992 dt. 
0 


5 


15 
| C e9.09205—1) dt. 
0 


50022) 4 599 49.02(€- D... goge 0200-2). 


The future value, in dollars, is 


The future value, in dollars, is 


We want 

Ce"? = 25,000. 
Thus, 

e0 _ 25,000 
=a 

so, taking logs, we find the continuous interest rate is 

In(2 

r= meee) per year. 


30 
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8. At any time f, in a time interval At, an amount of 1000A¢t is deposited into the account. This amount earns interest for 
(10 — t) years giving a future value of 100990999) 06- 9. Summing all such deposits, we have 


10 
Future value — I 1000e°°8°-9) dt = $15,319.30. 
0 


9. (a) 


20 
Future Value zi 100691902079 qt 
0 


20 
= 100 f eig Oe ae 
0 


20 
100e? —0.10t 


—0.10 
100e? 


=g = e 9:192) 2, $6389.06. 


0 


The present value of the income stream is 


20 1 
1 100e ^: ?' dt = 100 (=) p 
o —0.10 " 


= 1000 (1 — e^?) = $864.66. 


20 


Note that this is also the present value of the sum $6389.06. 
(b) Let T' be the number of years for the balance to reach $5000. Then 


T 
5000 — I 100c9-19(7 70 qt 
0 


T 
50 = en f e70 10t dt 
[U 


T 
eO 10T 


—0.10 L 
= 10e9197 (1 — 917) = 1929-19 — 10. 


—0.10t 


So, 60 = 10e9197, and T = 101n 6 ~ 17.92 years. 


10. We compute the future value first: we have 
5 
Future value — n 2000e9-955—9 dt = $12, 295.62. 
0 


We can compute the present value using an integral and the income stream or using the future value. We compute the 
present value, P, from the future value: 


12295.62 = Pe? 8°) so P = 8242.00. 


The future value of this income stream is $12, 295.62 and the present value of this income stream is $8, 242.00. 


11. (a) We compute the future value of this income stream: 
20 
Future value = 1 1000e°°" °° dt = $43, 645.71. 
0 


After 20 years, the account will contain $43, 645.71. 
(b) The person has deposited $1000 every year for 20 years, for a total of $20, 000. 
(c) The total interest earned is $43, 645.71 — $20, 000 = $23, 645.71. 
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12. Since we want to have $20,000 in 60 years starting with a single initial deposit of $10,000, we have 
20,000 = 10,000 e”, 


Solving for r, we get: 


2=— e” (60) 
T In(2) 
60 


r — 0.01155 or r — 1.15596 per year. 


13. Since we want to have $20,000 in 15 years starting with a single initial investment of $10,000, we have 
20,000 = 10,000e" 09". 


Solving for r, we get: 


15 
r — 0.04621 or r — 4.62196 per year. 


14. Since we want to have $20,000 in 5 years starting with a single initial deposit of $10,000, we have 
20,000 = 10,000e". 


Solving for r, we get: 


2 2er» 
i In(2) 
5 


r — 0.13863 or r = 13.863% per year. 


Notice that the goal of doubling the initial $10,000 deposit in a short period of time (5 years) leads to a high interest rate 
(13.863%). 
15. A constant income stream that pays 20,000 in 5 years has a yearly rate amount of 20,000/5 = 4000 dollars/year. Thus, 
the future value, B, of the stream at the end of 5 years is 
= 200,000(e°* — 1) = 21,034.18 dollars. 
0 


— ¢0-02(5-t) 


B= | 4000 e?°26-*® qt = 4000 ———_— 
J g 0.02 


16. A constant income stream that pays 20,000 in 10 years has a yearly rate amount of 20,000/10 = 2000 dollars/year. Thus, 
the future value, B, of the stream at the end of 10 years is 


_4) 110 
—e®-02(10—t) 


= 03. 4) _ 
002 — 100,000(e 1) — 22,140.28 dollars. 


10 
B= ri 2000 c9:9200—-0 qt = 2000 
0 


0 


17. A constant income stream that pays 20,000 in 20 years has a yearly rate amount of 20,000/20 = 1000 dollars/year. Thus, 
the future value, B, of the stream at the end of 20 years is 
20 


— ¢0-02(20-t) 
= 50,000(e°* — 1) = 24,591.23 dollars. 


20 
B= 1000 e°:°?°-9 dt = 1000 —— — —— 
f 0.02 


Problems 


18. If S(t) = S is the constant income stream, then we want 
10 100 
Future value = 20000 = 1 Se? 800-2) qu = s f g PSO gu 
0 0 


Evaluating the integral gives 
10 


) 
— 11.662. 


.03 


10 
q0.03(1070) gy — =l e0-03(10—t) 
0 0 0 


Then S = 20000/11.662 = 1714.97 dollars per year. 
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19. 


S/year 


! l t (years from present) 
1 


The graph reaches a peak each summer, and a trough each winter. The graph shows sunscreen sales increasing from 


cycle to cycle. This gradual increase may be due in part to inflation and to population growth. 


20. (a) 


(b) 


21. (a) 


(b) 


22. (a) 


The lump sum payment has a present value of 120 million dollars . We compute the present value of the other option 
at 6% and 3%. An award of $195 million paid out continuously over 20 years works out to an income stream of 9.75 
million dollars per year. 

If the interest rate is 6%, compounded continuously, we have 


9.75 


ae (e 9997? _ 1) = 113.556 million dollars. 


20 
Present value at 6% = f 9.75e0 dt = 
0 
Since this amount is less than the lump sum payment of 120 million dollars, the lump sum payment is preferable if 
the interest rate is 666. 
If the interest rate is 396, we have 


9.75 


T (e 999?? _ 1) = 146.636 million dollars. 


20 
Present value at 3% = / 9.75e 9 tdt = 
0 
Since this amount is greater than the lump sum payment of 120 million dollars, taking payments continuously over 
20 years is the better option if the interest rate is 3%. 
The assumption is that the interest rates would stay relatively high (closer to 696). The interest rate at which the 
decision changes is the solution to the equation 


2/9 (e ?9* — 1) = 120. 

—2£ 
Using a graph or numerical methods gives x = 5.3%. Thus if Mr. Nabors chooses the lump sum, he is assuming 
interests rates stay above 5.3%. 
Solve for P(t) = P. 


10 10 
100000 = | pe9:1000-0g - re [ oO: 10t dt 
0 0 


" 10 

. Pe -oi . Pe(—3.678 + 10) 
—0.10 0 

= P - 17.183. 


So, P ~ $5820 per year. 
To answer this, we'll calculate the present value of $100,000: 


100000 = pe91909 
P ~ $36,787.94. 


Let L be the number of years for the balance to reach $10,000. Since our income stream is $1000 per year, the future 
value of this income stream should equal (in L years) $10,000. Thus 


x L 
10000 — f 1000-8 dt = 1000e %5? f ga 
9 0 


L 
0.05L 1 —0.05t 0.05L —0.05L 
= 1000€ (-axz) e = 20000e""" (1— e ) 
= 20000e°°°” — 20000 
so et 092 = 3 
2 


t 
| 


= 201n (5) = 8.11 years. 


23. 


24. 


25. 


26. 
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(b) We want 


L 
10000 = 2000e°°°* + J 1000e° °°" qt, 
0 
The first term on the right hand side is the future value of our initial balance. The second term is the future value of 
our income stream. We want this sum to equal $10,000 in L years. We solve for L: 


L 
10000 = 2000e°°°” + 1000e°°°” n e 0-05t qt 
0 


D 
5 l 
— 9000999: + 100062: 9% (=>) —0.05t 
? e 0.05 / * 


— 2000e® 5E + 20000e%?5? (1 _ ge) 
= 2000e9 9?" + 20000e° °°” — 20000. 


So, 


22000e"°°” = 30000 
o.osn _ 30000 


.. 22000 
15 : 
L — 201n T & 6.203 years. 
You should choose the payment which gives you the highest present value. The immediate lump-sum payment of $2800 


obviously has a present value of exactly $2800, since you are getting it now. We can calculate the present value of the 
installment plan as: 


PV = 1000e 9° +4 19006799900 + 19994 79-092 
e $2828.68. 


Since the installment payments offer a (slightly) higher present value, you should accept this option. 


The initial $9000 deposit earns interest for 20 years. Since we want to have $18,000 in 20 years, we have: 
18,000 = 9000e" C9, 


Solving for r, we get: 


18,000 _ (2j 


9000 
. 1nn2 
T7790 
r — 0.03466 or r — 3.46696 per year. 


The initial $6000 deposit earns interest for 20 years. The second deposit only earns interest for 17 years. Since we want 
to have $18,000 in 20 years, we have: 


18,000 = 6000e" 99 + 3000e"” , 
or 
18,000 
3000 


We can solve for r numerically or by graphing the functions on the left- and right-hand sides of the equation, and finding 
the intersection point. This yields r = 0.03641, or r = 3.641% per year. 


= Qe" (20) a eran. 


The initial $3000 deposit earns interest for 20 years. The second deposit earns interest for 17 years. Since we want to have 
$18,000 in 20 years, we have: 
18,000 = 3000e" C? + 6000e" 7, 

or 

18,000 _ 

3000 .— 

We can solve for r numerically or by graphing the functions on the left- and right-hand sides of the equation, and finding 
the intersection point. This yields r = 0.03843, or r = 3.843% per year. 


er (20) E 9er 
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27. We want to reach a target of $18,000 in 20 years, so we have: 


28. 


29. 


30. 


20 
18,000 — ji 300 e"? dt. 
0 


In order to solve for r, we integrate, then solve the resulting equation graphically or numerically. We have: 


18,000  —e"20-#) |? 
300 r | 
20r — 
60 — e 1 
q 


We can solve for r by graphing the functions on the left- and right-hand sides of the last equation, and finding the 
intersection point. This yields r = 0.09519, or r = 9.519% per year. 


Since we want the future value of the income stream of 4800 per year to be 100,000 in 15 years, we have 


15 
0000 = f 4800e" 057? dt. 
0 


Evaluating the integral gives 


15 _ 4800 (e — el") = 4800 


0 =i 25 


100,000 — 


4800 e 05-0 fer" = 1). 
=f 


This equation is not solvable by algebraic means. However, using a computer or calculator to solve for r numerically or 
graphically we obtain r = 0.0416. So a continuous interest rate of 4.16% per year is required. 


(a) We calculate the future values of the two options: 
FV, = 6631) 4 2012) 95040) 4 969-100) 


= 8.099 + 2.443 + 2.210 + 2 
= $14.752 million. 


FVa = 818) 4 94010) 44040) 4 G91) 
& 1.350 + 2.443 + 4.421 + 6 
= $14.214 million. 


As we can see, the first option gives a higher future value, so he should choose Option 1. 
(b) From the future value we can easily derive the present value using the formula PV = FVe—". So the present value is 


Option 1: PV = 14.752e9 C? ~ $10.929 million. 


Option 2: PV = 14.214e°'—®) = $10.530 million. 


At any time t, the company receives income of s(t) per year. It will then invest this money for a length of 2 — t years 
at 696 interest, giving it future value of a(£)gt 082-9) from this income. If we sum all such incomes over the two-year 
period, we can find the total value of the sales: 


2 2 
Value — f s(t)e®0®C-9 dt = J [50e~*e 992-4) dt 
0 0 


2 2 
- f [5099127109] dt = (=) = $46,800. 
0 


0 


31. 


32. 


33. 


8.6 SOLUTIONS 795 


Price in future = P(1 + 20/2). 

The present value V of price satisfies V = P(1 + 20V/t)e 9 °., 

We want to maximize V. To do so, we find the critical points of V(t) for t > 0. (Recall that v/t is nondifferentiable at 
t=0.) 


oos; | 10 
= pe 999! | — — 0.05 — vtl. 
vit 


Setting T = 0 gives T — 0.05 — Vt = 0. Using a calculator, we find t ~ 10 years. Since V'(t) > 0for0 « t « 10 


and V'(t) < 0 for t > 10, we confirm that this is a maximum. Thus, the best time to sell the wine is in 10 years. 


(a) Suppose the oil extracted over the time period [0, M] is S. (See Figure 8.111.) Since q(t) is the rate of oil extraction, 


we have: 
M M M 
s= | «ou - | (a ia = f (10 — 0.12) dt. 
0 0 0 


To calculate the time at which the oil is exhausted, set S = 100 and try different values of M. We find M = 10.6 
gives 


10.6 
I (10 — 0.1¢) dt = 100, 
0 
so the oil is exhausted in 10.6 years. 


Extraction Curve 


r4 
q(t) 
Area below 
. he extraction curve 
is the total oil extracted t 
0 M 
Figure 8.111 


(b) Suppose p is the oil price, C is the extraction cost per barrel, and r is the interest rate. We have the present value of 
the profit as 


M 
Present value of profit = | (p — C)q(t)e "*dt 
0 


10.6 

= I (20 — 10)(10 — 0.1t)e~°™* dt 
0 

— 624.9 million dollars. 


(a) Let's split the time interval into n parts, each of length At. During the interval from t; to ti+1, profit is earned at 
a rate of approximately (2 — 0.1¢;) thousand dollars per year, or (2000 — 100t;) dollars per year. Thus during this 
period, a total profit of (2000 — 100£;) At dollars is earned. Since this profit is earned t; years in the future, its present 
value is (2000 — 100£;) Ate -!*: dollars. Thus 


n—i 


Total present value ~ (2000 — 100t;)e~° 1% At. 


0 At M 


to ty t2 UC ti tii UC tn 
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(b) The Riemann sum corresponds to the integral: 
M 
Present value = n e 919 (2000 — 100t) dt. 
0 
(c) To find where the present value is maximized, we take the derivative of 
M 
P(M) = J e™®™ 19t (2000 — 100t) dt, 
0 
with respect to M, and obtain 


P'(M) = e 9?" (2000 — 100M). 


This is 0 when 2000 — 100M = 0, that is, when M = 20 years. The value M = 20 maximizes P(M), since 
P'(M) > 0for M < 20, and P'(M) < 0for M > 20. To determine what the maximum is, we evaluate the integral 
representation for P(20) by III-14 in the integral table: 


20 
P(20) I e™™19t (2000 — 100t) dt 
0 


20 


~ $11353.35. 


0 


. [(2000 — 100t) 
= —0.10 


e 0 10t $ 100000] 


34. One good way to approach the problem is in terms of present values. In 1980, the present value of Germany’s loan was 
20 billion DM. Now let’s figure out the rate that the Soviet Union would have to give money to Germany to pay off 10% 
interest on the loan by using the formula for the present value of a continuous stream. Since the Soviet Union sends gas 
at a constant rate, the rate of deposit, P(t), is a constant c. Since they don’t start sending the gas until after 5 years have 
passed, the present value of the loan is given by: 


Present Value = Í P(t)e™™ dt. 


We want to find c so that 


20,000,000,000 -f ce "dt = ef e "dt 
5 5 


b 
=c lim (ge) = ce 9190) 
b—oo 


= 6.065c. 


5 


Dividing, we see that c should be about 3.3 billion DM per year. At 0.10 DM per m? of natural gas, the Soviet Union 
must deliver gas at the constant, continuous rate of about 33 billion m? per year. 


35. Measuring money in thousands of dollars, the equation of the line representing the demand curve passes through (50, 980) 
and (350, 560). Its slope is (560 — 980)/(350 — 50) — —420/300. See Figure 8.112. So the equation is y — 560 — 


— 220 (g M 350), i.e. y— 560 — -ir + 490. Thus 


350 350 
Consumer surplus = / (-2 + 1050) dx — 350 - 560 = -5a + 1050x — 196000 
0 


0 
= 85,750. 


(Note that 85,750 = 4 - 490 - 350, the area of the triangle in Figure 8.112. We could have used this instead of the integral 
to find the consumer surplus.) 
Recalling that our unit measure for the price axis is $1000/car, the consumer surplus is $85,750,000. 
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price 
(1000s of dollars/car) 


1050 (50, 980) 


(350, 560) 


quantity 
(number of cars) 


Figure 8.112 


36. The supply curve, S(q), represents the minimum price p per unit that the suppliers will be willing to supply some quantity 
q of the good for. See Figure 8.113. If the suppliers have q* of the good and q* is divided into subintervals of size Aq, 
then if the consumers could offer the suppliers for each Aq a price increase just sufficient to induce the suppliers to sell 
an additional Aq of the good, the consumers' total expenditure on q* goods would be 


pıAq+p2Aq +: = pa. 


q* q* 
As Aq — 0 the Riemann sum becomes the integral S (q) dq. Thus S (q) dq is the amount the consumers would 


0 0 
pay if suppliers could be forced to sell at the lowest price they would be willing to accept. 


Price 


Aq Aq Aq q* 


Quantity 


Figure 8.113 


37. 


* * * 


ra o^ —s@aa= f va- f S(q) dq 


* 


q 
zre- f S(q) dq. 
0 


Using Problem 36, this integral is the extra amount consumers pay (1.e., suppliers earn over and above the minimum they 
would be willing to accept for supplying the good). It results from charging the equilibrium price. 


38. (a) p'q* = the total amount paid for q* of the good at equilibrium. See Figure 8.114. 


(b) i id D(q) dq = the maximum consumers would be willing to pay if they had to pay the highest price acceptable to 
them for each additional unit of the good. See Figure 8.115. 
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price price 


Supply : S(q) Supply : S(q) 
p* p* 
Demand : D(q) Demand : D(q) 
quantity quantity 
q* q* 
Figure 8.114 Figure 8.115 


(c) f k S(q) dq = the minimum suppliers would be willing to accept if they were paid the minimum price acceptable to 
them for each additional unit of the good. See Figure 8.116. 


(d) JE D(q) dq — p*q* = consumer surplus. See Figure 8.117. 


price price 


Supply : S (q) Supply : S(q) 
p* p* 
Demand : D(q) Demand : D(q) 
quantity quantity 
q* q* 
Figure 8.116 Figure 8.117 
(e) p*q* — p S(q) dq — producer surplus. See Figure 8.118. 
(f) JE (D(q) — S(q)) dq = producer surplus and consumer surplus. See Figure 8.119. 
price price 
Supply : S(q) Supply : S(q) 
p* p* 
Demand : D(q) Demand : D(q) 
quantity quantity 
g q* 
Figure 8.118 Figure 8.119 
39. p (price/unit) 


q (quantity) 


Figure 8.120: What effect does the artificially high price, p”, have? 
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(a) A graph of possible demand and supply curves for the milk industry is given in Figure 8.120, with the equilibrium 
price and quantity labeled p* and q* respectively. Suppose that the price is fixed at the artificially high price labeled 
p* in Figure 8.120. Recall that the consumer surplus is the difference between the amount the consumers did pay 
(p^) and the amount they would have been willing to pay (given on the demand curve). This is the area shaded in 


Figure 8.121(i). Notice that this consumer surplus is clearly less than the consumer surplus at the equilibrium price, 
shown in Figure 8.121(ii). 


(i) ^ Artificial price (ii) ^ Equilibrium price 


p (price/unit) 


consumer 
surplus 


q (quantity) 


p (price/unit) 


consumer 
surplus 


q (quantity) 


q* q* 
Figure 8.121: Consumer surplus for the milk industry 


(b) At a price of p*, the quantity sold, q”, is less than it would have been at the equilibrium price. The producer surplus 
is the area between p* and the supply curve at this reduced demand. This area is shaded in Figure 8.122(i). Compare 
this producer surplus (at the artificially high price) to the producer surplus in Figure 8.122(ii) (at the equilibrium 
price). It appears that in this case, producer surplus is greater at the artificial price than at the equilibrium price. 
(Different supply and demand curves might have led to a different answer.) 


(i) ^ Artificial price (ii) 


Equilibrium price 
p (price/unit) 


p (price/unit) 


producer 
Surplus 


producer 
Surplus 


q (quantity) 


q (quantity) 


qt q” 
Figure 8.122: Producer surplus for the milk industry 


(c) The total gains from trade (Consumer surplus + Producer surplus) at the artificially high price of p* is the area shaded 
in Figure 8.123(i). The total gains from trade at the equilibrium price of p* is the area shaded in Figure 8.123(ii). It is 
clear that, under artificial price conditions, total gains from trade go down. The total financial effect of the artificially 
high price on all producers and consumers combined is a negative one. 


(i) ^ Artificial price (ii) 
p (price/unit) 


Equilibrium price 
p (price/unit) 


q (quantity) 


q (quantity) 


Figure 8.123: Total gains from trade 
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40. price 


Consumer surplus. ——> 


Producer surplus. ——» 


quantity 


(a) The producer surplus is the area on the graph between p^ and the supply function. Lowering the price also lowers 
the producer surplus. 

(b) Note that the consumer surplus—the area between the line p^ and the supply curve—increases or decreases depend- 
ing on the functions describing the supply and demand and on the lowered price. (For example, the consumer surplus 
seems to be increased in the graph above, but if the price were brought down to $0 then the consumer surplus would 
be zero, and hence clearly less than the consumer surplus at equilibrium.) 

(c) The graph above shows that the total gains from the trade are decreased. 


Strengthen Your Understanding 


41. With no interest, the future value of the stream is equal to the total amount deposited over 10 years, which is $20,000. So 
the future value is more than $20,000. 


42. The present value of S at a 4% interest rate, compounded annually, is 


S 
PV = —. 
1.04 
The present value of S at a 3% interest rate, compounded annually, is 
S 
PV = —. 
1.03 


Thus, the present value is smaller with a 4% interest rate. 


43. The present value of a continuous stream of payments is found using an integral: 


2 2 
P Ẹ 
PV zj Pe™™dt = —~e""| = —(1-e°”). 
0 


F 0 T 


44. Producer surplus is measured in dollars. 
45. See Figure 8.124. 


< 


Supply 


Consumer surplus 


Producer surplus Demand 
x 


Figure 8.124 


y 
Supply 


Consumer surplus 


Producer surplus ap Demand 
2 
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46. We want 10,000e~""!° < 5000. Solving 
e 19r = 2 


r = — dg In(0.5) = 0.0693. 


We want an interest rate larger than 0.0693, such as 7% or larger. 
Larger than 6.93%/ yr 


47. A present value of A with an interest rate r, compounded annually, has future value A(1 + r) after one year. Since we 
want the future value to be $5000, we have 
A(1 +r) = 5000 


or 
_ 9000 
~ 14+r' 
Every choice of r gives a choice of A. For example, a 5% interest rate corresponds to r = 0.05 and gives A = 
5000/1.05 = 4761.90. If the annual interest rate is 5%, then $4761.90 now has future value $5000 one year from 
now. 


48. Suppose there is an annual interest rate of 10%. Then the present value, A, of the $10,000 is: 
_ . 10, 000 

— (14 0.10)10 

Thus, a deposit of roughly $3855 is needed now to have 10,000 dollars in 10 years, assuming a 10% interest rate. 


There are two ways to think about the remaining values in the table. We can ask how much the amount needed now, 
$3855, will grow to in t years. This means the remaining values in the table arise by calculating: 


3855(1-4-0.10)! for t=1,2,3,4. 


— 3855. 


Alternatively, we realize that a single deposit made t years from now would have 10 — t years to grow to reach our target 
investment of $10,000 in 10 years. This means the remaining values in the table arise by calculating: 


10, 000 
(1 +0.10)10-*” 


If we ignore rounding errors, we see that two approaches yield the same table values: 


t (years from now) |o ]-a [-» TX. 4 
$ (dollars) 5131 | 5644 


Other possible answers to this problem can arise from alternate interest rate choices. 


fo t=1,2,3,4. 


Solutions for Section 8.7 


Exercises 


1. The two humps of probability in density (a) correspond to two intervals on which its cumulative distribution function is 
increasing. Thus (a) and (II) correspond. 

A density function increases where its cumulative distribution function is concave up, and it decreases where its 

cumulative distribution function is concave down. Density (b) matches the distribution with both concave up and concave 

down sections, which is (I). Density (c) matches (III) which has a concave down section but no interval over which it is 


concave up. 
2. % of population % of population havin 
pop g 
per dollar of income at least this income 


income income 


Figure 8.125: Density function Figure 8.126: Cumulative distribution function 
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3. % of population % of population having 
per dollar of income at least this income 
income income 
Figure 8.127: Density function Figure 8.128: Cumulative distribution function 
4. 


% of population 
per dollar of income 


% of population having 
at least this income 


income 
Figure 8.129: Density function 


income 
Figure 8.130: Cumulative distribution function 


5. Since the function takes on the value of 4, it cannot be a cdf (whose maximum value is 1). In addition, the function 


decreases for x > c, which means that it is not a cdf. Thus, this function is a pdf. The area under a pdf is 1, so 4c = 1 
giving c = i The pdf is p(x) = 4for0 < x € i so the cdf is given in Figure 8.131 by 


0 fo z<0 


P(x) = 4x for 0<9<5 

1 for «> l 

4 
P(x) 
1 

l x 

i 

4 

Figure 8.131 


6. Since the function is decreasing, it cannot be a cdf (whose values never decrease). Thus, the function is a pdf. 
The area under a pdf is 1, so, using the formula for the area of a triangle, we have 


1 1 
zE =1, giving c= 


2 . 
The pdf is 


p(n) = 5 - qe for O0<a<4, 
so the cdf is given in Figure 8.132 by 


for «<0 


[5 


fr O<a<4 


= vpisa © 
= 
O 


for x> 4. 


4 


Figure 8.132 
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7. Since the function levels off at the value of c, the area under the graph is not finite, so it is not 1. Thus, this function cannot 


be a pdf. 
It is a cdf and c = 1. The cdf is given by 


O for 
P(e) = = for 
1 for 
The pdf in Figure 8.133 is given by 
0 for 
p(z)= 4 1/5 for 
0 for 
P(x) 
1/5 
| 
| 
| 
| 
| 
| 
| 
| 
| 
5 
Figure 8.133 


r«0 
O<a2<5 


p. 


r«O0 
O<a2<5 
zb. 


8. This function decreases, so it cannot be a cdf. Since the graph must represent a pdf, the area under it is 1. The region 


consists of two rectangles, each of base 0.5, and one of height 2c and one of height c, so 


Area = 2c(0.5) + c(0.5) = 1 
1 
Bere 
The pdf is therefore 
0 fo «<0 
4/3 for O<a2<0.5 
PERN ied. ar pe ae 
0 fo «>. 


The cdf P(x) is the antiderivative of this function with P(0) = 0. See Figure 8.134. The formula for P(x) is 


0 
Ax /3 


1 


for «<0 
for O<a<0.5 
2/3 + (2/3)(x — 0.5) for 05<a<1 
fo >I: 
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P(x) 


wl 


0.5 1 
Figure 8.134 


9. This function increases and levels off to c. The area under the curve is not finite, so it is not 1. Thus, the function must be 


a cdf, not a pdf, and 3c = 1, so c = 1/3. 


The pdf, p(x) is the derivative, or slope, of the function shown, so, using c = 1/3, 


0 for 
"m (1/3 — 0)/(2 — 0) = 1/6 for 
(1—1/3)/(4—2) = 1/3 for 
0 for 


See Figure 8.135. 


| 


| 


Figure 8.135 


r«0 
O0O<a<2 
2<a<4 
tA. 


10. This function does not level off to 1, and it is not always increasing. Thus, the function is a pdf. Since the area under the 


curve must be 1, using the formula for the area of a triangle, 


l -ce-l=1 so c=2. 
2 
Thus, the pdf is given by 
0 for 
4x for 
p(x) = 
2—4(r—0.5) —4—4x for 
0 for 


v«0 
0 € x € 0.5 
0.5<a<1 
c0. 


To find the cdf, we integrate each part of the function separately, making sure that the constants of integration are arranged 


so that the cdf is continuous. 
Since f 


dadx = 2x? + C and P(0) = 0, we have 2(0)? + C = 0 so C = 0. Thus P(x) = 2z? on 0 < x < 0.5. 


At x = 0.5, the cdf has value P(0.5) = 2(0.5)? = 0.5. Thus, we arrange that the integral of 4 — 4x goes through the 


point (0.5, 0.5). Since f (4 — 4x) dz = 4x — 2x? + C, we have 


4(0.5) -2(0.5)* +C 2 0.5 giving C= —1. 


Thus 
0 fo «<0 
2 <a<0. 
pies 2x fo O<a<0.5 
4r—2:37—1 for 05<a<1 
1 fo mx»1. 
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See Figure 8.136. 


0.5 


1 i a 


0.5 1 


Figure 8.136 


11. The statement p(70) = 0.05 means that for some small interval Az around 70, the fraction of families with incomes in 
that interval around $70,000 is about 0.05Az. 

12. We need to find a nonnegative function p(x) for which the area between y = p(x) and the z axis is 1. One example is 
a decreasing linear function p(x) = b + mz with m < 0. We choose b and m so that p(5) = 0 and the triangular area 
under the graph of p(x) for 0 € x € 5 is 1. Since b is the height of the triangle, we have 


1 
Area = -b.5—1 
ea — 5 5 


or b — 2/5. Then p(5) — 0 gives 
2 
2 35cm 
gem 


or m — —2/25. Thus 


2 


25 * when OS a@<5 and p(x) = 0 otherwise. 


Problems 


13. Fora given energy FE, Figure 8.137 shows that the area under the graph to the right of E is larger for graph B than it is for 
graph A. Therefore graph B has more molecules at higher kinetic energies, so it is the hotter gas. So graph A corresponds 
to 300 kelvins and graph B corresponds to 500 kelvins. 


energy 
E 


Figure 8.137 


14. No. Though the density function has its maximum value at 50, this does not mean that a large fraction of the population 
receives scores near 50. The value p(50) can not be interpreted as a probability. Probability corresponds to area under the 
graph of a density function. Most of the area in this case is in the broad hump covering the range 0 < x < 40, very little 
in the peak around x = 50. Most people score in the range 0 € x < 40. 
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15. 


16. 


17. 


18. 


19. 


20. 
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(a) Let P(a) be the cumulative distribution function of the heights of the unfertilized plants. As do all cumulative 
distribution functions, P(x) rises from 0 to 1 as x increases. The greatest number of plants will have heights in the 
range where P(x) rises the most. The steepest rise appears to occur at about x = 1 m. Reading from the graph we 
see that P(0.9) ~ 0.2 and P(1.1) ~ 0.8, so that approximately P(1.1) — P(0.9) = 0.8 — 0.2 = 0.6 = 60% of the 
unfertilized plants grow to heights between 0.9 m and 1.1 m. Most of the plants grow to heights in the range 0.9 m to 
1.1 m. 

(b) Let P4(a) be the cumulative distribution function of the plants that were fertilized with A. Since PA (x) rises the 
most in the range 0.7 m < x < 0.9 m, many of the plants fertilized with A will have heights in the range 0.7 m to 
0.9 m. Reading from the graph of Pa, we find that P4(0.7) ~ 0.2 and P4(0.9) zz 0.8, so P4(0.9) — Pa(0.7) ~ 
0.8 — 0.2 = 0.6 = 60% of the plants fertilized with A have heights between 0.7 m and 0.9 m. Fertilizer A had the 
effect of stunting the growth of the plants. 

On the other hand, the cumulative distribution function Pp (x) of the heights of the plants fertilized with B rises 
the most in the range 1.1 m < x < 1.3 m, so most of these plants have heights in the range 1.1 m to 1.3 m. Fertilizer 
B caused the plants to grow about 0.2 m taller than they would have with no fertilizer. 


(a) F(T) = 0.6 tells us that 6096 of the trees in the forest have height 7 meters or less. 
(b) F(7) > F(6). There are more trees of height less than 7 meters than trees of height less than 6 meters because every 
tree of height < 6 meters also has height < 7 meters. 


For a small interval Ax around 68, the fraction of the population of American men with heights in this interval is about 
(0.2) Ax. For example, taking Ax = 0.1, we can say that approximately (0.2)(0.1) = 0.02 = 2% of American men 
have heights between 68 and 68.1 inches. 


We want to find the cumulative distribution function for the age density function. We see that P(10) is equal to 0.15 since 
the table shows that 15% of the population is between 0 and 10 years of age. Also, 


Fraction of the population 


P(20)— = 0.15 + 0.14 = 0.29 


between 0 and 20 years old 


and 
P(30) = 0.15 + 0.14 + 0.14 = 0.43. 


Continuing in this way, we obtain the values for P(t) shown in Table 8.7. 


Table 8.7 Cumulative distribution function of ages in the US 


(a) The two functions are shown below. The choice is based on the fact that the cumulative distribution does not decrease. 
(b) The cumulative distribution levels off to 1, so the top mark on the vertical scale must be 1. 


1 
0.8 -——— Cumulative 
0.6 
0.4 Density 
0.2 ra 


2 4 6 8 10 


The total area under the density function must be 1. Since the area under the density function is about 2.5 boxes, 
each box must have area 1/2.5 = 0.4. Since each box has a height of 0.2, the base must be 2. 


(a) The area under the graph of the height density function p(x) is concentrated in two humps centered at 0.5 m and 1.1 m. 
The plants can therefore be separated into two groups, those with heights in the range 0.3 m to 0.7 m, corresponding 
to the first hump, and those with heights in the range 0.9 m to 1.3 m, corresponding to the second hump. This grouping 
of the grasses according to height is probably close to the species grouping. Since the second hump contains more 
area than the first, there are more plants of the tall grass species in the meadow. 
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(b) As do all cumulative distribution functions, the cumulative distribution function P(x) of grass heights rises from 0 
to 1 as x increases. Most of this rise is achieved in two spurts, the first as x goes from 0.3 m to 0.7 m, and the second 
as x goes from 0.9 m to 1.3 m. The plants can therefore be separated into two groups, those with heights in the range 
0.3 m to 0.7 m, corresponding to the first spurt, and those with heights in the range 0.9 m to 1.3 m, corresponding to 
the second spurt. This grouping of the grasses according to height is the same as the grouping we made in part (a), 
and is probably close to the species grouping. 

(c) The fraction of grasses with height less than 0.7 m equals P(0.7) = 0.25 = 25%. The remaining 75% are the tall 
grasses. 


21. (a) The percentage of calls lasting from 1 to 2 minutes is given by the integral 


2 2 
/ p(x) do f Ode? de ee ae x 22.1%. 
1 1 


(b) A similar calculation (changing the limits of integration) gives the percentage of calls lasting 1 minute or less as 


1 1 
f p(«) dx = I 0.4e 9^" dy = 1— e 9 & 33.0%. 
0 0 


(c) The percentage of calls lasting 3 minutes or more is given by the improper integral 


b—oo b—oo 


oo b 
n p(r)dx = lim 0.4e ** da = lim (e I? — e 79^) = e71? ~ 30.1%. 
3 3 


(d) The cumulative distribution function is the integral of the probability density; thus, 


h h 
C(h) = | p(x) da = 0.4e 9^? dg = 1 — e704". 
0 


0 


22. (a) The fraction of students passing is given by the area under the curve from 2 to 4 divided by the total area under the 
curve. This appears to be about 2. 
(b) The fraction with honor grades corresponds to the area under the curve from 3 to 4 divided by the total area. This is 
about i. 
(c) The peak around 2 probably exists because many students work to get just a passing grade. 
(d) fraction of students 
I 


1 1 1 1 GPA 
1 2 3 4 
23. (a) Most of the earth's surface is below sea level. Much of the earth's surface is either around 3 miles below sea level or 
exactly at sea level. It appears that essentially all of the surface is between 4 miles below sea level and 2 miles above 
sea level. Very little of the surface is around 1 mile below sea level. 
(b) The fraction below sea level corresponds to the area under the curve from —4 to 0 divided by the total area under the 
curve. This appears to be about 3 


oo 


24. (a) We must have f (t)dt = 1, for even though it is possible that any given person survives the disease, everyone 


oo 
n cte "dt = 1. 
0 
b 
f cte "dt = — Ete tt 
b k 


0 
eventually dies. Therefore, 


Integrating by parts gives 


l 
| 
| 
l 
= 
| 
| 
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As b — oo, we see 


| gie "dtm D a1 so c=k’. 
0 k? 


5 


(b) We are told that / f(t)dt = 0.4, so using the fact that c = k? and the antiderivatives from part (a), we have 
0 


? k? au ka 
Rte "tdt — | LE ago E VT 
f € k e pe 


—1-5ke ?^ — e™™ = 0.4 


sO 
5ke ^^ +e * = 0.6. 


Since this equation cannot be solved exactly, we use a calculator or computer to find k = 0.275. Since c = k?, we 
have c = (0.275)? = 0.076. 

(c) The cumulative death distribution function, C (t), represents the fraction of the population that have died up to time 
t. Thus, 


i 
C(t) wr k?ze ** da = (—kxe ** — e ^) à 
o 


—1- kte — e^t. 


Strengthen Your Understanding 


25. 
26. 


27. 


28. 


29. 


30. 
31. 
32. 


33. 


34. 


The fact that p(1) = 0.02 tells us that the probability that x falls in a small interval of length Az around 1 is 0.02Az. 


The cumulative distribution gives the probability that x is less than some value. Thus, P(5) = 0.4 means that the 
probability that x is less that 5 is 0.4. 


; n n s oo — x oo 42 m uas 
Every density function p(t) satisfies the equation AR. p(t) dt — 1. Since o t^ dt = oc, the function p(t) = t^ is not 
a density function. 


Since this function is increasing for x > 0, the area under its graph increases without bound. So the area under the graph 
of this function is not equal to 1. 


As x — oo the function P(x) = xe” grows without bound, whereas a cumulative distribution function must approach 
1. 


uu i ; -H. . 
Every cumulative distribution is a nondecreasing function, but P(t) = e ^ is decreasing for t > 0. 
A cumulative distribution function is increasing for all values of x; a probability density function is not. 


We can take 
1/20, 0<a< 20 
p(x) = 


0, otherwise. 


It is a density function because p(x) > 0 for 0 < x < 20 and Jo. p(x) dx = 1. 


0, t<0 
P(t)=<t, O0<t<1 
L >i. 


It is a cumulative distribution function because P(t) is an increasing function that increases from 0 to 1. 


We can use 


One possible density function is given by 


0 r«2 
p(r)—-41/5 2<a2<7 
0 («s 


This function is nonzero only between x = 2 and x = 7 and has f E p(x) dx — 1. 
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35. The cumulative distribution function increases between x = 3 and x = 7. One possible cumulative distribution function 
is 


0 aS 
P(r)—-41/4(2-3) 3<2<7 
il qom. 


36. False. Since p(x) « 0 for x « 0, it cannot be a probability density function. 
37. False. It is true that p(x) > 0 for all x, but we also need f p(r)dz = 1. Since p(x) = 0 for x < 0, we need only 


check the integral from 0 to oo. We have 


MENS, 1l 4 
[i xe ^ dr = lim (5€ =) 
0 b—oo 2 


* od 


0 


Solutions for Section 8.8 


Exercises 
1. 
A p(x) 
0.24 .. 
A 
0.12 + At g 
0.08 .| F P 
2 X (tons of fish) 
=> 
0 2 6 8 


Splitting the figure into four pieces, we see that 


Area under the curve = A; + A» + Aa + A4 


1 1 
= 5(0.16)4 + 4(0.08) + 5(0.12)2 + 2(0.12) 
=1. 


co 


We expect the area to be 1, since / p(x) dx = 1 for any probability density function, and p(x) is 0 except when 
2«z«8. Ei 


oo 


2. Recall that the mean is I xp(«) dx. In the fishing example, p(x) = 0 except when 2 < x < 8, so the mean is 


8 
f xp(x) dx. 
2 
Using the equation for p(x) from the graph, 


f "mene | Em f onde 


6 8 
= / x (0.042) dx + / x(—0.06x + 0.6) da 
2 6 
6 


0423 
QE a (—0.022? + 0.32) 
3 2 


£z 5.253 tons. 


8 


6 
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(i) p(x) 


(b) Recall that the mean is the “balancing point.” In other words, if the area under the curve was made of cardboard, we’d 
expect it to balance at the mean. All of the graphs are symmetric across the line x = p, so p is the “balancing point” 
and hence the mean. 

As the graphs also show, increasing c flattens out the graph, in effect lessening the concentration of the data near the 
mean. Thus, the smaller the c value, the more data is clustered around the mean. 


Problems 


4. The mean is the value of the integral 


? 2 
z - 0.5(2 — x) dz = 3 


0 
The median is the value of T such that T 
f 0.5(2 — x) dz = 0.5. 
0 


Integrating gives the equation 


xz 
dint 
7 2 


0 


which is a quadratic with solutions T = 2 + V/2. Since the median must be between 0 and 2, the solution we want is 
T = 2 — V2 = 0.586. 
The median is the value of T such that P(T) = 0.5, so we solve 

T od 


P= PN 
4 2 


to get T = 2+ V2. Since the median is between 0 and 2 we discard the larger solution, so the median is T = 2 — 2. 
To find the mean, we first calculate the probability density 


Density = p(x) = P'(x) 21 


x 
2 


and then evaluate the integral 


So the mean is 2/3. 


6. (a) Since d(e~“)/dt = ce~“, we have 


6 ^ 
af e *dt— —e à —-1-e $9 = 0.1, 
0 


so i 
c= -6 In 0.9 z 0.0176. 
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(b) Similarly, with c = 0.0176, we have 


e 9* — e7! = 0.9 — 0.81 = 0.09, 


so the probability is 9%. 
. (a) We can find the proportion of students by integrating the density p(x) between x = 1.5 and x = 2: 


P(2) — P(1.5) = f. E dz 


16], . 
2)4 1.5)4 
Q* (8) oggi 


so that the proportion is 0.684 : 1 or 68.4%. 
(b) We find the mean by integrating x times the density over the relevant range: 


2 r? 
Mean = f x| — | dz 
" 4 


95 
= 20 — 1.6 hours. 


(c) The median will be the time 7' such that exactly half of the students are finished by time 7’, or in other words 
T3 
= J 2 dis 
o 4 


16 
T* 
16 
= V8 = 1.682 hours. 


NI 


0 


Moro Nle 


. (a) since f p(x) dx = 1, we have 
0 


Soa = 0.122. 
(b) 


P(x) = 1 p(t) dt 
0 


a] 0.122e 9 122* di 
0 


1221 | —0.122 
"— js —1-—e n 


811 
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(c) Median is the x such that 
P(x) = 1- e”? = 0.5. 


So e-9-12?* — 0.5. Thus, 


In 0. 
g-— ari = 5.68 seconds 

and 

Mean = / 2(0.122)e 9-122» dz = -f x (—0.122e 91222) dz. 

0 0 
We now use integration by parts. Let u = —z and v/ = —0.122e ??*, Then u’ = —1, and v = e 9 1??", 
Therefore, 
ue. d cuum 1 
Mean = ~ze 91? «f e 01227 dy = —— g 8.20 seconds. 
5 " 0.122 
(d) u 
0.122 PG) 
p(x) 
x x 


9. (a) The cumulative distribution function 


t 
P(t) = | p(a)dx = Area under graph of density function p(x) for 0 < z < t 
0 


= Fraction of population who survive t years or less after treatment 


— Fraction of population who survive up to £ years after treatment. 


(b) The probability that a randomly selected person survives for at least t years is the probability that he lives t years or 
longer, so 


or equivalently, 


=14 te 1)- e €t, 


t t 
sy =1- f p(e)ae=1— f Ce C de 1-4 e €t 
0 0 


(c) The probability of surviving at least two years is 
8(2) 2 e © = 9.70 
so 


Ine ^O = In 0.70 
—2C = In0.7 
1 
C = -3 In0.7 ~ 0.178. 


8.8 SOLUTIONS 


10. (a) The probability you dropped the glove within a kilometer of home is given by 
1 1 
/ 2e "dy = —e ?*| = e^? +1 & 0.865. 
0 0 


(b) Since the probability that the glove was dropped within y km — Jh s p(x)dx = 1 — e ?". we solve 


1— e7™™ = 0.95 
e?! = 0.05 
j= In 0.05 SS k; 
11. (a) Since u = 100 and e = 15: 
1 E 


(b) The fraction of the population with IQ scores between 115 and 120 is (integrating numerically) 


pm Y f 1 E (x—100)2 : 
Px) ax = ——e 450 m 
115 nis 15v2m 


1 120 (x—100)2 
= e 0 dx 


15J2z Jis 
0.067 — 6.796 of the population. 


Q 


12. (a) The normal distribution of car speeds with y = 58 and o = 4 is shown in Figure 8.138. 


Figure 8.138 


813 


The probability that a randomly selected car is going between 60 and 65 is equal to the area under the curve 


from x = 60 to x = 65, 


1 6 


4V 2T Jeo 


We obtain the value 0.2685 using a calculator or computer. 
(b) To find the fraction of cars going under 52 km/hr, we evaluate the integral 


5 
Probability = e7 (0-59 /(2-4) de œ 0.2685. 


52 

1 (o RR: J2 

Fraction — e (0799 P2 dx ~ 0.067. 
4v 2n f 


Thus, approximately 6.7% of the cars are going less than 52 km/hr. 
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13. (a) First, we find the critical points of p(x): 


14. 


15. 


16. 


—p( z) = 
gre) T= 


d (1 EN 


(rH) e 


mS s 


This implies x = su is the only critical point of p(x). 


To confirm that p(x) is maximized at x = u, we rely on the first derivative test. As — 


1 

o? /2n 
always negative, the sign of p'(z) is the opposite of the sign of (x — u); thus p'(z) > 0 when x < p, and p'(z) < 0 
when x > p. 

(b) To find the inflection points, we need to find where p" (x) changes sign; that will happen only when p" (x) = 0. As 


2 ue 2 
dar) = —— ee UR Ox " ] | 
p" (x) changes sign when EL + | does, since the sign of the other factor is always negative. This occurs 
when 


-(z — u)’ =o, 


©t— u= ITO. 


Thus, x = +0 or x = p—a. Since p” (x) > O forz < u—o and x > +o and p” (x) < 0 for u—o < x < u+o, 
these are in fact points of inflection. 

(c) p represents the mean of the distribution, while c is the standard deviation. In other words, o gives a measure of the 
"spread" of the distribution, i.e., how tightly the observations are clustered about the mean. A small c tells us that 
most of the data are close to the mean; a large c tells us that the data is spread out. 


The fraction of the population within one standard deviation of the mean is given by 


: TES E 1 —g? / (20? ) 
Fraction within c of mean = —— e dz. 
_¢ V2ra 


. x 1 
Let us substitute w = — so that dw = —dz, and when x = to, w = +1. Then we have 
[o o 


c d: 1 
1 1 2 
e 7 120") dy = e" !?.. odw 


1 
licae = e 
-o V2ma _1 V2no _1 V2T 


This integral is independent of ø. Evaluating the integral numerically gives 0.68, showing that about 68% of the population 
lies within one standard deviation of the mean. 


2 
Fraction — =w dw. 


It is not (a) since a probability density must be a non-negative function; not (c) since the total integral of a probability 
density must be 1; (b) and (d) are probability density functions, but (d) is not a good model. According to (d), the 
probability that the next customer comes after 4 minutes is 0. In real life there should be a positive probability of not 
having a customer in the next 4 minutes. So (b) is the best answer. 


(a) Since P is the cumulative distribution function, the percentage of households that made between $40,000 and 
$60,000 is 


P(60) — P(40) = 66.8% — 50.1% = 16.7%. 
Therefore 16.7% of the households made between $40,000 and $60,000. 
The percentage of households making over $100,000 is 100% — 87.1% = 12.9%. 

(b) The median income is the income such that half the households make less than this amount. Looking at the table, 
we see that the 50% mark occurs between $20,000 and $40,000. Since P(20) = 29.5%, we know 29.5% of the 
households made less than $20,000. Assuming local linearity we calculate the slope of the line connecting (20, 29.5) 
with (40, 50.1) as (50.1 — 29.5)/20 = 1.03. If x is the additional income it takes to achieve the median, then 
1.032 = 50.0 — 29.5, so x = 19.90. Since 20 + 19.90 = 39.90, the median income is approximately $39,900. This 
looks sensible since just over 50% of the population earn $40,000. 

(c) The percentage of households that made between $40,000 and $75,000 is 76.2 — 50.1 = 26.1. Since this percentage 
is less than 1/3, the statement is false. 
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17. (a) Let the p(r) be the density function. Then P(r) = f M p(x) dx, and from the Fundamental Theorem of Calculus, 
p(r) 2 &P(r) = & - (2r? + 2r + 1)e?^) = —(4r + 2)e 7?" 4 2(2r? + 2r + 1)e?", or p(r) = 4r7e77”. 
We have that p'(r) = 8r(e ?") — 8r2e7?” = e^?" . 8r(1 — r), which is zero when r = 0 or r = 1, negative 
when r > 1, and positive when r < 1. Thus p(1) = 4e ? ~ 0.54 is a relative maximum. 
Here are sketches of p(r) and the cumulative position P(r): 


I Lr 


p(r) 


1 2 3 1 2 3 


(b) The median distance is the distance r such that P(r) = 1 — (2r? + 2r + 1)e~?" = 0.5, or equivalently, (2r? + 2r + 
1)e ?" = 0.5. 
By experimentation with a calculator, we find that r ~ 1.33 Bohr radii is the median distance. 
The mean distance is equal to the value of the integral f n rp(r)dr — Jm JS. ^ rp(r) dr. We have that 


Ps rp(r)dr — EN Ar?e?" dr. Using the integral table, we get 
4r? e ?" dr = [(-5) 4r? — laz?) = loa) = z9] a 
A 2 4 8 16 


= Z = [20° + 3x? + 3x + 5| es 


zx 


0 


Taking the limit of this expression as x — oo, we see that all terms involving (powers of x or constants) - e~ 2” have 
limit 0, and thus the mean distance is 1.5 Bohr radii. 
The most likely distance is obtained by maximizing p(r) — Ar?e^ 
to r = 1 Bohr unit. 
(c) Because it is the most likely distance of the electron from the nucleus. 


?r* as we have already seen this corresponds 


Strengthen Your Understanding 


18. A median satisfies P(T) = 0.5 where P is the cumulative distribution function. 
19. The median is the value which divides the area under the density function graph into halves. The median of this function 
cannot be 1 since all of the area is to the left of x = 1. The median is between 0 and 1. 


20. We can use the normal distribution i 
= —(x-p)?/(20?) 
p(x) = ——e 
() ovy 2T 
with u = o = 1/2 to get 
2 e72(2-1/2)?. 


21. We can take a constant, or uniform distribution 


0 for «<0 
p(r)—-4 1 fo O<a<l 
0 for rl. 
Since 
3 1 d 
adx=-, themeanis =. 
B 2 2 
Since 


1/2 1/2 1 1 
/ p(x) dx = f ldr = =, the median is also =. 
B ð 2 2 
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22. False. Note that p is the density function for the population, not the cumulative density function. Thus p(10) = 1/2 means 
that the probability of x lying in a small interval of length Ax around x = 10 is about (1/2) Az. 

23. True. This follows directly from the definition of the cumulative density function. 

24. True. The interval from z = 9.98 to x = 10.04 has length 0.06. Assuming that the value of p(x) is near 1/2 for 
9.98 < x < 10.04, the fraction of the population in that interval is [5 27^ p(z) da ~ (1/2)(0.06) = 0.03. 


25. False. Note that p is the density function for the population, not the cumulative density function. Thus p(10) = p(20) 
means that x values near 10 are as likely as x values near 20. 


26. True. By the definition of the cumulative distribution function, P(20) — P(10) = 0 is the fraction of the population 
having x values between 10 and 20. 


Solutions for Chapter 8 Review. 


Exercises 


l. Vertical slices are circular. Horizontal slices would be similar to ellipses in cross-section, or at least ovals (a word derived 
from ovum, the Latin word for egg). 


Figure 8.139 


2. The limits of integration are 0 and b, and the rectangle represents the region under the curve f(x) = h between these 


limits. Thus, 
b 


= hb. 


b 
Area of rectangle — T hdz = ha 
0 0 


3. The circle £? + y? = r° cannot be expressed as a function y = f(x), since for every z with —r < x < r, there are two 
corresponding y values on the circle. However, if we consider the top half of the circle only, as shown below, we have 
£? +y? = r?°, or y? = r? — x’, and taking the positive square root, we have that y = yr? — x? is the equation of the 
top semicircle. 


ucc 


Then 


Area of Circle — 2(Area of semicircle) — 2 J r? — x? dx 


=r 
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We evaluate this using integral table formula 30. 


2 f VP =a de = 2 [5 (s r? Z a? + r? arcsin Z) | 
TN T 
= r?(arcsin 1 — arcsin(—1)) 


-E-D 


4. Name the slanted line y = f(x). Then the triangle is the region under the line y = f(x) and between the lines y = 0 and 


a = b. Thus, 


=P 


b 
Area of triangle = I f(x) dx. 
0 


Since f(x) is a line of slope h/b which passes through the origin, its equation is f(x) = hz/b. Thus, 


^ hb hb 


5 he ha? 
20b 2° 


Area of triangle = f b dz = zm 


0 


0 


5. We slice the region vertically. Each rotated slice is approximately a cylinder with radius y = x? + 1 and thickness Az. 
See Figure 8.140. The volume of a typical slice is m(x? + 1)? Ax. The volume, V, of the object is the sum of the volumes 


of the slices: 
Ve 5 z (x? 4- 1)? Aa. 


As Ax — 0 we obtain an integral. 


: 4 r Qa 
v-f s^ esos f (ot +20? ends (E42 42) 


0 [U 


d you? ti 

Az 
ak 
T 
y 

y z 

4 
Figure 8.140 


6. We slice the region vertically. Each rotated slice is approximately a cylinder with radius y = y/æ and thickness Ax. See 
Figure 8.141. The volume of a typical slice is m(x)? Az. The volume, V, of the object is the sum of the volumes of the 


slices: 
V & M n(V) Aa. 
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As Ax — 0 we obtain an integral. 


: s 2 3r 
V = n(V/z)^ dz = n f gdr = 1 (=) = — = 4.712. 
1 1 1 2 
y 
Aa = 
ee ee 
y 
x 
1 2 
Figure 8.141 


7. We slice the region vertically. Each rotated slice is approximately a cylinder with radius y = e~*” and thickness Ax. See 
Figure 8.142. The volume of a typical slice is (e 7")? Az. The volume, V, of the object is the sum of the volumes of 
the slices: 


Ve z(e ?") Az. 
As Ax — 0 we obtain an integral. 


1 1 1 
V= I r(e?) de = Ji e "dy =n (-1) (e7) 
0 0 * 


ue 


|S 


Figure 8.142 
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8. We slice the region vertically. Each rotated slice is approximately a cylinder with radius y = 4 — z? and thickness Az. 
See Figure 8.143. The volume, V, of a typical slice is 7(4 — x°)? Az. The volume of the object is the sum of the volumes 


of the slices: 
Ve 5 n(4—27)Ag. 


As Ax — 0 we obtain an integral. Since the region lies between x = —2 and x = 2, we have: 
2 2 3 5 
V= l n(4 — 2)?de = «f (16 — 8r? + zjdz = r | 16r — oT || OPI 
Lo 2b 3 5 25 15 
y 
Ax 
cH 
y=4- x? 
x 
—2 2 
Figure 8.143 


9. We divide the region into vertical strips of thickness Az. As a slice is rotated about the x-axis, it creates a disk of radius 
Tout from which has been removed a smaller circular disk of inside radius rin. We see in Figure 8.144 that rout = 2x and 
Tin = x. Thus, 

Volume of a slice z (rou)? Az — T (rin) Az = n(2z)? Ax — r(x)? Ax. 


To find the total volume, V, we integrate this quantity between x = 0 and x = 3: 


3 3 3 
V= n (a(2x)? — a(z)?)dz = f (Az? — x”) dz = «f 3z?dz = nz? 
0 0 0 


y 


3 


= 2" m = 84.823. 
0 


Figure 8.144 
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10. 


11. 


12. 


13. 


14. 


15. 
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The two functions intersect at (0, 0) and (8, 2). We slice the volume with planes perpendicular to the z-axis. This divides 
the solid into thin washers with 
Volume of slice = «r2, Aa — wr, Ax. 


The inner radius is the vertical distance from the x-axis to the curve y = ir. Similarly, the outer radius is the vertical 
distances from the x-axis to the curve y = 4r. Integrating from x = 0 to x = 8 we have 


8 
1 
V= / [ra — n(zz) da. 
0 
The region is bounded by y — 2, the y-axis and y — a: /?, The two functions y = 2 and y = x?/’ intersect at (8, 2). We 
slice the volume with planes that are perpendicular to the y-axis. This divides the solid into thin cylinders with 


Volume ~ mr? Ay. 


The radius is the distance from the y-axis to the curve x = y’. Integrating from y = 0 to y = 2 we have 
2 
V= / n (y?)? dy. 
0 


The region is bounded by y — 2, the y-axis and y — x!/?. The two functions y = 2 and y = x?/’ intersect at (8, 2). We 
slice the volume with planes that are perpendicular to the line y — —2. This divides the solid into thin washers with 


2 2 
Volume X Trout Ax — TT; AT. 


The inner radius is the distance from the line y — —2 to the curve y — x /? and the outer radius is the distance from the 
line y = —2 to the line y = 2. Integrating from x = 0 to x = 8 we have 


8 
V= J [1(2 — (-2)? — «(z!? — (-2))] de. 
0 
The region is bounded by x = 4y, the x-axis and x = 8. The two lines x = 4y and x = 8 intersect at (8, 2). We slice the 
volume with planes that are perpendicular to the line x = 10. This divides the solid into thin washers with 
Volume ~ Trudy — mre, dy. 


The inner radius is the distance from the line x = 10 to the line x = 8 and the outer radius is the distance from the line 
x = 10 to the line x = 4y. Integrating from y = 0 to y = 2 we have 


2 
V= f [r(10 — 4y)” — «(2)?] dy. 
0 
The region is bounded by y — iv. the z-axis and x = 8. The two lines y = ta and x = 8 intersect at (8, 2). We slice 
the volume with planes that are perpendicular to the line y = 3. This divides the solid into thin washers with 
Volume z rr2,,,Ax — mr2, Az. 


The inner radius is the distance from the line y = 3 to the line y = ir and the outer radius is the distance from the line 
y = 3 to the x-axis. Integrating from x = 0 to x = 8 we have 


V= [ [ra - Toy — a (3? dz. 


The region is bounded by x = 4x and x = y?. The two functions intersect at (0, 0) and (8, 2). We slice the volume with 
planes that are perpendicular to the line x = —3. This divides the solid into thin washers with 


Volume — mre uty — mri, Ay. 


The inner radius is the distance from the line x = —3 to x = y? and the outer radius is the distance from the line x = —3 
to the line x = 4y. Integrating from y = 0 to y = 2 we have 


y- f [(4y 4-3)? — (y? +3)°] dz. 
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16. Each slice is a circular disk. The radius, r, of the disk increases with h and is given in the problem by r = Vh. Thus 
Volume of slice ~ mr? Ah = «hA. 


Summing over all slices, we have 
Total volume ~ 5 ThAh. 


Taking a limit as Ah — 0, we get 
12 
Total volume = lim 5 TthAh = f mh dh. 
Ah-0 0 


Evaluating gives 
12 


= 727. 
0 


2 
Total volume = fe 


17. Slice parallel to the base of the cone, or, equivalently, rotate 


the line x = (3 — y)/3 about the y-axis. (One can also slice 
the other way.) See Figure 8.145. The volume V is given by 


y=3 3 = 2 
Y= rady = | T (==) dy 
y=0 0 3 

3 


2 3 
E MES 
-z(y 45) 
zx 


Radius - 1 — £ 


Figure 8.145 
18. (a) We slice the pyramid horizontally. See Figure 8.146. Each slice is a square slab of thickness Ah, so the volume of a 
slice at height h is s? Ah, where s is the length of a side. We use the similar triangles in Figure 8.147 to write s as a 


function of h: 


s 8 
10-5^19 9? s = 0.8(10 — h). 
The volume of the slice at height ^ is (0.8(10 — A))? Ah. To find the total volume, we integrate this quantity from 
h =0toh = 10. 
10 10 10 
V= J (0.8(10 — h))?dh = osa f (h — 10)°dh = 6n 10?| = 610 _ 913.333 m?. 
ò ð 75 " 3 
(b) As in part (a), 
Volume of a slice at height h ~ s?AA = (0.8(10 — h))? Ah. 
The height ^ ranges from h = 0 to h = 6. We have 
6 6 6 
V -f (0.8(10 — h))?dh = osa f (h — 10)? dh = EU 10?| = 4992 _ 199.680 më. 
o Ü 75 " 25 
(10 — h) 
10m 
| 10m 


h 


8m | 
oe 


Figure 8.146 Figure 8.147 
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19. We slice the tank horizontally. There is an outside radius rout and an inside radius rin and, at height h, 


Volume of a slice + (Tout) Ah = T(rin) Ah. 


See Figure 8.148. We see that rout = 3 for every slice. We use similar triangles to find rin in terms of the height h: 


Tin 3 L 
T = 6 SO Tin = z” 
At height h, 
2 
Volume of slice ~ (3) Ah — « (5^) Ah. 


To find the total volume, we integrate this quantity from h = 0 to h = 6. 


vf («e -«(39)) nen f (9-37) in=n(an- 5) 


H— 3 m — Tout —>I 


6 
= 367 = 113.097 m?. 
0 


\ 


Figure 8.148 
20. Since f(x) = sin x, f'(x) = cos(x), so 


Arc Length = / 1 + cos? x da. 
0 


21. We'll find the arc length of the top half of the ellipse, and multiply that by 2. In the top half of the ellipse, the equation 


(z?/a?) + (y?/b?) = 1 implies 
|. cue 


Differentiating (z?/a?) + (y? /b?) = 1 implicitly with respect to x gives us 


de wd o 
a? b dx , 
so 
dy r bx 
m uw ey 


Substituting this into the arc length formula, we get 


^ py 
Arc Length — l 1+ (x) dx 
=å ary 
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» bax? 
JE CE 
22. Since f'(x) = cos x, we have 


3 3 
b= | VIFF Gas = f V 1 + cos? z dz = 3.621. 
0 0 


We see in Figure 8.149 that the length of the curve is slightly longer than the length of the x-axis from x = 0 to x = 3, 
so the answer of 3.621 makes sense. 


Hence the arc length of the entire ellipse is 


f(x) = sing 


Figure 8.149 


23. Since f'(x) = 10x, we have 


3 3 3 
b= | + Pee | de= | v/1 + 1002? dx = 45.230. 
0 0 0 


We see in Figure 8.150 that the length of the curve is definitely longer than 45 and slightly longer than /45? + 32 = 
45.10, so the answer of 45.230 is reasonable. 


d f(x) = 52? 


Figure 8.150 


24. The arc length of V1 — x? from x = 0 to x = 1 is one quarter of the perimeter of the unit circle. Hence the length is 
2m 
4 
25. The arc length is given by 


T 
2 D 


2 
L =] A/ 1 4 e?* dx zz 4.785. 
1 


Note that V/1 + e?" does not have an obvious elementary antiderivative, so we use an approximation method to find an 
approximate value for L. 


26. The arc length is given by 


2 1 1 i Y* 

he 2) ot ee E Ea] d 
[soe erum) 
u : G E za?) Ago x? 1 i 59 

F 4 3 Az, 


24 
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27. We have dx/dt = —3 sin t, dy/dt = 2 cost, so, evaluating the integral numerically, we have 


27 
Arclength — J 9 cos? t + 4sin? t dt = 15.865. 
0 


The curve is a ellipse. 


28. We have dv /dt = —2sin(2t), dy/dt = 2 cos(2t), so, simplifying the integrand, we have 


Arclength — f 4sin? (2t) + 4 cos?(2t) dt = 2 / dt = 2r. 
0 [U 


The curve is a circle of radius 1. 


29. e 
e 


30. e 


3l. e 


1 
f(x) dx gives the area under the graph of f from 0 to 1. 
0 
The graph of f is concave up and passes through the points (0, 0) and (1, 1), so it lies below the line y = x. 


1 
1 
The area under y = x from 0 to 1 is half the area of a square of side 1, or 1/2. Thus, J f(a) du < PE 
0 


0.5 
Since f (0) = 0, the Fundamental Theorem eies f f'(a) dx = f(0.5) — f(0) = f(0.5). 
0 


The graph of f is concave up and passes through the points (0, 0) and (1, 1), so it lies below the line y = x. This 
means f(x) « x for 0 « x « 1. 


0.5 
Since f(x) < x, we have f(0.5) < 0.5. Hence | f(x)dx < = 
0 


Since f(a) = x”, we know f! (x) = z!/?, because (a?)!/? = (eve)? =f. 


e Since f(0) = 0 and f(1) = 1, we know f^! (0) = 0 and f^! (1) = 1. Likewise, since f is increasing, so is f~'. 
e Since p > 1, we know 0 < 1/p < 1, so the graph of f^! is concave down, and therefore lies above the line y = x 


32. e 


on « z « 1. 


f (x) dx gives the area under f! from 0 to 1, so, since the graph lies above y = x on this interval, we have 


o : 
f f (a) dx > 3 
1 


/ vc (f (z))? dx gives the volume of the region formed by rotating the graph of f on 0 < x < 1 about the x-axis. 
0 


e The graph of f is concave up and contains (0, 0) and (1, 1), so it lies below the line y = x on0<a < 1. 
e This means the region formed by rotating the graph of f lies within the region formed by rotating the line segment 


33. e 


y = x, which is a cone of base r = 1 and height h = 1. The volume of this cone is (1/3)mr2h = 7/3. 
1 


Since this cone contains the region formed by rotating the graph of f, we have r (f(z))? dz < 2 


0 3 
1 
J 4/1 + (f'(x))? dz gives the arc length of the graph of f from x = 0 tox = 1. 
0 


The graph of f is concave up and contains (0, 0) and (1, 1), so it lies below the line y = x on 0 < æ < 1. The arc 
length of the line between (0, 0), and (1, 1) is V? + P = V2. 


1 
The line segment between (0, 0) and (1, 1) is shorter than the arc length of f, so i V 1-4 (f"(2))? dz > V2. 
0 


Problems 


34. (a) 


(b) 


The points of intersection are x = 0 to x = 2, so we have 


2 
ara= f (2z — z?)dz = x” Z 


0 


The outside radius is 2x and the inside radius is x, so we have 


2 2 
Volume = f (a(2x)? — n(x°)?)dx = af (Az? — x*)dz = = (202? 32°) 
0 0 0 
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(c) The length of the perimeter is equal to the length of the top plus the length of the bottom. Using the arclength formula, 
and the fact that the derivative of 2x is 2 and the derivative of x? is 2x, we have 


2 2 
L= Í V1+22dr «f /1 + (2z)?dx = 4.4721 + 4.6468 = 9.119. 
0 0 


35. There are at least two possible answers. Since V4 — x? — (—V4 — x?) > 0 when 0 < x € 2, one possibility is that the 
integral gives the area between the curve y = 2/4 — x? and the line y = 0 as shown in Figure 8.151. 
Alternatively, since v4 — x? > —/4 — x? when 0 < x < 2, the integral gives the area between the quarter circles 


y = V4— x? and y = —V4 — z?, as shown in Figure 8.152. 


goa 
y —2/A— x? 


4 — x? 


x 


2 
Figure 8.151 Figure 8.152 


36. The two functions intersect at (0,0) and (5,25). We slice the volume with planes perpendicular to the horizontal line 
y = 30. This divides the solid into thin washers with volume 


Volume of slice = «((roui)? — (rin)?) Aw. 


The outer radius is the vertical distance from the line y = 30 to the curve y = x’, SO Tout = 30 — x. Similarly, the inner 
radius is the vertical distance from the line y = 30 to the curve y = 5x, so rin = 30 — 5x. Integrating from x = 0 to 
x = 5 we have 


5 
V= n m((30 — x°)? — (30 — 5z)?) dz. 
0 
37. The two functions intersect at (0, 0) and (5, 25). We slice the volume with planes perpendicular to the vertical line z = 8. 
This divides the solid into thin washers with volume 
Volume of slice = T ((rout)? — (rin) )Ay. 


The outer radius is the horizontal distance from the line x = 8 to the curve x = y / 5, SO Tout = 8— y / 5. Similarly, the 
inner radius is the horizontal distance from the line z = 8 to the curve x = ,/¥, so rin = 8— y/y. Integrating from y = 0 
to y — 25 we have 


"2 I n((8— y/5)? — (8 — V9) dy. 
0 
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38. (a) See Figure 8.153 


Figure 8.153: Rotated 
Region Figure 8.154: Cutaway View 


(b) Divide [0,1] into N subintervals of width Ax = X. The volume of the ;*^ disc is m(./ai)?Ax = na;Az. So, 
Ve pM viia. See Figure 8.154 
(c) 


1 
Volume — f nraedxz = un mta 1.57. 
1 2 2 


39. (a) See Figure 8.155. 


Figure 8.155 Figure 8.156 


Slice the figure perpendicular to the x-axis. One gets washers of inner radius 1 — „/æ and outer radius 1. 
Therefore, 


V= T (ai? —-m(1- vz)) dx 


=x f a-ni- 2v 
0 


4 1 d i b5m 
=n|—2? — = = — x 2.62. 
E [52 2 Jo 8 
(b) See Figure 8.156. Note that x = y”. We now integrate over y instead of x, slicing perpendicular to the y-axis. This 
gives us washers of inner radius x and outer radius 1. So 


y=1 
V= i (x1? — rz’) dy 
y 


3 
2 


40. 


41. 


42. 
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(a) Since y = az? is non-negative, we integrate to find the area: 


2 
Area — f (az?)dx = a— 
d 3 


0 


(b) Each slice of the object is approximately a cylinder with radius ax? and thickness Az. We have 


i 5J? 32 

x 
Volume = 1 v (ax?)? da = nra | = Żar 
0 5 [o 5 
(a) Since y = e~ >” is non-negative, we integrate to find the area: 
! lol d 
Area = J (e "dz = e = zC =e"), 

0 0 


(b) Each slice of the object is approximately a cylinder with radius e ^"^ and thickness Ax. We have 


1 1 
—bz42 —2b — T -2b 
Volume = f me”) d= r | e dr = —e ~™* 
0 0 


0 


(a) We divide the region into vertical strips of thickness Ax. As a slice is rotated about the «x-axis, it creates a disk 
of radius rout from which has been removed a smaller circular disk of radius rin. We see in Figure 8.157 that 
Tout = Sin z and rin = 0.5x. Thus, 


Volume of a slice © (rout)? Ax — m(rin)? Az = n(sinz)?Az — «(0.5z)? Aa. 
To find the total volume, we integrate this quantity between the points of intersection x = 0 and x = 1.9: 


1.9 


, Sinzcoszr z ) — 1.669. 


1.9 
V= f (r(sinz)^ — n(0.5x) )dx = « ( = ^ +r 


. Tmout = 5 — 0.52 
Tmin = 5— sing 


1.9 
Figure 8.157 Figure 8.158 


(b) We see in Figure 8.158 that rout = 5 — 0.5x and rin = 5 — sin x. Thus, 
Volume of a slice z (rout)? Az — T(rin) Az = «(5 — 0.52)? Az — «(5 — sin x)’ Az. 


To find the total volume, V, we integrate this quantity between the points of intersection x = 0 and x = 1.9: 
1.9 1.9 
y= / (r(5 — 0.5)? — «(5 — sinz)?) dz = i5 (0 (sin a — 20) cos a + x(a” — 30a — 6))) = 11.550. 
0 0 
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43. We divide the region into vertical strips of thickness Az. As a slice is rotated about the x-axis, it creates a disk of radius 
Tout from which has been removed a disk of radius rin. We see in Figure 8.159 that rout = 5 + 2x and rin = 5. Thus, 


Volume of a slice zz (rout)? Ax — T (rin) Ax = (5 + 2x)? Ax — r(5) Ax. 
To find the total volume, V, we integrate this quantity between x = 0 and x = 4: 


^ 736m 
0 


= 770.737. 


y- [ (x(5 + 2a)? — n(5)°)dx = Ji ((5 + 2a)? — 25) dz =m ($ + 10?) 


y=5+4 2a 


Figure 8.159 


44. (a) We divide the region into vertical strips of thickness Ax. As a slice is rotated about the x-axis, it creates a disk of 
radius rout from which has been removed a disk of radius rin. We see in Figure 8.160 that rout = 2+ x? andrin = 2. 
Thus, 
Volume of a slice ~ (rout)? Az — n(ris)? Az = 1(2 + z2)? Ax — x(2)? Aa. 


To find the total volume, V, we integrate this quantity between x = 0 and x = 3: 


3 
3 3 
V= i (n(2-- 22)? — x (2)?)dz = Ji (2-22)? — 4) dz = (85 + 202%)| = 423" — 265.778. 
0 0 15 5 5 
(b) We see in Figure 8.161 that rout = 10 and ri; = 10 — x. Thus, 
Volume of a slice zz (rout)? Ax — T (rin) Ax = 1 (10)? Ax — 1 (10 — z2)? Az. 
To find the total volume, V, we integrate this quantity between x = 0 and x = 3: 
3 
i T 3 4.5 6577 
= f (x(10)? — «(10 — z?)?)dz = Ji (100 — (10 — z?)?) dz = 1g (100° 32°) = = 412.805. 
0 0 Ü 
y 
10 y — 10 
y= 2? 
Tin = 10— x? 
x 
3 


Figure 8.160 Figure 8.161 
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45. Slice the object into disks vertically, as in Figure 8.162. A typical disk has thickness Ax and radius y = v 1 — z?. Thus 
Volume of disk ~ «y^ Az = «(1 — x”) Az. 


1 3 
Volume of solid — lim z(1— x°) Ax = Í z(1—a?)dz = « (: =) 
Az—0 0 


Note: As we expect, this is the volume of a half sphere. 


y 
1 


Figure 8.162 


46. Slice the object into rings horizontally, as in Figure 8.163. A typical ring has thickness Ay, inner radius 2 and outer radius 
2 +x = 2+ 4,/1-— y?. Thus, 


Volume of ring ~ (2+ /1— y2) Ay — 1322 Ay = a(4/1— y? + 1 — y?) Ay. 
1 
Volume of solid = | m(AV/1—y2+1- y^) dy 
0 


1 1 1 
= 4r | ViP +s | tay- | y’ dy 
0 0 0 


i 1 1 i 1 EE 
= 4r | = 1—y?| + —= dy + Ty pee 
2 0 0 1-3? 0 3 0 
3 1 
= 9nyv/1 — y? + 2m arcsin y + ry — TE- 
0 
= 0+ 2r arcsin 1 +7 — Z — 0 — 2r arcsin 0 — 0 + 0 
= n? + 74. 11.964. 
3 
r? +y? =1 
Axis 
z = —2 y 
1 
| 
| i 
A 
Pp 
| x 
—2 š 1 


Inner radius 
— n - 


Outer radius 


Figure 8.163: Cross-section of solid 
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47. Slice the object into rings horizontally, as in Figure 8.164. A typical ring has thickness Ay, outer radius 1, and inner radius 
1l—x=1-,/1-y?. Thus, 


Volume of ring ~ 11?Ay — r(1 — y1 — y2) Ay = (2/1 — y? — (1 — y?)) Ay. 


1 
Volume of solid - f n(24/1— y? — 14- y?) dy 
0 
1 1 1 
=> | VP -r | Layt | y? dy 
0 


0 0 
1 ! T 
2r- = | y /1— y? ef ——— dy | — ry 
2 ð o V/1—y? 
3 
= ryy/1 — y? + m arcsin y — sy + -5 


7 3 
p 
0 


0 
1 


0 


0—0--0—0 


=0+5 Tc 


T 
3 


Outer radius 
y Inner radius 
| |Axis 


— 


Ay 


1 2 


Figure 8.164: Cross-section of solid 


48. Slicing perpendicularly to the x-axis gives squares whose thickness is Ax and whose side is y = v1 — z?. See Fig- 
ure 8.165. Thus, 
Volume of square slice ~ (/1 — x2)? Ax = (1 — 2”) Aa. 
1 z? 2; 
Volume of solid -f (1—2?)dz = £ — — 


0 


2 
z 


z? +y? =1 


d 


< 


Base of square (standing on paper) 


Vy 

| T 
=H e 

Delta x 


A 


HG 


Figure 8.165: Base of solid 
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49. Slicing perpendicularly to the y-axis gives semicircles whose thickness is Ay and whose diameter is x = 4/1 — y?. See 


50. 


51. 


52. 


53. 


Figure 8.166. Thus 


Volume of semicircular slice ~% 5 (=) Ay = 50 = y’) Ay. 


1 3 
2 
Volume of solid = Tä y’) dy = E y LH me m 
o 8 8 3 8 3 24 
0 
y y 
1 1 
Diameter of semicircle (standing on paper) Leg of isosceles triangle (standing on paper) 
Ay Ay t 
[4— — — Ar ———— Í— — — Ar ———1 
zx T 
1 1 
Figure 8.166: Base of Solid Figure 8.167: Base of solid 
An isosceles triangle with legs of length s has 
Area = : s? 
ES 
Slicing perpendicularly to the y-axis gives isosceles triangles whose thickness is Ay and whose leg is x = 4/1 — y?. See 


Figure 8.167. Thus 
Volume of triangular slice ~ 5v 1— y?) Ay = ;ü = y) Ay. 


1d 1 3 
Volume of solid — f =(1 y) dy=s\y 2 
o 2 2 


The curve y = x (x — 3)? has x-intercepts at x = 0, 3 and lies above the x-axis on this interval. 


3 
Thus, | x(x — 3)? dx gives the area under the graph of f from x = 0 tox = 3. 
0 


The curve y = x(a — 3)? has x-intercepts at x = 0, 3 and lies above the x-axis on this interval. Rotating the curve about 
the z-axis forms a solid of revolution with 


voe = f s roy? d= [ (sc) de= [nota 


Thus, this expression represents a volume of revolution about the x-axis between z = 0 and x = 3. 


Since y = (e* +e ”)/2, y' = (e? — e *)/2. The length of the catenary is 
1 1 z _ p—-x72 1 2x 1 e-3* 
vVAc(g?ds-][] 4/1 [—— dx = [del c d 
I, ee f. i 2 j -1 ae p" 4 
T V [fae f ore. dx 
ï 2 E 2 
x —T 1 
e —e 


=i 
=e—-e : 


—1 
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54. (a) 


(b) 


55. (a) 
(b) 


56. (a) 


Slice the headlight into N disks of height Ax by cutting perpendicular to the x-axis. The radius of each disk is y; 
the height is Ax. The volume of each disk is my? Az. Therefore, the Riemann sum approximating the volume of the 


headlight is 
z 9 
3 ry Ar = 3 T TA 


JE dro ql d e 


The line y = ax must pass through (l, b). Hence b = al, soa = b/l. 
Cut the cone into N slices, slicing perpendicular to the x-axis. Each piece is almost a cylinder. The radius of the ith 


4 
= 8m. 
0 


bzi 
cylinder is r(z;) = =, so the volume 


ve don (MB) 


i=l 


l 
v-] nb’ l’ x’ de 
0 
eiel PP Vie). do 
PFS Vesa) 3 ^ 
0 


If you slice the apple perpendicular to the core, you expect that the cross section will be approximately a circle. 


Therefore, as N — oo, we get 


A 

^ (CARE 

! fa 

ug MEN 

! h 

B FPP oP 
| T + 

v4 LICE 


If f (A) is the radius of the apple at height h above the bottom, and H is the height of the apple, then 


H 
Volume = f x f (h)? dh 
0 


Ignoring the stem, H ~ 3.5. Although we do not have a formula for f(h), we can estimate it at various points. 
(Remember, we measure here from the bottom of the apple, which is not quite the bottom of the graph.) 


Now let g(h) = v f(h)?, the area of the cross-section at height h. From our approximations above, we get the 
following table. 


57. 


58. 
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We can now take left- and right-hand sum approximations. Note that Ah = 0.5 inches. Thus 


LEFT(9) = (3.14 + 7.07 + 12.57 + 13.85 + 16.62 + 13.85 + 10.18)(0.5) = 38.64. 
RIGHT(9) = (7.07 + 12.57 + 13.85 + 16.62 + 13.85 + 10.18 + 4.52)(0.5) = 39.33. 


Thus the volume of the apple is ~ 39 cu.in. 
(b) The apple weighs 0.03 x 39 ~ 1.17 pounds, so it costs about 944. 


Tout = 3+ y 
fin = 3= y 
(y — 3) 
Figure 8.168: The Torus Figure 8.169: Slice of Torus 


As shown in Figure 8.169, we slice the torus perpendicular to the line y = 3. We obtain washers with width dz, inner 
radius ri; = 3 — y, and outer radius rout = 3 + y. Therefore, the area of the washer is Treat mre, = v[(3 I y? 
(3 — y)?] = 127y. Since y = V/1— z?, the volume is gotten by summing up the volumes of the washers: we get 


1 1 
/ 127 i= wae = 12r f 1 — z? da. 
=i =i 


But T V1 — x? da is the area of a semicircle of radius 1, which is 5. So we get 127 - $ = 6x? ~ 59.22. (Or, you 
could use 


f 1 — rz? dz = |: 1— 224 arcsin(a)] ; 
by VI-30 and VI-28.) 
The arc length of the curve y = f(t) from t = 3 tot = 8 is ii 1+ (f'(t))* dt. Thus, we want a function f such that 


[rora [ 1+ e&t dt. 


Thus, we have 


One possibility is 


f(t) = ge c. 


1 
For any constant C, the original integral is the arc length of the curve y — adi +C from t = 3tot — 8. 


Another solution to roy = e is fF) = —e*. which gives f(t) = =a e +C. 
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59. We take a cross-section of the pipe and cut it up in such a way that the speed of the water is nearly uniform on each slice. 
See Figure 8.170. 

We use thin rings around the pipe’s center; if a given ring is narrow enough, all points on it will be roughly equidistant 
from the center. Since the water speed is a function of the distance from the center, the speed is nearly constant on the 
entire ring. 

Let r be the distance from the center to the inner boundary of the ring, and let Ar be the width of the ring, as in 
Figure 8.170. By straightening the ring into a thin rectangle, we find that its area is approximately given by the quantity 
2rrAr. The speed across any part of the ring is roughly equal to the speed across the inner boundary, 10(1 — r?) inches 
per second. The flow is defined as the speed times the area; thus on any given ring we have 


Flow ~ 10(1 — r°) - 2arAr. 
The total flow across the pipe cross-section is approximated by a Riemann sum incorporating all of the rings: 


Total Flow z 207 (1 — r?)rAr, 


where r is in between 0 and 1. Letting Ar — 0, we obtain the exact solution: 


1 


1 2 4 
Total Flow = 207 f (1— r?)rdr = 207 (5 — =) = 5r cubic inches/second. 
0 


2 4 


Figure 8.170 


60. Multiplying r — 2a cos 0 by r, converting to Cartesian coordinates, and completing the square gives 


2 
r^ — 2ar cos Ü 


2 2 
x“ +y° = 2axr 
z? —2ax +a +y =a 


(x — aj? +y =a’. 


This is the standard form of the equation of a circle with radius a and center (x, y) = (a, 0). 
To check the limits on 0 note that the circle is in the right half plane, where —7/2 < 0 < 7/2. Rays from the origin 
at all these angles meet the circle because the circle is tangent to the y-axis at the origin. 


61. The area is given by 


1/2 1 1/2 1 1/2 1 0 
J =r? dð = I = (2a cos 0)? d0 = ue f cos? 0 d0 = 2a? (3 cos 0 sin 0 + 5) 
—n1/2 —71/2 —71/2 2 2 


7/2 
= 7a. 
—mn/2 


(We have used formula IV-18 from the integral table. The integral can also be done using a calculator or integration by 
parts.) 


62. See Figure 8.171. The circles meet where 


2acosÜ — a 


1 
(== 
COS 2 


ó--c 
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The area is obtained by subtraction: 


7/3 1 1 
Area J (5 (2a cos 9)? — 5”) dé 
Lage 2 


Since 


2 
)a = 61% 


(1/3 + 3/2 


T 
the shaded region covers 61% of circle C. 


r=a r = 2acos@ 


N 


-n/3 


Figure 8.171 


63. (a) Writing C in parametric form gives 
x = 2acos?0 and y = 2a cos 0 sin 0, 
so the slope is given by 
dy  dy/dÓ _ —2asin?0 -2acos?0 _ sin?0 — cos? 0 


dr dx/d0 . —4a cos 0 sin 0 |». 2cosÜ sin Ó 


(b) The maximum y-value occurs where dy/dx = 0, so 


sin?0 — cos? 0 = 0 


T 
0 = IDe. 
4 
The value 0 = 7/4 gives the maximum y-value; 0 = —7/4 gives the minimum y-value. 


64. Writing C in parametric form gives 
x —2acos 0 and y = 2a cos O sin 0, 
so 


1/2 
Arclength — J (—4a cos 0 sin 0)? + (—2a sin? 0 + 2a cos? 0)? dO 
—n/2 


1/2 
= 2a f 4 cos? 0 sin? 0 + sin? 0 — 2 sin? 0 cos? 0 + cost 0 d0 
—n/2 


1/2 
= 22] sin? 0 + 2sin? 0 cos? 0 + cost 0 d0 
—n/2 


1/2 
E 2a f (sin? 0 -- cos? 0)? d0 
—n/2 


1/2 
= 2a f dO = 27a. 
—n/2 


835 


836 


65. 


66. 
67. 


68. 


69. 
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This function has zeros at x = —2 and x = 1. The bounded region lies between these two zeros. Thus, 
1 
Volume — T ((« — 1? (x + 2) dz. 
-2 
The total mass is 12 gm, so the center of mass is located at T = i5 -3-—3-342-3+7-3)= i. 


(a) Since the density is constant, the mass is the product of the area of the plate and its density. 


1 
2 la 
Area of the plate =] (vT — x°) dx = (52°? - 5e’) 
0 


1 1 » 
— cm. 


o 8 


Thus the mass of the plate is 2 - 1/3 = 2/3 gm. 
(b) See Figure 8.172. Since the region is “fatter” closer to the origin, 7 is less than 1/2. 


Ag 
Figure 8.172 


(c) To find z, we slice the region into vertical strips of width Ax. See Figure 8.172. 
Area of strip = Az(x)Ag ~ (VT — x^ )Aa cm’. 
Then we have 


J 25A2(2x) dx i J; 2x (/z — x?) dx E 
Mass v 2/3 7 


T= 


NI% 


1 
2(2?? — 2°) dx = 3. 2 (Za? — 7") 
A 2 "5 4 


o 20 
This is less than 1/2, as predicted in part (b). So z — y — 9/20 cm. 


Let x be the height from ground to the weight. It follows that 0 € x < 20. At height zx, to lift the weight Az more, the 
work needed is 200A + 2(20 — x)Ax = (240 — 2x) Ax. So the total work is 

20 

= 240(20) — 20? = 4400 ft-lb. 


20 
w- (240 — 2x)da = (240x — a?) 
0 


0 


Imagine the pole is divided into n segments of length Ax. The heights of the segments are given by z1,22,..., 3i, .. . Xn. 
20 Ib : : ; 
A segment of length Ax weighs S rH Ax = 2ANr. The work required to raise a segment a vertical distance of x; ft is 
Work to raise segment x; ft = Weight Distance = 2r; Az. 
—— ~ 
2A-r Ti 


The total work is therefore 


n 


Total work = lim b» 2x; Ax 


n— oo 
i=1 
10 10 
es / 2rdr —z^| = 100 ft-lbs. 
0 0 
To check our answer, notice that the work required to raise the entire 20 Ib pole so that it is suspended horizontally 10 ft 
above the ground is: 


Work — Weight - Distance — 200 ft-Ibs. 
—— 


—— 
20 Ibs 10 ft 
This is more than 100 Ibs, because it should take more work to raise the entire pole 10 ft than to stand it upright. 
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70. Let x be the distance from the bucket to the surface of the water. It follows that 0 € x < 40. At x feet, the bucket weighs 
(30 — ir), where the ir term is due to the leak. When the bucket is x feet from the surface of the water, the work done 
by raising it Ax feet is (30 — ic) Az. So the total work required to raise the bucket to the top is 


40 1 
W = J (30 — =x)dz 
1 4 


40 
= (30x = 52°) 
0 


— 30(40) 510" = 1000 ft-lb. 


71. Consider lifting a rectangular slab of water h feet from the top up to the top. See Figure 8.173. The area of such a slab is 
(10)(20) = 200 square feet; if the thickness is Ah, then the volume of such a slab is 200 Ah cubic feet. This much water 
weighs 62.4 pounds per ft?, so the weight of such a slab is (200 Ah)(62.4) = 12480 Ah pounds. To lift that much water 
h feet requires 12480h Ah foot-pounds of work. To lift the whole tank, we lift one plate at a time; integrating over the 


slabs yields 
15 2 |15 2 
f izisohah = | LL DEAS UIS i404 000 footpounds: 
0 0 2 
N: 10 
h EN 
A 


Figure 8.173 


72. We begin by slicing the oil into slabs at a distance h below the surface with thickness Ah. We can then calculate the 
volume of the slab and the work needed to raise this slab to the surface, a distance of h. 


Volume of Ah disk = nr’ Ah = 25x Ah 
Weight of Ah disk = (257)(50)Ah 
Distance to raise = h 
Work to raise = (257)(50)(h)AR. 


Integrating the work over all such slabs, we have 


Work = Í "(80 yh) dh 
19 
25 


= 625zh? 


19 
= 390,6257 — 225,6257 


~ 518,363 ft-lbs. 
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A diagram of this tank is shown in Figure 8.174. 


Hec 


Figure 8.174 Figure 8.175 


73. We slice the gasoline horizontally. At a distance h feet below the surface, the horizontal slab is a cylinder with radius r 
and thickness AA, so 
Volume of one slab. z zr? AR. 


To find the radius r at a depth h from the top as in Figure 8.175, we note that h? + r? = 5?, sor = v25 — h?. At depth 
h 


Volume of one slice ~ 1 (1/25 — h2)? Ah = «(25 — h?) Ah fe. 
The gasoline at depth h must be lifted a distance of h ft, so 


Work to move one slice = p- Volume - Distance lifted 
~ p(n(25 — h?)Ah)(h) ft-lb. 


The work done, W, to lift all the gasoline is the sum of the work done on the pieces: 


We 5 p(x (25 — h?) Ah)h ft-lb.. 


As Ah — 0, we obtain a definite integral. Since h varies from h = 0 to h = 5 and p = 42, we have: 


W = ? px (25h — h®)dh = 427 (s = = 20,617 ft-lb. 
0 


h? 2) | /— 131255 
z)- 


The work to pump all the gasoline out is 20,617 ft-Ibs. 
74. Let h be height above the bottom of the dam. Then 


5 


25 
Water force — f (62.4)(25 — h) (60) dh 
0 


— (62.4)(60) (as = z) | 
— (62.4)(60)(625 — 312.5) 
= (62.4)(60) (312.5) 


— 1,170,000 Ibs. 


0 


75. If the weight of the chain were negligible, the work required would be 1000 - 20 = 20,000 ft-Ibs. Because of the chain, 
the total work is slightly more than 20,000 ft-lbs. When the object is A ft off the ground, the length of chain is 50 — h so 
the total weight being lifted is 1000 + 2(50 — A) Ib. See Figure 8.176. Thus 


Work to lift the weight an addition Ah higher = Weight - Distance lifted 
= (1000 + 2(50 — h))Ah ft-lb. 
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To find the total work, we integrate this quantity from h = 0 to h = 20: 


20 20 20 
W= / (1000 + 2(50 — h))dh = n (1100 — 2h)dh = (1100h — h?)| = 21,600ft-Ibs. 
0 [U 0 


50 ft 
LAN 
20% ^^ g* 1000 bs 
htt 
—— Ground 
Figure 8.176 


76. 


15 15 
Future Value = f 3000e? 2805-8 qt = 3000e®? f e ooet ie 
0 0 


15 


1 1 
— 3000c£9 9 ( —0.9 P) 
e \=o06° Too" 


1 f 
— 3000629 ( UE 
© (2006? 


= $72,980.16 


15 
Present Value = f 3000e7°-°°* dt = 3000 (-zz) en 0:055 
0 


~ $29,671.52. 


There's a quicker way to calculate the present value of the income stream, since the future value of the income stream is 
(as we've shown) $72,980.16, the present value of the income stream must be the present value of $72,980.16. Thus, 


Present Value — $72,980.16(e 9915) 
& $29,671.52, 


which is what we got before. 


77. We divide up time between 1971 and 1992 into intervals of length At, and calculate how much of the strontium-90 
produced during that time interval is still around. 
Strontium-90 decays exponentially, so if a quantity So was produced t years ago, and S is the quantity around today, 
S = Soe~**. Since the half-life is 28 years, 4 = e ^ C9), giving k = — In(1/2)/28 ~ 0.025. 
We measure t in years from 1971, so that 1992 is t = 21. 


Since strontium-90 is produced at a rate of 3 kg/year, during the interval At, a quantity 3At kg was produced. Since 
this was (21 — t) years ago, the quantity remaining now is (SA1)e 9029018 Summing over all such intervals gives 


—0.025(21—1) |?1 


= 49 kg. 
0.025 : 


Strontium remaining E 3e 
as ge 0-02591-10 qq — 
J 0 


in 1992 


[Note: This is like a future value problem from economics, but with a negative interest rate.] 
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78. (a) Slice the mountain horizontally into N cylinders of height Ah. The sum of the volumes of the cylinders will be 
3 mA Rc Ys 3.5: 10° 5.10? 
Vh + 600 + 600 
(b) 


Volume = Li T 335.107 : 
"m vh + 600 
14400 1 
= 1.23. 10!! —  — dh 
" I. (h + 600) 
14400 


= 1.23 - 10! a In(A + 600) dh 


400 
= 1.23 - 10'* [In 15000 — In 1000] 


= 1.23 - 10 1n(15000/1000) 
= 1.23 - 10! a In 15 z 1.05 - 10!” cubic feet. 


79. Look at the disc-shaped slab of water at height y and of thickness Ay in Figure 8.177. The rate at which water is flowing 
out when it is at depth y is k,/y (Torricelli’s Law, with k constant). Then, if x = g(y), we have 


dM bes for water to ) . Volume  mz(g(y)Ay 


drop by this amount Rate — k /y 


AY 


G11} (1,1) 


Figure 8.177 


If the rate at which the depth of the water is dropping is constant, then dy/dt is constant, so we want 


z(u)? 
kyy 


so g(y) = c4/y, for some constant c. Since x = 1 when y = 1, we have c = 1 and so z = 4/y, or y = z*. 


80. The statement P(70) — 0.76 means that 7696 of the population has ages less than 70. 


— constant, 


81. Graph B is more spread out to the right, and so it represents a gas in which more of the molecules are moving at faster 
velocities. Thus the average velocity in gas P is larger. 


82. Every photon which falls a given distance from the center of the detector has the same probability of being detected. This 
suggests that we divide the plate up into concentric rings of thickness Ar. Consider one such ring having inner radius r 
and outer radius r + Ar. For this ring, 


Number of photons hitting ring per unit time ~ N - Area of ring ~ N - 2zT Ar. 
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Then, 
Number of photons detected on ring per unit time ~ Number hitting - S(r) ~ N - 2zrAr - S(r). 


Summing over all rings gives us 
Total number of photons detected per unit time ~ 5 2nNrS(r)Ar. 


Taking the limit as Ar — 0 gives 


R 
Total number of photons detected per unit time = I 2rNrS(r)dr. 
0 


83. The number of houses in a ring of width Ar a distance r; from the city center is given by: 


Number houses — 1000 houses/mi? x Area of ring 
= 1000 - 2zr;Ar = 20007r; Ar. 


The value of the houses in this ring is given by: 


Value = Price per house x Number of houses 
= p (ri) - 1000 - 2zr;Ar = 20007r;p (ri) Ar. 


The total value of the houses within 7 miles of the city center is therefore 


Total value = lim > 20007rip (ri) Ar 
n—oo 


i=1 


7 
= n 2000rrp (r) dr 
9 7 


— 2000 J 400e- 9?" rdr 
0 


pcm 
E 800,0007 | ew (—2.5) dw let w = —0.2r?, dw = —0.4rdr 
r=0 


= —2,000,0007 e" dw 
r=0 


= —2,000,0007e~°2"" 
0 
= 2,000,000: (PT — gu — 6,282,837. 


This figure is in $1000s, so the total value of homes is approximately $6.2828 billion. 
84. (a) Divide the cross-section of the blood into rings of radius r, width Ar. See Figure 8.178. 


Figure 8.178 


Then 
Area of ring © 2zT Ar. 
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The velocity of the blood is approximately constant throughout the ring, so 


Rate blood flows through ring ~ Velocity - Area 


P 


= ag — r°) - 2arAr. 


Thus, summing over all rings, we find the total blood flow: 


P 
Rate blood flowing through blood vessel ~ 5 me — r°)2rrAr. 
n 


Taking the limit as Ar — 0, we get 


R 
Rate blood flowing through blood vessel = f —(R?r — r?)dr 
0 


"Oi 2 4 


nP (= =) | u rPR 
(b) Since 
xPR 


Rate of blood flow — ; 
8nl 


if we take k = x P/(8rl), then we have 
Rate of blood flow = kR*, 


that is, rate of blood flow is proportional to R^, in accordance with Poiseuille's Law. 


85. Pick a small interval of time At which takes place at time t. Fuel is consumed at a rate of (25 + 0.1v)~* gallons per 
mile. In the time At, the car moves v At miles, so it consumes v At/(25 + 0.1v) gallons during the instant At. Since 
v = 50-4, the car consumes 


tl? 
vAt _ 9025 At 50LAC— 10tAE 

25+0.1v 2540.1 (50-4) 25(t+1)+5t 6t4+5 
gallons of gas, in terms of the time ¢ at which the instant occurs. To find the total gas consumed, sum up the instants in an 
integral: 

? 108 
Gas consumed = dt ~ 1.25 gallons. 
4 6t+5 


86. (a) Slicing horizontally, as shown in Figure 8.179, we see that the volume of one disk-shaped slab is 
AV zi na? Ay = TY Ay. 
a 


Thus, the volume of the water is given by 


ro T 2 
v-f Tydy = L5. 
o 9 a 2 


(b) The surface of the water is a circle of radius x. Since at the surface, y = h, we have h = ax”. Thus, at the surface, 
x = 4/ (h/a). Therefore the area of the surface of water is given by 


= wh? 
2a ` 


h 
0 


2 
A = Tr" = —. 


(c) If the rate at which water is evaporating is proportional to the surface area, we have 


— = —kA. 
dt 
(The negative sign is included because the volume is decreasing.) By the chain rule, — = — : qh We know 
2v. — Zh and A = = so 
vh dh nh dh 


—— = —k—— givi —=-k. 
, Bing a 


87. 


88. 


89. 
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(d) Integrating gives 


h = —kt + ho. 


Solving for t when h = 0 gives 


2—(h+b) 


h+b 


Figure 8.179 Figure 8.180 


(a) The volume of water in the centrifuge is 7(1?)-1 = v cubic meters. The centrifuge has total volume 27 cubic meters, 
so the volume of the air in the centrifuge is m cubic meters. Now suppose the equation of the parabola is y = h 4- bx. 
We know that the volume of air in the centrifuge is the volume of the top part (a cylinder) plus the volume of the 
middle part (shaped like a bowl). See Figure 8.180. 

To find the volume of the cylinder of air, we find the maximum water depth. If x = 1, then y = h + b. Therefore 
the height of the water at the edge of the bowl, 1 meter away from the center, is h + b. The volume of the cylinder of 
air is therefore [2 — (h + b)]-a- (1)? = [2 — h — blr. 

To find the volume of the bowl of air, we note that the bowl is a volume of rotation with radius x at height y, 
where y = h + bx. Solving for x? gives z? = (y — h)/b. Hence, slicing horizontally as shown in the picture: 


9 jhtb 


h+b h+b 
= zii 
x ay= | P ini ee de 2b 
h 


b 2b " 2 


Bowl Volume — f 
h 


So the volume of both pieces together is [2 — h — b]m + br/2 = (2 — h — b/2)z. But we know the volume of air 
should be zr, so (2 — h — b/2)« = m, hence h + b/2 = 1 and b = 2 — 2h. Therefore, the equation of the parabolic 
cross-section is y = h + (2 — 2h)z?. 

(b) The water spills out the top when h + b = h + (2 — 2h) = 2, or when h = 0. The bottom is exposed when h = 0. 
Therefore, the two events happen simultaneously. 


Any small piece of mass AM on either of the two spheres has kinetic energy 4v AM . Since the angular velocity of the 
two spheres is the same, the actual velocity of the piece AM will depend on how far away it is from the axis of revolution. 
The further away a piece is from the axis, the faster it must be moving and the larger its velocity v. This is because if AM 
is at a distance r from the axis, in one revolution it must trace out a circular path of length 27r about the axis. Since every 
piece in either sphere takes 1 minute to make 1 revolution, pieces farther from the axis must move faster, as they travel a 
greater distance. 

Thus, since the thin spherical shell has more of its mass concentrated farther from the axis of rotation than does the 
solid sphere, the bulk of it is traveling faster than the bulk of the solid sphere. So, it has the higher kinetic energy. 


Any small piece of mass AM on either of the two hoops has kinetic energy iv AM . Since the angular velocity of the 
two hoops is the same, the actual velocity of the piece AM will depend on how far away it is from the axis of revolution. 
The further away a piece is from the axis, the faster it must be moving and the larger its velocity v. This is because if AM 
is at a distance r from the axis, in one revolution it must trace out a circular path of length 27r about the axis. Since every 
piece in either hoop takes 1 minute to make 1 revolution, pieces farther from the axis must move faster, as they travel a 
greater distance. 

The hoop rotating about the cylindrical axis has all of its mass at a distance R from the axis, whereas the other hoop 
has a good bit of its mass close (or on) the axis of rotation. So, since the bulk of the hoop rotating about the cylindrical 
axis is traveling faster than the bulk of the other hoop, it must have the higher kinetic energy. 
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CAS Challenge Problems 


90. (a) We need to check that the point with the given coordinates is on the curve, i.e., that 


.3 a sin? t 
z-—asnít, y= 


cost 
satisfies the equation 


z3 


y= a— rt 


This can be done by substituting into the computer algebra system and asking it to simplify the difference between 
the two sides, or by hand calculation: 


n2 43 3 46 
i : asin’ t sin’ t 
Right-hand side = u = LIU PN 
V a — asin?t a(l — sin’ t) 
| fae sin? t _ fa? sin® t 
— acos?t cos? t 


"E 
t 
dise em y — Left-hand side. 


cost 
We chose the positive square root because both sin t and cos t are nonnegative for 0 < t < 7/2. Thus the point always 
lies on the curve. In addition, when t = 0, x = 0 and y = 0, so the point starts at x = 0. As t approaches 7/2, the 


value of x = a sin? t approaches a and the value of y = a sin? t / cos t increases without bound (or approaches oo), 
so the point on the curve approaches the vertical asymptote at x = a. 


(b) We calculate the volume using horizontal slices. See the graph of y = 4/x3/(a — x) in Figure 8.181. 


y 


& 


Figure 8.181 


The slice at y is a disk of thickness Ay and radius x — a, hence it has volume z(z — a)? Ay. So the volume is 
given by the improper integral 


Volume — f n(x — a)? dy. 
0 
(c) We substitute 


a sin? t 
cost 


d (asin?t 2 sinf t 
dy = — | — ) dt = 3sin^t dt. 
y—d ( cost ) a( Sin em cos? t 


Since t = 0 where y = 0 and t = 7/2 at the asymptote where y — oo, we get 


1/2 a4 
t 
Volume — | v (a sin? t — a) a (: sin? t + SZ ) dt 
0 


2 
z-—asnít, y= 


and 


cos? t 


7/2 
= qa? f (3 sin? t cos? t + sinf t cos? t) dt = 3 
0 


You can use a CAS to calculate this integral; it can also be done using trigonometric identities. 
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91. (a) The expression for arc length in terms of a definite integral gives 


t 3 . 
aw =f Jas dac 2tv14+4t + aresinh (21). 
0 


4 


The integral was evaluated using a computer algebra system; different systems may give the answer in different 
forms. Here arcsinh is the inverse function of the hyperbolic sine function. 
(b) Figure 8.182 shows that the graphs of A(t) and t? look very similar. This suggests that A(t) ~ t. 
y y y 
100 - t 100 + A(t) 100 F |y= zx? 


Lt Lt i r 
10 10 10 


Figure 8.182 Figure 8.183 


(c) The graph in Figure 8.183 is approximately vertical and close to the y axis. Thus, if we measure the arc length up to a 
certain y-value, the answer is approximately the same as if we had measured the length straight up the y-axis. Hence 
A(t) z y= ftt. 
So 
A(t) = t?. 


92. (a) The expression for arc length in terms of a definite integral gives 


aw) =f y+ (hg) ae - SEE mo 
0 


The integral was evaluated using a computer algebra system; different systems may give the answer in different 
forms. Some may involve In instead of arcsinh, which is the inverse function of the hyperbolic sine function. 
(b) Figure 8.185 shows that the graphs of A(t) and the graph of y = t look very similar. This suggests that A(t) ~ t. 
y y y 
100 r 100 r 100 - 


Figure 8.184 Figure 8.185 
(c) The graph in Figure 8.185 is approximately horizontal and close to the x-axis. Thus, if we measure the arc length up 


to a certain z-value, the answer is approximately the same as if we had measured the length straight along the x-axis. 
Hence 


So 
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93. (a) Slice the sphere at right angles to the axis of the cylinder. Consider a slice of thickness Az at distance x from 
the center of the sphere. The cross-section is an annulus (ring) with internal radius r; = a and outer radius r, = 


Vr? — x°. Thus 


2 
2 2 2 2 2 2 
Area of annulus = «ro^ — mri = m ( r2 z3) Ta — m(r r a’). 


Volume of slice ~ m(r? — a? — a”)Ac. 


The lower and upper limits of the integral are where the cylinder meets the sphere, i.e., where z? + a? = r?, or 


x = +y r? — a2. Thus 
22. 82 


Volume of bead — J n(r? — a? — a?) da. 
=r? a2 


(b) Using a computer algebra system to evaluate the integral, we have 


Volume of bead = 2 (r? — gr^ ! 
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1. (a) The hydrostatic pressure pp is a linear function of distance x, so pp = b + mz. At the artery end, x = 0, 
and pp, = 35. At the vein end, x = L = 0.1 and pp, = 15. This means the points (0, 35) and (0.1, 15) are 
on the graph of pp, so the slope is given by 


We know that b = 35, so pj, = 35 — 200x mm Hg. 
(b) The net pressure, p, is the difference between the hydrostatic pressure and the oncotic pressure. Using 


part (a), we have 
p = pn — po = (35 — 2007x) — 23 = 12 — 200x mm Hg. 


(c) Since 7 = k- p, we have 


cm cm 
j units = (k units) x (p units) = ——————— x mm Hg = —. 
4 ( Je ) sec: mm Hg : sec 
In addition 
Volume units 1 cm? 1 cm 


Volume/time/area units = —— —————— x —————— = — x — = — 
Time units Area units sec cm sec 


Thus, j has units of volume per time per area. 

(d) To find the flow rate through a small section of length Az of the capillary, we multiply j, the flow rate per 
capillary wall area, by the area, A = 27r Az of the section. To find the flow through the wall of the entire 
capillary, we integrate. Thus, 


L L 
Flow rate = I j:2nrdax = | kp - 2nr dx 
0 0 


Using the formula for p from part (b), and the values L = 0.1 cm, r = 0.0004 cm, and k = 1077 cm/ (sec- 
mm Hg), evaluating the integral symbolically or numerically, we have 


0.3 0.1 
Flow rate — n 27 (1077) (0.0004) (12 — 200x) dz = 8-10 !'z(12z —1002?)| = 5.03-10^ 
0 
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2. (a) The volume of a cylinder of radius r and height h is V = rh. Since the total volume of the urine sample 
is 2000 ml and the diameter is 10 cm (so the radius is 5 cm), we have: 


nr?h = «5? h = 2000 
2000 
h = —— = 25.4 à 
25z 5.46 cm 
Thus, the depth of urine in the cylinder is 25.46 cm. 
(i) The protein concentration c is a linear function of height y, so c = b+ my. At the bottom of the 
sample, y — 0, and c — 0.96. At the top, y — 25.46 and c — 0.14. This means the points (0, 0.96) 
and (25.46, 0.14) are on the graph of c, so the slope is given by 


0.14 — 0.96 mg 
~ 9546-0 — E ml - cm 


We know that b = 0.96, so c = 0.96 — 0.0322y mg/ml. 
(ii) A cross sectional slice of the cylinder has volume 5°rAy = 257A. This means the quantity of 
protein in a given slice is 


AQ = Volume x Concentration = 257 Ay (0.96 — 0.0322y) mg. 
257 Ay 0.96—0.0322y 


(iii) To find the total quantity of protein, we integrate: 


25.46 


Total mass — I 257 (0.96 — 0.0322y) dy 
aid 25.46 
= 25r (0.96y — 0.0161y”) 
0 


= 1099.98 mg. 


Thus, the patient excreted approximately 1100 mg, or 1.1 gm, of protein during the 24 hour period 
in which urine was collected. This is above the threshold of 1 gm per 24 hour period at which active 
treatment is recommended. 

(b) Let the radius of the collection container be r, the volume of the urine be V, and the concentrations of 
protein at the top and bottom of the collected fluid be c, and cy. We compute the quantity of protein by 
following the procedure of part (a). 

If h is the depth of the sample, we have 


V — ar?h. 


Assuming that protein concentration, c, is a linear function of the distance, y, from the bottom of the 
container, we have 
c = Ca + my 


where the slope m is given by 
- Ct — Cp 


h 


The quantity of protein in a horizontal slice is 
AQ = Volume x Concentration = mr? Ay - c. 


To find the total quantity of protein in the container, we integrate: 


h h 
Total mass =} mr? c(y) dy =] mr? (ey + my) dy 
0 0 
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2 

ar? c + me) 
=e h _ 

ar? c jm. =) -qrh c + — 


Ct + Cp 
Ly 
2 


Thus, the quantity of protein in the sample is the product of the average of the top and bottom protein 
concentrations by the volume of urine collected. 


3. Let us make coordinate axes with the origin at the center of the box. The x and y axes will lie along the central 
axes of the cylinders, and the (height) axis will extend vertically to the top of the box. If one slices the cylinders 
horizontally, one gets a cross. The cross is what you get if you cut out four corner squares from a square of side 
length 2. If h is the height of the cross above (or below) the xy plane, the equation of a cylinder is h? + y? = 1 
(or h? + x? = 1). Thus the “armpits” of the cross occur where y? — 1 = —h? = x? — 1 for some fixed height 
h—that is, out V1 — h? units from the center, or 1 — v 1 — ^? units away from the edge. Each corner square 
has area (1 — V1 — h2)? = 2 — h? — 2/1 — h?. The whole big square has area 4. Therefore, the area of the 


cross is 
4 —4(2 — h? — 20/1 — h?) = —4 + 4h? + 8V1 — h?. 


2 


* 
— a 


1—vVl—h? y1l—h? 


We integrate this from h = —1 to h = 1, and obtain the volume, V: 


1 
v= 4+ 4h? + 8\/1—h2 dh 
=ï 


1 


3 


3 
— |- ans 8d (TIE eiat) 


—1 


8 16 
=B} 5 +40 = 40 — = 7.23. 


This is a reasonable answer, as the volume of the cube is 8, and the volume of one cylinder alone is 27 ~ 6.28. 


4. (a) Let y represent height, and let x represent horizontal distance from the lowest point of the cable. Then the 
stretched cable is a parabola of the form y = kx? passing through the point (1280/2, 143) = (640, 143). 
Therefore, 143 = k(640)? so k ~ 3.491 x 1074. To find the arc length of the parabola, we take twice the 
arc length of the part to the right of the lowest point. Since dy/dx = 2kz, 


640 


640 
Arc Length — 2 y 1-4 (2kz)? dz = 2 | V1+ Ak?z? dz. 
0 0 


The easiest way to find this integral is to substitute the value of & and find the integral’s value numer- 
ically, giving 
Arc Length © 1321.4 meters. 


(b) 


5. (a) 
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Alternatively, we can make the substitution w = 2ka: 


9 1280k 


Arc Length = — V1+w? dw 


] /1280k 
== I V1l+w? dw 
0 


k 
1 1280k 1 1280k 1 
=—|wV14+w? Tx ——— dw 
0 2k \ Jo V1+ w? 
[Using the integral table, Formula VI-29, or substitute w = tan 6] 


2k 
1 1 1280k 
=, S u.c 2 
=> (1280% /1 + (1280k)?) (ies vitr i ) 
1 1 
x (12804 /1-+ (12804) ) m (In ]1280% + VI+ (1280k) ) 


~ 1321.4 meters. 
Adding 0.05% to the length of the cable gives a cable length of (1321.4)(1.0005) = 1322.1. We now want 


to calculate the new shape of the parabola; that is, we want to find a new k so that the arc length is 1322.1. 
Since 


640 


Arc Length = 2 v 1 4 Ak?z? dx 


0 
we can find & numerically by trial and error. Trying values close to our original value of k, we find 
k z 3.52 x 1074. To find the sag for this new k, we find the height y = kx? for which the cable hangs 
from the towers. This is 
y = k(640)? ~ 144.2. 
Thus the cable sag is 144.2 meters, over a meter more than on a cold winter day. Notice, though, that 


although the length increases by 0.05%, the sag increases by more:144.2/143 ~ 1.0084, an increase of 
0.8496. 


Revolving the semi-circle y = Vr? — x? around the x-axis yields the sphere of radius r. See Figure 8.186. 


Differentiating yields: 
dy _ —1 "E 


dz Jr? — a> 


Thus, substituting —a/y for f'(x), we get 


f 2 T 
Surface area = 27 | uj de =2n f V z? 4- y? dx 
ied. d y —r 


= 2rr dx = 4nr?. 


=F 


T 
y : 


Figure 8.186 Figure 8.187 
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(b) Revolving the line y = rz/h around the z-axis yields the cone. The base of the cone is a circle with area 
r?. See Figure 8.187. The area of the rest of the cone is 


h r2 r2 Tr a 
emnt y a bts ; | dd 
= = 2r- ra ry r? +h? 


Adding the area of the base, we get 


Total surface area of cone = mr? + qr r2 + h2. 


(c) We find the volume of y = 1/z revolved about the x-axis as x runs from 1 to oo. See Figure 8.188. 


Figure 8.188 


5 ET ^d -1 
Volume = f nds =n f —= dx =7 lim Oo =n lim — 
1 ; = b> 


oo Jy x? boo T 


Thus, the volume of this solid is finite and equal to 7. 
(d) Now we show the surface area of this solid is unbounded. We have 


" dy V? Sa s d 
Surface area. — 2r | yJ i+ SH dec 2r | —4/1 + — dx 
1 da 1 € g? 


1 | = 
We cannot easily compute the antiderivative Dh —4/1 tz , so we bound the integral from below by 


noticing that 


1+ : 2l 
zt T 
Thus we see that 
ve b da " 
Surface area > 2r | — dx = 2r lim — = 2r lim lng 
1 T b—oo 1 T b—oo 1 


Since In x goes to infinity as x goes to infinity, the surface area is unbounded. 


Alternatively, we can try calculating 
b 
I 1 
2m | —Jl-4 dm 
1 T x 


for larger and larger values of b. We would see that the integral seems to diverge. 
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(e) For a solid generated by the revolution of a curve y = f(x) fora € x < b, 


b 
Volume = my? da 


and 


b 
Surface area =| 2ryy/1+ Cf'(z))? dz. 


The volume and the surface area will be equal if 


f(x) = 21-4 (f'(2))*. 


We find a function y = f (x) which satisfies this relation: 


2 
dy ||. a 
x 4 
dy NE 
y-4 2 


Injy + Vy? —4|=—+C 


2 
y + Vy? —4 = Ae??? 
Notice in the third line we have used the fact that dy/dx > 0. Any function, y = f(a), which satisfies this 


relationship has the required property. 


6. (a) We want to find a such that fo pw) dv — lim ase 2e? [2kT du = 1. Therefore, 
T—00 


T 


— = lim y2g- mv? /2KT qu 
a roo Jo i 


To evaluate the integral, use integration by parts with the substitutions u = v and w' = yee” /2kT 


r —mv? /2kT r T —mwv? /2kT 
2 z e € 
U ve m" [2kT dv= v ————— = 1 — ——— dv 
o wv m -—— -—mj[kT |y Joc —m[kT 
u w’ u —— u —M— 
w w 


= LETT me? /2kT + kT ” e mv? /2kT du: 
TI m Jo 


oo 
From the normal distribution we know that | 
0 


sd V2 
J e I dr = i 
0 


Therefore in the above integral, make the substitution x = 4 / rp Us so that dz = , (ae dv, or dv = 
— dx. Then 


T 3/2 a/ Er 
kT e mv /2kT dv = (=) f SE e v /2 dz. 


m Jo m 0 
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Substituting this into Equation 6a we get 
3/2. p f fer 3/2 [cc 
1 = lim (- KTT -mr?/2kT + (=) n id e 2/2 2 sU (=) . ven 

a T—00 m m 0 m 2 


Therefore, a = Gr». Substituting the values for k, T, and m gives a ~ 3.4 x 1078. 


(b) To find the median, we wish to find the speed x such that 


* mu? l 
| p(v) dv = n av?e 2T dy = —, 
0 0 2 


where a = —2— [2m yv 2. Using a calculator, by trial and error we get x ~ 441 m/sec. 


Van ET 
oo oo "T 
| vp(v) dv = n av?e kT dv. 
0 0 


To find the mean, we find 
This integral can be done by substitution. Let u — v?, so du — 2vdv. Then 


oo 2 a v-—oo 2 
_ mv Se 
| av?e kT dy = al v?e RT Qu dv 
0 2 v 


| 
NIS 
= 
ll £ 
o ll 
8 
È 
fs 
| 
b] 
y 
"js 
a 
ge 


Now, using the integral table, we have 


oo 2 a 
=RU r " 

av?e-3*T dv = lim — 

0 roo 2 


af 2kPY* 
m m 


cz 457.7 m/sec. 


The maximum for p(v) will be at a point where p'(v) = 0. 


2kT 
Thus p'(v) = 0 at v = 0 and at v = 4/ — ~ 405. It's obvious that p(0) = 0, and that p — 0 as v — oc. 


m 
So v = 405 gives us a maximum: p(405) ~ 0.002. 


AK2T? 4 kiV27T1/2 
(c) The mean, as we found in part (b), is 2 = —— ————. It is clear, then, that as T increases so 


2 m? Jin mi/2 


| 2kT 
does the mean. We found in part (b) that p(v) reached its maximum at v — 4/ ——. Thus 
m 


2 ( m )' 2kT 4 
V2n \kT 

4 m1/2 
esr kT 1/2 


The maximum value of p(v) = 
m 


Thus as T increases, the maximum value decreases. 
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CHAPTER NINE 


Solutions for Section 9.1 


Exercises 


1. The first term is 2' + 1 = 3. The second term is 2? + 1 = 5. The third term is 2? + 1 = 9, the fourth is 24 + 1 = 17, and 
the fifth is 2° + 1 = 33. The first five terms are 3, 5, 9, 17, 33. 


2. The first term is 1 + (—1)! = 1 — 1 = 0. The second term is 2 + (—1)? = 2+ 1 = 3. The third term is 3 — 1 = 2 and 
the fourth is 4 + 1 = 5. The first five terms are 0, 3, 2, 5, 4. 


3. The first term is 2 - 1/(2- 1 + 1) = 2/3. The second term is 2 - 2/(2 - 2 + 1) = 4/5. The first five terms are 
2/3, 4/5, 6/7, 8/9, 10/11. 


4. The first term is (—1)! (1/2)! = —1/2. The second term is (—1)*(1/2) = 1/4. The first five terms are 
—1/2, 1/4, —1/8, 1/16, —1/32. 


5. The first term is (- 1)? (1/2)? = 1. The second term is (—1)?(1/2)! = —1/2. The first five terms are 
1, —1/2, 1/4, —1/8, 1/16. 


6. The first term is (1 — 1/(1 + 1))“*) = (1/2)?. The second term is (1 — 1/3)? = (2/3)?. The first five terms are 
(1/2)”, (2/3), (3/4)*, (4/5), (5/6). 


7. The terms look like powers of 2 so we guess s, — 2". This makes the first term 2! — 2 rather than 4. We try instead 
Sn = 2^*1, If we now check, we get the terms 4, 8, 16, 32, 64, . . ., which is right. 


8. We compare with positive powers of 2, which are 2, 4, 8, 16, 32, . . .. Each term is one less, so we take sn = 2" — 1. 


9. We observe that if we subtract 1 from each term of the sequence, we get 1, 4, 9, 16, 25, . . ., namely the squares 17, 22, 32, 47,5?,.... 
Thus s, — n? 4- 1. 


10. First notice that sn = 2n — 1 is a formula for the general term of the sequence 
1, 3,5, E 


To obtain the alternating signs in the original sequence, we try multiplying by (—1)". However, checking (—1)" (2n — 1) 
for n — 1,2,3,... gives 
SEM ee - 


To get the correct signs, we multiply by (—1)"*! and take 
Sn = (—1)"*! (2n — 1). 


11. The numerator is n. The denominator is then 2n + 1, so sn = n/(2n + 1). 


12. The denominators are the even numbers, so we try s, — 1/(2n). To get the signs to alternate, we try multiplying by 
(—1)". That gives 
—1/2, 1/4, —1/6, 1/8, —1/10,..., 
so we multiply by (—1)"* instead. Thus sn = (—1)"*!/(2n). 


Problems 


13. Since 2” increases without bound as n increases, the sequence diverges. 
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14 


15 


16. 
17. 


18. 
19. 


20. 


21. 
22. 


23. 
24. 


25. 


26. 


27. 


28. 


29. 
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. Since lim z^ = 0 if |x| < 1 and |0.2| < 1, we have lim (0.2)" = 0, so the sequence converges to 0 


. Since lim z” = Oif |z| < 1and|e^?| < 1, wehave lim (e ?") = lim (e ?)" = 0,so lim (3+e ?") = 3+0 = 3, 
noo noo noo noo 
so the sequence converges to 3. 


Since lim z^ = 0 if |x| < 1 and | — 0.3| < 1, we have lim (—0.3)" = 0, so the sequence converges to 0. 
We have: 


lim (m) — lim ae lim 10n. 


n—oo XV 10 TL n—- oo n— oo 


Since n/10 gets arbitrarily large and 10/n approaches 0 as n — oo, the sequence diverges. 


2 2* 2X7 
Since lim z^ = 0 if |x| < 1 and - « 1, we have lim (=) = lim (=) = 0, so the sequence converges to 0. 
n— oo 3 n-—:oo 3" n— oo 3 
We have 9 i i 
jim e. c aun (2+-) =2, 
n— oo T n— oo TL 


so the sequence converges to 2. 
We have: 


The terms of the sequence alternate in sign, but they approach 0, so the sequence converges to 0. 
Since 1/n approaches zero and In n becomes arbitrarily large as n — oo, the sequence diverges. 


As n increases, the term 2n is much larger in magnitude than (— 1)" 5 and the term 4n is much larger in magnitude than 
(—1)"3. Thus dividing the numerator and denominator by n and using the fact that lim 1/n = 0, we have 


n—oo 


mD Qu 2 )"B/n _ 1 


Thus, the sequence converges to 1/2. 
Since limn—soo 1 / n = 0 and —1 < sin n < 1, the terms approach zero and the sequence converges to 0. 


Since s, = cos(zn) = 1 if n is even and Sn = cos(zn) = —1 if n is odd, the values of s,, alternate between | and — 1, 
so the limit does not exist. Thus, the sequence diverges. 


(a) matches (IV), since the sequence increases toward 1. 

(b) matches (III), since the odd terms increase toward 1 and the even terms decrease toward 1. 
(c) matches (IL), since the sequence decreases toward 0. 

(d) matches (I), since the sequence decreases toward 1. 


(a) matches (II), since lim; ss (n(n + 1) — 1) = oo. 

(b) matches (IID), since lim; o5 (1/(n + 1)) = 0 and 1/(n + 1) is always positive. 

(c) matches (I), since lim; , 4. (1 — n^) = —oo. 

(d) matches (IV), since liMmn—oo cos(1/n) = cos0 = 1. 

(e) matches (V), since sin n is bounded above and below by 41, so limno ((sin n)/m) = 0 and the sign of sin n varies 
as n — oo. 


(a) matches (ID, since the sequence increases toward 2. 

(b) matches (III), since the even terms decrease toward 2 and odd terms decrease toward — 2. 
(c) matches (IV), since the even terms decrease toward 2 and odd terms increase toward 2. 
(d) matches (I), since the sequence decreases toward 2. 

(e) matches (V), since the even terms decrease toward 2 and odd terms increase toward —2. 


We have s2 = 28, +3=2-14+3=5and s3 = 282 + 3 = 2: 5 + 3 = 13. Continuing, we get 


1,5, 13, 29, 61, 125. 


We have s2 = sı + 2 = 3 and s3 = s2 + 3 = 6. Continuing, we get 


1, 3, 6, 10, 15, 21. 


30. 


31. 


32. 


33. 


34. 


We have s2 = sı 4 


We have s3 = S244 
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1/2 = 0 + (1/2)! = 1/2 and s3 = s2 + (1/2) = 1/2 + 1/4 = 3/4. Continuing, we get 


28, =5+2-1=7and s4 = s3 + 289 = 7+ 2-5 = 17. Continuing, we get 


1,5, 7, Lf, 31, 65. 


We have 
Q2 = a2-1 3°2=a1 6 =8+6 = 14 
Q3 = Q3-1 3-3=a2 9 = 14 9 =23 
Q4 = Q4—1 3-4— a3 12 — 23 12 — 35. 
We have 
a2 = a2-1 3-2=a, 6 =8+6 = 14 bo = b2—1 +a0-1 = bi +a, =54+8 = 13 
Q3 = Q3-1 3.3— a» 9 = 14 9 = 23 ba = b3 17 43 1 = b2 a2 = 13 14 = 27 
Q4 = A4-1 3-4=a3 12:= 33 12:—:35 ba = ba 1 T 04 1 = b3 aa = 27 23 = 50 
bs = 05-1 + a5-1 = b4 + a4 = 50 + 35 = 85. 
We have: 
S1 —0 
$2 ='0 
S3 ex] 
$4— $3 4-823 84 =1+0+0 =1 
$5— s4 +s3 + $2 — 13-14-70 =2 
$6 = 854-84 + s3 — 2-171 =4 
$7; = S6 + 85-84 — 4-271 =7 
Sg =s7t+s6+55=7+44+2  — 18 
S9 = Sg + S7 + s6 = 184-7 --4 — 24 
S10 = S9 + S8 + s7 = 24 + 13 + 7 = 44. 


35. The first 6 terms of the sequence for the sampling is 


(—0.5)?, (0.0)? 


, (0.5)? 


, (1.0)°, (1.5), (2.0), 


= 0.25, 0.00, 0.25, 1.00, 2.25, 4.00. 


36. The first 6 terms of the sequence for the sampling is 


cos 0.5, cos 1.0, cos 1.5, cos 2.0, cos 2.5, cos 3.0 
= 0.878, 0.540, 0.071, 


37. The first 6 terms of the sequence for the sampling are 


0.416, —0.801, —0.990. 


sinl sin2 sin3 sin4 sin5 sin6 


= 0.841, 0.455, 0.047, 


0.189, —0.192, —0.047. 
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47. 


48. 


Chapter Nine /SOLUTIONS 


. The first smoothing gives 
0, 6, —6, 6, —6, 6,... 
The second smoothing gives 
3,0, 2, —2, 2,... 
The smoothing process diminishes the peaks and valleys of this alternating sequence. 
The first smoothing gives 
0, 0, 6, 6, 6, 0, 0... 
The second smoothing gives 
0, 2, 4, 6, 4,2... 
The smoothing process spreads out the spike at the fourth term to the neighboring terms. 
The first smoothing gives 
1.5, 2, 3, 4, 5, 6, 7... 
The second smoothing gives 
1.75, 2.17, 3, 4, 5, 6... 
Terms which are already the same as their average with their neighbors are not changed. 
Each term is 2 more than the previous term, so a recursive definition is Sn = Sn—1 + 2 for n > 1and sı = 1. 


Each term is 2 more than the previous term, so a recursive definition is Sn = 55.1 +2 for n > 1 and sı = 2. Notice that 
the even positive integers and odd positive integers have the same recursive definition except for the starting term. 


Each term is twice the previous term minus one, so a recursive definition is Sn = 254.1 — 1 for n > 1 and sı = 3. We 
also notice that the differences of consecutive terms are powers of 2, so s2 = sı + 2, $3 = s2 d 2? and so on. Thus 
another recursive definition is Sn = Sn—1 + 2” + for n > 1 and sı = 3. 


The differences between consecutive terms are 4, 9, 16, 25, so, for example, s2 = sı +4 and s3 = s2 +9. Thus, a possible 
recursive definition is Sn = Sn—1 + n? for n > 1 and s, = 1. 


The differences are 2, 3, 4, 5, so, for example, s2 = s1 + 2, $3 = 52 + 3, and s4 = s3 + 4. Thus, a recursive definition is 
Sn = Sn—1 +n for n > lands; = 1. 

The numerator and denominator of each term are related to the numerator and denominator of the previous term. The 
denominator is the previous numerator and the numerator is the sum of the previous numerator and previous denominator. 
For example, 


5 2+3 8 3+5 
-= and = = ——. 
3 3 5 5 
If we simplify, we get 
5 2 8 3 
===- +1, ad= =-=- +1. 
ee 
In words, we turn the previous term upside down and add 1. Thus, a recursive definition is Sn = 1 +1forn > 1 and 


$n—1 
$1 — 1. 


For n > 1, if sn = 3n — 2, then $4.1 = 3(n — 1) — 2 = 3n — 5, so 


giving 


In addition, sı = 3-1— 2— 1. 


For n > 1, if sn = n(n + 1)/2, then s, 1 = (n — 1)(n — 1 + 1)/2 = n(n — 1)/2. Since 
1 i 1 i 
s.— (n tn)= 4 and 5; 1= 3m n= e 

we have 

Sn- sn- = 22 —n 

n n—1 2 2 > 
so 

Sn = Sn—1- Tb 


In addition, s; = 1(2)/2 = 1. 


49. 


50. 
51. 
52. 


53. 
54. 


55. 
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For n > 1, if sn = 2n? — n, then s,_1 = 2(n 1)? (n 1) = 2n? 5n + 3, so 


Sn — 8n—1 = (2n? — n) — (2n? — 5n + 3) = 4n — 3, 


giving 
Sn = Sn-1 + 4n — 3. 
In addition, s; = 2-17 — 1 = 1. 
The sequence seems to converge. By the 25" term it stabilizes to four decimal places at L = 0.7391. 
The sequence oscillates up and down, but by the 20" term it stabilizes to 4 decimal places at L = 0.5671. 


The sequence appears to be decreasing toward 0, but at a slower and slower rate. Even after 100 terms, it is hard to guess 
what the series will eventually do. It can be shown that it converges to 0. 


The sequence converges to 1. By the tenth term, it stabilizes to three decimal places at 1.000. 


(a) Since month 10 is October, Vio is the number of SUVs sold in the US in October 2004. 

(b) The difference Vp — V,-1 represents the increase in sales between month (n — 1) and month n. 

(c) The sum m V; represents the total sales of SUVs in the year 2004 (twelve months). The sum i Vj represents 
the total sales in the n months starting from January 1, 2004. 


(a) Since you have two parents and four grandparents, s; = 2 and s2 = 4. In general, sn = 2”. 
(b) Solving sn = 6 - 10? gives 


2^ 26.10? 
.309 
n= In(6 - 10") = 32.482. 
In 2 


Thus, 33 or more generations ago, the number of ancestors is greater than the current population of the world. Since 


the population of the world 33 generations ago was much smaller than it is now, there must have been overlap among 
our ancestors. 


In year 1, the payment is 
pi = 10,000 + 0.05(100,000) = 15,000. 
The balance in year 2 is 100,000 — 10,000 = 90,000, so 


p2 = 10,000 + 0.05(90,000) = 14,500. 


The balance in year 3 is 80,000, so 


p3 = 10,000 + 0.05(80,000) = 14,000. 
Thus, 


Pn = 10,000 + 0.05(100,000 — (n — 1) - 10,000) 
— 15,500 — 500n. 


(a) The bottom row contains k cans, the next one contains (k — 1) cans, then (k — 2) 
Since the top row contains 1 can, the second contains 2 cans, etc, we have an = n 
(b) Since the n5" row contains n cans, dn = n, 


and so on. Thus, there are k rows. 


Ty = Ín-1-àa 
gives 
Ty = Tai F.  forn 1. 
In addition, 71 — 1. 
(c) If Tn = $n(n + 1), then T,-1 = $(n — 1)n, so 


T, - T.i = 5n(n- 1) smn 1) = gn 1- (71) 2n. 


In addition, T1 = 3 -1(2) = 1. 
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58. (a) In the first year, dı = 20,000(0.12), so the car’s value at the end of the first year is $20,000(0.88). In the second 
year, da = 20,000(0.88)(0.12), so the car's value at the end of the second year is $20,000(0.88)?. Similarly, 
dz = 20,000(0.88)? (0.12). In general 


dn = 20,000(0.88)"-! (0.12). 


(b) The first year rı = 400; the second year r2 = 400(1.18), the third year r3 = 400(1.18)?. In general, rn = 
400(1.18)^ ^1. 
(c) We have 


Total cost = di + da + da + rı + r2 + r3 
= 20,000(0.12)(1 + 0.88 + (0.88)?) + 400(1 + 1.18 + (1.18)?) 
= 7799.52 dollars. 


(d) A two-year old car has the same pattern of expenses except that the initial price is $20,000(0.88)? instead of $20,000 
and that the repair costs start at $400(1.18)? instead of $400. Then 


Total cost = 20,000(0.88)? (0.12) (1 + 0.88 + (0.88)?) + 400(1.18)? (1 + 1.18 + (1.18)?) 
— 6923.05 dollars. 


Thus, the two-year-old car costs you less and you should buy it. 


59. (a) The first 12 terms are 
1,1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144. 
(b) The sequence of ratios is 
13 21 34 55 89 


1.2 — T ee 
mE ' 87 13? 21' 34’ 55 


3 d 
2'3'5 
To three decimal places, the first ten ratios are 


1, 2, 1.500, 1.667, 1.600, 1.625, 1.615, 1.619, 1.618, 1.618. 


It appears that the sequence of ratios is converging to r = 1.618. We find (1.618)? = 2.618 = 1.618 + 1 so 
r seems to satisfy r? = r + 1. Alternatively, by the quadratic formula, the positive root of x? — z — 1 = 0 is 


(14+ V/5)/2 = 1.618. 
(c) If we multiply both sides of the equation r? = r + 1 by Ar"^?, we obtain 


Ar” = Ar”! + Ap"7?. 


Thus, if sn = Ar”, then s,_1 = Ar"-! and sn_2 = Ar”~?, so the sequence satisfies Sn = Sn—1 + Sn—2. 
60. (a) Since 25/8 = 3 + 1/8, we have f(25/8) = 3+ (1 — 1/8) = 34 7/8 = 31/8. 
Since 13/9 = 1 + 4/9, we have f(13/9) = 1 + (1 — 4/9) =1+5/9 = 14/9. 
Since 7 = 3 + (a — 3), we have f(r) = 3 + (1 — (a -—3)) 2 7— m. 
(b) The terms are given by 


$1 = 1 
"M 1 1 il 
=F) IFAN 2 
$3 = -— : =2 
* fam 0+ 0-172) 
F 1 o 1 il 
"UG 24020) 3 
i l | 1 _ 3 
° jü/3 0+ (1-1/8) 2 
1 1 2 
$6 = = == 
f(3/2) 1+(1-1/⁄2) 3 
The first six terms of the sequence are 
L3 2 
lici: (zie 
2) "*9"A' 3 


61. 


62. 
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We want to define lim s, = L so that sn is as close to L as we please for all sufficiently large n. Thus, the definition 
n— oo 


says that for any positive e, there is a value NV such that 


[sn — L| «e whenever n>N. 


We use Theorem 9.1, so we must show that sn is bounded. Since tn converges, it is bounded so there is a number M, 
such that tn < M for all n. Therefore s, < tn < M for all n. Since sn is increasing, sı < s; for all n. Thus if we let 
K = sı, we have K < sn < M for all n, so sn is bounded. Therefore, sn converges. 


Strengthen Your Understanding 
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A decreasing sequence does not have to converge to 0; in fact, it does not have to converge at all (consider the sequence 
Sn = —n, for example). In this case, the limit of the sequence is 


38n4+10 |, 34+10/n 3+0 


3 
"ie dB n3 DE T40 T 


Even though each term of the sequence is greater than 2, the terms could be getting progressively closer to 2 and the limit 
could equal 2. For example, consider the sequence 
1 


Sn = 24 —. 
n 


The limit of this sequence is 
lim (242) =24+0=2. 
n 


n— co 


Thus, the limit of the sequence could be 2. 


Since we want our sequence to be increasing and converging to 0, all of the terms of the sequence must be negative. So 
we need to find a sequence whose terms are negative and approaching zero. An example is s, = —1/n. 

One example is the sequence sn = m. This sequence is increasing and therefore monotone, but it does not converge 
because the terms do not get closer and closer to any specific finite value. 


False. The first 1000 terms could be the same for two different sequences and yet one sequence converges and the other 
diverges. For example, sn = 0 for all n is a convergent sequence, but 


t = { 0 ifn < 1000 
ú n ifn > 1000 
is a divergent sequence. 


False. The limit could be zero. For example, sn = 1/n is a convergent sequence of positive terms and lim sn = 0. 
n— oo 


True. If there is no term greater than a million, then the sequence is bounded by 0 < sn < 10° for all n. 

True. If there is only a finite number of terms greater than a million, then we can choose the largest of them to be an upper 
bound M for the sequence. Thus the sequence is bounded by 0 < sn < M for all n. 

False. The terms sn tend to the limit of the sequence which may not be zero. For example, sn = 1 + 1/n is a convergent 
sequence and s,, tends to | as n increases. 

False. For example the sequence —2, —1, 0, 1, 2, 3, . .. with Sn = n — 3 is monotone increasing and has both positive and 
negative terms. 

True. If a monotone sequence does not converge, then it is unbounded. If moreover the sequence contains only positive 


terms then it is bounded below by zero. Thus it is not bounded above, and in particular it is not bounded above by a 
million. 


False. The decreasing sequence —1, —2, —3,... has all terms less than a million, but it has no lower bound. Thus it is 
unbounded. 
(b). Sequence (I) is monotone increasing, bounded between 9 and 10. 


Sequence (II) is monotone decreasing and bounded between 10 and 11. 

Sequence (III) is bounded between — 1 and 1 but it is not monotone because it begins 0.54, —0.42, —0.99, —0.65, .. ., 
which contains both a jump down, from 0.54 to —0.42 and a jump up, from —0.99 to —0.65. Terms in a monotone 
sequence always jump in the same direction. 

Sequence (IV) is monotone increasing but is not bounded. 
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Exercises 
1. Sequence, because the terms are not added together. 
2. Series, because the terms are added together. 
3. Sequence, because the terms are not added together. 
4. Sequence, because the terms are not added together. 
5. Series, because the terms are added together. 
6. Series, because the terms are added together. 
7. Series, because the terms are added together. 
8. Yes, a = 5, ratio = —2. 
. : . 1/3 , 1/4 
9. No. Ratio between successive terms is not constant: 1/2 = 0.66..., while 1/8 = 0.75. 
10. Yes, a = 2, ratio = 1/2. 
11. Yes, a = 1, ratio = —1/2. 
2 3 
12. No. Ratio between successive terms is not constant: E = 22, while i = 25 
£ £ 
13. Yes, a = 1, ratio = 2z. 
R y ; 62? 4 92° 3 
14. No. Ratio between successive terms is not constant: —— = 2z, while —~ = =z. 
3z 622 2 
15. Yes, a = 1, ratio= —z. 
16. Yes, a = 1, ratio = —y’”. 
17. Yes, a = y’, ratio = y. 
(04 8 
18. No. Ratio between successive terms is not constant: Z = —z?, while - =z", 
z —z 
19. The series has 26 terms. The first term is a = 2 and the constant ratio is x = 0.1, so 
20,26 8 26 
Sum — a(1—27) 20 -(017) _ 2.222. 


20. 


21. 


22. 


23. 


G-r) . 0.9 


The series has 10 terms. The first term is a = 0.2 and the constant ratio is x = 0.1, so 


030-27) _ 0.2(1 — (0.1)?) 


mu (1- x) 0.9 


— 0.222. 
The series has 9 terms. The first term is a = 0.00002 and the constant ratio is x = 0.1, so 


. 0.00002(1— x°) — 0.00002(1 — (0.1)?) 


iine (1- x) 0.9 


— 0.0000222. 


The series has 14 terms. The first term is a — 8 and the constant ratio is x — 1/2 — 0.5, so 


|. 8(1-z"^) 8(1-(05)7) | 
NN EE 0.5 
We have 


4 4 
Sum =36+12+4+3+ 54°" 


1 1\? 142 
wea) +36 (3) Les 


= ———— = 54. 
ET 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


9.2 SOLUTIONS 
We have 
Sum = —810 + 540 — 360 + 240 — 160 + --- 
2 24? 343 
= —810 + ( 810). ( z) + (—810) - ( =) + (—810) - ( =) Tee 
—810 
= ———— = —A86. 
1 — (72/3) 
We have 
4 2 
Sum = 80 + SL +40 + S^ +204 ME ue 
V2 V2 v2 i 
1 1 1 
= 80 + 80 | —= ] +80 | —] ++80| —] + 
E NE 273.137. 
1-1//2 
This is a geometric series with first term 1 and ratio z/2: 
pe ee get a 
2 4 8 H 2 2 2 —.1- (2/2) 
This series converges for |z/2| < 1, that is for —2 < z < 2. 
This is a geometric series with first term 1 and ratio 3a: 
2 3 2 3 1 
1+ 3a + 9x7 + 272° +--+. = 1 + (3x) + (32) + (3x)? +- = I (Gy 
This series converges for |3a| < 1, that is for 1/3 < x < 1/3. 
This is a geometric series with first term y and ratio — y: 
2 3 4 y y 
d. MEI 
This series converges for | — y| < 1, that is for —1 < y < 1. 
This is a geometric series with first term 2 and ratio —2z, 
2 2 


2—4 Pos mn gt 
Rope cde 1-(-27) 1422 


This series converges for | — 2z| < 1, that is for —1/2 < z < 1/2. 
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We can rewrite the series as 3 + (x + a? + a? +---). The terms after the first term define a geometric series with first 


term x and ratio x. Therefore, we have 


d4or HEH Sd +(ete +e 4.) S34 i 7 
-T 
This series converges for |x| < 1, that is for —1 « x < 1. 
We can rewrite the series as 4 + (y + y?/3 + y?/9 4- - --). The terms after the first term define a geometric series with 
first term y and ratio y/3. Therefore, we have 
Atyty?/3ty/9t---=44(yty?/sty?/94---) =44 iw 


This series converges for |y/3| < 1, that is for —3 < y < 3. 


Problems 


32. 


Since the amount of ampicillin excreted during the time interval between tablets is 250 mg, we have 


Amount of ampicillin excreted = Original quantity — Final quantity 
250 = Q — (0.04)Q. 
Solving for Q gives, as before, 


250 


=F 00 =~ 260.42. 


Q 
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33. (a) 
Pi = 
P = 250(0.04 
Ps = 250(0.04) + 250(0.04)? 
P, = 250(0.04) + 250(0.04)? + 250(0.04)? 


P, = 250(0.04) + 250(0.04)? + 250(0.04)? +--+ + 250(0.04)"! 


n—1 
(b) P, = 250(0.04) (1 + (0.04) + (0.04)? + (0.04)? +--+ + (0.04) ?) = 95,4098 — 0009" 3 


1 — 0.04 
(c) 
P= lim Py 

n— oo 
ii 0.04(1 — (0.04)"~") 
[oe fap 

(250) (0.04) 
= ———_ = 0.04Q ~ 10.42 

0.96 0 


Thus, lim P, = 10.42 and lim Qn = 260.42. We would expect these limits to differ because one is right 


noo 
before taking a L tablet, one is right after. We would expect the difference between them to be 250 mg, the amount of 


ampicillin in one tablet. 


34. (a) The quantity of atenolol in the blood is given by Q(t) = Qoe "5, where Qo = Q(0) and k is a constant. Since the 
half-life is 6.3 hours, i 
_ „—6.3k E S 
37 € $e 6. ^ LE 0.11. 
After 24 hours 
Q = Qoe "09 = Qoe °F") ~ Qo(0.07). 
Thus, the percentage of the atenolol that remains after 24 hours zz 7%. 
(b) 
Qo — 50 
Qı = 50 + 50(0.07) 
Q2 = 50 + 50(0.07) + 50(0.07)? 
Qs = 50 + 50(0.07) + 50(0.07)? + 50(0.07)? 


Qn = 50 + 50(0.07) + 50(0.07)? + --- + 50(0.07)" = so = (007) 


1— 0.07 
(c) 
P, — 50(0.07 
E = 50(0.07) + 50(0.07)? 
= 50(0.07) + 50(0.07)? + 50(0.07)? 
5 = 50(0.07) + 50(0.07)? + 50(0.07)? + 50(0.07)* 


P, = 50(0.07) + 50(0.07)? + 50(0.07)? + --- + 50(0.07)" 


0.07(50)(1 — (0.07)") 
— 4-007 


= 50(0.07) (1 + (0.07) + (0.07)? +--+ + (0.07) ) = 


35. 


q (quantity, mg) 


1 2 3 4 5 6 
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t (time, 
days) 


36. Let n be the number of days elapsed. As n — oo, the amount of pollutants right after a dump is given by the sum of an 
infinite geometric series: 


B = 8 + 8(0.75) + 8(0.75)? + 8(0.75)? +- : 


Thus, the level of pollutants in the bay approaches 32 tons over time. 


C3ACÓSS 


32. 


37. (a) In the first year, consumption is 25 million tons. In the second year this grows to 25(1.01) million tons, and in 


(b) 


subsequent years the consumption grows by a factor of 1.01. During the next n years 


Total consumption = 25 + 25(1.01) + 25(1.01)? + --- 25(1.01)"- million tons. 


This is a geometric series with a = 25 and x = 1.01, thus we have 


1.01” — -) 


Total consumption — 25 ( LOI-1 


The reserves are exhausted when the total consumption reaches 400 so we find n by solving the equation 


1.01” — 1 
25 | —— — — | = 400. 
i ( 1.01 — 1 ) i 
Simplifying, gives 
1.01” — 1 
ei | 
0.01 ? 
so 
1.01” — 1 = 0.16 
and 


1.01” = 1.16. 


Taking natural logs of both sides gives 
In 1.01” = In 1.16 


so 
nln 1.01 = In 1.16 
= In 1.16 
ni. 
x — 14.916. 
In 1.01 916 
The reserves are exhausted after 15 years. 
If an r% annual reduction is imposed then 
Total consumption = 25 + 25 (1 = ux) + 25 (1 2 an) +- 
penne 100 100 
This is an infinite geometric series with a = 25 and x = 1 — 1/100, thus we have 
Total consumption = 25 
_ 2500 
= 


- million tons. 


For existing reserves never to be exhausted, we need 2500/7 < 400, which gives r > 6.25%. Consumption must be 


reduced by at least 6.25% annually. 
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38. 


Total present value, in dollars = 1000 + 1000g 7 9 + 1900e OO) gets 999 +... 
= 1000 + 1000(e 99) + 1000(e 99! )? + 1000(e 9913? +. ... 


This is an infinite geometric series with a = 1000 and x = e C799. and sum 
1000 
Total present value, in dollars — = = 100,500.833. 


39. (a) (i) On the night of December 31, 1999: 


First deposit will have grown to 2(1.04)" million dollars. 
Second deposit will have grown to 2(1.04)° million dollars. 


Most recent deposit (Jan.1, 1999) will have grown to 2(1.04) million dollars. 


Thus 


Total amount = 2(1.04)" + 2(1.04)9 + --- + 2(1.04) 
= 2(1.04)(1 + 1.04 +--- + (1.04)9) 
——— 


finite geometric series 
1— (1.04)" 
— 16.43 million dollars. 


(ii) Notice that if 10 payments were made, there are 9 years between the first and the last. On the day of the last 
payment: 


First deposit will have grown to 2(1.04)? million dollars. 
Second deposit will have grown to 2(1.04)? million dollars. 


Last deposit will be 2 million dollars. 


Therefore 


Total amount = 2(1.04)? + 2(1.04)? +- 4-2 


= 2(1 + 1.04 + (1.04)? +--- + (1.04)?) 
——M——————— 
finite geometric series 


NT 2= (1.04)1? 
B 1 — 1.04 
— 24.01 million dollars. 


(b) In part (a) (ii) we found the future value of the contract 9 years in the future. Thus 


24.01 


(1.04) — 16.87 million dollars. 


Present Value — 


Alternatively, we can calculate the present value of each of the payments separately: 


2 2 2 
Present Value = 2 + —— 4 sf 
resent Value + 104 + (042 apes lr (1.04) 
Em 10 
= 2 (220) \ -16.87 million dollars. 
1—1/L04 


Notice that the present value of the contract ($16.87 million) is considerably less than the face value of the contract, 
$20 million. 


40. 


41. 


42. 


43. 


44. 
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The first $200 is invested for 24 months so it has a future value of $200(1 + 0.5/100)?4 = $200 - 1.0057". The second 
installment has a future value of $ 200 - 1.005%, since it is invested for only 23 months. The final installment, paid after 
23 months, has a future value of $ 200 - 1.005. So, 


Total investment = 200 - 1.00574 + 200 - 1.0057? +... + 200 - 1.005 
= 200 - 1.005 (1.0057? + 1.005 +... +1) 


1 — 1.00574 
— 200 - 1.005 - 25.432 
— $5111.82. 


To get $20,000 the day he retires he needs to invest a present value P such that P(1 + 5/100)?" = $20,000. Solving for 
P gives the present value P = $20,000 - 1.05~ 7°. To fund the second payment he needs to invest $ 20,000 - 1.05?! , and 
so on. To fund the payment 10 years after his retirement he needs to invest $ 20,000 - 1.05 ??. There are 11 payments in 
all, so 


Total investment = 20,000 - 1.05 ?? + 20,000 - 1.05?! +... + 20,000 - 1.05 ?? 
= 20,000 - 1.05 7? (14+ 105 * +... + 1.057") 
E 1—1.05- 
=2 d * | ——___ 
0,000 - 1.05 ( E ) 
= 20,000 - 1.057? - 8.7217 
= $65,742.60. 


If the half-life is T hours, then the exponential decay formula Q = Qoe™™* gives k = In 2/T. If we start with Qo = 1 
tablet, then the amount of drug present in the body after 5T hours is 


Q-—e 5T 2675"? = 0.03125, 


so 3.125% of a tablet remains. Thus, immediately after taking the first tablet, there is one tablet in the body. Five half-lives 
later, this has reduced to 1 - 0.03125 = 0.03125 tablets, and immediately after the second tablet there are 1 + 0.03125 
tablets in the body. Continuing this forever leads to 


Number of tablets in body = 1 + 0.03125 + (0.03125)? +---+ (0.03125)" +---. 


This is an infinite geometric series, with common ratio x = 0.03125, and sum 1/(1 — x). Thus 


1 
Number of tablets in body = ——————— = 1.0323. 
umber of tablets in body 1- 0.08125 


The amount of additional income generated directly by people spending their extra money is $100(0.8) — $80 million. 
This additional money in turn is spent, generating another ($100(0.8)) (0.8) — $100(0.8)? million. This continues 
indefinitely, resulting in 


1 ; 
Total additional income = 100(0.8) + 100(0.8)? + 100(0.8)? +--- = 1008) = $400 million 
(a) 
Present value of first coupon = 30 
pon = To 
50 
Present value of second coupon = ————., etc. 


(1.05)?’ 
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Total present value = Es + au Tec m + — 
1.05 (1.05)? (1.05)1° — (1.05)19 
—————— 

coupons principal 
- (ect ga) 41000. 
1.05 1.05 (1.05)? (1.05)10 
_ 50 (1- (xi) | , 1000 
1.05 1— — (1.05)10 
= 386.087 + 613.913 
= $1000 


(b) When the interest rate is 5%, the present value equals the principal. 

(c) When the interest rate is more than 5%, the present value is smaller than it is when interest is 5% and must therefore 
be less than the principal. Since the bond will sell for around its present value, it will sell for less than the principal; 
hence the description trading at discount. 

(d) When the interest rate is less than 5%, the present value is more than the principal. Hence the bond will be selling for 
more than the principal, and is described as trading at a premium. 


45. The total of the spending and respending of the additional income is given by the series: Total additional income = 


100(0.9) + 100(0.9)? + 100(0.9)? + --- = 19902? — $900 million. 


Notice the large effect of changing the assumption about the fraction of money spent has: the additional spending more 
than doubles. 


46. (a) Let hn be the height of the n*" bounce after the ball hits the floor for the n‘ time. Then from Figure 9.1, 
ho = height before first bounce = 10 feet, 


hı = height after first bounce = 10 (2) feet, 


2 
h2 = height after second bounce = 10 (3) feet. 


Generalizing gives 


Figure 9.1 


(b) When the ball hits the floor for the first time, the total distance it has traveled is just Dı = 10 feet. (Notice that this 
is the same as ho = 10.) Then the ball bounces back to a height of hi = 10 (3) , comes down and hits the floor for 


the second time. See Figure 9.1. The total distance it has traveled is 


Dz = ho + 2hı = 104- 2-10 (+) = 25 feet. 

3 2 
Then the ball bounces back to a height of ho = 10 (1) , comes down and hits the floor for the third time. It has 
traveled 


2 2 
D3 = ho + 2hi +2ha = 10+2-10 (2) +2-10(3) =25+2-10(5) = 36.25 feet. 
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Similarly, 


Da = ho 2h + 2he + 2ha 


3 34? 3X? 
1042-10 (1) «2: 10(2) +2-10(3) 


3 3 
= 36.25 + 2-10 (5) 
~ 44.69 feet. 


(c) When the ball hits the floor for the n" time, its last bounce was of height hn—1. Thus, by the method used in part 
(b), we get 


Dn = ho ot 2hi + 2he + 2ha apes ce 2hn-1 


3 333 34? 340-1 
= 1042-10 2] 42«10[ 2 5-10) = wep Redo S 
0+2-10(7)+2-10(7) +2-10(7) +---+2-10(7) 
a 


finite geometric series 


=10+2-10- (2) 
( 


= 10 4- 60 (1- (7) 


47. (a) The acceleration of gravity is 32 ft/sec” so acceleration = 32 and velocity v = 32t + C. Since the ball is dropped, 
its initial velocity is 0 so v = 32t. Thus the position is s = 16t? + C. Calling the initial position s = 0, we have 
s = 6t. The distance traveled is h so h = 16t. Solving for t we get t = ih. 


(b) The first drop from 10 feet takes iV 10 seconds. The first full bounce (to 10 - (3) feet) takes +,/10- (3) seconds 


4 
to rise, therefore the same time to come down. Thus, the full bounce, up and down, takes 2(4)4 / 10 - (2) seconds. 


2 n 
The next full bounce takes 2(+)10- (3) = 2(4)V10 (V3) seconds. The n^" bounce takes 2(1) /10 ( 7) 


seconds. Therefore the 


Total amount of time 


- Lym- iut + 200 (/2) inu) a 
——————M————————Á 


Geometric series with a = 2/104/3 = iv 104/3 and um VEI 
1 1 3 1 
Eee AUS AE ——————— | seconds. 
4 2 411-4/3/4 


Strengthen Your Understanding 


48. The formula 4/(1 — 1/4) used is for computing the sum of a geometric series, not the limit of a sequence. The sequence 


is given by the formula 
1 n—1 
n —4|- ; 21, 
E (3) n> 


so since (1/4) is between 0 and 1, the sequence converges to 0. 


49. The formula for the sum of an infinite geometric series does not apply because the common ratio is not between —1 and 
1. 


50. If the common ratio, x, of a geometric series satisfies |x| > 1 then the series diverges. If x = 3 then the series 3 + 6 + 
12 + 24 + --- diverges. 
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51. 


52. 


53. 


54. 


Solutions for Section 9.3 
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Two possible examples are the series 1+1+1+1+..., which has common ratio 1, and the series 1+(—1)+1+(—1)+. 
which has common ratio —1. 


"€ 


One way to find an example is to start with a geometric series with four distinct terms, and then rescale the terms so that 
their sum is 10. 


For example, we might start with the series 


xcd d 
2° 4” 8’ 


whose sum is 15/8. Since we want a sum of 10, we scale these terms up by a factor of 


10 16 


15/8  à3- 


This gives the series 


This series is geometric with common ratio 1/2. 


We know that » ar" = i £ = for |x| < 1. Letting x = 1/2 we have em 


= 2a. Thus a = 5 gives a limit of 10 
n=0 
for the geometric series. 


(c). The common ratio in series (I) and (IV) is between —1 and 1. The common ratio in (II) and (III) is greater than one. 


Exercises 


1. 


The series is 1 + 2 + 3 + 4 4- 5 +--+. The sequence of partial sums is 


$1—1, So=142, S3=1424+3, S4=142434+4, 8521424307424 5,... 


which is 


The series is — 1 + 1/2 — 1/3 + 1/4 — 1/5 + - - -. The sequence of partial sums is 


1 1 1 1 1.1 I toI oid 
= E = — = = — —— — p —— — — LOL Lo = = — 
Sh 1, S2 bt S3 iS 3! S4 Rg 3*7 Ss bts 3*4 5" 
which is 
Lol 8 07 at 
í 2 6’ 12’ 60° 
The series is 1/2 + 1/6 + 1/12 + 1/20 + 1/30 + - - -. The sequence of partial sums is 
1 1 1 1 1 1 1 1 
Bre 2=z tg Ss= 5+ Gt Tp Pima te tae? ap B5—3-ts$t13*39 39 
which is 
L 2 m 22 
, 3! 4’ 5? 6 
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4. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the 


corresponding improper integral f 39 dx converges or diverges: 


IER. ". d 
— dr= li — d 
f (2429 7 NL WHI 
b 


1 
— lim — dw (Substitute w = x + 2) 
b—oo 3 wW 
b 
= lim —— 
b—oo w 3 
= lim ( l + 5) = 
mea b 3 3' 
oo oo 1 
Since the integral — d » lude fi the integral test that th i ——— ? 
ince the integra f CETE x converges, we conclude from the integral test tha e series X nope converges 


n= 


5. We use the integral test with f(a) = 2/(x? + 1) to determine whether this series converges or diverges. We determine 
oo 


whether the corresponding improper integral dx converges or diverges: 


x 

z?-F1 

oo b 1 b 
a dr = lim —— dr = lim = In(z? + 1) 

p Ap boo J, x? +1 b—oo 2 i 


= lim (Fine? +1)— 51m2) — oo. 


b—oo 


oo 


oo 
Since the integral / dx diverges, we conclude from the integral test that the series 1 diverges. 
1 


x n 
z?-F1 n? --1 


n=1 


6. We use the integral test with f(x) = 1/e* to determine whether this series converges or diverges. To do so we determine 
oo 


whether the corresponding improper integral : sa dr converges or diverges: 


oo 1 b 
—dzx = lim e "dr = lim —e * 
1 et b—oo 1 b—oo 


oo oo 
Since the integral J — dx converges, we conclude from the integral test that the series 1 —. converges. We can also 
e e 
1 n=1 


observe that this is a geometric series with ratio x = 1/e < 1, and hence it converges. 


7. We use the integral test with f(x) = 1/(x(ln x)?) to determine whether this series converges or diverges. We determine 


1 ; 
whether the corresponding improper integral — — 3 dx converges or diverges: 
2 cla) 
m i » od il 11 1 

ee ee ——— i | Se (= vin 

n z(In x)? dus , (ina)? 7 — is Ing r t> \ nb " In 2 In 2 
Since the integral ~ : dx converges, we conclude from the integral test that the series 3 l converges 
B 2 &(Inz)? ao E n(In n)? E 


n=2 


T 1 
8. The improper integral i z de converges to 3 since 
1 


b —2 
J r`’ dz = m 
i 2 


1 


and 
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The terms of the series 5 n ? form a right hand sum for the improper integral; each term represents the area of a 
n=2 

rectangle of width 1 fitting completely under the graph of the function x *. (See Figure 9.2.) Thus the sequence of partial 

sums is bounded above by 1/2. Since the partial sums are increasing (every new term added is positive) the series is 

guaranteed to converge to some number less than or equal to 1/2 by Theorem 9.1. 


y = 1/23 


1/27 b 
1/64 + 


12345 67 8 9 


Figure 9.2 


oo 

f : To. 

9. The improper integral Í dx converges to > since 
0 


xz? +1 


b 
dx = arctan z|? = arctan b — arctan 0 = arctan b, 
o £^ +l 9 


oo 
and lim arctanb = C. The terms of the series > form a right hand sum for the improper integral; each term 
b—oo 2 n? +1 
n=1 


represents the area of a rectangle of width 1 fitting completely under the graph of the function 


FER (See Figure 9.3.) 


Thus the sequence of partial sums is bounded above by z Since the partial sums are increasing (every new term added is 


positive), the series is guaranteed to converge to some number less than or equal to 7/2 by Theorem 9.1. 


y 
1k 
y — l/(z? +1) 


1/5 
1/10 


eal T 


123 4 5 6 7 8 


Figure 9.3 


10. The integral test requires that f(x) = x”, which is not decreasing. 
11. The integral test requires that f(a) = (—1)*/x. However (—1)” is not defined for all x. 


12. The integral test requires that f(x) = e ^ sin x, which is not positive, nor is it decreasing. 
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Problems 


13. 


14. 


15. 


16. 


17. 


18. 


Using the integral test, we compare the series with 


b 


oo b 
/ : dr — lim 3 dx = 3ln |z + 2| 
0 0 


x+2 b—oo Jo r2 


Since In(b + 2) is unbounded as b — oo, the integral diverges and therefore so does the series. 


Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 
improper integral: 


oo 4 b 4 b 
dr — lim dx = lim 21n(2x + 1) 
o 2e+1 boo Jy 2r 1 boo 


= lim 21n(25 4- 1). 
0 b—oo 


oo 
Since the limit does not exist, the integral diverges, so the series 1 diverges. 


2n 4-1 


n=0 


We use the integral test and calculate the corresponding improper integral, f ae 2//2+ x da: 


b 
= lim 4((2 4- b)? — 217?) 


0 b—oo 


oo b 
n : dx = lim a lim 4(2 + z)!? 
0 2+ boo Jo 2+gr  b—oo 


Since the limit does not exist, the integral diverges, so the series diverges. 


oo 

oem 
2+n 

n=1 

Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 


improper integral using the substitution w = x” 


b 


E 2 T 
7 a = lim arctan b^ = —. 
b—oo 1 EH b—oo 0 b—oo 2 


7 ^ 2g ^ 2x 
I — dx = lim dx = lim arctan z? 
o ds o LT 


oo 
Since the limit exists, the integral converges, so the series 1 converges. 


1-4 n* 
n=0 
Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 


improper integral using the substitution w = 1 + x°: 


© 2 ? 2x zi 
—— —dz- lim | ~~ dr = lim ——| = 
| (1-229 77 co fy (0422) T eho (1+ 2") |, 


oo 
: OEREN a ; 2n 
Since the limit exists, the integral converges, so the series 1 (5 converges. 
n 


n=0 


The terms in this series do not tend to 0. We have 


lim i lim : 2 

T -H E — o — 

n—0o V4 4- n? noo /A/n? +1 

Thus the series diverges. It is also possible (although much slower) to use the integral test. We calculate the corresponding 
improper integral using the substitution w = z? 


b 
= lim de = lim 2/4 +27) = lim (2/4 +b? — 4). 
—oo 


ue 4 ^^ 2r 
IL dr = 
o V4+4+a? boo Jy V4 +r? b—oo 0 


Since the limit does not exist, the integral diverges, so the series diverges. 


E 2n 
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19. 


20. 


21. 


22. 


23. 
24. 


25. 


26. 


27. 
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We use the integral test and calculate the corresponding improper integral, f v 3/(2x — 1)?da: 


Since the integral converges, the series 1 converges. 


3 
Ls (2n — 1)? 


We use the integral test and calculate the corresponding improper integral, f. i 4/ (2x + 1)3dzx. Using the substitution 
w = 2x + 1, we have 


um EG NEUE 
, (2241) $5], (2241) s>% (2x41)? 


Since the integral converges, the series 1 
n=1 


1 


4 
Qna FRE converges. 
n 


Using the integral test, we compare the series with 


oo b b 
3 dx = lim i dr = 2 lim arctan (5) 
" z?4-4 boo Jo z24-4 2 boc 2 o 


by integral table V-24. Since the integral converges so does the series. 


= 2 lim arctan (5) = — 


b—oo 


Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 
improper integral using the substitution w = 2z: 


b 
= lim arctan(2b) = 7/2. 


0 b—oo 


oo b 
2 . 2 : 
[ ia) ea Pes 


oo 


2 
Since the limit exists, the integral converges, so the series 2- 14 4n? converges. 
Writing an = n / (n + 1), we have liMn—oo an = 1 so the series diverges by Property 3 of Theorem 9.2. 


Writing an = (n+ 1)/(2n +3), we have lim; 45e Gn = 1/2, so the limit of individual terms is not 0. The series diverges 
by Property 3 of Theorem 9.2. 


Both (5) and 5 (3) are convergent geometric series. Therefore, by Property 1 of Theorem 9.2, the series 
- 1 n=1 
5 (5) ” + (3) Í converges. 
2 3 


oo oo 
: 3\", . . pu : ; ; 
The series J 1 is a convergent geometric series, but J — is the divergent harmonic series. 
n 


n=l n=1 


A (Y c1 cus A 3yr EST 
If 2» ((5) + =) converged, then 5 (5) + z) — 5 (5) = » m would converge by Theorem 9.2. 
n= n=1 n-l n= 
Therefore Y (3) + ~) diverges 
4 n Bem 


n=1 


The series can be written as 


iens aT. d 
» 2 


(1,1 S 1 I 
If this series converges, then 5 (= + z) — 5 = = 5 - would converge by Theorem 9.2. Since this is the 


2n 
n=1 n=l n=1 
co 
: . RE ; n+2” |, 
harmonic series, which diverges, then the series J diverges. 
n 


n=1 


28. 


29. 


30. 


31. 


32. 


33. 
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Let an = (In n)/n and f(x) = (In z)/z. We use the integral test and consider the improper integral 


Since 


" 2 2 
=5 ((In R) — (Inc) ) ; 


e 


and In R grows without bound as R — oo, the integral diverges. Therefore, the integral test tells us that the series, 


L] 
) ES also diverges. 
n 


n=1 
Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 
improper integral using the substitution w = 1 + In x: 


b 
= lim In(1 4- In 0). 
1 b—oo 


oo b 
1 1 
— — —— dx = li —— dx = lim In(1 +1 
/ z(1- Inna) E Ly z(1-4- Ina) dE c ahr ne) 


Since the limit does not exist, the integral diverges, so the series > diverges. 


1 
n(1+Inn) 


n=1 


We use the integral test and calculate the corresponding improper integral, f | (x + 1)/(z? + 2x 4+ 2) dz: 


c+ , v1 . 1 5 M : 
PEN EN eae ———— —À. dx = lim =1 2x +2|| = lim —(In(b? + 2b + 2) — In 17). 
f z? 2x +2 n= ccs 3 2242242 digi co n|r^-2x 4 |. Jim. 5 (In( + 2b+ 2) — In 17) 


n+l 


Since the limit does not exist (it is oo), the integral diverges, so the series 1 —————À 
n? 4- 2n +2 


diverges. 

n- 
Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 
improper integral using the substitution w = 1 + x: 


oo b 
1 ig 
—— —— — das = li ——— dz = lim ——————ÉÀ d 
f TF2 F2 T pho o 2? +2r+2 " bho 1+ (z 4 1)2 7 
b 


= lim arctan(z + 1) 


= lim (arctan(b + 1) — arctan 1) = 7/2 — arctan 1. 
b—oo b—oo 


0 


oo 


1 


PORRO converges. 
n n 


Since the limit exists, the integral converges, so the series ) 
n= 


Since the terms in the series are positive and decreasing, we can use the integral test. We calculate the corresponding 
improper integral: 


oo b b b 
f Me ae dm f SE coim Pta f CN 
2 x b—oo 2 x b—oo 2 z 2 x 


Using the substitution w = In x on the first integral, we have 


x 


b—oo 2 b 2 


lim T 
b—oo x b—oo 


b 
b 2 2 2 
enet+4 o im (&2 +) — tim (n07 4 _ (m2) 
2: 


oo 


ninn+4 


Since the limit does not exist, the integral diverges, so the series 1 2 diverges. 
n 


n=2 


1 1 
»» In(2”) | 25 (In 2)n' 
The series on the right is the harmonic series multiplied by 1/ In 2. Since the harmonic series diverges, Nc 1/In(2") 
diverges. 


Using In(2") = n1n2, we see that 
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34. 


35. 


36. 


37. 


38. 


39. 
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Using In(2") = n1n2, we see that 


= 1 = 1 


Since $5 1/n? converges, X` 1/((In (2))?n?) converges by property 1 of Theorem 9.2. 
(a) With an = In((n + 1)/n) we have 
Sn = a1 4d- a2 d4- a3 +--+ + às 3 d 8n 
= In(2/1) + In(3/2) + In(4/3) +--+ + In(n/(n — 1)) + In((n + 1)/n) 


23 4 n n+1 
=m( iie. z ) =In(n +0), 
(b) Since the limit of the partial sums, limn— oo Sn = lima. os In(n + 1), does not exist, the series diverges. 


lnr 


In Inn (Inr)ünm) _ n T 


(a) Using r = e"^ and n = e?" we have r —e 
(b) By part (a) we have r^" = n™" = 1/n- ^", Since the p-series >> 1/n? converges if and only if p > 1, the series 
P ANS 1/n- ™” converges if and only if — In r > 1, which is equivalent to lnr < —1 orr < 1/e. Thus 229 ph 


converges if 0 « r « 1/e and diverges if r 7 1/e. 
(a) A common denominator is k(k + 1) so 
101 k+1 k  k+1-k 1 


k k+l kk+1) kKR+1) kk+D k(R+1) 


(b) Using the result of part (a), the partial sum can be written as 


E — —— bd b s l sd 
TI BOR Gd l1 202 ^2 3 3 A 4 
All of the intermediate terms cancel out, leaving only the first and last terms. Thus $19 = 1— = and S, = ae 
n 


converges to 1. 


1 
k(k +1) 


1 oo 
(c) The limit of Sn as n — oois lim (1 — =) = ] — 0 = 1. Thus the series ) 
n— oo n+ 1 mur 


(a) The partial sum 


1-3-2-4-3-5 
seil ui 
, ; ; 1-5 5 
The intermediate factors cancel out, leaving only In (2) , s0 $3 = In (2) " 


(b) For the partial sum Sn, similar steps yield 


1-3-2-4-3-5---n(n+2) 
Sn = ln | — M |. 
2:3:8-3-4«4- (n4 D«(n4 D 


2(n + 1) 
(c) The limit of Sn = In (5555) asm — oois Jm In (5555) — n (5) . Thus the ua (2) 


1 
converges to In (5) s 


As before, most of the factors cancel, leaving Sn = ln (5) : 


Let S, be the n‘® partial sum for X an and let Tn be the n^" partial sum for Y bn. Then the n^ partial sums for 
So (an + bn), X (an — bn), and $7 kan are Sn + Tn, Sn — Tn, and k Sn, respectively. To show that these series converge, 
we have to show that the limits of their partial sums exist. By the properties of limits, 


lim (Sn + T4) = lim Sn + lim T, 
n—oo 


n— oo n—0o 
lim (Sn — Th) = lim S, — lim T; 
n— oo n— oo n— oo 
lim kS, =k lim Sn. 
n—oo noo 


This proves that the limits of the partial sums exist, so the series converge. 
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40. Let Sn be the n-th partial sum for os an and let Tn be the n-th partial sum for »» bn. Suppose that Sy = Tv + k. Since 
an = bn for n > N, we have Sn = Tn +k for n > N. Hence if S, converges to a limit, so does Tn, and vice versa. 
Thus, 5 7 an and Y^ bn either both converge or both diverge. 


41. We have an = Sn — S41. If 5 an converges, then S = liMn—oo Sn exists. Hence liMn—oo Sn—1 exists and is equal 
to S also. Thus 
lim an = lim (Sn — $41) = lim Sn — lim S,-1=S—S=0. 


n— oo n— oo noo n— oo 
42. From Property 1 in Theorem 9.2, we know that if X` an converges, then so does 5 7 kan. 


Now suppose that X` an diverges and 5 ? kan converges for k # 0. Thus using Property 1 and replacing $5 an by 
5 kan, we know that the following series converges: 


5 = (kan) = ba 


Thus, we have arrived at a contradiction, which means our original assumption, that 1 kan converged, must be wrong. 


oo 


n=1 
oo 


43. A typical partial sum of the series X any — an ), say S5, shows what happens in the general case: 


n=1 


Ss = (a2 — a1) + (a3 — a2) + (a4 — a3) + (as — a4) + (ae — as) = as — ai 
as all of the intermediate terms cancel out. The same thing will happen in the general partial sum: Sn = a541 — a1. 


oo 
Now the series 1 (Qn+41 — an) converges if the sequence of partial sums S» has a limit as n — oo. Since we're as- 


n=l 
oo 


suming that the original series 1 Gn converges, we know that lim an = lim a441 = 0 by property 3 of Theorem 9.2. 
noo noo 
n=l 


Thus 


lim S, = lim (an41— a1) 20— a1 = —ai. 
noo "n—oo 


Since the sequence of partial sums converges (to —a1), the series "acm — an) converges (also to —a1). 
n=1 
44. Ifa, = 1 for all n, then X` a; diverges but X` (an+1ı — an) = » ; 0 converges. If an = n for all n, then X` an diverges, 
and 35a544 — an = J 1 diverges 


45. (a) Suppose / f(x) dx diverges. In Figure 9.4 we see that for each positive integer k 


N+k+1 
/ f(x)dx € f(N) + f(N+1)4+---+f(N +4). 


N 


Since f (n) = an for all n, we have 


N+k+1 
/ f(x) dx € an +an4i1 +++: + an4e. 
N 


Since f(x) is defined for all x > c, if f f(x) dx is divergent, then jd f(x) dx is divergent. So as k — oo, the 


oo 


: N+k+1 
integral i = 


m f(x) dx diverges, so the partial sums of the series 5 a; diverge. Thus, the series os a; diverges. 


More precisely, suppose the series converged. Then the partial sums would be bounded. (The pardal sums would 
be less than the sum of the series, since all the terms in the series are positive.) But that would imply that the integral 
converged, by Theorem 9.1 on Convergence of Monotone Bounded Sequences. This contradicts the assumption that 
i. f(x) dx is divergent. 
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oo 


oo 
(b) Suppose l f(x) dx converges. Let N an integer with N > c. Consider the series »- a;. The partial sums of 
c i=N41 
this series are increasing because all the terms in the series are positive. We show the partial sums are bounded using 
the right-hand sum in Figure 9.5. We see that for each positive integer k 


N+k 
RN H2) OC e) e sevens | f (x) dz. 


N 


Since f(n) = an for all n, and c € N, we have 
N+k 
QN41 T GN42 T ::: d aN4& X J f(x) dx. 


Since f(x) is a positive function, p f(x)dx < f? f(x)dx for all b > N + k. Since f is positive and 
T f (x) dx is convergent, qm f(x)dx < 2 f (x) dx, so we have 


aver tania te bayer < | f(x)dx forall k. 


oo 
Thus, the partial sums of the series J a; are bounded and increasing, so this series converges by Theorem 9.1. 


i=N+1 


Now use Theorem 9.2, property 2, to conclude that 5 a;i converges. 


wl 


f) f(x) 


Area — f(N) 


Area — f(N 4- 1) 
Area = f(N +2) 
Area = f(N +3) 


Area — f(N 4- 1) 
Area — f(N 4-2) 


e N N+1 c NN+1 


Figure 9.4 Figure 9.5 


46. (a) Show that the sum of each group of fractions is more than 1/2. 
(b) Explain why this shows that the harmonic series does not converge. 


(a) Notice that 


T- 1i 1. 1 2 í 
stari i a 

Li i i 1,4, 0,7.4 1 
starr a u cu um 

i. i 1 _ 1 1 1 8 1 
4739 ^ "p^ nr n tas 18 


In the same way, we can see that the sum of the fractions in each grouping is greater than 1/2. 
(b) Since the sum of the first n groups is greater than 1/2, it follows that the partial sums of the harmonic series are not 


bounded. Thus, the harmonic series diverges. 


9.3 SOLUTIONS 


47. (a) Since for x > 0, 


1 
J chat” — In(Inz) 4- C 


we have 


boo J, rlnz 


oo b 
f : dr = lim l dz = lim (In(In b) — ln(ln 2)) = oo. 
, «tle b— oo 
The series diverges by the integral test. 


(b) The terms in each group are decreasing so we can bound each group as follows: 


EE OE Dr E E A 
3ln3 4ln4 4ln4 4in4  21n4 
and 
E E RE E. 
5ln5 6ln6 7ln7 8ln8 8ln8 21ln8' 


Similarly, the group whose final term is 1/(2" In(2”)) is greater than 1/(2 In(2”)) = 1/(2(In 2)n). Thus 


877 


The series on the right is the harmonic series multiplied by the constant 1/(2 In 2). Since the harmonic series diverges, 


Y 1/(n Inn) diverges. 


48. (a) See Figure 9.6. We draw the left-hand sum approximation to f a /x) dx using Ax = 1. Since the rectangles lie 


everywhere above the curve, for every positive integer k, we conclude that 
k 
f Hi de z 1 
a T k 


ün41-— a not. desi nde UU dm 
n+l n= ndo ER 4 , 


We see that 


so we see that dn < Gn+1 for every positive integer n. 


(b) For every positive integer n, the value of a, represents the difference between the left-hand approximation of 


I (1/z) dz and the integral itself. 


This difference can be viewed as a sum of areas of n roughly triangular pieces, with the k*® piece having a 
vertical side running from y = 1/k to y = 1/(k + 1). Each piece has width 1. All the pieces can be moved to the 
left and stacked up to fit inside the first rectangle of the left-hand approximation, which runs from x — 1 to x — 2 
and from y = 0 to y = 1. Thus the sum of all these stacked areas is less than 1, so an « 1 for all n. See Figure 9.7. 


(c) Since an is an increasing sequence bounded above by 1, Theorem 9.1 ensures that lim; o a; exists. 


(d) The sequence converges slowly, but a calculator or computer gives a200 = 0.5747. For comparison, a100 = 0.5723, 


Q500 = 0.5762. Thus, y ~ 0.58. More extensive calculations show that y z 0.577216. 


f(x) — 1v f(z) = 1/v 


1 2 UC m n+l 1 2 "^ m nl 


Figure 9.6 Figure 9.7 
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49. (a) A calculator or computer gives 


(b) Since J -=-= = the answer to part (a) gives 
n 
1 


a 


— 7z 1.596 
6 


T ~ V6- 1.596 = 3.09 


(c) A calculator or computer gives 


So 


T £8 V6-1.635 = 3.13. 


°° 1/n? is the tail of the series 372 1/n?. From Figure 9.8, we see that 


1 
Y 1 «f £-- 
m n? ap 22 x 


A similar argument leads to a bound for the error in approximating 77/6 by yy 1/n? as 


(d) The error in approximating 7? /6 by 5 


oo 


1 
= — = 0.05. 
20 


20 


oo 


d 9 gq 1 1 

101 n 100 7 ? [199 
1/a? 

T 
20 21 22 °° 
Figure 9.8 
50. (a) We have e > 1 +1 + 1/2 + 1/6 + 1/24 = 65/24 = 2.708. 
(b) We have 
1 T 1 1 


t — S —Áw—— c 
n! 1-2.3-.4.n  1.2.2.2.2 2n 
(c) The inequality in part (b) can be used to replace the given series with a geometric series that we can sum. 


51. (a) 


(b 


— 


(c 


— 


52. (a) 


(b) 


(c) 
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The right-hand sum for J x^ dx with Ax = 1 is the sum 1°-1+2°-1+3°-1+---+N°-1 = Sy. This sum is 
greater than the integral because the integrand x” is increasing on the interval 0 < x < N. Since f A xrřdz = N$/6, 
we have Sv > N9/6. 

The left-hand sum for Je aN dx with Ax = listhesum 1°-1+4+2°-14+3°-1+---+N°-1 = Sy. 
This sum is less than the integral because the integrand x? is increasing on the interval 1 < x < N +1. Since 
[A ada = ((N + 1)® — 1)/6, we have Sw < ((N + 1)9 — 1)/6. 


1 


By parts (a) and (b) we have 
N° /6 Sn ((N + 1)8 — 1)/6 lxg-. 4d 
=I MAU Ar SS (Lee SS 
N5/6 S Nej6 ^ N$76 (tw) — ws 


Since both limyn—oo 1 = 1 and limw sss ((14- x? = xz) — 1, we conclude that the limit in the middle also equals 
1, limn Sw /(N9/6) = 1. 


Neglecting signs, the table reveals a regular pattern reminiscent of a linear function with slope 4. We see that term n 
is given by 4n — 3: 


The odd-numbered terms are positive and the even-numbered terms are negative, so 


"- 4n — 3 for n odd 
" —1- (4n — 3) for n even. 
Notice that — (— 1)" is negative if n is even, and positive if n is odd. Thus we can write cn = —(—1)" (4n — 3). 


Since — (—1)" = (—1) (—1)* = (—1)"*, we can also write this cn = (—1)"*! (4n — 3). 


iy? 3t * Bis * THAN? 
Using double factorial (!!) notation, we can write: b2 = (=) Q03 = (=) ‚b4 = (=) „b5 = (=) EET 
Focusing on the patterns in the table of 1, 3, 5, 7 in the numerator and 2,4, 6, 8 in the denominator, we see that both 


are reminiscent of linear functions with slope 2: 


(2n — 3)! 


This means we can write bn = (E —2) 


(2n — 3) 


3 
Putting together our answers for parts (a) and (b), we have an = —(—1)" (4n—3) (a) , or (equivalently) 


3 
an = (—1)"*! (4n — 3) (or) . Checking our answer, we have: 
({ ) «(&5)- 1 since (—1)!! = 0!! = 1 
em 3 2 3 
az = —(-1 3 4, 9 ed AS = —5 E = —5 (5) since 1!! = 1 and 2!! = 2 
(S 2 (3! 
( 
(=n) 
( 


as = —(—1)?(4-3-—3) 


s4 = —(—1)*(4-4— 3) 


and so on, as required. 


Strengthen Your Understanding 


53. If the terms of a series do not approach zero, the series does not converge. But just because the terms approach zero does 
not mean the series converges. For example, »» (1/n) diverges even though the terms approach zero. 
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54. 


55. 


56. 


57. 


58. 
59. 


60. 


61. 


62. 


63. 


64. 
65. 


Solutions for Section 9.4 
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The integral f. D 1/ x? dx converges to i because 


E ma tim ( ee 
i X9 bbo i ge ao 22 2) X 


However, the series Aoa 1/n? = 1 + 1/2? + 1/33 +--- has a sum which is larger than 1 as its first term is 1 and all 
the subsequent terms are positive. Thus, the sum of the series is not i. 

In general, the sum of a series and the value of an improper integral used to test it for convergence are not the same. 
Both converge or both diverge, but if they converge, usually they converge to different values. 


The series beum 1/n is an example. The terms of the series converge to zero, but the series is a p-series with p < 1, and 
therefore the series diverges. 


One example is the series > —;. This series is convergent because it is a p-series with p = 2 > 1. 
n 


n=1 


If an = 1/n?, then //a;, = 1/n, and the series s. 1/n diverges because it is a p-series with p = 1. 


True. Writing out the terms of this series, we have 


(1+ 71)) + (1+ 71?) + (1+ (71?) + 0 (-1)*) + 
2 dde ithe (1 ha ei. 
=042+0+4+24+---. 


True. The definition of convergence of a series is that its partial sums are a convergent sequence. 


False. For example, if an = 1/n and b, = —1/n, then |an + bn| = 0, so 5 lan + bn| converges. However D ļan| and 
Y |bn| are the harmonic series, which diverge. 


False. The terms in the series do not go to zero: 


gx gg 3a" ae does cod tag qoe tu ea tics 
—1/83:9:3-1/8 49 4- 1/8 per 


True. If the terms do not tend to zero, the partial sums do not tend to a limit. For example, if the terms are all greater than 
0.1, the partial sums will grow without bound. 


oo 
False. Consider the series J 1/n. This series does not converge, but 1/n — 0 as n — oo. 


n=1 


False. If an = bn = 1/n, then 5 an and by bn do not converge. However, anbn = 1/n?, so 5 anbn does converge. 


False. If anbn = 1/n? and an = bn = 1/n, then 5 anbn converges, but 5 an and 5 bn do not converge. 
(d) 


Exercises 


1. 


Let an = 1/(n — 3), for n > 4. Since n — 3 < n, we have 1/(n — 3) > 1/n, so 


1 
Qn > —. 
n 


: 1 do : , : 
The harmonic series 1 — diverges, so the comparison test tells us that the series 1 3 also diverges. 
n 


n=4 n=4 
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. Let an = 1/(n? + 2). Since n? + 2 > n?, we have 1/(n? + 2) < 1/n?, so 


1 
0 € a, € —. 
TV 


also converges. 


oo oo 
: 1 , : 1 
The series 1 — converges, so the comparison test tells us that the series 1 
n? n? +2 


n=1 n=1 
=n 


e l 
< 1, for n > 1,we have =< =: s0 
n n 


—n 


. Let an = e^" /n?. Since e 


1 
0 € a, € —. 
TV 


oo -— 


oo 
: 1 p : [2 
The series 1 —; converges, so the comparison test tells us that the series 1 —z also converges. 
n n 
n=1 n=1 


. As n gets large, polynomials behave like the leading term, so for large n, 


3 3 
nri behaves like —— — 3] 
n^ + 2n? + 2n n^ n 
Since the series Td 1/n diverges, we predict that the given series will diverge. 
. As n gets large, polynomials behave like the leading term, so for large n, 
n+4 : n 1 
Abl cd behaves like PE = "UE 


Since the series bm 1/ n? converges, we predict that the given series will converge. 
. As n gets large, polynomials behave like the leading term, so for large n, 

1 : 1 
nidos ET behaves like n4 x 


Since the series y guum 1/ n^ converges, we predict that the given series will converge. 


. As n gets large, polynomials behave like the leading term, so for large n, 


= behaves like ae l 


Vn? - n? +8 n3/2 m? 


Since the series X34 1/ nil? diverges, we predict that the given series will diverge. 


. Let an = 1/(3" + 1). Since 3" + 1 > 3", we have 1/(3" + 1) < 1/3" = (3) , SO 


1\” 
i212) M 
S « (3) 


oo 
. 1 : ] : INT OL : ; ; 
Thus we can compare the series 1 37 1 with the geometric series 1 35^ This geometric series converges since 


oo 


n=1 n=1 


1 
37 1 


|1/3| < 1, so the comparison test tells us that 5 
n=1 


. Let an = 1/(n* + e"). Since n^ + e” > nt, we have 


also converges. 


1 i 
nt + en $e 
so 
1 
0 € a, € —. 
n 
oo 


oo 
i : 1 ; : 1 
Since the p-series J —, converges, the comparison test tells us that the series J mae also converges. 
n nt +e 


n=1 n=1 
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10. 


Yn. 


1 
11. Let an = n?/(n* + 1). Since n^ + 1 > n^, we have mri MS 
n? 2 n? 
an = ——— — = =, 
n¢+1 "^n* m? 
therefore i 
0 «X an < = 
n 
Since the p-series D 1 converges, the comparison test tells us that the series » n converges also 
p n ges, P EEL 8 . 
n=1 n=1 
12. We know that | sinn| < 1, so 
nsin?n n 2 n 1 
n3 +1 ^ n+1 ^m3 n? 
oo 1 oo - 2 
Since the p-series 5 ui converges, comparison gives that 5 — = converges. 
n=1 n-l 
13. Let an = (2" + 1)/(n2" — 1). Since n2" — 1 < n2" +n = n(2" +1), we have 
2" +1 2^-F1 I 
n2^ 1^ n(2^—-1) n’ 
NM TIS yl l 
Therefore, we can compare the series 5 — with the divergent harmonic series 3 —. The comparison test tells 
n2" — 1 ;n 
n=1 n= 
pe nm 1 
us that > —— also diverges. 
n=1 
1 
14. Since an = e replacing n by n + 1 gives an41 = —- Thus 
lani] _ (n+1)/2" +} o n41 
lan| — n/2n ^ m’ 
so 
rei qan cM 
noo lan] n— co TL noo 2 2 


oo 
i ; n 
Since L < 1, the ratio test tells us that 1 gn Converges. 


Since Inn € n for n > 2, we have 1/ Inn > 1/n, so the series diverges by comparison with the harmonic series, 


1 
(2n + 2)(2n +1)’ 


=0. 


n=1 
15. Since an = 1/(2n)!, replacing n by n + 1 gives an4i = 1/(2n + 2)!. Thus 
— ES 
langil | (2n42) | (29)! — (2n)! 
las]. — 1 ~ (2n+2)! (2n 4- 2)(2n + 1)(2n)! 
(2n)! 
so 
L= lim Janta] _ lim ————— À————— 


1 
Since L = 0, the ratio test tells us that 1 [UO converges. 
n)! 
n=1 


16. Since an = (n!)?/(2n)!, replacing n by n + 1 gives a444 = ((n + 1)!)?/(2n + 2)!. Thus, 
((n 4- 1)? 
langil _ (FYT _ (m+)? Qn) 
[as] (n!)? (2n+2)!  (n)?' 


(2n)! 


17. 


18. 


19. 


20. 
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However, since (n + 1)! = (n + 1)n! and (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have 


landi] _ (n+ 1)?(n!)?(2n)! (n+1)? _ n+l 


jan] (2n +2) (2n + 1)(2n)!(n!)? | (2n -2)(2n -1) | 4n 2" 


so 


r= im ME 
n— co [as 4 


2 


(n!) 
(2n)! 
Since an = n!(n + 1)!/(2n)!, replacing n by n + 1 gives dny1 = (n + 1)!(n + 2)!/(2n + 2)!. Thus, 


oo 
Since L « 1, the ratio test tells us that 1 converges. 
n=1 


(n + 1)!(n + 2)! 


las. (+2!  _ (n+D(n+2)! Qn)! 
la] | n(n-1! n+) nnt 
(2n)! 


However, since (n + 2)! = (n + 2) (n + 1)n! and (2n + 2)! = (2n + 2) (2n + 1)(2n)!, we have 


Jana] _ (n-2)m41) __n+2 
lan|  (2n+2)(2n+1)  2(2n —- 1)' 
so | |i 
: An+1 
L=\1 =-= 
ses Wa 4 
A nl(n + 1)! 
Since L « 1, the ratio test tells us that 3 A converges. 


Since an = 1/(r”n!), replacing n by n + 1 gives angi = 1/(r"*! (n + 1)!). Thus 


1 
langil | r™tt(n+1)! — rn) u 1 
lan| — 1 (orhtl(n-g1) r(n +1)’ 
rn! 
so 
T 1 * 1 
L= lim Janta! _ 1 im =0. 
n— oo lan] T n—oo n + 1 
, = 1 
Since L = 0, the ratio test tells us that 5 ; converges for all r > 0. 
rent 
n=1 


Since an = 1/(ne"), replacing n by n + 1 gives an+ı = 1/(n + 1)e"*!. Thus 


1 
lanal | (nl) _ ne” = ( n ) 1 
lan| — 1 ~ (n+1jert! \n++1/e' 
ne” 


Therefore 


n— oo lan] e 


oo 


: " 1 
Since L « 1, the ratio test tells us that > — converges. 
ne 
n=1 


Since an = 2” /(n? + 1), replacing n by n + 1 gives a441 = 2"*! /((n + 1)? + 1). Thus 


9ntl 
lan]  (n+1)834+1  —— 29H ntl | n? +1 
lan} — 2^ ~ (n4141 29 — “(n+1)2 41’ 


n3 --1 
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21. 
22. 
23. 
24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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so 


oo 
Since L > 1 the ratio test tells us that the series ` 
n=0 


Even though the first term is negative, the terms alternate in sign, so it is an alternating series. 


aTi diverges. 


Since cos(nm) = (—1)”, this is an alternating series. 
Since (—1)" cos(nm) = (—1)?" = 1, this is not an alternating series. 


Since an = cos n is not always positive, this is not an alternating series. 


Letan = 1/4/n. Then replacing n by n+1 we have an41 = 1/v/n + 1. Since Vn + 1 > y/n, we have 


(D 
Jn 


al- 


n+ 


hence an+ı < Gn. In addition, liMn—oo an = 0 so 1 converges by the alternating series test. 
n=0 


Let an = 1/(2n + 1). Then replacing n by n + 1 gives an41 = 1/(2n + 3). Since 2n + 3 > 2n + 1, we have 


1 1 
oti Sa e em 
] . . . e (sir 
We also have limn—oo Gn = 0. Therefore, the alternating series test tells us that the series 1 CRI converges. 
n 


n=1 
Let an = 1/(n? -- 2n +1) = 1/(n + 1)”. Then replacing n by n + 1 gives a441 = 1/(n + 2)”. Sineen 4-2 » n 4 1, 


we have 
1 i 


x29 ~ (nx19 
SO 
0 < an41 < Gn. 


oo 


(yr! 


We also have lim; 4,55 an = 0. Therefore, the alternating series test tells us that the series J — 
n? +2n+1 


converges. 


n=1 


1 
Let an = 1/e". Then replacing n by n + 1 we have an41 = 1/e"1, Since e"*! > e”, we have < —, hence 
e”? 


(=1)" 


en 


enti 


oo 

Qn41i < Gn. In addition, limn—oo dn = 0 so J 
n=1 
that the series is geometric with ratio x = —1/e can hence converges since |x| < 1. 


=" —1\” 1 IAA ; . (-1)”. 
Both 5 x xb 5 (=) and 5 aT 5 (5) are convergent geometric series. Thus X BA is abso- 


lutely convergent. 


converges by the alternating series test. We can also observe 


—1)" 1 
The series 1 ( 5 converges by the alternating series test. However 1 on diverges because it is a multiple of the 
n n 


: : -1". is 
harmonic series. Thus 1 ( 5 is conditionally convergent. 
n 


Since 


the series »"» = n I 


does not converge. It is a divergent series. 


The series ) c 7 converges by the alternating series test. Moreover, the series J 
: . 1 (-1)" 
th th t p- > —. Th 1 

with the convergent p-series za Thus "E: 


We first check absolute convergence by deciding whether X 1/(n ln n) converges by using the integral test. Since 


7 dex : ^ dx ; 
— lim = lim In(In(z)) 
A rlnz b> j rlnz b> 


1 
"UIT converges by comparison 


is absolutely convergent. 


= lim (In(In(5)) — In(In(2))), 


2 b—oo 


34. 


35. 


36. 


37. 
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1 


nlan 
We now check conditional convergence. The original series is alternating so we check whether an+ı1 < an. Consider 


an = f(n), where f(x) = 1/(x In x). Since 


doc ee) 
dr Nrlnnz/ | z2lnac Ing 


is negative for x > 1, we know that an is decreasing for n > 2. Thus, for n > 2 


and since this limit does not exist, J diverges. 


1 1 
(n+ 1) In(n + 1) * nian 


An+1 = = Qn. 


ye 


—1 
Since 1/(n Inn) — 0 as n — oo, we see that 5 E i is conditionally convergent. 
nlnn 


Although cos n is sometimes positive and sometimes negative, the series is not alternating because is does not change 
sign every term. For example cos 1 > 0, whereas cos 2 and cos 3 are negative. If we use the comparison test on 


oo 
COS TL 
Dale l 
n=1 
we find 
— i 
n? |T n? 


The series Ji 1/n? is a p-series with p = 2, and therefore converges. Thus the original series is absolutely convergent. 


This is an alternating series that converges by the alternating series test. However 
DSH -iz 
— EE 
n n 
n=1 n=1 vn 


which is a p-series with p = 1/2, so this series diverges. Thus the original series is conditionally convergent. 


Ti 


We first check absolute convergence by deciding whether 5 ? arcsin(1/n) converges. Since sin 0 ~ 0 for small angles 0, 
writing x = sin 0 we see that 
arcsin v £z a. 


Since arcsin x "behaves like“ x for small x, we expect arcsin(1/n) to "behave like“ 1/n for large n. To confirm this we 


calculate 
: arcsin(1/n .  arcsinz . 
im asinn) _ iy, Brem L im =i, 
n=>o0 1/n 2300 T 6—0 sin 0 


Thus 5^ arcsin(1/n) diverges by limit comparison with the harmonic series ` 1/n. 
We now check conditional convergence. The original series is alternating, so we check whether an+1 < an. Consider 
an = f (n), where f(x) = arcsin(1/z). Since 


d Lo] 1 ( 1 ) 
— arcsin = = ———————|-— 
da: x 1 — (1/2)? x? 
is negative for x > 1, we know that an is decreasing for n > 1. Therefore, for n > 1 


an+1 = arcsin(1/(n + 1)) < arcsin(1/n) = an. 


Since arcsin(1/n) — 0 as n — oo, we see that Seon arcsin(1/n) is conditionally convergent. 
arctan(1/n) 
n2 

tween — 7/2 and 7/2, we have arctan(1/n) < 7/2 for all n. We compare 


We first check absolute convergence by deciding whether 5 converges. Since arctan x is the angle be- 


arctan(1/n) 2 a /2 
— = «M, 


n2 


arctan(1/n) 
n2 


(—1)"^! arctan(1/n) is 


and conclude that since (7/2) Y; 1/n? converges, x, 2 
n 


absolutely convergent. 


converges. Thus 5 
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38. We have 
an _ (5n+1)/(3n”)  5n+1 
ba 1/n ^. 8n ^" 
d on+1 5 
An n 
l —= | =-= ; 
Ed n n— co 3n 3 c#0 


Since 1 — is a divergent harmonic series, the original series diverges. 
n 
n=l 


39. We have 


bwn GBP 


Bn Cre - (3t = 142)", 


SO 14^ 
lim “ = lim (1+-) =e=c#0. 
TL 


n> Dn noo 


Since > (s is a convergent geometric series, the original series converges. 
n=1 


40. The n'^ term is an = 1 — cos(1/n) and we are taking bn = 1/n?. We have 


fa 25. 454,1 090m 
n> On n—oo 1/n? 


This limit is of the indeterminate form 0/0 so we evaluate it using I’ Hopital's rule. We have 


= ; 4 52 1 : 
lim 1 — cos(1/n) Lodi sin(1/n)(—1/n^) — lim lsin(l/n) | " lsinz 1 


n—oo 1/n? n— oo —2/n3 noo 2 1/n 2302 m 2 


The limit comparison test applies with c = 1/2. The p-series X 1/ n? converges because p = 2 > 1. Therefore 
1 — cos(1/n)) also converges. 


41. The n" term an = 1/(n^ — 7) behaves like 1/n^ for large n, so we take bn = 1/n*. We have 


zi. An _ l(n* — 7) ] nt 
BEC LE LUC eger 


=; 


The limit comparison test applies with c = 1. The p-series X` 1/ n‘ converges because p = 4 > 1. Therefore 
35 1/(n* — 7) also converges. 


42. The n'" term an = (n +1)/(n? + 2) behaves like n/n? = 1/n for large n, so we take bn = 1/n. We have 
(n+ 1)/(n? +2) nin 


an š E 
lim — = I =l =i; 
paren n Fuss 1/n arco n? -2 


The limit comparison test applies with c = 1. Since the harmonic series Y ^ 1/n diverges, the series $` (n + 1)/(n? + 2) 
also diverges. 


43. The n*™ term an = (n? — 2n? +n +1)/(n* — 2) behaves like n?/n^ = 1/n for large n, so we take bn = 1/n. We have 
(n? — 2n? +n 4- 1)/(n* — 2) n* — 2n? +n? +n 


: an " : 
lim — = lim = lim — I 5; = 1. 
n— o0 Un noo 1/n n— oo n* —2 


The limit comparison test applies with c = 1. The harmonic series Y ^ 1/n diverges. Thus (n? — 2n? n 4 1) / (n* — 2) 
also diverges. 


44. The n'^ term an = 2" /(3" — 1) behaves like 2" /3" for large n, so we take bn = 2"/3". We have 


lim 2* = lim 2/6 — 1) : 3 ] 1 


n— oo b noo 2n /3n E n—oo 3^ 1 n—ool 3-^ 


The limit comparison test applies with c = 1. The geometric series $ 2”/3” = 7(2/3)" converges. Therefore 
55 2" /(3* — 1) also converges. 


45. 


46. 


47. 


48. 
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The n^ term an = 1/(2\/n + Vn +F 2) behaves like 1/(3,/7) for large n, so we take b, = 1/(3,/n). We have 
js MOVn*vn*3) _ | 3Vn 


š an 
lim — = 


ns l 
noo bn vun 1/(34/n) n—- co 2/n + vn + 2 

im 
Gii yn (2+ 1+ 2) 


3 3 
= lim — MES E 
=l; 


The limit comparison test applies with c = 1. The series > 1/(34/n) diverges because it is a multiple of a p-series with 
p = 1/2 < 1. Therefore X` 1/(2/m + V/n + 2) also diverges. 


The n* term, 

4 i... 3 

| 2n—-1 2n An? — 2n’ 
behaves like 1/ (4n?) for large n, so we take bn = 1/(4n?). We have 


NE .. 1/(4n? — 2n) . An? . 1 
som woe - UNS n>% dn2 — 2n — n-v00 1 — 17 (2n) 

The limit comparison test applies with c — 1. The series »» 1/ (4n?) converges because it is a multiple of a p-series with 
p = 2 > 1. Therefore X (se — x) also converges. 

The n* term, 

n 
an = ———; 
cos n + e” 


behaves like n/e” for large n, so we take bn = n/e". We have 


20 n .. n/ (cos n + e") : e" , 1 1 
lim — = lim ———————— = lim —————— = lim ——————— = ——— = 
n—oo bn n> n/en noo cosa +e” — n—eecosn/e" +1 0+1 


The limit comparison test applies with c — 1. The series »3 n/e" converges by the ratio test because 


n+l 
im betl qu CED _ jim MHL LL 1 
noo [bn] noo n/en n—oco nN e e 
which is less than 1. Therefore 5 (==) also converges. 
cosn + e” 
The n* term, 
4sinn +n 
an = — 
n? ? 
behaves like 1/n for large n, so we take bn = 1/n. We have 
lim 2% = lim (Asin n +n) /n? E 4sinn +n _ lim 4sinn/n 4-1 041. i 
n—00 On n— oo 1/n n— oo n n— oo 1 1 


The limit comparison test applies with c = 1. The series Xo 1/n diverges because it is a p-series with p < 1. Therefore 
4sinn +n : 
J (=) also diverges. 


TV 


Problems 


49. 
50. 
51. 
52. 


53. 


The comparison test requires that an = (—1)" /n? be positive. It is not. 
The comparison test requires that an = sin n be positive for all n. It is not. 


With an = (—1)", we have |an41/an| = 1, and lima sss |an41/a5| = 1, so the test gives no information. 


With an = sin n, we have |an41/an| = | sin(n + 1)/ sin n|, which does not have a limit as n — oo, so the test does not 
apply. 
The sequence an = n does not satisfy either dn+1 < an or lim; 555 an = 0. 


888 


54. 
55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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The alternating series test requires an = sin n be positive, which it is not. This is not an alternating series. 


The alternating series test requires an = 2 — 1/n which is positive and satisfies dn+1 < an but limn+oo an = 2. Since 
limn— oo Gn Æ 0, we cannot use the alternating series test. 
We cannot use the alternating series test in this case because the absolute values of the terms are not decreasing; that is, 
we do not have a series of the form So(-1)" "tan where a44.1 < an for every n. For example, if we look at the fourth 
and fifth terms of the series, we notice that i « 2. 

In fact if the terms of this series are combined in pairs, we have the harmonic series, which is divergent: 


(8—1)1 49 —1)/94-(9 11/8 4 o 1981/2 41/8 4e 


The partial sums are $1 = 1, Sp = —1, $5 = 2, Sio = —5, Si1 = 6, S190 = —50, S191 = 51, Sio00 = —500, 
$1001 = 501, which appear to be oscillating further and further from 0. This series does not converge. 

The partial sums look like: S; = 1, S2 = 0.9, S3 = 0.91, S4 = 0.909, S5 = 0.9091, Ss = 0.90909. The series appears 
to be converging to 0.909090... or 10/11. 


Since an = 10~* is positive and decreasing and lim 10" = 0, the alternating series test confirms the convergence 
noo 


of the series. 
The partial sums look like: $4 = 1, S2 = 0, S3 = 0.5, Sa = 0.3333, S5 = 0.375, S10 = 0.3679, S20 = 0.3679, and 
higher partial sums agree with these first 4 decimal places. The series appears to be converging to about 0.3679. 

Since dn = 1 / n! is positive and decreasing and lim; 55 1 / n! = 0, the alternating series test confirms the conver- 
gence of this series. 


n n+l 
We use the ratio test with an = —. Replacing n by n + 1 gives an+ı = So and 
n! (n+1)! 
[anzi] | 8"**/(n +1)! 8n! _ 8 
las] — 8" /n! ~ (nt! ntl 
Thus 
f= im Sl tim z 
noo lan] n=>œ Nn + 
Si L 1, th tio test tell Rs t 
ince L « 1, the ratio test tells us tha: e converges. 
n=1 
. 9n : 1 9ntl 
We use the ratio test with an = $5 Replacing n by n + 1 gives a441 = oo and 
lantil _ ((n--1)2"*1)/3"* — 2(n +1) 
las] — n2n [3n © 3n 
Tun 2 1 21+1 2 
Lo tim ett = jim ED 4,200719. 2 
n— oo lan] n— oo 3n n— oo 3 3 
oo 9n 
Since L « 1, the ratio test tells us that 5 a converges. 
We use the ratio test and calculate 
im etl — ym ODE /m+D! m Lt 
noo jan] n— oo (0.1)"/n! noo n + 


Since the limit is less than 1, the series converges. 


We use the ratio test and calculate 


! 2 ! 2 2 
im tl ym MOD xu fo mto H^. \= im Dass. 
n— oo jan] n— oo (n = 1)!/n? n= o0 (n = 1)! (n + 1)? n— oo (n + 1)? 


Since the limit does not exist (it is oo), the series diverges. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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The first few terms of the series may be written 


Lte tte pe Ares 
this is a geometric series with a = 1 and x = e ! = 1/e. Since |z| < 1, the geometric series converges to 
1 1 € 
a l-g 1—-e-3 e-1' 
The first few terms of the series may be written 
e+e +e + -sete ete e H; 
this is a geometric series with a = e and x = e. Since |x| > 1, this geometric series diverges. 
; 2n)! ; ; 2n 4- 2)! 
We use the ratio test with an = z . Replacing n by n + 1 gives an+ı = WOETE and 
[anzi] _ ((2n + 2)!)/((n + 1)? | (Qn+ 2)!(n!)? _ (2n + 2)(2n + 1) 2n)!(n!)? . 2(2n +1) 
lan; — (2n)!/ (n3? — (2n) ((n4-1))? — (2n)!(n + 1)? (n)? ^ n+] 
™ 2(2 1 2(2-4-1 
pa 58g PERO. quo dimi y 
noo jan] noo n+l n— oo 1-4 1/n 


< (2n)! 
Since L > 1, the ratio test tells us that 5 ay diverges. 
(r)? 
We compare the series with the convergent series » 1/ n?. From the graph of tan x, we see that tan x < 2for0 < x < 1, 
so tan(1/m) « 2 for all n. Thus 
1 1 1 
—, tan (z) < 2; 
n n 


n2 

n 
so the series converges, since 2 X 1/ n? converges. Alternatively, we try the integral test. Since the terms in the series 
are positive and decreasing, we can use the integral test. We calculate the corresponding integral using the substitution 
w = 1l/a: 


Si 1 Pg 1 yx 1 
J = tan (-) dx = lim — tan (=) dz = lim In (cos -) = lim (n (cos (z)) — In(cos )) = — In(cos 1). 
1 € x b—oo x x b— oo x/ |; boo b 


1 


oo 


i TEE : ; 1 
Since the limit exists, the integral converges, so the series 1 — tan (1 /n) converges. 
n 


n=1 
rae : : n+l SO 1 2 
We use the limit comparison test with an = . Because an behaves like — = — as n — oo, we take bn = 1/n " 
n? +6 n3 m? 
We have 3 
i 1 
ln 25. ian uae 
noo On noo n? + 6 


oo 


oo 
AE ; : : 1 n+1 
By the limit comparison test (with c = 1) since ) — converges, J also converges. 
n 


n? +6 
n=1 n=1 
We use the limit comparison test with an = "E a Because an behaves like ae = ES as n — oo, we take 
2n? + 9n 4- 1 2n? 2n 
bn = 1/n. 
We have 
lim “ = lim NORTE. m 
n—oo bn ^  n-oo 2n? + 3n -- T B 2r 
By the limit comparison test (with c — 5/2) since » l diverges E Lc also diverges 
y P B ín SER | an? + 3n +7 eo 


Let an = 1/4/3n — 1. Then replacing n by n + 1 gives an41 = 1/4/3(n + 1) — 1. Since 
3(n 4-1) 1» y3n— 1, 


we have 
An+1 < Qm. 


iu 


In addition, lim; 55 Gn = 0 so the alternating series test tells us that the series J Vanni converges. 
n— 


n=1 
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Since the exponential, 2", grows faster than the power, n”, the terms are growing in size. Thus, lim an 4 0. We conclude 
n— oo 


that this series diverges. 
Since 0 < |sinn| < 1 for all n, we may be able to compare with 1/n?. We have 0 < | sinn/n?| < 1/n? for all n. So 
S> | sin n/n?| converges by comparison with the convergent series $` (1/n?). Therefore Y "(sin n/n”) also converges, 
since absolute convergence implies convergence by Theorem 9.6. 

2 


. 2 " 
sinn ; : sinn 1 
We take an = z~ |. Since | sin n?| < 1 for all n, a |i 
n n n 
1 = ^1 : — [sin n? 
We take bn = — and 1 bn = 1 — converges. By the comparison test, 1 z~ | also converges. Therefore, 
n n 
n=1 al m n=1 
Z sinn? 
1 5— converges by Theorem 9.6. 
n 
n=1 
Note that cos(n7)/n = (—1)" /n, so this is an alternating series. Therefore, since 1/(n +1) < 1/n and limn+o01/n = 


0, we see that ) ^(cos(nz) /n) converges by the alternating series test. 


As n — oo, we see that 
n+2 n 1 


n?—1 n? n’ 


Since }>(1/n) diverges, we expect our series to have the same behavior. 
More precisely, for all n > 2, we have 
n n+2 


1 
<=] < : 
Tn m?^-m^—1' 


n-c2 ; , : ] 1 
d b th the d t —. 
—; diverges by comparison with the divergent series 1 " 


Since 
3. 3 


Inn? 2Inn’ 
our series behaves like the series > 1/ In n. More precisely, for all n > 2, we have 


dead. d 
Inn ^ 2Inn lnn?’ 


ocl« 
TL 


= NUM l . 1 
so >, v diverges by comparison with the divergent series 5 " 
Let an = 1/4/n2(n + 2). Since n? (n + 2) = n? + 2n? > n?, we have 
0 « Gn < n3/2: 


; 1 ; 
Since the p-series ) —,/5 converges, the comparison test tells us that 
n 


n=1 


also converges. 
Let an = n(n + 1)/V/n? + 2n?. Since n? + 2n? = n? (n + 2), we have 


n(n + 1) n+1 


ty, = ———— = 
nyn+2 yn-c-2 
; wn nnl) X 
SO Gn grows without bound as n — oo, therefore the series 5 ——À————— diverges. 
n? + 2n? 


n=1 
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oo oo 
' ; 2X* 1 iu ‘ : : : : 
Factoring gives 1 (=) = 2° 1 ^ This is a constant times a p-series that converges if a > 1 and diverges if 


n=1 n=1 


a<l. 


This is a geometric series for all a > 0, with ratio 2/a. Therefore, the series converges when 2/a < 1 and diverges when 


oo 2 n 
2/a > 1. Thus J (=) converges for a > 2 and diverges for a < 2. 
a 
n=1 


This is a geometric series with ratio Ina, so it converges when | Ina] < 1 and diverges when |lna| > 1. We have 
oo 
|Ina| < 1if1/e « a « eand |Ina| > 1if a > ora < 1/e. Thus, the series 5 (In a)" converges for 1/e < a < e 


n=1 


and diverges fora > e and 0 < a < 1/e. 


For a > 0, the terms of the series are positive and eventually decreasing. We use the integral test and calculate the 


corresponding improper integral: 
oo b 
J Ins alia / Inz ip 
1 ge boo J m^ 
For a Æ 1, use integration by parts with u = ln z and v’ = x 
—a+1 —a —a+1 —a+1 —a+1 
ge es E E S ed (ms - : ja 
qa —a-41 —a-41 —a+ 1 (—a+1)} —a+1 —a+1 
Thus, 
b = 
Ina ey 1 1 1 Inb — 1/(—a +1) 1 
li — dz = li In b — ——— — = lim —— ——————— +. ————. 
Ly ga UP im Le —) e udis poi UE 
Use l'Hopital's Rule to obtain 
: Inb — 1/(—a + 1) : 1/b , 1 
l D NS S — ——s } = lim ————. 
ie ( pa-i ud (a — 1)0e-? ias (a — 1)0e-! 


This limit exists for a — 1 > 0 and does not exist for a — 1 < 0. Thus the series converges for a > 1 and diverges for 
O<a<l. 


, and this limit diverges. Fora < 0, 


el =] 
For a = 1, the series ) il diverges because / —— dz = lim 
n x 
1 


1 


n=l 


l <] 
lim = does not exist, so the series diverges by Property 3 of Theorem 9.2. Thus 1 = converges for a > 1 and 
n—oo n°? n 

n=1 


diverges fora < 1. 


To use the alternating series test, consider a, = f(n), where f(x) = arctan(a/x). We need to show that f(x) is 


decreasing. Since 
( ) ( j E 2 , 


we have f'(x) < 0 for a > 0, so f(x) is decreasing for all x. Thus an41 < an for all n, and as lim arctan(a/n) = 0 
n—oo 


for all a, by the alternating series test, 


(—1)" arctan(a/n) 
n=1 
converges. 
The n*™ partial sum of the series is given by 
1. 1 (-1)-— 
Bed edc nd. 
2 "m 3 m n 


so the absolute value of the first term omitted is 1/(n + 1). By Theorem 9.9, we know that the value, S, of the sum differs 
from Sn by less than 1/ (n 4- 1). Thus, we want to choose n large enough so that 1/(n-- 1) < 0.01. Solving this inequality 
for n yields n > 99, so we take 99 or more terms in our partial sum. 
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The n*™ partial sum of the series is given by 


2 4 2 (n—1) 
BL -belq cae 1)0-9 (3) 
3 + + (-1) 3 ; 


so the absolute value of the first term omitted is (2/3)". By Theorem 9.9, we know that the value, S, of the sum differs 
from Sn by less than (2/3)". Thus, we want to choose n large enough so that (2/3)" < 0.01. Solving this inequality 
for n yields n > 11.358, so taking 12 or more terms in our partial sum is guaranteed to be within 0.01 of the sum of the 
series. 

Note: Since this is a geometric series, we know the exact sum to be 1/(1-- 2/3) — 0.6. The partial sum $1» is 0.595, 
which is indeed within 0.01 of the sum of the series. Note, however, that $1; = 0.6069, which is also within 0.01 of the 
exact sum of the series. Theorem 9.9 gives us a value of n for which S» is guaranteed to be within a small tolerance of 
the sum of an alternating series, but not necessarily the smallest such value. 


The n*™ partial sum of the series is given by 


so the absolute value of the first term omitted is 1/(2n 4- 2)!. By Theorem 9.9, we know that the value, S, of the sum 
differs from Sn by less than 1/(2n 4-2)!. Thus, we want to choose n large enough so that 1/(2n +2)! < 0.01. Substituting 
n — 2 into the expression 1/(2n 4- 2)! yields 1/720 which is less than 0.01. We therefore take 2 or more terms in our 
partial sum. 


Since 0 € c, < 2~” for all n, and since > 2 " is a convergent geometric series, 5 Cn converges by the Comparison 
Test. Similarly, since 2” < an, and since > 2” is a divergent geometric series, 5 an diverges by the Comparison Test. 
We do not have enough information to determine whether or not 5 bn and 5 dn converge. 


(a) The sum > farby = »3 1 / n°, which converges, as a p-series with p = 5, or by the integral test: 


b 
EE! g~t b*. d. 1d 
— dx = lim -lm-——-.--. 
f z5 >o (—4)|, e> (—4) 4 


Since this improper integral converges, 5 ^ an : bn also converges. 

(b) This is an alternating series that satisfies the conditions of the alternating series test: the terms are decreasing and 
have limit 0, so )>(—1)"//n converges. 

(c) We have a,b, = 1 / n, SO 5 nbn is the harmonic series, which diverges. 


Since lim an/bn = 0, for large enough n we have |an/bn| < 1/2 and thus 0 € |an| < bn/2 < bn . By the 


n—-oo 
comparison test applied to 5 * |a; | and X` bn, the series X` |an| converges. The series X` an converges absolutely and 


thus it converges. 


Since lim a4/b, = co, for large enough n we have a4 /b, > 1 and thus an > bn . By the comparison test applied to 
TL—oo 


5 an and 5 bn, the series 5 an diverges. 


Each term in »3 bn is greater than or equal to a4 times a term in the harmonic series: 


bi =aı-1 
aita 
b2 = E Soa 
aı +a2 +0 1 
b; = oS ag 
jg, = UTUH Han les 
n n 


Adding these inequalities gives 
1 
bn —. 
Ya 


Since the harmonic series 5 1/n diverges, aı times the harmonic series also diverges. Then, by the comparison test, the 
series ` bn diverges. 
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Suppose we let cn = (—1)"an. (We have just given the terms of the series we 1)"a;, a new name.) Then 


les] = |(—1)"an| = Jas]. 


Thus 5 |cn| converges, and by Theorem 9.6, 


5 Cn = Cuna. converges. 


(a) Since 
lan| =an ifan 20 
lan| = —an ifan < 0, 
we have 
an + |an| = 2lan| ifan > 0 


an + |an| = 0 ifan <0. 


Thus, for all n, 
0 € an + |as| € 2lan|. 


(b) If X` |an| converges, then X` 2|an| is convergent, so, by comparison, X` (an + |an|) is convergent. Then 


YE Can + lanl) — lanl) = 3 as 


is convergent, as it is the difference of two convergent series. 


The limit 
lim Yan = lim 2 O24, 
n—oo n—oo TL 
so the series converges. 
The limit 5n 41 
C OE C T AE 


so the series converges. 
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The series is not alternating since (—1)?" = 1 for all n > 0, so we cannot use the alternating series test. The series is the 
same as y 1/ n? which converges by the p-test with p = 2. 


We could show the series converges by comparison with the convergent series M 1/ n?, The ratio test gives 
(1/((n + 1)? +1) : n? F1 : 1+1/n? —14+0_ 


im ——_—_ = —=1. 


noo 1/(n? +1) rend (n 4-1)? + 1 = ere ((n + 1)/n)? + 1/n? BN 1+0 E 


The ratio test is inconclusive when the limit of the ratios is 1. 


It is true that the comparison series 5 7 1/ n? converges, but in order to make the comparison, we need 1/ n? <1 Jn? 
for all n; we have instead 1/n?/? > 1/n? for all n > 1. 
If we want the series 21 Qn and 214 |an| to behave differently, then we need an to be negative for some values of 
n. Thus we try an alternating series. 

The series $77 , (—1)"/n works. Because this series is of the form $77. , (—1)"b, where bn > 0 for all n and 
bn+1 < bn for all n and also bn — 0, the series converges by the alternating series test. 

However, the series $ 7^ , |an| = 35... , 1/n diverges by the p-series test. 


X an=} (-D”n, 


but since the terms do not tend to 0 as n — oo, the series does not converge. 


The following series is alternating: 


The geometric series with an = 3" satisfies this condition. 


False. The sequence —1, 1, — 1, 1,... given by sn = (— 1)" alternates in sign but does not converge. 
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103. False. It does not tell us anything to know that b» is larger than a convergent series. For example, if an = 1/n? and 
b, = 1, then 0 € a, < bn and > an converges, but X bn diverges. Since this statement is not true for all an and bn, 
the statement is false. 

104. True. This is one of the statements of the comparison test. 


105. True. Consider the series $ (—bn) and X` (—an). The series X` (—bn ) converges, since ` bn converges, and 
0 € —a4 € —bn. 
By the comparison test, X (—an) converges, so X Gn converges. 


106. False. It is true that if X` |an| converges, then we know that ` an converges. However, knowing that X` an converges 
does not tell us that Y ^ |an| converges. 
For example, if a, = (—1)"^! /n, then ` an converges by the alternating series test. However, J` |an| is the 
harmonic series which diverges. 


107. False. For example, if an = 1/ n?, then 


2 2 
im tl quy Vn _ jim = 
n— oo lan] n— oo 1/n? n— oo (n 1)? 


L 


However, $7 1/ n? converges. 
108. True, since if we write out the terms of the series, using the fact that cos(27n) = 1 for all n, we have 
(—1)? cos 0 + (—1)! cos(2m) + (-1)? cos(4z) + (—1)? cos(67) + --- 
=1-1-1-141-1-1-1+-:- 
=1-14+1-1+4+--:. 


This is an alternating series. 


109. False. This is an alternating series, but since the terms do not go to zero, it does not converge. 


110. False. For example, ifan = (—1)"~*/n, then $` an converges by the alternating series test. But (—1)"an = (—1)"(—1)"""/n = 
(—1)?"^7! /n = —1/n. Thus, Y (—1)” an is the negative of the harmonic series and does not converge. 


111. This is true. It is a restatement of Theorem 9.9. 


112. This statement is false. The statement is true if the series converges by the alternating series test, but not in general. 
Consider, for example, the alternating series 


S=10-—0.014+0.8—0.7—0+0-—0+::-. 
Since the later terms are all 0, we can find the sum exactly: 
S = 10.69. 


If we approximated the sum by the first term, Sı = 10, the magnitude of the first term omitted would be 0.01. Thus, if 
the statement in this problem were true, we would say that the true value of the sum lay between 10 + 0.01 = 10.01 and 
10 — 0.01 = 9.99 which it does not. 


113. True. Let cn = (—1)"|an|. Then |en| = [an| so Y; |en| converges, and therefore X` c, = }>(—1)"|an| converges. 


114. True. Since the series is alternating, Theorem 9.9 gives the error bound. Summing the first 100 terms gives S100, and if 
the true sum is S, 
1 
S-S = — < 0.01. 
| 100| < a101 101 « 


115. True. If 5 7 |an] is convergent, then so is X` an. 


116. False. The alternating harmonic series 5 ib is conditionally convergent because it converges by the Alternating 
n 


; ; f —1)” Ds xs , : dads 
Series test, but the harmonic series 1 | Cg = > — is divergent. The alternating harmonic series is not absolutely 
n n 


convergent. 


117. True. By the comparison test, if Y` an is larger term-by-term than a divergent series, then $^ an diverges. If 7 bn 
diverges, then so does ae 0.55. 


118. (b). This series should be compared with p» = 
k=1 


Solutions for Section 9.5 
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Exercises 
1. Yes. 
2. No, because it contains negative powers of x. 
3. No, each term is a power of a different quantity. 
4. Yes. It’s a polynomial, or a series with all coefficients beyond the 7th being zero. 
1-3-5---Qn-1 
5. The general term can be written as 18 On Dun for n > 1. Other answers are possible. 
"n.n 
—1)(p-2):-(p- 1 
6. The general term can be written as pp- Dip 2) Pa nth) in for n > 1. Other answers are possible. 
n! 
(—1)*(g — 1y^^ 
7. The general term can be written as — QE) -— for k > 0. Other answers are possible. 
1) H (g — yen La — 1)2k+3 
8. The general term can be written as ED eas le for k > 1 or as Ca) a for k > 0. Other answers 
(2(k — 1))! (2k)! 
are possible. 
9. The general term can be written as e wv ; for n > 1. Other answers are possible. 
2k+1 k+2 2k+3 
10. The general term can be written as een for k > 1 oras Beery for k > 0. Other answers 
are possible. 
11. Since Cn = n, replacing n by n + 1 gives Cn41 = n + 1. Using the ratio test with an = na”, we have 
n . Ch . 1 
lim £ +l = |z| lim \Cn-+1 = |x| lim oe |x|. 
noo lan] n— oo [Chl] 
Thus the radius of convergence is R = 1. 
12. This series may be written as 
14 5r 4- 252? +- 
so Cn = 5". Using the ratio test, with an = 5" z", we have 
n+1 
im ett qe tim [Cott — jo tim 2 = sla 
n—oo lan] n— oo [Chl —oo 
Thus the radius of convergence is R = 1/5. 
13. Since Cp = n?, replacing n by n + 1 gives C41 = (n + 1)?. Using the ratio test, with an = n°", we have 
|an41| = — |a [Cl _ = |x pr zu = |r | = 
[an] [Cn] 
We have 
; 044 | 
lim = |z| 
noo lan] 
Thus the radius of convergence is R = 1. 
14. Let Cn = 2" +n”. Then replacing n by n + 1 gives C441 = 2"*! + (n + 1)?. Using the ratio test, we have 


[an44] zd [Coil = pe 4 (n4 1? = Qa 2" ob 4 (n+ 1)? 
jan] [Ch] 27 n? 27 + n? 
Since 2” dominates n? as n — oo, we have 
lim anıl — 2|z| 


Thus the radius of convergence is R = i. 
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15. Since Cn = (n + 1)/(2” + n), replacing n by n + 1 gives Cn41 = (n + 2)/(2"*1 + n +1). Using the ratio test, we 
have 
[anzi] lal [om " (n+2)/(2°*+4+n4+1) — lal n+2 RO |o 2+ 2 +n 
lan} Ton (nc-1)/(2^-n) — 127414 n41 ntl “intl 27? --n4cl 

Since " 
lim —— —1 
hares n+1 

and 


lim ( ail on ) = 5 lim Pan E 
noo 2n*t1-L54--1 B 2 n> 2" + (n + 1)/2 E 2? 


because 2" dominates n as n — oo, we have 


Thus the radius of convergence is R = 2. 


16. Since Cn = 2" /n, replacing n by n + 1 gives C,,41 = 2"! /(n +1). Using the ratio test, we have 


lan+ıl ET — 1C =j a Ime) sired 9n-l n le — i( n ) 
lan] [Chl 2" /m (n+1) 2” n+1/’ 
so 
lim lani] = 2|z — 1| 


Thus the radius of convergence is R = i. 


17. We use the ratio test: 


An+1 (a — Sy ial n2” u la: | TU 
an | ((n-1)2 ^ (2 —3)"| | 2(n--1) 
Therefore, we have 
20 [Anda ; n |z — 3| 
i =|x—3] l ——— = : 
Big © 9 nri» 


Thus by the ratio test, the series converges if |x — 3|/2 < 1, that is | — 3| < 2. The radius of convergence is R = 2. 
18. We use the ratio test: 


Gn-4-1 


2 1 
e as r2) E 1) 


[teur Ga 
(2n -2) (Era? 


Therefore we have 
— a? lim —— RN =0 


Thus, by the ratio test, the series converges for all x, so the radius of convergence is R = oc. 


An+1 
an 


lim 
n—oo 


19. The coefficient of the n™ term is C, = (—1)"*! /n?. Now consider the ratio 


n247*1 


(n+ 1)2z" 


2 +> |z| as noo. 


an 
Thus, the radius of convergence is R = 1. 
20. Here the coefficient of the n‘ term is Cn = (2" /n!). Now we have 


E | QH /(n + na^ 
(2" /n\)ar 


_ lz 
n+1 


An+1 
EM + Oas n — oo. 


an 


Thus, the radius of convergence is R = oo, and the series converges for all x. 
21. Here Cn = (2n)!/(n!)?. We have: 


= | (2(n + 1))!/((n + 1)9?27* 
(2n)!/(n!)?a” 


(2(n + 1))! (nl)? ic] 
(2n)! ((n + 1))? 
(2n + 2)(2n + 1)|z| 


pq a eee 
n 


An+1 


an 


Thus, the radius of convergence is R = 1/4. 
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22. Here the coefficient of the ni^ term is Cn 


897 
= (2n + 1)/n. Applying the ratio test, we consider: 
n 2 il. nl 2n 4 
unie | = (asain ye =el oe h — |z| as n — oo. 
an ((2n + 1)/n)a” Q2n+1 n+1 
Thus, the radius of convergence is R = 1. 
23. We write the series as 
r? x5 r " Pa q2n-1 
pec g y Gg 
so "T 
qe 
a= =f n—1 . 
Kec cg 
Replacing n by n 4- 1, we have 


2(n+1)-1 
n+1-1 r” ) 
Qn-1 = (=1) 


xenti 
L———— -(-1)* ; 
2(n+1)-1 2n+1 
Thus 
langal — | (C127 |l 2n — 1 _ 2n-1 2 
[as] 2n 1 (-1)^-1g?^-1| 2n 417? 
so 
L= li lani = m-l =g. 
n— oo |an| noo 2n + 1 
By the ratio test, this series converges if L < 1, that is, if zx? <1,soR=1. 
24. As seen in Example 7, we can write the general term of the series as 
2n—1 
g 
2s -- n—1 — 
an = (C7 ij 
so that, replacing n by n + 1, we have 
ee a d qu E a 
a (2 (n 4- 1) — 1)! (2n 4- 1)! 
Thus, 
( 1)" x2n+1 
lang] | || ^4 Gera} | (Drt 2n) | | C02 z? 
lan; — yi z221 © [(-1)*-i1g?^-1(2n 4-1) | | |(2n4 1)2n| | (2n 1)2n^ 
[-1y" "m 
Because 3 
Jan+1| ao 
l zn = 0 
sem Jus  eNEDER- 


real number x. The radius of convergence is infinite and the interval of convergence is all x. 


we have lim; oo [àn4A] / lan] = 0 < 1 for all x. Thus, the ratio test guarantees that the power series converges for every 
Problems 


25. (a) The general term of the series is £” /n if n is odd and —a"/n if n is even, so Cn = (—1)"—'/n, and we can use the 
ratio test. We have 


—1 TL 1 
= e| tim D Met gy gr 
noo lan] |(—1)"-1/n| n—oo TL 3- 1 
Therefore the radius of convergence is R = 1. This tells us that the power series converges for |x| < 1 and does not 
converge for |x| > 1. Notice that the radius of convergence does not tell us what happens at the endpoints, x = 4 
(b) The endpoints of the interval of convergence are x = 4 


F1. 
t1. At x = 1, we have the series 


1.1 1 (—1)5-7 
lee ed desee coin 
This is an alternating series with a, = 1/n, so by the alternating series test, it converges. At x = —1, we have the 
series 
NEL ATE OPE TENES. 
2 3 4 


n 
This is the negative of the harmonic series, so it does not converge. Therefore the right endpoint is included, and the 
left endpoint is not included in the interval of convergence, which is —1 < x < 1. 
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26. Let Cn = 2" /n. Then replacing n by n + 1 gives C441 = 2"*!/(n + 1). Using the ratio test, we have 


antl a enn Li ID Lu 2 m cag (2) 
pw Te 2^ n n-F1 2^7 n+1/)° 
Thus 
lim Jan+al = 2|z| 


The radius of convergence is R = 1/2. 


; ; ; — ay 
For x = 1/2 the series becomes the harmonic series 1 — which diverges. 
n 


n=l 
XN C 
For x = — 1/2 the series becomes the alternating series 5 EXE which converges. See Example 8 on page 517. 
n 
n=1 
27. We use the ratio test: 
nia gn 3" [al 
a, | |39HM mg^| 3^ 


Since |z|/3 < 1 when |z| < 3, the radius of convergence is 3 and the series converges for —3 < x < 3. 
We check the endpoints: 


n=0 n=0 n=0 
oo n oo —3 n oo 

r= -—3: 5 a = 5 ( 2) = »"» D which diverges. 
n=0 n=0 n=0 


The series diverges at both the endpoints, so the interval of convergence is —3 < x < 3. 


28. We use the ratio test: 
(2 — 3)" n 
nal (x — 3)” 


BEC 
|. n+l 


Gn-4-1 
an 


-|æ — 3]. 


Since n/(n 4- 1) — 1as n — oo, we have 


The series converges for |x — 3| < 1. The radius of convergence is 1 and the series converges for 2 < x < 4. 
We check the endpoints. For z — 2, we have 


y ea zye S zu 


n=2 n=2 n=2 


This is the alternating harmonic series and converges. For x = 4, we have 
co oo oo 
pe .Qy My. 
n n n` 
n=2 
This is the harmonic series and diverges. The series converges at x = 2 and diverges at x = 4. Therefore, the interval of 


convergence is 2 < x < 4. 


29. We use the ratio test: 


E (n+ 1242600 gen (nti 2 g? 
üs | 22(n-1) ` nern ( n ) 4 
Since (n + 1)/n — 1 as n — oo, we have 
lim [et] = = 
n— oo An 4 ] 


We have z?/4 < 1 when |z| < 2. The radius of convergence is 2 and the series converges for —2 < x < 2. 


30. 


31. 


32. 


33. 


9.5 SOLUTIONS 899 


We check the endpoints. For x = —2, we have 
9 yid 2h Ee and 2n id 
nz n*(—2) 2 
XXX 
n=1 n=1 n=1 
which diverges. Similarly, for x = 2, we have 
NES ELO 99. 4292n id 
nx n^*2 2 
2. Q9 92n » Tig 
n=1 n=1 n=l 


which diverges. The series diverges at both endpoints, so the interval of convergence is —2 < x < 2. 


= ( n ) |z- 5| 
~ An+1 f 


We use the ratio test: 


Gn-4-1 


N 


an 


_ (te a= br Pn? 


Since n/(n + 1) > 1 as n — oo, we have 


We have |x — 5|/2 < 1 when |x — 5| < 2. The radius of convergence is 2 and the series converges for 3 < x < 7. 
We check the endpoints. For x = 3, we have 


X (17 (x-5) « ^(3-5) wa (a «1 
DE- s er = Oe 
This is a p-series with p = 2 and it converges. For x = 7, we have 


(-1 (a — 5) i = S (—1)” 
yc Da —— c. x Boum 


: 1 : : —1)* i : ; 
Since 1 — converges, the alternating series 1 ( l also converges. The series converges at both its endpoints, so 
n n 
the interval of convergence is 3 < x < 7. 


We use the ratio test to find the radius of convergence; 


g?(n+1)+1 n! 


(n+ 1)! 224i E 


Gn-4-1 
an 


z? 
n-l1 


Since limn—+co |z?|/(n + 1) = 0 for all a, the radius of convergence is R = oo. There are no endpoints to check. The 
interval of convergence is all real numbers —oo « x « oo. 


We use the ratio test to find the radius of convergence 


(n 4- 1)tz^*! 
nla” 


ott) = = |e|(n + 1). 


an 


Since limno |x|(n + 1) = oo for all x Z 0, the radius of convergence is R = 0. There are no endpoints to check. The 
series converges only for z = 0, so the interval of convergence is the single point x = 0. 


We use the ratio test: 


anyi] _ | (5a)"t*//n +1 Sila n 
an d (5z)^ / m. 7 n+1 


Gn4-1 


= 5la|. 


, n 
Since , / ——— — las n — oo, we have 
n-1 
an 


We have 5|v| < 1 when |x| < 1/5. The radius of convergence is 1/5 and the series converges for —1/5 < x < 1/5. 
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34. 


35. 


36. 


37. 


38. 
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We check the endpoints. For x — —1/5, we have 


1 1 


1 
This is an alternating series. Since we have 0 < < — forall n > 1 and lim —— = Q, by the alternatin 
2 Vn + 1 Vn m n—:oo Vn Y : 
series test, the series converges at the endpoint x = —1/5. For x = 1/5, we have 
= (5m) . 1 


This is a p-series with p = 1/2 and it diverges. Therefore, the interval of convergence is — 1/5 € x < 1/5. 
_ | (5x)? /Vn +I] | giu n 
(5x)?" / yn n1 


= 2537. 


We use the ratio test: 
Gn-4-1 
an 


, n 
Since , / ——— — 1as n — oo, we have 
n-1 


We have 252” < 1 when |x| < 1/5. The radius of convergence is 1/5 and the series converges for —1/5 < x < 1/5. 
We check the endpoints. For x = +1/5, we have 


n 


A (5r) wo d. 
ae 


n=1 
This is a p-series with p = 1/2 and it diverges. The series diverges at both endpoints x = -+1/5, so the interval of 
convergence is —1/5 < x < 1/5. 
The expression 1/(1 + 2z) has the form a/(1 — x), which is the sum of a geometric series with a = 1, x = —2z. The 
power series is 
1+ (722) + (722)? + (-22)? +- = MI (-22). 
n=0 
This series converges for | — 2z| < 1, that is, for —1/2 < z < 1/2. 
The expression 2/(1 + y?) has the form a/(1 — x), which is the sum of a geometric series with a = 2, x = —y?. The 
power series is 
2+ (=) + CY + (-y?)? + = $2 a(-y?)" 
n=0 


This series converges for | — y?| < 1, that is, for —1 < y < 1. 


The expression 3/(1 — z/2) has the form a/(1 — x), which is the sum of a geometric series with a = 3, x = z/2. The 


power series is 
oo 


3 + 3(2/2) + 3(2/2) + 3(2/2 +- = M 3(2/2)". 
n=0 
This series converges for |z/2| < 1, that is, for —2 < z < 2. 


To compare 8/(4 + y) with a/(1 — x), divide the numerator and denominator by 4. This gives 8/(4+ y) = 2/(1+y/4), 
which is the sum of a geometric series with a = 2, x = —y/4. The power series is 
2+ 2(—y/4) + 2(-y/4)” + 2(-y/4)? +- = XC 2(-y/4)”. 
n=0 


This series converges for |y/4| < 1, that is, for —4 < y < 4. 
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39. The coefficient of the n*" term of the binomial power series is given by 


40. 


41. 
42. 


43. 


44. 


45. 


p(p ~ 1)(p~ 2) (p~ (n= 1) 


Qu 
n! 


To apply the ratio test, consider 


aati] NEM p(p — 1)(p - 2) --- (p= (n - ))(p — n)/(n * 1)! 
an p(p = 1)(p = 2) -+ (p = (n = 1))/n! 
= [ol PER] = a| — > |x| as n — oo. 


Thus, the radius of convergence is R = 1. 
The k‘ coefficient in the series 5 kCyz" is Dr = k-Cy. We are given that the series 5 Crx" has radius of convergence 
R by the ratio test, so 
.. JCxxil _ [al 
x| lim = —. 


Thus, applying the ratio test to the new series, we have 


k+1 
lim ee = lim (k t Ces EJ lel 
k—oo DE k— oo kCy R i 
Hence the new series has radius of convergence R. 
The radius of convergence, R, is between 5 and 7. 
The series is centered at x = —7. Since the series converges at x = 0, which is a distance of 7 from z = —7, the radius 
of convergence, R, is at least 7. Since the series diverges at x = —17, which is a distance of 10 from x = —7, the radius 


of convergence is no more than 10. That is, 7 < R < 10. 
The radius of convergence of the series, R, is at least 4 but no larger than 7. 


(a) False. Since 10 > R the series diverges. 
(b) True. Since 3 < R the series converges. 
(c) False. Since 1 « H the series converges. 
(d) Not possible to determine since the radius of convergence may be more or less than 6. 


The series is centered at x = 3. Since the series converges at x = 7, which is a distance of 4 from x = 3, we know 
R > 4. Since the series diverges at x = 10, which is a distance of 7 from x = 3, we know R < 7. That is, 4 € R € T. 
Since x — 11 is a distance of 8 from x — 3, the series diverges at x — 11. 
Since x = 5 is a distance of 2 from x = 3, the series converges there. 
Since x = 0 is a distance of 3 from x = 3, the series converges at x = 3. 


(a) We use the ratio test: 


An+1 = (1)? tg 2+) 22n (n!)? 
“an | |220*D((nc- 1)? (-I)z?" 
ques 22^ (gy)? 
2? 
CESI 
For a fixed value of z, we have 
z? 
Au —0 as n> oo. 

The series converges for all x, so the domain of J (x) is all real numbers. 


(b) Since 
"E 
ESSET s 
J@æ)=1- 5+, 


we have J (0) = 1. 
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(c) We have 
So(r) = 1 
&(s) =1- © 
S) =1- £48 
(a) =1- 542 ani 
2 4 6 8 
$4 -1- T p zig" TAS. 


(d) The value of J(1) can be approximated using partial sums. Substituting x = 1 into the partial sum polynomials, we 


have 
So(1) =1 
Si(1) = 0.7 
S2(1) = 0.765625 
S3(1) = 0.765191 
S4(1) = 0.765198. 


We estimate that J(1) ~ 0.765. Theorem 9.9 can be used to bound the error. 
(e) We see from the series that J (x) is an even function, so J(—1) = J(1). Thus, J(—1) ~ 0.765. 


46. (a) We have 
2 


f)-l-s4 7, 


so 
f0) =14+04+04+---=1. 
(b) To find the domain of f, we find the interval of convergence. 
* n+l 1 ! n+l ! 
jig; OE uu 7 ODE OT quu | Th Tim eid. 
noo jan] n— oo jar /n!| n— o0 |x|? (n + 1)! n—oo n + 1 


Thus the series converges for all x, so the domain of f is all real numbers. 
(c) Differentiating term-by-term gives 


n=0 
p n 
92 
=0+1 
0 25 dg. 3l d F 
2 3 
x x 
=1 x Or ! "3r t 
Thus, the series for f and f’ are the same, so 
f(x) = f'(z) 
(d) We guess f(x) = 
47. (a) Since only odd powers are involved in the series for g(x), 
— g? i a z' | 
g(a) = 2 za ^5 wt 
we see that g(x) is odd. Substituting x = 0 gives g(0) = 
(b) Differentiating term by term gives 
2 4 6 
1 Bo T z g 
2 4 6 
2428 12 H5 
201 A! 6! 


48. 
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3 5 
T x x co 
g (1) = 0-25, +4757 - 65 + 
z r? ^g? 
URS T 

So we see g(x) = —g(z). 
(c) We guess g(x) = sin x since then g'(x) = cos x and g"(x) = — sina = g(a). We check g(0) = 0 = sin 0 and 

g (0) = 1=cos0. 
(a) We have 


i. l 1 1 
mec Í (5 5) m "(ssa 3)" 
mora tg)” 5*7 oscar al 


zala zo af 1 1 
=? NSS gte (B Baa] 


6 


Thus, up to terms in z?, we have 


(p(z))* + (a(2))* = 1. 


(b) The result of part (a) suggests that p(x) and q(x) could be the sine and cosine. Since p(x) is even and q(x) is odd, 
we guess that p(x) = cos x and q(x) = sina. 


Strengthen Your Understanding 


49. 


50. 


51. 


To find the radius of convergence, we calculate 


SEI aie | 
n— oo lan] n— oo Cn|x|” noo n 


Thus, the radius of convergence is oo, not 0. 


The series has an interval of convergence centered at x = 0. Since the series diverges at x = 2, the radius of convergence 
is 2 or less. This means that the series diverges for all points at a distance of more than 2 from the origin. Thus, the series 
cannot converge at x = 3. 

In order to get a power series that does not converge at x = 0, we need to construct a power series about a point other 


than z = 0. We'll use a = 2, and the series 


(x= 2) 


If we let x — 0 and use the ratio test to determine the convergence or divergence of the series, we get 


(-2)* /(n 4-1) 
(2) n 


Since the limit is greater than 1, the series diverges at x — 0 by the ratio test. 


lim 


—2 
= im | EP 
n— oo n+1 


904 
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53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 
61. 
62. 


63. 


64. 


65. 
66. 
67. 
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oo 
The series 1 n!(x — 5)" converges at x = 5. The ratio test shows that the series diverges for any other value of x, since 


n=l 


(n+ 1)! (z — 5)^*1 


E n\(a — 5)" zu Ium PA 
for x #5. 
The series with $7 x” /n? satisfies this condition. The limit 
n+l 1 2 2 
l ļan+ıl = ļi |z| /(n * ) — jz] lim n jz]. 
n— oo lan] n— oo |z|”? /n? n (n + 1)? 


Thus, the radius of convergence is 1. 
At the endpoints, X` |x” / n?| = y» n?, which is a convergent p-series. Thus, the series is absolutely convergent 
at the endpoints x = +1. 


False. Writing out terms, we have 


(r—1)-(z—2)--(z—3)-.... 
A power series is a sum of powers of (x — a) for constant a. In this case, the value of a changes from term to term, so it 
is not a power series. 


True. This power series has an interval of convergence about x = 0. If the power series converges for x = 2, the radius 
of convergence is 2 or more. Thus, x = 1 is well within the interval of convergence, so the series converges at x = 1. 
False. This power series has an interval of convergence about x = 0. Knowing the power series converges for x = 1 does 
not tell us whether the series converges for x = 2. Since the series converges at x = 1, we know the radius of convergence 
is at least 1. However, we do not know whether the interval of convergence extends as far as x = 2, so we cannot say 
whether the series converges at x = 2. 


For example, 1 9n converges for x = 1 (it is a geometric series with ratio of 1/2), but does not converge for 


x = 2 (the terms do not go to 0). 
Since this statement is not true for all Cn, the statement is false. 


True. This power series has an interval of convergence centered on x = 0. If the power series does not converge for x = 1, 
then the radius of convergence is less than or equal to 1. Thus, z — 2 lies outside the interval of convergence, so the series 
does not converge there. 


True. The radius of convergence, R, is given by lim |Cn+1|/|Cn| = 1/R, if this limit exists, and since these series have 
noo 

the same coefficients, C'n, the radii of convergence are the same. 

False. Two series can have the same radius of convergence without having the same coefficients. For example, `X x” and 


Y nz" both have radius of convergence of 1: 


1 Bn 1 
= lim —=1 and lim — = lim = 
1 n— oo n n— oo TL 


False. There are power series, such as 2 x" /n, which converge at one endpoint, — 1, but not at the other, 1. 
True. The power series X` Cn (x — a)" converges at x = a. 


True. Since the power series converges at x = 10, the radius of convergence is at least 10. Thus, x = —9 must be within 
the interval of convergence. 


False. If $^ C,,x” converges at x = 10, the radius of convergence is at least 10. However, if the radius of convergence 
were exactly 10, then x = 10 is the endpoint of the interval of convergence and convergence there does not guarantee 
convergence at the other endpoint. 


True. Intervals of convergence can be of any length and centered at any point and can include one endpoint and not the 
other. 


False. The interval of convergence of X` Cng” is centered at the origin. 


True. The interval of convergence is centered on x = a, so a = (—11 + 1)/2 = —5. 


(d). Since the series is centered at x = 0 and diverges at x = 7, the radius of convergence is R < 7. The series converges 
at x = —3, so R > 3. Since | — 9| = 9 > R, the series diverges at x = —9. 


SOLUTIONS to Review Problems for Chapter Nine 905 


Solutions for Chapter 9 Review 


Exercises 
3.3 28 3 1 i* 33a) 30-1) 
1. ZR o eese em omg d demus m |e ds s 
8+atagts + gio 3(1+5+ * qi) js 210 
2. We have 
1 1 
Sum = —2 + 1 2*4 8'16 ai 
2+( 2) ( 5) + (-2 ( D «c» (-3« 
E 2 2 2 
MEL UM. 
| 11/2 3 
3. This is the sum of a finite geometric series with a — 125, n — 21, x — 0.8: 
" a,  125(1— 0.8?!) 
$21 = 125 + 125(0.8) + 125(0.8)* +---+125(0.8)" = = 619.235. 
eS eS —— 1 — 0.8 
ax? agn-i 
a(1—z"^) 
aq) 


a ax 


This is a finite geometric series with k — 2 terms in it, son = k — 2. The initial term is a = (0.5)? = 0.125 and the 


constant ratio is x = 0.5. Using the formula for the sum of a finite geometric series, we get 


4. 
a(l—z")  0.125(1— (0.5)*~?) kc3 
= — = 0.25(1 — (0. . 
Sum E 1-05 0.25(1 — (0.5)^ ^) 
5. If b = 1, then the sum is 6. If b zz 1, we use the formula for the sum of a finite geometric series. We can write the series as 
D EP bb. b? IP xb. p.p. 
This is a six-term geometric series (n = 6) with initial term a = b° and constant ratio x = b : 
a(l—z")  w(1— 09) 
1-b ` 


icc x 


6. Using the formula for the sum of an infinite geometric series, 
EIA O tO HG H) 
3) 3 3 ~ NB 3 "Xd | 1-4 5 


7. Using the formula for the sum of a finite geometric series, 
20 
1X9. iX. TIAS 1x9 qux i fit 156 1/3'0 — 0/37) _ 3—1 
Xo ue e ae 
3 3 3 3 3 3 3 3 1 — (1/3) 2.3 
"ue. Tf BV" xS B — 
8 Ta 23 tiae a sum of two geometric series. 
5 20 
—,s0 


n=0 

/3\" 1 M5 
Weh — = — — = 4 and ee = 
chave $ (1) p-gu 7% 2LF icq 3 


906 
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11. 


12. 
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. We have 
Si = 36. 
So = 36 + 36 (5) = 48. 
. 1 TN 
S3 = 36 + 36 (=) + 36 (5) = 52: 
i 1S ty 
$4 = 364 36 (=) + 36 (5) + 36 (=) = 53.333. 


Here we have a = 36 and x = 1/3, so 


g, 20-2") 360 = Q/3)") 


l-z 1— 1/3 
As n — co, we see that Sn > 36/(2/3) = 54. 
We have 
Sı = 1280. 
S2 = 1280 + 1280 ( 1) — 320. 
3 Sys 
S3 = 1280 + 1280 (-3) -- 1280 (-3) = 1040. 
3 34? 34? 
S4 = 1280 1280 ( 3) 1280 ( 3) + 1280 (-3) = 500. 


Here we have a = 1280 and z = —3/4, so 


g — 0—2”) _ 12800 ~ (-3/4)") 
^" 1-$ T 14- 3/4 , 
As n — co, we see that Sn + 1280/(7/4) = 731.429. 


We have 


Sı = —810. 
S2 = —810 — 810 


S4 = —810 — 810 


( 
S3 = —810 810 ( 
( 


SS ATE 

o0 

= 

© 
FTN 

| 

| 

Q 

Ww 

= 


winyl mw!) rw 


Here we have a = —810 and x = —2/3, so 


 a(-z") _ —810(1 — (—2/3)") 


Rye lc 142/3 
As n — oco, we see that Sn —> —810/(5/3) = —486. 
We have 
$1 = 2. 
S2 = 2 + 2032). 


83 = 2 + 2(32) + 2(32)?. 
Sa = 2 + 2(3z) + 2(3z)? + 2(82)°. 


Here we have a = 2 and x = 3z, so 
g, — 20-2") _ 20- 82") 
^7 1--z 1-32 


As n — co, we see that (32)" — 0 if |3z| < 1 but diverges if |3z| > 1. Thus, 


Sn > 


2 
1-3 if |z| « 1/3, but diverges otherwise. 
— 3z 


13. 


14. 


15. 


16. 
17. 


18. 


19. 
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As n increases, the term 4n is much larger than 3 and 7n is much larger than 5. Thus dividing the numerator and 
denominator by n and using the fact that lim 1/n = 0, we have 


noo 

: -c 4n . (3/n)+4 4 
l < jn ee 
n>% 57n Acc DRE 7T 


Thus, the sequence converges to 4/7. 
We have: 


n 


The terms of the sequence do not approach 0, and oscillate between values that are getting closer to +1 and —1. Thus the 
sequence diverges. 


The first eight terms of the sequence are: 


A fl v Va 
EN 359 


NS d4—-— pe 
o 49 ,0, D. , 


The sequence then repeats this pattern, so it diverges. 


3 


Since the exponential function 2" dominates the power function n? as n — oo, the series diverges. 


We use the integral test with f(x) = 1/ a? to determine whether this series converges or diverges. To do so we determine 
oo 


whether the corresponding improper integral J -z4x converges or diverges: 
x 


1 
oo b 
Í A dx = lim / dx = lim = 
1 T boo J, v b—oo 2x 


oo oo 
, : ; . 1 
Since the integral / —3 dx converges, we conclude from the integral test that the series ) — converges. 
x n 
1 


= lim (m3) 
Q0 be b2 2 EE 


n=1 
We use the integral test to determine whether this series converges or diverges. To do so we determine whether the 
3a? + Qa 
$241 
substitution w = z? + z? + 1, dw = (3a? + 2x) dx. 


corresponding improper integral | dx converges or diverges. The integral can be calculated using the 
1 


EE li e See m 
Perae r maus i E as 


b 


| 32? + 2x > 3a? 4 Or 
1 


lim In |z? + z? + 1| 
b—oo 


1 
lim (In |j? +° + 1| - In3) = oc. 
b—oo 


3n? + 2n 
n? +n? +1 


32? + 2x 


Since the integral f PONEPCNED 


dx diverges, we conclude from the integral test that the series J 


n= 


diverges. 


We use the integral test to determine whether this series converges or diverges. We determine whether the corresponding 


oo 
2 
improper integral f xe ^ dx converges or diverges: 
0 


b—oo b—oo 


x 2 b 2 1 2 
I ce ^ dx = lim re ^ dr = lim —~e ^ 
0 0 


oo oo 
2 2 
Since the integral J xe ^ dx converges, we conclude from the integral test that the series ) ne " converges. 
0 


n=0 
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20. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the 


1 dx converges or diverges: 


oo 
corresponding improper integral I 2 
2 — 

2 


oo b 
I E: dr — lim = dx 
2 € —1 boo fy x —1 


b 
= Jim. ( f (- : y - z) ic) (Using partial fractions) 
= lim (ie 1| — In [x + 1| 


b 
) 
. r—1l i 
= lim in| 
b— oo rcl 5 


— lim (wi —In (3) nds — In 3. 
3 3 


b—oo b +1 
Si the integral pe d lude that th i Y 
ince the integra converges, we conclude that the series —— converges. 
E z £—1 ^ EM amel p 
21. Since an = 1/(2”n!), replacing n by n + 1 gives an+ı = 1/(2”+! (n + 1)!). Thus 
1 
landi] | 27(n-1) — 2"! _ 1 
las] —. 1 — m+i(n+1)!  2(n-41)' 
arn! 
so | | 
A QAn+1 R 
Since L < 1, the ratio test tells us that 5 den converges. 
n=1 
22. Since an = (n — 1)!/5”, replacing n by n + 1 gives an+ı = n!/5"*. Thus, 
lanya] | nt/577 n! | n(n—1) mn 
lan| |^ (n—1)!/5" 5(n—1)! 5(n-1)! 5’ 
so 
L= lim nt = lim Ž =% 
n— oo lan] n— oo 5 


^ (n — 1)! 
Since L > 1, the ratio test tells us that 5 e diverges. 


23. Since an = (2n)!/(n!(n + 1)!), m n by n + 1 gives an 41 = (2n + 2)!/((n + 1)!(n + 2)!). Thus, 
(2n 4- 2)! 
langal | (n D!(nc-2)! ^X  (2n*2) nl(n +1)! 
TARE (2n)! — (nc D!(n 4 2)! (2n)! 
ni(n +1)! 


However, since (n + 2)! = (n + 2)(n + 1)n! and (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have 


langa| | (2n - 2)(9n +1) _ 2(2n +1) 
de — (ne2(n*1 — n2 ^ 
so 
be lg 


n— oo lan] 


A (2n)! 
Since L > 1, the ratio test tells us that ) i : i, diverges. 
n! 
n=1 


n+1)! 


24. 


25. 


26. 


27. 


28. 


29. 
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Let an = 1/(n? +1). Then replacing n by n + 1 gives a441 = 1/((n +1)? +1). Since (n 4- 1)? +1 > n? +1, we have 


1 1 
(n+1) +1 PEEL 


0< 


so 
0 «€ ünti < Gn. 


(=1)" 
n2+1 


We also have lim; ,55 Gn = 0, therefore, the alternating series test tells us that the series J converges. 


n=l 
Let an = 1/Vn? +1. Then replacing n by n + 1 we have anı = 1/4/(n +1)? +1. Since J/(n +1) +1 > 


Vn? + 1, we have 
1l 1 


oo —<——— D a 
(n+1) +1 vn?+1 
so 
0< anti < Gn. 


In addition, liMmn—oo an = 0 so converges by the alternating series test. 


A (-1" 


n 

: — : : l au EE ; a 

The series J ( 1 a converges by the alternating series test. However ) PEVA diverges because it is a p-series with 
n n 


—1)" 
p = 1/2 € 1. Thus 5 (=1) is conditionally convergent. 


n1/2 
Since i 
lim (a + =) L1, 
n— oo TL 
1 
the n?" term an = (—1)” (a + 5) does not tend to zero as n — oo. Thus, the series »"» (1 + =) is divergent. 
n 


We first check absolute convergence by deciding whether 5 In n/n converges. Since In(n) > 1 for all n > 2, we 


compare 
1 Inn 


n n 
The harmonic series 5 1/n diverges, so X In n/n diverges. Alternatively, we can use the integral test. Since 


oo b 2 |b 
J az dx = lim i dx = lim une) = 
1 


s PH ; Inn .. 
and since this limit does not exist, J — diverges. 


We now check conditional convergence. The original series is alternating, so we check whether an41 < an. Consider 
an = f(n), where f(x) = ln n/n. Since 


d (Ina 1 
xm (=) = z(a) 


is negative for x > e, we know that an is decreasing for n > e. Thus for n > 3, 


In(n+1) _ In(n) 


a = ———— — da. 
n+l m +1 n n 
(-1)""'Inn, S 
Since In n/n — 0 as n — oo, we see that ) 2——— — is conditionally convergent. 
n 
Since j 
lim an = lim ——— =- #0 
noo n—oo arctan n T 


—1)"- 1 
we know that J — diverges by Property 3 of Theorem 9.2. 
arctan n 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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n? E 1 
3n2+4 ^3 


1^ 
0 a, < (5) ; 


The geometric series 1 (3) converges, so the comparison test tells us that the series J 39 L4 also con- 
n 


Let an = n?/(3n? + 4). Since 3n? + 4 > 3n?, we have so 


n=l n=1 
verges. 


Let an = 1/(n sin? n). Since 0 < sin? n < 1, for any positive integer n, we have n sin? n < n, SO > —,thus 
n 


nsin?n 


Qn > —. 
TL 


oo oo 


. . d. : : 1 . 
The harmonic series J — diverges, so the comparison test tells us that the series ) —7;— also diverges. 
n nsin^n 
n=1 n=1 


The n* term an = Vn — 1/(n? + 3) behaves like /n/n? = 1/n?/? for large n, so we take bn = 1/n?/?. We have 
an iy VO I/(n? +3) _ n? n —1 I em n?4/1 — 1/n 


limp $E DELE ALAS ERE TELAM CE: 2N o TEE e 
Porn bs. n— o0 1/n3/2 Puget n? + 3 n— oo n?(1 + 3/n?) 


The limit comparison test applies with c = 1. The p-series $5 1/n*/ ? converges because p = 3/2 > 1. Therefore 
35 Vn = 1/(n? + 3) also converges. 

The n*" term an = (n? — 2n? + n + 1)/(n? — 2) behaves like n?/n? = 1/n? for large n, so we take bn = 1/n?. We 
have . : : . 

(n? — 2n? +n 4- 1)/(n? — 2) n? — 2n* 4- n? 4 n? 


n—oo On noo 1/n noo n?—2 


The limit comparison test applies with c — 1. The p-series »» 1/ n? converges because p = 2 > 1. Therefore the series 
p» (n? — 2n? - n4 1) / (n? E 2) also converges. 

The n*" term is an = sin(1/n?). When n is large, 1/n? is near zero, so sin(1/n?) is near 1/n?. We see that sin(1/n?) 
behaves like 1/n? for large n, so we take bn = 1/n?. We have 


: 2 
. a .. sin(1/n 
lim noi NE lim Boum 

n> On n— oo 1/n 

. sing 
= lim 

r0 T 
zu 


The limit comparison test applies with c = 1. The p-series ` 1/ n? converges because p = 2 > 1. Therefore X sin(1/ n?) 
also converges. 


The n*^ term an = 1/(V/n? — 1) behaves like 1/v/n? = 1/n?/? for large n, so we take bn = 1/n?/?. We have 


1/V/n3 -1 n?/? n3/? 1 1 


an à : ; 
lim — = lim ——————— = lim — = lim ———————— = lim —————— = 
noo bn n—oo 1/n3/? n—oo 4/ n3 1 n—oo 73/2 /1 — 1/n3 n—oo /1 — 1/n3 1—0 


3/2 


=]; 


The limit comparison test applies with c = 1. The p-series »» 1/n 
2 1/v/n? — 1 also converges. 


Since f(x) = 1/(x + 1) is continuous, positive and decreasing, we apply the integral test, and we obtain 


converges because p = 3/2 > 1. Therefore 


oo b 
1 1 
dx = li dx = lim (In(b + 1) — ln 2) = oc. 
[ etm f un im tn +) 02) =e 


oo 


Since this improper integral diverges, the series J T1 also diverges. We can also observe the series is the harmonic 
n 


n=1 
series, with the first term missing, and hence diverges by Property 2 of Theorem 9.2. 


This is a p-series with p > 1, so it converges. 
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38. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the 


oo 
corresponding improper integral I dx converges or diverges: 
3 


2 
Vx —2 


m b EE 
dr — lim —— dz 
f 1—2 Ly V/r—2 


b 


2 
= lim —— dw (Substitute w = x — 2.) 
b—oo 1 TU 
b 
= lim 4/w| =œ. 
b—oo 1 


oo 


Since the limit does not exist, the integral f dx diverges, and we conclude from the integral test that the series 


2 
3 vr—à 
2 
5 5 diverges. The limit comparison test with bn = 1/4/n can also be used. 
n — 
=3 


39. This is an alternating series. Let an = 1/(\/n + 1). Then lim; sss an = 0. Now replace n by n + 1 to give an+ı = 


1 1 
1 n+ 1+1). Since /n +1+1 > + 1, we have —— < ———_, so 
/(v ) v vn VEEIUP el 


1 1 
0 < anyi = ————— < ——— = an. 
tU appl ti nti 
— ON Cn 
Therefore, the alternating series test tells us that the series J -——— converges. 


Vn+1 


40. Writing an = n? / (n? + 1), we have lima o5 Gn = 1 so the series diverges by Property 3 of Theorem 9.2. 


n=1 


41. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the 


oo 2 
corresponding improper integral l 5 195 converges or diverges: 
x 
1 


© g? > g 1 ° 1 1 
——— dz = li dr = lim Zln|z?- 1|| = li (3m +1) - 82). 
f 254177 jm f gal 123 ae | n nib ey) gp 
oo 2 
Since the limit does not exist, the integral / m 1€ diverges an so we conclude from the integral test that the 
x 
1 
series 2 n diverges. The limit comparison test with bn = 1/n can also be used. 


42. We use the ratio test. Since an = 3" /(2n)!, replacing n by n + 1 gives an41 = 3"*! /(2n + 2)!. Thus 


Gnj1 _ 3T /(2n +2)! — 3"7 — (2n) 
a, .— — 3"/(2n] | (2ne2) 3 ` 


Since (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have 


An+1 — 3 


Qn (2n + 2)(2n + 1)’ 


so a 
L= lim ——— — 0. 
n—o00 Qn 
Since L « 1, the ratio test tells us that the series ?» [o converges. 
43. We use the ratio test. Since an = (2n)!/(n!)?, replacing n by n + 1 gives an41 = (2n + 2)!/((n + 1)!)?. Thus 
(2n 4- 2)! 
any — ((n+1)!)? — (2n 4- 2)! nn! 


an Qn) MHD! (2n) 
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Since (2n + 2)! = (2n + 2)(2n + 1)(2n)! and (n + 1)! = (n + 1)n!, we have 
An+1 _ (2n =r 2)(2n + 1) 


an (n+1)(n+1) ' 


therefore 


oo 
; r 2n 
As L > 1 the ratio test tells us that the series 1 
n 


44. The series can be written as 


n=1 n=1 n=1 


oo 


M1 M1 n? 42" 
Since J on is a convergent geometric series and J —; Converges as a p-series with p > 1, we see J E 
n n 
n=1 n=1 n=1 
converges by Theorem 9.2. 


45. We use the ratio test: 


Qn4i]_ | 3777 — (2n)!] _ 32 1 
an | |(2n+2)! 327 | ` (2n +2)(2n +1) 
Therefore we have " 
A Gn4-1 2 1, 
l —|= l — c = 0. 
gv a [9.9 na 


Thus by the ratio test, the series converges. 


+1 + +1 w 
46. Let an = 27” 5 FS 5 = (224) (=). Since rà E « ] and x = (5) , we have 


1\” 
0<an<(5) " 


co e "E co 1^ 
so that we can compare the series 5 2 - T » with the convergent geometric series 5 (5) . The comparison test 
n=1 n=1 
tells us that 
- 1 
ee 
n=1 ü 
also converges. 
47. We have xd 
: An+1 . 25 (2n 4- 1)! : 2 
L=1 = lim Z——: = lim ——+~—__=0 
ues] Ua | ae SL m n>% Once. 


so the series converges by the ratio test, since L < 1. 


48. Since there is an n in the numerator and a y/n in the denominator, the terms in this series are increasing in magnitude. We 
have 


so lima 555 (— 1)" (n + 1)/4/n does not approach zero. Therefore, the series diverges by Property 3 of Theorem 9.2. 


49. The series can be written as 


rufQm-Xe09» 


oo oo 
: IN, : . l e . : 34" 
The series J (=) is a geometric series which converges because EH « 1. Likewise, the geometric series J (=) 


n=0 n=0 
" 200x243? 
converges because IH « 1. Since both series converge, Property 1 of Theorem 9.2 tells us that the series 5 EZ also 


n=0 
converges. 


50. 


51. 
52. 


53. 


54. 


55. 


56. 
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The n‘ term an = ((1 + 5n)/(4n))" behaves like (5/4)" for large n, so we take bn = (5/4)" and use the limit 
comparison test. We have 


. an 0 ((1+5n)/4n)” : (=y 
lim — = lim ——— — = I 
so 
1 5n 1/5 
mem (Ca) =e” 
The limit comparison test applies with c = e!/5, The geometric series 55/4) diverges because r = 5/4 > 1 


Therefore 3 *((1 + 5n)/(4n))” also diverges. 
Writing an = 1 / (2 + sin n), we have lim; 455 Gn does not exist, so the series diverges by Property 3 of Theorem 9.2. 


We use the integral test to determine whether this series converges or diverges. To do so we determine whether the 


DASS: 
corresponding improper integral T ( 
3 


Tr 8) dx converges or diverges: 
z— 


oo b 
dr = z5 lim po bstitute w = 2x — 
f (2x — 5)3 s jim f 3 dw (Substitute w = 2x — 5) 


Ee EX 
25s 202 2) WX 


: : 1 
dx converges, we conclude from the integral test that the series > 


Me 1 
Since the integral ——— ———— 
ince e integra f Qr m 5)3 Qn = 5)3 


n=3 
converges. The limit comparison test, with bn = 1/ n? can also be used. 


The n*^ term an = 1/(n? — 3) behaves like 1/n? for large n, so we take b, = 1/n?. We have 


"E .. 1/(n? — 3) . n? 
zd cue que nae 


I. 


The limit comparison test applies with c — 1. The p-series X 1/ n? converges because p = 3 > 1. Therefore »» 1/ (n? — 
3 also converges. 


Note that = 
y Bm ag ES | E ES Lee 
n3 33 59 73 
n=1 


is an alternating series with the absolute values of the terms decreasing to 0. Thus, the series converges by the alternating 
series test. 


Since In(1 + 1/k) = In((k + 1)/k) = In(k + 1) — Ink, the nth partial sum of this series is 
Sn = s In ( + 3 
m k 
k=1 
= SJ in(e+1)- 5S nk 
k=1 k=1 


= (n2 +ln3 4 --- -In(n +1))— (n1 +In2+---+lnn) 
= ln(n+1)—ln1 
= In(n + 1). 


Thus, the partial sums, Sn, grow without bound as n — oo, so the series diverges by the definition. 


The ratio test gives 
1)/2**1 1 1 
L= lim = lim (nr1/277 _ lim n+ =-, 
n—00 An n—:oo n/2n n— oo TU 2 


Gn-4-1 


so the series converges since L « 1. 
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57. Since Inn grows much more slowly than n, we suspect that (In n)? « m for large n. This can be confirmed with 
L'Hopital's rule. 
2 
lim (Inn) — - 2(nn)/n . 
n— oo n n— oo noo n 


Therefore, for large n, we have (In n)? /n « 1, and hence for large n, 


Thus $77 , 1/(In n)? diverges by comparison with the divergent harmonic series 5 ^ 1/n. 
2n)! (2n 4- 2)! 
(n)? ((n + 1)? 


(2n + 2)!/ ((n + 1)!)? = jo ERE (n)? 
(2n)! (n)? (2n) — ((n4-1))?* 


— 


58. Let Cn = . Thus, with an = (2n)!z" / (n!)?, we have 


Then replacing n by n + 1, we have C441 = 


[Cra » (2n +2 (2n + 1) 
[Ch] (n+1)(n+1) ^ 
so 
jig; LOE pd qug, a a al tg T ies, SE ate 
n—oo jan] n— oo [Chl] n—oo (n + 1)(n + 1) n +1 
so the radius of convergence of this series is R = 1/4. 
59. Let Cn = 1/(n! + 1). Then replacing n by n + 1 gives C441 = 1/((n + 1)! + 1). Using the ratio test, we have 


| [oil 2j jn 0! 1) | | n!+1 
Cal O UAn eee 


landi] — 
|an| 


Since n! and (n + 1)! dominate the constant term 1 as n — oo and (n + 1)! = (n + 1) - n! we have 


Thus the radius of convergence is R = oo. 


th 


60. To find R, we consider the following limit, where the coefficient of the n" term is given by Cn = n?. 


lanal : (n 4- 1?^*! : n?+2n+1 
] = I AL s sese db Eb NE a io 
LL uH wu n s 
14+(2 1/n? 
= [e| lim EIE nen ? = lal. 
noo 1 


Thus, the radius of convergence is R = 1. 


61. Here the coefficient of the n*™ term is Cn = n/(2n + 1). Now we have 


dpi | (ns T Grec SE s DOR mou: 
an (n/(2n + 1))a” n(2n + 3) 
Thus, by the ratio test, the radius of convergence is R = 1. 
62. We use the ratio test: 
Anti] _ gn 3^? u ( n ) |x| 
an | [3"4+1(n +1)? a | \n+1 30 
Since n/(n + 1) > 1 as n — oo, we have 
; anti |x| 
l ——|--—. 
eee an 3 


We have |x|/3 < 1 when |x| < 3. The radius of convergence is 3 and the series converges for —3 < x < 3. 
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We check the endpoints. For z = —3, we have 


8 


(-0" 


l. ; ; ; ; : 
We know 1 — is a p-series with p = 2 so it converges. Therefore the alternating series 1 also converges. 
n 


n2 
For z — 3, we have 
Irn? 3"? n? 
n=1 n=1 n=1 
This is a p-series with p = 2 and it converges. The series converges at both its endpoints and the interval of convergence 
is—3 <a <3. 
63. We use the ratio test: 
is iet ger 5 —je-3 
i 5n+1 (-1)"(a = 2)” m 5 
Since |x — 2]/5 < 1 when |x — 2| < 5, the radius of convergence is 5 and the series converges for —3 < x < 7. 
We check the endpoints: 
c (-1)"(2- 2)" «X 2) 
peg; 5 Coren" = 5 wea x 1 which diverges. 
n=0 n=0 n=0 
Oe -— oi ED es —DD—""-mpgy ee . . 
qe 2. cog = 2, C = dy which diverges. 


The series diverges at both the endpoints, so the interval of convergence is —3 < x < 7. 


64. We use the ratio test: 


Qnti| |[(-D)""z^H n | n " 
an nal (-1)"z^| n+1 i 
Since n/(n 4- 1) — 1as n — oo, we have 
à Gn4-1 
lim | —— | = [rz]. 
n— oo An 


The series converges for |x| < 1. The radius of convergence is 1 and the series converges for —1 < x < 1. 
We check the endpoints. For x = —1, we have 


a 


This is the harmonic series and diverges. For x = 1, we have 


"y^ A (—1) Xa 
ee See 


n=1 n=1 


oo oo oo 
n=1 n=1 n=1 
This is the alternating harmonic series and converges. The series diverges at x = —1 and converges at x = 1. Therefore, 


interval of convergence is —1 < x < 1. 
65. We use the ratio test to find the radius of convergence: 
Qn4l grt! 
an 


(n+ 1)! a” 


-= 


Since limn—+.o |£|/(n + 1) = 0 for all x, the radius of convergence is R = oo. There are no endpoints to check. The 
interval of convergence is all real numbers —oo < x < oo. 


Problems 


66. We have 


: | (=) Q:1«1)? (03 _ -9 E 
17 321- uu Due 2111 3 
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, _ (-1P(2-24+17 — 5 _ 25 
? 2314(-)73 291(-1) 7 
s-CDQ:3-9)*  (CDT  —49 
223-1 p (—1)3+1 25 +1 33 
. | (-1)*2-44+17 9 _ 8 
T mel.cper-9 (c1) 27 


so the first four terms are —3, 25/7, —49/33, 81/127. 


67. We see that 51, s2, 53, . . . forms an arithmetic sequence—that is, the values go up by the same amount, 2, each time. We 
conclude that 


Sn = 2n + 3. 
68. We see that t1, t2, t3,... is a sequence of consecutive odd square numbers. Since tı = 3, we conclude that 
tn = (2n + 1). 


69. We have 
a2 =a,+2-2=5+4 =9 because a1 = 5 
a3 =a2+2-3=9+6 =15 
a4 =ag+2-4=154+8 = 23. 


70. First, we have 


a2 =a,+2-2=5+4 =9 because a1 = 5 
a3 =a2+2-3=9+6 =15 
a4 = a3 + 2 -4 = 15 + 8 = 23. 


Next, we find that 


bo = bı +a, = 10 +5 =15 because bı = 10 
ba = b2 + a2 = 15 +9 = 24 
ba = b3 + a3 = 24 + 15 = 39 
b5 = b4 + a4 = 39 + 23 = 62. 


71. The series can be written as 
oo r n oo oo 
n ctr" c 1 1 
2 uec Pu 
n-l n=1 n=1 


If 0 <r < 1, both series diverge, but if r > 1 both series converge. 


. . UPC 
If r — 1 the given series becomes 5 nee which diverges. 
By Theorem 9.2 the given series converges if r > 1. 
72. The series converges for |x — 2| = 2 and diverges for |x — 2| = 4, thus the radius of convergence of the series, R, is at 
least 2 but no larger than 4. 


(a) False. If x = 7 then |x — 2| = 5, so the series diverges. 

(b) False. If x = 1 then |x — 2| = 1, so the series converges. 

(c) True. If x = 0.5 then |x — 2| = 1.5, so the series converges. 

(d) If x = 5 then |x — 2| = 3 and it is not possible to determine whether or not the series converges at this point. 
(e) False. If x = —3 then |z — 2| = 5, so the series diverges. 
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73. (a) Using an argument similar to Example 7 in Section 9.5, we take 


#2" 
m = —1)” ; 
inc EU nl 
so, replacing n by n + 1, 

41 po) zi pu 
aas (=i e I : 
eva =(—1)"" Gay OY” Garo 

Thus, 
lanes] — (—1)"*22"42 /(2n +2)! _ e 
lan] —  l(-0D^P?^/(2n)| (Qn +. 2)(2n +1)’ 
so : 
lim Janta = li t —0. 


= lim ———————— 
ne |an) ^ nee On + 2)2n + 1) 


917 


The radius of convergence is therefore oo, so the series converges for all t. Therefore, the domain of h is all real 


numbers. 
(b) Since h involves only even powers, 
pt xt oam 
A(t) 21— z + A Gd eet 
h is an even function. 
(c) Differentiating term by term, we have 
; " B 6 
h(t) 20-25, +47, oF + 
C ou 
= —t+ 3 B F 
Eo Xd 
H 
h (t) 2 —1 33 RN 
2 4 
=-1+ : a | 
21 4! 
So we see h” (t) = —h(t). 
74. If a payment M in the future has present value P, then 
M= P(1 +r}, 


where t is the number of periods in the future and r is the interest rate. Thus 


M 
PoF 


The monthly interest rate here is 0.09/12 = 0.0075, so the present value of first payment, made at the end of the first 
month, is M / (1.0075). The present value of the second payment is M/(1.0075)?. Continuing in this way, the sum of the 


present value of all of the payments is 


M M M 


(1.0075) ^ (1.00752 ^ * (L0075)949- 


This is a finite geometric series with 240 terms, with sum 


M (- — 1.0075-?49 


1.0075 V 1— 1.0075-1 ) — 111.145M. 


Setting this equal to the loan amount of 200,000 gives a monthly payment of M — $200,000/111.145 — $1799.45. 
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75. In the first year, extraction is 12 million tons. In the second year this falls to 12(1 — 0.05) = 12(0.95) million tons, and 
in subsequent years the extraction falls by a factor of 0.95. During the next n years 


Total extraction = 12 + 12(0.95) + 12(0.95)? + --- 12(0.95)"^! , million tons. 


This is a geometric series with a = 12 and x = 0.95, so 


Total extraction = 12 (=E) : 


1 — 0.95 
Since |x| < 1, when n — oo 


Total extraction > = 240 million tons. 


1 
1— 0.95 
World reserves of the mineral must exceed 240 million tons if extraction is to continue indefinitely. 
76. (a) It is easier to work with the value of the car first and then find the yearly losses. The value of the car goes down by 
10% a year. Thus, the value at the end of the first years is vı = 30,000(0.9). The value at the end of the second year 
is ve = 30,000(0.9)?. The value at the end of n years is vn = 30,000(0.9)". Thus, the losses in the first four years 


are 
lı = 30,000(0.1) 
l2 = vı — v2 = 30,000(0.9) — 30,000(0.9)? = 30,000(0.9) (0.1) 
l3 = v2 — v3 = 30,000(0.9)? — 30,000(0.9)? = 30,000(0.9)? (0.1) 
l4 = v3 — va = 30,000(0.9)? — 30,000(0.9)* = 30,000(0.9)? (0.1). 
Thus, 


In = Un—1 — Un = 30,000(0.9)"~ (0.1) = 3000(0.9)^*. 
(b) In the first year, mı = 500; in the second year, m2 = 500(1.2); in the third year, m3 = 500(1.2)?. Thus 


ma = 500(1.2)"*. 
(c) We want to find n such that Mn > ln, so 


500(1.2)"-* > 3000(0.9)"-!. 


We solve 
500(1.2)"-! = 3000(0.9)^-! 
(12)"-! 3000 
(0.9)"-! ^ 500 


9 
(n — 1)In (=) = In6 


_ In6 
~ In(1.2/0.9) 
n = 6.228 + 1 = 7.228. 


So, maintenance first exceeds losses in year 8. In year 7, 
lz = 3000(0.9)° = $1594, m7 = 500(1.2)° = $1493. 


In year 8, 
ls = 3000(0.9)” = $1435, ms = 500(1.2)’ = $1792. 
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77. 
50 
Present value of first coupon = —— 
1.06 
Present value of second coupon = 50 etc 
pon = (106) ** 
Total present value = en + 9 +--+ LOWE. + NU 
p = 106 ' (106)? (1.06)19 * (1.06)10 
—— 
coupons principal 
230 (1, 1,00, 1 y, 1000 
~ 1.06 1.06 (1.06)9 (1.06)10 
10 
E 50 /1- (z5) , 1000 
1.06 1— a (1.06)10 
— 368.004 4- 558.395 
— $926.40 
78. 
Present value of first coupon. — En 
pon — 104 
50 
Present value of second coupon = ———\, etc. 
(1.04)? 
Total present value = a + m Tec "m — 
P = 104 (104)? (1.04)19  (1.04)10 
—— 
coupons principal 
NE IINE 
~ 1.04 1.04 (1.04)9 (1.04)10 
10 
| 50 (1- (za) ,, 1000 
1.04 1— — (1.04)10 
= 405.545 + 675.564 
= $1081.11 
79. (a) The present value is given by the finite series: 
Total present value = yt cn MU CN NEN 
p =I (71.04)? (1.04)100 * (1.04)100 
—— 
coupons principal 
NEST 14 1 — 1 4 100 
|. 1.04 1.04 (1.04)99 (1.04) 100 
100 
EE NO ,, 100 
. 1.04 d = — (1.04)100 
— $124.50. 
(b) The present value is now given by the infinite series 
Total present value — E 2 + m Tee 
P = 104 ' (104)? ` (1.04) 


Il 
is 
ou el 
E 
ga wb 


1 


1 
dumz-m— qno bas 
* Toa * Goa? * ) 


1 
E. pees cops 
m (=) "as 
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Notice how little difference there is between the worth of the bond which pays for 100 years and the one which pays 


forever. 
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80. The quantity of cephalexin in the body is given by Q(t) = Qoe~**, where Qo = Q(0) and k is a constant. Since the 
half-life is 0.9 hours, i i i 
—0.9k 
l- k = —— ln = x 0.8. 
T 3 09 2 
(a) After 6 hours 


Q = Qoe* & Qoe 9*9 = Qo(0.01). 


Thus, the percentage of the cephalexin that remains after 6 hours ~ 1%. 


(b) 
Qi = 250 
Q2 = 250 + 250(0.01) 
Qs = 250 + 250(0.01) + 250(0.01)? 
Q4 = 250 + 250(0.01) + 250(0.01)? + 250(0.01)? 
(c) 
Qs = 250(1 — (0.01)%) 
t= Ol 
e 252.5 
Qa = 250(1 — (0.01)*) 
4 Cdi 
e 252.5 


Thus, by the time a patient has taken three cephalexin tablets, the quantity of drug in the body has leveled off to 252.5 
mg. 
(d) Looking at the answers to part (b) shows that 


Qn = 250 + 250(0.01) + 250(0.01)? +--- + 250(0.01)^-! 
| 250(1 — (0.01)") 


1— 0.01 
(e) In the long run, n — oo. So, 
250 
— ]i n = mm = 252.5. 
vocum cca PT ce 


81. A person should expect to pay the present value of the bond on the day it is bought. 


10 
Pi t val f first t= 
resent value of first paymen T04 
Present value of second payment = W etc 
payment = Dus 40 
Therefore, 
Total present value = 10 + id + 10 + 
p ~ L04 (1.04)? To? 
This is a geometric series with a = 0 and x = l so 
: "= 104 ~ 7.04" 
10. 
Total present value — = = £250. 
^ Tor 
82. (a) 


Total amount of money deposited = 100 + 92 + 84.64 + --- 
= 100 + 100(0.92) + 100(0.92)? 4- -- 
— 100 
| 1-0.92 


— 1250 dollars 


(b) Credit multiplier — 1250/100 — 12.50 
The 12.50 is the factor by which the bank has increased its deposits, from $100 to $1250. 
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83. (a) (i) Since the number of bacteria doubles every half hour, the number quadruples every hour. Thus 


R, = Bo: 4 
Ry = Bo. 4 
Rn = Bo- 4". 


(ii) Each hour, the number of bacteria is multiplied by a factor a, so 


F,, = Boa”. 
The bacteria doubles in number in 10 hours, so 
Fio = 2Bo. 
Thus, 
Boa’? = 2Bo 
— 9! /10 
so 


(iii) The ratio is 


a Bod” 4 A^ UR 
Yo = FE = Baers = ( ) epe 


(b) We want to solve for n making Y;, = 1,000,000: 


(2*)" — 1,000,000 


.— 1n(1,000,000) 


n= s — = 10.490. 


Thus, in about ten and a half hours, there are a million times as many bacteria in the baby formula kept at room 
temperature. 


84. (a) We have: 


s= O «(9 + (5) «(D (D 
5 BAND 5 5 5 5 
E 
| 5425 25 25 25 25 
zi, 95 
| 5 25 
11 
zi a 
(b) From the pattern, we have: 
:( IN? £989. 0332 nV? 
«(Gr gr o 
n n n n n 


. . al 7 
This can also be written as Sn = = (2) 3 
n 
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85. 


86. 


87. 


88. 


89. 
90. 


91. 


92. 


93. 


94. 
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(c) We think of sn as a right-hand Riemann sum by writing it as 


nm ; 2 1 TL 
m= (5) z =I Ae, 
i=l. Aa i=l 
f (i) Ax 


where f(a) = a”, Ax = (1 — 0)/n = 1/n, and where 21,22, ... , En is given by 1/n, 2/n, ..., 1. We see that 
£1, £2, . . . are evenly-spaced points on the interval from a = 0 to b = 1, separated by gaps of Az, as in any standard 
right-hand sum. Taking limits, we have: 


n 1 T 
lim s, = lim M ^ f (zi) Az zi f (a) dx =l zde = tr? 
too. noo i—i 0 0 3 


Soj 


0 


This series converges by the alternating series test, so we can use Theorem 9.9. The n*™ partial sum of the series is given 
by 
1 1 (-1)""" 
eee 
: 6^1 ^" *(Qm-1) 
so the absolute value of the first term omitted is 1/(2n + 1)!. By Theorem 9.9, we know that the true value of the sum 
differs from S, by less than 1/(2n+1)!. Thus, we want to choose n large enough so that 1/(2n.4- 1)! < 0.01. Substituting 
n — 2 into the expression 1/(2n 4- 1)! yields 1/720 which is less than 0.01, so $5 — 1 — (1/6) — 5/6 approximates the 


sum to within 0.01 of the actual sum. 
oo 


No. If the series —1 nota d converges then, using Theorem 9.2, part 3, wehave lim (—1 
g g p 


n— co 


n—lo5 = 0, which cannot 
ml 
happen if lim a; Æ 0. 
"n—oo 


Let bn = (3/2)". Then 0 € bn < 2", and DD bn diverges since it is a geometric series with a common ratio greater than 
one. Now, let bn = (1/2)". Then 0 < bn < 2”, but this time ys bn converges because it is a geometric series with a 
common ratio less than one. Other answers are possible. 


If as + bn) converged, then as + bn) — 5 Qn = »» bn would converge by Theorem 9.2. Since we know that 
X bn does not converge, we conclude that »» (an + bn) diverges. 

We have 0 < an / n < an for all n > 1. Therefore, since 5 Q4, converges, X An / n converges by the Comparison Test. 
Since » an converge, we know that lim; o5 an = 0. Thus lim; 5 (1/an) does not exist, and it follows that X (1/an) 
diverges by Property 3 of Theorem 9.2. 


There is not enough information to determine whether or not nan converges. To see that this is the case, note that if 
an = 1/n?, then Y; na, = Y (1/n), which diverges. However, if an = 1/n? then X` nan = Y (1/n?), which 
converges. 

We have an + (an /2) = (3/2)an, so the series Y (an + an /2) converges since it is a constant multiple of the convergent 
series J` an. 

Since » Gn converges, we know that liMmn—oo an = 0. Therefore, we can choose a positive integer N large enough so 
that |an| X 1 for all n > N, so we have 0 € a2 < a, forall n > N. Thus, by Property 2 of Theorem 9.2, y a2 
converges by comparison with the convergent series > an. 


i3 


n=1 


The series 


1 
diverges by Theorem 9.2 and the fact that J — diverges. 
n 


n=1 
The series 
1 1 
» e) 25. d 


1 L1, 
converges. But > — — diverges by Theorem 9.2 and the fact that > — diverges. 
n n 


n=l n=1 


Thus, if an = 1/n and bn = 1/n, so that X` an and X` bn both diverge, we see that X` (an + bn) may diverge. 
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If, on the other hand, an = 1/n and bn = —1/n, so that X` an and Y 5 bn both diverge, we see that X` (an + bn) 
may converge. 

Therefore, if ys Qn and 5, bn both diverge, we cannot tell whether as + bn) converges or diverges. Thus the 
statement is true. 


95. (a) See Figure 9.9. 


Figure 9.9 


(b) At the first stage, we remove one segment of length 1/3 


1 
At stage 1, length removed = 3 


1/1 1 
At the second stage, we remove 2 = 2' segments of length 3 (5) = 3 each. 


1 


At stage 2, length removed = 3r 


. 1/1 1 
At the third stage, we remove 4 = 2? segments of length 3 (3) =z each. 


2 
At stage 3, length removed = 35 


The same reasoning shows that 


n—1 1 /2\ "7! 
At stage n, length removed = "us s (=) à 


To find the length of all segments removed by the n'" stage, we add 


1 1 £2 1 (9242 1/2\"-1 
Total length = 5+5(5)4+5(g) te t5(5) - 


(c) Using part (b), we have an infinite geometric series with a = 1/3 and x = 2/3. Therefore 


12,3 1 
Total length removed = p» 3 (3) = 1 5 /3 = 


i= 


Notice that even though segments of total length 1 are removed from the initial segment of length 1, there is still an 
infinite number of points remaining. The remaining points form a famous fractal, called the Cantor Set. 


i tu basse “de a 
2 3 4 mo Jo æa 


If a computer could add a million terms in one second, then it could add 


96. Using a right-hand sum, we have 


goče go S BOUT g5 1S a minion E 
min hour day year 
terms per year. Thus, 
1 1 1 ; 6 
Pig rg ta <14+Inn=1+41n(60- 60 - 24 - 365 - 10°) z 32.082 < 33. 


So the sum after one year is about 32. 
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100000 


97. We want to estimate 5 T using left and right Riemann sum approximations to f(x) = 1/x on the interval 1 < 


k=1 
x < 100,000. Figure 9.10 shows a left Riemann sum approximation with 99,999 terms. Since f(x) is decreasing, the left 
Riemann sum overestimates the area under the curve. Figure 9.10 shows that the first term in the sum is f(1) - 1 and the 


last is f (99,999) - 1, so we have 
100000 
/ =de < LHS = f(1): 1+ f(2)-1+---+ f(99,999) -1 
1 


Since f(x) = 1/z, the left Riemann sum is 


1 1 1 1 
LHS —-—widbde—uldexsnc pE = 
Ur e 2 


[fis 25 1 
i a k 


Since we want the sum to go k = 100,000 rather than k = 99,999, we add 1/100,000 to both sides: 


100000 1 99999 - 00000 
= zde = 
f T 100,000 tun e» k 100, ux -54 


The left Riemann sum has therefore given us an underestimate for our sum. We now use the right Riemann sum in 
Figure 9.11 to get an overestimate for our sum. 


so 


p 


mb 


| | 
| IL 

| | 

| | 

| í x | ep 
1 71 T2 ++ 100,000 1 #1 @2 +: 100,000 


Figure 9.10 Figure 9.11 


The right Riemann sum again has 99,999 terms, but this time the sum underestimates the area under the curve. 
Figure 9.11 shows that the first rectangle has area f(2) - 1 and the last f(100,000) - 1, so we have 


100900 
RHS = £0) 1+ f) 1 + A010000) -1 < f zdr. 


Since f(x) = 1/x, the right Riemann sum is 


TA 


i. 1 1 V 
RHS =3'1+3 bte appa t -54 


100000 4 
X dx. 


Since we want the sum to start at k = 1, we add 1 to both sides: 


So 
P»! 


100000 100000 


1 1 100000 1 
E m Do z% 
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Putting these under- and overestimates together, we have 


100000 4 00000 iy 100000 4 
PL — — dz. 
f + 100,000 nm eie k +f zo 


100000 
since f — dx = ln 100,000 — In 1 = 11.513, we have 
x 
1 


100900 , 
11.513 < 254 l < 12.513. 
k=1 
100000 i 
Therefore we have 2. n x 12. 
k=1 


98. The argument is false. Property 1 of Theorem 9.2 only applies to convergent series. In addition, by the limits comparison 
test with bn = 1/n?, the series converges. 
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1. (a) The undiluted strength is 2 mg/ml, so the concentration of a 10-fold dilution is 0.2 mg/ml and the concen- 
tration of a 100-fold dilution is 0.02 mg/ml. Since each of the first 11 steps lasts 15 minutes — 0.25 hour, 
the volume infused at each step is given, in ml, by 


Volume — Rate x Time — (Rate, in ml/hr) x (0.25 hr). 
The dose administered is given, in mg, by 
Dose = Concentration x Volume = (Concentration, in mg/ml) x (Rate, in ml/hr) x (0.25 hr). 
Thus in the first step, the concentration is 0.02 mg/ml and 
Dose administered — 0.02 x 2.5 x 0.25 — 0.0125 mg. 


At the second step, 
Dose administered — 0.02 x 5.0 x 0.25 — 0.0250 mg, 


and so on. See the first 11 rows in Table 9.1. 
Using the spreadsheet to find the cumulative dose given in the first 11 steps, we find that 25.5875 mg have 
been administered. To reach the target dose of 500 mg, 


(b 


— 


Dose at 12*^ step = 500 — 25.5875 = 474.4125 mg. 


The time required to deliver the 12*” dose is 


Dose _ 414.4125 mg 


a = — = 4.633 h = 278 minutes. 
Concentration x Rate 2 x 51.2 mg/hr cin posa 


Time — 


The volume infused at the last step is 4.633 - 51.2 — 237.21 ml. See the last row in Table 9.1. 
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Table 9.1 


Ratio of dose administered 
Concentration Rate | Time | Volume infused | Dose infused | Cumulative in this step to dose 


Step Solution (mg/ml) (ml/hr) 


=~ 
3 
E. 
B 

© 


per step (ml) | per step (mg) dose (mg) | administered in previous step 


1 

2 2 
3 2 
1 2 
5 2 
6 | 10-toid aitwtion | — 02 | sof m |  2oof  o4oof _ o.7s7s | 2 
7 2 
8 2 
9 2 
10 2 
n 2 
12 512 | 278 


(c) The dose starts at 0.0125 mg and increases by a factor of 2 at each step. Hence if D,, is the dose at step n, 
we have a geometric series with terms Dı = 0.0125, Dz = 0.0125.2,..., and D, = 0.0125. 2n—1 Thus, 


Total dose in 11 steps = 0.0125 + 0.0125 - 2 + - -- + 0.0125 - 21? 
e 
2-1 

which agrees with the value computed in the spreadsheet in part (a). 
(d) The first 11 fifteen minute doses take 2 hours 45 minutes. Adding the 4.63 hours, or 4 hours and 38 


minutes, for the 12*^ dose, we see that to administer the full target dose of 500 mg requires 7 hours 23 
minutes, about 7 and a half hours. 


— 0.0125 — 25.5875 mg. 


2. (a) To show f is decreasing for x > 1, we look at f'(x): 
f'(z) 2 n(n-- 1)z"^! — n(n-- 1)z" = n(n + Da?! (1— z). 


Thus, for z > 1, we have f'(x) < 0, so f is decreasing. Since f(1) = 1, this means f(x) < 1 forz > 1. 
Factoring z^ out of f(x), we get 


f 
(b) We simplify the value of x 


— 


r) =(n+1)2" —na™ = z"^(n - 1— nz) « 1. 


1+1/n  —  (ntl)n  J (n*t1y 


He 


2Icxi/(n-l (n-2/(n-1  n(n-2) 


Before substituting into x” (n + 1 — nx) < 1, we calculate 
i= OPI 
n(n + 2) 
| (n+ 1)(n - 2) - (n+ 1)? 
i n2 
.(incDn42-—(on-) #41 
i n4 2 ^ n+? 


Thus, substituting into the inequality from part (a), x” (n + 1 — nz) < 1, gives 


n n+l <1 
xz ë 
n+2 
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(c) We want to show sn < 8n41. Since sn = (1--1/n)" and s444 = (1-- 1/(n 4- 1))"*, using the 
definition of z, we have 


$541. (14 1/(n- 1)" (1+1/(n+1)) 
LL n+l 
-— (231). 


Sn a (233) 
lm <1; 
Sn+1 n+2 


Sn < Sn+1- 


Thus, by part (b), we have 


SO 


Thus, the sequence is increasing. 
Substituting x = 1 + 1/2n into the inequality from part (a) gives 


(+A) (03) 3 6) 


(d 


— 


Thus 


(e 


— 


When we square this inequality, we get 


that 1s, for all 
San <A. 


Thus, the even terms are bounded above by 4. Because we have shown the sequence is increasing, for each 
odd term, we have 
S2n—1 < 22n < 4, 


so the odd terms are also bounded above by 4. Since all terms are bounded below by 0, the sequence is 
bounded. 

(£) From parts (c) and (e), we know that the sequence is increasing and bounded, and therefore, by Theo- 
rem 9.1, it has a limit. 


3. (a) (i) p 
(ii) There are two ways to do this. One way is to compute your opponent’s probability of winning two in 
a row, which is (1 — p)?. Then the probability that neither of you win the next points is: 
1 — (Probability you win next two + Probability opponent wins next two) 

= 1 -(p’ + (1—p)”) 
=1- (p -1- 2p 4- p?) 
= 2p? — 2p 
= 2p(1 — p). 


The other way to compute this is to observe either you win the first point and lose the second or vice 
versa. Both have probability p(1 — p), so the probability you split the points is 2p(1 — p). 


(iii) 
Probability = (Probability of splitting next two) - (Probability of winning two after that) 
= 2p(1 — p)r? 
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(iv) 


(v) 


(vi) 


(b) © 


i) 


Probability = (Probability of winning next two) + (Probability of splitting next two, 
winning two after that) 
=p? *2p - p)r? 
The probability is: 


w — (Probability of winning first two) 
+ (Probability of splitting first two)-(Probability of winning next two) 
+ (Prob. of split. first two)-(Prob. of split. next two)-(Prob. of winning next two) 


=p? + 2p(1 — p)p? + (2p(1 — p) p? ++. 


This is an infinite geometric series with a first term of p? and a ratio of 2p(1 — p). Therefore the 
probability of winning is 
2 
p 


|» d-3p(1—p) 
(0.5)? 


For p — 0.5, w — 1-30.5)-(0.] ^ 0.5. This is what we would expect. If you and your opponent 
are equally likely to score the next point, you and your opponent are equally likely to win the next 
game. 


w 


For p = 0.6, w = —— — 0.69. Here your probability of winning the next point has been 


magnified to a probability 0.69 of winning the game. Thus it gives the better player an advantage to 
have to win by two points, rather than the “sudden death” of winning by just one point. This makes 
sense: when you have to win by two, the stronger player always gets a second chance to overcome the 
weaker player’s winning the first point on a “fluke.” 


For p = 0.7, w = -—— — 0.84. Again, the stronger player's probability of winning is 
magnified. 
2 
For p = 0.4, w = sie = 0.31. We already computed that for p = 0.6, w = 0.69. Thus 


the value for w when p = 0.4, should be the same as the probability of your opponent winning for 
p = 0.6, namely 1 — 0.69 = 0.31. 


S = (Prob. you score first point) 

+(Prob. you lose first point, your opponent loses the next, 
you win the next) 

+(Prob. you lose a point, opponent loses, you lose, 
opponent loses, you win) 

= (Prob. you score first point) 

+(Prob. you lose)-(Prob. opponent loses)-(Prob. you win) 


+(Prob. you lose)-(Prob. opponent loses)-(Prob. you lose) 
(Prob. opponent loses)-(Prob. you win)+ --- 
=p+(1—p)(1—q)p+ ((1—p)(1—4))*p+--- 
= p 
L= 90-4) 


Since S is your probability of winning the next point, we can use the formula computed in part (v) of (a) 
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for winning two points in a row, thereby winning the game: 


S? 
"71-280 S) 
e When p — 0.5 and q — 0.5, 
0.5 
S= = 0.67 
1 — (0.5)(0.5) 
Therefore " 5 
i — V = — 0 = 0.80. 
1—2S(1—S$)  1-—2(0.67)(1 — 0.67) 
e When p — 0.6 and q — 0.5, 
0.6 (0.75)? 
= ——— Z> E d 4 = ——————— — m. Ie 
Feu smog "Y= tooo Ur 


4. (a) (i) Amount remaining = Amount taken -x = 5 - 8r mg. 


(b 


(c 


) 


— 


(ii) Amount remaining = Amount remaining from first dose + Amount of second dose = 5- 8r -- 5.7 = 
5(8x + 7) mg. 

(iii) Amount remaining = Sum of amounts remaining from previous doses = 5- 8x2 +5- 7z - 5.6 = 
5(8z? + 7x + 6) mg. 


(iv) Amount remaining = 5(8z7 + 729 + 62° + --- + 2x + 1) mg. 
(v) Amount remaining = 5(8z" + 719 + 62? +--+ + 2z + 1)r mg. 
(vi) Amount remaining = 5(8z" + 729 + 62? +--+ 2x + 1)" mg. 


Notice that the sum looks like a geometric series, except that each term has been differentiated. If we 
differentiate the finite geometric series 
t= 9 
So =1+r +r? + +r? = 7 
b= 
we have 
dSo 7 d (1-29 9z8(1 — x) — (1—29)(-1) 8a? — 928 +1 
— > 0 1 2 4 nae 8 = — R a M 
da eee eun zc (1— xz)? (1— a)? 
Thus, we see that 
8x9 — 935 +1 
pcd eae d Sopa e ee 
(=z)? 
Let n be the number of days since the eighth dose was taken. Then 
8x? — 9x8 +1 
Amount of prednisone in the body = 5(8z" + 7° + 6x? +--+» + 2g + 1)z" = ME mg. 
—g 


If the half-life of prednisone is 24 hours, then z — 1/2 — 0.5, so 


8(0.5)? — 9(0.5)8 + 1 
(1 - (0.5))? 


We want this to be 3% of one tablet, that is 0.03 x 5 = 0.15 mg, so we need to solve for n: 


Amount of prednisone in the body after n days = 5 (0.5)" = 19.6094(0.5)" mg. 


19.6094(0.5)" = 0.15. 


This leads to 
0.15 


(0.5)" = 79-6004" 


In(0.15/19.6094) 
er a Ge 
In(0.5) 


so 
= 7.037 ~ 7 days. 
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(d) The amount of prednisone in the body is the sum of the amounts remaining from the previous doses. The 
first dose of n tablets was (n — 1) days before, so 


Number of tablets remaining from first dose = na^ !. 
The dose of (n — 1) tablets was (n — 2) days before, so 


Number of tablets remaining from second dose = (n — 1)z"?. 


Adding similar terms, ending with the last dose of 1 table which just occurred, gives the total number of 
tablets remaining: 
Ta = na^! + (n —- 1)g"7? E... E 2z 4 1. 


To find a closed form for the sum, we differentiate the finite geometric series 


1— ag" 
Sny — drca? H He H ———, 
l-c 
giving 
dSn d peu — Tu 1—a"t!)\(-1 
ieee | ee ee el o _ Tint Yar(l~ a) - (laa (FD) 
dx da l-z (1— 2)? 


Thus, we see that 


nz" t! — (n+1)a"+1 


Tne) (1) es $e |= (uy 
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Solutions for Section 10.1 


Exercises 
1. Let f(x) = — = (1— x). Then f(0) = 1. 
f(x)-1(1—a)?  f'(0)- 1, 
f'"(x)-2Y(1—2)?  f"(0)- 2l 
f"(x)-—3(1—2) * f"(0)- 3l 
f(x) 41—2)-5 f(9(0) = 41, 
f(a) = 511 —2)~® f(9(0) = 5i, 
f(x) — 6(1—2)-* fF (0) = 6l, 
f (sz)-Ti-s)- f(?(0)- 7. 
P3(z) =1l+a4+a°4+a 
Ps(x)—-1c-rc-Lmx Bx Br Hr, 
P7(z) =1l+ata? ta? Hartt 42°42" 
2. Let — = (1+2)7'. Then f(0) = 1 


f'"(x)-2W(1-z)?  — f"(0)- 2l 
f"(z)e-a3(r4s)* J"(0)2—3, 
f(a) = —5!(1--2)-9 fO (0) = —51, 
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Thus, 


Po(x) =1+4+ is — se 
P3(x) = 1 € d i 
1. dx dox. Ba 
Ppilu)beddcsecatb. ql. 
ae UTR 1G 3408 
4. Let f(x) = J/1— z = (1— z)!/?. Then f(0) = 1, and 
fa)--$0-2)7^ — f(--$ 
fep--&ü-97^ rfQ--2 
j"(r)-—-$80-2)*? f"(0—-3. 
f?(--80-2)7? FOO) = - $F. 
Then, 
mcd. dud. 2 d. e 
P2(xz) =1 3*- 5p g2* 37-9» 
1 /10\ 3 i. l> 5 
Hc e 2 (=) See E 
3! \ 33 9 81 
1 80 4 1 1 2 5 3 
Pilz) = P Becks em 2: 
«mcer =a gr cu 
5. Let f(x) = cosa. Then f(0) = cos(0) = 1, and 
f(x)-—-sizc  f’(0)=0, 
f'"(x)-— —cosx  f"(0)— —1, 
f"()-sms —f"(0)-0, 
f?(x)-—cosz  f(?(0)— 1, 
fO(z)-2-simz f®(0) =0, 
f(9(z) 2 —cosz f(9(0)— —1. 
Thus, 
2 
x 
P(x) =1— 3 
z^ gx 
Bs) =1- 545, 
a gt zê 
Pole) =A or + aT 
6. Let f(x) = In(1 + x). Then f(0) = In 1 = 0, and 
F(=) = (1*2) f'(0)=1, 
f'()-2(-)0-z)? "(02-1 
f" (a — 2(14- 2)? f" (0 - 2, 
fO (x)= -31 +x) jf(?(0) = —31, 
fO@=4+a)y f0) = 4, 
fO (£) = -51 +r) f®©(0) = —5!, 
fO (ae) =6 +r) f™(0) = 61 
fEl) = -71+ 9 ze 
f(z) =8l1+2)° fO(0)=8! 


10. 
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So, 
x? x a x 
Ru Seg ae i 
r? r? x x? zê r’ 
Memis gta at TT 
r? r? a x? x x zë z? 
Bises 2 NE MCN ig 
Heere ae cer 
. Let f(x) = arctan x. Then f (0) = arctan 0 = 0, and 
f'(z) 21/02?) (127) f'(0) — 1, 
f'(z) = (- "T ) 72x f" (0) — 0, 
F" (a) = 21(1 + 2?) ?223? + (-1)(1- 2?) ?2 f" (0) = —2, 
fO (x) = -31 + r?) Ttr? + 21(1 + £?) 2% x 


+ 2N(1 + 2?)—32? a f? (0) =0. 
Therefore, 
P3(x) = Pa(x) = x — je. 


Let f(x) = tan zx. So f(0) = tan 0 = 0, and 


f'(x) = 1/cos x f'(0) — 1, 
" (x) = 2sinz/ cos? x f" (0) — 0, 
" (3) = (2/ cos? x) + (6sin? z/ cos? x) f" (0) = 2, 
9 (x) = (16 sin z/ cos? x) + (24sin? z/ cos? x) f“ (0) =0 
Thus, 
3 
P3(x) = Pa(x) = £ +> 
Let f(x) S (1 +x) 17, Then f(0) = 1 
lc 
fG)--$0-2)?7? — f()--3. 
f(x)-iü-z)?? POS h, 
f(a) = -3$0-42)^7^ f"()- 8, 
f? (s) = Std 2) 9? fO) = 
Then, 
a d NM $ 
Po(x) =1 gt 91227 1 5 + gt 
= 19:9 are uL S us 
P3(x) = P2(x) 31 98 1 git gt — 157^ 
ce ae Oe da 
Pa(x) = Ps(x) + y ot 1 e+ eu — 16 + Jog? - 


Let f(x) = (14 x). 
(a) Suppose that p = 0. Then f(x) = 1 and f‘*) (x) = 0 for any k > 1. Thus P»(x) = P3(x) = Pa(x) = 1. 
(b) If p = 1 then f(x) = 1 + z, so 


Thus P»(x) = P(x) = Pa(x) — 1-4 2. 


933 


934 


11. 


12. 


13. 


14. 
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(c) In general: 


f(z) = (1 x)”, 
f'(z) = »0 a)", 
f" (z) = »(p - 1)0 + z^, 
f" (æ) = p(p— 1)(p - 2)(1 + 2), 
fJ (z) = p(p - 1)(p — 2)(p - 3)(1 +2). 


P(x) = 1 + pz vp 1) 2 
oe ee v= 1) 24 PP- De- 2) 3 
Pila) = 1+ pr + PPA ge 4 PPDP 9s 
p(p— 1)(p—2)(p—3) 4 
T 24 
Let f(x) = VI =z = (1—2)!/?. Then f'(x) = -i(1-z) "^, f"(g) E —-i(1—z) 9/2, f" (a) = -$0-z) ?^, 
So f(0) = 1, f’(0) = —2, f"(0) = —1. f” (0) = — &, and 
T al 
P(x) = 1 57 im zm 
x? r? 
=I E 


Let f(x) = e”. Since f(x) = e” = f(x) for all k > 1, the Taylor polynomial of degree 4 for f(x) = e” about z = 1 
is 
1 1 el 2, e Pa 4 
Pa(z) =e +e (z- 1) (2-1) +g HeD 
J 1 1 
=ef: (w= 1) + 5(@ — 1)? +e- +CD 
Let f(a) = Ps = (L4 a). Then f(a) = (1-2), f'(a) = 20 2), f(e) = —60 2). 
f(x) = 24(1 + £). So f (2) = 4, f(D) = — 35. f" (2) = 4, f" (2) = —&, and f? (2) = 25. Therefore, 
1 1 21 6 1 24 1 
Pa(x) = 3 gU 2) 4 ES 2)? aa) tage 
d z—-2 (z-2? (#-2)? | (z-2)Y 
d E ad 
Let f(x) = cosg. f(5) = 0. 
f@)=-sme f'(3)=-1, 
f"(«)=-cosax f" (4%) =0, 
f"(@)=sing  f"($3)—1, 
f(a) = cos x JOG) =0. 
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So, 
T 1 vA? 
xw) 
i 2/ 3 27 ' 
15. Let f(x) = sin z. 
Then f'(x) = cosa, f"(x) = — sin z, and f" (x) = — cos x, so the Taylor polynomial for sin x of degree three about 


z = —m/Ais 


16. Let f(x) = In(z?). Then In(1?) = In 1 = 0. 
Then f'(x) = 2x71, f" (x) 2 —2x7?, f" (x) = Ax ?, and f (x) = 1274. 
The Taylor polynomial of degree 4 for f(x) = In(x?) about x = 1 is 


9.1472 21-3 Ex vq 
P.(z) = In(1*) e 2-171 (s — 1) + 7 (s - 1 Ea (s - 1 + Fe - 1) 
= 0422-1) - (s 1)? + (e 0 - F(e- 1 


Problems 


17. The third degree Taylor polynomial of f(x) will have the same terms as the seventh degree polynomial but only up to the 
x? term. So the third degree Taylor polynomial of f (x) is given by 
ro 5a 


Biz) e1— 5+ +82". 


18. Using the fact that , " 
fle) e Ps) = f(0) + fn + HO? + £0), 
and identifying coefficients with those given for P3(2:), we obtain the following: l 
(a) f(0) = constant term which equals 2, so f(0)=2. 
(b) f'(0) = coefficient of z which equals — 1, so /f'(0)— -—1. 
(c) £709) = coefficient of x? which equals — 1/3, so f”(0) = —2/3. 


(d) £0) = coefficient of £? which equals 2, so jf"(0)— 12. 


19. 
f(z)-4a?— 42 f(0)=2 
f'(z) = 8r — T f'(0) = -7 
f"(z)-8 J^ (0) 


= 8, 
so P(x) = 2 + (—7)x + x? = 4a? — 7x + 2. We notice that f(x) = P(x) in this case. 
20. f'(x) = 3a? + 14x — 5, f" (x) = 6x + 14, f" (x) = 6. Thus, about a = 0, 
—5 14 6 
=1-5¢4+ 72° +r’ 


= f(z). 
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21. (a) We'll make the following conjecture: 
“Tf f (x) is a polynomial of degree n, i.e. 


f(x) = ao + aaz + aaa? +--+ c as im" 3 + ane”, 


then P, (x), the n'^ degree Taylor polynomial for f(x) about x = 0, is f(x) itself.” 
(b) All we need to do is to calculate P, (x), the n*" degree Taylor polynomial for f about x = 0 and see if it is the same 


as f (x). 
f(0) = ao; 
f'(0) = (a1 + 2aaz 4- «4 fang” Jp 2 
= a; 
f” (0) = (2a2 +3- 2asz +--+ n(n — 1)ans”™™?)| 
= 2la». 


If we continue doing this, we'll see in general 


f(0) = klap,  k=1,2,3, n. 


Therefore, 
FO £0 FO) n 
P,(x) = f(0) 4 T sk eee 
= ao + a1z + a27? 4 Fasz" 
= f(z). 
22. Since the coefficient of (x — 1)? term of p(x) is given by 
. £9) 
BETTE 
we know that f®) (1) = 5!C5. Note that 
10 5 
Nvee-1 _ (x—1) | (zx-1? ,(z-1) , (x-1) (x — 1)? 
E EE E LEO LEE E 
so Cs = 1/5!. Therefore 
5 1 
(5) as ep e 
FOO) = gst-1 


23. Referring to the table, we have: 


0 mg (4) 0 (5) 0 
Pe) = f+ P O+ LO? 4 700, , 90), , 790); 
u —2 ə 0 3 —l 4 4 5 
= —3 + ö£ + -yT ta Tur? Tg 
7 2 dl an Log 
= —3 + 5r- r 24* + ao? 


Since f(0) = —1, we have 
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L'O) 5 L'O s Jp a, 0.4 
Ps(x) = f(0) + f'(0)a: + ae + == + vL + gp 
= —4 > 8 4, —16 4, 32 5 
= —1 + 2x — 2x? + Se" — Zat + ae. 


937 


25. Since P»(x) is the second degree Taylor polynomial for f(x) about x = 0, P2(0) = f(0), which says a = f (0). Since 


26 


27 


28 


d , 
iro = 10) 
b = f'(0); and since 
d? HH 
qaro) Pia f (0), 


2c = f" (0). In other words, a is the y-intercept of f(x), b is the slope of the tangent line to f(x) at x = 0 and c tells us 


the concavity of f(x 


. As we can see from Problem 25, a is the y-intercept of f 
us the concavity of f(x) near x = 0. 
Soa > 0, b < 0 and c <0. 

. As we can see from Problem 25, a is the y-intercept of f 


us the concavity of f(x) near x = 0. 
So a < 0, b > 0 and c » 0. 


. As we can see from Problem 25, a is the y-intercept of f 
us the concavity of f(x) near x = 0. 
So a « 0, b < 0 and c » 0. 


29. 


30. 


x), bis the slope of the tangent line to f(x 


x), b is the slope of the tangent line to f(x 


x), b is the slope of the tangent line to f(x 


: _ g 2 
lim E27 = tim ——2 = tim (1-2) =1. 
z30 T z30 T z—0 3! 
Ed a4 2 
. l—cosz A= 4+ . l c 1 
lim lim : — = lim ({-—-—]=-. 
r—0 x? r—0 2 z—0 2 4! 2 
n? h3 h* 
— ph i 
. For f(h)=e „Palh)=1+h+ > + a t 
(a) 
km I-P au, PO) 217A 
h—0 h2 ^ h-0 h2 
p 5 4 
= lim = = Ea = a 
h—0 h2 
= lim l + n + ix 
^ h30V2 3! 4! 
_l 
x 
(b) 
, ae ee t im Be = 
hea h3 E h3 


near x = 0. So c < 0 since f is concave down; b > 0 since f is increasing; a > 0 since f (0) > 0. 


at x = 0 and c tells 


at x = 0 and c tells 


at x = 0 and c tells 
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h3 ht 1 h 
uu m uM art ug 
Lid 
383 6 


Using Taylor polynomials of higher degree would not have changed the results since the terms with higher powers of h 
all go to zero as h — 0. 


32. (a) We use the Taylor polynomial of degree two for f and h about x = 2. 


f(a) e F2) + FQ) — 2) LP a - 2? = 56 - 2)? 
h(a) = h(2) +  (2)(x — 2) + re) (z — 2)? = ZG E 


Thus, using the fact that near x = 2 we can approximate a function by Taylor polynomials 


lim f(x) = lim 


z>2 h(x) 


s) e o2) + s (2)(a — 2) + LO s — 2)? = 2266 — 2) le- 2). 


Thus, 
3 (a — 2)? 3 (x — 2) 29 1g 


ee) n =o = i ~ 92 


33. (a) Since the coefficient of the x-term of each f is 1, we know f1(0) = f2(0) = f3(0) = 1. Thus, each of the fs slopes 
upward near 0, and are in the second figure. 
The coefficient of the z-term in gı and in g2 is 1, so g1(0) = g5(0) = 1. For ga however, g3(0) = —1. Thus, 
gi and g2 slope up near 0, but g3 slopes down. The gs are in the first figure. 
(b) Since g1(0) = g2(0) = g3(0) = 1, the point A is (0, 1). 
Since fi (0) = f2(0) = f3(0) = 2, the point B is (0, 2). 
(c) Since gs slopes down, g3 is I. Since the coefficient of x? for gi is 2, we know 


H 
BO) 2 sw  g)-4. 


By similar reasoning g% (0) = 2. Since gı and g» are concave up, and gı has a larger second derivative, gı is III and 
gz is IL. 
Calculating the second derivatives of the fs from the coefficients z?, we find 


fO) =4 fx(0)=-2  f(022. 


Thus, fı and fs are concave up, with f; having the larger second derivative, so fı is III and fs is II. Then f2 is 
concave down and is I. 


34. Let f(x) be a function that has derivatives up to order n at x = a. Let 


Pa (x£) = Co + Ci(z — a) 4 + Cs(r— a)" 


be the polynomial of degree n that approximates f(x) about x = a. We require that P, (x) and all of its first n derivatives 
agree with those of the function f(x) at x = a, i.e., we want 


35. 


36. 


When we substitute x = a in P; (x), all the terms 
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except the first drop out, so 


f(a) = Co. 
Now differentiate P, (x): 
P! (x) = Ci + 2Co(a — a) + 3C3(a — a)? +++» +nCp(x — ay! 
Substitute x = a again, which yields 
f'(a) = Pala) = C. 


Differentiate P; (x): 


P, (x) = 2C2 +3 - 203 (x 


and substitute x = a again: 


f"(a) = 
Differentiating and substituting again gives 
7” (a) = 
Similarly, 
f? (a )- 
So, Co = f(a), C1 = f'(a), C2 = £9, c, = £9 


If we adopt the convention that f y» j= 


P! (a) = 2C5. 


P, (a) = 3- 203. 


P, (9 (a) = kIC,. 


, and so on. 


f (a ) aid 0! = 1, then 


(k) 
QUU k=0,1,2- n 
k! 
Therefore, 
f(x) © Palæ) = Co + Ci(z — a) + Co(z — a)? --- + Cy (x — a)" 
"a (n) a - 
= f(a) + f'(a)(z — a) + Eqs ay? s PT Ly 
(a) The first degree Taylor polynomials P(x) and Q(x) for f(x) and g(a) near x = 0 and their product are given by 
P(x)-1-ccr 
Q(x) =14+ 2a 
P(x)Q(x) = 1+ 3a + 2a”. 


(b) The Taylor polynomial R(x) of degree 2 of h(x) 


= 1/(( — z)(1— 2x)) near x = 0 is 


R(x) =14 3x + 72’. 


(c) The two polynomials R(x) and P(x)Q(xz) are not 
usually not a Taylor polynomial of the product. 


the same. The product of Taylor polynomials of two functions is 


(a) The first degree Taylor polynomials P(x) and Q(x) for f(a) and g(x) near x = 0 and their product are given by 


P(x) = f(0) 4 zf'(0 
Q(x) = g(0) + xg'(0 
P(x)Q(x) = f(0)g 


R(x) = f(0)g(0) + (f (0)(0) + f (0)5' 


(c) The two polynomials R(x) and P(x)Q(x) are the 


f'(0)g'(0) = (F"(0)g(0) + 2/ (0)g'(0) + f(0)g" 


or 


) 


) 
(0) + (f/(0)9(0) + f(0)9 (0): + f’(0)g'(0)a*. 
(b) The Taylor polynomial R(x) of degree 2 of h(x) = 


f(x)g(a) near x = 0 is 


(0))a + (f"(0)9(0) + 2£'(0)g'(0) + (0)9" (0))2*/2. 


same if the coefficients of z? are identical, that is 


(0))/2, 


f" (0)9(0) + f(0)g" (0) = 0. 
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37. (a) f(x) = e” 
f'(a) =2ze” , f” (£) = 201+ 2x?)e7^, f" (x) = 4(3x + 2x3)e7^, 
f (x) 2 434 6z2)e*" + A4(3z + 22? )2xe"". 
The Taylor polynomial about z — 0 is 


0 2 0 12 
P(x) 1 qt + ud H ma t T 2 
lia 
=l4ta? +2". 
qu z7 


(b) f(x) = e”. The Taylor polynomial of degree 2 is 
2 


HH x 1 2 
Qa(z)=1l+ tq aitetse. 


If we substitute x? for x in the Taylor polynomial for e^ of degree 2, we will get Pi(z), the Taylor polynomial for 
e*^ of degree 4: 


1 

Qi?) = 1+2? + z Gy 
=14+2? so 
= P(x). 

-—— x10 
(c) Let Qio(x) = 1 + ii + 2r Tec Tor be the Taylor polynomial of degree 10 for e^ about x = 0. Then 
P2o(x) = Qio(a”) 

X = Nu (a2)? "— (z?) 
1! 2! 10! 

Ro mean id 

7 1! 2! 10! 


(d) Lete? © Qs(x) =1+5+4---+%. Then 


—-2x  (-2z) (—2r)? (-2x)! | (—2x)? 


de du KM CEA QE. 
å; 2 4 
= 1-20 + 20? — za? + Sat — a. 
uda der Sage 
3 
sin t—* e 
38 (p 8 eom 
(a) i t 6 
i. 1 2 du 
] Hae | (1-5) fst. = = 0.94444 - -- 
M n o 6 18], 
es 2, € 
(b) sint mum qf qd 
: 7 6 ' 120 


= 0.94611 --- 


d. ias 1 2 4 3 5 
sint t t t t 
I Z4 1— — +2.) dt-t- 4 

| t n ( 67 5) 18 ' 600 


39. (a) The equation sin x = 0.2 has one solution near x = 0 and infinitely many others, one near each multiple of m. See 
3 


Figure 10.1. The equation z — * = 0.2 has three solutions, one near x = 0 and two others. See Figure 10.2. 


0 
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4 y 
y =0.2 = 
E - y=0.2 
x 
H 1 a? 
Figure 10.1: Graph of y = sin x and y = 0.2 Figure 10.2: Graph of y =  — 5 and y = 0.2 


(b) Near x = 0, the cubic Taylor polynomial z — a? /3! = sin x. Thus, the solutions to the two equations near x = 0 are 
approximately equal. The other solutions are not close. The reason is that z — £? /3! only approximates sin x near 
x = 0 but not further away. See Figure 10.3. 


sin x 


y = 0.2 


x — «3/3! 


Figure 10.3 


40. Changing sin 0 into 0 makes sense if the two values are almost equal. If we measure @ in radians, this is true for values 
of 0 close to zero. (Recall the first degree Taylor polynomial: sin 0 z 0.) In other words, the switch is justified when the 
pendulum does not swing very far from the vertical. 


41. (a) The graphs of y = cos x and y = 1 — 0.12 cross at x = 0 and for another z-value just to the right of x = 0. (There 
are other crossings much further to the right.) 


(b) Since 
2 
x 
sxe 1l- — 
cos £ 5 
the equation becomes 
2 
i- T —1-04z 
2 
T = 0.1x 
x = 0,0.2. 


The solution x = 0 is an exact solution to the original equation; x = 0.2 is an approximate solution to the original 
equation. 


Strengthen Your Understanding 


42. The constant term of the Taylor polynomial is f (0), hence substituting 0 into f(x) gives In(2) which is positive. 
43. The coefficient of the x term is given by f’(0) and f’(0) = 1. 


44. An example is f(x) = sin z. Another example is f(x) = ms Many other examples are possible. 
x 


45. An example is p(x) = 1 + 3(a — 1) + (x — 1)?. Another example is p(x) = 5 + 3(@ — 1) + 2(x — 1)? + (x — 1)°. 
Many other examples are possible. 


46. False. For example, both f(a) = a and g(a) = x? + z? have P»(x) = x. 


53. 


Solutions for Section 10.2 
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. False. The approximation sin 0 zz 0 — 0? /3! holds for 0 in radians, not degrees. 
. False. Po(x) = f(5) + f'(5)(z — 5) + (07 (8)/2)(z — 5)? = e? + e(z — 5) + (/2)(s — 5)”. 
. False. Since —1 is the coefficient of z? in P»(z), we know that f’”(0)/2! = —1, so f"(0) < 0, which implies that f is 


concave down near z = 0. 


. False. For example the quadratic approximation to cos x for x near 0 is 1 — z? /2, whereas the linear approximation 


is the constant function 1. Although the quadratic approximation is better near 0, for large values of x it takes large 
negative values, whereas the linear approximation stays equal to 1. Since cos x oscillates between 1 and — 1, the linear 
approximation is better than the quadratic for large x (although it is not very good). 


. False. For example, if a = 0 and f(x) = cos x, then Pi (x) = 1, and P; (x) touches cos x at x = 0,27, 47, . . .. 
52. 


False. Since f(—1) = g(—1) the graphs of f and g intersect at x = —1. Since f’(—1) < g'(— 1), the slope of f is less 
than the slope of g at x = —1. Thus f(x) > g(x) for all x sufficiently close to —1 on the left, and f(x) < g(x) for all x 
sufficiently close to —1 on the right. 


True. If 


P(x) = Quadratic approximation to f = f(—1) + f'(—1)(z + 1) + (z +1)? 


F 
2 


LA 
= 
Q»(x) = Quadratic approximation to g = g(—1) + g'(—1)(x + 1) + CV +1)? 


then P»(z) — Qo(x) = (f"(—1) — g"(—1))(a + 1)?/2 < 0 for all z A —1. Thus P»(z) < Q2(x) for all x 4 —1. This 
implies that for x sufficiently close to —1 (but not equal to —1), we have f(x) < g(x). 


Exercises 


1. 


Differentiating (1 + )?/?: 


f(x) = (1+ zy? f(0) — 1, 
f'(z) = (3/2) + z)? f(0)-3, 
f"(z) = (1/2)(3/2)(1 2) '? = (3/4)(1 2) ?? f"(0) = 4, 
f" (æ) = (-1/2)(3/4)(1  z) ?? = (=3/8)(1 + x)=? f"(0) = -$. 
f(x) 2 (1 +x) =1 ee Lae 
=" 3r + 32? = z^ EM 
2 8 16 
Differentiating Wx + I: 
f(a) = Ye+ 1 =(e+1)'" (0) =1, 
f'(z) = (1/A)(z 4 1°" f'(0)— 3 
f"(z) = (-3/4)0/4)(z + 1) * = (-3/16)(z 1) /* f"(0) --3 
f" (æ) = (—7/4)(-3/16)(z + 1) !'/* = (21/64) (z + 1)" f"(0— & 


—3/16)2? 21/64)2? 
( P) aud (oh 


8 
+ 
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3. Differentiating sin(— x): 


f(x) = sin(—z) f(0) — 0, 
f'(x) = cos(-z)(—1) = — cos(-x f'(0) = -1, 
f(x) = -(-sin(-z))(-1)- —sin(-v) f”(0) =0, 
f” (x) = — cos(-z)(—1) = cos(-x f" (0) =1 
f(z) = — sin(-z)(—1) = sin(-z) f(9(0) =0, 
f (x) = cos(-z)(—1) = — cos(—x f 9 (0) -1, 
f(9(x) = —(-sin(-z))(-1)2 —sin(-z) f(9(0)- 0, 
fO (a) = — cos(-z)(—1) = cos(—x f? (0) — 1. 
2 3 4 5 6 7 
f(x) =sin(-2z) =0-1-24 T : Ar - w H a 
Bog? pi 
ce 3| B H 7 H 


Notice that the series for sin(— x) is obtained from the series for sin x by changing the signs. This is expected since 
sin(—x) = — sin z. 


4. Differentiating In(1 — x) 


(z) = In(1— z) fig) = 0, 
f'(z) = 4-1) = -(1 - 2)! f'(0) =-1, 
f"(z) 2 -(-1-z)?)(-1 = -(1 - z)? f"(0) = —1 
f"(z)--2(-(0—2))-1)—2-20-2)?  f"(0--2 
f (z) = -3(-2(1—- 2)^)(-1) = -6(1— 2)" f(?(0) = —6. 


2! 3! 4! 
r? r? xt 
=a MP ee 
5. 
f(t) = = (1-2) (0) =1, 
fj(z)2-ü0-2)?(-1)-20-2)?  f'(0)=1, 
f"(z)--2(0-2)?(-1) 220-2)? f”(0) = 2, 
f” (æ) = -6(1-2)*(-1)26(1—2) ^ f"'(0) = 6. 
r? r? 
je)= = s1 i2 AT ' = ! 
—1-4z42z* x34. 
6. ; 
f(z) = see = (1+2)? f(0)=1 
f'(x) 31 +2)" f'(0) =-4 
f" (a) z i(1-c2) 2 : f" (0) = : 
f"(z) = 3-2) 5 f"(0--2 
1 (3a? (-2)2° 
lor ! 3 xe 
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Gar CRUS Se 5I% ER HS EI Ga] Bl Ele klo klo ko golo RIO LENY 
EU US NU. EIS mS oS | [ai iol ILL x Pre 
SRS BS SA, D D ELE LI SRE 
S = V—^ ^7 € M2 7 3 
N N 
B B Sa Ss sem Sja S|~ S e [a e^ ~ 
a 8 H 6 ce 8 3. ism Boys st 
e874 T po M g 7 oe ee =o dim 
2 Eie debe o]! le A` 9 | | & —_ -— B $ qp, 
Hon n n MENSEM A I "HW ie ele P Uc d 
BEES : ca E tu WE dI 
wn o D D STITT 
A a XE d E M eS 
N a > = xm 
NETT ^R omes Sais SRE 
EU UNES E [a 2 [o 
Sls Sls Sia 
| | 
I | | k 
8 D 8 
8 2 8 
n o 
n 
[5] 
> 
Z 
ƏN 
oN 
g 
E 
a 
uu 
S 
[5] 
D 
p= 
5 
A 
ES s 4 
= = 


10.2 SOLUTIONS 
. v2 V2 T J/2(04-2) V2(04+5)3 
sind = — + (047) +e 3t 
/2 /2 T /2 T 2 V2 i T 3 
Sg M MS 
12. 
f(z) = tanz (7) =1, 
Fe) = zm f) =2, 
[Oa ee Has, — ques 
f" (a) — bebe na 4 —3 — gm E 
TAA 8 3 
tanz — 142 (s - 7) nm 2: EN 5) Ne 
T "nM? 8 TA 
e(t 30-3 
13. 
()-22i  f()-1 
f(a)--à fü)j-1i 
f" (2) = = f") —29 
f" (a) = -$ F”) = —6 
i. 2(r—1)  6(r—1) 
liad ee (cam) a 2l — 3l + 


l1 z-2,(r 2)? 3-27 |. 
r 2 4 4 - 9! 8-3! 
_ 1 (x-2),(z-2)  (x-2p 
T3 4 8 T ''" 


15. Using the derivatives from Problem 13, we have 


Hence, 


m 


iedeqdjoclEEÉ e. ULM uuu 


—1— (£x +1) — (x +1)? — (x +1)? ss 


16. The general term can be written as x” for n > 0. 
17. The general term can be written as (—1)"z" for n > 0. 


18. The general term can be written as =x” /n for n > 1. 
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(—1)?7!z" /n for n > 1. 
20. The general term can be written as (—1)^z?^*! /(2k + 1)! for k > 0. 
21. The general term can be written as (—1)^z?^*! /(2k + 1) for k > 0. 
22. The general term can be written as 2?" /k! for k > 0. 
23. The general term can be written as (—1)^24**? /(2k)! for k > 0. 
24. The series is 


19. The general term can be written as 


3.2 3-2-1 3-2-1-0 
(14 2) =1+32+ Fa r? + gh pes 


The zx“ term and all terms beyond it turn out to be zero, because each coefficient contains a factor of 0. Simplifying gives 


(1+)? =14 324 32? 42°, 


which is the usual expansion obtained by multiplying out (1 + x). 


Problems 


25. By looking at Figure 10.4 we can that the Taylor polynomials are reasonable approximations for the function f(x) = 
T between x = —1 and x = 1. Thus a good guess is that the interval of convergence is —1 < x < 1. 


Figure 10.4 


26. By looking at Figure 10.5, we see that the Taylor polynomials are reasonable approximations for the function f(x) = 
y1 + x between x = —1 and x = 1. Thus a good guess is that the Taylor series converges to f(x) for —1 < x < 1. 


Figure 10.5 


27. (a) Figure 10.6 suggests that the Taylor polynomials converge to f(x) = 
(b) Since 


1 : 
on the interval —1 < x < 1. 
x 


ee ee ee ae 
l-g 


the ratio test gives 
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Thus, the radius of convergence is R = 1. The series converges if |x| < 1; that is, —1 <a < 1. 


Je) 2 34 
zr 
—1 1 
P;(«) 
Ps (x) 
P3(x) > 
Figure 10.6 
28. The Taylor series of e” around x = 0 is 
2 3 oM, 
Pal+et atate 
k=0 
To find the radius of convergence, we apply the ratio test with a, = x^ /k!. 
MITES 
I —] zm] — 0. 
k> [ax] k>% [zx|h/Al ied 
Hence the radius of convergence is R = oo. 
29. The Taylor series for In(1 — x) is 
2 3 n 
In(1— x) = —c E ES ; 
2 3 n 
so 
n sa d 1 ; 
lim lani = |x| lim IH = |x| lim PERI = |x|. 
noo lan] n— oo 1/n n—coo|n4d-1 


Thus the series converges for |x| < 1, and the radius of convergence is 1. Note: This series can be obtained from the series 
for In(1 + x) by replacing x by —z and has the same radius of convergence as the series for In(1 + x). 


30. (a) We have shown that the series is 


so the general term is 


(b) We use the ratio test 


(n+ 1)!p(p—1)...(p— (n— 1) 


lim lani = |x| lim 
n— oo lan] noo 


= |x| lim L| 


Since p is fixed, we have 
1 | 
TL + ? 


lim 
n— oo 
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31. We know that the Taylor series for e^ around 0 is given by 


s] P g’? 
e =1-¢+ 3r + 3 + 
Using the right hand side of the above equation for e” in the expression = , we have 
a eee ee 
lim = lim : 
r—0 z r—0 x 
Simplifying we get 
2 3 
gt Soe 2 
lim = : = imit pyem 
x0 x 21 3! 


Hence this limit is equal to 1. 


32. The second coefficient of the Taylor expansion is 


HH 
9^ (0) =1, so g"(0)-2. 
2 
Similarly, the third coefficient is 
g” (0) "m 
= 0 so g (0)=0 
Finally, the tenth coefficient is 
(10) ! 
i -g € £ Ma 
33. Let Cn be the coefficient of the n*" term in the series. Note that 
d 2 x? 
0— Ci = z e ) a 
and since 
d 2,2? 
i axe) 
=-= — x=0 
a 6! 
we have s 
d z? 6! 
45e ) = 5 = 300. 
z-—0 
34. (a) From the coefficients of the (x — 1) terms of the fs, we see that 


(b) 
(c) 


A@)=1,  f0-2-1 fal) =—2. 
From the (a — 1)? terms of the fs, we see that 


Ho). — #0) 


2! , 2! =h 2! =h 


so fi (1) = —2, f3 (1) = 2, f3 (1) = 2. 

Thus, fı slopes up at x = 1 and f» and fs slope down; f3 slopes down more steeply than f2. This means that 
the fs are in the first figure, since graphs II and III in the second figure have the same negative slope at point B. 

By a similar argument, we find 


gi(4)=-1, g(4)=-1, g3(4)= 1, andg(4)=-2, 93 (4)=2, gs(4)- 2. 


Thus, two of the gs slope down, one of which is concave up and one is concave down; the third g slopes up and is 
concave up. This confirms that the gs are in the second figure. 
Since fı(1) = f2(1) = f3(1) = 3, the point A is (1,3). 
Since g1(4) = g»(4) = g3(4) = 5, the point B is (4, 5). 
In the first figure, graph I is fı since it slopes up. Graph H is f2 since it slopes down, but less steeply than graph III, 
which is f3. 

In the second figure, graph I is g3, since it slopes up. Graph II is g» since it slopes down and is concave up. 
Graph III is gı since it slopes down and is concave down. 
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35. This is the series for e” with x replaced by 2, so the series converges to e°. 

36. This is the series for sin z with x replaced by 1, so the series converges to sin 1. 

37. This is the series for 1/(1 — x) with x replaced by 1/4, so the series converges to 1/(1 — (1/4)) = 4/3. 
38. This is the series for cos z with x replaced by 10, so the series converges to cos 10. 

39. This is the series for In(1 + x) with x replaced by 1/2, so the series converges to In(3/2). 

40. The Taylor series for f(a) = 1/(1 + x) is 


— —1-z-a?—a54 
Substituting x = 0.1 gives 
: i 1 
1— 0.1 + (0.1? — (0.1)? +- = -—. 
Vs) ot) 1+0.1 141 
Alternatively, this is a geometric series with a = 1, x = —0.1. 
41. This is the series for e^ with x = 3 substituted. Thus 
9 27 81 BF dg?- Be 3 
Dare apt ap tat Ee aor oer ap ag ees ! 
42. This is the series for cos x with x = 1 substituted. Thus 
1 1 1 
l3 tag? 9L 
43. This is the series for e^ with —0.1 substituted for x, so 
0.01 0.001 (0-04 
peg erp ap Pres : 
: 2 3 : ; pant oll 4 
44. Since l+au+a°+a°4---= , a geometric series, we solve = 5 giving > = 1l — x, so x = >. 
1-cz l-r 5 5 
45. Since x — je + je Hom In(1 + z), we solve In(1 + z) = 0.2, giving 1 + x =e°?, so z = e°? — 1. 
46. We define e"? to be »"" Ww d s d 
giga (i0) + (i0) (i0) " (20) + (i0) cee 


2! 3! 4! 5! 6! 
Suppose we consider the expression cos 0 + i sin 0, with cos 0 and sin 0 replaced by their Taylor series: 


o. 0? 0* gë . 03 0? 
ext + ising = (1 2| 4f eU + 4 8-ta 


Reordering terms, we have 


0? i9?  0* ið 69 


cos + isin = 1 + i0 — sw tt a a 
Using the fact that i 1, P 1, it T: i 1,:-:, We can rewrite the series as 
222.53 1:5, (10)? , (00)? Got , (00)? (i0)? 
cos Ü + isin = 1 + 404 51 } 3 2 +4 si + Al ze 
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Amazingly enough, this series is the Taylor series for e” with ¿0 substituted for x. Therefore, we have shown that 


cos + isin = e”. 


Strengthen Your Understanding 


47. The left hand side of the equation is finite, namely — 1, whereas the right hand side of the equation is infinite. The statement 


is wrong, since 


EESTE pat 
1-z 


only for —1 « x « 1. 
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48. First note that this Taylor series is convergent at 3. Substituting x = 4 into the series we get 
TET 
which is divergent, similarly substituting z — 2, we get the alternating geometric series 
14-[-1)4-(-1) 4 (1) qeu, 
which is divergent. Since x = 3 is the center of the interval of convergence of the Taylor series, we see that the radius of 


convergence cannot be greater or equal to 1. 


49. The function f(x) = cos x is an example. The Taylor series for cos x is 


cosg = 1 — — 4+ — -+ 


The third-degree term of this series is zero. 
50. A possible example is 1 + (x + 1) + (x + 1)? + . . .. Many other examples are possible. 


51. False. The Taylor series for sin x about x = 7 is calculated by taking derivatives and using the formula 


f^ (a) 


t(s- ay ++. 


f(a) + f'(a)(x — a) + 


The series for sin x about x = 7 turns out to be 


52. True. Since f is even, f(—x) = f(x) for all x. Taking the derivative of both sides of this equation, we get f’(—a)(—1) = 
f'(x), which at x = 0 gives — f’(0) = f'(0), so f’(0) = 0. Taking the derivative again gives f"(—z) = f" (x), i.e., f" 
is even. Using the same reasoning again, we get that f” (0) = 0, and, continuing in this way, we get f™ (0) = 0 for all 
odd n. Thus, for all odd n, the coefficient of z” in the Taylor series is f™ (0) /n! = 0, so all the terms with odd exponent 
are zero. 


53. True. The coefficient of z^ is —8/7!, so 


giving f™ (0) = —8. 
54. False. For example, the Taylor series 
Idc4gr 4x4 


for f(x) = 1/(1 — x) diverges for |x| > 1, but 1/(1 — x) is defined for |x| > 1. 


55. True. For large x, the graph of Pio(x) looks like the graph of its highest powered term, gi? /10!. But e? grows faster than 
any power, so e^ gets further and further away from x? /10! ~ Pio(z). 


Solutions for Section 10.3 


Exercises 


1. Substitute y = —a into e” = 1 y + Zr 4- Zr + We get 


T" (=a)? | (zy 
e a Lr mir mE 
rz? P" 

=l-#+>- T+ 


10.3 SOLUTIONS 
. We'll use 
Vicent a Qe GE 
1 —1 — 3 
* 5er 
2 3 
Site ae 


Substitute y = — 2x. 


(-2z)  (—2x)? " (-22)? 


y1l1—2r=1+ 2 8 16 


| 
Ms 
8 
| 8, 
| 


. Substitute x = 6? into series for cos z: 


a (92)? (92)* (928 
cos (0°) = 1— 3i + 1 TU ts 
0t 08 0? 
-l-w*tw-w* 
. " H 2 3 4 x 
. Substituting x = —2y into ln(1 + 2) = £- $ +5- +--- gives 
(=2y)? , (=2y)? _ (2y) 
mil — 2y) 2 (—2y) — SEE. Se NE 
n(1— 2y) = (—2y) Zor ot 
= -2y - 2y? — Sy? a 
. Since 4(arcsin x) = —— =14 ia? H žr“ + Ža’ +--+, integrating gives 
arcsin z = c+ x + I + 23 + EN 
i 6 40 112 
Since arcsin 0 — 0, c — 0. 
. We substitute 3t into the series for sin x and multiply by t. Since 
FN ge æ ag 
sngr=r- yty eta 
substituting 3t gives 
l (3t)? . (x (307 
sin(3t) = (3t) — 3i a me 
93 81,5 —243 7 
= 3t + —t —t —t 4 
T 2 + 40 = 560 ' 
" 9 81 243 
tsin(3t) = 3? — —t^ + —49 — —— #8 
sin(3t) — 3 10 560 + 
. Substituting z = —z? into TE =(1+ z)? =1-— ir x? -— Žr’ +- gives 
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8. 
z 2g »s l " (—2?)? ( 2) 
= ze Zz (: (7-24) + 5i + 3i + 
S 3 5 z7 
=z- e 
9. 


=e -Jta RE 
10. From Example 3, we know the Taylor series for arctan x: 
a a eT 
arctan x = xt — —+—-—::-. 
3 5 7 
Substituting « = r?, we get: 
6 10 14 
2 2 T T T 
arctan(r ) =r — + — — — + 
() 3 5 7 


11. Multiplying out gives (1-- x)? = 1 + 3x +32? + x”. Since this polynomial equals the original function for all x, it must 
be the Taylor series. The general term is 0 - x” for n > 4. 


12. Substituting t? into the series for sin x gives 


suck XUI VG) i Cy 
Ba yaaa ap e oEEDP 
7 E 18 $19 (NER " 
at^ sr" ^ (2k-- 1)! 


Therefore 


P t tit (=DE 
tsin(t?) -@ = (P-—4+——4+...4- a +...) -# 
EAE ( ce en 
Io ll (—1)*44*+8 
a ° 2 Opes t ipeo 


13. Using the Binomial theorem: 


Te forn > 1. 


(uoo Se)... HO 


2! n! 


1/2)(3/2)---(4 +n - 1?" 
spe e pang EAE DUE Lee es 
n: 


15. 


16. 


= 
- 


10.3 SOLUTIONS 


24x 3042) 


Using the binomial expansion for (1 + z)'/? with z = h/T: 


I (r9) = (9) me g^ 
ML -0/2 (7 )* Cox 1/2) (3) « CNS") (H) 
(0-3 4) 


Using the binomial expansion for (1 + z) ! with 2 = —r/a: 
pou ares CG) 
Sa) cr 


. Using the binomial expansion for (1 + z) ? with x = r/a: 


ay i E ; TN (2+ (E)) 


(a «(s 
e pa PERLE 
"ped 


mr (P(E) = (PC) ^m" 
+s) (5) + TA (4)? O ae 
) 


(o3) GJ 8G). 
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19. 
i 
a a a? 2 
mi | lee 
Va? + x? a(l + 25)2 a 
=i: ees zy 
7 2) a? 2! 2) \ a? 
“4 (-4)(-4)(-4)(4) + 
31 \ 2 2 2) \ a 
ZEICHNET 
B 2 vd 8 \a 16 Na 
Problems 
20. 


VOnt- (i-e) (8) 
Multiplying and collecting terms yields 
os p cs E oW 
VE isine et P (545) " (5-5) — 
1 7 1 
=t+ a ae + 


21. 


e! cost = yag LE UE. poa. ua. 
7 201 3! 4! 20? 4| 6 


Multiplying out and collecting terms gives 


et cost=1+t+ BU + Ë Ë + É É É Tee 
2 2 3! 2 4 4 (252 


was 
PbS eek 
3 6 
22. Substituting the series for sin 0 = 0 — Z 4 — «into 
1 1 1 
vVlity-ltzy-zy. bl --- 


2 8 16 
gives 


1 9? 9? 9? 
=14+-¢-—-—-+/ — 

2 8 16 2-3! 

1 ia- dos 
-1- 30 z^ a t 
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23. We know that 
DENS AD eg 
In 4) $= ht SS es 
n(1 +t) 2+3 aaa 


So, treating the given function as the sum of a geometric series with initial term 1 and common ratio In(1 + t), we have 


2 3 4 2 3 4 2 
l os uoa Id D a 
1—In(1 +t) 2 3 4 2 3 4 


=1+ T usas. r(P-P8.-)-(8-—)-- 
= 9 "uw 

E 
ipid 


-— r? pog 
S FETU a 
ZA zx? gx? gx 
s eo ak ae 
we have ; " 4 4 
ZUM aT pas a Geeta qus 
e +e =2+0r +257 FO +2774 .-=24r 4 12 I 


(b) For a near 0, we can approximate e? --e ^? by its second degree Taylor polynomial, P» (x), whose graph is a parabola: 
e* +e 7 x Py(z) 2242. 


25. (a) Since the Taylor series for e^ and e`” are given by 


z] x x? x^ aq? 
dius ge ae a ge 
=y x x? xt x 

e =1-2 —+— H 


we have ? ; " " 4 E 
M GN NR EE 
e —e deas Up soper tR 2r t0 $ 
(b) For z near 0, we can approximate e” — e^? by its third degree Taylor polynomial, P; (æ): 
m -r r? 
e —e * z P(x) = 2r + —. 


3 


The function P(x) is a cubic polynomial whose graph is symmetric about the origin. 


26. Recall that the Taylor series for e” around 0 is given by 


r gx 
1l+a2+ pl + 3, Jes 
Hence the Taylor series for e* around 0 is then 
4 6 
14254 5. 014 
2! 3! 
The first three terms are then F 
Py(z) =14+2? + T 


We approximate 
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Computing the integral 


1 4 3 5|! 
a £ a 1 1 
1 2 dx — m4 po} =i — 1.433. 
[ (v +) qc 10|. 3° 10 


27. Notice that 5 pz? E is the derivative, term-by-term, of a geometric series: 


Sopot cia 2a! doa e n (ga ea e) 
p= 


Geometric series 


For |x| < 1, the sum of the geometric series with first term x and common ratio z is 


Differentiating gives 


Z pı dom 1(1— z) — 2(-1) 1 
de -5(+3)- 0-2) Ur 


28. From the series for In(1 + y), 


we get 
m +y’) — y DE P 
The Taylor series for sin y is : : " 
sny-y-t E TE 
is "T" ; yÊ y? y^ 
sin y =y -3ta ap 
The Taylor series for cos y is ; 4 " 
cosy = 1 L T T 
Bo 2 y^ yê 
1 — cos y = a dg" 


y 
In(1-4- y?) e y? — — 
2 
2 
sin y^ Sy 
2 4 
x I 
1 — cosy zm 9l ra 


(Note: These functions are all even, so what holds for negative y will hold for positive y.) 
Clearly 1 — cos y is smallest, because the y° term has a factor of i. Thus, for small y, 


so 
1 — cosy < In(1 +y°) < sin(y?). 
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29. The Taylor series for 1 + sin 0 near 0 = 0 is 


: o op 
1+sinf=1+0- eee 
The Taylor series for e? is 
o p 
Red qe omg 
The Taylor series for TET is 
Do, 0,95 5 
1-0 | 2 8 16 


Substituting —20 into this formula yields 


3,2, 9,5 
ee ee es huoc eee 
1— 20 2 2 


These three series are identical in the constant and linear terms, but they differ in their quadratic terms. For values of 
0 near zero, the quadratic terms dominate all of the subsequent terms, so we can use the approximations 


l-csin0zl--0 


e? 1404 29? 


1 32 
—— x 1 +0 +0. 
y1 -— 20 2 


Clearly 1 + sin @ is smallest, because the 0? term is zero, and the 0? terms of the other two series are positive. The 
function 1/4/1 — 20 is largest, because the coefficient of its 6? term is the greatest. Therefore, for 0 near zero, 


1 
/1- 20 


1-sin6 < e? < 


30. We have 
4 2ntl 
x 
P(x) = 2, 2n 3 1 
NEN a } g i z^ } a } a? 
1'3 5'7 9 
So, 
1 1 1 1 
Po(2x) = 2x + 3 (22) + 5 (2n)° + zey + gQ»" 
8 3 32 5 128 , 512 9 
=%¢w+- 25 e inl 
ur MN ME IMAGO 
31. The Taylor series about 0 for y = 1 z is 
—c 


y—1-z5 Ez*- x94... 


The series for y = (1 + x)" 4 is, using the binomial expansion, 


sie (-2) 543 (-8) (E+... 
y=- rtz RAN 4 alg 


The series for y = 4/1 + 5 =(1+ 2^ is, again using the binomial expansion, 


sega z n esae aan 
PEE oY oN s & YON 9 2) 48 


958 


32. 


33. 
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Similarly for y = =(1= g) "P, 


T= 


[ess CO C38 CO C CE 


Near 0, let's truncate these series after their x? terms: 


8 


Thus —— looks like a parabola opening upward near the origin, with y-axis as the axis of symmetry, so (a) — I. 


Now aS has the largest positive slope (4), and is concave up (because the coefficient of x? is positive). So (d) = 


II. 
The last two both have positive slope G) and are concave down. Since (1 + x)? has the smallest second derivative 


(i.e., the most negative coefficient of x”), (b) = IV and therefore (c) = III. 


From the Taylor series for the sine function we know that 


Id eate sese 2 
33 55 77 
23 25 27 
2 | 
3-3! 5.5! 7-7! 
= 1.60526 


This is very close to the actual value of Si(2) = 1.60541, found using a computer algebra system. 


: 1 1 
The Taylor series for sin t about t = 0 is sint = t — a + a — ae +--+- . This gives the Taylor series for sin (e) 
about t = 0: l l l 
1 3 1 5 1 7 lée 1 1 
GNA 542. + (a2 E 7,2)5 — i 7,2 eL tye, i40 ta, 
sir ed T (P) + 5 (€) " (P) 4 Pag ee ee eg 
so 


tg biy RH oun dod 
H du EE BA TU 
dos. doen do se d 
—3* -pP TBO 756007 ^" 
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34. (a) f(t) = té. 


Use the Taylor expansion for e’ : 


2 t3 
i-re ees) 
3 4 
LqppPeEa ta 
Q7 
(b .. = " , 8 p 
f tous feta f i+? +424 dt 
0 0 0 2! 3! 

E E S i i 
~2° 3 act "Rs. 
eg uL S. a ug 
$9 3 42 5.3! 


(c) Substitute z = 1: 


ee ee ee eee ee oe 
2 8" 4-9)" 5.3! 


In the integral above, to integrate by parts, let u = t, dv = e dt, so du = dt, v = e. 
1 


1 1 
| te’ dt = te’ -f edt =e—(e-1)=1 
0 0 0 


Eod i a | 
2 3 4.2| 5.3! E 


Hence 


35. Since it does not depend on n, we can factor out e~*, giving 


36. (a) The Taylor approximation to f(x) = cosh x about x = 0 is of the form 


" 2 (n) n 
cosh x ~ cosh(0) + f^ (0) + LO ist ae f Oe 
We have the following results: 


f(x) =cosha so f(0)— 1, 
f(z) =sinhz so f'(0) =0, 
f(x) = 4 (sinh a) — coshz so f"(0) — 1, 
) 


f(x) =sinha so f"'(0) — 0. 


959 


The derivatives continue to alternate between cosh x and sinh z, so their values at 0 continue to alternate between 0 


and 1. Therefore 
2 3 4 


coshe¥1+0-r+1- 40-2 4+1-S4-., 
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so the degree 8 Taylor approximation is given by 


zog^ á mô 8 
E ata 
(b) We use the polynomial obtained from part (a) to estimate cosh 1, 


cosha zz 1+ 


1 1 1 1 
cosh 1 z 1 + 21 + al + a + 8^ 1.543080357. 


Compared to the actual value of cosh 1 = 1.543080635 . . ., the error is less than 10 9. 
(c) Since = (cosh x) = sinh x, we have 


ee TEM EE 
^ da "ore" 4| 6 8l 
5 


_ 2g 4g? | 6m 
—' t^ tw tW 


37. Since e” = > = and sinh 2z = (e?* — e~?”)/2, the Taylor expansion for sinh 2 is 
n! 
n=0 


sinh 2e = 5 ( ae i E (3e = (yr em 


n=0 n=0 


Since cosh 2a = (e?* + e~?”)/2, we have 


dx Qa)” G22") a ny (2x)? 
snis = 3 (P v Cts) - (Sarent 
n=0 n=0 n=0 
E ! 
= (2m) 
38. (a) The Taylor series for 1/(1 — z) =1+a+a?+2°4+...,s0 
1 —1 _ 514 (0.02) + (0.02)? + (0.02)? + 
0.98  1—0.02 © ) UU 
— 1.020408 ... 
(b) Since d/da(1/(1 — x)) = (1/(1 — x))?, the Taylor series for 1/(1 — x)? is 
Ls Ex? a?..)—1-2z-3z?- 4a? H 
T 
Thus 
1 1 


— —— = 14 2(0.01 0001) + 4(0. [senos 
(039 ^ ooo ^17 (0.01) + 3(0.0001) + 4(0.000001) + 
= 1.0203040506 ... 
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39. (a) f(x) = (14- aa)(1+ bz)! = (1 + ax) (1 — ba + (bx)? — (br)? +- J 
= 14 (a — b)z + (b? — ab)a? +--- 


(b e&-1-4z4 Ee 
Equating coefficients: 


Solving gives a — i b 


40. (a) If = 0, 
left side = b(1 + 1 + 1) = 3b ~ 0 


so the equation is almost satisfied and there could be a solution near o = 0. 


(b) We have 
3 5 
" Q 
dE 2E ME E 
_ EUN 
cosġ = 1 — 9l ta 
So 


Neglecting terms of order à? and higher, we get 


sino $ 
COS ġo & 
cos? ġo & 
So +b(1+1+ 1) ez 0, whence ¢ ~ —3b. 
mM 
4L. G) H= mc-M 
; mM 
If M >> m, then the denominator m + M ~ M ,so u z mM 
(b) 
=m( M )=m mY uid 
" m-- M mop 14-5 


We can use the binomial expansion since 77 < 1. 


e i-e Ry - (my 
m M'\M M 
1 
(c) If m z 18536 ^ then $7 z a & 0.000545. 


So a first order approximation to u would give jj = m(1 — 0.000545). The percentage difference from jj = m is 
— 0.054596. 


42. (a) Solving for wo gives 


1 
woL — vC zu 
1 
woL m; 
"mE 
LC 
u 1 
wo = Lo’ 


(Note: We discarded the negative root, because we need positive frequencies.) 
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(b) Set w = wo + Aw and get 


(00-4) = (wor ame- oe) 


We need to find a Taylor expansion for the term . Using the binomial expansion we have 


C (wo + Aw) 
SN 
C(wo + Aw) | Cwo wo 


Cwo wo 
Therefore, 
1 1 Aw 
L= — =wol + LAw — —— | 1- — H 
E wC Har g a mn ) 
1 1 /LC Aw LC 
|l REEF T 
L 
= 4/54 LAw— 4/5 + LAw — 
C 
= 2LAw-—-::- 
So 


Notice that if Aw = 0 in the above expression, we get 0, which is what we expected, since in this case w = wo. 


43. (a) Factoring the expression for tı — t2, we get 


2l 2l4 2l5 21, 
At =t —te = ——————— — —————À a ———— 
128 e Jr] Jig U-v/e) 
2(l, + l2) 2(ls + l2) 


KETONE 
_ Uh +l) M 1 
"oe (ae ULTRI 


Expanding the two terms within the parentheses in terms of v? / c? gives 


=i v? v v 
ados ii a 
—1/2 = —3 2 = =3 —5 3 
Ey ye GOG GG, 
c 2c 2! c2 3! c 
ENCORE m 
7 282 8c 168 
Thus, we have 
2(li + l2) v? yt v’ v 3v* 5% 
At = 1-—-—-—— jo MEN a NER SCR 
c (Sms 2c 8c*  16c9 
= 2th) (108, Bot ne, 
[s 2c2 8c* 16 c$ 
2 
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(b) For small v. we can neglect all but the first nonzero term, so 


_ (atl) v? _ (atl) » 


Thus, At is proportional to v? with constant of proportionality (11 + 12)/c?. 


44. (a) Since the expression under the square root sign, 1 — 4; must be positive in order to give a real value of m, we have 


1— 20 


«1 
v zd, 
SO —G0G* uU. 


In other words, the object can never travel faster that the speed of light. 
(b) See Figure 10.7. 


m 
mo 
v 
= c 
Figure 10.7 
2N —1/2 
(c) Notice that m = mo E = =) . If we substitute u = ate, we get m = mo(1 + u) 7? and we can use the 
C c 


binomial expansion to get: 


1 
2 
zc qa lv? _3 vt 3i 
? 202 8c i 
(d) We would expect this series to converge only for values of the original function that exist, namely when |v| < c. 


45. (a) To find when V takes on its minimum values, set as = 0. So 


6 12 
ae (2 Eze ) = 
dr r T 
-Vo (-12rór 12r r 7) 20 


37 12-12 
12rór = Bror E 


6 6 
To —T 
T = TQ 


6 6 
Rewriting V'(r) as Bruto 1- (3) ) , we see that V'(r) > 0 for r > ro and V'(r) < 0 forr < ro. Thus, 
TT 


T 
V = —Vo(2(1)6 — (1)2) = —Vo is a minimum. 
(Note: We discard the negative root —ro since the distance r must be positive.) 
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(b) 
6 2 
V(r) =—Vo (2 pom ) V(r) = -W 
T 5 V (ro) =0 
V'(r) = —Vo(—12r6r—" + 12r?r 73) V” (ro) = 72Vorg? 


V"(r) = —Vo(84rór ? — 156r9^r ^) 


The Taylor series is thus: 


= 1 
V(r) = —Vo + T2 Voro 2; (r = ro)? $ 7 doses 


(c) The difference between V and its minimum value — Vo is 


_ 2 
V - (-Vo) = 36 E — 79. +... 
0 


which is approximately proportional to (r — ro)? since terms containing higher powers of (r — ro) have relatively 
small values for r near ro. 


(d) From part (a) we know that dV/dr — 0 when r — ro, hence F — 0 when r — ro. Since, if we discard powers of 
(r — ro) higher than the second, 


giving 


So F is approximately proportional to (r — ro). 
46. Solving for P gives 
nRT n?a 


P= Van VE 


Expanding P in terms of 1/V gives 


=1 2 
p= (1-2) | na 


V V y? 

nRT nb na 
pS ie ay 

V ( Pare ) V? 
p. BRT QmRT na 


vV ys va 
P -aRT (=) +n2(ort—a)(4) +. 
- E i 


Strengthen Your Understanding 


47. By substituting x = 0, we get 1/2 = 1. So this equation is not correct. The Taylor series for 


can be obtained using 


the Taylor series of 1 and writing 
x 


b. d 
2--z  92(1-z/2) 
1 E 
— a: 1 heit 
3 (1+ 5) 


Hence the equation given is missing a factor of 1/2 on the right. 


48. 


49. 
50. 


51. 
52. 
53. 


54. 


55. 


56. 


57. 


Solutions for Section 10.4 


10.4 SOLUTIONS 965 


The order of operations has not been respected. In e~” the function e” is composed with the function —x. Therefore we 
2 432 448 2 3 

have: e ?—-14(-z)4 Gyo yy... 1-4 BB tee. 

If a function or some of its derivatives are not defined at x = 0 then we cannot write a Taylor series for that function. An 

example is In x. Many other examples are possible. 


An example is f(a) = |x|. The function |z] is not differentiable at x = 0, hence we cannot write its Taylor series around 
0. Many other examples are possible. 


True. Since the derivative of a sum is the sum of the derivatives, Taylor series add. 
True. Since the Taylor series for cos x has only even powers, multiplying by x? gives only odd powers. 


False. The derivative of f(a)g(a) is not f (z)g' (2). If this statement were true, the Taylor series for (cos x)(sin x) would 
have all zero terms. 


True. We have 


Li(z) + La(x) = (fi(0) + f1(0)2) + (f2(0) + f2(0)2) = (f1(0) + f2(0)) + C1(0) + f2(0))2. 
The right hand side is the linear approximation to fı + f2 near x = 0. 


False. The quadratic approximation to fı (x) f2(x) near x = 0 is 


fi(0)fo(0) + £660) f2(0) + f (0)/5(0))«: + BOLO) * KOLO + KOKO) 2 


On the other hand, we have 
Ii(x) = fi(0) + fi(0)m, Le(x) = f2(0) + fo(O)a, 


so 


Li(a)La(z) = (fa(0) + f1(0)) (f2(0) + f2(0)2) = f1(0)2(0) + (f1(0)f2(0) + f2 (0) fi (0))æ + f1(0)/2(0)2?. 


The first two terms of the right side agree with the quadratic approximation to fı(x)f2(x) near x = 0, but the term of 

degree 2 does not. 
For example, the linear approximation to e” is 1+ x, but the quadratic approximation to (e)? = e” is 14274227, 

not (1 +2)? = 1 +22 4 z?. 

(a) In(4 — x) = In(4(1 — x/4)) = In(4) + In(1 — 2/4), so the Taylor series converges for —1 < 2/4 < 1, or 
—4 < x < 4. The radius of convergence is 4. 

(b) In(4 + a) = In(4(1 — (—a/4))) = In(4) + In(1 — (—2/4)), so the Taylor series converges for —1 < —a/4 < 1, 
or 4 > x > —4. The radius convergence is 4. 

(c) In(1 + 4a?) = In(1 — (—4z?)), so the Taylor series converges for —1 < —4z? < 1. This gives z? < 1/4, or 
—1/2 « x « 1/2. The radius of convergence is 1/2. 


(c). The Taylor series for 3tan(z/3) = 3(a/3 + (x/3)?/3 + 21(x/3)? /120 +--+) = x + z?/27 + 72? /3240 +--- 


Exercises 


1. 


The error bound in approximating e°! using the Taylor polynomial of degree 3 for f (x) = e” about x = 0 is: 


M -\0.1—0|*  M(0.1) 


|Es| = |f(0.1) — Ps(0.1)| < rT 24 


where |f® (x)| < M for 0 € x < 0.1. Now, f(x) = e". Since e? is increasing for all x, we see that |f ? (a)] is 
maximized for x between 0 and 0.1 when x = 0.1. Thus, 
| (9| < e, 


941. (9.1)* 


eo. 
Es| € — 0.00000460. 
|Es| < 24 


966 Chapter Ten /SOLUTIONS 


The Taylor polynomial of degree 3 is 
12,13 
P(x) = lt rtc + 3% A 
The approximation is P (0.1), so the actual error is 


Es = e™! — P3(0.1) = 1.10517092 — 1.10516667 = 0.00000425, 


which is slightly less than the bound. 


2. The error bound in approximating sin(0.2) using the Taylor polynomial of degree 3 for f(a) = sin x about x = 0 is: 


4. — (l4 / 4 
Es] = |f(0.2) - (0| < 3102 —9L _ MO. 


where |f? (x)| < M for 0 € x < 0.2. Now, f(a) = sin x. By looking at the graph of sin x, we see that | f (x)| is 
maximized for x between 0 and 0.2 when x = 0.2. Thus, 


[/ 9| < sin(0.2), 


so 
in(0.2) - (0.2)* 
|Es| < 0.7) (O92 — 0.0000132. 
The Taylor polynomial of degree 3 is 
1 
P3(x) = x — 3^ 


The approximation is P3(0.1), so the actual error is 
Es = sin(0.2) — P3(0.2) = 0.19866933 — 0.19866667 = 0.00000266, 
which is much less than the bound. 
3. The error bound in approximating cos(—0.3) using the Taylor polynomial of degree 3 for f(x) = cos x about x = 0 is: 


M.|-03-0|  M(-0.3)* 
4! =E -4 


|E3| = |f(—0.3) — P3(—0.3)| € 
wage LF @) < M for 0 > x > —0.3. Now, f (x) = cos x, which has its largest value of 1 at x = 0. Thus, 
|//9| € cos0 = 1, 


SO 
1- (-0.3)* 


E| € 
|Es| < 24 


— 0.000338. 
The Taylor polynomial of degree 3 is 
1 
P3(x) =1— The 


The approximation is P3(—0.3), so the actual error is 


Es = cos(—0.3) — P(—0.3) = 0.955336 — 0.955000 = 0.000336, 


which is slightly less than the bound. 
4. The error bound in approximating v0.9 using the Taylor polynomial of degree three for f(x) = v1 + x about x = 0 is: 


M.|-01-0|  M-(-01) 
4! i 24 ? 


|E3| = |f(—0.1) — Ps(—0.1)| < 


where |f (| < M for 0 > x > —0.1. Since 


15 E 
(4) un 7/2 
f (s) = -70 +a), 


we see that if z is between 0 and —0.1, the maximum is at x = —0.1. Thus | f® x)| < (15/16)(1 — 0.1) 7/2, so 


15 -7/2 (-0.1) 


|Es| € 35 (1 — 0.1) — 0.00000565. 
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The Taylor polynomial of degree 3 is 


The approximation is P3(—0.1), so the actual error is 


Es = V0.9 — P3(—0.1) = 0.94868330 — 0.94868750 = —0.00000420, 


which is slightly less, in absolute value, than the bound. 
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. The error bound in approximating In(1.5) using the Taylor polynomial of degree 3 for f(a) = In(1 + x) about x = 0 is: 


T. _ a4 ; 4 
\Ba| = |f(0.5) — Ps(0.5)| < mE = a 


where |f? (x)| < M for 0 < a < 0.5. Since 


—3! 


(4) 
f(a) = (x ay 


and the denominator attains its minimum when x = 0, we have |f? (x)| < 3!, so 


3! (0.5) 
The Taylor polynomial of degree 3 is 
2 3 
x x 
Pala) = 0 +2 +(-1)5r + Ci 23 
= 2,13 
=g z7 + z7 


The approximation is P (0.5), so the actual error is 


Ea = In(1.5) — P3(0.5) = 0.4055 — 0.4167 = —0.0112 


which is slightly less, in absolute value, than the bound. 


. The error bound in approximating 1//3 using the Taylor polynomial of degree three for f(x) = (1 + x)~1/? about 


x = Qis: | T " 
M-.|2-0 M.2 
= = "o uM iunt. E ee 
iEs| = 172) - Ps(2)| < H Es 
where [fF X M for0 € x < 2. Since 
105 = 
(4) = 9/2 
pO) = Pate, 
we see that if z is between 0 and 2, then | fx) | < i99, Thus, 
105 2* 105 
ql ecl SA 375. 
el Sag a on 


This is not a very helpful bound on the error, but that is to be expected as the Taylor series does not converge at x = 2. 


(At x — 2, we are outside the interval of convergence.) 
The Taylor polynomial of degree 3 is 


Pis) 21 (Gs (CC 325p CC 2C 2r 


fo Spe Sy? 
2 3" "ag" 
The approximation is P3(2), so the actual error is 
1 
E3 = —= — P3(2) = 0.577 1.0) = 1.577, 
a (2) (—1.0) 


which is much less than the bound, but still very large. 
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7. The error bound in approximating tan(1) using the Taylor polynomial of degree three for f(x) = tan x about x = 0 is: 


V- i4 
eMo Mw 


|E3| = |f(1) — Ps(z)| 4l 24 


where |f? (x)| € M for 0 € x < 1. Now, 


r + 3 

(4) _ 1l6sinr | 24sin"r 

P) cos? x cosg ` 

From a graph of f? (x), we see that f‘ (x) is increasing for x between 0 and 1. Thus, 
[f @)| < |F (1)| = 396, 


so 
396 


|E3| < mp 16.5. 
This is not a very helpful error bound! The reason the error bound is so huge is that x — 1 is getting near the vertical 
asymptote of the tangent graph, and the fourth derivative is enormous there. 
Observing that any term in f" (a) or f” (x) involving tan x is zero at x = 0, we calculate the Taylor polynomial of 


degree 3: 
z? z? 
P(x) =0+r + Op + (2) ar 
Sat a 


The approximation is P3(1), so the actual error is 


Ea = tan 1 — P3(1) = 1.557 — 1.333 = 0.224, 


which is much less than the bound. 


8. The error bound in approximating 0.51/3 using the Taylor polynomial of degree 3 for f(x) = (1 — x)" 3 about x = 0 is: 


M -|0.5— 0|*  M(0.5)* 


[Es| = |f (0.5) — P3(0.5)| < 4] 24 " 


where |f? (x)| € M for 0 € a < 0.5. Now, 
(pn 80, 1/3 
19) = -Fa - a) 1. 


By looking at the graph of (1 — z)- /?, we see that |f? (x)| is maximized for x between 0 and 0.5 when a = 0.5. 


Thus, 
—11/3 
Are 80 (5) — 80 311/3 
ls 81 \2 81 at 
in 11/3 4 
(9 - (Q. 
|Es| € Se zm a 5)” = 0.033. 
The Taylor polynomial of degree 3 is 
1 1-2(-a2)? | 1-2-5 (=r)? 
P. = pee Z cue ne 
m)—LtaUm tig. 33 3 g 
1 1 5 3 
CoN 1 a =) i, 
23^ 9" a" 


The approximation is P3(0.5), so the actual error is 
E; = (0.5)? — P4(0.5) = 0.79370 — 0.79784 = —0.00414, 


which is much less than the bound. 


Problems 


9. (a) See the middle row of Table 10.1. 
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(b) See the bottom row of Table 10.1. 


Table 10.1 
x —0.5 —0.4 —0.3 —0.2 —0.1 0 0.1 0.2 0.3 0.4 0.5 
sing | —0.4794 —0.3894  —0.2955  —0.1987  —0.0998 0 0.0998 0.1987 0.2955 0.3894 0.4794 
Ei 0.0206 0.0106 0.0045 0.0013 0.0002 0  —0.0002 .-—0.0013 —0.0045 4 —0.0106  —0.0206 


(c) See Figure 10.8. 


- 0.03 
Ey 


—0.5 0.5 


0.03 P 


Figure 10.8 


The fact that the graph of E; lies between the horizontal lines at +0.03 shows that | E;| < 0.03 for —0.5 < 
z «0.5. 
10. Let f(x) = vI Fv. We use a Taylor polynomial with « = 1 to approximate /2. The error bound for the Taylor 
approximation of degree three for f(x) = V2 about x = 0 is: 


M-\1-0|* M 
= = <= 
[Es| = |F(1) — PsQ)| € 1i 24 


where |f? (x)| < M for0 € x «€ 1. 
Now, i 
Draag 
f@) =-Bate) 


Since 1 < (1+ r)” for x between 0 and 1, we see that 


Pos — nm 


for x between 0 and 1. Thus, 
|E3| € 


11. (a) The third degree Taylor approximation of degree 3 of e^ around 0 is 


2 3 
Ps) 1424 45. 


Using the third-degree error bound, if |f? (x)| < M for —2 < x < 2, then 


|Es()| = |f(x) - Ps(@)| S Fy - ll < 
Since | f (x)| = e”, and e” is increasing on [—2, 2], 
f (a) € &? for all x € [—2, 2]. 
So we can let M = e? and we get 
e? . 24 


[Es (a) < EE x5 


(b) The actual maximum error is |e? — P3(2)| = 1.06. 
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12. For f(x) = cos z, note that f”*! (x), is + cos x or + sin z, no matter what n is. So 


13. 


14. 


15. 


ferris) | < 1 for any x. 


By the Lagrange error bound with M = 1, we have 


En(z) = |f(z) = Pa(2)| S ——- 


The right hand side of the equation above goes to zero as n — oo. 


(a) 


(b) 


(b) 


(a) 
(b) 


lae 


Hence we can always find n large enough that dd 107° for all x. 


(n+ 1) 
Note here that 107° in the question does not play any role. We could have replaced it by any small number. 

0 is the first degree approximation of f (0) = sin 0; it is also the second degree approximation, since the next term in 
the Taylor expansion is 0. 

P, (0) = 0 is an overestimate for 0 < 0 < 1, and is an underestimate for —1 < 0 < 0. (This can be seen easily from 
a graph.) 

Using the second degree error bound, if |f? (0)| < M for —1 < 0 < 1, then 


M -J0 M 
E| < —~— < —. 
el SG S 
For what value of M is |f ? (0)) < M for —1 < 0 < 1? Well, |f? (0)| = | — cos0| € 1. So |E2| < + = 0.17. 
3 
0 — Em is the third degree Taylor approximation of f (0) = sin 0; it is also the fourth degree approximation, since the 


next term in the Taylor expansion is 0. 

P3(@) is an underestimate for 0 < 0 < 1, and is an overestimate for —1 < 0 < 0. (This can be checked with a 
calculator.) 

Using the fourth degree error bound, if |f? (0)| < M for —1 < 0 < 1, then 


5 ; 
Mj M 
5! ^ 120 
For what value of M is |f? (0) < M for —1 < 0 < 1? Since f? (0) = cos0 and | cos 0| < 1, we have 


|E4| € 


1 
|Ea] < 15g < 0.0084. 


The Taylor polynomial of degree 0 about t = 0 for f(t) = e* is simply Po(x) = 1. Since e* > 1 on [0, 0.5], the 
approximation is an underestimate. 
Using the zero degree error bound, if | f’(t)| < M for 0 < t < 0.5, then 


|Eo| € M - |t| € M(0.5). 
Since | f’(t)| = |e’| = ef is increasing on [0, 0.5], 
If’ (| € e? < V4 =. 


Therefore 

|Eo| < (2)(0.5) = 1. 
(Note: By looking at a graph of f(t) and its 0** degree approximation, it is easy to see that the greatest error occurs 
when t = 0.5, and the error is e"? — 1 zz 0.65 < 1. So our error bound works.) 


16. (a) The second-degree Taylor polynomial for f(t) = e! is P2(t) = 1+ t + t?/2. Since the full expansion of e' = 


(b) 


1 +t 0/2 4 0/6 +t*/24 +--- is clearly larger than P2(t) for t > 0, P2(t) is an underestimate on (0, 0.5]. 
Using the second-degree error bound, if | f°) (t)| < M for 0 < t < 0.5, then 


3 
<M as MOS. 
^g => 6 


Since | f (t)| = e', and e' is increasing on [0, 0.5], 


fO (t) < OF < V4 2. 


|E] du 


So " 
2)(0. 
|Es| < GS < 0.047. 
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17. (a) (i) The vertical distance between the graph of y = cos x and y = Pio(x) at x = 6 is no more than 4, so 
[Error in Pio(6)| < 4. 


Since at x = 6 the cos x and P»o(x) graphs are indistinguishable in this figure, the error must be less than the 
smallest division we can see, which is about 0.2 so, 


[Error in P29(6)| < 0.2. 


(ii) The maximum error occurs at the ends of the interval, that is, at x = —9,x = 9. At x = 9, the graphs of 
y = cos x and y = P29(x) are no more than 1 apart, so 


Maximum error in P29 (2°) 24 
fr—9<r<9 m 


(b) We are looking for the largest x-interval on which the graphs of y = cos x and y = Pio(x) are indistinguishable. 
This is hard to estimate accurately from the figure, though —4 < x < 4 certainly satisfies this condition. 


P 1 i 5 domom 
18. The maximum possible error for the n*”-degree Taylor polynomial about x = 0 approximating cos x is |En| € oa. 
where | cos" +?) x| € M for 0 € x € 1. Now the derivatives of cos x are simply cos x, sin x, — cos x, and — sin x. The 


, " n+l 
largest magnitude these ever take is 1, so | cos" P (x)| < 1, and thus |En] < —— < c 


works for sin x. 


The same argument 


19. By the results of Problem 18, if we approximate cos 1 using the n*"^ degree polynomial, the error is at most GH 

For the answer to be correct to four decimal places, the error must be less than 0.00005. Thus, the first n such that 
Uy < 0.00005 will work. In particular, when n = 7, å = — < 0.00005, so the 7*" degree Taylor polynomial 
will give the desired result. For six decimal places, we need Uy < 0.0000005. Since n = 9 works, the 9°" degree 
Taylor polynomial is sufficient. 


20. The graph of Eo looks like a parabola, and the graph shows 
|Eo| < 0.01 for |v| € 0.1. 


(In fact | Eo| < 0.005 on this interval.) Since 


. E x? x^ zê 
=a a ge 
2 4 6 
HH T T 
Behe tor ay ert 
So, for small x, 
r? 
Eo = —— 
0 2^" 


and therefore the graph of Eo is parabolic. See Figure 10.9. 


0.01 + 
—0.1 0.1 
rc 
Eo 
—0.01 + 
Figure 10.9 


21. Since f(x) = e”, the (n.4- 1)** derivative f" * (x) is also e”, no matter what n is. Now fix a number z and let M = e”, 
then [fev (t) < e! < e” on the interval 0 € t < x. (This works for x > 0; if x < 0 then we can take M = 1.) The 
important observation is that for any x the same number M bounds all the higher derivatives f "^? (x). 
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By the error bound formula, we now have 


M|x|" t 


|En(x)| = |e” — Pa (x)| < (cea 


for every n. 


To show that the errors go to zero, we must show that for a fixed x and a fixed number M, 


22. 


E zx?  g5 
B= ay E x 
Write the error in approximating sin x by the Taylor polynomial of degree n = 2k + 1 as En so that 
3 5 2k+1 
: _ T T k X 
sin T x 3r t E oe ( 1) Gk Di ^» 
(Notice that (—1)" = 1 if k is even and (—1)* = —1 if k is odd.) We want to show that if z is fixed, En — 0 as k — oo. 


Since f(x) = sin z, all the derivatives of f(a) are + sin x or + cos x, so we have for all n and all x 


Jg <1 


Using the bound on the error given in the text on page 562, we see that 


|En| € |z [t 


(Qk-+ 2) ^ 
By the argument in the text on page 562, we know that for all x, 


jaeta jer 


|x _ z = 
Gaol we as n = 2k +1 > oo. 


Thus the Taylor series for sin x does converge to sin x for every x. 


23. (a) Since 4arctan1 = 7, we approximate 7 by approximating 4arctan x by Taylor polynomials with x = 1. Let 
f(x) = 4arctan x. We find the Taylor polynomial of f about x = 0. 


f(0) =0 
f(e)= © 0-4 
f ) Tn (a um So f” (0) =0 
T 8 32x? ai 
£t )-7-üx3 + i so f (0)=-8 


Thus, the third degree Taylor polynomial for f is 


4r 8 4 
F5 (x) dr us 4p 3 ? 
In particular, 
4 
Fa(l) =4- $ = 5 © 267. 


Note: If you already have the Taylor series for 1/(1 + 2”), the Taylor polynomial for arctan x can also be found by 
integration. 


(b) We now approximate 7 by looking at g(a) = 2 arcsin x about 
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x = 0 and substituting x = 1. 


g(0) =0 
g()- => se g/(0)=2 
y1 -— r? 
2 
g"(z) =~, se g"(0-0 
(1-228 
2 2 
9g" (xz) = —— + Oy z 80 g (0) = 2. 

(1-253 (1-7) 

Thus, the third degree Taylor polynomial for g is 
Zn. don 1 
In particular, 
Y 
G3(1) = 3 & 2.33. 
Note: If you already have the Taylor series for 1/v 1 — x?, the Taylor polynomial for arcsin x can also be found by 
integration. 
(c) To estimate the maximum possible error, |E5|, in the approximation using the arctangent, we need a bound on the 
fourth derivative of f(x) = arctan z on 0 € x < 1. Since 
1922? 
yum. oe 
(14-22). (1422)? 


now use a graphing calculator to see that the maximum value of |f? (x)|, on 0 € æ < 1 is about 18.6. Thus, 


18.6 
|Es| S ^5 


(Notice that 7 œ% 3.14 is within 0.78 of 2.67.) 


— m 0.78. 


(d) To estimate the maximum possible error, |En|, in an approximation using the arcsine, we need a bound on the 
derivatives of g(a) = arcsin z on 0 X a < 1. The derivatives of arcsin x contain terms of the form (1 — x?) ^, for 


some positive a. As x gets close to 1, the value of (1 — z?) ^* 


approaches oo. Thus, we cannot get a bound on the 


derivatives of arcsin x, so the error formula does not give us a bound on |; |. 


Strengthen Your Understanding 


24. This statement is not correct, since f(x) and its Taylor approximation P, (a) around a have the same value at x = a. So 


f(a) = P,(a) for all n. 


25. 


We can make the error | f(z) — Pn(a)| as small as we want for any given x by picking a large n. However, we may not 


be able to find a Taylor polynomial that produces a small error for all values of x simultaneously. 
For example, if f(x) = cos x, then every Taylor polynomial P; (x) goes to +00 as x — oo and as x — —oo. This 
means that no matter what n we choose, for large values of x, the value of P; (x) is more than 1 away from f(x). 


26. 
27. 


A possible answer is sin x, or e^. Other examples are possible. 


We know that, if P; (x) is the n'^-degree Taylor polynomial for f(a 


lf(z) - P«(2)) € —“ 


where M is the maximum value of the absolute value of the (n + 


derivative of f(x) is 


FOF) (a) E (-1)**! s 


gp 


(n+ 1)! 


We'll try using Taylor polynomials for the function f(x) = 1/x about x = 1. We have 


—1)"- (x — 1)” 
) at x = 1, then 
TE 
1)** derivative of f(x) on [1, 1.5]. The (n + 1)** 


(n 4 1)! 


Lo d 


974 


28. 


29. 
30. 


31. 


32. 


33. 


So 
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and the absolute value of this derivative is never more than (n + 1)! on [1, 1.5]. So M = (n + 1)!, and therefore 
If(z) - P«(z)| < Iz = |"**. 


We want to make sure this is less than 0.1 on the interval [1, 1.5], so we want |1.5 — 1|"** < 0.1. This is true if n = 3, 
so we use the Taylor polynomial 


P3(x) 21— (£ — 1) + (x — 1)? — (x — 13. 


According to the error formula we need max | / "^| < M on the interval between 0 and zx. Since we are working with 
the second-degree Taylor polynomial we have n = 2. Therefore, we need a function and an interval such that the third 
derivative of the function on that interval is less or equal to 4. We can choose, for example, f(a) = e” and c small enough 
such that / 9) (x) = e” < 4 on [—c, c]. There are many choices of c, for example c = 1 would work. 


False. If f is itself a polynomial of degree n then it is equal to its n." Taylor polynomial. 
True. By Theorem 10.1, |En (x)| < 10|a|" ** /(n + 1)!. Since limno |z|"*  /(n + 1)! = 0, En(x) — 0 as n > oo, 


so the Taylor series converges to f(x) for all x. 
True 


False. The Taylor series for f near x = 0 always converges at x = 0, since Ft Cz" at x = 0 is just the constant 
Co. 


True. When x = 1, 
S f0) 4. VFO 
»» Abo =>, Ak 
n=0 n=0 


Since f (m (0) > nl, the terms of this series are all greater than 1. So the series cannot converge 


False. For example, if f? (0) = nl, then the Taylor series is 
ww HA ON NE a 
A p y m. 
n=0 n=0 


which converges at x = 1/2. 


lutions for Section 10.5 


Exercises 


1 
2 
3 
4 
5 


. No, a Fourier series has terms of the form cos nz, not cos" x. 
. Not a Fourier series because terms are not of the form sin nz. 
. Yes. Terms are of the form sin nx and cos nx. 


. Yes. This is a Fourier series where the cos nx terms all have coefficients of zero. 


1 T 1 0 T 
do = 5 "pada = | f -1+ f tde =0 


0 T 
3 J -coszde+ | cos de 
-7 -rT 0 
0 T 
= : E | =0. 
T 
0 


Q 
Es 
I 
l 
— 
= 
È 
O 
la] 
n 
8 
a 
8 
I 
ale 


+ sin x 


—T7 


10.5 SOLUTIONS 975 


Similarly, a2 and a3 are both 0. See Figure 10.10. 
(In fact, notice f(x) cos nx is an odd function, so ie f(x) cosnx = 0.) 


0 T 
/ — sin z dz + J sin x as 
-T 0 


0 "| 4 
oT 


0 


ae 


bb = JJ f (x)sinz dx = 
WK 


+ (— cos x) 


3l- 


=e 


b2 «f HORE S = 
Jj. T 


b3 a f(x) sin 3z dz = z 
T 


+ = cos 3x) 


| 04 
" 3v 


Thus, Fi(z) = Fo(z) = £ sin z and F3(x) = £ sin z + 4 sin3z. See Figure 10.11. 


F\ (x) = Fo(z) = sinx F(x) = 4 sing + £ sin 3x 
Figure 10.10 Figure 10.11 
. First, 
T 0 T 20 2" 
1 1 1 Hi Hy T 
sou] soaz] f -ea f eas] -4-9 $]-5 


To find the a;'s, we use the integral table. For n > 1, 


— f i f(x) cos(nz) dz = 


T 


| f : —2x cos(na) da + f P cos(nz) ae 
- 2[ (— men - 2 cotna) | 


+ (2 sin(nz) + 4 cos(n) ) 


ale 


= 


J 


Thus, a, = —ź a2 = 0, and a3 = -6. See Figure 10.12. To find the b;’s, note that f(x) is even, so for n > 1, 
f(x) sin(nz) is odd. Thus, J f(x) sin(nz) = 0, so all the b;’s are 0. Fy = Fh = £ — £ cos x, F3 = 2 — Å cos x — 


4 : " 
9, Cos 3x. See Figure 10.13. 
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PTS 
-r T =y T 
| | X | | x 
Fy (x) = Fy(x) = £ — £ cosg F3(%) = 3 — 4 cosx — 4 cos 3x 
Figure 10.12 Figure 10.13 
7. The energy of the function f (x) is 
a 2 1 fT a 1 s 
TKO xv JE t= ye B 
3 
a(n ( 1?) = ie 6.57974. 
From Problem 6, we know all the b;’s are 0 and ag = 25 aij = 4, a2 = 0,03. — x. Therefore the energy in the 


constant term and first three harmonics is 
2 2 2 2 2 2 2 2 
Ao + Aj + Ap + A3 = 2a9 + a1 + a$ + a 


2 
-2(=) +16 404+ Ê = 6.57596 


4 T? Sls? — 
which means that they contain SENTI = 0.99942 ~ 99.942% of the total energy. 
8. First, we find ao. 
ao = = i x’ dr = A 2 B T 
um E EP SUE - | 8 


To find an, n > 1, we use the integral table (III-15 and III-16). 


T 


T 


1 [" 5 ie. 2 3 
an = — T x cosng dx = = E sin(nx) + s cos(nx) — FE sin(na) 


—T7 


Again, cos(nz) = (—1)" for all integers n, so an = (—1)" 5. Note that 


1 T 
bn = 1f a? sin na dz. 
— iT 
2 


H . * . . . Tv . 
zx? is an even function, and sin nz is odd, so z? sin nx is odd. Thus J x? sin ng dg = 0, and bn = 0 for all n. 


We deduce that the n*^ Fourier polynomial for f (where n > 1) is 


2 TL 
;4 
F(x) = B +D C13 cosi). 


In particular, we have the graphs in Figure 10.14. 


10.5 SOLUTIONS 
F3(a) 


f(z) = z? 
F(x) 


Fı(x) 


Figure 10.14 


i h(a) dz = = zdz = 2 
2n J 2n Jo 4 


As in Problem 10, we use the integral table (III-15 and III-16) to find formulas for an and bn. 


7T 


an = — a h(a) cos(nz) dx = +/ xzcosnzdx = is sin(na) + 4 cos) 


T 
0 


Note that since cos(nm) = (—1)”, an = 0 if n is even and an = — —2- if n is odd. 
1 [7 M NM 
bn = = h(x) cos(nx) dx = — xsin x dx 
T =r T 0 
1 T 


cS ( = Z cos(nx) + + sna) 


T 


0 


l 
EM cos(nm) 


(-1)""' ifn>1 


Sle 


We have that the n^ Fourier polynomial for h (for n > 1) is 


2 3 —1)/*! sin(ix 
Ha(x)— I + 5 (=h — 1) - cos(ix) + M, 


This can also be written as 


Il 
| 
+ 
~ 
= 
PS. 
aE 
MES 
um 
=} 
— 
> 
8 
— 
+ 
| 
Q 
[e] 
un 
— 
~ 
N 
EN 
m= 
— 
8 
— 


H,,(x) 


where [2] denotes the biggest integer smaller than or equal to 4. In particular, we have the graphs in Figure 10.15. 
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Figure 10.15 
10. To find the n" Fourier polynomial, we must come up with a general formula for an and bn. First, we find ao. 


1 [7 1 [7 1 fæ 
Se dac dice. = 
drm re RUE x]. i E J| n 


Now we use the integral table (III-15 and III-16) to find a, and bn for n > 1. 


an = 1 xcosna dx = z (i sin(na) + = cos) 
T "mn n 


-T 


-F 


zl E cos(nm) + cos( nn) =0 


T 


(Note that since x cos ng is odd, we could have deduced that f E zcosmna = 0.) 


T 


bn = a xsinna dx = 4 ( =E cos(nx) + L sns) 
T n n 


T 
-T 


—T7 


= 1 ( = 7 cos(nm) — Z eos(=nm)) 


T 
2 
E cos(nm) 


Notice that cos(nm) = (— 1)" for all integers n, so bn = (—1)"*! (2). 
Thus the n*™ Fourier polynomial for g is 


Ga(e) = Y 71? Z sintia). 


In particular, we have the graphs in Figure 10.16. 


Figure 10.16 


Problems 
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11. The period of f(a) is equal to 2. Since ao, the constant term of the Fourier series of f(x) is the average value of f over 


the interval [—1, 1], it is given by the following integral: 


1 
ao = J ja|da. 
2J 


By looking at the graph of f(x) between —1 and 1, we see that the area under f is equal to 1. Multiplying this by 1/2 we 


have 
1 


ao = =. 
2 


We can check this analytically: 


1 0 1 
1 1 1/1 -1 
12. In Problem 10 we found that the Fourier polynomial of g(x) = x of degree n is: 
G(x) = c» " sin(ix). 
i=1 
Hence the Fourier series of g(x) is: 
=r= —1)'*1= sin(izx). 
g(x) = 2 = X (71) 5 sin(iz) 
i=l 
By substituting x = 7/2 and expanding we get 
T 252 
zt eli remisi 
2 3 T 5 
Factoring 2 out from the right hand side and dividing both sides by 2, we have 
> c 1 T 
Lg. -7 
z 2k—1 4 
k=1 
13. (a) (i) The graph of y = sin z + 3 sin 3x is in Figure 10.17. 
y 
11 y — sinz + 4 sin 3x 
27 
zx 
—2m 
--1 
Figure 10.17 
(ii) The graph of y = sin x + i sin 3x2 + - sin 5z is in Figure 10.17. 
y 
qas y — sinz + $ sin3z + $sin5z 
-r T 27 


zx 


Hue 


Figure 10.18 
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(b) Following the pattern, we add the term i sin 7x to get Figure 10.19. 


— gi lg lgi lg 
y — sinz + 3sin3r-Fzsin5z-ssinT7z 


T - 
-r T 27 
HH 
—2m 
—1 
Figure 10.19 
(c) The equation is 
1-2-7Em-z«-—m- 
-] -m-£r«0 
f(x) = " 
1 0crcm 
—1 T Xmrz«2mT 
The square wave function is not continuous at x = 0, +7, +27,.... See Figure 10.20. 
y 
——o 1 B ——o 
| | rc 
—8m- —2m-m -T T 2m | 3m 
—o —1 ———o 
Figure 10.20 


14. (a) The graph of g(x) is in Figure 10.21. 


Figure 10.21 


First find the Fourier coefficients: ao is the average value of g on [—7, 7] so from the graph, it is clear that 


1 1 
ms iB E 
m cou. 
or analytically, 
T T/2 T/2 
1 1 1 fm T 
= dx = — ldz = — Es see 
20 — 9m = (eles Qr x/2 = ad aie x (5 ( ;)) 
1 1 
a) = 2s 
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7/2 


T 1 1/2 1 
/ g(x) cos kz dx = ~ | cos ka dx = — sin kx 
" zu kr 


=o (sint in (-5)) = - (2s 2) 
ni sin 5 sin 5 m sin z): 


1 
Qj = — 
T 


T —rT/2 


1 T 1 7/2 1 7/2 
»-i[ g(e)sinkede == f sin ka dx = — — cos kx 
T T kr 
-r —rT/2 —71/2 
1 kr kr 1 
—— (cos $ cos ( =)). keg 0 
So, 
Q1 = zi (2sin =) = 2 
T 2 T 
1 -— 
n= 3- (2sin =) = 0; 
a 1 (2s 37\ 2 
57780 2] 3m 
which gives 
F(x) = 3 + = cosa — 3; 008 3. 
See Figure 10.22. 
F3(2) 
i ; g(x) 
l | 
zr 
EXT 1/2 T/2 T 
Figure 10.22 


(b) There are cosines instead of sines (but the energy spectrum remains the same). 


15. We have f(x) = x,0 € x < 1. Lett = 2rx — r. Notice that as x varies from 0 to 1, t varies from —7 to 7. Thus 
if we rewrite the function in terms of t, we can find the Fourier series in terms of t in the usual way. To do this, let 
g(t) = f(x) = x = on —r < t < v. We now find the fourth degree Fourier polynomial for g. 


1 [7 1 f["t+n Bou 
o= = da= | È t= cem 
u= d =J 27 ay (5*7) 


=R 


T 


l 


=g 


Notice, ao is the average value of both f and g. For n > 1, 


an = 2 RM cos(nt)dt — = (t cos(nt) + 7 cos(nt))dt 
T 2m 27? 


= 
T 


b. 1 TX 
a E sin(nt) + xi cos(nt) + = sin(nt)| 
0. 


—T7 


1 f"tta. at EE : 
bn = = T = sin(nt) dt = 273 n sin(nt) + r sin(nt)) dt 


7T 


= = E cos(nt) 4- E sin(nt) — Z cos(nt) B 
1 An 


u | 2 | 2 nil 
E zal z cos(an)) =a cos(zn) = z p. 
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We get the integrals for an and bn using the integral table (formulas III-15 and III-16). 
Thus, the Fourier polynomial of degree 4 for g is: 


1 2 1 2 1 
Ga(t) = 5 + z sint — m sin 2t 4- an sin 3t — on sin 4t. 
Now, since g(t) = f(x), the Fourier polynomial of degree 4 for f can be found by replacing t in terms of x again. Thus, 


1-2 J 2 1 
F(x) = 5 + E sin(27a — 7) — = sin(47a — 2r) + cm sin(6zz — 3r) — on sin(8zz — 4r). 


Now, using the fact that sin(x — 7) = — sin x and sin(x — 27) = sin, etc., we have: 
I. 72 1 2 1 

Fa(x) = = — =sin(27a) — —sin(4nz) — — sin(6z2) — — sin(8nz). 
2 m T 3m 2n 


See Figure 10.23. 


Figure 10.23 


16. Since the period is 2, we make the substitution t = 7x — 7. Thus, x = Hr, We find the Fourier coefficients. Notice 
that all of the integrals are the same as in Problem 15 except for an extra factor of 2. Thus, ao = 1, an = 0, and 
bn = 4(-1)""*, so: 


4 2 4 1 
Ga(t) = 1 + — sint — — sin 2t + — sin 3t — — sin At. 
T T 3r T 
Again, we substitute back in to get a Fourier polynomial in terms of z: 
4, 2. 
F(x) = 1 + —sin(zz — r) — = sin(2zz — 2r) 
T T 
d sin(3nz — 37) — Eten 
— sin(3rz — 3r) — — TT — 4m 
37 T 


4. 2 4 . I; 
=1- = sin(zz) — z sin(27a) — rm sin(37a) — > sin(47a). 


See Figure 10.24. 


Figure 10.24 


Notice in this case, the terms in our series are sin (nmz), not sin(27n2), as in Problem 15. In general, the terms will 


be sin(n2Z x), where b is the period. 
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17. The signal received on earth is in the form of a periodic function h(t), which can be expanded in a Fourier series 


h(t) = ao + a1 cost + a2 cos 2t + a3 cos 3t+--- 
+ bı sint + b2 sin 2t + b3sin3t+--- 


If the periodic noise consists of only the second and higher harmonics of the Fourier series, then the original signal 
contributed the fundamental harmonic plus the constant term, 1.e., 


a + aıcost+bısint = Acost 
0 1 1 


constant term fundamental harmonic Original signal 


In order to find A, we need to find ao, a1, and bı. Looking at the graph of h(t), we see 


1 
ao = average value of h(t) = — (Area above the x-axis — Area below the x-axis) 


27 
Í T T T T T 
= a. [59 (2) - (90 (3) (2) +3 (3) +5 (3))] 
Í T T 1 
=z [80(5) -80(5)] ^x: 9-9 
X h(t) cos t dt 
T -— 
—3m/A4 —mn/2 —n/4 
| ELI ocostdi + f —30 cos t dt 
-r —37/4 —71/2 


n/4 n/2 32/4 c 
«f socostdt + f -30costdt + | ocostat+ f -50c0st dt 
—n/A n/4 1/2 30/4 


ale 


—3m/A —mn/A 
— E — 30 sint 
n/A 7/2 T 
+80 sin t — 30sint — 50sint 
—m/A n/A A 


b= 


ale 


DE OEE DEE 
o) 8) 


-B5v2 + 15V2 — 30 + 40/2 + 40/2 — 30 + 15V2 + 25/2] 


lnooy3 — 60] — 52.93, 


T 
1 [* 
1f h(t) sint dt 
—3m/A —mn/2 —n/4 
|/ -sosintdt + f osntdt f —30 sin t dt 
-T —37/4 —71/2 
T/4 n/2 32/4 c 
+f sosintat + f -aosinedt + f osintar + f ELI 
—n/A n/4 1/2 3r/4 


—37/4 —n/4 T/4 T 
30/4 


ade 


7/2 


+ 30 cost — 80cost + 30 cost + 50 cost 
—n1/2 —7/4 m/4 


E (£ = c») +30 ($ = o) — 80 ($ - £) 


E cost 


=r 


aie 
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+30 (0 - X) +50 (= - 23] 


[-25V2 + 50 + 15/2 — 0 — 15/2 — 50 + 25/2] = -(0) =0. 


ape 


Also, we could have just noted that b = Ł y h(t) sint dt = 0 because h(t) sin t is an odd function. 
Substituting in, we get 


ao + ai cost + bi sint = 0 + 52.93 cost + 0 = Acost. 
So A — 52.93. 


18. The energy spectrum of the flute shows that the first two harmonics have equal energies and contribute the most energy 
by far. The higher harmonics contribute relatively little energy. In contrast, the energy spectrum of the bassoon shows the 
comparative weakness of the first two harmonics to the third harmonic which is the strongest component. 


19. Let f(x) = ay cos ka + bp sin kx. Then the energy of f is given by 


1f (f(x))? dx = 1f (ax cos ka + by sin kac)? da 


T 


1 T 
—— i (a5, cos? kz — 2a by, cos kx sin ka + bz sin? ka) dx 
Lu -T 


E I cos? kz dx — 2akbk J cos ka sin kx da + bz il sin? kx: ae 


E 
T T7 
~ [abn — 2axbx - 0 + Gv] = ai +2. 


20. Since each square in the graph has area (4) - (0.2), 


ao = x | f(x) dx 
i T 


= —. D - (0.2) [Number of squares under graph above x-axis 


2m 
— Number of squares above graph below z axis] 
1 
~ — -(5)- (0.2)- [13 +11 — 14] = 0.25. 
2m 4 


Approximate the Fourier coefficients using Riemann sums. 


a = f f(x) cos x dx 
z : f (—7) cos(—7) + f (-2) cos (-2) + f(0) cos(0) + f (5) id (5)| a 
-l(o 92)(—1) + (1)(0) + (-1.7)(1) + (0.7)(0)] z 
= —1.31 
Similarly for b1: 
b = 


f f(x) sin z dx 
Z |^ ) sin(—m) 4 e" =) sin (-5) + f(0) sin(0) + f (=) sin (Z) . 


= = [(0.92)(0) + (1)(=1) + (=1.7)(0)  (6:)()] F 
= —0.15. 


2 


NIA 


So our first Fourier approximation is 


Fı(x) = 0.25 — 1.31 cos x — 0.15 sin x. 


21. 
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See Figure 10.25 
Similarly for a»: 


Q2 = t 
RI : |^ v) cos(—27) 4 al =) cos(—7) + f (0) cos(0) + f (=) cos(-7)] . Z 
= L40920) + (0-0 + C100) (0:073 Z 
= —]1.24 

Similarly for b2: 

b2 = i i f (x) sin 2x dx 
3 Z |^ r) sin(—27) 4 :( =) sin( =) + f(0)sin(0) + f (7) sin(-7)] É 
= 4 (0.92)(0) + (1)(0) + (=1:7)(0) + 0.7)(0)]- Z 
= 0. 


So our second Fourier approximation is 
F(x) = 0.25 — 1.31 cos x — 0.15 sin x — 1.24 cos 2x. 


See Figure 10.26. 


2+ 2+ 


AITOA” AAEM, 


1 
39 | 


Figure 10.25 Figure 10.26 


As you can see from comparing our graphs of Fı and F> to the original, our estimates of the Fourier coefficients are 
not very accurate. 

There are other methods of estimating the Fourier coefficients such as taking other Riemann sums, using Simpson's 
rule, and using the trapezoid rule. With each method, the greater the number of subdivisions, the more accurate the 
estimates of the Fourier coefficients. 

The actual function graphed in the problem was 


(3 
sin(2 
y= 4 -13cosz- G) i 


1 
sin 2x 


= 0.25 — 1.3 cos x — 0.18 sin x — 0.63 cos 2x — 0.057 sin 2x. 


The Fourier series for f is 
f(x) = ao + » ak cos ka + 5 b; sin ka. 
k=1 k=1 


Pick any positive integer m. Then multiply through by sin mz, to get 


oo oo 
f(x) sin mz = ao sin mz + J Q4 cos kx sin mz + ) bi sin kx sin mz. 
k=1 k=1 
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Now, integrate term-by-term on the interval [—7,, 7] to get 


J f(x) sin mz dz = I (^ sin ma 4- 5 ag cos kx sin max + 5 bp sin kx sin 2 da 


k=1 k=1 


=a f sin ma dg +5 (af cos besin mer) 


T k=1 T 


+ > (» I sin kx sin mx ic) i 
k=1 =r 


Since m is a positive integer, we know that the first term of the above expression is zero (because f. 7 sinmzdz = 0). 


Since Fee cos kx sin ma dx = 0, we know that everything in the first infinite sum is zero. Since f. sin kx sin mg dx = 
0 where k # m, the second infinite sum reduces down to the case where k = m so 


I f(x) sin ma dx = im | sin mz sin mz dx = bm. 


Divide by 7 to get 


bm = xf f(x) sin mz dz. 
T 


22. (a) See Figure 10.27. 


30 


3v = 


i'i 
22 


Figure 10.27 


Next, find the Fourier coefficients: 


al 1 1 
ao = average value of f on [—7, 7] = ma Area) = 5, 0) ei 
1 T 1 1/2 1 1/2 
u-i[ f(e)ooske de = | cos ka dx = — sin kx 
7T Jj, T Jie kr E 
— (sin (5) — sin (-3)) EN (2sin (5) 
= kr 2 2 kr 2//' 
1 T 1 1/2 1 1/2 
»-i[ fe)sinkede = 2 f sin ka dx = — — cos kr 
TJ z 7 J j2 kr E 


=-= (cos (£) cos ( 5)) = 50) =0. 
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The energy of f contained in the constant term is 


which is 5 " 
Ao 1/2. | 0159155 = 15.9155% of the total. 
E 1/7 2m 


The fraction of energy contained in the first harmonic is 


2sin 4 2 
Aj ai T 


E E 1 


& 0.292653. 


The fraction of energy contained in both the constant term and the first harmonic together is 


A A? l 
"tg t+ p © 0.159155 + 0.292653 = 0.451808%. 


(b) The formula for the energy of the k'" harmonic is 


xx od: 2 an2 k 
Ak = ap + bg = (==) (es 
TU 


kr 


By graphing it as a continuous function for k > 1, we see its overall behavior as k gets larger. See Figure 10.28. The 
energy spectrum for the first five terms is graphed below as well in Figure 10.29. 


y At 
0.1 0.1 
0.08 0.08 
0.06 0.06 - 1 
0.04 zu 
0.02 | 
k k 
1 5 10 15 20 0 1 2 3 4 5 
Figure 10.28 Figure 10.29 


(c) The constant term and the first five harmonics are needed to capture 9096 of the energy off. This was determined by 
adding the fractions of energy of f contained in each harmonic until the sum reached at least 90% of the total energy 


of f: 
Aj A? A2 Az A? A 
mig pt ete eee 


sin(4 i sin 2sin 
(d) Fs (x) = db + 8 cosa + 824 cos 2g + E) ut ) 25s : 


— E 


cos 3% + = cos 4a + —— cos 5x. See Figure 10.30. 


Figure 10.30 
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23. (a) See Figure 10.31. 


3e 2T T = 


ae 
ale 


Figure 10.31 


The energy of the pulse train f is 


Next, find the Fourier coefficients: 


Ji 1/2 1 
ao = average value of f on [—7, 7] = 5 Area) — az (z) TE 
T T T 


5 


p G p É 
ak = — f(x) cos kx dx = — cos kz dx = — sin kx 
—mT- —1/5 kr 


-d (9) 9 C3) - 8 eG) 


-1/5 


1/5 


1 [* . M ai 1 
b, —— f (x)sin kx dz = — sin kr dy = —— cos kx 
T Jm is —1/5 kn —1 
/5 
1 


e) (9) = dos 


The energy of f contained in the constant term is 


142 2 
Anu 5=2(=) = 
ae 57 2552 


which is : " 
Aj 2/259? 1 
— = = — 7 0.063662 = 6.3662 f the total. 
E  2/5n 5r a 


The fraction of energy contained in the first harmonic is 


2sin = 2 
A2 2 ( = ) 
A = S = + s 0.12563. 


5v 


The fraction of energy contained in both the constant term and the first harmonic together is 


Ag Ai 
E is E & 0.06366 + 0.12563 = 0.18929 = 18.929%. 


(b) The formula for the energy of the k*™ harmonic is 


> kya 2k 
aae = (S3) 9;  4sin'z 
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By graphing this formula as a continuous function for k > 1, we see its overall behavior as k gets larger in Fig- 
ure 10.32. The energy spectrum for the first five terms is shown in Figure 10.33. 


y Ay 
0.02 
0.015 
0.01 + 5 
524 
0.005 
k 
1 10 20 30 40 0 1 2 3 4 5 
Figure 10.32 Figure 10.33 
(c) The constant term and the first five harmonics contain 
AS A? A2 A3 A A 
— + — + — + — + — + — m 61.5255 
E t E + E t E T E t E 6 
of the total energy of f. 
(d) The fifth Fourier approximation to f is 
Fs(x)-— gz4—— asin(g) ) cos x + BAD cos 2x + —s—— 250m ) cos 3a + sin cos 4x + 231 cos 5x. See Figure 10.34. 
For een Figure 10.35 Shows the thirteenth Fourier aegre alga to f. 
r1 Fl it 
i I ial 
n A | | 
hh n | | 
hi li 1 
LLLA L1 x£ wi Te x 
—-3n -27 -T 27 30 —3m T 2n 30 
Figure 10.34 Figure 10.35 


24. (a) See Figure 10.36. 


Figure 10.36 


The energy of the pulse train f is 


Next, find the Fourier coefficients: 


ao = average value of f on [—7, 7] = = Area) = — (2) = z 
T 
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3i 


T 1 
u-i[f f(e)coske de = 1 | skedi = ae 
TJn Ta kr 


—1 


E EN — sin(—k)) = EN sin k), 
kr kr 


1 


T 1 
»-i[ fe)sinkede = = f dn kedp== ects 
TJn T]. kr 


1 1 i 
= =z (cosk cos(—k)) = zO =0. 


The energy of f contained in the constant term is 
n 2 
Aj = 2a = 2 (=) MEN 


which is 
Aj. 2/m 1 


E 2Ír m 


The fraction of energy contained in the first harmonic is 


£ 0.3183 = 31.83% of the total. 


; 2 
A2 2 2sin 1 
z = Z = CY z 0.4508 = 45.08%. 


The fraction of energy contained in both the constant term and the first harmonic together is 


Ab | Ai 
“0 + 71 ~ 0.7691 = 76.91%. 
e+ FR 0.7691 = 76.91% 


(b) The fraction of energy contained in the second harmonic is 


; 2 
Ab 3h Cx] E 
Z c = I © 04316 = 13.16% 


T 


so the fraction of energy contained in the constant term and first two harmonics is 


2 2 2 
7 F 7 = & 0.7691 + 0.1316 = 0.9007 = 90.07%. 


Therefore, the constant term and the first two harmonics are needed to capture 90% of the energy of f. 


(c) 
1 2sinl sin2 2sin 3 


F(x) = — + - cos £ + cos 2z + cos 3r. 


See Figure 10.37. 


Figure 10.37 


25. 


26. 


27. 


28. 


29. 
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As c gets closer and closer to 0, the energy of the pulse train will also approach 0, since 


pat f aerei f reni- 


c/2 


The energy spectrum shows the relative distribution of the energy of f among its harmonics. The fraction of energy carried 
by each harmonic gets smaller as c gets closer to 0, as shown by comparing the k*™ terms of the Fourier series for pulse 
trains with c — 2, 1, 0.4. For instance, notice that the fraction or percentage of energy carried by the constant term gets 
smaller as c gets smaller; the same is true for the energy carried by the first harmonic. 

If each harmonic contributes less energy, then more harmonics are needed to capture a fixed percentage of energy. 
For example, if c = 2, only the constant term and the first two harmonics are needed to capture 90% of the total energy of 
that pulse train. If c = 1, the constant term and the first five harmonics are needed to get 90% of the energy of that pulse 
train. If c — 0.4, the constant term and the first thirteen harmonics are needed to get 9096 of the energy of that pulse train. 
This means that more harmonics, or more terms in the series, are needed to get an accurate approximation. Compare the 
graphs of the fifth and thirteenth Fourier approximations of f in Problem 23. 


By formula II-11 of the integral table, 


T 


J cos kz cos ma dx = — (v cos(kz) sin(mz) — k sin(ka) cos(a) ) 


T 


= 
Again, since sin(n7) = 0 for any integer n, it is easy to see that this expression is simply 0. 


We make the substitution u = mz, dx = du. Then 


T uU=mTT 
2 1 2 
cos’ mg dx = — cos“ udu. 
-T m u=- mT 


By Formula IV-18 of the integral table, this equals 


ae Lf 1 
ZS ddu- = 
+1 2 dont 


-mr —mm 


MT MT 


1 E | 
—|—cosusmu 
mi|2 


E gi mr) =T. 


The easiest way to do this is to use Problem 27. 


ji sin? meds = | (1 co ma) te = | a - | cos? ma dx 


= 2m —- using Problem 27 


=T. 
By formula I-12 of the integral table, 


T 
/ sin kx cos mz dx 


T 
T 


1 : : 
= me i (v sin(kz) sin(mz) + k cos(kz) cost) 


—T7 


=m Re E sin(kz) sin(mz) + k cos(k7) cos(mz) 


m sin(—kz) sin(—m7) — k cos(—k7) cos( zu 


Since k and m are positive integers, sin(kzx) = sin(m7) = sin(—k7) = sin(—mz) = 0. Also, cos(kx) = cos(—kz) 
since cos x is even. Thus this expression reduces to 0. [Note: since sin kx cos mz is odd, so f sin kx cos ma dx must 
be 0.] 
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30. Using formula II-10 in the integral table, 


T 


/ sin kx sin mz dx = -> l cos(kz) sin(ma) — msin(kz) ema) 


7T = 


Again, since sin(n7) = 0 for all integers n, this expression reduces to 0. 


31. (a) To show that g(t) is periodic with period 27, we calculate 
b(t + 27) bt bt 
t+2r) = f| ———— | =f (— +0) =f (—) =g). 
os) r( 2m ) f(get ) (57) s 
Since g(t + 277) = g(t) for all t, we know that g(t) is periodic with period 27. In addition 


a (7) -: (823) - ro. 


(b) We make the change of variable t = 27/b, dt = (2m /b)dx in the usual formulas for the Fourier coefficients of 
g(t), as follows: 


1. f 1 


T b/2 
ak = if at cos(kt) dt = Fi g (=) cos (=) Tade 


f(x) sin (==) da 


b/2 


(c) By part (a), the Fourier series for f(a) can be obtained by substituting t = 27a /b into the Fourier series for g(t) 
which was found in part (b). 


Strengthen Your Understanding 


32. Since sin(kz) is an odd function and cos(mx) is an even function, we know sin(kx) cos(mz) is an odd function. Hence 
T . . 
J sin(kz) cos(mx) dx is equal to 0. 
33. Unlike Taylor series, Fourier series are good global approximations rather than local ones. Thus, ao is the average of f (x) 
on the interval of approximation. 
34. Since cos kx is even for each k > 0, we expect f to be even if there are no sine terms. So let f be any even function with 
period 27. Then the coefficients of the sine terms are 


1 T 
by = F f(x)sin(kr)dr =0, fork » 0, 
T 
since f(x) sin kx is odd. For example, we could let f(x) = cos v. 
35. Since sin ka is an odd function for all k > 0, we expect f to be odd if there are no cosine terms. So let f be any odd 
function.with period 27. Then the coefficients of the cosine terms are 


ak = xf f(x) cos(kx)dx = 0, fork > 1, 
T 


since f(x) cos ka is odd. For example, we could let f(x) = sin z. 


SOLUTIONS to Review Problems for Chapter Ten 993 
36. True. Since f is even, f(x) sin(mz) is odd for any m, so 
bm = + / f(x) sin z(mz) dx = 0. 
T = 


37. (b). The graph describes an even function, which eliminates (a) and (c). The Fourier series for (d) would have values near 
7 for x close to 0. 


Solutions for Chapter 10 Review 


Exercises 
1. e^ & L4 e(z — 1) + (a — 1)? 
1 1 z 
2. Inz ~x In2+ z7 2) — 367 2) 


3 E EEE e+ = NUN ENSE Í 
l | V2" V2 4j 2/2 4 
4. Differentiating f(x) = tan z, we get f'(x) = 1/ cos? x, f” (x) = 2sinz/ cos? x. 
Since tan(r/4) = 1, cos(r/4) = sin(n/4) = 1/V2, we have f(n/4) = 1, f'(n/4) = 1/(1/V2)? = 2, 


p: 
f" (n/4) = BAS = 4, so 


mDr OEE 


T 4 mA? T T\? 
5. f'(x) = 3x? + 14x — 5, f" (x) = 6x + 14, f" (x) = 6. The Taylor polynomial about x = 1 is 
12 20 6 
Ps(z) = 44+ 7e- 1) A (n - ees ge~ iy 
— 4-4 12(z — 1) + 10(z — 1)? + (z — 13. 


Notice that if you multiply out and collect terms in P(x), you will get f (x) back. 


6. Let f(x) = x 1 cde z) `}. Then f'(x) = (1—2) ?, f"(z) = 2(1— x) 2, f" (£) = 6(1—x)-*, and f (a) = 
24(1 — x) ?. The Taylor polynomial of degree 4 about a = 2 is thus 
= 2 201-2)? 
P(e) = (1-2)! + (1- 2) ^ (s — 2) + 20 0 (s - 2y 
61-2) 24(1— 2)? 
+ $02 (s = 2)? T — —4)* 


= —1 + (x — 2) — (x — 2)? + (æ — 2)? — @—3)* 


7. Let f(x) = VIF x = (1 + z). 
1 1 ; 
Then f'(2) = 301 + 2)™?, f" (2) = — (1 4-2) 7^, and f” (2) = 
three about x = 1 is thus 


(1- x) ~5/2 The Taylor polynomial of degree 


ool w 


—4(1 +1)? 


2 (a — iy* 


Py(z) = (14:1)? + 50041) (1) 4 
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8. Let f(x) = ln z. Then f'(z) = z^, f"(zx) = —a~?, f" (x) = 2x73, and f (x) = —3 - 2274. 


So, 
“1 =o? " 
P(x) =ln2 +27 (x»—2)- 2i (a — 2) 
99-9 =3 2g 
a 2^ 4! (s - 2)" 
_ r—2 (2-2)? (xr-2)5 (sm-2) 
abek g oom 24 ` 64 


—1)!+131 
j=l: a gett} = 3g 
1)2+132 
132 ae » r?’ = 993 
-— (1) 3? mei. 2f 3 
i (3 — 1)! 2 
in: Cet, a1_ 27 7 
` (4 — 1)! 2 
Thus, Pr = 3e = 95 + Lg E. g, 
10. We know that 
= xz? g^ 7 
cos x = gi T at 


Therefore, using the hint, 


f(a) = 0.5(1 + cos 2x) 
(22) | Qx)! Qc 


END AMA 9l 4 8g Seres 
" 2 4.2 4 9 

uc ds 34 4 
"s E g 

3 45 
11. We multiply the series for e* by t°. Since 
ee =1+t+ a + us t 
7 201 3! , 


multiplying by t? gives 


SE CCP a 
al 1 
2, 43 4 5 
=P +++ ct 
2 s 6 F 
12. We substitute 3y into the series for cos x. Since 
z? z^ gx 
cosg = 1——+-—-——+4+--., 
214 4 6! 


substituting x = 3y gives 


cos(3y) = 1 
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13. 
2 2 92 (92)? (9?)* (929 
0° cos?” = 0 (- Sr er - eT... 
" 910 g^ 
_ 92 
Oo ata et 
3 y 7 
14. Substituting y = t? in sin y = y — a + 5^ T +--+ gives 
"N^ 16 40 qu 
sint =t- ap ep ap v 
15. 
t =o (“1)(=2) 2) (-C0CC2(73) 3 
121756049 (reos t + 3i t+ 


1 à 
16. Substituting y = —4z? into 1 =l-yt y? — y +--+ gives 
y 


1 


17. 


18. We use the binomial series to expand 1/4/1 — z? and multiply by z”. Since 


bo 242712 21- Lua CU2C3/2 s, CUDCSPD)CSP) s | 
lota 2 2! 3! 
E 1 32 5 3 
x x da^ didi 
Substituting x = —2? gives 
2 
Z I 1 2 3 242 5 243 
"pr imde uS LA P eee t 
E l2 34 5 «6 
=1+ 57 + 8^ + 16^ + 
Multiplying by z?, we have 
2? 2 4, 3,6 8 


995 
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19. " ^ " 
a __ 8 —(QQbY 2. 2, (o PY. 
a+b a(l + 2) BN a E a a a 


20. Using the binomial expansion for (1 + z)?/? with z = r /a 


mr Gana aa aea 
= a (14-972) (2) + EEAS (2) p CDDC (ey? ss) 


EA 6 v) 
21. Using the binomial expansion for (1 + x) 
2 2 3/2 2\ 3/2 
(B? + y??? = (se (£y = (2 (14 (+) )) = B’ (1+ (4) ) 
2p c ZO ) + 8B (t yy ee cun (à) --) 
2! 3! 
) 


)3/2 with x = y/B. 


—pí(143 (2 * ud 
=B E 3 VB + 8 
22. 
i 
ag 
R-r-wvR|1—— 
1 r 1/1 1 PNA 
Rhi- a 19 ele. 
DDR 
3! \2 2 2 R 
ir dir d 
= 1 prem EN oe n 
va( 2R SR? 16H? ) 
Problems 
23. The second degree Taylor polynomial for f(a) around x = 3 is 
H 
3 
f(a) se £8) + f) — 3) + Bae c y 
—1-5(zr-—3) a 3)? 21--5(z —3) — 5(z — 3). 
Substituting z — 3.1, we get 
f(3.1) ~ 1 + 5(3.1— 3) — 5(8.1— 3)? = 1 + 5(0.1) — 5(0.01) = 1.45. 
24. Factoring out a 3, we see 
8(1«1 3 ones E : am x de .-) =3e! =3e. 
3! 5! 
25. Infinite geometric series with a = 1, x = — 1/3, so 
1 3 


Sum = a TT 
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26. This is the series for e” with x = —2 substituted. Thus 
ee ee cae ( a pi ok Tem? 
27. This is the series for sin x with x = 2 substituted. Thus 
EU RC ON aa 
28. Factoring out a 0.1, we see 
0.1 (oa — D + on ne | =) = 0.1 sin(0.1). 


29. (a) Factoring out 7(1.02)? and using the formula for the sum of a finite geometric series with a = 7(1.02)? and r = 
1/1.02, we see 


7 F á 7 7 7 
Sum = 7(1.02)? + 7(1.02)? + 7(1.02) + 7 + do» * Gone * + (02m 


: 1 1 1 
zv (Ii m dh el 
fta ( * 02) * (1023 ^ * nage) 
(= chr) 
3 (1.02) 
1-1 
3 ( (1.02)'°* — 1 1.02 
ina (ee 
ae ( (1.02))04 0.02 
| 7(1.02104 — 1) 
~ 0.02(1.02)100 ` 


= 7(1.02 


(b) Using the Taylor expansion for e” with x = (0.1)?, we see 


7(0.1)! . 7(0.1)6 


= 2 
Sum = 7 + 7(0.1) + i + ao 

_ 2, (0.1^ , (0.1) 

(1+0) + 2i 4 apes 

= 7e (0-1) 

= 72°", 


30. Let Cn be the coefficient of the n^ term in the series. C1 = f’(0)/1!, so f'(0) = 11C; =1-1=1. 
Similarly, f” (0) = 2!C2 = 2!- $ = 1; 
f"(0) 23104 = 3!- 4 = 2! = 2; 
[09 (0) = 101719 = 10! - i; = 42 = 9! = 362880. 


31. Write out series expansions about x = 0, and compare the first few terms: 


" m x? x? 
aie aa ia aa es 
2 3 
x T 
In(1 Eae Ies 
n(l+2)=2 5 3 
2 4 2 4 
i ET E Ead. J-5 E 
2! 4! 2! 4! 
ND PE x x? 
E = Se t i Ce 
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=g- + = Tee (note that the arbitrary constant is 0) 


a pi: 1/2 _ 1, G/2)(-1/2) 2 
aV1—@ = x(1—2)'/ a(i a rn es) 


So, considering just the first term or two (since we are interested in small x) 


1—cosz < rVl—z «ln(1 4 z) «€ arctanz < sing € z < e — 1. 


on the interval (—1, 1). The 


1 
32. The graph in Figure 10.38 suggests that the Taylor polynomials converge to f(x) = 1x 
x 


Taylor expansion is 


1 
ia) = 5! Eder — r? 4x ; 
so the ratio test gives 
"m = n+l „n+l 
lim lana = lim eis Lon 


Thus, the series converges if |x| < 1; thatis -1 < x < 1. 


Figure 10.38 


33. The Taylor series of around x = 0 is 


1—2x 
1 rack 
ae = 1+ 2e + (22)? + (22)? +- = X 2r)". 
k=0 
To find the radius of convergence, we apply the ratio test with a, = (2x)*. 
-lakal p Zt uds 
l =i 2 
koo |as] ses SEE |z| 
Hence the radius of convergence is R = 1/2. 
34. First we use the Taylor series expansion for In(1 + t), 
Lig, 1 la 
ln(1 +t) =t- zt + zt =i ode 
us 2 "9g" A 


to find the Taylor series expansion of In(1 + x + a”) by putting t = x + z?. We get 


In(1 +sta?) a 52^ att Fat ten. 


Next we use the Taylor series for sin x to get 
129 : 2 
sin x = (sin x£)“ = (x — =r” + — r’ — 
Finally, 
In(l+a2+4+2?)—2 $e? $a? ize 1 
sin? x z?—4iztl.4.ee 2° 
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35. The fourth-degree Taylor polynomial for f at x = 0 is 


Pa(a) = f(0) + fOr + LO? , LO 5 | LO 4 


6 24 
= =i 
MEINT 3 


Thus, 
0.6 0.6 
i) f(x) dx ~ | Pa(x) dx 
0 0 
e eee 
Sf SR" SS 8S pet ae SS Se 
2 2 3 6 4 8 5 
lg d ER : 
EN = 2 Paras 3 a 4 NEM — 
= (52 z7 + z4” 37 ) i 0.10008. 
36. (a) Using the Taylor series for e”, we have: 
242 343 344 
" sry Cr) | Cv) 
e* =1+(-2°) + pod c c 
6 9 12 
x x x 
=1 3452-24 
"tq 6'mg-* 
(b) Using the Taylor polynomial of degree 12 from part (a), we have: 
6 9 12 t 
, Pam E a 
f) (1-245 6*9 
2 62? 9r? 12r" 
EE disc ap CE E 
i " 5 3a? m 
3a" + 3x 3 t3 + 
£ 
f" (a) = (f'(x)) 
1 
B 5 5 378 git 
( 3r + 3x 2 t 2 + 
10 
“sy isa og p BO 
37. We find the Taylor polynomial for cos(z?) by substituting into the series for cos z: 
2Y 4 1,252 1 244 x a? 
This means that 
1 1 4 8 5 9\ |t 
2 x x x x 1 1 : 
: dx x 1-~—+—)dr= -—4+-— = 1 — — + — = 0.90463. 
] 5€ E | ( rx) 7 (: at iB) | 10 * 216 


This is a very good estimate; the actual value (found using a computer) is 0.90452.... 
38. (a) The series for = is 


: 3 5 2 4 
m sn (20)? (20) D j n 


so lim 


so the parabola is y — 2 — 30". 
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. a ince — x)” x = arcsin x, we use the laylor series for =r“) to find the laylor series for arcsin x: 
39. (a) Si 1— x?) d i he Tayl ies for (1 — z?)- !? to find the Tayl ies f i 


- 1 3 5 35 
jeg WR. ru sq 9 uu 99 us 
do) Hu di dixo 8 


so 
arcsin z = fo — x?) dae =x + Za’ + ae + i; + is Tee 


(b) From Example 3 in Section 10.3, we know 


arctanz = ax je | p za Fee 
so that ; . 
arctan x r— ia? dia? — ix" pe BM "T 
———— = — s 3 x ; 
arcsin z cd oir? 5 4 oat 4+ Er? 
40. (a) The Taylor series is given by 
1 1 Hn 2 1 n 3 1 (4) 4 
f(z) = f(0) c f (0s c ay f (0s caf (09 cu f (Oa + 
= (14 1)! 1 (241)! ə 1 (341)! 3 1 (441)! 4 
at ee eg pe ge a ge CU 
eee —— —— —— 
f'(0) f" (0) f^ 9) $00) 
1 3! 1 2 4! 1 3,95 1 A 
—(d 6 — Bo Mora hoes paar 
S1+2 Goa ay ge a ge Tt 
2 1,9 2,4 s 4 
=1 i c t$ tt +z roc 
1+1 , 2+1 ə 341 3 4+1 4 k+1 , 
=1+ 91 22 + 23 + 924 T sree as gr + 


We see that the coefficient of z” is (k + 1)!/2*, so 
X ktl 
f(z) 2 3 5 TAa. 
k—0 


Note that the general term works for k = 0, since (0 + 1)!/2° — 1/1 — 1. 
(b) Each successive term in this series involves a higher power of 3/2. Since 3/2 > 1, this means each successive term 
is larger than the one before. Therefore the series does not converge. 


1 / o oo 1 
(c) Given tat f (>: 2) dr = 5 (/ Ann” ic) , we have: 
0 0 


n=l n=1 


FE ae eee ‘4 "NE: Í s 
= — c -2 — c —VX — o — — se — = 
25 2 22 3 23 4 24 5 
0 0 0 
= 1 1 1 1 
ERES LE 1s RE toe 
a . . : 1 

This is the sum of a geometric series, which we know to equal 1-172 = 2. 


41. (a) See Figure 10.39. The graph of E; looks like a parabola. Since the graph of E; is sandwiched between the graph of 
y = ax? and the x axis, we have 


|E|| € z? for |x| € 0.1. 


y 
x 0.01 T ip fee 
ks 
"Ye P4 Ei 
Se Es 
| = = -az 
—0.1 0.1 
—0.01 + 
Figure 10.39 
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—0.1 


/ 
d — 0.001 4 


Figure 10.40 


1001 


(b) See Figure 10.40. The graph of E» looks like a cubic, sandwiched between the graph of y = zx? and the x axis, so 
g grap grap y 


(c) Using the Taylor expansion 


we see that 


|E2| X a? for |2| € 0.1. 


Thus for small x, the x? /2! term dominates, so 


and so E is approximately a quadratic. 


Similarly 


Thus for small x, the z? /3! term dominates, so 


and so E» is approximately a cubic. 


42. (a) We have 


43. (a) The Taylor polynomial of degree 2 is 


v | l Z Z l 
€ 1 r X4 p ET T 
z x 3 gt 
Fi =e = (bra) = se gp  ay t 
Ey 7 
" x x? at 
E2 =e fores 
E» y 
1 
0) + f (0)s + sf" (0) + 
1 1 iL 1 5 1 : 1 
1 ta target z + 2 (4!)a tg 0 m 00s 
x? NS x? ES x 
3 5 TO 
P P ag (odd number) 
f(a) E E T 5 T 7 us same odd number 
2 "ESI 
A 2k 1 
k=0 
V"(0 
V (a) e V(0) + V'(0)z + Y y. 


Since z = 0 is a minimum, V'(0) = 0 and V"(0) > 0. We can not say anything about the sign or value of V (0). 


Thus 


V(x) gm 


V(0) + 


V" (0) à 


x. 
2 
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(b) Differentiating gives an approximation to V’(zx) at points near the origin 
V'(a) œ= V" (0)z. 
Thus, the force on the particle is approximated by — V" (0)z. 
Force = —V'(a) z —V"(0)z. 


Since V" (0) > 0, the force is approximately proportional to x with negative proportionality constant, — V" (0). This 
means that when z is positive, the force is negative, which means pointing toward the origin. When z is negative, the 
force is positive, which means pointing toward the origin. Thus, the force always points toward the origin. 

Physical principles tell us that the particle is at equilibrium at the minimum potential. The direction of the force 
toward the origin supports this, as the force is tending to restore the particle to the origin. 


44. (a) For reference, Figure 10.41 shows the graphs of the two functions. 


-x* i] 2 z* d. 
à iE d ae 
1 

=1-g +r- r? p. 


Notice that the first two terms are the same in both series. 
b) —— is greater. 
6) LL 58 | 
(c) Even, because the only terms involved are of even degree. 
. lg2 : » 
(d) The coefficients for e ^ become extremely small for higher powers of x, and we can “counteract” the effect of these 
powers for large values of x. The series for Tí has no such coefficients. 


y 
1 
y= 1m 
— x2 
y=e 
l L gz 
—1 1 
Figure 10.41 
45. We have: 
4 
7 (=n)? " 
Bs ni z 
n=1 
NP _9)2-1 3)3-1 _4)4-1 
oe ee, 
_ (-1)° (=2)' », (73? 5, (<4)? 4 
=a ea ge T 3p 
2,33 4 


46. We can approximate f(x) using the Taylor polynomial of degree 5: 


" (3) (4) (5) 
Ps(x) = f(0) + f' (0) + Zi) w r? + I d r? + fo n x Í 0, 
mita M E E 
2 6 24 120 
=2- ig — I5 + duh 
2 8 20 


2 2 2 
12 la, 1 P la 135, 1 6 la d js, 1 aë 
dew 2— ig? og p 49) de Op = gg) uo. uai. oh s i. aa 
Te f ( 7 —8* to) 9 — 777g" 739" "139" | 6^ 40^ "120 


47. 


48. 


49. 
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We have 
FQ =t re 
1 1.5, 1 i] 
walit at et 
t T t3 ta 
ee E 
(Ot 2 6 


l 1o 1: 1s 
Sind fos? + C 
" 2 2 M: g^ 
emdiiqi4b44 eC 
S 4^ tist t 
— 
1 DM 
so Palt) =t+ 48 + Lt. 


Note that the problem does not give enough information for us to find C. The actual definition of f is given in terms 
of an improper integral; using this definition, it can be shown that C equals the so-called Euler-Mascheroni constant 
À = 0.57721 .... 

This time we are interested in how a function behaves at large values in its domain. Therefore, we don't want to expand 
V = 2ro (v R? + a? — R) about R = 0. We want to find a variable which becomes small as R gets large. Since R > a, 
it is helpful to write 


We can now expand a series in terms of ($). This may seem strange, but suspend your disbelief. The Taylor series for 


\/1+ Sis 


2 a\2 
pr ee 
So V = R210 ( + Du — : (=) +e 1) . For large R, we can drop the bu term and terms of higher 
order, so " 
TOG 
Ve RC 


Notice that what we really did by expanding around (4)? = 0 was expanding around R = oo. We then get a series that 
converges for large R. 


@) F= SE + Guy 


— GM Gm 1 
b) F= ae +e Grae 


-— (1 5) EUM (z) + (-2)(-3) 9" + 
(1+4) ^R R 2! 
GM Gm r rA? 
p= Gt Ge Ges)" 
m m | R) TAR 
(c) Discarding higher power terms, we get 

Pr GM Gm 2Gmr 
EE uu E. 

G(M +m) | 2Gmr 
m gp 

Looking at the expression, we see that the term ae is the field strength at a distance R from a single particle 


of mass M + m. The correction term, -ou is negative because the field strength exerted by a particle of mass 


(M + m) at a distance R would clearly be larger than the field strength at P in the question. 
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50. (a) Fora/h « 1, we have 


1 1 -if 10 | 3a! 
(a2 +h2)1/2 — h(1--a2/h2)/2 h 2hn2  8h* `U)’ 
Thus 


a? h h 


_ 2GMmh igle 
|». ah 


2 
8 
_ 2GMm 1a? 13@ |. GMm 1 3@ 
EET he Ah?" } nm Ah? U)? 


(b) Taking only the first nonzero term gives 


p — 2GMmh (s 1 (: 


Notice that this approximation to F is independent of a. 
(c) If a/h = 0.02, then a?/h? = 0.0004, so 


GMm 3 GMm 
Fe Sa (1 — 7 (0-0004)) ca (1 — 0.0003). 


Thus, the approximations differ by 0.0003 = 0.03%. 
51. (a) If h is much smaller than R, we can say that (R + h) ~ R, giving the approximation 


F= mgR? M mgR? u 


(RK-h Reo 
(b) 


F= mgR? mg 


(R+ h)? = QF WRF Cm h/B)T 
me O DE) a (s. 


10 AR 2! R 3! R 
_ 2h | 3h? 4h? 
=m =R CURE p 


(c) The first order correction comes from term —2h/ R. The approximation for F is then given by 


2h 
Fu 1-—). 
mg ( x) 


If the first order correction alters the estimate for F by 1096, we have 


= = 0.10 so h=0.05R ~ 0.05(6400) = 320 km. 


The approximation F ~ mg is good to within 10% — that is, up to about 300 km. 
52. Since expanding f(a + h) and g(x + h) in Taylor series gives 


f(x & h) = fa) + roht D + 
g(a +h) = g(x) + g'(x)h + — tes 


we substitute to get 


f(x + h)g(z + h) = f(x)g(z) 
h 


53. 


54. 
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(f(z) + f'(z)h + $f" (x)? + —.)(g(z)  9'(z)h + $9" (a)h? +...) — f(z) 9(z) 
chats) (taz) + fla)! e))h-+ Terms in A? and higher powers — f(a)a(o 
hf (x)g(x) + f(x)g'(x) + Terms in h Be higher powers) 

= f'(a)g(x) + f(x)g'(x) + NUN in ^ and higher powers. 


Thus, taking the limit as h — 0, we get 


Z iaeaea 6:900) Soo) 


h—0 


= f'(x)g(z) + f(x)g'(x). 


Expanding f(y + k) and g(x + h) in Taylor series gives 


FG ek) = fü) fake LOR uL... 
(zh) = ax)  gG)h + £e + 


Now let y = g(a) and y + k = g(a +h). Then k = g(x + h) — g(x) so 


/ g" (x) 2 
k =g (x)h + h Ree 


2! 
Substituting g(x + h) = y +k and y = g(x) in the series for f (y + k) gives 
Hole +h) = Fle) + fo) + LGD 2 4... 


2! 


Now, substituting for k, we get 


fle +h) = flola)) rco (o'@)n+ Lp +...) 4 FOOD ue, uy. 


2! 2! 
= f(g(x)) + (f'(g(a))) - g'(z)h + Terms in h? and higher powers. 


So, substituting for f(g(x + h)) and dividing by ^, we get 
f(g(a + h)) — f(g(z)) 
h 
and thus, taking the limit as h — 0, 


= f'(g(x)) - g'(x) + Terms in h and higher powers, 


d _ 3 (gle +h)) — f(g(z)) 
go) = in 


= f'(g(z): g'(x). 
(a) Notice g'(0) = 0 because g has a critical point at x = 0. So, for n > 2, 


"9 Mg). (n) (9 z 
g(x) ~ Pala) = 9(0) + La? + 90, 1... 197 00. 
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(b) The Second Derivative test says that if g^ (0) > 0, then 0 is a local minimum and if g” (0) < 0, 0 is a local maximum. 


su 


9i x. So, for x near 0, 


(c) Let n = 2. Then P2(x) = g(0) + 


If g" (0) > 0, then g(a) — g(0) > 0, as long as x stays near 0. In other words, there exists a small interval around 


x = 0 such that for any x in this interval g(x) > g(0). So g(0) is a local minimum. 
The case when g"(0) < 0 is treated similarly; then g(0) is a local maximum. 
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55. The situation is more complicated. Let's first consider the case when g"' (0) Æ 0. To be specific let g" (0) > 0. Then 


g” (0) 3 
g(x) = Psz) = g0) + 28, 
(0) s ice das on | 
So, g(x) — g(0) = 3 (Notice that 3 > 0 is a constant.) Now, no matter how small an open interval 7 
j ` m 
around x = 0 is, there are always some xı and x» in J such that xı < 0 and z2 > 0, which means that g W x <0 
"n i 
and 2 P z3 > 0, i.e. g(a1) — g(0) < 0 and g(z2) — g(0) > 0. Thus, g(0) is neither a local minimum nor a local 


maximum. (If g” (0) < 0, the same conclusion still holds. Try it! The reasoning is similar.) 
Now let's consider the case when g” (0) = 0. If g (0) > 0, then by the fourth degree Taylor polynomial approxi- 
mation to g at x = 0, we have 


for x in a small open interval around z = 0. So g(0) is a local minimum. (If g (0) < 0, then g(0) is a local maximum.) 
In general, suppose that g (0) Æ 0, k > 2, and all the derivatives of g with order less than k are 0. In this case 

g looks like cz” near x = 0, which determines its behavior there. Then g(0) is neither a local minimum nor a local 

maximum if k is odd. For k even, g(0) is a local minimum if g/ (0) > 0, and g(0) is a local maximum if g^ (0) < 0. 


56. Let us begin by finding the Fourier coefficients for f(x). Since f is odd, Jo f(x) dx = 0 and 1. f(x) cos nz dx = 0. 


Thus a; = 0 for all 2 > 0. On the other hand, 
0 T 
I — sin(nx) dx + J sin(nx) as 
-T 0 
0 T 
| 
1 
=— |o — cos(—nz) — cos(mz) + cos | 
nT 


= i (: -— cos) . 


Since cos(nm) = (—1)”, this is 0 if n is even, and + if n is odd. Thus the n*^ Fourier polynomial (where n is odd) is 


»-i[ yide 
Tj. T 


= 


Fale) = EE = nirt ee 25 satus. 
T 3m n 


Evaluating at x = 7/2, we get 


Rica bolas aw a uu s ip ei d 
7 me 2 Im 2 be 2 m 2 nr 2 
4 icd. d "TAE 
-Iije-q Jg [2] 
«( c ue DR xu) 
But we are assuming F’,(7/2) approaches f (7/2) = 1 as n — oo, so 
T 1 1 1 anti 1 T T 
—NE(T/2)9d4— Sao Shae (al 4 Es TS, 
gee) gg pic M a eM 


57. (a) Expand f(x) into its Fourier series: 


f(x) = ao + a1 cos z + a2 cos 2x + a3 cos 3z +---+ ap cos ky t 


+ bı sin z + bz sin 2z + bz sin 3x 4---- + by sin kx +- 
Then differentiate term-by-term: 


F(x) = —qaı sin x — 2a2 sin 2x — 3a3 sin 3x — --- — kap sin kz — 


+b; cos x + 2b2 cos 2x + 3b3 cos 3x +- -- + kby cos kx +- 
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Regroup terms: 


f (2) = +b; cos x + 2be cos 2x + 3b3 cos 3x +---+ kbp cos kx 4 

—aı sin x — 2a» sin 2r — 3a3 sin3z —--- — kay sin kz —--- 
which forms a Fourier series for the derivative f'(x). The Fourier coefficient of cos kæ is kbp and the Fourier coeffi- 
cient of sin kr is — ka;.. Note that there is no constant term as you would expect from the formula ka; with k = 0. 


Note also that if the k'" harmonic f is absent, so is that of f’. 
(b) If the amplitude of the &*" harmonic of f is 


Ak = ya? + b2, Eg 
then the amplitude of the k*" harmonic of f’ is 
y (kb)? + (~ka)? = \/k?(b2 + a2) = kya? +b? = kAg. 


(c) The energy of the k*™ harmonic of f’ is k? times the energy of the k'^ harmonic of f. 


58. Let r; and sx be the Fourier coefficients of Af + Bg. Then 


TQ = xj [arc + Bale) da: 


= A) x a Fla) a eB f s 


= Aao + Boo. 
Similarly, 
rk = xf EQ + Bac) cos(kx) dx 
T 
1 (7 pu 
=A E I f(x) cos(ka) as +B E J g(x) cos(ka) as 
T T 
= Aay + Bek. 
And finally, 


Sk = 1f EQ + Ba) sin(ka) dx 


= DE 7 f(x) sn(k) dz! vale | g(a) sin(kz) as 


T 
=y 


= Acy + Bdk. 


59. Since g(x) = f(x + c), we have that [g(x)]? = [f(a +c)], so g? is f? shifted horizontally by c. Since f has period 27, 
so does f? and g?. If you think of the definite integral as an area, then because of the periodicity, integrals of f? over any 
interval of length 27 have the same value. So 


Energy of f - f aor de f 7 (FG)? ds 
Now we know that : 
Energy of g = f (g(x))? dz 
-i[ eoa 


Using the substitution t = x + c, we see that the two energies are equal. 
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CAS Challenge Problems 


60. (a) The Taylor polynomials of degree 10 are 


4 6 8 10 
22 x 246 
F sin? P. = a e — a —À 
orsin m, — Pole) = 2° — > + Ge — WS + 14175 
4 6 8 10 
For cos? x, Owais Lm VL. 2c 


3 45 315 14175 


(b) The coefficients in Pio (x) are the negatives of the corresponding coefficients of Q10(x). The constant term of Pio (x) 
is 0 and the constant term of Q1o(x) is 1. Thus, Pio(x) and Qio(x) satisfy 


Qio(x) =1- Pyo(a). 


? v and sin? z satisfy the identity 


This makes sense because cos 


2 S, 
cos r—]1-Ssin zr. 


61. (a) The Taylor polynomials of degree 7 are 


3 5 d 
a x T 
For si Pr(z) = 2 — — i 
or sin x, (x) =x 6 + 120 5040 
2g? 2x5 Ag 
F : = I EMPTIS 
or sin x cos x, Ql) =g 3 15 315 


(b) The coefficient of x? in Q7(x) is —2/3, and the coefficient of z? in P7(a) is —1/6, so the ratio is 


-2/3 | 
1/6 
The corresponding ratios for z? and x^ are 
2/15 —4/315 
= =l d ——— — = 64. 
m20 ae 


(c) It appears that the ratio is always a power of 2. For x, itis 4 = 22. for x, itis 16 = 25; for x", it is 64 = 2°. This 
suggests that in general, for the coefficient of x”, it is 2”~*. 

(d) From the identity sin(2r) = 2sin x cos z, we expect that P7(2x) = 2Q (x). So, if an is the coefficient of x” in 
P; (x), and if bn is the coefficient of x" in Q7(x), then, since the x” terms Pz(2x) and 2Qz(x) must be equal, we 
have 

An(2x)” = 2b,z^. 
Dividing both sides by xz” and combining the powers of 2, this gives the pattern we observed. For an Æ 0, 


bn 


an 


= 9n-1 


62. (a) For f(x) = x? we have f'(x) = 2x so the tangent line is 


y = f(2) + f'(2)(x - 2) = 4+ 4(s — 2) 
y = 4r — 4. 


For g(x) = £? — 4a? + 8r — 7, we have g'(x) = 3a? — 8a + 8, so the tangent line is 


y =g(1) + g'(1)(x — 1) = -2-3(x — 1) 
y —3r—5. 


For h(x) = 2x? + Az? — 3x + 7, we have h'(x) = 6x? + 8x — 3. So the tangent line is 


y = h(—1) + f (-1)(x + 1) = 12 — 5(x + 1) 
y= —5xr +7. 
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(b) Division by a CAS or by hand gives 


f(x) x 4a —4 

pene Go Gp Oe 

g(t) aw — 4a? + 82-7 — 7 32 —5 EE 
lI? (zi =g 2+ IF so r(x) = 3r- 5, 
h(a) 203 + 4a? — 3x +7 -5g +7 

A = pus M GS S LE Iii alU 2 : 
(@+1p CESE CS Gaye OTA 


(c) In each of these three cases, y = r(x) is the equation of the tangent line. We conjecture that this is true in general. 
(d) The Taylor expansion of a function p(x) is 


ple) = pla) + v/(a)(z — a) + we — a)? + 


Now divide p(x) by (x — a)?. On the right-hand side, all terms from p"(a)(x — a)? /2! onward contain a power of 
(a—a)? and divide exactly by (z—a)? to give a polynomial q(x), say. So the remainder is r(x) = p(a)--p'(a)(z—a), 
the tangent line. 

63. (a) The Taylor polynomial is 


2 4 6 8 10 


Paiste : : pm 


12 720 ' 30240 — 1209600 ^ 47900160 
(b) All the terms have even degree. A polynomial with only terms of even degree is an even function. This suggests that 
f might be an even function. 
(c) To show that f is even, we must show that f(—x) = f(z). 


=x —r T x ze x 
Heal a “7-5 3 ri 3 
re" — izx(e* — 1) 
~ gno] 
re? — ize? b iv — ize" bim — iz(e"— 1) 
(^ e-1 e-1 e-1 
-— - Z += = f(z) 


64. (a) The Taylor polynomial is 


3 7 11 
T $ T 
Pulz) = 5- p t BO 
(b) Evaluating, we get 
13 1^ 1 
Parte — 0.310281 
u(1) = y — 33 * 1326 


1 
sa) f sin(t^) dt = 0.310268. 
0 


We need to take about 6 decimal places in the answer as this allows us to see the error. (The values of Pı (1) and 
S(1) start to differ in the fifth decimal place.) Thus, the percentage error is (0.310281 — 0.310268) /0.310268 = 
0.000013/0.310268 = 0.000042 = 0.0042%. On the other hand, 

98. 9T gil 


Pun =— =" 
n) 3 42 * 1320 


— 1.17056 
2 

82) n sin(t^) dt = 0.804776. 
0 


The percentage error in this case is (1.17056 — 0.804776)/0.804776 = 0.365784/0.804776 = 0.454517, or about 
45%. 
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PROJECTS FOR CHAPTER TEN 


1. (a) We rewrite the denominator as (1 + (A? — 2.4) cos? 0) -!/? and expand using a binomial series. Since we 
do not want terms beyond the quadratic, we omit terms with powers higher than A?. 


i(_3 
(1 + (4? — 2A) cos? 0) a 1— La — 2A) cos? 0 — 213) (42 — 2A)? cos 0 +- 
1 
=1- Sus - 24) cos? 9 + 2(A* — 44° + 44?) cos! 0 +-+ 
= 1 + Acos? 0 + A? (Fost gen) Tee 


Now multiply by (1 — A cos? 0), again omitting powers higher than A?: 
cosa = (1 — A cos? 0)(1 + (A? — 2A) cos? 0) 1? 
3 1 
= (1 — A cos? 8) (: + Acos? 0 + A? (3 cos* 0 — 5 cos” ) SE ss ) 
2 (3 4 L o 4 
=1+A 5 608 0 — 5 cos 0 —cos^0 | + 
uil. A l2 
= 1 + A* | = cos* 0 — = cos 0 |) +--> 
2 2 
l 2.42 2 
=1+54 cos” 0(cos^ 0 — 1) +- 
1 
xl- 24 cos? 0 sin? 0. 
The approximation of part (a) is therefore the approximation of cos a by its quadratic Taylor polynomial. 


(b) Since the bulge in the earth is so small, we have a z 0. Therefore to a good accuracy we can approximate 


cos a by its Taylor series about 0, 


o? 


cosa x 1 — —. 
2 


By part (a) we have 
1-—F1- lj? cos? @ sin? 0 

2 2 

o? = A? cos? 0 sin? 6. 
Using the identity sin(20) — 2sin 0 cos0 we get 

I 
o? = A? cos? 0 sin? 0 = — A? sin” (26), 
and therefore, since A > 0, and taking o and 0 to be positive, we have 
Iu 
ax z4 sin(20). 


(c) The value of a is the exact value and (1/2)A sin(20) is the approximation. Thus, we have 


(1/2)A sin(20) — a 


Error = 


Letting A = 0.0034 and expressing all angles in degrees, we have Table 10.2: 
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Table 10.2 


e |o f2 — [a4 {or — | 

a | oœ | oo6280* | o.09611* | 0.084425° | 0.033317 
(1/2)Asin(20) | 0° | 0.06261° | 0.00592* | 0.084353* | 0.033314 
Error | o | 0.30% — | 0.20% — | 0.08596 — | 0.010% 


80° 


2. (a) A calculator gives 4 tan! (1/5) — tan~!(1/239) = 0.7853981634, which agrees with 7/4 to ten decimal 
places. Notice that you cannot verify that Machin’s formula is exactly true numerically (because any cal- 
culator has only a finite number of digits.) Showing that the formula is exactly true requires a theoretical 
argument. 

(b) The Taylor polynomial of degree 5 approximating arctan x is 


z^ x 


arctan z £& y — — + —. 


3 5 


r= (taen (5) mm (a) | 
(6-56) =G) )- Gs 3) * 


~ 3.141621029. 


Thus, 


if 343* 
5 \ 239 
The true value is 7 = 3.141592653.... 


(c) Because the values of x, namely x = 1/5 and x = 1/239, are much smaller than 1, the terms in the series 
get smaller much faster. 
(d) (i) If A = arctan(120/119) and B = — arctan(1/239), then 


tan A = a and tan B = -5 
Substituting 
tan(A + B) = E =a, 
Thus 
A+ B = arctan 1, 
so 


120 1 
arctan | —— | — arctan | —— | = arctan 1. 
119 239 


(ii) If A= B = arctan(1/5), then 


(1/5) + (1/5) _ 5 
tan(A+ B) = 1-0505) = 


Thus 


5 
A+ B — arct 
+ arctan (5). 


2 arcta : arcta: 2 
E DS = ar I| SS è 
5 12 


SO 
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If A= B = 2arctan(1/5), then tan A = tan B = 5/12, so 


(5/12) + (5/12) 120 


t A B eae Ci SC —. 
an(A + B) = 5/12/12) ^ 119 
Thus - 
A+ B — arctan (=) ; 
SO 


"-——— is 
arctan 5 — arctan 119 . 


(iii) Using the result of part (a) and substituting the results of part (b), we obtain 


4 arcta: : cta : — arcta i 
rctan | = arctan | zag | = arctan1 os 


3. (a) (i) Using a Taylor series expansion, we have 


f(zo -h) = Fao) - f'(ao)h + EEL — Food pa... 
So we have " 
Hez Ho T) — f'(zo) ~ Í ore 
This suggests the following bound for small h: 
f(zo)- f(zo - 5), Mh 
I M - feo) S 


where |f” (x)| < M for |x — zo| < |h]. 
(ii) We use Taylor series expansions: 


f^ (xo) f” (xo) 
207 2 — e EX 


f (xo +h) = f(zo) + f'(ro)h + — h + 
f(zo — h) = f (x0) — f'(xo)h + E T P mm 


Subtracting gives 


f (xo +h) — f(zo — h) = 2f'(zxo)h + 


= 2f'(xo)h + z f" (ro)? fare, 


So 
h) — sh n 
f (xo + = ) = f' (zo) ES f (rol e d 
This suggests the following bound for small h: 
f(zo--h)— f(zo —h) y Mh? 
— < 
2h f (xo) = G 


where |f” (x)| < M for |x — zo| < |h]. 
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(iii) Expanding each term in the numerator is a Taylor series, we have 


Feo + 2h) = F(a) + 2F'(ao)h + 2f" Go)? + 2 f (ao)h? 


5G) 4 Í fO (so) e" 
f (xo +h) = f(xo) + f'(zo)h + f Cope Ka f Kon 


(4) (5) 
Za f sang 
f(xo — h) = f (xo) — f'(xo)h + T i — 


„SOE a _ SOl) s 


h? 


4! 5! mE 
f (ao — 2h) = f (0) — 2fGo)h  2/" Gro)? — Sf" (ao)? 


2 4 5 5 
taf P (ao)h = sel (mo)? dies. 
Combining the expansions in pairs, we have 
8 2 
8f (zo +h) — 8f (£o — h) = 16f'(xo)h + gf” (xo) + m (ao)h? +-+ 
8 8 
f (z0 + 2h) — f(zo — 2h) = Af'(zo)h + 5 f" (zo)? + 4c f (ao)? +++. 


Thus, 
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— f (ao + 2h) + 8f (zo + h) — 8f (ao — h) + f (ao — 2h) = 12f'(xo)h — af (ao)h® +- 


so 
=f (to + 2h) + 8F (0 +h) = Bf (to — h) + Feo = 2h) o FCO) pa, 
12h ° 30 
This suggests the following bound for small h, 
— f (zo + 2h) + 8f (zo + h) — 8f (zo — h) + f (xo — 2h) j Z Mht 
A E f (xo) = 30” 


where |f) (x)| < M for |x — xo] < |hl. 


SUA Gæ) — f(ro — h))/h 


1 
0.995017 4.983 x 107? 
0.9995 4.998 x 107^ 

0.99995 


The errors are roughly proportional to h, agreeing with part (a). 


ui (F (a0 +h) — f(xo — h))/ (2h) 


1.00001667 1.667 x 107 


3 
5 
1.0000001667 1.667 x 1077 
1.000000001667 1.667 x 107° 


The errors are roughly proportional to ^?, agreeing with part (a). 
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(iii) 


(—f(xo + 2h) + 8f (ao +h) — 8f (zo — h) + f(zo — 2h))/(12h) Error 

3.337 x 107 
3.333 x 101^ 
3.333 x 1074 
3.333 x 1075 


(c) (i) 


—1.0001 x 1019 


a (Flo +h) — Fao — yh) 
107! 

1077 

1077 

107^ 

Undefined 

—1.0101 x 10? 

—1.0001 x 101? 

—1.000001 x 10!? 


For relatively large values of h, these approximation formulas fail miserably. The main reason is that 
f(x) = 1/z changes very quickly at xo = 1075. In fact, f(x) — +00 as x — 0. So we must use very 
small values for h when estimating a limit (involving f and zy = 1075) as h — 0. Here, h > 10-? is too 
big, since the values of xo — h cross over the discontinuity at x = 0. For smaller values of h, that make 
sure we stay on the good side of the abyss, these formulas work quite well. Already by h = 10-9, formula 
(c) is the best approximation. 
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CHAPTER ELEVEN 


Solutions for Section 11.1 


Exercises 


1. Since y = z?, we know that y’ = 3x”. Substituting y = x? and y' = 32? into the differential equation we get 


0 = ay’ — 3y 
= 2(3x7) — 3(z?) 
= 32° — 32° 
= 0. 


Since this equation is true for all x, we see that y = zx? is in fact a solution. 


2. (a) We substitute y = x* and its derivative dy/dx = 4z? into the differential equation: 


Yes: 4x* = 4’. 


The function y = zf satisfies the differential equation so it is a solution. 
(b) We substitute y = z^ + 3 and its derivative dy/dx = 4z? into the differential equation: 


dy 
c4 Al 
Tür y 


z(4a?) = A(x* + 3)? 
Ax^ Z Ax? + 12. 


The function y = x* + 3 does not satisfy the differential equation so it is not a solution. 
(c) We substitute y = x? and its derivative dy/dx = 32? into the differential equation: 


The function y = x? does not satisfy the differential equation so it is not a solution. 
(d) We substitute y = 7x4 and its derivative dy/dx = 28° into the differential equation: 


Yes: 28z^ = 282°. 


The function y = 72" satisfies the differential equation so it is a solution. 


3. (a) We substitute y = 4x? and its derivative dy/dx = 12: into the differential equation: 


— 2 

Uar = 6% 
(4x5) - (122?) = 6x7? 
48x? Æ 6x”. 


The function y = 4x? does not satisfy the differential equation so it is not a solution. 
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(b) We substitute y = 22:/? and its derivative dy/dx = 3x1/? into the differential equation: 
dy 2 
EM cla 
Vds y 


(22/2?) . (3451/7) = 6x7? 
Yes: 627 = 62. 


The function y = 2x°/? satisfies the differential equation so it is a solution. 


(c) We substitute y = 6x°°/? and its derivative dy /dz = 9x1/? into the differential equation: 
dy 2 
m 
V da 7 
(62/2) . (95/7) = 6x7? 
54x? 4 62? 


The function y — 62:3/? does not satisfy the differential equation so it is not a solution. 


4. Differentiating y(x) = Ae" gives 
y'(z) = Ade** = A(Ae*”) = Xy. 


Therefore, y(x) is a solution of y’ = Ay for any value of A. 


5. If y = sin 2t, then = = 2cos 2t, and zy = —Asin 2t. 
Thus ££ + 4y = —4sin 2t + 4sin 2t = 0. 


6. If P = Poe’, then 
dP d 
a = qlioe) = Poe’ = P. 


7. Differentiating z? + y? = r? implicitly, with r a constant, gives 


Solving for dy/dx, we get 
da: 2y y 


8. (a) To determine whether Q is increasing or decreasing, we check to see whether dQ /dt is positive or negative. Substi- 
tuting Q = 8 and t = 2 into the differential equation, we have: 


dQ t 
d Q 0.5 
dQ 2 
Wc. 49 
dQ _ 


Since dQ /dt is negative, we see that Q is decreasing at t = 2. 

(b) Since dQ/dt = —0.25, the rate of change of Q at t = 2 is —0.25 per unit of t. If the rate of change stays ap- 
proximately constant over the interval, then Q changes by approximately —0.25 in going from t = 2 to t = 3. We 
have: 


Value of Q at3 œ~ Value of Q at 2 + Change in Q 
= 8 + (—0.25) 
= 7.75. 


9. We know that at time t = 0 the value of y is 8. Since we are told that dy/dt = 0.5y, we know that at time t = 0 the 
derivative of y is .5(8) = 4. Thus, as t goes from 0 to 1, y will increase by 4, so att = 1, y = 8 + 4 = 12. 
Likewise, at t = 1, we get dy/dt = 0.5(12) = 6 so that at t = 2, we obtain y = 12 + 6 = 18. 
At t = 2, we have dy/dt = 0.5(18) = 9 so that at t = 3, we obtain y = 18 + 9 = 27. 
At t = 3, we have dy/dt = 0.5(27) = 13.5 so that at t = 4, we obtain y = 27 + 13.5 = 40.5. 
Thus, we get the values in the following table 
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10. At the end of 5 days, e = 100 — 67.2 = 32.8% per week. Thus during the next working day, which is the first day of 
the second week, the anoun learned is about 32.8(+) = 6.6%. 
At the end of 6 working days, 
y ~ 67.2% + 6.6% = 73.8%. 


Continuing in this manner gives the data in Table 11.1. 


Table 11.1 


Time (days) 
learned (approximate) 9. 


Time (days) Lu 


learned (approximate) 95.6 | 96. 


11. Since z(0) = 5, we have C'e?? = 5; that is, C = 5. So the particular solution is x(t) = 5e?'. 
12. Since P = 5 when t = 3, we have 5 = C’/3; therefore, C = 15. So the particular solution is P = 15/t. 


13. Because y = 3 when t = 1, we know that 3 = v2 - 1 + C. Therefore, 2 + C = 9, and thus C = 7. So the particular 
solution is y = V2t + 7. 

14. Because Q = 4 when t = 2, we have 4 = 1/(2C + C); therefore, 3C = 1/4. So C = 1/12. Thus, the particular solution 
is Q = 12/(t + 1). 


Problems 


15. In order to prove that y = A + C'e"' is a solution to the differential equation 


ae Ce"! 

d ; 

= = 0 + (Ce"*)(k) 
= kCe*™ 


= k(Ce* + A — A) 
= k ((Ce™ + A) — A) 
= k(y — A). 


16. If y = coswt, then 


Thus, if 27€ + 9y = 0, then 


—w? cos wt +9coswt = 0 


(9 — w?) coswt = 0. 


Thus 9 — w? = 0, or w? = 9, sow = 43. 


17. Differentiating and using the fact that 


£ (cosh 1) =sinht and £ (sinh t) = cosht, 
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we see that 
dx : 
dt = wC: sinh wt + wC% cosh wt 
2 
az = wu? C, cosh wt 4- uw? CS sinh wt 
dt? 
=w (C1 cosh wt + C2 sinh wt) . 
Therefore, we see that 
dx ET 
dt2 /— 
18. If Q = Ce", then 
a = Cke™ = k(Ce™) = kQ. 


We are given that we = —0.03Q, so we know that kQ = —0.03Q. Thus we either have Q = 0 (in which case C = 0 
and k is anything) or k = —0.03. Notice that if k = —0.03, then C can be any number. 


19. Since y = a? + k, we know that y’ = 2x. Substituting y = x? + k and y' = 2z into the differential equation, we get 


10 = 2y — xy’ 
= 2(z? + k) — (22) 
= 22^ + 2k — 2x? 
= 2k. 


Thus, k = 5 is the only solution. 


20. If y satisfies the differential equation, then we must have 


d (5 + 3e**) ka 
——— = 10-2 
Tr 0 — 2(5+ 3e) 
3ke** = 10 — 10 — 6e" 
3ke** = —6e** 
k = —2. 
So, if k = —2 the formula for y solves the differential equation. 


21. (a) Ify = Cz" is a solution to the given differential equation, then we must have 


d(Ca” 
pC) 
z(Cnz" |) — 3(Ca”) = 0 
Cnaz^ — 3Cr” = 0 
C(n — 3)z" =0. 


—3(Cz^)-—0 


Thus, if C = 0, we get y = 0 is a solution, for every n. If C Æ 0, then n = 3, and so y = C? is a solution. 
(b) Because y = 40 for z = 2, we cannot have C = 0. Thus, by part (a), we get n = 3. The solution to the differential 
equation is 


y = Cr’. 
To determine C if y = 40 when x = 2, we substitute these values into the equation. 
40: = 0+ 2° 
40=C-8 
C — 5. 


So, now both C and n are fixed at specific values. 


22. (a) 


(b) 
23. (a) 


(b) 


24. 


(a) 


(b) (IV) because z?y" + 2zy' — 2y = z?(6x ^) + 2z(—2x ?) 


11.1 SOLUTIONS 
Differentiating y(x) = A + [E gives y'(x) = Bae® /? so that 


y -zy - z = Bae" 2 (A+ Be?) — xz — —z(A- 1). 


For y(x) = A+ Be* /? to be a solution we need a(A+1)=0soA=~-1. 
Given the solution y(x) = —1 + Be? /?, we have y(0) = —1 4- B. Since y(0) = 1, we have B = 2. 
If 


| e€t.e 
y= 2 , 
then 
dy &-e^ 
dx 2 i 
and 
dy m 5: x5 
dz? — 2 
If k — 1, then 
dy 2 e? —e-t 2 e?z 1 e-3* 
ky —| =4/1 =4/1 + -—-Ż 
+) + 2 ) i 4 2 4 
e2u T e-2x et + e7? 2 
CAPITE Y ( 2 ) 
_ je +e") e*+te* . " eer 
= 2 = 2 (since e7 + e > 0) 
d? 
~ dz? 
Az — AT 
y = =, so 
Ax — Arz 2 Ax — Arx 
dy € e anā dy 4 e+e 
dx 2 dx? 2 


Therefore we have 


1 c = c 1 x — Az 
= 3 (6 4 e724 +2) =5 (e4 ibd ae) 
This means 
dy T 1 Ax —Ar\2 k Ax —Amc 
mya + (22) = kale + e-At) =z le +e | 
Ax — Arx 
empe 
= il 2 ) (since gA* 4 e Am s qj 
Since we want zy =ky/1+ (2), we must have A = k. 
(D y = e. y = eu. y" = e 
My=2°, y =32?, — y"—6z 
()Dy-e?*, y =e, y'-e* 
üV)pea 5 g =e", y” =Ge™ 


and so: 


(D,(III) because y" = y in each case. 


(c) (I), V) because z?j" = 6y in each case. 
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25. 


26. 


27. 


28. 
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(D y=2sinz, dy/dx=2cosz,  d'y/da? = —2sin x 
(ID y=sin2x, dy/dx —2cos2x, d?y/da? = —4sin 2s 
(ID y =e", dy /dx = 2e”, d^y/dz? = 4e?” 
(IV) y-e7*, dy/dx ——2e ?*, d'y/da? = 4e ?* 
and so: 
(a) (IV) 
(b) (ID 
(c) (ID, (IV) 
(d) (ID 
(a) (IV) because dy/dx = k = kx /x = y/z. 


(b) (IID) because dy/dx = ke” = ky. 

(c) (I) because dy/dx = kze"? + e*" = ky + we**/x = ky + y/o. 

(d) (II) because dy/dx = kr"! = kz" /x = ky/z. 

No, it is not the general solution since it does not contain an arbitrary constant. It is a particular solution since y = 
3e?" = 3y, but it is not the general solution. 


(a) We substitute y = A+ Be~* and its derivative dy/dt = —2Be ?' into the differential equation: 


—2Be ?' = 100 — 2(A + Be”) 
-2Be ?* = 100 — 2A — 2Be ^* 
0 = 100 — 2A 
A — 50. 
If A = 50, the function satisfies the differential equation. There are no conditions on B. The function y = 504- B eX 
is the general solution to the differential equation. 
(b) We substitute y = 85 and t = 0 into the general solution: 


y = 50 + Be~” 
85 = 50 + Be? 
85 = 50 + B 
B — 35. 


We see that B = 35. The particular solution satisfying the differential equation and the initial condition is y = 
50 + 35e ?*. 


Strengthen Your Understanding 


29. 


30. 


31. 
32. 


33. 
34. 


35. 


Although Q = 6e^* satisfies the differential equation dQ /dt = 4Q, it is not the general solution. The general solution is 
the family of all possible solutions to the differential equation and contains an arbitrary constant. Q = 6e^' is only one 
particular solution, not a general solution. 


The differential equation dx /dt = 1/z represents a function x(t) whose rate of change with respect to t is 1/z. Since 
x > 0 when t = 0, 1/z is also positive, and thus, x is increasing when t is near 0. 


An example is dy/dx = x/y with the condition that y = 100 when x = 0. Many other examples are possible. 


A second-order differential equation is one involving the second derivative, so an example is d^y/dz? = 3y or y” = xy? 


or y” + 2y' + 4 = 0. Many other examples are possible. 


An example is dy/dx = 2x with solutions y = x? and y = x? + 5. Other examples are possible. 


An example is dy/dx = sin x. We find the solution by integrating and see that the solution is the function y = — cos z + 
C. One solution is the trigonometric function y — — cos z. Other examples are possible. 
An example is dy/dx = 1/2. We find the solution by integrating and see that the solution is the function y = In |z| + C. 


One solution is the logarithmic function y = In |x|. Other examples are possible. 


36. 
37. 
38. 
39. 


40. 


41. 


42. 
43. 


44. 
45. 


46. 
47. 


Solutions for Section 11.2 
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An example is dy/dx = e”. In fact, if f(x) is any increasing positive function, then the solutions of dy/dx = f(x) are 
increasing since f(a) > 0 and concave up since d?y/da? = f'(x) > 0. 

We want to have dy/dx = 0 when y — z? = 0, so let dy/dx = y — x”. 

False. The general solution contains an arbitrary constant, but the constant may not be added to the particular solution. 


For example, the differential equation dy/dt = y has y = e* as a particular solution, but the general solution is 
y = Ce’, which cannot be rewritten in the form y = ef + C. 
False. The function y = 1? is a solution to y^ = 2. 
True. Since f'(x) = g(x), we have f"(x) = g'(x). Since g(x) is increasing, g'(x) > 0 for all x, so f" (x) > 0 for all x. 
Thus the graph of f is concave up for all x. 
False. We just need an example of a function f(a) which is decreasing for x > 0, but whose derivative f'(x) = g(x) is 
increasing for a > 0. An example is f(a) = 1/z. Clearly f(a) is decreasing for x > 0 but its derivative f'(x) = —1/z? 
is clearly increasing for x > 0. 


True. Since g(x) is increasing, g(x) > g(0) = 1 for all x > 0. Since f'(x) = g(x), this means that f'(x) > 0 for all 
x > 0. Therefore f(x) is increasing for all x > 0. 


False. If g(x) > 0 for all x, then f(x) would have to be increasing for all x so f(x + p) = f(x) would be impossible. 
For example, let g(x) = 2 + cos x. Then a possibility for f is f(a) = 2x + sin x. Then g(x) is periodic, but f(x) is not. 
False. Let g(x) = 0 for all x and let f(a) = 17. Then f'(x) = g(x) and lim; , o; g(x) = 0, butlimz sss f(x) = 17. 
True. Since lim; 5 g(x) = oo, there must be some value x = a such that g(x) > 1 for all x > a. Then f'(x) > 1 for 
all x > a. Thus, for some constant C, we have f(x) > x + C for all x > a, which implies that lim; S5 f(x) = oo. 
More precisely, let C = f(a) — a and let h(x) = f(x) — x — C. Then h(a) = 0 and h'(x) = f'(x) — 1 > 0 for all 
x > a. Thus h is increasing so h(x) > 0 for all x > a, which means that f(x) > x + C for all x > a. 

False. Let f(a) = x? and g(a) = 327. Then y = f(x) satisfies dy/dx = g(x) and g(x) is even while f (2) is odd. 
False. The example f(x) = x? and g(x) = 3x? shows that you might expect f(x) to be odd. However, the additive 


constant C can mess things up. For example, still let g(a) = 3x”, but let f(a) = x? + 1 instead. Then g(x) is still even, 
but f(a) is not odd (for example, f(—1) = 0 but — f(1) = —2). 


Exercises 


1. 


(a) The slope at any point is given by the derivative, so we find the slope by substituting the z- and y-coordinates into 
the differential equation dy/dx = x? — 4? to find dy/dz. 


The slope at (1,0) is = = 1? — 9? =1. 
The slope at (0, 1) is a =0?-1?=-1. 
The slope at (1, 1) is a =1?-1?=0. 
The slope at (2, 1) is a =2 -1 =3. 
The slope at (1, 2) is a = 12-2? —-3. 
The slope at (2, 2) is dy _ 92 _ 9 =o, 
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(b) See Figure 11.1. 


-X 
8 


Figure 11.1 


2. We substitute x- and y-coordinates into the differential equation to determine the slopes. At the point (1, 1), we have 
dy/dx = 1/1 = 1 so the slope is 1. At the point (1,0), we have dy/dx = 1/0, which is undefined. An undefined slope 


corresponds to a vertical line segment. Continuing in this way, we create Figure 11.2. 


y 
N Iss 7 d 
| Ha 
—1 1 
7 -17 N 
Figure 11.2 


3. We substitute z- and y-coordinates into the differential equation to determine the slopes. At the point (—1, 2), we have 
dy/dx = 2? = 4 so the slope is 4. At the point (0, 2), we have dy/dx = 2? = 4, so the slope is again 4. Continuing in 


this way, we create Figure 11.3. 


Figure 11.3 


4. Figure (I) shows a line segment at (4, 0) with positive slope. The only possible differential equation is (b), since at (4, 0) 
we have y’ = cos0 = 1. Note that (a) is not possible as y'(4,0) = e 19 = 0.0000001, a much smaller positive slope 


than that shown. 
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Figure (II) shows a line segment at (0, 4) with zero slope. The possible differential equations are (d), since at (0, 4) 
we have y' = 4(4 — 4) = 0, and (f), since at (0, 4) we have y’ = 0(3 — 0) = 0. 

Figure (III) shows a line segment at (4, 0) with negative slope of large magnitude. The only possible differential 
equation is (f), since at (4, 0) we have y’ = 4(3—4) = —4. Note that (c) is not possible as y'(4, 0) = cos(4—0) = —0.65, 
a negative slope of smaller magnitude than that shown. 

Figure (IV) shows a line segment at (4, 0) with a negative slope of small magnitude. The only possible differential 
equation is (c), since at (4, 0) we have y’ = cos(4—0) = —0.65. Note that (f) is not possible as y'(4, 0) = 4(3—4) = —4, 
a negative slope of larger magnitude than that shown. 

Figure (V) shows a line segment at (0, 4) with positive slope. Possible differential equations are (a), since at (0, 4) 
we have y' — e? = 1, and (c), since at (0, 4) we have y' = cos(4 — 4) = 1. 

Figure (VI) shows a line segment at (0, 4) with a negative slope of large magnitude. The only possible differential 
equation is (e), since at (0, 4) we have y' = 4(3 — 4) = —4. Note that (b) is not possible as y'(0, 4) = cos 4 = —0.65, a 
negative slope of smaller magnitude than that shown. 


5. There are many possible answers. One possibility is shown in Figures 11.4 and 11.5. 


| Nm tutu 


Figure 11.4 Figure 11.5 


6. See Figure 11.6. Other choices of solution curves are, of course, possible. 


Figure 11.6 


1024 Chapter Eleven /SOLUTIONS 


7. The first graph has the equation y’ = x” — y?. We can see this by looking along the line y = x. On the first slope field, 
it seems that y’ = 0 along this line, as it should if y = x? — y?. This is not the case for the second graph. Another way 
to see this is to look along the y-axis on both graphs. The slope lines change with y on the first graph, but are constant on 
the second. But at x = 0, the slope should be —y”, which varies with y, so the first graph is the one that fits. 

At (0, 1), y' = —1, and at (1,0), y’ = 1, so we are looking for points on the axes where the line segment is sloped 
at 45°. See Figure 11.7. 


8. (a) See Figure 11.8. 


Figure 11.8 


(b) The solution is y(x) = 1. 
(c) Since y' = 0 and z(y — 1) = 0, this is a solution. 


9. (a) See Figure 11.9. 


Figure 11.9 


(b) The solution through (— 1, 0) appears to be linear, so its equation is y = —x — 1. 
(c) If y = —r — 1, then y = —1 and z + y = z + (x — 1) = —1, so this checks as a solution. 
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Problems 


10. We draw line segments with positive slope to the left of the y-axis, line segments with negative slope to the right of the 
y-axis, and horizontal line segments on the y-axis. A slope field satisfying these conditions is shown in Figure 11.10. 


Other answers are possible. 


Figure 11.10 


11. We draw line segments with positive slope when P is between 2 and 5, line segments with negative slope in the sections 
below P = 2 and above P = 5, and horizontal line segments on the horizontal lines P = 2 and P = 5. A slope field 


satisfying these conditions is shown in Figure 11.11. Other answers are possible. 


t 
Figure 11.11 
12. (a) See Figure 11.12. 
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Figure 11.12 


(b) From the graph, the solution through (1, 0) appears linear with the equation approximately y = x — 1. 
In fact, if y = r— 1, then x — y = x — (x — 1) = 1 = y’, so y = g — 1 is the solution through (1,0). 
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13. (a) See Figure 11.13. 
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Figure 11.13 


(b) If 0 < P < 10, the solution is increasing; if P > 10, it is decreasing. If P(0) = 5, then P tends to 10. 
14. (a) and (b) See Figure 11.14 


Figure 11.14 


(c) Figure 11.14 shows that a solution will be increasing if its y-values fall in the range —1 < y < 2. This makes sense 
since if we examine the equation y’ = 0.5(1 + y)(2 — y), we will find that y’ > 0 if —1 < y < 2. Notice that if the 
y-value ever gets to 2, then y’ = 0 and the function becomes constant, following the line y = 2. (The same is true if 
ever y = —1.) 

From the graph, the solution is decreasing if y > 2 or y < —1. Again, this also follows from the equation, since 
in either case y’ < 0. 


The curve has a horizontal tangent if y^ = 0, which only happens if y = 2 or y = —1. This also can be seen on 
the graph in Figure 11.14. 


15. Notice that y’ = oa) 


is zero when z = —y and is undefined when x = y. A solution curve will be horizontal 


(slope= 0) when passing through a point with x = — y, and will be vertical (slope undefined) when passing through a 
point with z — y. The only slope field for which this is true is slope field (b). 
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16. (a) See Figure 11.15. 


17. 


18. 


19. 


20. 


21. 


22. 


(b) 


(a) 
(b) 


(c) 
(d) 


(e) 


8 


Figure 11.15 


We can see that the slope lines are horizontal when y is an integer multiple of 7. We conclude from Figure 11.15 that 
the solution is y = nz in this case. 

To check this, we note that if y = nz, then (sinx)(siny) = (sinz)(sinnz) = 0 = y’. Thus y = nr isa 
solution to y’ = (sin x)(sin y), and it passes through (0, n7). 
Since y = —y, the slope is negative above the x-axis (when y is positive) and positive below the x-axis (when y is 
negative). The only slope field for which this is true is II. 
Since y’ = y, the slope is positive for positive y and negative for negative y. This is true of both I and III. As y gets 
larger, the slope should get larger, so the correct slope field is I. 
Since y' = z, the slope is positive for positive x and negative for negative x. This corresponds to slope field V. 


Since y' = =, the slope is positive for positive y and negative for negative y. As y approaches 0, the slope becomes 


larger in magnitude, which corresponds to solution curves close to vertical. The correct slope field is III. 
Since y’ = y?, the slope is always positive, so this must correspond to slope field IV. 


The slope fields in (I) and (II) appear periodic. (I) has zero slope at x = 0, so (I) matches y’ = sin x, whereas (II) matches 


y’ = cos x. The slope in (V) tends to zero as x — +too, so this must match y’ = e7 


zx 


*_ Of the remaining slope fields, 


only (III) shows negative slopes, matching y’ = xe". The slope in (IV) is zero at x = 0, so it matches y’ = x?e ?. This 
leaves field (VI) to match y’ = e *. 


Judging from the figure, we see that: 


The slope depends on y, not on x. 
The slope is positive for y < 0 and y > 10. 
The slope is zero at y = 0 and y = 10. 


This corresponds to equation (e): y’ = 0.05y(y — 10). 


Judging from the figure, we see that: 


The slope depends on y, not on x. 
The slope is positive for 0 < y < 10. 
The slope is zero at y = 0 and y = 10. 


This corresponds to equation (a): y’ = 0.05y(10 — y). 


Judging from the figure, we see that: 


e The slope depends on x, not on y. 
e The slope is positive for 0 < x < 10. 
e The slope is zero at x = 0 and x = 10. 


This corresponds to equation (b): y^ = 0.05z(10 — x). 


Judging from the figure, we see that: 


e The slope depends on x, not on y. 
e The slope is positive for 0 < x < 5. 
e The slope is zero at x = 0 and x = 5. 


This corresponds to equation (d): y' = 0.05z(5 — x). 


1028 


23. 


24. 
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d 
(a) We know that M es e” > 0 for all x. As x — oo, the slopes tend toward infinity. Similarly, as x — —oo, the 
T 
slopes tend to infinity. Thus the appropriate slope field is (IV). 


d 
(b) We know that = > 0 for all x. As x — oo, the slopes tend toward 0. Only slope fields I and III meet these 


da 
conditions. We know that when x — 0, w ae e - 1. 
c 


—22? 


e ? ~ 0.14. Thus the appropriate slope field is (I). 


We know that when x — 1, me 
dx 
dy 


(c) We know that dr > 0 for all x. As x — oo, the slopes tend toward 0. Only slope fields I and III meet these 
T 
conditions. We know that when x = 0, w — e7* /2 — 6° — 1, We know that when x ; a err 
T c 
e 1? a 0.61. Thus the appropriate slope field is (III). 
d 
(d) The slope field is both positive and negative. In fact, when x — 0, ES =e 99* cog = e° cos0 = 1. 
x 
Also, when x = 1, w = e 99*cosq = e^? cos1 œ 0.33, and when x = 2, w =e cosg = 
x T 
e^! cos2 e —0.153. Thus the appropriate slope field is (V). 
d 1 
(e) The slope field is positive for all values of x. When x = 0, CY 00 7 x 0.44. Thus the appropriate 


dx  (1+0.5cos a)? 
slope field is (II). 
(f) The slope field is negative for all values of x. Thus the appropriate slope field is (VI). 


When a = 1 and b = 2, the Gompertz equation is y = —yln(y/2) = yln(2/y) = y(In2 — In y). This differential 
equation is similar to the differential equation y’ = y(2 — y) in certain ways. For example, in both equations y’ is positive 
for 0 < y < 2 and negative for y > 2. Also, for y-values close to 2, the quantities (In 2 — In y) and (2 — y) are both 
close to 0, so y(In 2 — In y) and y(2 — y) are approximately equal to zero. Thus around y — 2 the slope fields look almost 
the same. This happens again around y = 0, since around y = 0 both y(2 — y) and y(In2 — In y) go to 0. (Note that 

n (y lny) = 0.) For y values close to 1 the slope fields look similar since the local linearization of In y near y = 1 is 
y 


y — 1; hence, near y = 1, y(In2 — In y) ~ y(In2 — (y — 1)) ~ y(1.69 — y) ~ y(2 — y). Finally, for y > 2, In y grows 
much slower than y, so the slope field for y’ = y(In 2 — In y) is less steep, negatively, than for y’ = y(2 — y). 


Strengthen Your Understanding 


25. 


26. 


27. 


28. 


Since the slope is zero at the point (1, 1), the slope field has a horizontal line segment there. On the other hand, the solution 
y = x goes through the point (1, 1) with a slope of 1. See Figure 11.16. This is impossible since the slope field is tangent 
to the solution curves. 


Figure 11.16 


Note that y^ = y has a slope field with all positive slopes when y > 0. The given slope field, however, has negative slopes 
in the second quadrant. 

If the slopes are all positive, then dy/d is always positive. Some examples are dy/dx = x? + 1 or dy/dx = y? + 1 or 
dy/dx = a? + y? + 1 or dy/dx = e”. 

The sign of the derivative depends on the y-coordinate, since the y-coordinate determines whether a point is above or 


below the x-axis. Since we want a positive derivative when y is positive and a negative derivative when y is negative, one 
example is dy/dx = y. 
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29. If a derivative dy/dx depends only on x, then the derivative is constant for any fixed value of x. In other words, the slope 


is the same for all points on any vertical line. One possibility is the slope field for dy/dx = x in Figure 11.17. 


Figure 11.17 


30. If a derivative dy/dx depends only on y, then the derivative is constant for any fixed value of y. In other words, the slope 


31. 
32. 
33. 
34. 
35. 


36. 
37. 


38. 


is the same for all points on any horizontal line. One possibility is the slope field for dy/dx = y in Figure 11.18. 


Figure 11.18 


False. If y(0) < 0, then limz-+0. y = —oo. 

True. No matter what initial value you pick, the solution curve has the x-axis as an asymptote. 

False. There appear to be two equilibrium values dividing the plane into regions with different limiting behavior. 

True. We have dy/dx > 0 at every point because z? 4p? -- 1 > 0, and a positive derivative indicates increasing function. 
False. We have 


At the point (x,y) = (—1,0) we have d?y/dx? = —2 < 0. A negative second derivative indicates function concave 
down. The solution curve of the differential equation that passes through the point (— 1, 0) is concave down at (— 1, 0). 


True. The slope of the graph of f is dy/dx = 2x — y. Thus when x = a and y = b, the slope is 2a — b. 


True. Saying y = f(x) is a solution for the differential equation dy/dx = 2x — y means that if we substitute f(a) for y, 
the equation is satisfied. That is, f'(x) = 2x — f(x). 


False. Since f'(x) = 2a — f(x), we would have 1 = 2x — 5 so x = 3 is the only possibility. 
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39. True. Differentiate dy/dx = 2x — y, to get: 


d'y d dy 


40. False. Since f’(1) = 2(1) — 5 = —3, the point (1, 5) could not be a critical point of f. 


41. True. Since dy/dx = 2x — y, the slope of the graph of f is negative at any point satisfying 2x < y, that is any point 
lying above the line y = 2x. The slope of the graph of f is positive at any point satisfying 2x > y, that is any point lying 
below the line y = 2x. 


42. True. When we differentiate dy/dx = 2x — y, we get: 


2 
dy 5 d 
da? dx 


(2x — y). 


Thus at any inflection point of y = f(x), we have d?y/dx? = 2 — (2x — y) = 0. That is, any inflection point of f must 
satisfy y — 2x — 2. 

43. False. Suppose that g(x) = f(x) + C, where C Æ 0. In order to be a solution of dy/dx = 2x — y we would need 
g'(x) = 2x — g(x). Instead we have: 


g'(x) = f'(z) = 2x — f(x) = 2x — (g(x) - C) = 2x — g(x) + C. 


Since C Z 0, this means g(x) is not a solution of dy/dx = 2x — y. 
44. True. We will use the hint. Let w = g(x) — f(a). Then: 


dw 
d; 79) - f(x) = 2x — g(x) - (2x — f(2)) = f(x) - g(a) = —w. 
Thus dw/dx = —w. This equation is the equation for exponential decay and has the general solution w = Ce ^. Thus, 


lim (g(x) — f(x)) = lim Ce * = 0. 


z— 00 T1— 00 
Solutions for Section 11.3 
Exercises 
1. Using Euler’s method, we have: 
At (x,y) = (0,4): y'= (0—-2)(4— 3) --2 
soatr —0.1l: y = 4.0 — 2(0.1) = 3.8 because Ax = 0.1 
At (x,y) = (0.1,3.8): y'—(01—2)(3.8—3) = —1.52 
soata —0.2: y = 3.8 — 1.52(0.1) = 3.648 because Ax = 0.1 


At (x,y) = (0.2, 3.648): y’ = (0.2 — 2)(3.648 — 3) = —1.1664. 


Thus, the completed table is 
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2. Using Euler’s method, we have: 


At (x,y) = (1,—3): y’ = 4(1)(-3) = -—12 
soat x = 1.01: y = —3 — 12(0.01) = —3.12 because Ax = 0.01 
At (x,y) = (1.01, —3.12): y’ = 4(1.01)(-3.12) = —12.6048 
so at x = 1.02: y = —3.12 — 12.6048(0.01) = —3.246 because Az = 0.01 
At (x,y) = (1.02, —3.246): y' = 4(1.02)(—3.246) — —13.244. 


Thus, the completed table is 


3. We know P = 1500 at time t = 0. This means 


2 = 0.00008(1500)(1900 — 1500) = 48. 


From time t = 0 to t = 1 we have At = 1, so the new value of P is given by 


Value of P = 1500 + 48(1) = 1548. 
att=1 


We repeat this process to find the values of P at t = 2 and t = 3. See the table. 


aP/ dt 

0.00008(1500)(1900 — 1500) = 48 
0.00008(1548)(1900 — 1548) = 43.59168 
0.00008(1591.59168)(1900 — 1591.59168) — 39.26881 


1591.59168 4- 39.26881 — 1630.86049 (no calculation necessary) 


Rounding gives values of P = 1548, P = 1591.5917, P = 1630.860 at t = 1,2,3. 
4. (a) Since dy/dz is always 3 and Az = 0.2, at every step we have 


dy 
Ay = 7 Ars 3(0.2) = 0.6. 


The results are in Table 11.2. We see that Euler’s method gives an approximate value of y = 5 at x = 1. 


Table 11.2 
æ [o [o2 | 04] o.s | o.s | 10 
y 44] 5 


(b) The general solution to dy/dx = 3 is y = 3x + C. We use the initial condition to see that C = 2 so the particular 
solution is y = 3x + 2. 

(c) The exact value of the solution at x = 1 is y = 3(1) + 2 = 5. Since the approximate value from Euler's method is 
also 5, the error is 0. 

(d) Euler's method approximates a solution using line segments. Since in this case the exact solution is itself a line, 
Euler's method gives exact values. 
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5. (a) At point Po = (0, 10), we have 
Ay = slope at Po - Ax = (10 — 0)(0.2) = 2. 
Therefore, point P, is (0.2, 12). At point Pi, we have 
Ay = slope at P, - Ax = (12 — 0.2)(0.2) = 2.36. 


So point P» is (0.4, 14.36). Continuing in this way, we obtain the approximate solution shown in Table 11.3. 


Table 11.3 


z[o]|o2]| o4 | os | os | 1o 
y 24.39 


(b) Since the slopes are getting larger, we expect the solution to be concave up. 
(c) Since the solution is concave up, we expect our approximations to be underestimates. It can be shown that the true 
value of y at x = 1 is 26.46. 


6. (a) The results from Euler's method with Az — 0.1 are in Table 11.4. 


(b) We have 
4 


HH 


so that y(0) = 0 gives C = 0, and the required solution is therefore 


This is shown in the 3rd column of Table 11.4. 
(c) The computed solution underestimates the real solution since the solution is concave up and is approximated in every 
interval by the tangent which is beneath the curve. See Figure 11.19. 


Table 11.4 " 


LE is 
0 0 EEES 

0.000025 | 

0.0004 T 

0.002025 N 


0.0064 
0.015625 
0.0324 
0.060025 


0.1024 | 
0.164025 
0.25 Figure 11.19 


7. (a) In Table 11.5, we see that y(0.4) ~ 1.5282. 
(b) In Table 11.6, we see that y(0.4) = —1.4. (This answer is exact.) 


Table 11.5 Euler's method for 
y' =x + y with y(0) = 1 


Ay =(slope)Ax 
0.1 = (1)(0.1) 
0.12 = (1.2)(0.1) 
0.142 = (1.42)(0.1) 
0.1662 = (1.662) (0.1) 


8. (a) See Figure 11.20. 


(b) See Table 11.7. At x = 1, Euler's method gives y z 0.16. 
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Table 11.6 — Euler's method for 
y = x + y with y(—1) = 0 


Ay =(slope)Ax 


—0.1 = (—1)(0.1) 
0.1 = (—1)(0.1) 
0.1 = (—1)(0.1) 


Notice that y 
decreases by 0.1 


for every step 


(c) Our answer to (a) appears to be an underestimate. This is as we would expect, since the solution curve is concave up. 


Figure 11.20 


9. (a) See Figure 11.21. 
(b) y(0) — 1, 


~ 1.77156 
= 1.94872 


& y(0.1) + 0.1y(0.1) = 1.1 + 0.1(1.1) = 1.21 
y(0.2) + 0.1y(0.2) = 1.21 + 0.1(1.21) = 1.331 


Table 11.7 


(c) See Figure 11.21. A smooth curve drawn through the solution points seems to match the slope field. 
(d) For y = e”, we have y' = e” = y and y(0) = e° = 1. See Table 11.8. 
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Table 11.8 

EE 
diy 

‘Sass hee 1 1 
E. í 1.1 1.10517 
uh Dimi aia 1.21 1.22140 
n eh s 1.34280 
DAMM 4 | 14641 1.49182 
ARAON AAA SIKAA ARANAN 5 | 1.61051 1.64872 
Oe ee N AAA 1.77156 1.82212 
ia eae) : EET i DD .7 | 1.94872 2.01375 
TIS EN M NM. M \ \ 8 | 2.14359 2.22554 
2.35795 2.45960 
Figure 11.21 .0 | 2.59374 2.71828 

Problems 
10. (a) (i) 
Table 11.9  Euler's method for 
y' = (sin z)(sin y), starting at (0, 2) 
Ay =(slope)Ax 
0 = (sin 0)(sin 2)(0.1) 
0.009 = (sin 0.1)(sin 2) (0.1) 
0.018 = (sin 0.2) (sin 2.009)(0.1) 
(ii) Table 11.10 Euler’s method for 


y' = (sinz)(sin y), starting at (0, 7) 


Ay =(slope)Ax 
0 = (sin 0)(sin m) (0.1) 
0 = (sin 0.1) (sin 7) (0.1) 
0 = (sin 0.2) (sin 7)(0.1) 


(b) The slope field shows that the slope of the solution curve through (0, 7) is always 0. Thus the solution curve is the 
horizontal line with equation y — 7. 
11. (a) 
Table 11.11 

Ay = (slope)Ax 
—0.200 
—0.120 
—0.060 
—0.005 

0.052 
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(b) 
Table 11.12 
Ay = (slope)Ax 
—0.100 
—0.080 
—0.063 
—0.048 
—0.034 
—0.020 
—0.007 
0.007 
0.021 
0.035 


12. By looking at the slope fields, or by computing the second derivative 


dy dy 2 3 
g2 2 Wir TT 2x'y + 2y”, 


we see that the solution curve is concave up, so Euler’s method gives an underestimate. 


13. Since the error is proportional to one over the number of subintervals, the error using 10 intervals should be roughly half 
the error obtained using 5 intervals. Since both the estimates are underestimates, if we let A be the actual value we have: 
(A — 0.667) = A — 0.710 
A — 0.667 = 2A — 1.420 
A = 0.753 


NI = 


Therefore, 0.753 should be a better approximation. 
14. (a) 
Table 11.13 

Ay = (slope) At = 1(0.1) 
0.1 
0.091 
0.083 
0.077 
0.071 
0.067 
0.063 
0.059 
0.056 
0.053 


(b) If $4 = 4, then y = ln |t| + C. 
Starting at (1,0) means y = 0 when t = 1, so C = 0 and y = In |t]. 


After ten steps, t = 2, so y = ln 2 ~ 0.693. 


(c) Approximate y — 0.719, Exact y — 0.693. 
Thus the approximate answer is too big. This is because the solution curve is concave down, and so the tangent lines 
are above the curve. Figure 11.22 shows the slope field of y = 1/t with the solution curve y = Int plotted on top of 
it. 
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Figure 11.22 


15. (a) Ax = 0.5 


Table 11.14 — Euler's method for 
y! = 2a, with y(0) = 1 

Ay —(slope)áx 

0 = (2-0)(0.5) 

0.5 = (2- 0.5)(0.5) 


Aa = 0.25 


Table 11.15 — Euler's method for 
y! = 2x, with y(0) = 1 
Ay =(slope)Ax 
0 = (2 - 0)(0.25) 
0.125 = (2 - 0.25)(0.25) 
0.25 = (2- 0.5)(0.25) 
0.375 = (2 - 0.75)(0.25) 


(b) General solution is y = z? + C, and y(0) = 1 gives C = 1. Thus, the solution is y = x? + 1. So the true value of y 
when z = lisy — 1? 4-1 — 2. 


(c) When Az — 0.5, error — 0.5. 
When Az = 0.25, error = 0.25. 
Thus, decreasing Ax by a factor of 2 has decreased the error by a factor of 2, as expected. 


16. For Az — 0.2, we get the following results. 


y(1.2) © y(1) + 0.2sin(1- y(1)) = 1.168294 

y(1.4) ~ y(1.2) + 0.2 sin(1.2 - y(1.2)) = 1.365450 
y(1.6) © y(1.4) + 0.2sin(1.4- y(1.4)) = 1.553945 
y(1.8) ~ y(1.6) + 0.2sin(1.6 - y(1.6)) = 1.675822 
y(2.0) ~ y(1.8) + 0.2 sin(1.8 - y(1.8)) = 1.700779 


Repeating this with Ax = 0.1 and 0.05 gives the results in Table 11.16 below 


11.3 SOLUTIONS 1037 
Table 11.16 


Computed Solution 
Ac = 0.05 


1 1 


1.084147 1.086501 
1.168294 1.177079 1.181232 
1.275829 1.280619 


1.365450 1.375444 1.379135 
1.469214 1.469885 
1.553945 1.549838 1.546065 
1.611296 1.602716 
1.675822 1.650458 1.637809 
1.667451 1.652112 
1.700779 1.664795 1.648231 


The computed approximations for y(2) using step sizes Ax = 0.2, 0.1, 0.05 are 1.700779, 1.664795, and 1.648231, 
respectively. Plotting these points we see that they lie approximately on a straight line. 


y(2) 
2 = 

e——9——— ® 
1.5 - 
1 = 
0.5 r 

| | | Ax 
0.1 0.2 0.3 
Figure 11.23 


In the limit, as Ax tends to zero, the results produced by Euler’s method should converge to the exact value of y(2). 
This limiting value is the vertical intercept of the line drawn in Figure 11.23. This gives y(2) ~ 1.632. 


17. (a) Using one step, AB = 0.05, so AB = (42) At = 50. Therefore we get an approximation of B ~ 1050 after one 
year. 
(b) With two steps, At = 0.5 and we have 


Table 11.17 

AB = (0.05B)At 
1000 23 

1025 25.63 

1050.63 


(c) Keeping track to the nearest hundredth with At = 0.25, we have 


Table 11.18 

AB — (0.05B)At 
1000 12,5 

1012.5 12.66 

1025.16 | 12.81 

1037.97 | 12,97 

1050.94 
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(d) In part (a), we get our approximation by making a single increment, AB, where AB is just 0.05B. If we think in 
terms of interest, AB is just like getting one end of the year interest payment. Since AB is 0.05 times the balance 
B, it is like getting 5% interest at the end of the year. 

(e) Part (b) is equivalent to computing the final amount in an account that begins with $1000 and earns 5% interest 
compounded twice annually. Each step is like computing the interest after 6 months. When t = 0.5, for example, the 
interest is AB = (0.05B) - 4, and we add this to $1000 to get the new balance. 

Similarly, part (c) is equivalent to the final amount in an account that has an initial balance of $1000 and earns 
5% interest compounded quarterly. 


18. Assume that x > 0 and that we use n steps in Euler’s method. Label the x-coordinates we use in the process 
T20,21,..., Zn, Where zo = 0 and £n = x. Then using Euler’s method to find y(x), we get 


Table 11.19 


f(zo)Azx + f(x1)Ax 


n—-1 f 
SL 
i=0 


n—1 
Thus the result from Euler's method is 5 f (xi) Ax. We recognize this as the left-hand Riemann sum that approxi- 
i=0 


mates Jo. f(t) dt. 


Strengthen Your Understanding 


19. For differential equations of the form ES — k, where k is constant, Euler's method traces the exact solution for any initial 
z 


condition. 


20. If x(0) > 0, then the statement is true. However, if x(0) < 0, then the solution curve is decreasing. Since we are using the 
value of x at the beginning of a subinterval to estimate the rate of change of x on an interval, we obtain an overestimate 
for z(1). 

21. The approximate values lie on a line if the slope Ay/Az is constant, which occurs if dy/dx is constant. One example is 
dy/dx = 5. The approximate values found using Euler’s method lie on a line for any initial condition and value of Az. 
Other examples are possible. 


22. One step of Euler's method gives an underestimate when the solution is concave up. Thus, we look for a differential 
equation whose solution curves are concave up everywhere. An example is given by the equation dy/dx = y with 
y(0) — 1 which has solution y — e*. 


23. False. Euler's method approximates y-values of points on the solution curve. 
24. True. Both lead to 


y(1) e f(0) - 0.2 + f(0.2) - 0.2 + f (0.4) - 0.2 + f(0.6) - 0.2 + f(0.8) - 0.2. 


Solutions for Section 11.4 


Exercises 
1. (a) Yes (b) No (c) Yes 
(d) No (e) Yes (f) Yes 
(g No (h) Yes (i) No 


(j) Yes (k) Yes (D No 
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2. Separating variables gives 


so 


Therefore 


P= te” te = Ae ?t, 


The initial value P(0) — 1 gives 1 — A, so 


3. Separating variables gives 


dP 
JE- fona 


so 
In|P| = 0.02t + C. 
Thus 
|P| = e? 0260 CE 
and 


P = Ae?" where A = ret. 


We are given P(0) = 20. Therefore, P(0) = Ae??? = A = 20. So the solution is 


P = 20e”, 


4. Separating variables and integrating both sides gives 


or 1 


This can be written 
L= te(t/A)p+e = Ae?/?. 


The initial condition L(0) — 100 gives 100 — A, so 


L = 100e?/2. 
5. Separating variables gives 

dQ [d 

Q J5 
so i 
So 

[Q| = e$**€ = cbt 

and 


Q= Aež*, where A = e°. 
From the initial conditions we know that Q(0) = 50, so Q(0) = Ae($)? = A = 50. Thus 


it 
Q = 50e5*. 
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6. 


10. 
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Separating variables gives 
/ PdP= I dt 


2 
Rame 


so that 


or 


P=+vV2t+D 
(where D = 2C). 
The initial condition P(0) — 1 implies we must take the positive root and that 1 — D, so 


— 2t 4 1. 


Separating variables gives 


[Se [su 
m 


In|m| = 3t +C 


t t 
m = xeCe* = Ae”. 


Since m = 5 when t = 1, we have 5 = Ae?, so A = 5/e?. Thus 


5 s i- 
Le = 5e3673 
e 


[Ga [ore 


ln |I| = 0.2z + C. 


2n = 


Separating variables gives 


so 


Thus, 


I = Ae®?*, where A = eC. 


According to the given boundary condition, /(—1) = 6. Therefore, /(—1) = Ae”? CY = Ae~°? 


Thus 
I = Ge 24922 = Ge2 2+), 


Separating variables gives 


fE- fos 


In|z| = 5t + C. 


Solving for z, we have 
5 
z — Ae", where A = «eC. 


Using the fact that z(1) = 5, we have z(1) = Ae? = 5, so A = 5/e?. Therefore, 


Separating variables gives 
1 
if —dm = n ds. 
m 


In|m| =s+C 


Hence 


= 6, so A = 6e”?. 


11. 


12. 


13. 


14. 


11.4 SOLUTIONS 


which gives 
m= xe^*? = Ae’. 


The initial condition m(1) = 2 gives 2 = Ae! or A = 2/e, so 


2 


m = $e? = 2657, 
[2 
Separating variables gives 


or 


The initial condition gives C = —1 and so 


Separating variables and integrating gives 
1 
J -dz= / ydy 
z 


1 
In|z| = 2^ +C 


which gives 


or 
Le(1/2v^ e. 4ey?/2_ 


z=] 


The initial condition y = 0, z = 1 gives A = 1. Therefore 


Separating variables gives 


dy 1 
ak cq Lg 
y DE : 
1 
In|y| —-g7- C. 


Solving for y, we have 


y= Ag 3" where A = +e”. 
Since y(0) = A = 10, we have 


2i; 


y = 10e 3°. 


Separating variables gives 


dy 
— 2 = | 0.5dt 
Ira [os 


ln |y — 200| = 0.5t + C 
y = 200 + Ae”, where A = +e°. 


The initial condition, y(0) = 50, gives 
50 = 200 + A, so A= —150. 


Thus, 
y = 200 — 150e°**. 
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15. 


16. 


17. 


18. 
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Separating variables gives 


so 
In|P - 4| 2 t - C 
P+4= Ae! 
P = Ae! — 4. 


Since P — 100 when t — 0, we have P(0) — Ae? — 4 — 100, and A — 104. Therefore 


P = 104e — 4. 


Factoring out a 2 on the right makes the integration easier: 


giving 
In |y — 2| = 2z + C. 
Thus, 
ly E 2| =- p. 
so 


y —2 = Ae”, where A = e°. 
The curve passes through (2,5), which means 3 = Ae*, so A = 3/e*. Thus, 


LAM = 
y= 2+ e = 24 3e?7-*, 


Factoring and separating variables gives 


dQ _ S 
T = 0.3(Q — 400) 


dQ 


In |Q — 400| = 0.3t + C 


Q = 400 + Ae? ?*,— where A = + 


The initial condition, Q(0) = 50, gives 


50 = 400 + A so A= —350. 


Thus , 
Q = 400 — 350e°*". 


Factoring out the 0.1 gives 


dm 


275 = 0.1m + 200 = 0.1(m + 2000) 


di 
m _ old, 
m + 2000 


In |m + 2000| = 0.1t + C, 


so 


19. 


20. 


21. 
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and 
m = Ac? — 2000, where A = ret. 


Using the initial condition, m(0) = Ae(9-? _ 2000 = 1000, gives A = 3000. Thus 


m = 3000e""* — 2000. 


1 


—Inji—-R| =y+C 


Rearrange and write 


or 


which can be written as 
1— R = ce € = Ae " 


or 
R-—1- Ae *. 
The initial condition R(1) = 0.1 gives 0.1 = 1 — Ae" and so 
A — 0.9e. 
Therefore 
R=1-0.9e'". 
Rewriting gives 
dB 
—+4+2B= 
di + 50 
and J5 
— =-2B4 = —2(B — 25), 
T: 50 ( 5) 
so 


dB 
] 38 - - [2 


In|B — 25| = —2t + C. 


Thus, we have 
B — 25 = Ae~™, where A = cec. 


Using the initial condition, B(1) = 100, we have 75 = Ae ?, so A = 75e”. Thus 


B = 25 + 15e?e 7! = 25 + 75e”. 


Write 
Cen -1 
y 3+¢ 
and so 
In|y| 2 In|3 - t| +C 
or 


In |y| = In D|3 + t| 


where In D — C. Therefore 
y — D(34 t). 


The initial condition y(0) = 1 gives D = 4, so 


y= 53 +t). 
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22. 


23. 


24. 
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Separating variables gives 


SO 


Since the solution passes through the origin, z = 0 when t = 0, we must have 


-e? =5 40, so C = —1. 


Thus R 
t 
6 oS 
e 5 ; 
or i 
t 
——][1-—c]|. 
T ( >) 
Separating variables gives 
dy _ 5y 
dry z 


J$- [ie 
y x 
In|y| = 51n |z| + C. 


Thus ] 
lvl = ein izle c = eC en lel’ = e°|a\°, 


giving 
y= Ax, where A= ret. 


Since y — 3 when x — 1, so A — 3. Thus 


y = 32°. 
Separating variables gives 
dy 2 
== 1+t 
“HY (+t) 
fZ- farna, 
y 
so " 
1 t 
eee ee 
T 3 +C, 
giving 
_ 1 
Pe EEA 
Since y = 2 when t = 1, we have 
25> 1 so 2C+3=-—1, and 
© 1-1/24C' EL 
Thus 
1 2 
y= ——$— — 


PLEO A 
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25. Separating variables gives 


d 
E — zz? =2(14+?’) 
L fo + t)dt, 
z 
so " 
t 
In |z| =t+ 3*6 
giving 
z — Aettt /3 
We have z — 5 when t — 0, so A — 5 and 
22/8 t+t3/3 
26. Separating variables gives 
= = Qu? sin? 
m = Josine dO, 
w 
so T i 
m cos 8? + C. 
According to the initial conditions, w(0) = 1, so -1 = — $ + C and C = — i. Thus, 
-i = — 5 cos 6? — ; 
1 cos +1 
wo 2 
Iz 2 
~ cos0? +1 


27. Separating variables and integrating gives 


To integrate the right side, write tan v» = sin w/ cos vv and use the substitution w = cos w giving 


1 
—— = In|cos | + C 
w 


so 
PEL. ERES 
~ ln|cosv| -- C^ 
Using the initial condition w(0) — 2 we have 
ZEN Lc cmd oed 
~ Injcos0)+C I1-C 0-4C 
so " 
Thus the solution is " 


= In | cos | — 1/2° 
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28. Separating variables gives 


so à 
—— = In|[z| ^ ln |z + 1] + C. 
u 


We have u(1) = 1, so — 1 = In|1| — In|1 + 1| + C. So C = ln 2 — 1. Solving for u yields 


-i = In|z| -In|z - 1] -1n2— 1 =n et 1, 
so 
o —1 
= 7 20) 1 
In| Fy] — 1 
Problems 
29. (a) We separate variables and integrate: 
dy _ 4e 
dr y? 
y dy = Ax dx 
fèus- [um 
3 
y 2 
—=2 C 
nir aid 


y = V 6a? + B. 


Here, we use B as the arbitrary constant, replacing 3C when we multiply through by 3. 
(b) When we substitute y = 1 when x = 0, we have: 


1= V6(02) B 
1= VB 
B= i ST, 
The particular solution satisfying y(0) = lis y = V/6z? + 1. 
When we substitute y = 2 when x = 0, we have: 
2 = į/6(02) + B 
2= VB 
Beg =8. 
The particular solution satisfying y(0) = 2 is y = W/6ax2 + 8. 
When we substitute y = 3 when x = 0, we have: 
3 = i/6(02) 4- B 
3= VB 
Begg. 


The particular solution satisfying y(0) = 3 is y = W/6a2 + 27. 
The three solutions are shown in Figure 11.24. 
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1 1 1 1 1 r 
—4 4 
Figure 11.24 
30. (a) We separate variables and integrate: 
dP 
— =0.2(P — 
dt 0.2( 50) 
1 
dP — 0.2dt 
P—50 


1 
|a= [ 022 


In |P — 50| = 0.2t + C 
|P mE 50| = el tte 
P—50 = Be” 
P = 50 + Be??*, 


Here, we use B as the arbitrary constant,replacing e^. 
(b) When we substitute P = 40 when t = 0, we have: 


40 = 50 + Be??? 
40 = 50+ B 


The particular solution satisfying P(0) = 40 is P = 50 — 106°”. 


When we substitute P = 50 when t = 0, we have: 
50 = 50 + Be??? 
50 = 50 + B 
B=0. 


The particular solution satisfying P(0) = 50 is the constant solution P = 50. 
When we substitute P = 60 when t = 0, we have: 
60 = 50 + Be? 
60 = 50+ B 
B= 10. 


The particular solution satisfying P(0) = 60 is P = 50 + 10e??*, 
The three solutions are shown in Figure 11.25. 


Figure 11.25 
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31. (a) Separating variables and integrating gives 
1 
— —— dy = [ dt 
/ 100 — y : J 


— ln |100 — y| =t+C 


so that 


or 
y(t) = 100 — Ae™. 


(b) See Figure 11.26. 


Figure 11.26 


(c) The initial condition y(0) = 25 gives A = 75, so the solution is 
y(t) = 100 — 75e™. 
The initial condition y(0) = 110 gives A = —10 so the solution is 
y(t) = 100 + 10e™. 
(d) The increasing function, y(t) = 100 — 75e™*. 


32. By separating variables, we obtain r dr = k dt. Integrating yields 


2 
r 

—=kt+C. 
2 Te 


where C is a constant. If t = 0 is the time when the spill begins, then r = 0 when t = 0; therefore, we must have C = 0. 


Therefore, we have 
r= V 2kt: 


Using the fact that r = 400 when t = 16, we obtain 400 = 2k - 16; this yields k = 5000. Since the units of dr /dt are 
feet/hour and r is measured in feet, the units of k must be feet?/hour. 


33. (a) See Figure 11.27. 


Figure 11.27 
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(b) It appears that the solution curves in the upper half plane are asymptotic to y = 0 as x tends to —oo, and that they 
are unbounded above as x increases. 
It appears that the solution curves in the lower half plane are asymptotic to y = 0 as x tends to 4-oo, and that 
they are unbounded below as x decreases. 
The solution curve through the origin is the x-axis, so it is asymptotic to y = 0 on both ends. 
(c) We separate variables. From dy/dx = y? we get, for y Æ 0, 


1 
1 


—--=f£4+C 
y 
PEEL 
i 
(d) For a given number C, the y-value is not defined for x = —C, so the formula gives two solution curves. The first is 
=— f -C. 
uy z org < 
This curve is in the upper half plane, has a vertical asymptote at x = —C and satisfies limz——oo y = 0. The second 
curve is 
y= TD for x > —C, 
which is in the lower half plane, has a vertical asymptote at x = — C, and satisfies limg— o5 y = 0. 
34. Separating variables gives 
dR 
— = [ kdt. 
[ao] 
Integrating gives 
In|R| = kt + C, 


so 
|R] = ette = ete’ 


R= Ae", where A = te" or A=0. 


35. Separating variables gives 


Integrating gives 


t 
Q = Ae"*, where A=+e° or A-0. 


dP 
fg&- [a 


In|P—-a| 2t-- C, 


36. Separating variables gives 


Integrating yields 


SO 


|P — a| = et* = ete? 


P=a+ Ae, where A= te° or A=0. 


1050 Chapter Eleven /SOLUTIONS 


37. Separating variables gives 


Integrating yields 


-In|b — Q| =t+C, 


so 


|b — Q| = e +C) = e te € 


Q =b- Ae, where A = Xe ^ or A=0. 


38. Separating variables gives 


dP 
P—-a 


In|P — a| = kt +C, 


Integrating yields 


SO 


= fra. 


P=a+Ae™ whereA=+e° orA=0. 


39. Factoring and separating variables gives 


a a(r?) 
a 


dt 
dR 
| ee [ow 
ing = =at+C 
R2 Pu Aen, 
a 


40. Separating variables and integrating gives 


This gives 


dinjaP +8) =t+C 
a 


In|aP + b| = at + aC 
aP+b= Jette = Ae% 


or 
1 


, 


where A can be any constant. 


where A = +e or 


P = —(Ae™ — b). 


a 


41. Separating variables and integrating gives 


1 
LEE 


or 


y 
Hence, 


1 


-2 =k (t+ 50) +¢, 


3 


42. 


43. 


44. 


45. 
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Separating variables and integrating gives 
1 
or 
arctan R = az + C 
so that 
R= tan(az + C). 
Separating variables and integrating gives 
t dies ketadi 
— = m 
L—b 
or i 
in |Z b| =k (52? can) 4 C. 
Solving for L gives 
d 4 
L-b-4 Ae*"G* *?9) where A can be any constant. 
Separating variables gives 


dy = 
so 
dy J 
———— =-/ dt, 
Iams 
so 


Integrating yields 


so 


Exponentiating both sides yields 


2 —1-— Ae ?*, where A = ce 
y 
u 2 
Y= IZ Aen" 
But d 
0) = — = 1, 
y =a 
so A = —1, and 
" 2 
oY Type 
Separating variables gives 
dx xlng 
di — t^ 
so 
dz — dt 
eine — t 
and thus 


In|In z| 2 Int 4- C, 


2C 
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so 


|Inz| = efet = eft. 


Therefore 


Inr — At, whereA=+e° or A=O, 


Separating variables gives 


ry = (14+ 21nt)tanz 


d 14+2Int 
2 -(—a 


[Zu [ (1-222) us 
sin x t t 


Integrating gives 


In|sina| = Int + (nt)? +C 


|sin z| =e 
So 
sing = AtÜ^9*!, where A=+e° or 
Therefore 
x = arcsin( At" 9*1), 
Since f 
y y 
SF — alnn(Z 
dt YT (5) 
we have 4 
y 
dif; 
y1n(y/2) 
so that 


Substituting w = In(y/2), dw = 1 dy gives: 
y 


so 


=-t+0 


FC. 


i] 
— 
D 
=N 
whe 
NE 
Il 
| 
~œ 
| 


Since y(0) = 1, we have C = In| In 3| = In(| — 1n 2|) = In(In2). Thus 


In |I (4) | = —t + In(In 2), 
or 
|I (3) | = ett nn 2) 
Since e'™("2) — In 2, this simplifies to 
|I (4) | = (In2)e *, 
2 
so 


In t4- (1n t)?+C = ie Pe" P ique, 


A — 0. 
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Since y(0) = 1, and In(1/2) = — In 2, we take the — sign, giving 


Thus, 


In (4) =—(In2)e. 


y= Qe7 (n 3)e7f 
y= 2(e^ is d — a(g-1y* " 
y = (27). 


(Note that In(y/2) = (In 2)e™* does not satisfy y(0) = 1.) 


48. (a) See Figure 11.28. 


ALE ELL EL EH) 
FEE uw uu FS 
Z 


Figure 11.28 


(b) It appears that the solution curves are unbounded below as x decreases and unbounded above as x increases. 
(c) In the region —1 < y < 1, we have dy/dx = 1, a constant slope, so the solution curves in this region are straight 
lines of slope 1: the equations are y = x + C. This formula holds for -C — 1 € x < —C + 1. 

In the regions where |y| > 1, we solve the differential equation by separation of variables, 


—--=f4+C 
y 
= 1 
a +C 
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Thus, the formula for the general solution is y = —1/(x + C) for both y < —1 and y > 1. The corresponding 
x-values are determined as follows. We have y < —1 if 


We have y > 1if 


0<a+C<1l 


-l<2#4+C<0 
—-C-1l<2<-C. 
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(d) 


(e) 
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Summarizing, with different constants for the three regions to avoid confusion, we have the following explicit 
solutions: 

If y € —1, then y = —1/(a + C1) for -C1 < x € -C1 + 1. 

If—1 < y < 1, then y = z + C2 for—Co-1<a2<—-Co+1. 

If 1 < y, then y = —1/(x + C3) for —C3 — 1 < z < —Cs. 

If a solution curve touches the region y < —1, then the formula y = —1/(a + C1) found in part (c) shows that 
x = —C1 is a vertical asymptote. Moreover, the curve touches the line y = —1 at x = 1 — C1. The curve continues, 
crossing the region —1 < y < 1 as a straight line of slope 1, until it reaches the horizontal line y = 1. After that the 
solution curve enters the region y > 1 where there is a vertical asymptote at x = — C3. 

A similar argument applies if a solution curves touches the region y > 1. 

Finally, if a solution curve touches the region —1 < y < 1 then it has a straight line section that runs to the 
two horizontal lines y = —1 and y = 1 where the solution curve enters the two outer regions where |y| > 1 and 
approaches vertical asymptotes. 

A complete solution curve has the formula 


x+ C. if-Cp-1l<a<-Co4+1 


fave. if—-Cı <x <-Cı +1 
y= 
—1/(x + Cs) if—C3-—1 < x< -C3 


where the conditions that the first two formulas match up where y = —1 and the last two match up where y = 1 are 
given by 


Cı +1 =-C2-—1 
C2 +1 = -C3 — 1. 


Thus C2 = Cy — 2 and C3 = C2 2= (Ci 2) 2 Ci 4. 
The two vertical asymptotes are thus 


Eu 
z= -03 = -0 + 4. 


The second asymptote is 4 units to the right of the first. 


49. (a), (b) See Figure 11.29. 


Figure 11.29 


(c) Since dy/dx = x/y, we have 


f i [m 


and thus 


2 2 
y ax 
33 +C, 
or 
y -r =2C 
This is the equation of the hyperbolas in part (b). 
50. (a), (b) See Figure 11.30. 
y 


HH 
Figure 11.30 
(c) Since 
ay _Y 
dx x’ 
we have 
dy _ dx 
y r’ 
so 
In |y| = — In |z| +C, 
giving 
ee Sese 
Thus, 


je where A= te or A-0. 
c 


, 
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51. By looking at the slope fields, we see that any solution curve of y’ = z/y intersects any solution curve to y’ 
Now if the two curves intersect at (x, y), then the two slopes at (x, y) are negative reciprocals of each other, because 


Hence, the two curves intersect at right angles. 
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52. It is impossible to separate variables in the differential equation dy/dx = x + y. If we subtract y from both sides, we 
obtain dy/dx — y = x. If we then try to separate the dz, we have dy — y dx = x dx. The variables cannot be separated 


in this differential equation. 
53. The solution to dP/dt — 0.2t is P — 0.1t? 4- C. 


Exponential growth occurs when the derivative is a constant multiple of the dependent variable, not the independent 


variable. 


54. We have dy/dx = e*** = e*e". Dividing both sides by e", we have e "dy/dx = e”. Then multiplying both sides by 


dx, we have e? dy = e” da. Since e" is certainly not equal to —e”, the statement is false. 
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55. There are many differential equations which are not separable. One possible example is dy/dx = x + y. Other examples 
are possible. 

56. An expression such as f(x) = cos x satisfies the requirement since dy/dx = cosx + xy — cosx = xy is a separable 
differential equation. Other examples are possible. 

57. This family has f'(x) = 2x, so let dy/dx = 2z. 

58. If we differentiate implicitly the equation for the family, we get 2r — 2ydy/dx = 0. Solving for dy/dx, we get the 
differential equation we want: dy/dx = x/y. 

59. True. The general solution to y’ = —ky is y = Ce~™. 

60. False. In order to be solved using separation of variables, a differential equation must have the form dy/dx = f(x)g(y), 


61. 


62. 


So 


so we would need x + y = f(x)g(y). This certainly does not appear to be true. If it were, setting x = 0 and y = 0, we 
would have f(0)g(0) = 0 so either f(0) = 0 or g(0) = 0. If f(0) = 0, then substituting in x = 0 and y = 1, we have 
0 + 1 = f(0)g(1) = 0, which is absurd. We get the same contradiction if we assume g(0) = 0. 


True. Rewrite the equation as dy/dx = xy + x = x(y + 1). Since the equation now has the form dy/dx = f (x)g(y). it 
can be solved by separation of variables. 


False. It is true that y = zx? is a solution of the differential equation, since dy/dx = 3x? = 3y?/ 3. but it is not the only 


solution passing through (0, 0). Another solution is the constant function y = 0. Usually there is only one solution curve 
to a differential equation passing through a given point, but not always. 


lutions for Section 11.5 


Exercises 


1. (a) = (IID, (b) = (IV), (c) = (D. (d) = (ID. 
2. (a) D 


(b) (IV) 
(c) (ID and (IV) 
(d) (ID and (IID) 


3. (a) The equilibrium solutions occur where the slope y’ = 0, which occurs on the slope field where the lines are horizontal, 


or (looking at the equation) at y = 2 and y = — 1. Looking at the slope field, we can see that y = 2 is stable, since 
the slopes at nearby values of y point toward it, whereas y = —1 is unstable. 

(b) Draw solution curves passing through the given points by starting at these points and following the flow of the slopes, 
as shown in Figure 11.31. 


\ NIN 
NP \ 
VAN YVAN 


\\\ \ 
NEN 


Figure 11.31 


4. The equilibrium solutions of a differential equation are those functions satisfying the differential equation whose derivative 


is everywhere 0. Graphically, this means that a function is an equilibrium solution if it is a horizontal line that lies on the 
slope field. Looking at the figure in the problem, it appears that the equilibrium solutions for this problem are at y — 1 
and y — 3. An equilibrium solution is stable if a small change in the initial value conditions gives a solution which 
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tends toward equilibrium as t — oo. We see that y = 3 is a stable solution, while y = 1 is an unstable solution. See 
Figure 11.32. 


Figure 11.32 


5. For y = a, we have dy/dt = 0, so the solution curve is horizontal. This is an equilibrium solution. 
For y > o, we have dy/dt « 0, so the function is decreasing. 
For y < a, we have dy/dt > 0, so the function is increasing. See Figure 11.33. 


Dome 
"au 


Figure 11.33 


e 


6. When the derivative dw/dt = 0, the function is constant. This occurs when w = 3 or w = 7. So, w = 3 and w = 7 
are solutions. Their graphs are horizontal lines. When 3 < w < 7, the derivative is negative. Therefore, solutions, w, 


are decreasing in this region. For w < 3 or w > 7, the derivative is positive. Thus, solutions, w, are increasing in these 
regions. See Figure 11.34. 


7 


4 


Figure 11.34 
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7. (a) Separating variables, we have —— = —kdt, so f H = f —k dt, whence ln |H — 200| = —kt + C, and 
H — 200 = Ae~*', where A = e°. The initial condition is that the yam is 20°C at the time t = 0. Thus 
20 — 200 = A, so A = —180. Thus H = 200 — 180e^ **. 


(b) Using part (a), we have 120 = 200 — 180e- "(30 | Solving for k, we have e 90 — =, giving 


dS ney 
(0-30 7 
4 
Note that this k is correct if t is given in minutes. (If t is given in hours, k = 23 a 1.62.) 
=> 


8. (a) We know that the equilibrium solution is the solution satisfying the differential equation whose derivative is every- 
where 0. Thus we have 


dy 
—=0 
dt 

0.5y — 250 = 0 

y = 500. 
(b) We use separation of variables. Since 

dy 

at ncs 2 

d 0.5 50, 


we have 


1 
— ——dy — | dt 
Im » f 


21n|0.5y — 250| = t+ C 
0.5y — 250 = eto? 
y = Ae‘/? + 500, 
where A = 2e°/?. 
(c) Using initial value y(0) = 500, we have y = 500, the equilibrium solution. Using initial value y(0) = 400, we have 


A = —100 and so y = 500 — 100e*/?. Using initial value y(0) = 600, we have A = 100 and so y = 500+ 100e*/?. 
These three solutions are shown below. 


y = 500 + 100e*/? 
500 —————————— » = 500 


= 500 — 100e*/? 


(d) We see above that the equilibrium solution y = 500 is unstable. 


9. (a) To find the equilibrium solutions, we must set 


dy/dx = 0.5y(y — 4)(2 + y) =0 


which gives three solutions: y = 0, y = 4, and y = —2. 
(b) From Figure 11.35, we see that y = 0 is stable and y = 4 and y = —2 are both unstable. 
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Figure 11.35 


10. (a) A very hot cup of coffee cools faster than one near room temperature. The differential equation given says that the 
rate at which the coffee cools is proportional to the difference between the temperature of the surrounding air and the 
temperature of the coffee. Since dH /dt < 0 (the coffee is cooling) and H — 20 > 0 (the coffee is warmer than room 


temperature), k must be positive. 
(b) Separating variables gives 
1 
| putt = f-ra 
ln |H — 20| = —kt+C 


and so 


and 
H(t) = 20 + Ae". 


If the coffee is initially boiling (100°C), then A = 80 and so 
H(t) = 20 + 80e™**. 


When t = 2, the coffee is at 90°C and so 90 = 20 + 80e?" so that k = i In š, 
Let the time when the coffee reaches 60? C be Hg, so that 


60 = 20 + 80e ^ P« 


eka — l 
2 
Therefore, 
Ha = = In2 = a 7: 10minutes. 


i 


11. Since it takes 6 years to reduce the pollution to 10%, another 6 years would reduce the pollution to 10% of 10%, which is 
equivalent to 1% of the original. Therefore it takes 12 years for 99% of the pollution to be removed. (Note that the value 
of Qo does not affect this.) Thus the second time is double the first because the fraction remaining, 0.01, in the second 
instance is the square of the fraction remaining, 0.1, in the first instance. 

12. Michigan: 

dQ rm 158 


= —-—Q = —-———__€0 & _ — 0.032 
dt ve 4.9 x 10:9 0:0324 


so 
Q- Qoe 9992 
We want to find £ such that 
0.1Qo = Que 999 


so 
_ —In(0.1) 


0.032 & 72 years. 
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Ontario: dQ Bil 
r - 
—=~=--@Q 


dt Ve = iexie 7701 


so 
Q= Qoe 9 8t 
We want to find £ such that 
0.1Qo = Qoe 9 1 


so 
_ —In(0.1) 


0.131 


Lake Michigan will take longer because it is larger (4900 km? compared to 1600 km?) and water is flowing through 
it at a slower rate (158 km?/year compared to 209 km*/year). 


t & 18 years. 


Lake Superior will take the longest, because the lake is largest (V is largest) and water is moving through it most slowly 
(r is smallest). Lake Erie looks as though it will take the least time because V is smallest and r is close to the largest. For 
Erie, k — r/V — 175/460 z 0.38. The lake with the largest value of r is Ontario, where k — r/V — 209/1600 z 0.13. 
Since e^". decreases faster for larger k, Lake Erie will take the shortest time for any fixed fraction of the pollution to be 
removed. 


For Lake Superior, 
dQ ra 652 


d ve 12,200 


Q ~ —0.0053Q 


so 
Q = Qoe 99093 


When 80% of the pollution has been removed, 20% remains so Q = 0.2Qo. Substituting gives us 
0.2Qo = Que 9 9053 


5o In(0.2) 
n(0. 
= —U00053 ^ 301 years. 


(Note: The 301 is obtained by using the exact value of > = Se rather than 0.0053. Using 0.0053 gives 304 years.) 
For Lake Erie, as in the text 


dQ r 175 
“a que une co PB 
SO 
Q - Qoe 9 98*. 


When 80% of the pollution has been removed 


0.2Qo = Que??? 
_ In(0.2) 
0.38 


t= & 4 years. 


So the ratio is 
Time for Lake Superior _ 301 


Time for Lake Erie ^ 4 
In other words it will take about 75 times as long to clean Lake Superior as Lake Erie. 


Ri 75. 


Problems 


14. 


15. 


(a) We define P to be the population of India, in billions of people, in year t, where t represents the number of years 
since 2010. 

(b) We have dP/dt — 0.0135P with initial condition P(0) — 1.15. 

(c) The general solution is P = C'e"995* and the particular solution satisfying the initial condition is P = 1.15e°°!?*. 

(a) We define N to be the amount of nicotine in the body, in mg, at time t, where t represents the number of hours since 
smoking the cigarette. 

(b) We have dN/dt = —0.347N with initial condition N(0) = 0.4. Notice that the constant —0.347 is negative since 
the quantity of nicotine is decreasing. 


(c) The general solution is N — Qe ote —0.3470. 


and the particular solution satisfying the initial condition is N = 0.4e 


17. 


18. 


19. 
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(a) We define S to be world solar PV market installations, in megawatts, in year t, where t represents the number of 
years since 2007. 

(b) We have dS/dt = 0.485 with initial condition S(0) = 2826. 

(c) The general solution is S = C'e?^5* and the particular solution satisfying the initial condition is S = 2826e°***. 


(a) We define G to be the size, in acres, of Grinnell Glacier in year t, where t represents the number of years since 2007. 
(b) We have dG/dt = —0.043G with initial condition G(0) = 142. Notice that the constant —0.043 is negative because 
the size is decreasing. 


(c) The general solution is G = (e oes 


and the particular solution satisfying the initial condition is G = 142e 9 9?', 


(a) The differential equation is 


1dB dB 
(b) The differential equation is 
1 dP dP 


(c) For initial prices Bo and Po, solving the differential equations in part (a) and part (b) gives 
B = Boe? 
and 
P = peo 
(d) Doubling time for textbook price is given by 


2Bo = Be 


In2 
t= 0.067 ^ 10.345 years. 


(e) Doubling time for inflation is given by 


2P) = Pye”?! 
ln 2 


t= 0033 ^ 21.004 years. 


(f) The doubling times are in the ratio 


Doubling time:Textbook — 10.345  (1n2)/0.067 ^ 0.033 Inflation growth rate 


Doubling time:Inflation 21.004 — (1n2)/0.033 0.067 Textbook growth rate ` 


The ratio of the doubling times is the reciprocal of the ratio of the growth rates. 


We find the temperature of the orange juice as a function of time. Newton's Law of Heating says that the rate of change of 
the temperature is proportional to the temperature difference. If S is the temperature of the juice, this gives us the equation 


dS 


Fx —k(S — 65) for some constant k. 


Notice that the temperature of the juice is increasing, so the quantity dS/dt is positive. In addition, S = 40 initially, 


making the quantity (S — 65) negative. 
Separating variables gives: 
dS 
=— | kdt 
J=- 
ln |S — 65| = —kt + C 


S — 65 = Ae™™, where A = +e°, 


So 
S =65+ Ae, 


Since at t = 0, S = 40, we have 40 = 65 + C, so C = —25. Thus, S = 65 — 25e—** for some positive constant k. See 
Figure 11.36 for the graph. 
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Figure 11.36: Graph of 
S = 65 —25e—™ fork > 0 


20. According to Newton’s Law of Cooling, the temperature, 7’, of the roast as a function of time, t, satisfies 
T'(t) = k(350 — T) 
T(0) = 40. 


Solving this differential equation, we get that T = 350 — 310e~** for some k > 0. To find k, we note that at t = 1 we 
have T' = 90, so 


90 = 350 — 310e- * 2 


260 _ -t 
310 — 


260 
dm m 
S ( 310 ) 
= 0.17589. 
Thus, T = 350 — 310e 917?9?*. Solving for t when T = 140, we have 


140 = 350 — 310e 9: 17589% 


210 ^  .o.17589: 
310 — 
. 1n(210/310) 
|. —0.17589 


t x 2.21 hours. 


21. (a) Q 


Q= Qoe- 0-0187t 


d 
w =g 
(c) Since 25% = 1/4, it takes two half-lives = 74 hours for the drug level to be reduced to 25%. Alternatively, Q = 
Qoe™ and i E e * G0. we have 
In(1/2) 
k = -——— 7x 0.0187. 
37 


Therefore Q = Qoe-9?157*, We know that when the drug level is 25% of the original level that Q = 0.25Qo. 
Setting these equal, we get 
0.25 — e" 0-0187t. 
giving 
In(0.25) 


t= = Oar 74 hours z 3 days. 
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22. (a) Since the amount leaving the blood is proportional to the quantity in the blood, 


dQ) 


ap —kQ for some positive constant k. 


Thus Q = Qoe-^', where Qo is the initial quantity in the bloodstream. Only 20% is left in the blood after 3 hours. 
Thus 0.20 = e^?*, sok = —— & 0.5365. Therefore Q = Qoe 9-9?65t. 

(b) Since 20% is left after 3 hours, after 6 hours only 20% of that 20% will be left. Thus after 6 hours only 4% will be 
left, so if the patient is given 100 mg, only 4 mg will be left 6 hours later. 


23. (a) Suppose Y (t) is the quantity of oil in the well at time t. We know that the oil in the well decreases at a rate proportional 
to Y (t), so 


dio 
Integrating, and using the fact that initially Y = Yo = 10°, we have 
Y= Yoe *# = 10° *. 


In six years, Y = 500,000 = 5- 10°, so 
5.105 = 10°e * 


So 


When Y = 600, 000 = 6 - 10°, 


Rate at which oil decreasing = z = kY = 0.1155(6 - 10°) = 69,300 barrels/year. 


(b) We solve the equation 


Ba 104 = 10927-02158: 


0.05 = e 9-1155t 
In 0.05 


t = ——— = 25. " 
—0.1155 5.9 years 


24. (a) If C' = —kC, and then C = Coe **. Since the half-life is 5730 years, iCo = Cpe 273%, Solving for k, we have 
—5730k = In(1/2) so k = =Q x 0.000121. 
(b) From the given information, we have 0.91 = e~**, where t is the age of the shroud. Solving for t, we have t = 


——— ~ 779.4 years. 


25. The rate of disintegration is proportional to the quantity of carbon-14 present. Let Q be the quantity of carbon-14 present 
at time t, with t = 0 in 1977. Then 


Q = Qoe s. 


where Qo is the quantity of carbon-14 present in 1977 when t = 0. Then we know that 


ED = Que ^ 6790 
so that 
In(1/2) 


k=- = 0.000121. 
5730 0.000 


Thus 
Q= Qoe 9 900121: 


The quantity present at any time is proportional to the rate of disintegration at that time so 


Qo — c8.2 and Q — c13.5 
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where c is a constant of proportionality. Thus substituting for Q and Qo in 
—0.000121t 
Q = Qoe 


gives 
c13.5 = cg.2e 0900121 


so 
In(13.5/8.2) 
t = ——__——_ & — 4120. 
0.000121 d 
Thus Stonehenge was built about 4120 years before 1977, in about 2150 B.C. 


26. (a) A = —k(T — A), where A = 68°F is the temperature of the room, and t is time since 9 am. 


(b) 
dT 
Tea” J ap 


ln |T — A| = —kt + C 
T=A+Be™. 


Using A = 68, and T(0) = 90.3, we get B = 22.3. Thus 
T = 68 + 223€ "*. 


Att = 1, we have 


89.0 = 68 + 22.3e ^ 
21 = 22.3e ^ 
21 
k = — In — 7 0.06. 
1553 0.06 
Thus T = 68 + 22.3e °°, 
We want to know when T was equal to 98.6°F, the temperature of a live body, so 


98.6 = 68 + 22.3e 20% 


30.6 
1 30.6 
= (- ux) 333 
t x —5.2T. 


The victim was killed approximately 54 hours prior to 9 am, at 3:45 am. 
27. (a) The differential equation is 


dT 
Tk — A), 


dT 


Then ln |T — A| = —kt + C, so T = A + Be **, Thus 


where A = 10°F is the outside temperature. 
(b) Integrating both sides yields 


T = 10 +58e™™. 


Since 10:00 pm corresponds to t = 9, 


57 = 10 +58e ?* 


AT ai 
58 f 
47 
lt gk 
158 


1. 47 
kit. x 0.0234. 
9 "58 


(c) 


28. (a) 
(b) 


29. (a) 


(b) 


(c) 


(d) 


30. (a) 
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At 7:00 the next morning (t = 18) we have 


T 10 + pgaloC- 0.0290 
— 10 4- 58(0.66) 
x 48°F, 


so the pipes won't freeze. 

We assumed that the temperature outside the house stayed constant at 10°F. This is probably incorrect because the 
temperature was most likely warmer during the day (between 1 pm and 10 pm) and colder after (between 10 pm and 
7 am). Thus, when the temperature in the house dropped from 68°F to 57°F between 1 pm and 10 pm, the outside 
temperature was probably higher than 10°F, which changes our calculation of the value of the constant k. The house 
temperature will most certainly be lower than 48°F at 7 am, but not by much—not enough to freeze. 


Since speed is the derivative of distance, Galileo's mistaken conjecture was m — kD. 

We know that if Galileo's conjecture were true, then D(t) — Doe*t, where Do would be the initial distance fallen. 
But if we drop an object, it starts out not having traveled any distance, so Do = 0. This would lead to D(t) = 0 for 
all t. 


Letting k be the constant of proportionality, by Newton's Law of Cooling, we have 


dH 
— = k(68 — H). 
Ti (68 ) 


To find the equilibrium solution, we solve dH/dt = k(68 — H) = 0. We find that H = 68 is an equilibrium 
solution. This makes sense because the temperature of an object at 68°F in a 68°F room will not change. To determine 
whether the equilibrium is stable, we consider a solution with an initial condition near H = 68. If H = 69, then 
dH/dt = k(68 — 69) = —k, which is negative; therefore, H will decrease and move towards the equilibrium. 
Similarly, a solution with an initial condition less than H = 68 will increase towards the equilibrium. Therefore, the 
equilibrium is stable. 

We solve this equation by separating variables: 


ln |68 — H| = kt 4 
68 — H = tent 
H = 68 — Ae, 


We are told that H = 40 when t = 0; this tells us that 


40 = 68 — Ae-*O 
40—68— A 
A — 28. 


Knowing A, we can solve for k using the fact that H = 48 when t = 1: 


48 = 68 — 28e ^? 
20 
— = Ee 
28 
20 
k = — In eq 
163 0.33647 


So the formula is H(t) = 68 — 28e~°3864"" We calculate H when t = 3, by 
H(3) = 68 — 28e 993647) — 57 g?p, 


Since we are told that the rate at which the quantity of the drug decreases is proportional to the amount of the drug 
left in the body, we know the differential equation modeling this situation is 


dQ _ 
Se = kQ. 


Since we are told that the quantity of the drug is decreasing, we know that k < 0. 
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(b) 


(c) 


(d) 


(e) 


31. (a) 


(b) 
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To find the equilibrium, we solve dQ/dt = 0 and get Q = 0. Thus, Q = 0 is an equilibrium. This makes sense 
because patients with no hydrocodone bitartrate in their body will remain that way unless they take the drug. We 
expect the equilibrium to be stable because patients who have taken the drug will gradually lose it, moving towards 
the equilibrium. We can confirm this by checking solutions with initial conditions near Q = 0. 

We know that the general solution to the differential equation 


dQ _ 
moe 


is 
Q= Ce". 


We are told that the half life of the drug is 3.8 hours. This means that at t = 3.8, the amount of the drug in the body 
is half the amount that was in the body at t = 0, or, in other words, 


0.5Q(0) = Q(3.8). 
Solving this equation gives 


0.5Q(0) = Q(3.8) 
0.5Ce (0. = CekG8) 


0.50 = ce 9 
0.5 = c F9) 
In(0.5) = k(3.8) 
In(0.5) 
=k 
3.8 
k = —0.182. 
From part (c) we know that the formula for Q is 
Q = ce 9182 


We are told that initially there are 10 mg of the drug in the body. Thus, at t = 0, we get 
10 = Ce 918200 
so 
C = 10. 
Thus, our equation becomes 
Qf) 2106 99. 
Substituting t — 12, we get 
Q(t) - 10e 9-182t 
Q(12) = 10e-9:182(12) 
— 10e72 184 


Q(12) ~ 1.126 mg. 


The differential equation is 
dB_ r 
dt 100 
The constant of proportionality is 
r 
100° 
To find the equilibrium, we solve 
dB rm E 
dt 100 


to get B — 0. 
If we have a solution with initial condition B > 0, then dB /dt > 0, and the solution increases and moves away 
from the equilibrium. Thus, the equilibrium is unstable. In terms of a bank account, this means that an empty bank 


account remains empty unless somebody deposits money into it, but a bank account with money in it accumulates 
more money. 
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(c) Solving, we have 


dB rdt 

B 100 

dB T 

B n x 

T 
In|B| = —t 
n|B| 100 +C 
B telr/1ont+e _ Ae(7/100 A- cé. 


A is the initial amount in the account, since A is the amount at time t = 0. 
(d) See Figure 11.37. 


B = 100069-15t 


20,000 - B= 1000e9-10t 


10,000 - 


B = 1000c9-04t 
1000 Lt 


15 30 
Figure 11.37 
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32. 


33. 


34. 


35. 


36. 


37. 


When y = 2, we have dy/dx = 8 — 8a # 0. An equilibrium solution must have derivative equal to zero for all values of 
ir 


An equilibrium is a constant solution, so y = x? cannot be an equilibrium solution. 


Newton’s Law of Heating and Cooling says that the rate of change of the temperature of an object is proportional to the 
difference between the temperature of the object and the temperature of the surrounding air. Once the roast is in the oven, 
the temperature of the surrounding air is 350°F, so the correct differential equation is dH /dt = k(H — 350). 


The differential equation is of the form dy/dt = ky, where k is negative. One possible answer is dy/dt = —2y. 


Some possible answers are dQ/dt = Q — 500 or dQ/dx = 2(Q — 500). Other answers are possible. We must have Q 
as the dependent variable and the derivative equal to zero when Q = 500. 


Since the graph has an equilibrium solution at P = 25, the solution with initial condition Pọ = 25 must be a horizontal 


line. Since the equilibrium solution is unstable, it is likely that the solutions with Py = 20 and Po = 30 bend away from 
the horizontal line. See Figure 11.38. Other answers are possible. 


P 


Le 


25 


Figure 11.38 
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Solutions for Section 11.6 
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Exercises 


1. 


(a) (III) An island can only sustain the population up to a certain size. The population will grow until it reaches this 
limiting value. 

(b) (V) The ingot will get hot and then cool off, so the temperature will increase and then decrease. 

(c) (I) The speed of the car is constant, and then decreases linearly when the breaks are applied uniformly. 

(d) (ID Carbon-14 decays exponentially. 

(e) (IV) Tree pollen is seasonal, and therefore cyclical. 


The balance is increasing at a rate of 0.05 times the current balance and is decreasing at a rate of 12,000 dollars per year. 


The differential equation is 


ER — 0.05B — 12,000. 
dt 


. The balance is increasing at a rate of 0.037 times the current balance and is also increasing at a rate of 5000 dollars per 


year. The differential equation is 


a = 0.037B + 5000. 


The balance is decreasing at a rate of 0.08 times the current balance and is increasing at a rate of 2000 dollars per year. 


The differential equation is 
dB 


— = —0.08B + 2000. 
di 0.08.B + 2000 


. The balance is decreasing at a rate of 0.065 times the current balance and is also decreasing at a rate of 50,000 dollars per 


year. The differential equation is 
dB 


— —0.065B — 50,000. 
dt 


. (a) If B = f(t), where t is in years, 


dB 

—— = Rate of money earned from interest + Rate of money deposited 
dB 

—— — 0.10B + 1000. 

di 0.10 + 1000 


(b) We use separation of variables to solve the differential equation 


dB 
— =0.1B + 1000. 
dt T 


1 
— dB = | dt 
i 0.1B + 1000 f 


1 


0.1B + 1000 = Cze” 
B = Ce! — 10,000 


For t = 0, B = 0, hence C = 10,000. Therefore, B = 10,000e® + — 10,000. 


7. (a) By Newton’s Law of Cooling, we have 


dH 
S = k(H — 50) 


for some k. Furthermore, we know the juice’s original temperature H (0) = 90. 


(b) Separating variables, we get 


We then integrate: 
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] ag - [ew 


In|H — 50| = kt +C 


H -50 = e™*.A 
H = 50 + Ae". 


Thus, H (0) = 90 gives A = 40, and H (5) = 80 gives 


Therefore 


(c) We now solve for ¢ at which H(t) = 60: 


50 + 40e?* = 80 


ga! 
40 
5k = In(0.75) 


k= z In(0.75) & —0.05754. 


H(t) = 50 + 40g 7", 


60 = 50 + 40e 0:05754# 


— e7 005754 


1 
4 


In(0.25) = —0.05754t 


t = 24 minutes. 


8. Since mg is constant and a = dv/dt, differentiating ma = mg — kv gives 


Thus, the differential equation is 


Solving for a gives 


da _ " dv _ ea 
di dt — 
da _ E k 
di m 
i= age m 


At t = 0, we have a = g, the acceleration due to gravity. Thus, ao = g, so 


Problems 


a= ge, 
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9. (a) There are two factors that are affecting B: the money leaving the account, which is at a constant rate of —2000 per 
year, and the interest accumulating in it, which accrues at a rate of (0.08) B. Since 


the differential equation for B is 


Rate of change of balance = Rate in — Rate out, 


HE — 0.08B — 2000. 
dt 


(b) To find the equilibrium solution, we solve dB /dt = 0 to get 0.08B— 2000 = 0, or B = 25000. To determine whether 
the equilibrium is stable, we consider what happens to a solution with initial condition near the equilibrium. If the 
initial condition is B = 26000, then initially dB /dt = 0.08(26000) — 2000 > 0. Thus, the interest accumulated by 
the account exceeds the amount being spent, and the balance increases. If a solution has initial condition B = 24000, 
then dB/dt — 0.08(24000) — 2000 « 0. Thus, more money is being spent than the interest can replenish, so the 


balance decreases. The equilibrium is unstable. 
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(c) We solve the differential equation by separating variables and then integrating: 


- wmm 
0.08B — 2000 — 


12.5 In |0.08B — 2000| = t+ C 


In |0.08B — 2000| = — +C 


0.08B — 2000 = +e? 8+? 
B = 25,000 + Ae? °, 


(d) (i) If the initial deposit is 20,000, then we have B = 20,000 when t = 0, which leads to A = —5000. Knowing 
A, we can find B(5) as: 
B(5) = 25,000 — 5000e° 959 = $17,540.88. 
(ii) Now B = 30,000 when t = 0 leads to A = 5000, giving B(5) = $32,459.12. 
10. Let D(t) be the quantity of dead leaves, in grams per square centimeter. Then aD = 3 — 0.75D, where t is in years. We 
factor out —0.75 and then separate variables. 


dD 
= = —0.75(D — 4) 


dD 
——; —0.75 dt 
D-i / 0.75 


In|D — 4| 2 —0.75t + C 
|D = 4 = e 9 T5t+0 = e70 TSt LS 


D = 4+ Ae 9 *, where A = e°. 


If initially the ground is clear, the solution looks like the following graph: 


D 


The equilibrium level is 4 grams per square centimeter, regardless of the initial condition. 
11. (a) Letting P represent the quantity of pollutant in the lake, in metric tons, in year t, we have 


aP 


= —0.16P : 
di 0.16P + 8 


Substituting Po = 45 and P, = 55, we get 


dP dP 


= —0.16(45)+8=0.8 and = = = —0.16(55) + 8 = —0.8. 
P= 


55 


Since the derivative is positive for P) = 45, the quantity of pollutant is increasing then. For Po = 55, the derivative 
is negative, so the quantity of pollutant is decreasing then. 


(b) Writing the differential equation as 


= = —0.16(P — 50), 


we use separation of variables to see that the general solution is 
P = 50 + Ce 99, 


In all cases, the quantity of pollutant levels off at 50 metric tons after a long time. 
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12. Caffeine is leaving the body at a rate of 17% per hour and is entering the body at a rate of 130 mg per hour, so the 


differential equation is 
oe 0.17A + 130 
dt 
Writing the differential equation as 
dA 
dt 
we use separation of variables to see that the general solution is A = 764.706 + Ce °:!”". Since the initial condition is 


Ao = 0, we have C = —764.706 so the particular solution is 


= —0.17(A — 764.706), 


A = 764.706 — 764.706e 01". 
We substitute t = 10 to find the amount of caffeine at 5 pm: 
A = 764.706 — 764.706e 9°17) = 625.007. 


At 5 pm, the person has about 625 mg of caffeine in the body. 
13. (a) If J is intensity and / is the distance traveled through the water, then for some k > 0, 


dI 

— = —kl. 
dl 

(The proportionality constant is negative because intensity decreases with distance). Thus J = Ae~*'. Since I = A 

when | = 0, A represents the initial intensity of the light. 


(b) If 50% of the light is absorbed in 10 feet, then 0.504 = Ae~'*, so e^ 10^ = i giving 


k= Znz „m2 
10 10 ` 
In 20 feet, the percentage of light left is 
ed 20 =e pub cS ap E 


In2 5 
e Tmn 25 = er? = (e>?) 3 


Approximately 17.7% of the light is left, so 82.3% of the light has been absorbed. 
14. (a) The differential equation for the population has the form 


Rate of change = Birth rate — Death rate 


The birth rate is 140 m/yr = 0.14 bn/yr. Since we assume the death rate is increasing linearly from 57 m/year to 
80 m/year over 30 years, we have 


Rate of change of death rate = 39 si 9T = 0.767(million/year)/year. 


Then at time t, the death rate is given by 
Death rate = 57 + 0.767¢ million/year = 0.057 + 0.000767t billion/year. 


The differential equation is 


-i = 0.14 — (0.057 + 0.000767t) 


= = 0.083 — 0.000767t. 
(b) The differential equation can be solved by direct integration: 
m 
P — 0.083t — 0.000767 7 + Po. 


Since Po = 6.9 billion is the population at t = 0, we have 


2 
P = 0.083t — 0.000767— 4 6.9. 
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(c) 


15. (a) 
(b) 
16. (a) 
(b) 
(c) 
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In 2050, we have t = 40, so 
 ( 40° 
P = 0.083(40) — 0.000767 E» -F 6.9 — 9.61 bn. 


If P — pressure and ^ — height, — = —3.7 x 1075P, so P = Pye X107 7h. Now Po = 29.92, since pressure 


at sea level (when h = 0) is 29.92, so P = 29.92e- 3710 ^^. At the top of Mt. Whitney, the pressure is 


P= 29.92e7 27% 107" (14500) & 17.50 inches of mercury. 


At the top of Mt. Everest, the pressure is 


P= 29.92e7 3:7% 107" (29000) & 10.23 inches of mercury. 


The pressure is 15 inches of mercury when 


15 = 29.9269 7 X107 7^ 


Solving for h gives h — TTE ln(z) ~ 18,661.5 feet. 
Since the rate of change of the weight is given by 
aw = ! (Intake — Amount to maintain weight) 
dt 3500 
we have aw i 
— = —— (I — 20W). 
dt 3500 ( ) 
To find the equilibrium, we solve dW/dt = 0, or 
l (1 — 20W) =0 
3500 NI 


Solving for W, we get W — 1/20. 

This means that if an athletic adult male weighing 7/20 pounds has a constant caloric intake of J calories per 
day, his weight remains constant. We expect the equilibrium to be stable because an athletic adult male slightly over 
the equilibrium weight loses weight because his caloric intake is too low to maintain the higher weight. Similarly, an 
adult male slightly under the equilibrium weight gains weight because his caloric intake is higher than required to 
maintain his weight. 


Factoring the right side of the differential equation 
dW 1 1 I 
b LM S RD, Sa ae 
dt 3500 ( ne) 175 (w 55) ' 
we separate variables and integrate: 
dW u 1 di 
W-I/20 175 
Thus we have 
In |W ic : t+C 
20 175 


so that 


I 5 
— Ae (1/175)t 
W 28 Ae 


or in other words 1 
W = 2 4 Ae 0/175), 
39 ^45 


Let us call the person's initial weight Wo at t = 0. Then Wo = 1/20 + Ce?, so C = Wo — 1/20. Thus 


EE IN ~aysizsye 
W = a5 (Wo 3)* i 


17. 


18. 


19. 
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(d) Using part (c), we have W = 150 + 10e- 0/179* This means that W — 150 as t — oo. See Figure 11.39. 


l t 
100 days 


Figure 11.39 


(a) We know that the rate at which morphine leaves the body is proportional to the amount of morphine in the body at 
that particular instant. If we let Q be the amount of morphine in the body, we get that 


Rate of morphine leaving the body = kQ, 


where k is the rate of proportionality. The solution is Q = Qoe" (neglecting the continuously incoming morphine). 
Since the half-life is 2 hours, we have 


1 ke: 
=Qo = Qoe*”, 
2 
A In(1/2 
k= mer) ) Z _ 0.347. 
(b) Since 
Rate of change of quantity = Rate in — Rate out, 
we have dQ 
— = —0.34 2.5. 
dt 0.347Q + 2.5 
(c) Equilibrium occurs when dQ/dt = 0, that is, when 0.347Q = 2.5 or Q = 7.2 mg. 
Let the depth of the water at time t be y. Then w = —k,/y, where k is a positive constant. Separating variables, 
dy 
—=- | kdt, 
F5 
so 
2/y = —kt +C. 


When t = 0, y = 36; 2V 36 = —k - 0 + C, so C = 12. 
When t = 1, y = 35; 2/35 = —k + 12, so k ~ 0.17. 
Thus, 2,/y ~ —0.17t + 12. We are looking for t such that y = 0; this happens when t ~ v 7 71 hours, or about 3 
days. 
We are given that the rate of change of pressure with respect to volume, dP/dV is proportional to P/V, so that 
dP E. 
T = k>. 
dV V 


Using separation of variables and integrating gives 


Evaluating these integral gives 
InP=kiInV+c 


or equivalently, 
P= AV". 
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20. (a) If A is surface area, we know that for some constant K 


If r is the radius of the sphere, V = 47r? /3 and A = 4rr?. Solving for r in terms of V gives r = (3V/47)!/?, so 


dV 
dt 


2/3 
ES —K (Anr?) = —K4mn (+) so av —— 


T 


where k is another constant, k = K (47)*/33?/°, 


(b) Separating variables gives 
dV 
f Sen [sa 


3y V? = kt 4 C. 


Since V — Vo when t — 0, we have 3v3” = C,so 
3V3 = -kt + 3V3”. 


Solving for V gives 


This function is graphed in Figure 11.40. 


V 
Vo 


I 
3V}? /k 


Figure 11.40 


(c) The snowball disappears when V = 0, that is when 


giving 
t= 


21. Let V (t) be the volume of water in the tank at time t, then 


dV 
u =W 


This is a separable equation which has the solution 


Since V (0) = 200 this gives 200 = C? so 


22. 


23. 
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However, V (1) = 180 therefore 
180 — G + V200)?, 


so that k = 2 (180 — 200) = — 1.45146. Therefore, 
V(t) = (—0.726t + V/200)?. 
The tank will be half-empty when V (t) = 100, so we solve 
100 = (—0.726t + V200)” 


to obtain t = 5.7 days. The tank will be half empty in 5.7 days. 
The volume after 4 days is V (4) which is approximately 126.32 liters. 


(a) We have ue —k(y — a), where k > 0 and a are constants. 


(b) Separating variables and integrating we have 


So 


ln |y — a| = In(y — a) = —kt + C. 
Thus, 
y-a=Ac™ where A= B 


Initially nothing has been forgotten, so y(0) = 1. Therefore, 1 — a = Ae? = A, so y — a = (1 — a)e "* or 


y — (1— a)e +a. 
(c) Ast— oo, e F* => 0,so y >a. 
Thus, a represents the fraction of material which is remembered in the long run. The constant k tells us about the rate 
at which material is forgotten. 
(a) We have 
dp * 
— = _—k(p— 
di (p — p^), 
where k is constant. Notice that k > 0, since if p > p" then dp/dt should be negative, and if p < p* then dp/dt 


should be positive. 
/ e j —k dt. 
p—p* 


(b) Separating variables, we have 
Solving, we find p = p* + (po — p*)e~**, where po is the initial price. 
(c) See Figure 11.41. 


po > p* 


po < p* 


Figure 11.41 


(d) Ast — oo, p — p". We see this in the solution in part (b), since as t — oo, e^ ** — 0. In other words, as t > oo, p 
approaches the equilibrium price p*. 
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24. We have 


first go see the movie 


The rate that people __ as The number of people who would 
like to see it but haven't yet 


———— —————— 
dN/ dt L-N 
dN 
— — k(L—N 
a ( ) 
Nep / k dt separation of variables 
In|N — L| = —kt - C 
IN — L| = Be * Be 
N-L=Ae™ A--B 
N = L+ Ae™. 


Presumably no one sees the movie before it is released, so N = 0 on day t = 0, and we have 


25. (a) 


ln |Q — —| = -at + C 
a 
Q- T Ae ?* 
a 
When t = 0, Q = 0, so A = and 
Q=—(1-e*) 
So, 
Qo = lim Q = — 
too 


r T —at 
e Sf 
2a zi * ) 
5 =l-e™ 
ee — 1 
2 
"i _ln(1/2) _ In2 


Q Q 


So altering r does not alter the time it takes to reach 4Qx. See Figure 11.42. 
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Figure 11.42 


(c) Qo is halved by doubling a, and so is the time, t = In2 to reach iQ. 


Quantity in room 
Volume 
If Q(t) represents the quantity of carbon monoxide in the room at time t, c(t) = Q(t) /60. 


26. (a) Concentration of carbon monoxide = 


Rate quantity of 
carbon monoxide in room = rate in — rate out 
changes 
Now 
Rate in = 596(0.002m? /min) = 0.05(0.002) = 0.0001m? /min. 


Since smoky air is leaving at 0.002m? /min, containing a concentration c(t) = Q(t)/60 of carbon monoxide 


Q(t) 
Rat t = 0.002 —— 
ate ou 0.00 60 
Thus 
dQ 0.002 


2% = OT e 
dt 0:000 60 Q 


Since c = Q/60, we can substitute Q = 60c, giving 


d(60c) _ 0.002 
g = 00001 — == (60c) 
de _ 0.0001 0.002 
dt 60 60 


(b) Factoring the right side of the differential equation and separating gives 


dc 0.0001 ES 
T a (c — 0.05) ~ 3 x 10 "(c — 0.05) 


dc E 
m Se 1075dt 
| f? a 


In |c — 0.05| = 3 x 10 5t + K 


c — 0.05 = Ae 9x10 whereA = e”. 


Since c = 0 when t = 0, we have A = —0.05, so 


—5 
c-0.05—0.05e ?*9 * 
P —5 
(c) Ast > oo, e ?*19 "* L 0so c — 0.05. 
Thus in the long run, the concentration of carbon monoxide tends to 5%, the concentration of the incoming air. 
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27. We have c = 0.05 — 0.05e-3x107?t. We want to solve for t when c = 0.0002: 


0.0002 = 0.05 — 0.05e73%!0 ** 
—0.0498 = —0.05e~3% 10" ** 
e 3X107** _ 9.996 


— In(0.996) ; 
28. (a) Now 
d 
T — (Rate at which salt enters the pool) — (Rate at which salt leaves the pool), 


and, for example, 


Rate at which salt u Concentration of " Flow rate of 
enters the pool salt solution salt solution 
(grams/minute) — (grams/liter) x (liters/minute) 


So 


Rate at which salt enters the pool — 


(10 grams/liter) x (60 liters/minute) — (600 grams/minute) 


The rate at which salt leaves the pool depends on the concentration of salt in the pool. At time t, the concentration is 


S(t) : : 
2x108 Titers’ Where S (t) is measured in grams. 


Thus 
Rate at which salt leaves the pool = 
S(t) grams T 60 liters — 3S(t) grams 


2 x 106 liters minute — 10? minutes ` 


Thus as 39 
= 600 


dt | A 100,000 


(b) ag = -mlS — 20,000,000) 


ds ET ae 
3—20,000,000 — J 100.009 at 


In |S — 20,000,000| = -mrt + C 
St 


S = 20,000,000 — Ae" 100.000 
3 
Since S = 0 at t = 0, A = 20,000,000. Thus S(t) = 20,000,000 — 20,000,000e— T0000. 


"— : , 
(c) Ast — œ, e 100,000! —, 0, so S(t) — 20,000,000 grams. The concentration approaches 10 grams/liter. Note that 
this makes sense; we'd expect the concentration of salt in the pool to become closer and closer to the concentration 

of salt being poured into the pool as t > oo. 


29. We are given that 


BC = 20C. 
If the point A has coordinates (x, y) then OC = x and AC = y. The slope of the tangent line, y’, is given by 
In 
” — BG Bc 
so 
BC = a 
Substitution into BC = 20C gives 
7 —22. 
so 
"NES 
y Qa 
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Separating variables to integrate this differential equation gives 
dy _ dx 
yo 2x 
1 
zmlel +C =lny]|z| 1n A 


ly| = Ay |z| 
y = (Avr). 


Thus, in the first quadrant, the curve has equation y = Az. 


In [y] 


30. (a) Newton's Law of Motion says that 
Force — (mass) x (acceleration). 


Since acceleration, dv/dt, is measured upward and the force due to gravity acts downward, 


mgR? | du 


(R+h dt 


so 
dv gR? 


d (Rh) 


(b) Since v = R, the chain rule gives 
dv dv dh dv 
dt dh dt dh. 

Substituting into the differential equation in part (a) gives 


(c) Separating variables gives 


2 2 
v gR 
— = C 
Z— REM 
Since v = vo when h = 0, : " : 
vo gR : v 
2 (R+0) l gives iio n gR 
so the solution is 
2 2 2 
R 
t HT. QUE uk 


v^ = vo^ + — 2gR 
0 T RFA I 
: 2 à iS 7 2g R? 
(d) The escape velocity vo ensures that v^ > 0 for all h > 0. Since the positive quantity (R+h) — Oas h — oo, to 
ensure that v? > 0 for all ^, we must have 
vo? 2 2gR. 


When vo? = 2g R so vo = \/2gR, we say that vo is the escape velocity. 


31. (a) For this situation, 
Rate money added | _ / Rate money added i Rate money 
to account via interest deposited 
Translating this into an equation yields 


dB 
— =0.05B + 1200. 
dt T 
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(b) Solving this equation via separation of variables gives 


(c) 


32. (a) 


dB 
— = 0.05B + 1200 
dt T 


= 0.05(B + 24000). 


dB 
L—— — - } 0,05 dt 
i B + 24000 J ir 


In |B + 24000| = 0.05t + C. 


So 


and 


Solving for B gives 
|B + 24000| - cO 0t C — eet 


so 
B = Ae?9** — 24000, (where A = e^). 


We may find A using the initial condition Bo = f (0) = 0 
A — 24000 =0 or A = 24000. 


The solution is 
B = 24,000e°°* — 24,000. 


After 5 years, the balance is 

B = f(5) = 24,000(e° — 1) = 6816.61 dollars. 
The balance in the account at the beginning of the month is given by the following sum 

balance in E previous month's 4 interest on 4 monthly deposit 
account balance previous month’s balance of $100 
Denote month 7’s balance by B;. Assuming the interest is compounded continuously, we have 
revious month’s interest on previous 
P + P - Bie 

balance month's balance 

Since the interest rate is 1096 — 0.1 per year, interest is a per month. So at month 2, the balance is 


0.1 
B; = Bi.1e1? + 100 


Explicitly, we have for the five years (60 months) the equations: 


Bo =0 

Bı = Boe™® +100 
Bo = Bye? +100 
Bs = Bae * +100 


0.1 


Boo = Bsge + 100 


In other words, 


B = 100 
Bog = 100e57 + 100 
Bs = (100e 1 + 100)e 7? + 100 


(0.1)2 


= 100e 2 + 100e 3 + 100 
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(0.1)3 (0.1)2 (0.1) 


B4 = 100e 172  4-100e 7? + 100e 77 + 100 


(0.1) (0.1)58 (0.1 


59 ) )1 
Bso = 100e 13 + 100e  +---+100e 13 + 100 


59 
(0.1)k 
Bso = 5 100e 12 


k=0 


59 59 
(0.1)k (0.1)k 
Ud2- 2 


(b) The sum Beo = 5 100e 12" can be written as Beo = 5 1200e T 
k=0 k=0 


1 
(13) which is the left Riemann sum for 


5 
1200e?-'* dt, with At = D and N = 60. Evaluating the sum on a calculator gives Beo = 7752.26. 


(c) The situation described by this problem is almost the same as that in Problem 31, except that here the money is being 
deposited once a month rather than continuously; however the nominal yearly rates are the same. Thus we would 
expect the balance after 5 years to be approximately the same in each case. This means that the answer to part (b) 
of this problem should be approximately the same as the answer to part (c) to Problem 31. Since the deposits in this 
problem start at the end of the first month, as opposed to right away, we would expect the balance after 5 years to be 
slightly smaller than in Problem 31, as is the case. 

Alternatively, we can use the Fundamental Theorem of Calculus to show that the integral can be computed 
exactly 


5 
f 1200e®™ dt = 12000(e° > — 1) = 7784.66 


0 
Thus Jf E 1200c?-'* dt represents the exact solution to Problem 31. Since 1200e®** is an increasing function, the left 
hand sum we calculated in part (b) of this problem underestimates the integral. Thus the answer to part (b) of this 
problem should be less than the answer to part (c) of Problem 31. 


Strengthen Your Understanding 


33. 


34. 


35. 


36. 


37. 


Solutions for Section 11.7 


When we substitute B = 5000 into the differential equation, we see that dB /dt = 0.08(5000) — 250 = 150 > 0. Since 
the rate of change is positive, the balance is increasing. 


The units do not match up. If time t is measured in days, we need to convert 25 mg per hour to the equivalent rate of 600 
mg per day. If time t is measured in hours, we need to convert the rate 15% per day into the equivalent rate of 0.625% per 
hour. 


We use Q for the quantity of drug in the body at time t. The rate in is constant (such as 50) and the rate out is proportional 
(such as 0.08Q). One possible answer is dQ /dt — 50 — 0.08Q. Other answers are possible. 

We use Q for the size of the quantity at time t. The rate due to its growth on its own is proportional to the cube root 
(such as 0.2 4/Q) and the rate due to the external contribution is constant (such as 100). One possible answer is dQ /dt = 
0.2 4/Q + 100. 

We use Q for the size of the quantity at time t. Since the rate of growth dQ/dt goes down as Q goes up, one possible 
model is that the rate of growth is inversely proportional to Q. We have dQ /dt = k/Q with k positive. One example is 


dQ _ 05 


dt Q 


Other answers are possible. 


Exercises 


1. 


(a) P = 4+ = (1+ e™)! 


1te—# 


4 =-(+e 4-2) = ae 


et et 
Then PU- P) sers ee) = en) (==) = mmy = ae 


(b) As t tends to oo, e ^ goes to 0. Thus lim —+ — 1. 
ti—oo lt+e 


t 
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2. We know that there is an equilibrium solution at the carrying capacity P = 100 and that P increases toward 100 if 
0 « P < 100 and P decreases toward 100 if P > 100. Furthermore, we know that there is an inflection point at a height 
of P = 100/2 = 50 and that the graph is concave up for 0 < P « 50 and is concave down for 50 « P « 100. See 
Figure 11.43. 


Figure 11.43 


3. We know that there is an equilibrium solution at the carrying capacity Q — 1/0.0004 — 2500 and that Q increases toward 
2500 if 0 < Q < 2500 and Q decreases toward 2500 if Q > 2500. Furthermore, we know that there is an inflection 
point at a height of Q = 2500/2 = 1250 and that the graph is concave up for 0 < Q < 1250 and is concave down for 
1250 « Q « 2500. See Figure 11.44. 


Figure 11.44 


4. Since dP/dt is a quadratic function of P with negative leading coefficient, the graph of dP/dt against P is a parabola 
opening down. Since dP/dt — 0 when P — 0 and when P — 250, the horizontal intercepts of the parabola are at 0 and 
250. See Figure 11.45. Since we don’t know the value of k, we can’t put a scale on the vertical axis. 


dP/dt 


Figure 11.45 


5. Since dA/dt is a quadratic function of A with negative leading coefficient, the graph of dA/dt against A is a parabola 
opening down. Since dA/dt = 0 when A = 0 and when A = 1/0.0002 = 5000, the horizontal intercepts of the parabola 
are at 0 and 5000. See Figure 11.46. Since we don’t know the value of k, we can’t put a scale on the vertical axis. 


dA/dt 


5000 2 


Figure 11.46 
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6. We see in Figure 11.69 that dP/dt = 0 when P = 0 and when P = 45. Thus, there are equilibrium solutions at P = 0 
and at P = 45. If 0 < P < 45, the derivative dP/dt is positive so P is an increasing function of t. If P < 0 or P > 45, 
the derivative dP/dt is negative so P is a decreasing function of t. See Figure 11.47. 


Figure 11.47 


7. We see in Figure 11.70 that there appear to be equilibrium solutions at Q = 0 and Q = 800. Thus, the graph of dQ/dt 
against Q will have horizontal intercepts at Q = 0 and Q = 800. Since Q is growing logistically, the graph of dQ/dt 
against Q is a parabola opening down. See Figure 11.48. 


8. (a) 


dQ /dt 


800 


Figure 11.48 


See Figure 11.49. 


(b) The value P = 1 is a stable equilibrium. (See part (d) below for a more detailed discussion.) 
(c) Looking at the solution curves, we see that P is increasing for 0 < P < 1 and decreasing for P > 1. The values of 


(d) 


P = 0, P = 1 are equilibria. In the long run, P tends to 1, unless you start with P = 0. The solution curves with 
initial populations of less than P — 1/2 have inflection points at P — 1/2. (This will be demonstrated algebraically 
in part (d) below.) At the inflection point, the population is growing fastest. 

See Figure 11.50. 

Since dP/dt — 3P — 3P? — 3P(1 — P), the graph of dP/dt against P is a parabola, opening downward 
with P intercepts at 0 and 1. The quantity dP/dt is positive for 0 < P « 1, negative for P > 1 (and P < 0). The 
quantity dP/dt is 0 at P = 0 and P = 1, and maximum at P = 1/2. The fact that dP/dt = 0 at P = 0 and P = 1 
tells us that these are equilibria. Further, since dP/dt > 0 for 0 « P < 1, solution curves starting here increase 
toward P — 1. 

If the population starts at a value P < 1/2, it increases at an increasing rate up to P = 1/2. After this, P 
continues to increase, but at a decreasing rate. The fact that dP/dt has a maximum at P = 1/2 tells us that there is a 
point of inflection when P = 1/2. Similarly, since dP/dt < 0 for P > 1, solution curves starting with P > 1 will 
decrease to P — 1. Thus, P — 1is a stable equilibrium. 


Figure 11.49 Figure 11.50 
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(a) Equilibrium values are values where dP/dt = 0, so the equilibrium values are at P = 0 and P = 2000. 

(b) At P = 500, we see that dP/dt is positive so P is increasing. 

(a) Equilibrium values are values where dP/dt = 0, so the equilibrium values are at P = 0 and P = 400. 

(b) At P = 500, we see that dP/dt is negative so P is decreasing. 

(a) We see that k = 0.035 which tells us that the quantity P grows by about 3.5% per unit time when P is very small 
relative to L. We also see that L = 6000 which tells us the upper limit on the value of P if P is initially below 6000. 

(b) The largest rate of change occurs when P — L/2 — 3000. 

(a) We factor out 0.1P on the right hand side to obtain dP/dt = 0.1P(1 — 0.0008P). We see that k = 0.1 which 
tells us that the quantity P grows by about 10% per unit time when P is very small relative to L. We also see that 
L — 1/0.0008 — 1250 which tells us the upper limit on the value of P if P is initially below 1250. 

(b) The largest rate of change occurs when P — L/2 — 625. 


We see from the differential equation that k = 0.05 and L = 2800, so the general solution is 


2800 


ee. 
1 + Ae-9:05t 


We see from the differential equation that k = 0.012 and L = 5700, so the general solution is 


5700 


P= 1 + Ae 0012: 


We see from the differential equation that k = 0.68 and L = 1/0.00025 = 4000, so the general solution is 


4000 


P= 1+ Ae-0-68t 


We factor out 0.2P to obtain dP/dt = 0.2P(1 — 0.004P). We see that k = 0.2 and L = 1/0.004 = 250, so the general 


solution is 


250 
Po 
1+ Ae-9?t 


We rewrite pP 
10P — 5P? = 10P (1 z z) 


so k = 10 and L = 2. Since Po = L/4, we have A = (L — Po)/ Po = 3. Thus 


2 
me 1+ 3e-10t* 
The time to peak dP/dt is 
= Zin A = n(3)/10. 
We rewrite 


0.02P — 0.0025P? = 0.02P (1 = =) : 
so k = 0.02 and L = 8. Since Pp = 1, we have A = (8 — 1)/1 = 7. Thus 


8 


P= 1+ Te—9-02t t 


The time of peak dP/dt is 


1 1 
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19. We can immediately read off k = 0.3, L = 100. Since Py = 75, we have A = (L — Po)/Po = (100 — 75)/75 = 1/3. 


Thus 
E 100 


The time to peak dP/dt is 
ies DA = —1n(3)/0.3. 
Note that the time to peak dP/dt is negative since Pp > L/2. 
20. Rewriting the differential equation: 


1 dP 
= — = 0.12 — 0.02P, 
P dt 0:92, 
so k = 0.12 and —k/L = —0.02. Thus L = 0.12/0.02 = 6. Since A = (6 — 2)/2 = 2, we have 
6 
p= 1 + 2e-912t* 
The time to peak dP/dt is 
In2 


21. We see from the differential equation that k = 0.8 and L = 8500, so the general solution is 


8500 
P = ——. 
1 + Ae —0:-8t 
We substitute t = 0 and P = 500 to solve for the constant A: 
8500 
500 = ee 
1  14+A 
500 8500 
17=1+4+A 
A= 16. 
The solution to this initial value problem is 
_ 8500 
~ 1-16e-938t 


22. We see from the differential equation that k = 0.04 and L = 1/0.0001 = 10,000, so the general solution is 


10000 
Lim 1+ Ae-004t 
We substitute t = 0 and P = 200 to solve for the constant A: 
10000 
200 = ——— 
s 1+ Ae? 
d 144 
200 . 10000 
50=1+A 
A= 49. 
The solution to this initial value problem is 
= 10,000 
14 49e-004t* 
Problems 
23. (a) Substituting the value t = 0 we get 
400 400 


AMO eL sem 
(0) 1 + 399e-9-4(0) 1+ 399(1) 

The fact that N (0) = 1 tells us that at the moment the rumor begins spreading, there is only one person who knows 

the content of the rumor. 
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(b) Substituting t = 2 we get 


400 400 
N(2) = —————-———— = 
9 1+ 399e-9-4(2) — 1 + 399(0.449) 
Substituting in t = 10 we get 
4 4 
TI E ERN DT 


~ 14399-0400 ~ 147.308 — 
(c) The graph of N (t) is shown in Figure 11.51. 


400 r 


200 F 


Figure 11.51 
(d) We are asked to find the time t at which 200 people will have heard the rumor. We can use the formula in the text 
1 1 
t= E ln A = gg 1 999 = 14.972. 


Alternatively we can solve the equation 


400 
200 = ————_—_—_.. 
1 + 399e-9-4t 
We get 
400 
1 -04t AN _o 
+ 399e 200 
399€ 94! = 1 
-o4t 1 
399 
1 
Ine 9*5 = In — 
=s 399 
—0.4t = In(1/399) 
1n(1/399) 
t = ————— = 14.972. 
—0.4 d 


Thus, after about 15 hours half the people have heard the rumor. 
We are asked to solve for the time at which 399 people (that is, virtually everyone) will have heard the rumor. 


We solve 
400 
Suc — 1 + 399e-0-4t 
400 
1 —0.4t e Sos 
+ 399e 399 
-o4: 400 
—-L—-I 
399e 358 
en Ott = d (= E 1) . 400/399 — 1 
~ 899 \ 399 7 399 
Ine 9 ** — 1n 400/399 — 1 
399 
400/399 — 1 
—0.4t = In ——— ——— 
0 n — 399 
; _ 1n((400/399 — 1)/399) —ougdds 


—0.4 
Thus, after approximately 30 hours 399 people (virtually everyone) will have heard the rumor. 
(e) The rumor is spreading fastest at L/2 — 400/2 — 200 or when 200 people have already heard the rumor, so after 
about 15 hours. 
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24. (a) Att = 0, which corresponds to 1935, we have 


1 


P= 1+ 2.968e—9-0275(0) = 0.252 


showing that about 25% of the land was in use in 1935. 

(b) This model predicts that as t gets very large, P will approach 1. That is, the model predicts that in the long run, all 
the land will be used for farming. 

(c) The time when half the land is in use is the time at which dP/dt is greatest. This occurs when 


t= A ln A = L 
k 0.0275 
Since t = 0 corresponds to 1935, t = 39.6 corresponds to 1935 + 39.6 = 1974.6. According to this model, the 
Tojolobal were using half their land in 1974. 
(d) The inflection point occurs when P = L/2 or at one-half the carrying capacity. In this case, P = i in 1974, as 
shown in part (c). 


In(2.968) = 39.6 years. 


25. (a) The equilibrium population occurs when dP/dt is zero. Solving 


SP = 1 — 0.0004P = 0 
dt 


gives P — 2500 fish as the equilibrium population. 
(b) The solution of the differential equation is 


2500 


Pt) = 1+ Ae-035t 


subject to P(—10) = 1000 if t = 0 represents the present time. So we have 


2500 


Heras Agee 


from which A = 0.123127 and 2500 
P(0) = —— 7x2 2230. 
m (1 + 0.123127) 


Therefore, the current population is approximately 2230 fish. 


(c) The effect of losing 10% of the fish each year gives the revised differential equation 
dP 
rm (0.25 — 0.0001P)P — 0.1P 
bi dP 
ure (0.15 — 0.0001 P) P. 


The revised equilibrium population occurs where dP/dt = 0, or about 1500 fish. 


26. (a) The maximum rate of change occurs at approximately t = 50 and the rate of change at that point is approximately 
(270 — 195)/(50 — 40) — 7.5. 
(b) The maximum rate of change occurs at the point where P = 270 so we estimate that the carrying capacity is 
approximately 270 - 2 = 540. 


27. (a) The limiting value of f(t) is about 36, so the total number of infected computers is about 36,000. 
(b) The curve has an inflection point at about t ~ 16 hours, and then n = f(16) ~ 18. 
(c) The virus was spreading fastest at about when t = 16, that is at 4 pm on July 19, 2001. At that time, about 18,000 
computers were infected. 
(d) At the inflection point, the number of computers infected is about half the number infected in the long run. 


28. Let r be the relative growth rate, that is r = (1/N)dN/ dt. Since r is a linear function of N, its graph contains the points 
(N, r) = (5,1596) and (N, r) = (10, 14.5%), so its slope is 
Ar  0.145—0.15 | —0.005 — 


ee a = —0.001. 
m= NN 10—5 5 0:00 


Using the point (5, 0.15), we have 


r — 0.15 — 0.001(N — 5) 
r — 0.155 — 0.001N. 
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This gives us the differential equation 


1 dN 


—— = 0.155 — 0.001N 
I = 0-155 — 0.00 
zd = N (0.155 — 0.001N) . 


We see that dN/ dt = 0 where N = 0 or where 


0.155 — 0.001N = 0 
0.001N = 0.155 
N = 155. 


Our model predicts the spread of pigweed will halt when 155 million acres are afflicted. 
29. (a) Using the approximation 
dP P(t+1)— P(t) 
dt 1 ' 
we see that dP/dt and annual production are approximately equal. 
For 1993 we have dP/dt = 22.0 billion barrels per year. 
For 2008 we have dP/dt = 26.9 billion barrels per year. 
(b) For 1993 we have 


1 dP 22.0 

Dar we 0.0304/year = 3.04% per year. 
For 2008 we have 1 dP 26.9 

PO 100 0.0245/year = 2.45% per year. 


(c) We are finding the equation of the line that contains the two points (724, 0.0304) and (1100, 0.0245). The slope 
between these points is 
0.0245 — 0.0304 
lope = ———.—————— = - 0: 157. 
Slope T100 — 724 0.0000157 


Thus, the fitted line has an equation of the form 


1 dP 
pa k — 0.0000157 P. 


Using the point P = 724, (1/P)dP/dt = 0.0304, we solve for the vertical intercept k: 


0.0304 — k — 0.0000157(724) 
k = 0.0304 + 0.0000157(724) = 0.0418. 
Thus, the equation of the line is 


1 dP 
=— =-0. 157P 0418. 
Pd 0.0000157P + 0.0418 


(d) The total quantity, L. of world oil reserves in 1859 is the value of P making dP/dt = 0, so it is the horizontal 
intercept of the line we computed in (c). We solve 


0 = —0.0000157P + 0.0418 


for P to obtain P = 2662. This model estimates the total world oil reserves in 1859 to be L = 2662 billion barrels. 
(e) Using t = 0 for 1993, we have the differential equation 


dP P 
— = 0.0418P [1— ——}. 
dt as ( 5505) 


The solution is 
2662 


14+ Ae—0-04188 ’ 
where A = (2662 — 724) /724 = 2.677. So, in billions of barrels, we have 
7 2662 
~ 14 26776-0008 


P= 
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30. (a) Using the formula on page 632 of the text for the time which gives the maximum value of dP/dt we have 


ica 


k 


L ln 2.677 = 23.6 years. 


A= 5.0418 


So peak worldwide oil production is projected to occur about the year 1993 + 24 = 2017. 
(b) Using the formula on page 632 of the text for the maximum value of (1/P)dP/dt with k = 0.0418 and L = 3500 


we have 


Po 
So peak worldwide oil production is project 


31. (a) The differential equation is 


ER! i 3500 — 724 
0.0418 724 
ed to occur about the year 1993 + 32 = 2025. 


= 32.2 years. 


dP P 
Pm 0.0418P (1 — —. : 
The predicted values of dP/dt for 1998 and 2003 are 
BE = 0.0418 - 841 (1 i ) = 24.0 billion barrels per year 
dt 2662 
1998 
= = 0.0418 - 964 (1 a 2) = 25.7 billion barrels per year. 
dt 3098 2662 


Comparison with the actual annual producti 
model fits the data well. In each case, the pr: 
Figure 11.52. 


dP/dt (bn barrellyr 


on values, 24.4 bn barrel in 1998 and 25.3 bn barrel in 2003, we see the 
ediction is about 0.4/25 ~ 0.016 ~ 2% from the the actual values. See 


) 


5 


(b) The point (0, 724) lies exactly on the curve, 
equation. The predicted values are 


In 1998, P — 


In 2003, P = 


1 
In 2008, P = 


1 + 2.677 0.041855 


2.67 7e—0-0418-10 


P (bn barrel) 


1 
1000 1500 


Figure 11.52 


00 


since the data for 1993 was used to find the solution to the differential 


2662 = 839.2 billion barrels 


2662 = 963.6 billion barrels 


2002 = 1095.5 billion barrels. 


These values very close to the actual values 


1 + 2.677¢—0-0418-15 


of 841, 940, 1100 billion barrels—less than 1/2% difference. See Fig- 


ure 11.53. 
P (bn barrel) 
2662 
2000 - L--77 
1000 + 2003 3008 
1998 
1993 
! —— t (year) 
1993 2008 20 


Figure 11.53 
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32. (a) Since t = 0 is in 1993, for 2010, we substitute t = 17 into the logistic function 


2662 2662 


—1 + 2.67T7e-0-0418t sO = 14 26776 004817 — 1149.722 bn barrels. 


(b) To estimate the quantity of oil produced during 2010, we can use a difference quotient or a derivative. We can find 
P = 1177.098 billion barrels when t = 18 (in 2011) and use the approximation 


PB) PUT). JUTLODR- 144903. see LM: 


dP| |, P(t4-1)- P(t) 
a 


dt 2010 t=17 i 1 
The derivative gives a similar value: 
HE = 27.302 bn barrels. 
dt 
t=17 
(c) Since the original reserves were estimated to be L = 2662 bn barrels, the oil projected to remain is 2662 — 


1149.722 = 1512.278 billion barrels. 
(d) The difference between the projection and the actual value is 27.376 — 26.9 = 0.476 billion barrels, or about half a 
billion in 2010. 
More precisely, the estimate is 0.476/26.9 = 0.018 ~ 2% too high—quite close. 


33. (a) Since t = 0 is in 1993, for 2020, we substitute t = 27 into the logistic function 


_ 2662 P= 2662 
= IF 267e 00s ° ^ = TF 2677e 0041827 


(b) When 300 billion barrels of oil remain, then 2662 — 300 = 2362 billion barrels of oil have been produced. We are 
solving P(t) = 2362 for t: 


= 1426.603 bn barrels. 


2662 
1 + 2.677e-0-0418t 
2362 + 2362(2.677e 9 9418*) — 2662 
2362(2.677e 99418!) = 300 
e 0 0418t _ 0.0474 
—0.0418t = In 0.0474 
t = 72.9 years. 


= 2362 


So, in about 1993 + 73 = 2066, only 300 billion barrels of oil are projected to remain in the ground. 
34. (a) We know that a logistic curve can be modeled by the function 


L 


pL 
1+ Ae-ht 


where A = (L — Po)/(Po) and P is the number of people infected by the virus at a particular time t. We know that 
L is the limiting value, or the maximal number of people infected with the virus, so in our case 


L = 5000. 
We are also told that initially there are only ten people infected with the virus so that we get 
Po = 10. 


Thus we have 


L- P 
Po 

. 5000 — 10 

v 10 

— 499. 


We are also told that in the early stages of the virus, infection grows exponentially with k = 1.78. Thus we get that 


the logistic function for people infected is 
5000 


~ 1-4 499e-178t 


11.7 SOLUTIONS 1091 


(b) See Figure 11.54. 


2500 


Figure 11.54 


(c) Looking at the graph we see that the the point at which the rate changes from increasing to decreasing, the inflection 
point, occurs at roughly t = 3.5 giving a value of P = 2500. Thus after roughly 2500 people have been infected, the 
rate of infection starts dropping. See above. 


35. (a) Let J be the number of informed people at time t, and Jo the number who know initially. Then this model predicts 
that dI /dt = k(M — I) for some positive constant k. Solving this, we find the solution is 


I-M - (M — Ie". 


We sketch the solution with Jo = 0. Notice that d /dt is largest when J is smallest, so the information spreads fastest 
in the beginning, at t = 0. In addition, Figure 11.55 shows that J — M as t — oo, meaning that everyone gets the 
information eventually. 

(b) In this case, the model suggests that dI /dt = kI(M — I) for some positive constant k. This is a logistic model with 
carrying capacity M. We sketch the solutions for three different values of /o in Figure 11.56. 


I I 


M = M 
Io = 0.75M 


0.5M 


t Io = 0.05M 


Figure 11.55 Figure 11.56 


(i) If Jo = 0 then J = 0 for all t. In other words, if nobody knows something, it does not spread by word of mouth! 
(ii) If Jo = 0.05M, then dI /dt is increasing up to / = M/2. Thus, the information is spreading fastest at I = M/2. 
Gii) If Io = 0.75M, then dI /dt is always decreasing for J > M/2, so dI /dt is largest when t = 0. 
36. (a) Figure 11.57 shows that the yeast population seems to stabilize at about 13, so we take this to be the limiting value, 
L. 
(b) Solving = = kP(1— 2) for k, we get: 
T dP/dt 
— P-(1—P/L) 
We now find dP/dt from the first two data points. 


dP | AP  P(10- P(0) 887—037 _ 


a ~ AO 10-0 gg 
Putting in our values for dP/dt, L, and P(10), we get: 
dP/dt ; 
ke / NEM d 


~ Pü0).(1— P(10)/L)  (8.87)(1— 8.87/13) 
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(c) Fork = 0.3 and L = 13, 


37. (a) 


(b) 


(c) 


L-P 32-0397 


A= = 34.1. 
Po 0.37 
Putting this into the equation for P we get: 
p= 13 u 13 
|» l-cAe-" — 1-3441e-93t' 
which is plotted in Figure 11.58. 
population population 
14 14 r 
12 e. . ee 12 L 
10 x 10 + 
8 g 3 L 
6 6r 
4 AL 
2 2L 
i i i | i l | | | | time (hours) | | | i Í i 1 | | | time (hours) 
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50 
Figure 11.57 Figure 11.58: P = 13/ (1 + 34.1e 9?!) 


The population seems to level off around 5.8, which leads us to believe that the population is growing logistically. If 
it were growing exponentially, we would expect the rate of increase to continue increasing with time. 
To find k, we solve the logistic equation, dP/dt = kP(1 — P/L), for k: 

dP/dt 
P.(1— P/L) 
We now need to estimate dP/dt and L from the data. The population seems to level off at 5.8, so we take this as as 
the carrying capacity, L. We use the first two data points to find dP/dt: 


dP | AP  P(13)- P(0  17— 1.00 


hc 


a ~ Be ~~ 13-0 T 
Putting in our values for dP/dt, L, and P(13), we get: 
Piu dP/dt E 0.054 — 0.045 


P(13)-(1— P(13)/L)  (1.7)(1— 1.7/5.8) 
The solution curve for dP/dt = kP(1 — P/L) with k = 0.045, and L = 5.8 has equation 


5.8 L-— Po 
= ————_ wh A= 
(I4 Ae-&j where F; 


Since P, = 1 then A = — — 4.8, we have 


= 5.8 
~ 1a 4.8e-0-045t 
The data and the curve are sketched in Figure 11.59. 
population 
6 


5 
4 
3 
2 
1 


10 20 30 40 50 60 70 80 90 100110120 


Figure 11.59: P — 5.8/ (1 n dg D) 


time (hours) 
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38. Let J be the number of infected people. Then, the number of healthy people in the population is M — 7. The rate of 
infection is 0.01 
Infection rate = ir —I)I. 


and the rate of recovery is 
Recovery rate = 0.0097. 


Therefore, 
di 0.01 
— = — (M — I) — 0.0097 
3i M ( ) 0.009 


dl 


or I 
~ 20001I(1— 10—). 
jr; = 0001I(1 — 105) 


This is a logistic differential equation, and so the solution will look like the following graph: 


pajta 
as 


The limiting value for J is 5M , so 1/10 of the population is infected in the long run. 


39. (a) æ = kp(B — p), where k > 0. 
(b) To find when — is largest, we notice that E = kp(B — p), as a function of p, is a parabola opening downward with 
the maximum at p — Z, i.e. when i the tin has turned to powder. This is the time when the tin is crumbling fastest. 


(c) If p = 0 initially, then = = 0, so we would expect p to remain 0 forever. However, since many organ pipes get tin 
pest, we must reconcile the model with reality. There are two possible ideas which solve this problem. First, we could 
assume that p is never 0. In other words, we assume that all tin pipes, no matter how new, must contain some small 
amount of tin pest. Assuming this means that all organ pipes must deteriorate due to tin pest eventually. Another 
explanation is that the powder forms at a slow rate even if there was none present to begin with. Since not all organ 
pipes suffer, it is possible that the conversion is catalyzed by some other impurities not present in all pipes. 


40. (a) At equilibrium dP/dt = 0, so 


dP P 

— =kP(1-— P= 

dt ( z) Et 
Thus if P Æ 0, 

kL —kP —cL —0 
k—c 
P= L. 
k 
At equilibrium, the annual harvest is 
=p =o 5, 
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(b) Since k and L are constant and the annual harvest is H = c(k — c) L/k, at the maximum where dH /dc = 0, we have 


dH | (k-— 2o) 
MEE cc NM Reg ees 
dc k 


The maximum value of H is then kv (k — k/2) k 
= e p a 

(c) The equilibrium population is represented by the P-value (horizontal coordinate) at the point of intersection of the 
line and parabola. The annual harvest at the equilibrium, cP, is represented by the vertical coordinate at the point of 
intersection. 

As c increases toward k, the slope of the line dP/dt = cP gets steeper and the intersection point between the 

line and parabola moves closer to the origin. For c > k/2, the equilibrium population, P = (k — c) L/k, and the 
annual harvest, H = c(k — c)L/k, get smaller and smaller. At c = k, the population becomes extinct. 


The population dies out if H is large enough that dP/dt < 0 for all P. The largest value for dP/dt = kP(1 — P/L) 


occurs when P — L/2; then 
dP P L L/2 kL 
rain KG (a ze) E 


Thus if H > kL /4, we have dP/dt < 0 for all P and the population dies out if the quota is met. 


Strengthen Your Understanding 


42. 


43. 
44. 


45. 


46. 


47. 


Since ae p 
£-. = 0.08P — 0.0032P? = 0.08P (1 z =) 
di 25 


we see that when we set dP/dt equal to zero, there are two solutions: one at P = 25 and one at P = 0. There are two 
equilibrium solutions, with the second one at P — 0. 


The maximum rate of change occurs at Q = 25 not att = 25. 


The curve has the shape we expect of a logistic curve. However, since the graph is leveling off at a carrying capacity of 
100, we expect the inflection point to be at a height of 50, but in the graph the inflection point is above 60. 


Any quantity that might increase exponentially at first and then eventually level off at a maximum value is a reasonable 
answer: for example, the growth of a population in a confined space or sales of a new product with a saturation level. 


If the maximum rate of change of a logistic function occurs at P = 75, then the carrying capacity is 2-75 = 150. An 


answer is in the form IB p 
e hP (1 " =) l 
dt 150 


Since Q is growing logistically, the graph of dQ/dt against Q is a parabola opening down which passes through the 
origin. Since Q has an equilibrium value at Q = 500, the other horizontal intercept is at Q = 500. See Figure 11.60. 


where k is any positive constant. 


dQ/dt 


500 
Figure 11.60 
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48. Since P is growing logistically, the graph of dP/dt against P is a parabola opening down which passes through the 
origin. Since P increases when 0 < P < 20, we know that dP/dt is positive when 0 < P < 20. Since P decreases 
when P < 0 or P > 20, we know that dP/dt is negative for those values of P. See Figure 11.61. 


dP/dt 


Figure 11.61 


49. False. This is a logistic equation with equilibrium values P = 0 and P = 2. Solution curves do not cross the line P = 2 
and do not go from (0, 1) to (1,3). 
50. True. This is a logistic differential equation. Any solution with P(0) > 0 tends toward the carrying capacity, L, as t — oo. 


Solutions for Section 11.8 


Exercises 


1. Here x and y both increase at about the same rate. 


2. Initially x = 0, so we start with only y. Then y decreases while x increases. Then x continues to increase while y starts 
to increase as well. Finally y continues to increase while x decreases. 


3. x decreases quickly while y increases more slowly. 
4. The closed trajectory represents populations which oscillate repeatedly. 


5. We set each derivative equal to zero and solve: 


dx 
— 20 
dt 
—3x+ ay =0 
xa(-3+y) =0 
x=Oory=3. 
Also, 
dy 
p 0 
5y—zy-—0 
y(5—2)-20 
y-—-0orz-5. 


Since both derivatives must be zero at an equilibrium point, the equilibrium points are ordered pairs for which x — 0 or 
y = 3 and y = 0 or x = 5. The equilibrium points are (0, 0) and (5, 3). 


6. We set each derivative equal to zero and solve: 


S I 
dt 

—2x-F4xy = 0 

x(—2+ 4y) =0 


x = Q0 or y = 0.5. 
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Also, 
dy 
di =0 
—8y + 2xy = 0 
y(—8+4+ 22) = 0 
y-—0orz-—4A. 


Since both derivatives must be zero at an equilibrium point, the equilibrium points are ordered pairs for which x = 0 or 
y = 0.5 and y = 0 or x = 4. The equilibrium points are (0, 0) and (4, 0.5). 


7. We set each derivative equal to zero and solve: 


dx _ 
dt 
15x — dry = 0 
x(15 — 5y) =0 
x=Oory=3. 
Also, 
dy 
dt 0 
10y + 2xy = 0 
y(10 + 2x) = 0 


y=Oorxg=—5. 


Since both derivatives must be zero at an equilibrium point, the equilibrium points are ordered pairs for which x = 0 or 
y = 3 and y = 0 or x = —5. The equilibrium points are (0, 0) and (—5, 3). (While a negative value might not make 
sense if x represents the size of a population, it is reasonable in other scenarios in which systems of differential equations 
are relevant such as if x represents the net worth of a company.) 


8. We set each derivative equal to zero and solve: 


3:7 
x? —xy =0 
z(r—y)-0 
r-—0ory-zm. 
Also, 
d 
Z =0 
15y - 3y? =0 
y(15—3y) = 0 
y=Oory=5d. 


Since both derivatives must be zero at an equilibrium point, the equilibrium points are ordered pairs for which x = 0 or 
y = x and y = 0 or y = 5. The equilibrium points are (0, 0) and (0, 5) and (5, 5). 
9. (a) At the point x = 3 and y = 2, we have 


= = 5(3) — 3(3)(2) = —3 < 0 
d 
a = —8(2) + (3)(2) = —10 < 0, 
so both x and y are decreasing. 
(b) At the point x = 5 and y = 1, we have 
Z = 5(5) — 3(5)(1) = 10 > 0 
dy 
— = 1)4 1 . 
Z = -8(1) + (5)(1) = -3 < 0 


so x is increasing and y is decreasing. 
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10. (a) At the point P = 2 and Q = 3, we have 


dP 
— = 2(2)-10=—- 
m (2) 0 6«0 
d 
dQ 5. o3(2)(3) = L8 > 0, 
dt 
so P is decreasing and Q is increasing. 

(b) At the point P — 6 and Q — 5, we have 
dP 
— = 2(6) — 10-2 
di (6) 0 20 
a = 5 — 0.2(6)(5) = —1 < 0, 


so P is increasing and Q is decreasing. 


Problems 


11. (a) The values are given by 


12. 


13. 


14. 


15. 


(b) 
(c) 


Time t (days) 
1950 1850 1550 1000 750 550 350 250 200 200 200 
20 80 240 460 500 460 320 180 100 40 20 


Susceptibles 


Infecteds 


The peak of the epidemic is on day 22 when about 500 people are infected. 
About 2000 people are susceptible at the onset of the epidemic and only 200 are still susceptible at its end. About 
1800 catch the disease and about 200 are spared. 


(a) On day 20 about 750 are infected. 

(b) On day 20 about 2600 are susceptible. Since there are 4000 people in the population, there are 4000 — 2600 = 1400 
who have already had the disease. 

(c) At day 60 the epidemic is over. There are about 400 people who are still susceptible, because they never got the 
disease. The rest, 4000 — 400 = 3600 caught the disease sometime during the epidemic. 

(a) The human population shrinks as humans are turned into zombies, so parameter a is negative. The interaction term 
for zombies is positive, since an interaction between a human and a zombie increases the zombie population, so c is 
positive. The zombie population shrinks by a certain percentage each time interval because some zombies will starve 
to death, so b is negative. 

(b) The terms aH Z and cH Z both indicate the rate of human to zombie conversions. Since each loss of one human is 
directly a gain of one zombie, aH Z = —cH Z. Therefore, the parameter a is exactly the negative of the parameter c. 
Thus, a = —c. 

(a) This is an example of a predator-prey relationship, so this system goes with IV, with x representing the fox population 
and y representing the hare population. 

(b) This system models the relationship in II, with x representing the tree population and y representing the owl popula- 
tion. 

(c) This system models the relationship in I with x and y being either bees or flowers. 

(d) We write a system of differential equations for III with elk and buffalo. In each case, the species would do fine on its 
own but is hurt by the other. The terms have signs as follows, with proportionality constants included as desired. 

dx 5 
I eet 
dt i 
dy 
dE yY — vy 
Notice that x and y can each represent either the elk or the buffalo population. 
Since 

dS 

— = —aSl, 

d | 

dI 

— -— aSI — bl, 

di ^ 

d 

dR —bI 
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17. 


18. 


19. 


20. 


21. 
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we have 
dS dI dR 


urat w aSI 4- aSI — bI + o1 — 0. 
Thus £(S + I + R) = 0, so S + I + R = constant. 

This is an example of a predator-prey relationship. Normally, we would expect the worm population, in the absence of 
predators, to increase without bound. As the number of worms w increases, so would the rate of increase dw /dt; in other 
words, the relation dw /dt = w might be a reasonable model for the worm population in the absence of predators. 

However, since there are predators (robins), dw/dt won't be that big. We must lessen dw/dt. It makes sense that 
the more interaction there is between robins and worms, the more slowly the worms are able to increase their numbers. 
Hence we lessen dw/dt by the amount wr to get dw/dt = w — wr. The term —wr reflects the fact that more interactions 
between the species means slower reproduction for the worms. 

Similarly, we would expect the robin population to decrease in the absence of worms. We’d expect the population 
decrease at a rate related to the current population, making dr/dt = —r a reasonable model for the robin population in 
absence of worms. The negative term reflects the fact that the greater the population of robins, the more quickly they are 
dying off. The wr term in dr/dt = —r + wr reflects the fact that the more interactions between robins and worms, the 
greater the tendency for the robins to increase in population. 


If there are no worms, then w — 0, and 2 — —r giving r — roe’, where ro is the initial robin population. If there are 
no robins, then r — 0, and e = w giving w = woe’, where wo is the initial worm population. 


w(r—1) 
r(1—w)? 


There is symmetry across the line r = w. Indeed, since 4 = rte) | if we switch w and r we get du = 


dw w(1—r)? so 


— = oo. Since switching w and r changes nothing, the slope field must be symmetric across the line r = w. The 
slope field shows that the solution curves are either spirals or closed curves. Since there is symmetry about the line r = w, 
the solutions must in fact be closed curves. 

If w = 2 and r = 2, then — — —2 and — — 2, so initially the number of worms decreases and the number of robins 
increases. In the long run, however, the populations will oscillate; they will even go back to w — 2 and r — 2. See 
Figure 11.62. 


T (robins in thousands) 
3 
(2500 robins) 


2 


w (worms in millions) 


Figure 11.62 


Sketching the trajectory through the point (2, 2) on the slope field given shows that the maximum robin population is 
about 2500, and the minimum robin population is about 500. When the robin population is at its maximum, the worm 
population is about 1,000,000. 


population Worms Robins 


ed 


Figure 11.63 
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22. It will work somewhat; the maximum number the robins reach will increase. However, the minimum number the robins 
reach will decrease as well. (See graph of slope field.) In the long term, the robin-worm populations will again fall into 
a cycle. Notice, however, if the extra robins are added during the part of the cycle where there are the fewest robins, the 
new cycle will have smaller variation. See Figure 11.64. 
Note that if too many robins are added, the minimum number may get so small the model may fail, since a small 
number of robins are more susceptible to disaster. 


T (robins in thousands) 


3 I 

i New trajectory 
2! Old trajectory 

i 
Hn 

| 


w (worms in millions) 


Figure 11.64 


23. The numbers of robins begins to increase while the number of worms remains approximately constant. See Figure 11.65. 
The numbers of robins and worms oscillate periodically between 0.2 and 3, with the robin population lagging behind 
the worm population. 


T 
Ly = SIS o ™& SAR RRR AY 
fy - — ae Ay SR AAS KA 
pigana ee a a S 
E, A a UE E a E 
3 F Mae ap o — = OR SER OS 
Hof iss E SAN AR SK NK 
| / = SRO AR AS 
| If 7~-~>~x~™~> my A TAR NWS SA N 
| NAAN NANA \ 
2 H NNNNNNNANN 


ee Seen fe eee [Eas w 
1 2 3 
Figure 11.65 
24. Estimating from the phase plane, we have 
0.18 <r<3 


so the robin population lies between 180 and 3000. Similarly 
0.2<w <3, 


so the worm population lies between 200,000 and 3,000,000. 
When the robin population is at its minimum r œ% 0.2, then w œ~ 0.87, so that there are approximately 870,000 
worms. 


Robins 


Worms 


Figure 11.66 
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25. (a) Symbiosis, because both populations decrease while alone but are helped by the presence of the other. 
(b) y 


Both populations tend to infinity or both tend to zero. 
26. (a) Competition, because both populations grow logistically when alone, but are harmed by the presence of the other. 
(b) See Figure 11.67. In the long run, x — 2, y — 0. In other words, y becomes extinct. 


Figure 11.67 


27. (a) Predator-prey, because x decreases while alone, but is helped by y, whereas y increases logistically when alone, and 


is harmed by x. Thus x is predator, y is prey. 
(b) See Figure 11.68. Provided neither initial population is zero, both populations tend to about 1. If x is initially zero, 


but y is not, then y — oo. If y is initially zero, but x is not, then x — 0. 


y 

4, ~ SSN SAR NON 
l NCONCNON ORO Y 
l eSNG RNR UN 
| Re NG RR AR RN 
| eR RR NO 

3 | j MN. 
| NNNNNN 
| NN 

2|! 

1 
SSS Se Se T 


Figure 11.68 


d 
28. (a) Thinking of y as a function of x and x as a function of t, then by the chain rule: = 


dt 
dy  dy/dt _ —0.01x c 


dz dx/dt | —0.05y 5y 


y (thousand Japanese troops) 
30 


20 


10 
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dydx . 
= dz dt^ SO: 


x (thousand US troops) 


1101 


(b) The figure above shows the slope field for this differential equation and the trajectory starting at ro = 54, yo = 21.5. 
The trajectory goes to the x-axis, where y = 0, meaning that the Japanese troops were all killed or wounded before 
the US troops were, and thus predicts the US victory (which did occur). Since the trajectory meets the x-axis at 
x X 25, the differential equation predicts that about 25,000 US troops would survive the battle. 

(c) The fact that the US got reinforcements, while the Japanese did not, does not alter the predicted outcome (a US 
victory). The US reinforcements have the effect of changing the trajectory, altering the number of troops surviving 


the battle. See the graph below. 


y (thousand Japanese troops) 
30 


20 |_ 


10 


d 
29. (a) Thinking of y as a function of x and x as a function of t, then by the chain rule: E 


dt 


dy  dy/dt | —bx _ bz 


dr  dr/di  —ay ay 


f om [onm 


2 2 
y x 
—=b—++k 
as a+ 


ay” — ba? =C where C = 2k 


(b) Separating variables, 


30. (a) Lanchester’s square law for the battle of Iwo Jima is 


0.05y” — 0.012? = C. 


If we measure x and y in thousands, zo = 54 and yo = 21.5, so 0.05(21.5)? —0.01(54)? = C giving C = 


Thus the equation of the trajectory is 
0.05y? — 0.012? = —6.0475 
giving 
x? — 5y? = 604.75. 


x (thousand US troops) 


dy dx 


— Ga d? 


—6.0475. 


(b) Assuming that the battle did not end until all the Japanese were dead or wounded, that is, y = 0, then the number 
of US soldiers remaining is given by z? — 5(0)? = 604.75. This gives x = 24.59, or about 25,000 troops. This is 


approximately what happened. 
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31. 


32. 


(a) 


(b) 


(c) 


(d) 


(e) 


(a) 


(b) 
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Since the guerrillas are hard to find, the rate at which they are put out of action is proportional to the number of chance 
encounters between a guerrilla and a conventional soldier, which is in turn proportional to the number of guerrillas 
and to the number of conventional soldiers. Thus the rate at which guerrillas are put out of action is proportional to 
the product of the strengths of the two armies. 


dx 

er 

dt * 

dy 

dt = —T. 

W . . . dy dydz 
Thinking of y as a function of x and x a function of of t, then by the chain rule: dt^ de qr 
aq 


dy | dy/dt —2x 1 


dx dx/dt —-ay y 


[uaa fa 
y? 


ym 


Separating variables: 


The value of C is determined by the initial strengths of the two armies. Note that C could be written on the opposite 


side of the equation, giving it the opposite sign. 
2 


The sign of C determines which side wins the battle. Looking at the general solution + = x + C, we see that if 


C > 0 the y-intercept is at V2C, so y wins the battle by virtue of the fact that it still has troops when z = 0. If 
C < 0 then the curve intersects the axes at x = —C, so x wins the battle because it has troops when y = 0. If C = 0, 
then the solution goes to the point (0, 0), which represents the case of mutual annihilation. 

We assume that an army wins if the opposing force goes to 0 first. Figure 11.69 shows that in our formulation, the 
conventional force wins if C > 0 and the guerrillas win if C « 0. Neither side wins if C = 0 (all soldiers on both 
sides are killed in this case). 


y (conventional) 


4 La 
3r C eona wins y =r 
2 

4 (6. C — 0) 
2 
I 

l L- x (guerrilla) 
1 2 3 4 
Figure 11.69 


Taking the constants of proportionality to be a and b, with a > 0 and b > 0, the equations are 


dx ee 
dt -— 4 
dy 

== = —bry. 
dt vy 


Thinking of x and y as functions of t, then by the chain rule: 


dy  dy/dt | —bxy 


dr dx/dt | —azy 


alo 
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Solving the differential equation gives 

b 

Yr Te sr G; 

a 
where C depends on the initial sizes of the two armies. Note that C could be written on the opposite side of the 
equation, giving it the opposite sign. 

b 
(c) The sign of C determines which side wins the battle. Looking at the general solution y = —z + C, we see that if 

C > 0 the y-intercept is at C, so y wins the battle by virtue of the fact that it still has troops when x = 0. If C < 0 
then the curve intersects the axes at x — — eU so x wins the battle because it has troops when y = 0. If C = 0, 


then the solution goes to the point (0, 0), which represents the case of mutual annihilation. 
(d) We assume that an army wins if the opposing force goes to 0 first. Figure 11.70 shows that in our formulation, y wins 
if C > 0 and z wins if C « 0. 


y (guerrilla) 
4 


L- q (guerrilla) 
4 


Figure 11.70 


33. (a) At an equilibrium point both w and r are constant, so 


Therefore, we need to solve 
aw — cwr = 0 and — br + kwr = 0. 


Rearranging gives 


w(a — cr) = O and — r(b — kw) = 0 


so the only equilibrium points are w = 0,r = 0 and 


a 
= -andr = Ż. 
w a and r E 
(b) If the insecticide causes a decline in the number of worms then the model becomes 
d d 
E = aw — cwr — pw and 77 = —br + kwr 


where p is a positive constant. Solving as before, 


w(a — p — cr) = O and — r(b — kw) = 0, 
so the equilibrium points are w = 0, r = 0 and 


a-p 
p 


w= z andr = 


So, the equilibrium worm population is unchanged but the equilibrium robin population falls. 


Strengthen Your Understanding 


34. It is possible for dx/dt and dy/dt to be positive simultaneously. For example, if x = y = 1, then dz/dt = 2.6 and 
dy/dt = 3.5, meaning that both x and y are increasing. 
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35. Using the chain rule, we know that 
dy — dy/dt 
dx — dr/dt' 
Thus, if dx /dt < 0 and dy/dt > 0, we must have dy/dx < 0. 


36. Since X is indifferent to Y and thrives on its own, we have dx /dt = kx with k positive. Since Y needs X to survive, we 
have dy/dt = —kiy + kaxy, with kı and k2 positive. One possible example is 


dx 
dy 
— — —0.1 ; ; 
dt 0.1y + 0.3zy 


37. We have dx /dt = kix — koxy with kı and kə positive. Similarly for dy/dt. One possible example is 
dx 


dy 
— = Q.1y — 0. : 
di 0.1y — 0.3ry 


38. The parameter a is larger if a disease is more contagious, so we pick a very contagious disease for Dı and a disease that 
is not very contagious for D». The flu is spread easily through such things as sneezing, whereas a disease such as HIV 
requires something like an exchange of bodily fluids, so we might pick a flu for Dı and HIV for D». 


39. True. Specifying x(0) and y(0) corresponds to picking a starting point in the plane and thereby picking the unique solution 
curve through that point. 


40. False. Competitive exclusion, in which one population drives out another, is modeled by a system of differential equations. 


Solutions for Section 11.9 


Exercises 


1. Equilibrium points occur where both derivatives dx /dt and dy/dt are zero. Thus, equilibrium are located at the intersec- 
tion of a nullcline with vertical line segments and a nullcline with horizontal line segments. We see in Figure 11.71 there 
is only one equilibrium point located at the point (4, 10). 


y 
15 F 
10 F 
5 
1 i 1 Tr 
2 4 6 
Figure 11.71 


2. (a) Since the point (4, 7) is in Region I, dx /dt < 0 and dy/dt > 0. 
(b) Since the point (4, 10) is an equilibrium point, dz /dt = 0 and dy/dt = 0. 
(c) Since the point (6, 15) is in Region II, dr/dt < 0 and dy/dt < 0. 


= = 
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3. Since (2,5) is in Region IV, dz/dt > 0 and dy/dt > 0. Thus, the trajectory goes up and to the right toward the 


equilibrium (4, 10). See Figure 11.72. 


15 


10 


2 4 


Figure 11.72 


o 


4. Since dx/dt > 0 and dy/dt < 0 in Region III, a trajectory that starts at (2, 10) goes down and to the right toward the 
equilibrium (4, 10) located at the intersection of the nullclines. See Figure 11.73. 


15 


10 


2 4 
Figure 11.73 


o 


We can see in Figure 11.89 that any trajectory eventually tends toward the equilibrium point (4, 10). 


6. Equilibrium points occur where both derivatives dx /dt and dy/dt are zero. Thus, equilibrium are located at the intersec- 
tion of a nullcline with vertical line segments and a nullcline with horizontal line segments. We see in Figure 11.71 there 
are three equilibrium points located at (0, 0), (0, 6), and approximately (13, 0). 


Figure 11.74 
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7. (a) The point (5,2) has dx/dt > 0 and dy/dt > 0. 
(b) The point (10, 2) has dx/dt < 0. Since the point (10, 2) is on a nullcline horizontal line segments, dy/dt = 0. 


(c) The point (10, 1) has dy/dt > 0. Since the point (10, 1) is on a nullcline with vertical line segments, dx /dt = 0. 
8. At the point (2, 5), dz /dt < 0 and dy/dt > 0. The trajectory goes up and to the left, tending toward the equilibrium 


point (0, 6). See Figure 11.75. 


y 
hy, 
4 = 
2 E 
T 
5 10 15 
Figure 11.75 


9. At the point (10,4), we have dx/dt < 0 and dy/dt < 0. The trajectory goes down and to the left, crossing the top 
nullcline with dy/dt = 0. The trajectory then goes up and to the left since dy/dt has changed from negative to positive. 


The trajectory eventually tends toward the equilibrium point (0,6). See Figure 11.76. 


y 
6 
4 LL 
2 LE 
l z 
5 10 15 
Figure 11.76 


10. Any trajectory eventually tends toward the equilibrium point (0, 6). 
11. On the phase plane, it appears that slopes are vertical along the lines y — 3 and x — 0 (the y-axis) and that the slopes are 


horizontal along the lines x = 5 and y = O0 (the x-axis). See Figure 11.77. 


Figure 11.77 
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12. (a) To find the equilibrium points we set 


20x — 10xy = 0 
25y — 5zy = 0. 
So, x = 0, y = 0 is an equilibrium point. Another one is given by 


10y = 20 


5a = 25. 


Therefore, x = 5, y = 2 is the other equilibrium point. 
(b) At z = 2, y = 4, 


d? L 20r — 10xy = 40 — 80 = —40 
dt 
dy 
^ = 25y — Say = 100 — 40 = 60. 


Since these are not both zero, this point is not an equilibrium point. 


Problems 


13. We first find the nullclines. Again, we assume x, y > 0. 


14. 


Vertical nullclines occur where dz /dt = 0, which happens when 44 = z(2 — x — y) = 0, 
ie. when x = 0orz + y = 2. 
Horizontal nullclines occur where dy/dt — 0, which happens when Sh = y(1—z— y) = 0, i.e. when y = 0 or r+y = 1. 
These nullclines are shown in Figure 11.78. 

Equilibrium points (also shown in Figure 11.78) occur where both dy/dt and dx /dt are 0, i.e. at the intersections of 
vertical and horizontal nullclines. There are three such points for these equations: (0, 0), (0, 1), and (2, 0). 


Figure 11.78: Nullclines and equilibrium points Figure 11.79: General directions of trajectories 
(dots) and equilibrium points (dots) 


Looking at sectors in Figure 11.79, we see that no matter in what sector the initial point lies, the trajectory will head 
toward the equilibrium point (2, 0). 


We first find the nullclines. Vertical nullclines occur where dz = 0, which happens when x = 0 or y = (2 a). 
— = y(1 — 2x) = 0, which happens when y = 0 or z = i. These nullclines are 


Horizontal nullclines occur where 
shown in Figure 11.80. 
Equilibrium points (also shown in Figure 11.80) occur at the intersections of vertical and horizontal nullclines. There 
are three such points for this system of equations; (0, 0), (5, 4) and (2,0). 
The nullclines divide the positive quadrant into four regions as shown in Figure 11.80. Trajectory directions for these 
regions are shown in Figure 11.81. 
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Figure 11.80: Nullclines and Figure 11.81: General directions of 
equilibrium points (dots) trajectories and equilibrium points 
(dots) 
We first find nullclines. Vertical nullclines occur where dz = «(2 — x — 2y) = 0, which happens when x = 0 or 


y= i(2 — x). Horizontal nullclines occur where — = y(1 — 2x — y) = 0, which happens when y = 0 or y = 1 — 2x. 
These nullclines are shown in Figure 11.82. 

Equilibrium points (also shown in the figure below) occur at the intersections of vertical and horizontal nullclines. 
There are three such points for this system; (0, 0), (0, 1), and (2, 0). 

The nullclines divide the positive quadrant into three regions as shown in the figure below. Trajectory directions for 
these regions are shown in Figure 11.83. 


1j 
| Il 
| 
| 
| I II 
| 
io9—_\ e z 
0.5 2 
Figure 11.82: Nullclines and equilibrium Figure 11.83: General directions of 
points (dots) trajectories and equilibrium points (dots) 


We first find the nullclines. Vertical nullclines occur where — =a(l-—y 5) = 0, which happens when x = 0 or 


y = 1 — $. Horizontal nullclines occur where c = y(1 — 4 — x) = 0, which happens when y = 0 or y = 2(1 — x). 
These nullclines are shown in Figure 11.84. 

Equilibrium points (also shown in Figure 11.84) occur at the intersections of vertical and horizontal nullclines. There 
are four such points for this system: (0, 0), (0, 2), (3,0), and (2, $). 

The nullclines divide the positive quadrant into four regions as shown in Figure 11.84. Trajectory directions for these 
regions are shown in Figure 11.85. 


y y 
" 
2 
I II 
1 
III IV 
è x 
1 3 
Figure 11.84: Nullclines and Figure 11.85: General directions 
equilibrium points (dots) of trajectories and equilibrium 


points (dots) 


17. 


18. 
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We first find the nullclines. Again, we assume x, y > 0. 

d —2(1—a—#)=Owhenz=0orrz+y/3=1. 

= — y(1—y-— $)=Owheny=Ooryt+a/2=1. 

These nullclines are shown in Figure 11.86. There are four equilibrium points for these equations. Three of them are the 
points, (0, 0), (0, 1), and (1, 0). The fourth is the intersection of the two lines z + y/3 = 1 and y + 2/2 = 1. This point 


is (2, 2). 


y y 


zd y/3-—1 
dx /dt — 0 


-——— 


eg — —9—— — — — —-— zr zr 
1 2 
Figure 11.86: Nullclines and equilibrium points Figure 11.87: General directions of trajectories 
(dots) and equilibrium points (dots) 


Looking at sectors in Figure 11.87, we see that no matter in what sector the initial point lies, the trajectory will head 
toward the equilibrium point (£, 8). Only if the initial point lies on the x- or y-axis, will the trajectory head toward the 
equilibrium points at (1, 0), (0, 1), or (0, 0). In fact, the trajectory will go to (0, 0) only if it starts there, in which case 
a(t) = y(t) = 0 for all t. From direction of the trajectories in Figure 11.87, it appears that if the initial point is in sectors 


(D) or (II), then it will remain in that sector as it heads toward the equilibrium. 


We assume that x, y > 0 and then find the nullclines. $$ = z(1— 2 — y) = 0 when x =Oory+4=1. 


Z —y(1—£-—a)-—0wheny —0orz 4 2 — 1. 
We find the equilibrium points. They are (2, 0), (0, 3), (0, 0), and (3, 3). The nullclines and equilibrium points are shown 
in Figure 11.88. 


Figure 11.88: Nullclines and equilibrium points Figure 11.89: General directions of trajectories 
(dots) and equilibrium points (dots) 


Figure 11.89 shows that if the initial point is in sector (I), the trajectory heads toward the equilibrium point (0, 3). 
Similarly, if the trajectory begins in sector (III), then it heads toward the equilibrium (2, 0) over time. If the trajectory 
begins in sector (II) or (IV), it can go to any of the three equilibrium points (2, 0), (0, 3), or (£, 3). 
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(a) dS/dt = 0 where S = 0 or J = 0 (both axes). 
dI /dt = 0.00261(S — 192), so dI /dt = 0 where J = 0 or S = 192. 
Thus every point on the S axis is an equilibrium point (corresponding to no one being sick). 


d dI 
(b) In region I, where S > 192, Em < 0and — > 0 
dis Tr 
In region IL, where S « 192, um « 0 and a « 0. See Figure 11.90. 
I I 
II Į 


S A S 


192 192 


Figure 11.90 Figure 11.91 


(c) If the trajectory starts with So > 192, then J increases to a maximum when S = 192. If So < 192, then J always 
decreases. See Figure 11.90. Regardless of the initial conditions, the trajectory always goes to a point on the S-axis 
(where / — 0). The S-intercept represents the number of students who never get the disease. See Figure 11.91. 


The nullclines are where — —0or — =0. 
= = 0 when w — wr = 0, so w(1 — r) = 0 giving w = O or r = 1. 


= = 0 when —r + rw = 0, so r(w — 1) = 0 giving r = Oor w = 1. 


T T 

i I-—— dd 0. Low 

MEE ÁN 

E a 1H e i 

F 
T r= 

l i dw/dt = 0 BN L (f 

le ——————————— w $&—— ———— w 
1 1 

Figure 11.92: Nullclines and equilibrium points (dots) Figure 11.93 


The equilibrium points are where the nullclines intersect: (0, 0) and (1, 1). The nullclines split the first quadrant into 
four sectors. See Figure 11.92. We can get a feel for how the populations interact by seeing the direction of the trajectories 
in each sector. See Figure 11.93. If the populations reach an equilibrium point, they will stay there. If the worm population 
dies out, the robin population will also die out, too. However, if the robin population dies out, the worm population will 
continue to grow. 

Otherwise, it seems that the populations cycle around the equilibrium (1, 1). The trajectory moves from sector to 
sector: trajectories in sector (I) move to sector (II); trajectories in sector (II) move to sector (IID; trajectories in sector 
(III) move to sector (IV); trajectories in sector (IV) move back to sector (I). The robins keep the worm population down 
by feeding on them, but the robins need the worms (as food) to sustain the population. These conflicting needs keep the 
populations moving in a cycle around the equilibrium. 


(a) If B were not present, then we'd have A’ = 2A, so company A's net worth would grow exponentially. Similarly, 
if A were not present, B would grow exponentially. The two companies restrain each other's growth, probably by 
competing for the market. 

(b) To find equilibrium points, find the solutions of the pair of equations 


A’ -2A— AB «0 
B' =B-AB=0 
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The first equation has solutions A = 0 or B = 2. The second has solutions B = 0 or A = 1. Thus the equilibrium 
points are (0,0) and (1,2). 

(c) In the long run, one of the companies will go out of business. Two of the trajectories in the figure below go toward the 
A axis; they represent A surviving and B going out of business. The trajectories going toward the B axis represent 
A going out of business. Notice both the equilibrium points are unstable. 


B 
4 
8| 
2 1 
l| 
A 
1 2 3 d 
22. (a) See Figure 11.94. 
dx 10.5 
D s h = — = 23. 
3 0 when x 045 3.3 
dy 
m 0 when 8.2x — 0.8y — 142 = 0 
There is an equilibrium point where the trajectories cross at x = 23.3, y = 61.7 
In region I 29. G dy <o 
2n 
i x y 
I IL — < 0, — <0. 
n region dp < d < 
; x y 
I I, — — : 
n region III, ai <0: at >0 
i a y 
I — = i 
n region IV, di 20 di >0 
(b) See Figure 11.95. 
y (US) Region II y (US) 
dz = 0 — oo — —0 
Region I Region III 
61.7 - 61.7 | 
Region IV 
x (Soviet) x (Soviet) 
23.3 23.3 


Figure 11.94: Nullclines and equilibrium point (dot) for 


Figure 11.95: Trajectories for US-Soviet arms race. 
US-Soviet arms race 


(c) All the trajectories tend toward the equilibrium point x = 23.3, y = 61.7. Thus the model predicts that in the long- 
run the arms race will level off with the Soviet Union spending 23.3 billion dollars a year on arms and the US 61.7 
billion dollars. 

(d) As the model predicts, yearly arms expenditure did tend toward 23 billion for the Soviet Union and 62 billion for the 
US. 
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23. (a) The nullclines are P = 0 or P; +3P2 = 13 (where dP; /dt = 0) and P = 0 or P2+0.4P; = 6 (where dP2/dt = 0). 
(b) The phase plane in Figure 11.96 shows that P» will eventually exclude P; regardless of where the experiment starts 

so long as there were some P^» originally. Consequently, the data points would have followed a trajectory that starts 

at the origin, crosses the first nullcline and goes left and upward between the two nullclines to the point P, = 0, 


P, — 6. 
Pz 
LN Po 4-0.4P, — 6 
l dP2/dt = 0 
l 
4I F 
| x Z 
| s 
217 
l o o SR dP; /dt = 0 
o 
l 
le aif 
$———— — —— — — ———————v—— — hi 
5 10 15 


Figure 11.96: Nullclines and equilibrium points (dots) for 
Gause's yeast data (hollow dots) 


Strengthen Your Understanding 


24. The trajectory has no arrow to indicate direction. 


25. Equilibrium occurs when both dr/dt = 0 and dy/dt = 0. Both nullclines have horizontal line segments indicating 
points that dy/dt = 0. There are no nullclines that indicate where dx /dt = 0. Thus, the point (6, 6) has dy/dt = 0 but 
dx: / dt + 0 and is not an equilibrium point. 


26. Anequilibrium point is a point where a nullcline with vertical trajectories intersects a nullcline with horizontal trajectories. 
There are many possible ways to draw this graph. One example is shown in Figure 11.97. 


Figure 11.97 


27. Nullclines show where trajectories are vertical or horizontal. We see that the trajectory shown is vertical at approximately 
the points (0.4, 1) and (2.1, 1) so it is reasonable to draw a nullcline showing vertical trajectories on the line y — 1. 
The trajectory shown is horizontal at approximately the points (1, 2.1) and (1, 0.4) so it is reasonable to draw a nullcline 
showing horizontal trajectories on the line x = 1. See Figure 11.98. Other answers are possible. 
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Figure 11.98 


28. We follow the directions, and use the fact that if the trajectory crosses the nullcline x = 2, it is horizontal there and then 
bends down. See Figure 11.99. Other answers are possible. 


N 


Figure 11.99 


Solutions for Chapter 11 Review 


Exercises 


1. For (D: y = ze”, y! = e” + ze”, and y" = 2e” + ze”. 
For (I): y ze ^, y' =e" — ze ^, andy” — —2e * - ze *. 
Thus (I) satisfies equation (d). 
(II) satisfies equation (c). 
2. (a) Since y’ = 1 + y, the slope is everywhere positive. This is true for slope field (III). 
(b) Since y = zx, the slopes are positive to the right of the y-axis and negative to the left of the y-axis. Solution curves 
are parabolas, as in slope field (VI). 
(c) Since y' — sin z, the slopes oscillate between —1 and 1. This corresponds to slope field (V). 
(d) Since y' = y, the slopes are positive above the x-axis and negative below the x-axis. This is true for slope field (I). 
(e) Since y' = x — y, the slopes are zero when x = y. This corresponds to slope field (IV). 
(f) Since y' = 4 — y, the slopes are positive when y < 4 and negative when y > 4. This corresponds to slope field (II). 


3. (a) = (D), (b) = (IV), (c) = (III). Graph (II) represents an egg originally at 0? C which is moved to the kitchen table (20? 
C) two minutes after the egg in part (a) is moved. 
J dP = J tdt 
2 


P(t) - 5 +0. 


4. This equation is separable, so we integrate, giving 
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5. This equation is separable, so we integrate, giving 


1 
— — dau 
lu x f T 


1 


so 


Thus 
y(x) = 40 + Ae®?*. 


6. This equation is separable, so we integrate, giving 


1 
| wo- | * 


1 
zz 10- 2P| - t4 C. 


so 


Thus 
P —54 Ae ?, 


7. This equation is separable, so we integrate, giving 


1 
——— —-dH- | dt 
f 10 + 0.5H f 


1 
— ln |10 + 0.5H| = t+ C. 
aE n|10+ | + 


so 


Thus 
H = Ae’ — 20. 


8. This equation is separable, so we integrate, using the table of integrals or partial fractions, to get 


1 
|ime] n 
1 3 
—d dR=2 | dt 
E 2f " J 


In|R| —In|1—3R| 2 2t - C 


SO 


Ae?* 


R= 3A" 


9. This equation is separable, so we integrate, using the table of integrals or partial fractions, to get: 


250 
|m refa 
250 1 1 
EnA = dP —— dP} = dt 
a (| + fcr ) f 
2.5(In |P| — In |100 - P|) =t+C 


P 
mpl =t+e 


SO 


2.51n | 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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P 0.4t 
LL = Ae 
N-P- 
. 100Ae°** 
~ 14 Ae?4t 
Bay? = 0 means au = ny, so f 3 = | -xz dr giving —+ = e dut Since y(1) = 1 we have —1 = —2 +C 
2 - 
so C = —4. Thus, = =->- i giving y — TA 


i = 0.03P + 400 so f Fore = f 0.03dt. 


In |P + 0°) = 0.03t+C giving P = Ae? % — 29999. Since P(0) = 0, A = 29999, therefore P = 19999 (99.09! — 1), 


l+y-# = 0 gives # =y" +1, so f 11225 =f dz and arctan y = x + C. Since y(0) = 0 we have C = 0, giving 
y = tan x. 


2sin x — y^ Zu = 0 giving 2sinz = yr, | 2sin x da E [v dy so —2 cos x = vis + C. Since y(0) = 3 we have 
—2 = 9 + C, so C = —11. Thus, —2cosz = ut — 11 giving y = 1/33 — 6cos x. 
$e — (1--Int)k gives f Œ = f (1-4 Int)dt so In|k| = tInt + C. k(1) = 1, so 0 = 0 + C, or C = 0. Thus, 
In |k| = tIn t and |k| = e!" * = t, giving k = +t’. 
But recall k(1) = 1, so k = t* is the solution. 

3-2 : ly-4 —z 
— = ae gives f Gu dy =- f GB) dg so JG- 2)dy = f (3 — 1)da. Thus iy 4In |y| = 3ln |z| - z + C. 
Since y(1) = 5, we have  — 4In5 = In |1| 2 1 + C so C = Z — 41n 5. Thus, 


sy 41n |y| = 31n |z| tts 41n 5. 


We cannot solve for y in terms of x, so we leave the equation in this form. 


dy _ 0.2y(1840.1z) |... (10040.5y) 7 f 1840.12 
dz — "(10040.5y) giving f oay dy = J == dar, so 


500 5 18 1 
[ (31) w= [ (2+3) dx. 


Therefore, 500 In |y| + $y = 18In |v| + 35x + C. Since the curve passes through (10,10), 500 In 10 + 25 = 18 In 10 + 
1+ C, so C = 482 ln 10 + 24. Thus, the solution is 


5 1 
500 In |y| + 59 = 181n |x| + IT + 4821n 10 + 24. 


We cannot solve for y in terms of x, so we leave the answer in this form. 


This equation is separable and so we write it as 


We integrate with respect to t, giving 


so that 


Solving for z gives 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 
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The initial condition z(0) — 10 gives 


or k — 0.9. The solution is therefore i 


a(t) = hoe 


Using the solution of the logistic equation given on page 631 in Section 11.7, and using y(0) = 1, we get y = Tot: 


D = — gives SiR» dy= f (==) dx. Thus, 20 In |y| — y = 1001n |z| — x + C. The curve passes through 
(1, 20), so 20 In 20 — 20 = —1 + C giving C = 20 In 20 — 19. Therefore, 20 In |y| — y = 100 In |x| — z +20 1n 20 — 19. 
We cannot solve for y in terms of x, so we leave the in this form. 


= ,/arf(« cae | Vx dz, so 24/ f 273 + C. Since f(1) = 1, we have 2 = + C so C = $. 


Thus, 24/ f 243 + $, so f(x) = (402 + " 

(Note: this is F defined for x > 0.) 

4 = = e* ” giving fe dy = fe dx so e” = e” + C. Since y(0) = 1, we have e! = e° + C so C = e — 1. Thus, 
e” = e +e -— 1, so y = ln(e” +e — 1). 

[Note: e” + e — 1 > 0 always.] 

zu 


= e**" = ee" implies fe Ydy = Je dr implies —e™” = e^ + C. Since y = 0 when x = 1, we have 


veut E ts oo, aan e ¥=e*—-1 nla In(1 + e — e?). 

e 95925 — /1— 2? sin @ implies f VER =f e°? sin 0 dO implies arcsin z = —e°°S® + C. According to the 
initial conditions: z(0) = i, so arcsin i = —e°° + C. therefore $ = 7e+C,andC = $ +e. Thus z = 
sin(—e°°8? + = +e). 

(1+t?)y =1- y implies that f 4 ga = =f gpz implies that f (— HE E e ) dy = 2€: J+ Ta: Therefore —y—In |1—y| = 


arctan t + C. y(1) = 0, so 0 = arctan 1 + C, and C = —4, so —y in =) y| = arctan t — 4. We cannot solve for 
y in terms of t. 


We have 


SO 


pr dy = [5m 


= 1 2 
2"—- —3 sin? t cost — 3 cost C. 


Using Integral Table Formula 17, gives 


aci 
In2 


According to the initial conditions: y(0) = 0 so 


1 2 2 1 
—-— = —- d = =- — —. 
m 39 ME e= 
Thus, 
Pg ce E t+ a= 
Ing? | - gsm tost- Foose + a — r3 
Solving for y gives: 
In2 21n2 21n2 


cost — +1. 


Dm =z sin’ tcost + 


It can be shown that the right side is always > 0, so we can take natural logs. 


In2 21n2 21n2 
yIn2 = — In (A sin? toost + = cost - n +1), 
3 3 3 
so 
—In (22 sin ^tcost + H2 cost — 282 +1) 


y= In2 
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Problems 


26. (a) To find equilibrium values, we solve 


dP 

uw c 
0.025P — 0.00005P? — 0 
0.025P(1 — 0.002P) — 0 


P-—0 and P= 500. 


The equilibrium values are P — 0 and P — 500. 
(b) Between 0 and 500, P is increasing. Above 500, P is decreasing. We have: 


(i) For Po = 100, the population will increase to a limiting value of 500. 
(ii) For Po = 400, the population will increase to a limiting value of 500. 
(iii) For Po = 500, the population is at equilibrium and will stay at 500. 
(iv) For Po = 800, the population will decrease to a limiting value of 500. 


27. (a) We know that the equilibrium solutions are the functions satisfying the differential equation whose derivative every- 
where is 0. Thus we have 


The solutions are y = 3 and y = —2. 


(b) y 

LETEA / REA POR ET £7 
f^ y LES / / / / 

Kal ag v yy s / ^ / 
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b NUN N NON UN IN \ \ N N hs NON 
b. N NN N. X CN b w 
NN \ N X NN NON L 

N N NN N v % Si S N 
PELL LEG / tf uf y 
/ i i 7 
/ E dd / 
I j Il 

Figure 11.100 
Looking at Figure 11.100, we see that the line y = 3 is an unstable solution, while the line y = —2 is a stable 


solution. 


28. Since f(x) is a solution to y' = xy — y, we know that 


f'(z) = af (x) - f(z). 


Letting y = 2/(x), we want to find out if the left-hand side of this differential equation, y’, equals the right-hand side, 
xy — y. First we consider the left-hand side: 


y = (2f(2))’ 
= 2f'(x) 
= 2(xf(x)—f(x)) since f'(x) = zf(z) — f(z) 
= 2x f (x) — 2f(2). 
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Turning to the right-hand side, we see that: 


xy — y = x (2f(x))—2f(x) because y = 2f (x) 
= 2x f(x) — 2f (x), 
We see that the left-hand side and the right-hand side both equal 2x f(x) — 2f (x), so y = 2/(x) is also a solution to the 
equation. 


29. Since y = f(x) is a solution to y’ = xy — y, we know that 


Letting y = 2+ f(a), we want to find out if the left-hand side of this differential equation, y', equals the right-hand side, 
xy — y. First we consider the left-hand side: 


f(x) - f(a) since f'(z) = xf (x) — f(a). 


Turning to the right-hand side, we see that: 


ay — y — v(2- f(x)) - (2-- f(x)) because y = 2+ f(x) 
= xf(x) — f(x) + 2x — 2. 


We see that the left-hand side, x f (1) — f (x), is not the same as the right-hand side, x f (z) — f(x)+2x—2,soy = 24+ f(x) 
is not a solution to the equation. 
1 1 1 1 
— Ar = —W~ = = =. 
(cos x) (cos y) (cos0)(cos0) 2 2 
Thus, using 1 step, we get (i. i) as our approximation. 


(ii) 2 steps: Ar = i 


30. (a) (i) 1 step: Ay = 


Thus, using 2 steps, we get (0.5,0.516) as our approximation. 
(iii) 4 steps: Az = i 


Thus, using 4 steps, we get (0.5,0.530) as our approximation. 


(b) We have 
dy _ L 


dr (cosa)(cosy)’ 


dx 
cos y dy = um 


So 
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The integral table gives 
(sin z) +1 
(sin z) — 1 


siny= 21n |«c 


Our curve passes through (0,0), so, 0 = 0 + C, and C = 0. Therefore 


(sinz) +1 ) l 


(sinz)—1 


— arcsin l In 
= 2 


When z = i y ~ 0.549. Our answers in parts (a)-(c) are all underestimates. In each case, the error is about zh 


where n is the number of steps. We expect the error to be approximately proportional to i, so this seems reasonable. 
31. (a) Ax = i = 0.2. 


At x — 0: 

yo = 1, y' = 4; so Ay = 4(0.2) = 0.8. Thus, yı = 1 + 0.8 = 1.8. 

At x = 0.2: 

yi = 1.8, y/ = 3.2; so Ay = 3.2(0.2) = 0.64. Thus, yo = 1.8 + 0.64 = 2.44. 

At x = 0.4: 

y2 = 2.44, y! = 2.56; so Ay = 2.56(0.2) = 0.512. Thus, ys = 2.44 + 0.512 = 2.952. 
At x = 0.6: 

ya = 2.952, y' = 2.048; so Ay = 2.048(0.2) = 0.4096. Thus, y4 = 3.3616. 

At x = 0.8: 


ya = 3.3616, y’ = 1.6384; so Ay = 1.6384(0.2) = 0.32768. Thus, ys = 3.68928. So y(1) ~ 3.689. 
(b) y 


Since solution curves are concave down for 0 € y < 5, and y(0) = 1 « 5, the estimate from Euler's method 
will be an overestimate. 
Solving by separation: 
E = dz, so — ln|5-— y| =z +C. 
5=y 
Then 5 — y = Ae™” where A = ce ©. Since y(0) = 1, we have 5 — 1 = Ae?, so A = 4. 
Therefore, y = 5 — 4e™7 , and y(1) = 5 — 4e! zz 3.528. 
(Note: as predicted, the estimate in (a) is too large.) 
(d) Doubling the value of n will probably halve the error and, therefore, give a value half way between 3.528 and 3.689, 
which is approximately 3.61. 


(c 


— 


32. A continuous growth rate of 0.38% means that 


1dP 


Sa^ 0.38% = 0.0038. 


Separating variables and integrating gives 


dP 
J2 = J oo 


p= py eO: 0038: = (7 Bs 1] ee 00995 
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33. (a) Assuming that the world’s population grows exponentially, satisfying dP/dt = cP, and that the land in use for crops 
is proportional to the population, we expect A to satisfy dA/dt = kA. 
(b) We have A(t) = Aoe** = 4.55 - 10°e**, where t is the number of years after 1966. Since 30 years later the amount 
of land in use is 4.93 billion hectares, we have 


4.93 - 10° = (4.55 - 109) e* 99). 


So 


Solving for k gives 


k= In (4.93/4.55) — 0.00267. 
30 
Thus, 


A = (4.55 . 10°) 6°67" 
We want to find t£ such that 
6-10? = A(t) = (4.55 - 10°)e" 9°76", 
Taking logarithms gives 
. In(6/4.55) 
~~ 0.00267 
This model predicts land will have run out 104 years after 1966, that is by the year 2070. 


= 103.608 years. 


34. (a) Since the growth rate of the tumor is proportional to its size, we should have 


(b) We can solve this differential equation by separating variables and then integrating: 


dS 
“= | kat 
la 
In|S| = kt + B 
S = Ce". 


(c) This information is enough to allow us to solve for C: 


5 = Ce” 
C=: 
(d) Knowing that C = 5, this second piece of information allows us to solve for k: 
8 = 5e™ 


1 8 
k = =In( = | & 0.1567. 
3 n (2) 0.1567 


So the tumor’s size is given by 
Se 5e9-1567t . 


35. (a) The rate of growth of the money in the account is proportional to the amount of money in the account. Thus 


dM _ 


(b) Solving, we have dM/M = r dt. 


dM 
UM = fra 


n|M|=rt+C 
M =e" = Ae”, A=. 


When t = 0 (in 2010), M = 2000, so A = 2000 and M = 2000e™*. 
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(c) See Figure 11.101. 


M 
40000 F M = 200069-10t 
10000 | M = 200069-95t 
2000 L 4 
t=0 t = 30 
2010 2040 


Figure 11.101 


36. We know that 
Rate at which quantity of _ 


—k t tity). 
carbon-14 is changing rrenean 


If Q is the quantity of carbon-14 at time t (in years), 
, T . dQ 
Rate at which quantity is changing — E = —kQ. 


This differential equation has solution 
Q=Qoe™ 


where Qo is the initial quantity. Since at the end of one year 9999 parts are left out of 10,000, we know that 
9999 = 10,000e ^? , 


Solving for k gives 
k = 1n 0.9999 = 0.0001. 


Thus Q = Qoe-9:99?!*, See Figure 11.102. 


Q 


Figure 11.102: Exponential decay 
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37. Using (Rate balance changes) = (Rate interest is added)— (Rate payments are made), when the interest rate is ?, we have 


dB 
E iB — 100. 
di 


Solving this equation, we find: 


dt a 
dB 
] 55m "nz 
I s- =it+C 
1 
100 i 
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At time t = 0 we start with a balance of $1000. Thus 

1000 — X? = Ae", so A = 1000 — #2. 

Thus B = +8 + (1000 — + )e™. 

When i = 0.05, B = 2000 — 1000e°°*’. 

When i = 0.1, B = 1000. 

When i = 0.15, B = 666.67 + 333.33e°)". 

We now look at the graph in Figure 11.103 when i = 0.05, ¿ = 0.1, and ? = 0.15. 


B t= 0.15 


4=01 
1000 
i = 0.05 
years 
t 13.86 


Figure 11.103 


38. (a) c'(t) = a(k — c(t)) where a > 0 is a constant. 


(b) j 
c 
[efe 


In|k — c| 2 at -- C, C isa constant of integration 
k—c- Ae ^* 


If c = co when t = 0, then k — co = A, so 
k — c= (k — co)e * 
c= k + (co — k)e ^ * 
(c) If co = 0, then c = k — ke ^* = k(1— e^). 


concentration 
k i 


c(t) = k(1— e-?t) 


t (time) 
39. (a) Use the fact that 
Rate balance _ Rate interest _ Rate payments 
changing accrued made 
Thus 
= = 0.05B — 12,000. 


(b) We solve the equation by separation of variables. First, however, we factor out a 0.05 on the right hand side of the 
equation to make the work easier. 


4B 0.05(B — 240000) 
dt 
dB 
B— 240000 — 9054! 


dB 
b = [on 9n 


40. 


41. 


42. 
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So 


In |B = 240000| = 0.05t+ C 
|B — 940000] = e”? +C = e®-05t eF, 


so B — 240000 = Ae®™°t, where A = «eC. 
If the initial balance is Bo, then Bo — 240000 = Ae? = A, thus B — 240000 = (Bo — 240000)e°°°*, so 
B = (Bo — 240000)e° °°! + 240000. 
(c) To find the initial balance such that the account has a 0 balance after 20 years, we solve 


0 = (Bo — 240,000)e(9-997? + 240,000 = (Bo — 240,000)e! + 240,000, 


Bo = 240,000 — ~ $151,708.93. 


240,000 
e 

(a) Since the rate of change is proportional to the amount present, dy/dt = ky for some constant k. 

(b) Solving the differential equation, we have y = Ae**, where A is the initial amount. Since 100 grams become 54.9 
grams in one hour, 54.9 = 100e*, so k = 1n(54.9/100) ~ —0.5997. 
Thus, after 10 hours, there remains 100e(-79:5997)10 ~ 0,2486 grams. 


Let C (t) be the current flowing in the circuit at time t, then 


dC 
uw —aC 


where a > 0 is the constant of proportionality between the rate at which the current decays and the current itself. 
The general solution of this differential equation is C(t) = Ae~°* but since C(0) = 30, we have that A = 30, and 
so we get the particular solution C(t) = 30e ^". 
When t = 0.01, the current has decayed to 11 amps so that 11 = 30e~°°°! which gives a = —1001n(11/30) = 
100.33 so that, 
C(t) = 30e 1003, 


Since the rate at which the volume, V, is decreasing is proportional to the surface area, A, we have 


: ; 4 
where the negative sign reflects the fact that V is decreasing. Suppose the radius of the sphere is r. Then V — 37 and, 


adr 


dt 


: dV NE 
using the chain rule, "utm Anr . The surface area of a sphere is given by A = 4rr?. Thus 


Arr? = = —kArr? 


so 


dr _ 
dt -— 
Since the radius decreases from 1 cm to 0.5 cm in 1 month, we have k = 0.5 cm/month. Thus 
dr 
— = -0.5 
dt 
so 
r = —0.5t+ ro. 
Since r = 1 when t = 0, we have ro = 1, so 
r= —0.5t +1. 
We want to find t when r = 0.2, so 
0.2 = —0.5t + 1 
and 0.8 
t = — = 1.6 months. 


0.5 
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43. By rewriting the equation, we see that it is logistic: 


1dP  (100- P) 
P dt 1000 


Before looking at its solution, we explain why there must always be at least 100 individuals. Since the population begins 
at 200, the quantity dP/dt is initially negative, so the population initially decreases. It continues to do so while P > 100. 
If the population ever reached 100, then dP/dt would be 0. This would mean the population stopped changing—so if the 
population ever decreased to 100, that's where it would stay. The fact that dP/dt is always negative for P > 100 also 
shows that the population is always under 200, as shown in Figure 11.104. 


44. (a) 


(b) 


(c) 


45. (a) 


P 


100 = 


Figure 11.104 


The solution, as given by the formula derived in the chapter, is 


100 


"arin 


The logistic model is a reasonable one because in the 1990s, very few households had DVD players. Since DVD 
disc media is more convenient than VHS tape media, as DVD players dropped in price, more people bought them. 
However, the rate of DVD-player ownership had to start slowing down at some point as it is impossible for more than 
100% of households to have DVD players. 

To find the point of inflection, we find the year at which the increase in DVD-player ownership alters from increasing 
to decreasing. The following table from 1998 to 2006. 


Year 


1998-99 | 1999-2000 | 2000-01 | 2001-02 | 2002-03 | 2003-04 | 2004-05 | 2005-06 
Change in 96 4 8 8 14 15 20 5 6 


Looking at the table, we see that the change in percent alters from increasing to decreasing in about 2003. At this 
time 5096 of households own DVD players. The inflection point is approximately (2003, 50). Since at the inflection 
point on a logistic curve, the vertical coordinate is L/2, we have 


L/2 = 50 
L = 100. 
Thus the limiting value is about 10096. Ownership may be expected to rise until the next new media format replaces 
it. 
Since the general form of a logistic function is 
L 


Pup—— 
1+ Ae-*t 


where L is the limiting value, in this case we have L = 86.395, predicting a limiting value of 86.395%. 


Quantity of A present at time t equals (a — x). 
Quantity of B present at time t equals (b — x). 
So 
Rate of formation of C = k(Quantity of A) (Quantity of B) 
gives 
dx 


a k(a — z)(b— x) 
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| esen 


Rewriting the denominator as (a — z)(b — x) = (x — a)(x — b) enables us to use Formula 26 in the Table of Integrals 
provided a Æ b. For some constant K, this gives 


(b) Separating gives 


(In |x — a| - ln |z — b|) = kt + K. 


a—b 
Thus 
x 
In m | -«- ite (a - 
Zi NN eK (a-b) (a—b)kt 
r—b 
2 > = Med where M = 4e 07», 
= 


Since x = 0 when t = 0, we have M = me Thus 


Tr—a a e (a-b)kt 
xz—b ` 


Solving for x, we have 


ba — ba = ae ^ P (x — b) 
x(b— aeft») t) = ab — abe ^ -PFt 


" ab(1— gn Ry B ab(e^*t zug 
v= b — ael2-b)kt ^ ^ bebkt — qeakt ` 


46. Quantity of A left at time t = Quantity of B left at time t equals (a — x). 


Thus 
Rate of formation of C = k(Quantity of A) (Quantity of B) 
gives 
& = k(a — z)(a — z) = k(a — £)’. 


Separating gives 
- — 
(x — a)? 


—(r—a)-kt-4 K. 
When t = 0,2 = 0 so K =a’. Solving for x: 


Integrating gives, for some constant K, 


—(r—a)'-ktra! 


1 
— kt ai 

a E a? kt 
~ akt+1  akt41 


t— a= 


t=aqa 


47. (a) If alone, the x population grows exponentially, since if y = 0 we have dx/dt = 0.01x. If alone, the y population 
decreases to 0 exponentially, since if x = 0 we have dy/dt = —0.2y. 
(b) This is a predator-prey relationship: interaction between populations x and y decreases the x population and increases 
the y population. The interaction of lions and gazelles might be modeled by these equations. 


48. (a) If alone, the x and y populations each grow exponentially, because the equations become dx/dt = 0.01x and 
dy/dt = 0.2y. 


(b) For each population, the presence of the other decreases their growth rate. The two populations are therefore competitors— 


they may be eating each other's food, for instance. The interaction of gazelles and zebras might be modeled by these 
equations. 
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49. (a) 
(b) 

50. (a) 
(b) 
(c) 
(d) 


(e) 
(f) 


51. (a) 


(b) 
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The x population is unaffected by the y population—it grows exponentially no matter what the y population is, even 
if y — 0. If alone, the y population decreases to zero exponentially, because its equation becomes dy/dt — —0.1y. 
Here, interaction between the two populations helps the y population but does not effect the x population. This is not 
a predator-prey relationship; instead, this is a one-way relationship, where the y population is helped by the existence 
of x’s. These equations could, for instance, model the interaction of rhinoceroses (x) and dung beetles (y). 


See Figure 11.105. 
The two equilibrium values are P — 0 and P — 100. Given any positive initial condition, the shrimp population will 
level off at 100 tons of shrimp in the bay. 


The new differential equation is 
dP 
3 0.8P(1 — 0.01P) — 10. 
Notice that subtracting 10 just moves the graph of dP/dt against P down 10 units. See Figure 11.106. 
We see in Figure 11.106 that the equilibrium values are at approximately P — 14.6 and P — 85.4. 
We see in Figure 11.106 that if P = 12, then dP/dt is negative. The shrimp population will decrease from P = 12. 
If P = 25 or P = 75, we see in Figure 11.106 that dP/dt is positive, so the shrimp populations will increase from 


either of these populations. 


dP/dt 
dP/dt 20 + 


| i ———4 p —20 20 40 60 100 
—20 20 40 60 80 10 
—104 —10 
Figure 11.105 Figure 11.106 
We have 
dæ dz  —2z—zy  zx(y-c2) 
Thus, 
(=) ay = (2) a 
y 
so 
2 3 
fos 2) ay = fa«Sas 
y x 
So, 


y -2ln|y| 2 z +3ln |z| + C. 


Since x and y are non-negative, 


yT2lny — z -3lnz +C. 


This is as far as we can go with this equation — we cannot solve for y in terms of x, for example. We can, however, 


put it in the form 


21 3Inz4C 2 3 
ert?lny — e7t3lastO or y’e” = Are”. 


An equilibrium state satisfies 
dx 
dt 


Solving the first equation, we have 


= —2xy — ry=0 and W 3y- ny =0. 


—z(y+2)=0, so z=0 or y—-2. 


The second equation has solutions 
y=0 or r—-—3. 


Since x, y > 0, the only equilibrium point is (0, 0). 


52. 
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(c) We can use either of our forms for the solution. Looking at 


(d) 


(e) 


(f) 


ye! = Are”, 
we see that if x and y are very small positive numbers, then 


e g e? 


£3 1. 


Thus, 
2 


2 
y^ = Ar’, or T 7 A,a constant. 
x 


Looking at 
y-2lnny— z -3lnz +C, 


we note that if z and y are small, then they are negligible compared to In y and In x. Thus, 
21n y zz 3In z 4- C, 


giving 
In 3? — Ina? z C, 


So 


and therefore 


Vou cC , a constant. 
P 
If 
x(0)=4 and y(0)= 8, 
then 
84-21n8— 4 4-31In4 4 C. 
Note that 
2ln8 = 3ln 4 = In 64, 
giving 


4=C. 
So the phase trajectory is 


yT-2lny — x 4-31naz +4. 


(Or equivalently, y?e" = e!z?e* = z?e***) 
If the concentrations are equal, then 


y+2lny =y+3lny +4, 


giving 
—Iny=4 or y—e *. 


Thus, they are equal when y = x = e^? ~ 0.0183. 
Using part (c), we have that if x is small, 


V 4 
38 xe 
Since x = e^? is certainly small, 
2 
Ge, 5-13 
aca ea and yz&e `. 
Using the chain-rule we get 
dy — dy/dt 
dr da/dt 
giving 
dy  —ar zr 
-ay y 
so 


dx 
TE 
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giving 
y! -z =C. 
Figure 11.107 shows the graph of the slope field of this equation with the solution satisfying y = 46 when x = 40 
sketched in. 
When t = 0, y = 46, x = 40, so C = 46? — 40? = 516. Therefore, the solution is y? — x? = 516. 
(b) The battle is over when x = 0. The number of French/Spanish ships remaining is the y-intercept, thus, y? — 0? = 516 
giving y ~ 22.7 French/Spanish ships remaining. 
(c) For both sub-battles, the solution trajectory will have the form y? — x? = C. Each sub-battle will have a different 
value of C. 
For the 32 versus 23 sub-battle, C — 23? — 32? — — 495, so the trajectory is: 


y? — a? = —495 


or 
z? — y? = 495. 
This has no y-intercept, but an x-intercept of x = V495 ~ 22.2, meaning that the model predicts the British won 
the sub-battle with about 22.2 ships remaining. 
For the 8 versus 23 sub-battle, C = 23? — 8? = 465 so the trajectory is y? — 2? = 465. This has no z-intercept, 
but a y-intercept of y = 465 ~ 21.6, meaning that the model predicts a French/Spanish victory with about 21.6 
ships remaining. 

(d) If the remaining ships from these two sub-battles then fight each other, the British have a slight advantage (22.2 versus 
21.6). Thus the British could be expected to win the overall battle, although they started with a weaker fleet. This is 
in fact what happened. 

The trajectory for this last battle has C = 495 — 460 = 30, so the equation is 


gy = 30. 


This has an x-intercept of x = v30 ~ 5.5, so the model predicts a British victory with about 5i ships remaining. 


(French/Spanish) 


40 F 7 


22.7 
32:4 H (32, 23) 
~— 15t sub-battle 
10 L Final battle 


' 1 1 | (British) 
5.510 2022.2 30 40 


Figure 11.107 


53. (a) The insects grow exponentially with no birds around (the equation becomes da/dt = 3x); the birds die out expo- 
nentially with no insects to feed on dy/dt = —10y). The interaction increases the birds’ growth rate (the --0.001xy 
term is positive), but decreases the insects’ growth rate (the —0.02xy term is negative). This is as we would expect: 
having the insects around helps the birds; having birds around hurts the insects. 

(b) Equilibrium solutions occur where both derivatives are zero: 


(3 — 0.02y)x = 0 


—(10 — 0.001x)y = 0. 
We see that the solutions are (0, 0) and (10, 000, 150) 


(c) 


(d) 


(e) 
(f) 


(g) 
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The chain rule gives an equation for dy/dx: 


dy  dy/dt _ y(—10 + 0.0012) 


dr dx/dt | x(3—0.02y) ` 


J —10 + 0.001x To= i 3 — 0.02y te: 
T y 


Separation of variables gives 


which yields 31n y — 0.02y = —10 1n x + 0.001x + C. 
Using the initial point A = (10, 000, 160), we have 


31n 160 — 0.02(160) = —101n 10,000 + 0.001(10,000) + C. 


Thus, C ~ 94.13 and the solution is 31n y — 0.02y = —101n x + 0.001z + 94.1 

We can check that the equation is satisfied by points B, C, D by substituting the coordinates into the equation 
3lny — 0.02y = —101n z + 0.001x + 94.1. 

The phase plane and the trajectory is in Figure 11.108. 

Consider point A. We have 


dx 


dy 
= d 
0, an d 


a = 3(10, 000) — 0.02(10, 000)(160) = —2000 < 0. 
Thus z is decreasing at point A. Hence the rotation is counterclockwise in the phase plane, and the order of traversal 
is A — B — C — D. 


The graphs of x and y versus t are in Figure 11.109. 


y 

FTN UN T 160 

E = » 
7 ie de cu SNO ` 100 x (in hundreds) 
i$ IBI d Nr ER iD 

VNNN SC LII 
S = = 95 
equilibrium point (10000, 150) 
t 
eS ee E 
Figure 11.108 Figure 11.109 


(h) 


54. (a) 


(b) 


At points A and C, we have dy/dx = 0, and at B and D, we have dr/dy = 0, so these points are extrema: y is 
maximized at A, minimized at C; x is maximized at D, minimized at B. 


In the equation for dx/dt, the term involving x, namely —0.2z, is negative meaning that as x increases, dx /dt 
decreases. This corresponds to the statement that the more a country spends on armaments, the less it wants to 
increase spending. 

On the other hand, since --0.15y is positive, as y increases, dx /dt increases, corresponding to the fact that the 
more a country's opponent arms, the more the country will arm itself. 

The constant term, 20, is positive means that if both countries are unarmed initially, (so x = y = 0), then dx /dt 
is positive and so the country will start to arm. In other words, disarmament is not an equilibrium situation in this 
model. 

The nullclines are shown in Figure 11.110. When dr/dt = 0, the trajectories are vertical (on the line —0.2x + 
0.15y + 20 = 0); when dy/dt = 0 the trajectories are horizontal (on 0.1x — 0.2y + 40 = 0). There is only one 
equilibrium point, x = y = 400. 
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(c) In region I, try x = 400, y = 0, giving 


d 

^ = —0.2(400) + 0.15(0) + 20 < 0 
dy 

Sp = 0.1(400) — 0.20) + 4-0 > 0 


In region IL, try x = 500, y = 500, giving 


= = —0.2(500) + 0.15(500) + 20 < 0 
dy 
a= 0.1(500) — 0.2(500) + 40 < 0 


In region III, try x = 0, y = 400, giving 


d. 
= = —0.2(0) + 0.15(400) + 20 > 0 
dy 
Th 0.1(0) — 0.2(400) + 40 < 0 
In region IV, try z = 0, y = 0, giving 
d 
= = —0.2(0) + 0.15(0) + 20 > 0 
d 
ZU — 0.1(0) — 0.2(0) + 40 > 0 
dt 
See Figure 11.110. 
(d) The one equilibrium point is stable. 
(billion § —0.2z + 0.15y + 20 = 0 Region II 
dz/dt = 0) 


600 - / 
Region III N 


0.1z — 0.2y + 40 = 0 
400 dy/dt — 0 


Region I 
200 
Region IV 
L— a (billion $) 
100 400 600 


Figure 11.110: Nullclines and equilibrium point(dot) for arms race 


(e) If both sides disarm, then both sides spend $0. Thus initially x = y = 0, and dx/dt = 20 and dy/dt = 40. Since 
both dx /dt and dy/dt are positive, both sides start arming. Figure 11.110 shows that they will both arm until each is 
spending about $400 billion. 

(f) If the country spending $y billion is unarmed, then y = 0 and the corresponding point on the phase plane is on the 
x-axis. Any trajectory starting on the x-axis tends toward the equilibrium point x = y = 400. Similarly, a trajectory 
starting on the y-axis represents the other country being unarmed; such a trajectory also tends to the same equilibrium 
point. 

Thus, if either side disarms unilaterally, that is, if we start out with one of the countries spending nothing, then 
over time, they will still both end up spending roughly $400 billion. 

(g) This model predicts that, in the long run, both countries will spend near to $400 billion, no matter where they start. 


55. 


56. 


57. 
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If0 < P < L,then P/L < land P/(2L) < 1: 


dP P P 
a (1-33) <0 
———— 


+ 
+ + 


Thus, if initially there are fewer than L animals, dP/ dt < 0 and the population will decrease. 
If L « P « 2L, then P/L > 1and P/(2L) < 1: 


dP P P 
—— —— k (1-—)}(1-— ; 
à c-r) (t- ag) 29 
40 ————— 
- + 
Thus, if initially there are between L and 2L animals, dP/ dt > 0 and the population will increase. Since P = 2L is an 
equilibrium solution, the population will increase towards P — 2L. 


If P > 2L, then P/L > 1 and P/(2L) > 1: 


dP P P 
T (1-5) 1-3) <2 
+ —— 


Thus, if initially there are more than 2L animals, dP/dt < 0 and the population will decrease. Since P = 2L is an 
equilibrium solution, the population will decrease towards P = 2L. 


CAS Challenge Problems 
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(a) We find the equilibrium solutions by setting dP/dt = 0, that is, P(P — 1)(2 — P) = 0, which gives three solutions, 
P=0, P=1,and:P = 2. 

(b) To get your computer algebra system to check that P; and P» are solutions, substitute one of them into the equation 
and form an expression consisting of the difference between the right and left hand sides, then ask the CAS to simplify 
that expression. Do the same for the other function. In order to avoid too much typing, define P; and P» as functions 
in your system. 

(c) Substituting t = 0 gives 


1 
P,(0) = 1 — — = 1/2 
4 
P0) =1+ + =3/2 
>» (0) = — = 1 
V4 
We can find the limits using a computer algebra system. Alternatively, setting u = e*, we can use the limit laws to 


calculate 


Therefore, we have 


lim P,(t)=1—1=0 


i—oo 


lim P(t) 14122. 

i—oo 
To predict these limits without having a formula for P, looking at the original differential equation. We see if 0 < 
P < 1, then P(P — 1)(2— P) < 0, so P’ < 0. Thus, if 0 < P(0) < 1, then P'(0) < 0, so P is initially decreasing, 
and tends toward the equilibrium solution P = 0. On the other hand, if 1 < P < 2, then P(P — 1)(2 — P) > 0, so 
P’ > 0. So, if 1 < P(0) < 2, then P'(0) > 0, so P is initially increasing and tends toward the equilibrium solution 
P=2. 
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59. (a) Using the integral equation with n + 1 replaced by n, we have 


yn(a) = f (yn—1(t)? +t?) dt 2 b 4-0 — b. 


(b) We have a — 1 and b — 0, so the integral equation tells us that 


Yn+1(8) = (ys (t)? +t?) dt. 


With n = 0, since yo(s) = 0, the CAS gives 


E 3 
n9 - f du diee ia T. 
: 3 


Then 


18 ' 63’ 
and 


Ce / (yo(t) + 8) at 


_ 157847 289s 17s" 825" I aT WE XM MEN 
~ 374220 ' 1764 378 ' 243 252 ' 42 486 63 1764 ` 
5 s? PEE nz gl 
zu en usd IE 
6804 2079 6804 ^ 59535 


(c) The solution y, and the approximations yi, y», y3 are graphed in Figure 11.111. The approximations appear to be 
accurate on the range 0.5 < s < 1.5. 


ü ya(s) 

gi (s) fias) 
yi(s) 

T 

Figure 11.111 
60. (a) See Figure 11.112. 
y 
x 


Figure 11.112 
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(b) Different CASs give different answers, for example they might say y = sin x, or they might say 


: UP 
—sinz, -~<a<-. 

d du uo" 
(c) Both the sample CAS answers in part (b) are wrong. The first one, y = sin x, is wrong because sin x starts decreasing 
at x = 7/2, where the slope field clearly shows that y should be increasing at all times. The second answer is better, 


but it does not give the solution outside the range —7/2 < x < 7/2. The correct answer is the one sketched in 
Figure 11.112, which has formula 


—1 gm 
y= snt -$<a2<F 
1 que Seq. 
PROJECTS FOR CHAPTER ELEVEN 
1. Assuming dT, /dt is proportional to T;., we have: 
dT, . -" i f 
d^ —kT, where k is a positive constant of proportionality. 


The solution to this differential equation is the exponential decay function, 
T, = Ae~*. 
The solution was derived by separating variables: 
I dT, = k dt 
oo 
In|T,| 2 —kt 4- C 
[ir] = ef eWkt 
T, = Ae", where |A| = eC. 


We find the values of A and k from the data in Table 11.12. We know that: 


Ae ^ = 37 since T, = 37 att = 4 
Ae F 195 — 13 since T, = 13 at t = 19.5 
Ae-*4 37 me 
SO Ae-K19.5 = B dividing 
e15-5k 37 
13 
1 37 


Having found k, we can now find A: 


Ae-9-06748(4) — 37 since T, = 37 at t = 4 
A = 48.5 ng/ml. 


Thus, the concentration of tryptase t hours after surgery is modeled by the exponential decay function 
Tp = AB ber 006748 ig/ml. 


The greatest concentration is 48.5 ng/ml, which occurs at £ = 0 when the patient leaves surgery. We can 
diagnose anaphylaxis since this peak level is above 45 ng/ml. 
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2. (a) (i) Integrating we have 


dP 
— = 30.2 
dt 
P = 30.2t + C. 
Since P(0) — 95, we have C — 95, so 
P = 30.2t + 95. 


Substituting t = 87 and rounding to the nearest person gives 
P = 30.2 +874 95 = 2722. 


The linear model predicts that 2722 people would have contracted SARS by June 12, 2003. 
(ii) Separating variables, we have 


1 dP 
—— =0.12 
P dt 


[> = forza 
P 


In|P| 2 0.12t- C 
P= Ae? 1? 


Since P(0) = 95, we have A = 95, so 
P= 95e 12t, 
Substituting t = 87 and rounding to the nearest person gives 
P = 9560-1287 — 3, 249, 062. 


The exponential model predicts that 3.249 million people would have contracted SARS by June 12, 
2003. 


(iii) Writing the differential equation in the form 


dP 

— = 0.19P — 0.0002P? 

dt 

dP 0.0002 
mes 0.19P (: ECC ) 
dP 


P 
— =0.19P | 1- — 
dt ( x) 


we use the analytic solution derived on page 630 of the text to obtain 


950 : 950 — 95 
P= Tp dete Wiháco 7g = 
5o 950 
pus 14 9e-019t* 
Substituting t = 87 and rounding to the nearest person gives 
950 
fe 1-9e-01987 ~ 950. 


The logistic model predicts that 950 people will have contracted SARS by June 12, 2003. 
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(b) (i) The three methods give very different predictions. The linear and logistic are about 3000 and 1000, 
respectively, while the exponential model is 3 million, nearly half the population of Hong Kong. 
(ii) The number of new cases per day is approximated by the derivative, dP/dt. The linear model predicts 
a constant number of new cases each day; the exponential model predicts an increasing number of new 
cases each day; the logistic model predicts that the number of new cases per day will first increase 
and then decrease. 

(iii) The general trend in the figure shows that the number of new cases per day first climbed and then fell, 
suggesting that the logistic model fits best. The high values are largely Mondays, and represent two 
days of data recorded as one, since no new cases were reported on Sundays. 

(c) () The formula 


950 
P= 1 + 9e-0-19t 
has limiting value P = 950 as t — oo. Thus, this formula predicts that the maximum number of cases 


expected is 950. 
(ii) The graph allows us to estimate (very roughly) when the daily increase was largest, namely about 
April 10. Since the maximum rate of change of P (and the maximum daily increase in P) occurs at 
L/2, where L is the maximum value of P, we expect the maximum value of P to be about 2 - 998 ~ 
2000. 
(d) See Figures 11.113—11.115. The dots represent the actual data. 


P 
m i P=95 0.12t 
P = 30.2t 4- 95 3. 108 £ 
2- 10° 
1- 10° 
; t (days since 
__ t (days since 
Figure 11.114: Exponential predictions and actual 
Figure 11.113: Linear predictions and actual data data 
P 
2000 
e? @eee0e0e0 
950 
P= 1 + Qe—9-19t 
| __ t (days since 
50 100 March 17) 


Figure 11.115: Logistic predictions and actual data 


3. (a) Since Jp is the number of infecteds on day t = 0, March 17, we have Jọ = 95. Since Spo is the initial 
number of susceptibles, which is the whole population of Hong Kong, So « 6.8 million. 
(b) For a = 1.25 - 107? and b = 0.06, the system of equations is 


dS 


= —1.25- 10-557 
dt 
dI 
ze 1.25107 5S1 — 0.061. 


So, by the chain rule, 


dI  dl/dt 135.1058] — 0.061 _ ids 4.8 - 106 
dS  dS/dt | —125.10-389]  —— 8.7 
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The slope field and trajectory are in Figure 11.116. 


I (infecteds) 
04.105 Fi | | | ` 
gara ETA 
aae ribi TRUE (6.8 - 10°, 95) 


> ^ S (susceptibles) 
5.10 


Figure 11.116 


(c) The maximum value of J is about 300,000; this gives us the maximum number of infecteds at any one 


time—the total number of people infected during the course of the disease is much greater than this. The 
trajectory meets the S-axis at about 3.3 million; this tells us that when the disease dies out, there are still 
3.3 million susceptibles who have never had the disease. Therefore 6.8 — 3.3 — 3.5 million people are 
predicted to have had the disease. 

The threshold value of S occurs where dI /dt = 0 and I Z 0, so, fora = 1.25- 10- and b — 0.06, 


dI 
a> 1.25-10-° SI — 0.067 = 0, 


giving 
0.06 6 
Threshold value = S = 125.108 ^ 4.8 - 10° people. 


The threshold value tells us that if the initial susceptible population, So is more than 4.8 million, there will 
be an epidemic. If So is less than 4.8 million, there will not be an epidemic. Since the population of Hong 
Kong is over 4.8 million, an epidemic is predicted. 


(d) The value of b represents the rate at which infecteds are removed from circulation. Quarantine increases 


the rate people are removed and thus increases b. 


(e) For a = 1.25- 1078 and b = 0.24, the system of differential equations is 


ES —1.25-10- 5S7 
dt 
B = 1.25-10- 5S T — 0.241. 
dt 
So, by the chain rule, 
dI  dI/dt  125.10-581 —0.24I — ia 19.2 . 109 
dS  dS/dt | —1235.10-89] S 7 


The slope field is in Figure 11.117. The solution trajectory does not show as the disease dies out right 
away. 


T (infecteds) 
0.4- 108 + 


0.3- 10° - 


0.1-10° - 


eza H 


EERETRS — S (susceptibles) 


Figure 11.117 
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(f) The threshold value of S occurs where dI /dt = 0 and I Z 0, so, for b = 0.24 and the same value of a, 


dI 
— —1.25.10^ 557 — 0.24I = 0, 
dt 
giving 
Threshold value = S = us = 19.2 - 10° people 
=> = 135.108 ^" propis: 


The threshold value tells us that if So is less than 19.2 million, there will be no epidemic. The population 
of Hong Kong is 6.8 million, so So is below this value. Thus no epidemic is predicted. 

Policies, such as quarantine, which raise the value of b can be effective in preventing an epidemic. In 

this case, the value of b increased sufficiently that the population of Hong Kong fell below the threshold 
value, and a potential epidemic was averted. However, we do not have evidence that the quarantine policy 
was responsible for the increase in b. 
Policy I: Closing off the city changes the initial values of So and Jp but not the values of a and b. If not 
one infected person enters the city, then Jọ = 0 and the solution trajectory is an equilibrium point on the 
S-axis. However, in practice it is almost impossible to cut off a city completely, so usually Jọ > 0. Also, 
by the time a policy to close off a city is put into effect, there may already be infected people inside the 
city, so again Jj > 0. Thus, whether or not there is an epidemic depends on whether So is greater than the 
threshold value, not on the value of Jp (provided Jp > 0). 

For example, in the case of Hong Kong with the March values of a and b, changing the value of Io to 1 
leaves the solution trajectory much as before; see Figure 11.118. The main difference is that the epidemic 
occurs slightly later. So a policy of isolating a city only works if it keeps the disease out of the city of the 
city entirely. Thus, Policy I does not help the city except in the exceptional case that every infected person 
is kept out. 


wa 


(g 


I (infecteds) 
0.4: 10° + 


0.3- 109 + 


(6.8 - 10°, 1) 


03-108 Ei iii | 
0.1- 10° F 


WA 


5.108 


S (susceptibles) 


Figure 11.118 


Policy II: From the analysis of the Hong Kong data, we see that a quarantine policy can help prevent 
an epidemic if the value of b is increased enough to bring So below the threshold value. Thus, Policy II 
can be very effective. 


4. (a) 
p(x) = the number of people with incomes > z. 


p(x + Aa) = the number of people with incomes > a + Az. 
So the number of people with incomes between x and x + Az is 
p(x) — plz + Ax) = —Ap. 


Since all the people with incomes between x and x + Az have incomes of about x (if Ax is small), 
the total amount of money earned by people in this income bracket is approximately x(—Ap) = —zAp. 
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(b 


~ 


Pareto's law claims that the average income of all the people with incomes > z is kx. Since there are p(x) 
people with income > zx, the total amount of money earned by people in this group is kxp(x). 

The total amount of money earned by people with incomes > (x + Ax) is therefore k(x + Ax)p(a + 
Az). Then the total amount of money earned by people with incomes between x and x + Ax is 


kxp(z) — k(x + Ax)p(a + Az). 


Since Ap = p(x + Az) — p(x), we can substitute p(x + Ax) = p(x) + Ap. Thus the total amount of 
money earned by people with incomes between x and x + Az is 


karp(x) — k(x + Ax)(p(x) + Ap). 
Multiplying out, we have 
kap(x) — kap(a) — k(Az)p(x) — kvAp — kAzAp 


Simplifying and dropping the second order term AxvAp gives the total amount of money earned by people 
with incomes between x and x + Ax as 


—kpAax — kaAp. 
(c 


— 


Setting the answers to parts (a) and (b) equal gives 
r^p = —kpAx — kxAp. 


Dividing by Az, and letting Ax — 0 so that Ap — p', we have 


Ap Ap 
Cu echas roe 
Ax PED Ax 
xp = kp + kzp' 


T 


so 
(1 —k)ap! = kp. 


(d) We solve this equation by separating variables 
dp k dz 
/ E / (I-k) 
k 


Inp = Inz+C (no absolute values needed since p, x > 0) 


(1—k) 

Inp = Inz*/0-9 41nA (writing C = In A) 

Inp = In[Az"/0-9] (using In(AB) = In A + In B) 
p = Agk/(-) 


(e) We take A = 1. For k = 10, p = x710? ~ xt, For k = 1.1, p = x-!!. The functions are graphed in 
Figure 11.119. Notice that the larger the value of k, the less negative the value of k/(1 — k) (remember 
k > 1), and the slower p(x) — 0 as x > œ. 


p(x) 


£7109 (k = 10) 
x 5 (k = 1.1) 


Figure 11.119 
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5. (a) Writing F = b (zz) = 0 shows F = 0 when r = a, so r = a gives the equilibrium position. 


(b) Expanding 1/7? about r = a gives 


Thus, combining gives 


(c) Setting x = r — a gives 


b 2 
Fez). 
a a 


(d) For small z, we discard the quadratic term in part (c), giving 


The acceleration is d?z/dt?. Thus, using Newton’s Second Law: 


Force — Mass - Acceleration 


we get 
-br dx 
abo gg 
So 
dz b 
This differential equation represents an oscillation of the form x = C coswt + C5 sin wt, where w? = 
b/ (a?m) so w = 4/b/(a?m). Thus, we have 


Bode = 2ra, | —. 
w b 
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CHAPTER TWELVE 


Solutions for Section 12.1 


Exercises 


1. The point P is V12? + 2? + 1? = V6 = 2.45 units from the origin, and Q is V22 + 0? + 0? = 2 units from the origin. 
Since 2 < /6, the point Q is closer. 


2. The distance formula: d = 4/(xo — zi)? + (y2 — y1)? + (z2 — 21)? gives us the distance between any pair of points 


(21, y1, 21) and (x2, y», z2). Thus, we find 


Distance from Pi to P; = 2/2 
Distance from P» to P3 = V6 
Distance from P, to P3 = V 10 


So P5 and P; are closest to each other. 


3. The distance of a point P = (x,y,z) from the yz-plane is |x|, from the xz-plane is |y|, and from the xy-plane is |z|. 
So, B is closest to the yz-plane, since it has the smallest z-coordinate in absolute value. B lies on the xz-plane, since its 
y-coordinate is 0. B is farthest from the xy-plane, since it has the largest z-coordinate in absolute value. 


4. Your final position is (1, — 1, 1). This places you in front of the yz-plane, to the left of the zz-plane, and above the 
xy-plane. 


5. An example is the line y = z in the yz-plane. See Figure 12.1. 


Figure 12.1 


6. The midpoint is found by averaging coordinates: 


1+5 3+6 9-3 
——, —— ) = (2, 4.5, 3). 
2 ^" zx.) ipd) 


Midpoint — ( 


7. The graph is a horizontal plane at height 4 above the xy-plane. See Figure 12.2. 
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Figure 12.2 


8. The graph is a plane parallel to the yz-plane, and passing through the point (—3, 0, 0). See Figure 12.3. 


Li 


Figure 12.3 


9. The graph is a plane parallel to the zz-plane, and passing through the point (0, 1, 0). See Figure 12.4. 


D 


Figure 12.4 


10. The graph is all points with y = 4 and z = 2, i.e., a line parallel to the x-axis and passing through the points 
(0, 4, 2); (2, 4, 2); (4, 4, 2) etc. See Figure 12.5. 


Figure 12.5 


11. 
12. 
13. 
14. 
15. 


16. 


17. 


12.1 SOLUTIONS 


The radius is 7 — (—1) — 8, so the highest point is at (2, 3, 15). 
The equation is x? + y? + 2? = 25 

The sphere has equation (x — 1)? + y? + z? = 4. 

The plane has equation y — 3. 


(a) 80-90°F 
(b) 60-72°F 
(c) 60-100°F 
predicted high temperature 
l ıı distance from 
Topeka 
~— south north === 
Figure 12.6 
; Boise 
+ 100+ 
100 L Boise T 
80 + 801 
60 — 604- 
North South West 
Figure 12.7 Figure 12.8 


18. Beef consumption by households making $20,000/year is given by Row 1 of Table 12.1 on page 667 of the text. 


Table 12.1 
p 4.50 
£(20, p) 2.51 | 2.43 


For households making $20,000/year, beef consumption decreases as price goes up. 
Beef consumption by households making $100, 000/year is given by Row 5 of Table 12.1. 


Table 12.2 
p 4.50 
/ (100, p) 5.53 


For households making $100,000/year, beef consumption also decreases as price goes up. 
Beef consumption by households when the price of beef is $3.00/Ib is given by Column 1 of Table 12.1. 


1143 


East 
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Table 12.3 


I 100 
£(1,3.00) 5.11 5.79 


When the price of beef is $3.00/Ib, beef consumption increases as income increases. 
Beef consumption by households when the price of beef is $4.00/Ib is given by Column 3 of Table 12.1. 


Table 12.4 
I | so [100 
F(Z, 4.00) 4.97 5.60 


When the price of beef is $4.00/Ib, beef consumption increases as income increases. 


19. Table 12.5 gives the amount M spent on beef per household per week. Thus, the amount the household spent on beef in a 
year is 52M. Since the household's annual income is J thousand dollars, the proportion of income spent on beef is 


Thus, we need to take each entry in Table 12.5, divide it by the income at the left, and multiply by 0.052. Table 12.6 shows 
the results. 


Table 12.5 Money spent on beef Table 12.6 Proportion of annual income spent on beef 


($/household/week) 
Price of Beef ($) 


Price of Best) 

— 
Income UM Bed Ee ($1,000) | 60 [ 0.013 | 0.015 | 0.017 | 0.019 | 
($1,000) | 80 [ 0.010 | 0.012 | 0.013 | 0.015 | 


ES 
| 80 f 16.05 | 18.52 | 20.76 | 
24.89 


20. If the price of beef is held constant, beef consumption for households with various incomes can be read from a fixed 
column in Table 12.1 on page 667 of the text. For example, the column corresponding to p = 3.00 gives the function 
h(I) = f(1,3.00); it tells you how much beef a household with income 7 will buy at $3.00/Ib. Looking at the column 
from the top down, you can see that it is an increasing function of J. This is true in every column. This says that at any 
fixed price for beef, consumption goes up as household income goes up—which makes sense. Thus, f is an increasing 
function of J for each value of p. 


Problems 


21. (a) According to Table 12.2 of the problem, it feels like —19°F. 

(b) A wind of 20 mph, according to Table 12.2. 

(c) About 17.5 mph. Since at a temperature of 25°F, when the wind increases from 15 mph to 20 mph, the temperature 
adjusted for wind chill decreases from 13°F to 11°F, we can say that a 5 mph increase in wind speed causes a 2°F 
decrease in the temperature adjusted for wind chill. Thus, each 2.5 mph increase in wind speed brings about a 1?F 
drop in the temperature adjusted for wind chill. If the wind speed at 25°F increases from 15 mph to 17.5 mph, then 
the temperature you feel will be 13 — 1 = 12°F. 

(d) Table 12.2 shows that with wind speed 20 mph the temperature will feel like 0°F when the air temperature is some- 
where between 15°F and 20°F. When the air temperature drops 5°F from 20°F to 15°F, the temperature adjusted for 
wind-chill drops 6°F from 4°F to —2°F. We can say that for every 1°F decrease in air temperature there is about a 
6/5 = 1.2?F drop in the temperature you feel. To drop the temperature you feel from 4°F to 0°F will take an air 
temperature drop of about 4/1.2 = 3.3°F from 20°F. With a wind of 20 mph, approximately 20 — 3.3 = 16.7°F 
would feel like 0°F. 


22. 


23. 


24. 


25. 


26. 


27. 
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Table 12.7 Temperature adjusted for wind chill at 
20°F 


Wind speed (mph) 25 
Adjusted temperature (°F) a| ofj ef al 3 


Table 12.8 Temperature adjusted for wind chill at 0° F 


Wind speed (mph) 25 
Adjusted temperature (°F) 16 24 


Table 12.9 Temperature adjusted for wind chill at 5 mph 


Temperature °F) 
Adjusted temperature (°F) 


Table 12.10 Temperature adjusted for wind chill at 20 mph 


Temperature (°F) 0 
Adjusted temperature (°F) 24} 17 far} 4] —2 | -9 | -15 | —22 


(a) The total cost in dollars of renting a car is 40 times the number of days plus 0.15 times the number of miles driven, 

so 

C = f(d,m) = 40d + 0.15m. 
(b) We have 
f (5,300) = 40(5) + 0.15(300) = $245. 

Renting a car for 5 days and driving it 300 miles costs $245. 
The gravitational force on a 100 kg object which is 7,000, 000 meters from the center of the earth (or about 600 km above 
the earth’s surface) is about 820 newtons. 


(a) The acceleration due to gravity decreases as h increases, because the gravitational force gets weaker the farther away 
you are from the planet. (In fact, g is inversely proportional to the square of the distance from the center of the planet.) 

(b) The acceleration due to gravity increases as m increases. The more massive the planet, the larger the gravitational 
force. (In fact, g is proportional to m.) 


By drawing the top four corners, we find that the length of the edge of the cube is 5. See Figure 12.9. We also notice that 
the edges of the cube are parallel to the coordinate axis. So the x-coordinate of the the center equals 


5 
-14+=-=1.5. 
2 
The y-coordinate of the center equals 
5 
—2+ -= =0.5 
2 
The z-coordinate of the center equals 
2— 5 = —0.5 
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(1.5, 0.5, 2) 


(4, —2,2) (-1, 3, 2) 


+— (1.5,0.5, —0.5) 


Figure 12.9 


28. The equation for the points whose distance from the z-axis is 2 is given by \/y? + z? = 2, i.e. y? + z? = 4. It specifies 
a cylinder of radius 2 along the x-axis. See Figure 12.10. 


Figure 12.10 


29. The distance of any point with coordinates (x,y,z) from the x-axis is 4/ y? + z?. The distance of the point from the 
xy-plane is |x|. Since the condition states that these distances are equal, the equation for the condition is 


Vy? +22 = |z| ie. y^ 4 z az. 


This is the equation of a cone whose tip is at the origin and which opens along the x-axis with a slope of 1 as shown in 
Figure 12.11. 


Figure 12.11 


30. The coordinates of points on the y-axis are (0, y, 0). The distance from any such point (0, y, 0) to the point (a, b, c) is 
)? + c?. Therefore, the closest point will have y = b in order to minimize d. The resulting distance is 


then: d = Va? + c?. 


31. 


32. 


33. 


34. 


35. 
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(a) The sphere has center at (2, 3, 3) and radius 4. The planes parallel to the xy-plane just touching the sphere are 4 
above and 4 below the center. Thus, the planes z = 7 and z = — 1 are both parallel to the xy-plane and touch the 
sphere at the points (2,3, 7) and (2, 3, — 1). 

(b) The planes x = 6 and x = —2 just touch the sphere at (6, 3, 3) and at (—2, 3, 3) respectively and are parallel to the 
yz-plane. 

(c) The planes y = 7 and y = —1 just touch the sphere at (2, 7, 3) and at (2, —1, 3) respectively and are parallel to the 
c z-plane. 


The edges of the cube have length 4. Thus, the center of the sphere is the center of the cube which is the point (4, 7, 1) 
and the radius is r — 2. Thus an equation of this sphere is 


(z — 4 + (y TP  (« - 1? =4. 


(a) The vertex at the opposite end of a diagonal across the base is (12, 7, 2). The other two points are (5, 7, 2) and 
(12,1,3). 
(b) The vertex at the opposite end of a diagonal across the top is (5, 1, 4). The other two points are (5, 7, 4) and (12, 1, 4). 


Using the distance formula, we find that 


Distance from P, to P = /206 
Distance from P» to P = V152 
Distance from P3 to P = V170 
Distance from P4 to P = V113 


So P, = (—4, 2, 7) is closest to P = (6,0, 4). 


(a) To find the intersection of the sphere with the yz-plane, substitute x = 0 into the equation of the sphere: 


(=1) + (y +3)? + (2-2)? =4, 


therefore 

(y +3)? + (2-2) =3 
This equation represents a circle of radius V3. 
On the xz-plane y = 0: 


therefore 


(a — 1)? + (zg — 2)? =—5 
The negative sign on the right side of this equation shows that the sphere does not intersect the xz-plane, since the 
left side of the equation is always non-negative. 


On the zy-plane, z = 0: 
(z —1)* + (y +3)? + (2)? =4, 


therefore 

(z — 1)? + (y +3) =0. 
This equation has the unique solution x = 1, y = —3, so the xy-plane intersects the sphere in the single point 
(1, —3, 0). 


(b) Since the sphere does not intersect the zz-plane, it cannot intersect the x or z axes. On the y-axis, we have x = z = 0. 
Substituting this into the equation for the sphere we get 


(—1)? + (y +3)? + (-2)? = 4, 


therefore 
(y +3} =-1. 


This equation has no solutions because the right hand side is negative, and the left-hand side is always non-negative. 
Thus the sphere does not intersect any of the coordinate axes. 
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36. The length corresponds to the y-axis, therefore the y-coordinates of the corners must be 1 + ae —5.5, 7.5. See 
Figure 12.12. The height corresponds to the z-axis, therefore the z-coordinates of the corners must be -242 = 0.5, —4.5. 


The width corresponds to the x-axis, therefore the x-coordinates of the corners must be 1 + 3 = 4, —2. The coordinates 
of those eight corners are therefore 


(4,7.5,0.5), (—2, 7.5, 0.5), (—2, —5.5, 0.5), (4, —5.5, 0.5), 
(4, 7.5, —4.5), (—2, 7.5, —4.5), (—2, —5.5, —4.5), (4, —5.5, —4.5). 


(—2, —5.5,0.5) z 


(4, —5.5,0.5) (—2, 1.5,0.5) 


y 
(—2, —5.5, —4.5) 
(4, —5.5, —4.5) (—2, 7.5, —4.5) 
(4, 7.5, —4.5) 


Figure 12.12 
37. The length of the side of the triangle is 2, so its height is V/3. The coordinates of the highest point are (8, 0, V/3). 
38. (a) We find the midpoint by averaging 


1+5 5+13 7-19 
27 2 "7" 2 


Midpoint — ( ) = (3,9, 13). 


(b) We use a weighted average, with the coordinates of point A weighted three times more heavily than point B: 


3-1+5 3-54+13 3-7+19 


Point = ( — EA 
4 4 4 


) = (2,7, 10). 
(c) We find the point in a similar way to part (b), but weighting B more heavily 


143.5 54+3-13 74+3-19 


Point = a 
om ( i 3 i ; 7 


) = (4,11, 16). 


Strengthen Your Understanding 


39. The graph of the equation y = 1 is a plane perpendicular to the y-axis, not a line. The x-axis is parallel to the plane. 


40. The xy-plane has equation z = 0, 


The equation zy = 0 means either x = 0 (the equation of the yz-plane) or y = 0 (the equation of the xz-plane). 
Points on the xy-plane all have z = 0; this is its equation. 


41. The closest point on the x-axis to (2, 3, 4) is (2,0, 0). The distance from (2, 3, 4) to this point is 


24 (4— 0)? = V25 — 5. 


42. One possible function that is increasing in x and decreasing in y is given by the formula f(x,y) = x — y. For a fixed value 
of x, the value of x — y decreases as y increases, and for a fixed value of y, the value of x — y increases as x increases. 
There are many other possible answers. 


43. If we pick a point with z = —5, its distance from the plane z = — 5 is zero. The distance of a point from the xz-plane is 
the magnitude of the y-coordinate. So the point (—2, —1, —5) is a distance of 1 from the zz-plane and a distance of zero 
from the plane z — —5. There are many other possible points. 


44. 
45. 
46. 


47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 


Solutions for Section 12.2 
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True. Since each choice of x and y determines a unique value for f(x,y), choosing x = 10 yields a unique value of 
J (10, y) for any choice of y. 


True. Since each choice of h > 0 and s > 0 determines a unique value for the volume V, we can say V is a function of h 
and s. In fact, this function has a formula: V (h, s) = h- s?. 


False. If, for example, d = 2 meters and H = 57°C, there could be many times t at which the water temperature is 57 °C 
at 2 meters depth. 


False. A function may have different inputs that yield equal outputs. 

True. Since each of f(x) and g(y) has at most one output for each input, so does their product. 

True. All points in the z — 2 plane have z-coordinate 2, hence are below any point of the form (a, b, 3). 

False. The plane z = 2 is parallel to the xy-plane. 

True. Both are distance v2 from the origin. 

False. The point (2, — 1, 3) does not satisfy the equation. It is at the center of the sphere, and does not lie on the graph. 
True. The origin is the closest point in the yz-plane to the point (3, 0, 0), and its distance to (3, 0, 0) is 3. 

False. There is an entire circle (of radius 4) of points in the yz-plane that are distance 5 from (3, 0, 0). 

False. The value of b can be +4. 


True. Otherwise f would have more than one value for a given pair (x, y), which cannot happen if f is a function. 


False. For example, the y-axis intersects the graph of f(x,y) = 1 — x? — y? twice, at y = +1. 


Exercises 


1. 


2. 


(a) The value of z decreases as x increases. See Figure 12.13. 
(b) The value of z increases as y increases. See Figure 12.14. 


x 


Zz 


[ eee M 


Figure 12.13 Figure 12.14 


(a) is (IV), since z = 2 + x? + y? is a paraboloid opening upward with a positive z-intercept. 
(b) is (ID, since z = 2 — x? — y? is a paraboloid opening downward. 

(c) is (D, since z — 2(z? + y?) is a paraboloid opening upward and going through the origin. 
(d) is (V), since z = 2 + 2x — y is a slanted plane. 

(e) is (IID, since z — 2 is a horizontal plane. 


(a) The value of z only depends on the distance from the point (x, y) to the origin. Therefore the graph has a circular 
symmetry around the z-axis. There are two such graphs among those depicted in the figure in the text: I and V. The 
one corresponding to z — THUS is I since the function blows up as (x, y) gets close to (0, 0). 

(b) For similar reasons as in part (a), the graph is circularly symmetric about the z-axis, hence the corresponding one 
must be V. 

(c) The graph has to be a plane, hence IV. 

(d) The function is independent of z, hence the corresponding graph can only be II. Notice that the cross-sections of this 
graph parallel to the yz-plane are parabolas, which is a confirmation of the result. 

(e) The graph of this function is depicted in III. The picture shows the cross-sections parallel to the zx-plane, which have 
the shape of the cubic curves z — x? — constant. 
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4. The graph is a horizontal plane 3 units above the zy-plane. See Figure 12.15. 


Z 
11 


Figure 12.15 


5. The graph is a sphere of radius 3, centered at the origin. See Figure 12.16. 


z 


Figure 12.16 


6. The graph is a bowl opening up, with vertex at the point (0, 0, 4). See Figure 12.17. 


z 


Figure 12.17 


7. Since z = 5— (x? 4-y?), the graph is an upside-down bowl moved up 5 units and with vertex at (0, 0, 5). See Figure 12.18. 


z 
5 


Figure 12.18 
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8. In the yz-plane, the graph is a parabola opening up. Since there are no restrictions on x, we extend this parabola along the 
a-axis. The graph is a parabolic cylinder opening up, extended along the x-axis. See Figure 12.19. 


zZ 


L 7 


Figure 12.19 


9. The graph is a plane with x-intercept 6, and y-intercept 3, and z-intercept 4. See Figure 12.20. 


z 
4 | 


Figure 12.20 


10. In the xy-plane, the graph is a circle of radius 2. Since there are no restrictions on z, we extend this circle along the z-axis. 
The graph is a circular cylinder extended in the z-direction. See Figure 12.21. 


Figure 12.21 


11. In the xz-plane, the graph is a circle of radius 2. Since there are no restrictions on y, we extend this circle along the y-axis. 
The graph is a circular cylinder extended in the y-direction. See Figure 12.22. 


Z 
2 


Figure 12.22 
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12. All the points on the cylinder are at a distance v7 from the y-axis. Since this distance is given by v/z? + z2, we have 


Va? 4-22 — VT 
ete =T. 


13. A sphere of radius 3 centered at the origin has equation £? + y? + z? = 3? = 9, so shifting the center to (0./7, 0) gives 
r? «(yvy +27 S. 
14. A paraboloid with vertex at the origin but opening along the positive x-axis is 


ry +z. 


A parabola opening toward the negative x-axis is 


so moving the vertex to (1, 3, 5) gives 


Problems 


15. (a) Cross-sections with x fixed at x = b are in Figure 12.23. 


=0 
—1 
y 
—10-- EC AN 
Figure 12.23: Cross-section Figure 12.24: Cross-section 
f(a. y) = y? + ay, with a = —1, 0, 1 f(a, b) = b? + bx, with b = —1, 0, 1 


(b) Cross-section with y fixed at y = 6 are in Figure 12.24. 


16. We have f(3,2) = 2e~ 2-3) — 0.037. We see that 2 hours after the injection of 3 mg of this drug, the concentration of 
the drug in the blood is 0.037 mg per liter. 


17. (a) Holding x fixed at 4 means that we are considering an injection of 4 mg of the drug; letting t vary means we are 
watching the effect of this dose as time passes. Thus the function f (4, t) describes the concentration of the drug in 
the blood resulting from a 4 mg injection as a function of time. Figure 12.25 shows the graph of f(4,t) = te" *. 
Notice that the concentration in the blood from this dose is at a maximum at 1 hour after injection, and that the 
concentration in the blood eventually approaches zero. 


C' (mg per liter) C' (mg per liter) 

0.5 

0.3 C= f(4,) i C = T1) 
0.2 0.3 
0.2 
0.1 0.1 

t (hours) x (mg) 
12 34 5 1 2 3 4 5 
Figure 12.25: The function f (4, t) Figure 12.26: The function f(x, 1) 
shows the concentration in the blood shows the concentration in the blood 1 


resulting from a 4 mg injection hour after the injection 
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(b) Holding t fixed at 1 means that we are focusing on the blood 1 hour after the injection; letting x vary means we 
are considering the effect of different doses at that instant. Thus, the function f(x, 1) gives the concentration of 
the drug in the blood 1 hour after injection as a function of the amount injected. Figure 12.26 shows the graph of 
f(x,1) = e-O-9 = e*-5, Notice that f(a, 1) is an increasing function of x. This makes sense: If we administer 
more of the drug, the concentration in the bloodstream is higher. 


18. The one-variable function f(a, t) represents the effect of an injection of a mg at time t. Figure 12.27 shows the graphs of 
the four functions f(1, t) = te^ **, f(2,t) = te ?*, f(3,t) = te ?', and f(4,t) = te™* corresponding to injections of 
1, 2, 3, and 4 mg of the drug. The general shape of the graph is the same in every case: The concentration in the blood is 
zero at the time of injection t = 0, then increases to a maximum value, and then decreases toward zero again. We see that 
if a larger dose of the drug is administered, the peak of the graph is later and higher. This makes sense, since a larger dose 
will take longer to diffuse fully into the bloodstream and will produce a higher concentration when it does. 


C (mg per liter) 


t (hours) 
1 2 3 4 5 


Figure 12.27: Concentration C = f(a, t) of the drug resulting from an a mg injection 


19. (a) is (IV), (b) is (IX), (c) is (VID, (d) is (D, (e) is (VHI), (f) is (ID, (g) is (VD, (b) is AID, (i) is (V). 
20. (a) This is a bowl; z increases as the distance from the origin increases, from a minimum of 0 at x = y = 0. 

(b) Neither. This is an upside-down bowl. This function decreases from 1, at x = y = 0, to arbitrarily large negative 
values as x and y increase due to the negative squared terms of x and y. It looks like the bowl in part (a) except 
flipped over and raised up slightly. 

(c) This is a plate. Solving the equation for z gives z = 1 — x — y which describes a plane whose x and y slopes are — 1. 
It is perfectly flat, but not horizontal. 

(d) Within its domain, this function is a bowl. It is undefined at points at which x? + y? > 5, but within those limits it 
describes the bottom half of a sphere of radius V/5 centered at the origin. 

(e) This function is a plate. It is perfectly flat and horizontal. 


21. (a) 
(i) z (i) z 


—4 —2 0 2 4 —4 —2 0 2 4 


Figure 12.30: Cross-sections of Figure 12.31: Cross-sections of 
z=r +y z=r +y 
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(b) 
(i) 2 (i) * 
-25 4 Pi ~25 + P4 
g=] y=1 
Figure 12.34: Cross-sections of Figure 12.35: Cross-sections of 
z=] =g y z=1-27-7? 
(c) 
(i) (ii) 
y=l 
y x 
Figure 12:38: Cross-sectigns of Figure 12.39: Cross-sections of x + y + z = 1 
gzg+y+z=1 
(d) 
(i) (i) a 
z 
2 xz 
2 xa 


y —0 
eon a= Figure 12.43: Cross-sections of 


Figure 12.42: Cross-sections of z=—,/5- r2 -y 
z= —\/5- r? — y? 
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(e) 
0 .-0 : z=1 ® y=0 : y-1 
im 3 ZF W 3 a 
H H H H y H H H H T 
—4 4 —4 4 
Bg. NS 
Figure 12.46: Cross-section of z — 3 Figure 12.47: Cross-section of z — 3 


22. (a) If we have iron stomachs and can consume cola and pizza endlessly without ill effects, then we expect our happiness 
to increase without bound as we get more cola and pizza. Graph (IV) shows this since it increases along both the 
pizza and cola axes throughout. 

(b) If we get sick upon eating too many pizzas or drinking too much cola, then we expect our happiness to decrease once 
either or both of those quantities grows past some optimum value. This is depicted in graph (I) which increases along 
both axes until a peak is reached, and then decreases along both axes. 

(c) If we do get sick after too much cola, but are always able to eat more pizza, then we expect our happiness to decrease 
after we drink some optimum amount of cola, but continue to increase as we get more pizza. This is shown by graph 
(III) which increases continuously along the pizza axis but, after reaching a maximum, begins to decrease along the 
cola axis. 


23. One possible equation: z = z? + y? + 5. See Figure 12.48. 


_ 

zx 

y 
Figure 12.48 


24. One possible equation: x + y + z = 1. See Figure 12.49. 


Figure 12.49 
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25. One possible equation: z = (x — y)?. See Figure 12.50. 


y 


Figure 12.50 


26. One possible equation: z = —4/ z? + y?. See Figure 12.51. 


Figure 12.51 


27. When h is fixed, say h = 1, then 


Similarly, 


When r is fixed, say r — 1, then 


Similarly, 
f(2,h) 2-4» and f(3,h) = 97h. 
h=2 

Volume 3 Volume pc 
25 - 50 Fr 
20 40 
15 30 
10 20 

5 10 


Figure 12.52 Figure 12.53 
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28. (a) The plane y = 0 intersects the graph in the curve z = Ax? + 1, which is a parabola opening upward. 


(b) The plane x = 0 intersects the graph in z = —y? + 1, which is a parabola opening downward because of the negative 


coefficient of y?. 


(c) The plane z = 1 intersects the graph in 4z? — y? = 0. Since this factors as (2r — y)(2x + y) = 0, it is the equation 


for the two lines y = 2x and y = —2z. 
29. (a) pizza fixed at 4 
happiness | 
1 L 
0.5 


| 


pizza fixed at 1 

(or pizza fixed at 7) 

0 i — cola 
4 8 


Figure 12.54: Cross-sections of graph I 


(a) pizza fixed at 2 


happiness | 
1 = 


pizza fixed at 4 
(or pizza fixed at O) 


0.5 - | 


0 ; — cola 
2 4 


Figure 12.56: Cross-sections of graph II 


(a) 


happiness pizza fixed at 2 


4 r- 


2- 


pizza fixed at 1 
1 


— cola 
4 


2 


Figure 12.58: Cross-sections of graph III 


(b) cola fixed at 4 
happiness | 
1 = 
0.5 


| 


cola fixed at 1 
(or cola fixed at 7) 


0 L- pizza 
4 8 


Figure 12.55: Cross-sections of graph I 


(b) cola fixed at 2 
happiness | 


3r 


cola fixed at 1 
i 


2 4 


pizza 


Figure 12.57: Cross-sections of graph II 


(b) happiness 


L cola 
2 fixed at 2 


cola fixed at 1 
(or cola fixed at 3) 


0 L- pizza 
2 


Figure 12.59: Cross-sections of graph III 


1158 Chapter Twelve /SOLUTIONS 


(a) happiness (b) ^ happiness 


izza 
47 fixed at 2 Ar 


. colą 
fixed at 2 
x 


pizza fixed at 1 cola fixed at 1 
0 l — cola 0 l L- pizza 
1 2 1 2 
Figure 12.60: Cross-sections of graph IV Figure 12.61: Cross-sections of graph IV 


30. (a) Figures 12.62-12.65 show the wave profile at time t = — 1,0, 1, 2. 


x x 
Figure 12.62 Figure 12.63 
zZ z 
$22 
zx zr 
Figure 12.64 Figure 12.65 


(b) Increasing x 
(c) The graph in Figure 12.66 represents a wave traveling in the opposite direction. 


QOS LATS t 
2525757 DEZ 
LEE DL 
EET 


«RR 
ey 


Figure 12.66 


31. (a) Cross-sections with t fixed are in Figure 12.67. The equations are 
f(z,0) = cos Osin x = sing, 


f(x, 7/4) = cos(n/4) sina = E sin x. 


V2 
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Cross-sections with t fixed are in Figure 12.68. The equations are 
f (1/4,t) = cost sin(7/4) = ES cost, 


V2 


f (1/2,t) = costsin(7/2) = cost. 


1 | t=7/4 1 
x t 
T7 
—1 —1 
Figure 12.67: Cross-sections with t Figure 12.68: Cross-sections with x 
fixed fixed 


(b) If x = 0, 7, then /(0, t) = cos t - sin 0 = 0 = f(z, t). The ends of the string are at x = 0, m, which do not move so 
the displacement is O there for all t. 

(c) The cross-sections with £ fixed are snapshots of the string at different instants in time. Graphs of these cross-sections 
are the curves obtained when the the graph of f in Figure 12.69 is sliced perpendicular to the t axis. Every plane 
perpendicular to the t-axis intersects the surface in one arch of a sine curve. The amplitude of the arch changes with 
t as a cosine curve. 

The cross-sections with x fixed show how a single point on the string moves as time goes by. Graphs of these 
cross-sections are obtained by slicing the graph perpendicular to the x axis. Notice in Figure 12.69 that the cross- 
sections with x = 0 and x = 7 are flat lines since the endpoints of the string don't move. The cross-section with 
x = m/2is a cosine curve with amplitude 1, because the midpoint of the string oscillates back and forth. Cross- 
sections with z fixed between 0 and 7/2 and between 7/2 and 7 are cosine curves with amplitude between 0 and 1, 
representing the fact that these points on the string oscillate back and forth with the same period as x = 7/2, but a 
smaller amplitude. 


Figure 12.69: Graph of vibrating string function 
f(x, t) = cos tsin x 


Strengthen Your Understanding 


32. 
33. 
34. 


35. 


36. 


The graph of a function f(x,y) is a parabolic surface in 3-space, not a circle. 

If we hold z fixed, then z = f(a, y) = x? is also fixed, so the cross-section is a line parallel to the y-axis. 

We know that z = x? + y? + 2 is positive everywhere and that the surface intersects the plane z = 2 only at (0,0, 2). So 
let f(x,y) = a? +y? +2. 

The function f(a, y) = a? — 1 intersects the xz-plane (and any plane parallel to the zz-plane) in the parabola z = x? — 1. 
It also intersect the yz-plane in the line z = —1. So f is a possible example. The function g(x,y) = x? + y intersects the 


xz-plane in the parabola z = z? and the yz-plane in the line y = z. So g is another possible example. There are many 
others. 


The function f(x,y) = 1 — x? — y? intersects the xy-plane in the circle x” + y? = 1. So f is a possible example. There 
are many others. 
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37. 


38. 


39. 


40. 
41. 
42. 


43. 
44. 
45. 
46. 


47. 


48. 


49. 
50. 
51. 


Solutions for Section 12.3 
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False. Fixing w = k gives the one-variable function g(v) = e” /k, which is an increasing exponential function if k > 0, 
but is decreasing if k < 0. 


True. For example, consider the weekly beef consumption C of a household as a function of total income J and the cost of 
beef per pound p. It is possible that consumption increases as income increases (for fixed p) and consumption decreases 
as the price of beef increases (for fixed J). 


True. For example, consider f(x,y) = e” - (6 — y). Then g(x) = f(x,5) = e”, which is an increasing function of x. On 
the other hand, h(a) = f(x,10) = —4e*, which is a decreasing function of x. 


False. The point (0, 0, 0) does not satisfy the equation. 
True. The x-axis is where y = z = 0. 


False. If z = 10, substituting gives 10? + y? + z? = 10, so y? + z2? = —90. Since y? + z? cannot be negative, a point 
with z = 10 cannot satisfy the equation. 


True. The cross-section with y = 1 is the line z = x + 1. 
True. The cross-sections with x = c are all of the form z = 1 — y/. 
True. The cross-sections with y = c are of the form z = 1 — c?, which are horizontal lines. 


True. For any a and b, we have f(a,b) 4 g(a,b). The graph of g is same as the graph of f, except it is shifted 2 units 
vertically. 


True. The intersection, where f(x, y) = g(x,y), is given by z? + y? = 1 — z? — y’, or x? + y? = 1/2. This is a circle 
of radius 1/4/2 parallel to the xy-plane at height z = 1/2. 


False. For example, f(x,y) = zx? (or any cylinder along the y-axis) is not a plane but has lines for x = c cross-sections. 


False. Wherever f(x,y) = 0 the graphs of f(x, y) and — f (x, y) will intersect. 
True. The graph is the bowl-shaped g(x, y) = z? + s? turned upside-down and shifted upward by 10 units. 
(c), a plane. While z is fixed at 2, y and z can vary freely. 


Exercises 


1. 


We'll set z = 4 at the peak. See Figure 12.70. 


Figure 12.70 
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2. See Figure 12.71. 


Figure 12.71 


3. We will take z = 4 to be the flat area. See Figure 12.72. 


Figure 12.72 


4. See Figure 12.73. 


Figure 12.73 
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5. The contour where f(x,y) = £ +y = c ory = —z-- c, is the graph of the straight line with slope —1 as shown in 
Figure 12.74. Note that we have plotted the contours for c = —3, —2, — 1,0, 1, 2, 3. The contours are evenly spaced. 


Figure 12.74 


6. The contour where f(x,y) = 3x + 3y = cor y = —x + c/3is the graph of the straight line of slope —1 as shown in 
Figure 12.75. Note that we have plotted the contours for c = —9, —6, —3, 0, 3, 6, 9. The contours are evenly spaced. 


EN e 
9 N 
oa v e 


Figure 12.75 


7. The contour where f(x,y) = a? + y? = c, where c > 0, is the graph of the circle centered at (0, 0), with radius \/¢ 
as shown in Figure 12.76. Note that we have plotted the contours for c — 0, 1, 2,3, 4. The contours become more closely 
packed as we move further from the origin. 


(e 


—2 <1 


NET, 


Figure 12.76 


12.3 SOLUTIONS 1163 

8. The contour where f(x,y) = x? — y? +1 = c, where c < 1, is the graph of the circle centered at (0, 0), with radius 

y 1 — cas shown in Figure 12.77. Note that we have plotted the contours for c = —3, —2, —1, 0, 1. The contours become 
more closely packed as we move further from the origin. 


JÆ 


SY 


Figure 12.77 


( =! x 
1 


9. The contour where f(x,y) = xy = c, is the graph of the hyperbola y = c/z if c 4 0 and the coordinate axes if c = 0, 
as shown in Figure 12.78. Note that we have plotted contours for c = —5, —4, —3, —2, — 1,0, 1, 2, 3, 4, 5. The contours 
become more closely packed as we move further from the origin. 
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Figure 12.78 


10. The contour where f(x,y) = y — a? = cis the graph of the parabola y = x” + c, with vertex (0, c) and symmetric about 
the y-axis, shown in Figure 12.79. Note that we have plotted the contours for c = —2, —1, 0, 1. The contours become 


more closely packed as we move farther from the y-axis. 
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Z^ 
© 
ei) 
Z 


1 2 
© 
Z x 
^Y 
Z 
^ / 
4 


Figure 12.79 
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11. The contour where f(x,y) = x” + 2y? = c, where c > 0, is the graph of the ellipse with focuses (5, 0), ( 
and axes lying on x- and y-axes as shown in Figure 12.80. Note that we have plotted the contours for c = 0,1, 2, 3, 4. 
The contours become more closely packed as we move further from the origin. 


—2 


Figure 12.80 


12. The contour where f(x,y) = 4/x? + 2y? = c, where c > 0, is the graph of the ellipse with focuses (— eva 0), (s, 0) 
and axes lying on x- and y-axes as shown in Figure 12.81. Note that we have plotted the contours for c = 0, 1, 2, 3, 4. See 
Figure 12.81. 


Figure 12.81 


13. The contour where f(x,y) = cos(4/ x£? + y?) = c, where —1 < c < 1, is a set of circles centered at (0, 0), with radius 
cos ! c+ 2km with k = 0, 1, 2, .. and — cos! c+ 2kz, with k = 1, 2, 3, ... as shown in Figure 12.82. Note that we have 
plotted contours for c — 0, 0.2, 0.4, 0.6, 0.8, 1. 


ba Y 
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Figure 12.82 
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14. Since f(5,10) = 3-57-10 +7- 5 + 20 = 805, an equation for the contour is 


3z?y + 7z + 20 = 805. 


15. (a) Level curves are in Figure 12.83. 


y 
==) 2 
1 2 
z=-1 z=2y (# = 2) 
x 
z=1 mr z=y (@=1) 
z=2 Z= 
V 
z=-y (zx—-1) 
z = —2y (x = —2) 
Figure 12.83 Figure 12.84 


(b) Cross-sections with x constant are in Figure 12.84 
(c) Setting y = x gives the curve z = z? in Figure 12.85 


Curve z = x? 


Line x = y 


Figure 12.85 


16. (a) (IID 
(b) D 
(c) (V) 

(d) (ID 
(e) (IV) 

17. The values in Table 12.5 are not constant along rows or columns and therefore cannot be the lines shown in (I) or (IV). 
Also observe that as you move away from the origin, whose contour value is 0, the z-values on the contours increase. 
Thus, this table corresponds to diagram (II). 

The values in Table 12.6 are also not constant along rows or columns. Since the contour values are decreasing as you 
move away from the origin, this table corresponds to diagram (III). 

Table 12.7 shows that for each fixed value of z, we have constant contour value, suggesting a straight vertical line at 
each x-value, as in diagram (IV). 

Table 12.8 also shows lines, however these are horizontal since for each fixed value of y we have constant contour 
values. Thus, this table matches diagram (I). 

18. Superimposing the surface z = 1/2 on the graph of f(x,y) gives Figure 12.86. The contour f(x,y) = 1/2 is the 
intersection of the two surfaces; that is, the collection of closed curves as shown in Figure 12.87 
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Figure 12.86 Figure 12.87 


Problems 


19. We expect total sales to decrease as the price increases and to increase as advertising expenditures increase. Moving 
parallel to the z-axis, the Q-values on the contours decrease, whereas moving parallel to the y-axis, the Q-values increase. 
Thus, x is the price and y is advertising expenditures 


20. To find a value, evaluate f(a, y) = 100e” — 50y? at any point (x, y) on the contour. Check by evaluating the function at 

a couple of points on each contour. Starting from the left and estimating points on the contour, we have 

First contour: f (0,0) = 100, f (0.2, 0.65) = 101 

Second contour: f (0.4, 0) = 149, f (0.6, 0.8) = 150 

Third contour: f (0.7, 0) = 201, f(0.8, 0.65) = 201 

Fourth contour: /(0.92, 0) = 251, f(1,0.65) = 251. 

Since the true values of f are equally spaced multiples of 10, it seems that they must be 100, 150, 200, and 250. See 
Figure 12.88. 


y 
1 
os n i 
100 
0.6 
0.4 200 
0.2 250) 


0.2 04 06 08 1 


Figure 12.88 


21. (a) We have 


f(x,y) =a” — y! — 2x + dy — 3 = (x — 1? - (y - 2). 
Thus, the graph of f has the same saddle shape as that of z = x? — y? but centered at x = 1, y = 2. The function 
increases in the x-direction and decreases in the y-direction, so f corresponds to III. 
(b) We have 


g(x,y) = 2? +4? — 2x — Ay +15 = (x — 1)? + (y — 2)? + 10. 
Thus, the graph of g is a paraboloid opening upward, with vertex at (1, 2, 10). So ^ corresponds to VI. 


(c) We have 
h(z,y) = —2? — 3? + 2x + 4y — 8 = -(z — 1? — (y — 2)? — 3. 


Thus, the graph of h is a paraboloid opening downward, with vertex at (1, 2, —3). So h corresponds to I. 
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(d) We have 
j(z,y) = 25 +y? + 2x — Ay +3 = -(z — 1)? + (y - 2). 
Thus, the graph of j has the same saddle shape as that of z = —a? + y? but centered at x = 1, y = 2. The function 
decreases in the x-direction and increases in the y-direction, so 7 corresponds to IV. 


(e) Since k(x, y) = 4/ (x — 1)? + (y — 2)?, the graph of k is a cone opening upward with vertex at (1, 2, 0). Thus, the 
graph of k corresponds to II. 
(f) Since l(a, y) = —4/(x — 1)? + (y — 2)?, the graph of l is a cone opening downward with vertex at (1, 2, 0). Thus, 


the graph of l corresponds to V. 


22. (a) Find the point where the horizontal line for 15 mph meets the contour for —20°F wind chill. The actual temperature 
is about 0?F. 

(b) The horizontal line for 10 mph meets the vertical line for 0?F about 1/5 of the way from the contour for — 20°F to 
the contour for 0°F wind chill. We estimate the wind chill to be about —16°F. 

(c) We look for the point on the vertical line for —20?F where the wind chill is —50°F, the danger point for humans. 
This is a point on the line that is about half way between the contours for —60°F and —40°F. The point can not be 
determined exactly, but we estimate that it occurs where the wind speed is about 23 mph. 

(d) A temperature drop of 20?F corresponds to moving left from one vertical grid line to the next on the horizontal 
line for 15 mph. This horizontal movement appears to correspond to about 1 1/4 the horizontal distance between 
contours crossing the line. Since contours are spaced at 20°F wind chill, we estimate that the wind chill drops about 
25?F when the air temperature goes down 20?F during a 15 mph wind. 


23. To sketch the curve, first put dots on the point where an f contour crosses a g contour of the same value. Then connect 
the dots with a smooth curve. See Figure 12.89. 


y 


6 
ol, oy SENE: 
re 43. Wy lo 


Figure 12.89: Black: f(x, y). Blue; g(x, y) 


24. Many different answers are possible. Answers are in degrees Celsius. 


(a) Minnesota in winter. See Figure 12.90. 


ANS 


Figure 12.90 Figure 12.91 


(b) San Francisco in winter. See Figure 12.91. 
(c) Houston in summer. See Figure 12.92. 


(EX (EX 


Figure 12.92 Figure 12.93 
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25. 


26. 


27. 


28. 
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(d) Oregon in summer. See Figure 12.93. 


The point x = 10, t = 5 is between the contours H = 70 and H = 75, a little closer to the former. Therefore, we 
estimate H (10, 5) ~ 72, i.e., it is about 72°F. Five minutes later we are at the point x = 10, t = 10, which is just above 
the contour H = 75, so we estimate that it has warmed up to 76°F by then. 


The line ¢ = 5 crosses the contour H = 80 at about x = 4; this means that H (4, 5) ~ 80, and so the point (4, 80) is 
on the graph of the one-variable function y = H(a,5). Each time the line crosses a contour, we can plot another point 
on the graph of H (x, 5), and thus get a sketch of the graph. See Figure 12.94. Each data point obtained from the contour 
map has been indicated by a dot on the graph. The graph of H (a, 20) was obtained in a similar way. 


H 


0 m 
5 10 15 20 25 30 


Figure 12.94: Graph of H (x, 5) and H (x, 20): heat as a function of distance from the 
heater at t = 5 and t = 20 minutes 


These two graphs describe the temperature at different positions as a function of x for t — 5 and t — 20. 

Notice that the graph of H (x, 5) descends more steeply than the graph of H (x, 20); this is because the contours are 
quite close together along the line t = 5, whereas they are more spread out along the line t = 20. In practical terms the 
shape of the graph of H (x, 5) tells us that the temperature drops quickly as you move away from the heater, which makes 
sense, since the heater was turned on just five minutes ago. On the other hand, the graph of H (x, 20) descends more 
slowly, which makes sense, because the heater has been on for 20 minutes and the heat has had time to diffuse throughout 
the room. 


(a) The contour lines are much closer together on path A, so path A is steeper. 

(b) If you are on path A and turn around to look at the countryside, you find hills to your left and right, obscuring the 
view. But the ground falls away on either side of path B, so you are likely to get a much better view of the countryside 
from path B. 

(c) There is more likely to be a stream alongside path A, because water follows the direction of steepest descent. 


(a) The point representing 13% and $6000 on the graph lies between the 120 and 140 contours. We estimate the monthly 
payment to be about $137. 

(b) Since the interest rate has dropped, we will be able to borrow more money and still make a monthly payment of $137. 
To find out how much we can afford to borrow, we find where the interest rate of 11% intersects the $137 contour 
and read off the loan amount to which these values correspond. Since the $137 contour is not shown, we estimate its 
position from the $120 and $140 contours. We find that we can borrow an amount of money that is more than $6000 
but less than $6500. So we can borrow about $250 more without increasing the monthly payment. 

(c) The entries in the table will be the amount of loan at which each interest rate intersects the 137 contour. Using the 
$137 contour from (b) we make table 12.11. 


Table 12.11 Amount borrowed at a monthly payment of $137. 


(a) The point representing 896 and $6000 on the graph lies between the 120 and 140 contours. We estimate the monthly 
payment to be about $122. 
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(b) Since the interest rate has dropped, we will be able to borrow more money and still make a monthly payment of $122. 
To find out how much we can afford to borrow, we find where the interest rate of 6% intersects the $122 contour 
and read off the loan amount to which these values correspond. Since the $122 contour is not shown, we estimate its 
position from the $120 and $140 contours. We find that we can borrow an amount of money that is more than $6000 
but less than $6500. So we can borrow about $350 more without increasing the monthly payment. 

(c) The entries in the table will be the amount of loan at which each interest rate intersects the 122 contour. Using the 
$122 contour from (b) we make table 12.12. 


Table 12.12 Amount borrowed at a monthly payment of $122. 


Interest Rate(%) | of 1] 2] 3| 4| s| 6l 
Loan Amount $) 6200 


Interest rate (%) | s| of wf uf rf i| 1 
Loan Amount $) 5200 


29. The vertical spacing between the contours just north and just south of the trail increases as you move eastward along the 
trail. A possible contour diagram is in Figure 12.95. 


Elevation in meters 


Figure 12.95 


30. (a) I 
(b) IV 
(c) I 
(d) M 
See Figure 12.96. 
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Figure 12.96 


31. Figure 12.97 shows an east-west cross-section along the line N — 50 kilometers. 
Figure 12.98 shows an east-west cross-section along the line N — 100 kilometers. 


Density of the 


fox population P 
2.5 - 
2L 
1.5 Fr 
1L 
0.5 F 
E East 
60 120 180 
Figure 12.97 


Figure 12.99 shows a north-south cross-section along the line Æ = 60 kilometers. 
Figure 12.100 shows a north-south cross-section along the line E = 120 kilometers. 


Density of the 
fox population P 


Figure 12.99 
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(b) y 
x 
(d) y 
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Figure 12.98 
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12.3 SOLUTIONS 1171 


32. (a) The profit is given by the following: 
7 = Revenue from qi + Revenue from q2 — Cost. 


Measuring 7 in thousands, we obtain: 
7T = 3q1 + 12q» — 4. 


(b) A contour diagram of 7 follows. Note that the units of 7 are in thousands. 


q2 
3L 
2 

_ TS ap 
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| me ^ 20. icm 
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7 x | 1 1 qı 
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33. For any Cobb-Douglass function F(K,L) = bL? K^, if we increase the inputs by a factor of m, from (K, L) to 
(mK, mL) we get: 
F(mK,mL) = b(mL)? (mK)? 
= moi? K? 
= m**? F(K, L) 


Thus we see that increasing inputs by a factor of m increases outputs by a factor of ^^^. 


If o. 4- < 1, then increasing each input by a factor of m will result in an increase in output of less than a factor of 
m. This applies to statements (a) and (E). In statement (a), a+ 6 = 0.25 + 0.25 = 0.5, so increasing inputs by a factor 
of m = 4, as in statement (E), increases output by a factor of 4"? = 2. We can match statements (a) and (E) to graph 
(IT) by noting that when (K, L) = (1, 1), we have F = 1 and when we double the inputs (m = 2) to (K, L) = (2,2), 
F increases by less than a factor of 2. This is called decreasing returns to scale. 

If a+ p = 1, then increasing K and L by a factor of m will result in an increase in F by the same factor m. This 
applies to statements (b) and (D). In statement (b), a + 8 = 0.5 + 0.5 = 1, and in statement (D), an increase in inputs 
by a factor of 3 results in an increase in F by the same factor. We match these statements to graph (7) where we see that 
increasing (K, L) from (1, 1) to (3, 3) results in an increase in F from F = 1 to F = 3. This is called constant returns 
to scale. 

If o. + 6 > 1, then we have increasing returns to scale, i.e. an increase in K and L by a factor of m results in an 
increase in F by more than a factor of m. This is the case for equation (c), where a + 8 = 0.75 + 0.75 = 1.5. Statement 
(G) also applies an increase in inputs by a factor of m = 2 results in an increase in output by more than 2, in this case 
by a factor of almost 3. We can match statements (c) and (G) to graph (JII), where we see that increasing (K, L) from 
(1, 1) to (2, 2) results in a change in F by more than a factor of 2 (but less than a factor of 3). This is called increasing 
returns to scale. 

This information is summarized in Table 12.13. 


Table 12.13 


Function Statement 
F(L, K) = [0.25 40.25 (II) (E) 
F(L, K) = L05 K055 (D) 


F(L, K) = [0.75 0.75 (G) 
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34. Suppose Po is the production given by Lo and Ko, so that 
Po = f(Lo, Ko) = cL6 Kb. 
We want to know what happens to production if Lo is increased to 2Lo and Ko is increased to 2K: 

P = f(2Lo, 2Ko) 
= c(2Lo)? (2Ko)? 
= c2* Lo 28 KP 
i ud 5o 
= 99 P). 


Thus, doubling L and K has the effect of multiplying P by 2°*°. Notice that if a+ > 1, then 2^*? > 2, ifa+6=1, 
then 2°+° = 2, and if a + B « 1, then 29*? < 9. Thus, a + DB > 1 gives increasing returns to scale, a + 8 = 1 gives 
constant returns to scale, and a + B < 1 gives decreasing returns to scale. 


35. (a) If f(x,y) = x9 ?4** = c, then solving for y gives 


Here A is another constant, A = c!/°8. 


Similarly, if g(x, y) = 29549? = k, then solving for y gives 
o2 k 
= 7.0.8 


k 1/0.2 B 
a 


Since the y-values in Figure (I) decay more quickly than those in Figure (II), we see that Figure (I) is g(x,y) and 


Figure (II) is f(a, y). 
(b) Since the y-values in Figure (III) decrease slower than in Figure (I) and faster than in Figure (II), we have 0.2 <a < 
0.8. 


36. Using the rules of logarithms on f and g gives 


Thus the level curves of f are of the form 


0.7, 0.3 0.7, 0.3 AV03 
Inga" ye") =e so r^y =e=A or y= RUE 
The level curves of g are of the form 
In(z9349 7) = c so q09,497 =e =A or y= o 
The level curves of h and j are ellipses. For any constant c, the level curve 
h(x, y) = 0.32? + 0.7y? = c 
cuts the x-axis at x = 4/c/0.3 and the y-axis at y = /c/0.7 . Thus the x-intercept is larger than the y-intercept. A 


similar argument tells us that the x-intercept of j(x, y) = 0.72? + 0.3y? = c is smaller than its y-intercept. 
Thus Graph (I) is h(x, y); Graph (II) is j(x, y); Graph (IID is f(x, y); Graph (IV) is g(x, y). 
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37. (a) Multiply the values on each contour of the original contour diagram by 3. See Figure 12.101. 


Figure 12.101: 3f (x, y) Figure 12.102: f(x,y) — 10 


(b) Subtract 10 from the values on each contour. See Figure 12.102. 
(c) Shift the diagram 2 units to the right and 2 units up. See Figure 12.103. 


y y 
Ne IL 
Sis 1 
2 x 0 x 
-3— —-1 
—4— —— -2 


Figure 12.103: f(a — 2, y — 2) Figure 12.104: f(—z, y) 


(d) Reflect the diagram about the y-axis. See Figure 12.104. 
38. (a) See Figure 12.105. 


" M H, 


(b) See Figure 12.106. 
39. Since f(x, y) = a? — y? = (x —y)(x@+ y) = 0 gives x — y = 0 or z + y = 0, the contours f(x,y) = 0 are the lines 
y = x or y = —«. In the regions between them, f(x,y) > 0 or f(x,y) « 0 as shown in Figure 12.107. The surface 
z = f(x,y) is above the zy-plane where f > 0 (that is on the shaded regions containing the x-axis) and is below the 
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cy-plane where f < 0. This means that a person could sit on the surface facing along the positive or negative x-axis, and 
with his/her legs hanging down the sides below the y-axis. Thus, the graph of the function is saddle-shaped at the origin. 


y 
f=0 f=0 
f <0 
f>0 f>0-— x 
f <0 
yur y= 2 
Figure 12.107 


We need three lines with g(x, y) = 0, so that the xy-plane is divided into six regions. For example 


g(x,y) = y(x — y)(x- v) 


has the contour map in Figure 12.108. (Many other answers to this question are possible.) 


y 
y-—--—cr yr 
g<0 
g>0 g>0 
g=0 x 
g<0 g«0 
g>0 
g=0 g=0 
Figure 12.108 


To read off the cross-sections of f with t fixed, we choose a t value and move horizontally across the diagram looking at 
the values on the contours. For t = 0, as we move from the left at x = 0 to the right at x = 7r, we cross contours of 0.25, 
0.50, 0.75 and reach a maximum at x = 7/2, and then decrease back to 0. That is because if time is fixed at t = 0, then 
f (x, 0) is the displacement of the string at that time: no displacement at x = 0 and x = 7 and greatest displacement at 
x = 7/2. For cross-sections with £ fixed at larger values, as we move along a horizontal line, we cross fewer contours 
and reach a smaller maximum value: the string is becoming less curved. At time t = 7/2, the string is straight so we see 
a value of 0 all the way across the diagram, namely a contour with value 0. For t = 7, the string has vibrated to the other 
side and the displacements are negative as we read across the diagram reaching a minimum at x = 7/2. 

The cross-sections of f with x fixed are read vertically. At x = 0 and x = 7, we see vertical contours of value 0 
because the end points of the string have 0 displacement no matter what time it is. The cross-section for x = 7/2 is found 
by moving vertically up the diagram at x = 7/2. As we expect, the contour values are largest at t = 0, zero at t = 7/2, 
and a minimum at t = 7. 

Notice that the spacing of the contours is also important. For example, for the t = 0 cross-section, contours are most 
closely spaced at the end points at x = 0 and x = 7 and most spread out at x = 7/2. That is because the shape of the 
string at time t = 0 is a sine curve, which is steepest at the end points and relatively flat in the middle. Thus, the contour 
diagram shows the steepest terrain at the end points and flattest terrain in the middle. 


(a) Since P is proportional to d? and to v?, a formula for P is P(d, v) = kd?v*, where k is the constant of proportion- 
ality. 
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(b) Let d be the diameter of the original windmill, and let v; be the wind speed at which the windmill produces 100 kW. 


Then 
100 


Qype" 
d?vi 


The second windmill has diameter 2d and we want to find a speed v» such that k(2d)?v3 = 100. We solve for vo: 


kdv? = 100, andthus k= 


„3 10 _ 100 odi vi 

?^ K(2d)?  100/(d2?0)).4d? 4d? 4 
Ui 

va = 


Ez 
So v» needs to be 1/ V/4 of vı, or about 63% of v1. 


(c) Contours of P are curves of the form kd?v? = c, or v = %/c/(kd2). Thus, a contour diagram for P looks like the 
diagram in Figure 12.109. 


40 


1000 


Figure 12.109 
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A contour diagram for z = f(a, y) is a collection of curves in the zy-plane. The contour diagram is like a 2-dimensional 
map of the graph of f(x, y), which is a surface in 3-space. 


The contours of both functions are concentric circles centered at (x,y) = (0,0). However, for the equally spaced z- 
values, such as z = 1,2,3,4..., the contour diagram of f consists of equally spaced concentric circles, whereas the 
contour diagram of g consists of circles that get closer and closer together as z increases in value. 


The function f(x,y) = x? has contours that are two parallel lines for positive values of z. In particular for z = 10, the 
contour of f consists of two parallel lines: 2 = +,/10. The functions g(x,y) = |y| and A(x, y) = x? — 9x + 5 also 
work. The z = 10 contour of h consists of three parallel lines. There are many others possibilities. 

2 


If z = f(x,y) = y — x”, then all the contours have the form y — x” = c, so y = x? + c, which are parabolas for every 


value of c. 


Could not be true. If the origin is on the level curve z = 1, then z = f(0,0) = 1 z —1. So (0,0) cannot be on both 
z=landz=-1. 


Might be true. One may consider the function 


z = f(x,y) = (^ +y? —2)(@? +y’ -3) 41 


Might be true. The function z = x” — y? + 1 has this property. The level curve z = 1 is the lines y = z and y = —a. 


Not true. There are no level curves for z > 1 or z < 0. 
2 2 
True. For every point (x, y), compute the value z = eG tu") 


to that value goes through the point (x, y). 


at that point. The level curve obtained by getting z equal 


True. If there were such an intersection point, that point would have two different temperatures simultaneously. 


True. Different regions that are isolated from each other can have the same temperature. 
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True. If f = c then the contours are of the form c = y? + (a — 2)?, which are circles centered at (2,0) if c > 0. But if 
c = 0 the contour is the single point (2, 0). 


False. The graph could be a hemisphere, a bowl-shape, or any surface formed by rotating a curve about a vertical line. 


False. Contours get closer together in a direction if the function is increasing or decreasing at an increasing rate in that 
direction. 


False. As a counterexample, consider any function with one variable missing, e.g. f(x, y) = x”. The graph of this is not 
a plane (it is a parabolic cylinder) but has contours which are lines of the form x — c. 

False. The fact that the f = 10 and g = 10 contours are identical only says that one horizontal slice through each graph 
is the same, but does not imply that the entire graphs are the same. A counterexample is given by f(z, y) = x? + y? and 
g(x,y) = 20 — a? — y". 

True. The graph of g is the same as the graph of f translated down by 5 units, so the horizontal slice of f at height 5 is 
the same as the horizontal slice of g at height 0. 


Exercises 
1. 
Table 12.14 
2. 
3. A table of values is linear if the rows are all linear and have the same slope and the columns are all linear and have the 


same slope. The table does not represent a linear function since none of the rows or columns is linear. 


A table of values is linear if the rows are all linear and have the same slope and the columns are all linear and have the 
same slope. We see that the table might represent a linear function since the slope in each row is 3 and the slope in each 
column is —4. 


A table of values is linear if the rows are all linear and have the same slope and the columns are all linear and have the 
same slope. The table might represent a linear function since the slope in each row is 5 and the slope in each column is 2. 


A table of values is linear if the rows are all linear and have the same slope and the columns are all linear and have the 
same slope. The table does not represent a linear function since different rows have different slopes. 

A contour diagram is linear if the contours are parallel straight lines, equally spaced for equally spaced values of z. This 
contour diagram could represent a linear function. 


A contour diagram is linear if the contours are parallel straight lines, equally spaced for equally spaced values of z. We 
see that the contour diagram in the problem does not represent a linear function. 


Since 
0 =c+m-0+4+n-0 c=0 
-l=c+m-04n-2 c+2n=-1 
—4=c+m-(-3)+n-0 c— 3m = —4 
we get: 


4 1 
= 0, m = =,n = ——. 
c m p? 7 


Thus, z — E — is 
3 2 
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10. Let the equation of the plane be 
z=c+mr+ny 


Since we know the points: (4, 0, 0), (0, 3, 0), and (0, 0, 2) are all on the plane, we know that they satisfy the same equation. 
We can use these values of (x, y, z) to find c, m, and n. Putting these points into the equation we get: 


O0O=c+m-44+n-0 soc=—4m 


O0O=c+m-04+n-3 soc=—3n 
2=c+m-04+n-0 soc=2 


Because we have a value for c, we can solve for m and n to get 


1 2 
—92 SN 
c m z” 3 
So the linear function is 
=2 is 2 
= Foye Sy: 
2 37 


11. Figure 12.110 shows the two lines the plane must contain. 
Both lines are parallel to the x-axis; thus our plane must have z-slope zero. On the other hand, the line in the xy-plane 
is 2 units down and one unit to the right of the line in the xz-plane; hence the y-slope of our plane must be —2. Thus the 
equation is 


z—0r—2yd4c—-2y-cc, 


for some constant c. Since the plane contains the point (0, 0, 2), the value of c must be 2. So the equation is 


z = —2y + 2. 


Figure 12.110 


12. When y = 0, c + ma = 3x + 4, so c = 4, m = 3. Thus, when x = 0, we have 4 + ny = y + 4, so n = 1. Thus, 
z =4+3r +y. 


13. (a) Since z is a linear function of x and y with slope 2 in the x-direction, and slope 3 in the y-direction, we have: 
z=2x+3yte 
We can write an equation for changes in z in terms of changes in x and y: 


Az = (2(x + Az) + 3(y + Ay) + ¢) — (22 + 3y +c) 
= 2Ar + 3Ay 


Since Ax = 0.5 and Ay = —0.2, we have 


Az = 2(0.5) + 3(—0.2) = 0.4 


So a 0.5 change in x and a —0.2 change in y produces a 0.4 change in z. 


1178 Chapter Twelve /SOLUTIONS 


(b) As we know that z = 2 when x = 5 and y = 7, the value of z when x = 4.9 and y = 7.2 will be 
z =2+ Az = 2 + 2Ar + 3Ay 


where Az is the change in z when x changes from 4.9 to 5 and y changes from 7.2 to 7. We have Ax = 4.9 — 5 = 
—0.1 and Ay = 7.2 — 7 = 0.2. Therefore, when x = 4.9 and y = 7.2, we have 


z=2+2. (—0.1) +5- 0.2 = 2.4 


14. (a) Substituting in the values for the slopes, we see that the formula for the plane is z = c + 5x — 3y for some value of 
c. Substituting the point (4, 3, —2) gives c = —13. The formula for the plane is 


z = —13 + 52 — 3y- 
(b) When z = 0, we have 


0 = —13 + 5x — 3y 


3y = 5x — 13 
€ 
di A 2 
The contour for z = 0 is a line with slope 5/3 and y-intercept 13/3. Similarly we find other contours. See Fig- 
ure 12.111. 
y 
I Z 
—36 
A —24 
Figure 12.111 
Problems 


15. The revenue function, R, is linear and so we may write it as: 
R= (pi)e + (p2)d 


where p; is the price of CDs and p» is the price of DVDs, in dollars. From the diagram, we can pick two points, such as 
c = 100,d = 100 on the contour R = 2000, and c = 50,d = 300 on the contour R = 4000. These points give the 
following system of linear equations: 


2000 = 100p; + 100p2 
4000 = 50pi + 300p». 


Solving gives pi = 8 dollars and p» = 12 dollars. 
16. (a) Yes. 
(b) The coefficient of m is 15 dollars per month. It represents the monthly charge to use this service. The coefficient of t 
is 0.05 dollars per minute. Each minute the customer is on-line costs 5 cents. 
(c) The intercept represents the base charge. It costs $35 just to get hooked up to this service. 


(d) We have f(3, 800) = 120. A customer who uses this service for three months and is on-line for a total of 800 minutes 
is charged $120. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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(a) Expenditure, E, is given by the equation: 
E = (price of raw material 1)mı + (price of raw material 2)m2 + C 


where C denotes all the other expenses (assumed to be constant). Since the prices of the raw materials are constant, 
but mı and mz are variables, we have a linear function. 
(b) Revenue, R, is given by the equation: 
R= (p1)q + (p2)q2- 
Since pı and p» are constant, while qi and q2 are variables, we again have a linear function. 
(c) Revenue is again given by the equation, 


R= (pı)qı  (p2)a. 
Since p» and q» are now constant, the term (p2)q2 is also constant. However, since p; and qı are variables, the (pı)qı 
term means that the function is not linear. 
The data in Table 12.10 is apparently linear with a slope in the w direction of about 0.9 calories burned for every extra 
20 lbs of weight, and a slope in the s direction of about 1.6 calories burned for every extra mile per hour of speed. Since 
B = 4.2 when w = 120 and s = 8, a formula for B is 


B = 4.2 + 0.9(w — 120) + 1.6(s — 8). 


The formula does not make sense for low weights or speeds. For example, it says that a person weighing 120 pounds 
going 5 mph burns a negative number of calories per minute, as would a person (child) weighing 60 Ibs and going 7 mph. 


The time in minutes to go 10 miles at a speed of s mph is (10/s)(60) = 600/s. Thus the 120 Ib person going 10 mph 
uses (7.4)(600/10) — 444 calories, and the 180 Ib person going 8 mph uses (7.0)(600/8) — 525 calories. The 120 Ib 
person burns 444/120 — 3.7 calories per pound for the trip, while the 180 Ib person burns 525/180 — 2.9 calories per 
pound for the trip. 

A trip of 10 miles at s mph takes 10/5 hours = 600/s minutes. Since the number of calories burned per minute is B, the 
total number of calories burned on the trip is B - 600/s. Thus 

. B(600/s) _ 600(4.2 + 0.9(w — 120) + 1.6(s — 8)) 


W SW 


P 


The function, g, has a slope of 3 in the x direction and a slope of 1 in the y direction, so g(x,y) = c+ 3x + y. Since 
g(0,0) = 0, the formula is g(x, y) = 3x + y. 

The function h decreases as y increases: each increase of y by 2 takes you down one contour and hence changes the 
function by 2, so the slope in the y direction is — 1. The slope in the x direction is 2, so the formula is h(a, y) = c4-2z— y. 
From the diagram we see that h(0,0) = 4, so c = 4. Therefore, the formula for this linear function is h(x, y) = 44-2x— y. 


For each column in the table, we find that as x increases by 1, f(x, y) increases by 2, so the x slope is 2. For each row in 
the table, we find that as y increases by 1, f(a, y) decreases by 0.5, so the y slope is —0.5. So the function has the form 
f(x,y) = 2x — 0.5y + c. Also note that f(0,0) = 1, so c = 1. Therefore, the function is f(x, y) = 2x — 0.5y + 1. 


For each column in the table, we find that as x increases by 100, f(x, y) decreases by 1, so the x slope is —0.01. For 
each row in the table, we find that as y increases by 10, f(x, y) increases by 3, so the y slope is 0.3. So the function 
has the form f(x,y) = —0.01z + 0.3y + c. Also note that f(100, 10) = 3, so c = 1. Therefore, the function is 
f(x,y) = —0.01z + 0.3y + 1 


See Figure 12.112. 


ae E 


Figure 12.112 
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26. See Figure 12.113. 


2 
1 
x79 y 
Figure 12.113 
27. See Figure 12.114. 
zZ 
4 
—4 
T 
2 y 
Figure 12.114 
28. See Figure 12.115. 
z 
6 
2 y 
3 
zx 
Figure 12.115 


29. (a) The contours of f have equation 
k=c+ma-+ny, where kis a constant. 


Solving for y gives: 
k—c 
n 
Since c, m, n and k are constants, this is the equation of a line. The coefficient of x is the slope and is equal to —m/n. 


Dy 
= ——r 
y TL 


30. 


31. 


32. 
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(b) Substituting x + n for x and y — m for y into f(x, y) gives 
f(x n,y — m) 2 ed m(z +n) - n(y — m) 


Multiplying out and simplifying gives 


f(z--n,y— m) — cd mz 4- mn 4 ny — nm 


f(x n,y— m) -— cd mz ny = f(x,y) 


(c) Part (b) tells us that if we move n units in the x direction and —m units in the y direction, the value of the function 
f(a, y) remains constant. Since contours are lines where the function has a constant value, this implies that we remain 
on the same contour. This agrees with part (a) which tells us that the slope of any contour line will be —m/n. Since 
the slope is Ay/Az, it follows that changing y by —m and x by n will keep us on the same contour. 


(a) We see always the same change in z, namely Az — 7, for each step through the table in this diagonal direction. For 
example, in the third step of the diagonal starting at 3 we get 24 — 17 — 7, and in the second step of the diagonal 
starting at 6 we get 20 — 13 = 7. 

(b) We see always the same change in z, namely Az = —5, for each step in this direction. For example, in the second 
step starting from 19 we get 9 — 14 — —5, and in the first step starting at 22 we get 17 — 22 — —5. 

(c) For a linear function, z = mz + ny + c, we have: 


zı — 22 = (mai + nyi +c) — (mae + nya +c) = m(ai — 22) + n(y1 — y2). 
Writing Az = z1 — zo, and Az = x1 — x2, and Ay = yi — y», we have 
Az = MAT + ny. 


For the particular linear function in this problem, we have 
4 3 
Az -—-—A LA. 
z 5 x+ 2 y 


In part (a), as we move down the diagonal, we are taking steps with the same Ax — 5 and same Ay — 2. Therefore 
we will get the same change in z for each step, 


A =(5)+ =(2) =7 
=(5) + 5) 
In part (b), for each step we have Ax = —10 and Ay = 2, so for each step 
4 3 
Az==(-1 =(2) = —5. 
z= 5(-10) + Ž(2) = —5 
(a) We have Az = 7. Thus 
Slope = ee S = Ru 
V5? 4-22 29 
(b) We have Az — —5. Thus 
—5 —5 


Slope = ————————-— : 
(—10)? + 22 104 

Graph (I) has contour lines that slope upward from left to right, so it corresponds to h, j, k, or m. Since the values on the 

contour lines are increasing with x and decreasing with y, Graph (I) corresponds to h or j. Since (0, 0, 12) is a point on 

the contours of h but not of j for —2 < x,y < 2, the values on the contour lines show that Graph (I) corresponds to h. 

Graph (ID has contour lines that slope downward from left to right, so it corresponds to f, g, n, or p. Since the values 
on the contour lines are decreasing with x and with y, Graph (IT) corresponds to n or p. Since (0, 0, 14) is a point on the 
contours of n but not of p for —2 < x,y < 2, the values on the contour lines show that Graph (ID corresponds to n. 

Graph (III) has contour lines that slope downward from left to right, so it corresponds to f, g, n, or p. Since the 
values on the contour lines are increasing with x and with y, Graph (III) corresponds to f or g. Since (0, 0, 10) is a point 
on the contours of f but not of g for —2 < x,y < 2, the values on the contour lines show that Graph (III) corresponds to 
f. 

Graph (IV) has contour lines that slope upward from left to right, so it corresponds to h, j, k, or m. Since the values 
on the contour lines are increasing with y and decreasing with x, Graph (IV) corresponds to k or m. Since (0,0, 60) is 
a point on the contours of m but not of k for -2 < x,y < 2, the values on the contour lines show that Graph (IV) 
corresponds to m. 
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Strengthen Your Understanding 


33. 


34. 


35. 


36. 


37. 


38. 


39. 
40. 


41. 


42. 
43. 
44. 


45. 


46. 


47. 


48. 


The function f(a, y) = e**" has contours that are parallel lines 2 + y = c, but it is not linear. This example generalizes 
to g(x + y) for any function g(t). The family of functions h(x, y) = r(x) also works, for any function r. There are other 
examples. 


The function f(x,y) = xy has linear cross-sections for both x and y fixed, but it is not linear. Any function of the form 
g(x,y) = (ma + b)(ny + c) also satisfies this condition. 


A possible example is in Table 12.16, where the rows have slopes 1, 2, 3, respectively, and the columns have slopes 1, 2, 
3. Notice that the function is not linear since the slopes in each row (and in each column) are different. 


Table 12.16 


If the linear function is z = mz + ny + c, then the contour for z = 0 is: 
ma +ny+e=0. 


We want this line to have slope 2, so we rewrite it in slope-intercept form: 


m c 
y--——z--—. 
n n 

Thus, we want —m/n = 2, for example m 2,n —1.Soz 2x + y is one example. There are others. 


False. At every point (x, y) the z coordinate on the first plane is 2 units lower than the second so these planes are parallel 
and do not intersect. 


False. The first row is linear with slope 1/0.1 — 10. The second row is linear with slope 1.07/0.1 — 10.7. Since the 
slope of the first row is not the same as the slope of the second row, the function is not linear. 


False. The contours are of the form c = 3x + 2y which are lines with slope —3/2. 

True. The contours of a linear function f(x, y) = c+ ma + ny look like k = c+ max + ny which are parallel lines with 
slope —m/n. 

True. f(0,0) = 0, f(0,1) = 4 give a y slope of 4, but f(0,0) = 0, f(0,3) = 5 give a y slope of 5/3. Since linearity 
means the y slope must be the same between any two points, this function cannot be linear. 

True. A linear function has constant slopes in the x and y directions, so its graph is a plane. 

True. Since the graph of a linear function is a plane, any vertical slice parallel to the yz-plane will yield a line. 


False. Any function of the form f(x,y) = c is linear (with zero slope in both the x and y directions) and has a graph 
which is parallel to the xy-plane. 


True. Functions can have only one value for a given input, so their graphs can intersect a vertical line at most once. A 
vertical plane would not satisfy this property, so cannot be the graph of a function. 

False. There is at least one point where f (a,b) = 0, for example (a,b) = (1, 1). There are an infinite number of other 
points lying on the straight-line contour f (a, b) = 0. 

False. All of the columns have to have the same slope, as do the rows, but the row slopes can differ from the column 
slopes. 


False. Simply knowing where the plane intersects the xy-plane does not determine the plane uniquely. There are an infinite 
number of linear functions whose graph intersects the xy-plane in this line. Two examples: f(x,y) = —1 — 2x + y and 
g(x,y) = —2 — 4a + 2y. 


Solutions for Section 12.5 
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Exercises 


1. 


(a) Observe that setting f(x,y,z) = c gives a cylinder about the x-axis, with radius 4/c. These surfaces are in graph (T). 
(b) By the same reasoning the level curves for h(x, y, z) are cylinders about the y-axis, so they are represented in graph 


(ID. 


2. Points on one of the nested spheres in II have constant distance from the origin, so these spheres are level surfaces 
f(z,y,2)-— x? +y? +2? = c. Points on one of the nested cylinders in I have constant distance from the y-axis, so these 
cylinders are level surfaces g(a, y, z) = x? + 2? =k. 

3. If we solve for z, we get z = $(5 — x — 2y), so the level surface is the graph of f(a, y) = $(5 — x — 2y). 

4. We are looking for all points (x, y, z) whose distance from the origin is 2, that is, (x — 0)? + (y — 0)? + (z — 0)? — 4, 
or £? + y? + 2? = 4, which is a level surface of f(x,y, z) = x? + y? + z?. 

5. If we solve for z, we get z = (1 — x? — y)?, so the level surface is the graph of f(x,y) = (1 — z? — y)?. 

6. We are looking for all points (a, y, z) whose distance from (a, b, c) is a constant k, that is, (z—a)? --(y— 5)? --(z— c)? = 
k?, which is a level surface of f(x,y,z) = (x — a)? + (y — 6)? + (z — c)?. 

7. Only the elliptical paraboloid, the hyperbolic paraboloid and the plane. These are the only surfaces in the catalog that 
satisfy the “vertical line test,” that is, they have at most one z-value for each x and y. 

8. An elliptic paraboloid. 

9. A hyperboloid of two sheets. 

10. A plane. 
11. An ellipsoid. 
12. Yes, 
z= f(x,y) = £? + 3y". 
13. Yes, 
2 3 
= y) = se+ sy—2. 
z= f(z,y)— zr + ey 
14. No, because some z values correspond to two points on the surface. 
15. No, because z = 4/z? + 3y? and z = —4/ £? + 3y?, so some z-values correspond to two points on the surface. 
Problems 
16. The plane is represented by 
z= f(,y) - 22-2 -8 
and 
g(x,y, z) = 4x — y — 2z = 6. 
Other answers are possible 
17. The top half of the sphere is represented by 
z= f(e,y) = V/10- à? - y? 
and 
2 2 2 
g(z,y,z) 22 y^ +2 =10, 220. 
Other answers are possible. 
18. The bottom half of the ellipsoid is represented by 


Other answers are possible 


1184 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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(a) The isothermal surfaces of f are parallel planes. Each plane is described by the equation 
2r — 3y + z = c + 20, 


for each value of the constant c. 
(b) We have: 
f(0,0,0) = 1. 
This means that if we start at the point (0, 0, 0) and move slightly upwards in the direction of the positive z-axis, our 
temperature is increasing by one degree Fahrenheit for each additional unit we move. 

(c) To increase our temperature the fastest we should move away from the isothermal plane passing through (0, 0, 0) 
in a direction that allows us to reach the warmer isothermal planes as fast as possible. This means that we should 
follow a normal vector to the isothermal plane passing through (0, 0, 0) that has a positive k component (temperature 
increases with c and c 4- 20 gives the z-intercept of each isothermal plane). We have: 


Isothermal plane through (0,0,0) : 2x — 3y + z = 20, 
Normal vector to isothermal plane through (0,0,0) : i; —27 —3j + k. 


So, we must move away from the origin in the direction of the vector aj — 3j +k. 
(d) Isothermal surfaces of f are of the form 
z —c-F20-— 2x +4 3y, 
so, setting c = —3, we see that f(x,y) = —2x + 3y + 17 is an isothermal surface of f. On this surface the 
temperature is —3 degrees Fahrenheit. 


(a) We expect B to be an increasing function of all three variables. 
(b) A deposit of $1250 at a 1% annual interest rate leads to a balance of $1276 after 25 months. 


We expect P to be an increasing function of A and r. (If you borrow more, your payments go up; if the interest rates go 
up, your payments go up.) However, P is a decreasing function of t. (If you spread out your payments over more years, 
you pay less each month.) 


The graph of g(x, y) = x + 2y is the set of all points (x, y, z) satisfying z = x + 2y, or x + 2y — z = 0. This is a level 
surface, but we want the surface equal to the constant value 1, not 0, so we can add 1 to both sides to get rz 4-2y — z-- 1 = 1. 
Thus, f(x,y,z) = x + 2y — z + 1 has level surface f = 1 identical to the graph of g(x, y) = x + 2y. 


If we solve z? --y? /4--z? /9 = 1 for z we get z = 34/1 — x? — y2/4. Thus we can take f(a, y) = 34/1 — x? — y?/4 


and g(z, y) = —34/1 — a? — y?/A. 


The equation of any plane parallel to the plane z = 2z4-3y— 5 has x-slope 2 and y-slope 3, so has equation z = 2r4-3y—c 
for any constant c, or 2x + 3y — z = c. Thus we could take g(x, y, z) = 2x + 3y — z. Other answers are possible. 


(a) The graph of f(x, y) is obtained by plotting points (x, y, z), where z = f(x, y). Since the square root function is 
never negative, we have z > 0. Setting z = 4/1 — x? — y? and squaring both sides leads to z? + y? + z? = 1, 
which is the equation for a sphere of radius 1. The graph of the function includes only those points where z > 0, that 
is, the upper hemisphere of radius 1, centered at the origin. 

(b) If we take g(r,y,z) = f(x,y) — z = /1— x? — y? — z, then the level surface g(x, y, z) = 0 is the surface S. 


(a) The graph of f(x, y) is obtained by plotting points (x, y, z), where z = f(x, y). Since the square root function is 
never negative, we have z > 0. Setting z = 4/1 — y? and squaring both sides leads to y? + z? = 1, which is the 
equation for a circular cylinder of radius 1 lying along the x-axis (since x is missing from the equation). The graph 
of the function includes only those points where z > 0, that is, the upper half of the cylinder. 


(b) If we take g(x,y, z) = f(x,y) ^ z = 4/1 — y? — z, then the level surface g(x, y, z) = 0 is the surface S. 


Starting with the equation z = 4/z? + y?, we flip the cone and shift it up one, yielding z = 1 — 4/z? + y?. This is a 
cone with vertex at (0, 0, 1) that intersects the xy-plane in a circle of radius 1. Interchanging the variables, we see that 
y = 1 — Vx? + z? is an equation whose graph includes the desired cone C. Finally, we express this equation as a level 
surface g(r,y,z) 2-1— Vr? +z? — y — 0. 

In the xz-plane, the equation x” /4+ z? = 1 is an ellipse, with widest points at x = +2 on the x-axis and crossing the 
z-axis at z = +1. Since the equation has no y term, the level surface is a cylinder of elliptical cross-section, centered 
along the y-axis. 


Setting y to a constant c yields the equation z? + z? = 1 — c?/4, which, for —2 < c < 2 gives circular cross-sections. 
Fixing x = c yields the equation y?/4 + z? = 1 — c?, which for —1 < c < 1 yields elliptical cross-sections. A similar 
result is true for cross-sections with constant z. Thus the level surface appears to be a unit sphere, centered at the origin, 
that has been stretched by a factor of two in the y-direction (this shape is called an ellipsoid). 


30. 


31. 


32. 


33. 


34. 


35. 
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The level surfaces are graphs of the equations x + y + z = c for different values of the constant c. These are all parallel 
planes. 


The level surfaces are the graphs of sin(x + y + z) = k for constant k (with —1 < k < 1). This means x + y+ z = 
sin ! (Kk) + 2zn, or x — sin. ! (k) + 2nz for all integers n. Therefore for each value of k, with —1 < k < 1, we get an 
infinite family of parallel planes. So the level surfaces are families of parallel planes. 


Let's consider the function y — 2 4- sin z drawn in the yz-plane in Figure 12.116. 


y=2+sinz 


Figure 12.116 


Now rotate this graph around the z-axis. Then, a point (x, y, z) is on the surface if and only if z? +y? = (2+sin z)?. 
Thus, the surface generated is a surface of rotation with the profile shown in Figure 12.116. 

Similarly, the surface with equation x” + y? = (f(z))° is the surface obtained rotating the graph of y = f(z) around 
the z-axis. 


f(x,y,z) = a? — y? + z? has 3 types of level surfaces depending on the values of c in the equation zx? — y? + z? = c. 
We write this as z? + 2? = y? + c and think of what happens as we take a cross-section of the surface, perpendicular to 
the y-axis by holding y fixed. 

(i) For c > 0, the level surface is a hyperboloid of 1 sheet. 

(ii) For c < 0, the level surface is a hyperboloid of 2 sheets. 

(iii) For c — 0, the level surface is a cone. 


The level surfaces are the graphs of g(x,y, z) = e- G^ *^ 27) — k for constant values of k such that 0 « k € 1. So 
£? +y? +2? = — In k, which is the graph of a sphere since — nk > 0. 


The level surfaces are all planes described as follows: 
When h(a, y, z) = 1, the plane is given by 


e "21, so £z—9y-2lni-0. 
When h(x, y, z) = e, the plane is given by 


=e, so z—y-lnec-1. 


Exe sO z—-y=Ine’ =2. 


See Figure 12.117. 
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Figure 12.117 


36. For values of f < 4, the level surfaces are spheres, with larger f giving smaller radii. See Figure 12.118. 


z 


Figure 12.118 


37. For values of g < 1, the level surfaces are cylinders centered on the z-axis, with larger g values giving smaller radii. See 
Figure 12.119. 


Figure 12.119 


Strengthen Your Understanding 


38. The graph of f(x,y,z) is all points (x,y,z, w) in 4-space such that w = f(x,y,z). This graph cannot be drawn in 
3-space; it would need 4 dimensions. 


39. Since z is missing in the formula for f(x, y, z), the level surface f (x,y,z) = x? — y? = cis a hyperbolic cylinder. All 
its cross-sections perpendicular to the z-axis are the same hyperbola x? — y? = c. 


40. 


41. 


42. 


43. 
44. 


45. 
46. 


47. 


48. 


49. 
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51. 
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53. 


54. 


Solutions for Section 12.6 
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Since z is missing in the formula for f(x, y, z), the level surface f(x,y,z) = x? + y? = c is a cylinder running along 
the z-axis. 


A linear function of three variables has level surfaces that are equally spaced planes. Choosing a linear function that does 
not depend on x gives level surfaces perpendicular to the yz-plane. The function f(x,y,z) = y + z, for example, works. 
Its level surfaces are the planes: c = y+ z, or z = —y + c. 


A cylinder centered on the y-axis has equation z? + z? = c, so we take f (z,y,z) — x? + z”. There are other possible 
answers. 


Let f(x,y,z) = (x +y +2)’. Then f(x,y,z) = c > 0 means x +y +z = Vc, which for different c are parallel planes. 


One family of paraboloids is given by equations of the form z = £? + y? — c, where c is a constant. Rearranging this 
equation, we obtain x” + y? — z = c. Therefore, the level sets of the function f(x, y, z) = £? + y? — z are paraboloids. 


True. Both are the set of all points (x, y, z) in 3-space satisfying z = r +y’. 


False. The graph of f(x,y) = 4/1 — x? — y? is the upper unit hemisphere, while the graph of g = lis z?-- y? +2? = 1, 
which is the entire unit sphere (both spheres with center at the origin). 


True. The graph of f(x,y) is the set of all points (x, y, z) satisfying z = f(x, y). If we define the three-variable function 
g by g(x,y, z) = f(x,y) — z, then the level surface g = 0 is exactly the same as the graph of f(z, y). 


False. For example, the function g(x, y, z) = x? + y? + 2? has level surface g = 1 which is a sphere of radius 1, centered 
at the origin. This surface cannot be the graph of any function f (x, y), since a vertical line intersects it in more than one 
place. 


True. The level surfaces are of the form x + 2y + z = k, or z = k — x — 2y. These are the graphs of the linear functions 
f(x,y) = k — x — 2y, each of which has z-slope of —1 and y-slope equal to —2. Thus they form parallel planes. 


False. The level surfaces are of the form x? + y + 2? = k, or y = k — x? — z?. These are paraboloids centered on the 


y-axis, not cylinders. 


False. The level surface g = 0 of the function g(x, y, z) = £? + y? + z? consists of only the origin. 


True. The level surfaces g = k are of the form az + by + cz + d = k, or 
pce Rei) 
c 


Thus z is a linear function of x and y, whose graph is a plane. 


False. For example, the function g(x,y, z) = sin(x + y + z) has level surfaces of the form x + y + z = k, where 
k = arcsin(c) + na, for n = 0,+1,+2,.... These surfaces are planes (for —1 < c < 1). 


True. If there is a point (a, b, c) lying on both g(x,y, z) = kı and g(x,y, z) = ka, then we must have g(a, b,c) = ki 
and g(a, b, c) = ke. Since g is a function, it can only have a single value at a point, so ky = k2. 


Exercises 


No, 1/(x? + y?) is not defined at the origin, so is not continuous at all points in the square —1 < z < 1, —1 € y € I. 


The function 1/(x? + y?) is continuous on the square 1 < x < 2,1 < y < 2. The functions x? and y? are continuous 
everywhere, and so is their sum. The constant function 1 is continuous, and thus so is the ratio 1/(z? + y?), as long as 
£? + y? Æ 0. Since the only place z? + y? = 0 is at the origin, and the origin is not included in the square, the function 
is continuous in the square. 


The function y/ (a? + 2) is continuous on the disk x? + 4? < 1. The functions x? + 2 and y are continuous everywhere, 
and so is their ratio, as long as the denominator is not 0. But x? + 2 is always at least 2, so the function is continuous on 
the disk (actually at all points in the plane). 


The function e?" * /cos y is continuous on the rectangle —$ € xz € $,0 € y < 4. The functions sin and e” 


are continuous everywhere, and so is their composition e?" ^. Then the ratio €^" ^ /cos y is continuous as long as the 
denominator is not 0. But cos y is not 0 in the interval 0 < y < 4, so the function is continuous on the given rectangle. 


The function tan(0) is undefined when 0 = 7/2 ~ 1.57. Since there are points in the square —2 < x < 2,-2<y<2 
with z: y = 7/2 (e.g. x = 1, y = 7/2) the function tan(ay) is not defined inside the square, hence not continuous. 


1188 Chapter Twelve /SOLUTIONS 


6. The function /2x — y is undefined when 2x — y < 0. Since there are points in the disk z? + y? < 4 with 2x — y < 0 
(e.g. x = 0, y = 1) the function \/2x — y is not defined at all points inside the disk and hence is not continuous. 


7. Since the composition of continuous functions is continuous, the function f is continuous at (0, 0) and we have 


lim (z,y)= lim e" =e 92-1 
(2,y)— (0,0) (x,y) (0,0) 


8. Since the composition of continuous functions is continuous, the function f is continuous at (0, 0). We have: 


lim x,y) = lim x+y?) =0+0=0. 
(x,y) (0,0) fey) mam y) 


9. Since f does not depend on y we have: 


li = li = 
een a fy) ung +1 0-41 


10. Since the composition of continuous functions is continuous, the function f is continuous at (0, 0). We have: 


: : rcty 0+0 
lim x,y) = lim ———À = ——_ = 0. 
(x,y) (0,0) fey (x,y) (0,0) Sin y + 2 0+2 
11. We want to compute 
EN 2 
(z,y)—> (0,0) (z,y)>(0,0) £4 +y 


As r = 4/ x? + y? is the distance from (x, y) to (0,0) we have that (x, y) — (0,0) is equivalent to r — 0. Hence the 


limit becomes: 
sin r? 
= 1, 


lim T — lin 
(z,y)— (0,0) f ^ y) ear r? 


Problems 


12. We want to show that f does not have a limit as (x, y) approaches (0, 0). So let us suppose that (x, y) tends to (0, 0) 
along the line y = mz, where the slope m Z 1. Then 


2.4) = f(e mr) = tmm. (ome itm 
f(x,y) = f(z, mz) (lume 


r—mzc 1—m 
Therefore m 
m 
li = — 
lim f(z, mz) = 352 
and so for m = 2 we get 
1+2 3 
li = — = — = 
edho Sna 3 
y=2r 
and for m = 3 i2 " 
li = — = — = —2. 
eoo Fay) = 13 
y=3e 


Thus no matter how close they are to the origin, there will be points (x, y) where the value f(x,y) is close to —3 and 
points (x, y) where f(x,y) is close to —2. So the limit: 


lim x, y) does not exist. 
-——— ee 


13. 


14. 


15. 


16. 
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We want to show that f does not have a limit as (x, y) approaches (0, 0). Let us suppose that (x, y) tends to (0, 0) along 


the line y = mz. Then 
r? — m?z? E 1—m? 


x2+m2r2 14m? 


f(z,y) = f(z, mz) = 


Therefore R 
1—m 
li = 
ieee) = cae 
and so form = 1 we get 
1-1 0 
li SS ea 
T fU = Ta = 3 
and for m = 0 1-0 
li = — =1. 
(290.0) fey) 1+0 
uc: 


Thus no matter how close they are to the origin, there will be points (x, y) such that f(a, y) is close to 0 and points (x, y) 
where f(x, y) is close to 1. So the limit: 


lim x, y) does not exist. 
E v) 


Points along the positive x-axis are of the form (x, 0); at these points the function looks like 2x/2x = 1 everywhere 
(except at the origin, where it is undefined). On the other hand, along the y-axis, the function looks like —y? ji y --1. 
Since approaching the origin along two different paths yields numbers that are not the same, the limit does not exist. 


We want to show that f does not have a limit as (x, y) approaches (0, 0). For this let us consider x > 0, y > 0, which 
gives 


: . x 
lim = f(z,y)= lim a 
(x,y) (0,0) (x.y)+(0,0) |a] 
x>0,y>0 220,20 
On the other hand, if > 0, y < 0, we get 
lim = f(r,y)-— lim s ES EN 
(x,y) (0,0) G3)(0,0) |wy| — G02(0,0 —zry 
r»0,y«0 x>0,y<0 x>0,y<0 


Thus no matter how close to the origin they are, there will be points (x, y) such that f(x, y) is close to 1 and points (x, y) 
such that f(a, y) is close to —1. So the limit 


lim x, y) does not exist. 
iiio v) 


Let us suppose that (x, y) tends to (0, 0) along the curve y = ka”, where k Æ —1. We get 


FO a E oes d 
(87 = INPS ~ gz2-- kr? LT +k 


Therefore: í 
li ka?) = —— 
be Gra Reale OE 

and so for k = 0 we get 

li ,y)-—1 
(2,0)-¥(0,0) Fay) 
y=0 


and fork = 1 i 
lim || f(2z,9) 7 5- 


(x,y) (0,0) 


y=r2 


Thus no matter how close they are to the origin, there will be points (x, y) where the value f(x, y) is close to 1 and points 
(x,y) where f(a, y) is close to 2. So the limit: 


lim 2; 
(x,y)—+(0,0) fey) 


does not exist. 
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17. For x > 0, we have 


18. 


19. 


20. 


21. 


22. 


f(x,y) =y. 
Thus, the surface representing f for x > 0 is the plane z = y. 
For z « 0, we have 


Thus, the surface representing f for x < 0 is the plane z = —y. 
For z — 0, we have 
f(a, y) =0. 


Thus, the surface representing f is two half-planes and the y-axis. 


(a) The function is continuous at every point on the x-axis. 

(b) The function is not continuous at any point on the y-axis, except at the origin, because f(a, y) = 0 on the y-axis and 
not nearby unless y = 0. 

(c) The function is continuous at the origin. 

(a) Yes 

(b) No 

(c) Yes 


The function, f is continuous at all points (x, y) with x Æ 3. We analyze the continuity of f at the point (3, a). We have: 


lim f(x,y) = lim(e+y)=c+a 


(x,y) (3,a),2 «3 ya 
lim ,y)— lim (5-2)=2. 
ka y) mM ) 


We want to see if we can find one value of c such that c + a = 2 for all a. This would mean that c = 2 — a, but then c 
would be dependent on a. Therefore, we cannot make the function continuous everywhere. 


The function f is continuous at all points (x, y) with z 4 3. So let's analyze the continuity of f at the point (3, a). We 
have 


lim — f(z,y) = lim(c+y) 2 ca 
£o y) Gra) ya 
r<: 


lim — f(z,y) 2 lim(5— y) 25— a. 
(eu) Bsa) yoa 


So we need to see if we can find one value for c such that c+ a = 5 — a for all a. This would require that c = 5 — 2a, 
but then c would depend on a, which is exactly what we don't want. Therefore, we cannot make the function continuous 
everywhere. 


It is not continuous at (0, 0). The function f(x,y) = x? + y? gets closer and closer to 0 as (x, y) gets closer to the 
origin; but the value of f (0, 0) is not 0, it is 2. Since the value of the function is not equal to the limit, the function is not 
continuous at the origin. 


The function f(x, y) = £? + y? + 1 gets closer and closer to 1 as (zx, y) gets closer to the origin. To make f continuous 
at the origin, we need to have f (0,0) = 1. Thus c = 1 will make the function continuous at the origin. 


(a) The graphs are shown in Figure 12.120. 


Figure 12.120 


(b) Yes, it seems that if x: and y are both close to 0, the values of the function are both close to 0 = f(0, 0). 


23. 
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(a) We have f(r,0) = 0 for all x and /(0, y) = 0 for all y, so these are both continuous (constant) functions of one 
variable. 
(b) The contour diagram suggests that the contours of f are lines through the origin. Providing it is not vertical, the 
equation of such a line is 
y — mz. 


To confirm that such lines are contours of f, we must show that f is constant along these lines. Substituting into the 
function, we get 


a (ma) ma? m 
f(z,y) = f(z, mz) = ara ma (ma)? = NU mA ETT BETE Lm = constant. 
Since f(a, y) is constant along the line y = mz, such lines are contained in contours of f. 
(c) We consider the limit of f(x, y) as (a, y) — (0,0) along the line y = ma. We can see that 


m 
1+m?° 


lim f(r,mz)-— 
10 


Therefore, if m = 1 we have 


1 
lim r,y)—zc 
Cato f(z,y) 7 5 


whereas if m — 0 we have 
lim ,y) =0. 
a M o, fr y) 
y=0 
Thus, no matter how close we are to the origin, we can find points (x, y) where the value f(x, y) is 1/2 and points 
(x,y) where the value f(x, y) is 0. So the limit lim(.,,)-,(0,0) f(x, y) does not exist. Thus, f is not continuous at 
(0, 0), even though the one-variable functions f(x,0) and f(0, y) are continuous at (0, 0). See Figures 23 and 23 


Strengthen Your Understanding 


24. 
25. 
26. 


27. 


28. 


29. 
30. 


For continuity, one also needs the value of the limit to be the same as f(a, b). 


For the quotient f/g, one also needs g(a, 5) Æ 0. 


Let " i 
fen = are t eg 
Let " " 
| a + 2y 
F(x,y) E x? + y? i 
Approaching along the x-axis means setting y = 0, so then 
Pe 
f(z,y) == =1 for all x Z 0. 
x 


Thus, the limit approaching (0, 0) along the x-axis is 1. 
Approaching along the y-axis means setting x = 0, so then 


f(x,y) = a exa. for all y Æ 0. 
y 


Thus, the limit approaching (0, 0) along the y-axis is 2. 


One possible answer is f(x, y) = OSs 
lifz > 2. 
One possible answer if f(x,y) = 1/((x — 2)? + y^). 


One possible answer is f(x, y) = 1/(x? + y? — 1). 


1192 Chapter Twelve /SOLUTIONS 


Solutions for Chapter 12 Review 


Exercises 


1. The distance of a point P = (x,y,z) from the yz-plane is |x|, from the xz-plane is |y|, and from the xy-plane is |z]. 
So A is closest to the yz-plane, since it has the smallest z-coordinate in absolute value. P lies on the zz-plane, since its 
y-coordinate is 0. C is farthest from the zy-plane, since it has the largest z-coordinate in absolute value. 


2. Your final position is (1, — 1, —3). Therefore, you are in front of the yz-plane, to the left of the xz-plane, and below the 
c y-plane. 


3. An example is the line z = —z in the xz-plane. See Figure 12.121. 


x 


Figure 12.121 


4. Given (x,y) we can solve uniquely for z, namely z = 5 — 3x + 2y. Thus, z is a function of x and y: 


z = f(x,y) = 5 — 3x + 2y. 


5. The equation z? + y? + z? = 100 does not determine z uniquely from x and y. For example, the points (0,0, 10) and 
(0, 0, — 10) both satisfy the equation. Therefore z is not a function of (x, y). 


2 
6. Given (z, y) we can solve uniquely for z, namely z — 2 4- z + : — s + y’. Thus, z is a function of x and y: 
Flæy)=2+ £ z y 32° da? 
z-—f(rz,y)- ++5-— à; 
y p TE 5 y 


7. Planes perpendicular to the positive y-axis should yield the graphs of upright parabolas f(x,y), which widen as y de- 
creases (giving f(z,2) and f(x, 1)). When y = 0, the parabola flattens out, creating a horizontal line for f(x, 0). The 


graphs then turn downward, creating the parabolas f(x, —1) and f(x, —2) which become narrower as y decreases. So the 
graph (IV) bests fits this information. 


8. (a) is (IV). The level curves of f and g are lines, with slope of f — —1 and slope of g — 1. See Figure 12.122. 
(b) is (ID. The level curves of f and g are lines, with slope of f = —2/3 and slope of g = 2/3. See Figure 12.123. 
(c) is (D. The level curves of f are parabolas opening upward; the level curves of g are the shape of In x, but upside 
down and for both positive and negative z-values. See Figure 12.124. 
(d) is (IID. The level curves of f are hyperbolas centered on the x- or y-axes; the level curves of g are rectangular 
hyperbolas in quadrants (I) and (III) or quadrants (II) and (IV). See Figure 12.125. 
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y y 
gea g= ce 


C1 


o 
B 
= 


8I 


Figure 12.122 Figure 12.123 


f-a 


Figure 12.124 Figure 12.125 


9. (a) is (D, because there is a minimum at the origin and the surface slopes steadily upward. 
(b) is (IV), because there is a maximum at the origin and the surface slopes increasingly steeply downward as we 


move away from the origin. 
(c) is (ID), because there is a maximum at the origin and the surface slopes steadily downward. 
(d) is (IID, because there is a minimum at the origin and the surface slopes increasingly fast upward as we move 


away from the origin. 
10. Contours are lines of the form 3x — 5y + 1 = c as shown in Figure 12.126. Note that for the regions of x and y given, the 
c values range from —12 « c « 12 and are evenly spaced. 


N 
\ 


| 
to 

| 
= 
= 
bo 


Figure 12.126 


11. Since setting z = c, with —1 < c < 1 gives y = sin ! c--2nz or y = m — sin ! c + 2na =constant, where n is any 
integer, contours are horizontal lines as shown in Figure 12.127. 
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Figure 12.127 


12. Contours are ellipses of the form 2x? + y? = c as shown in Figure 12.128. Note that for the ranges of x and y given, the 
range of c value is 1 < c < 9 and are closer together farther from the origin. 


y 
2 
1 
zr 
^ 
1 % 
% d 
2 A 
—2 —1 1 2 
Figure 12.128 
13. The contours are ellipses of the form 2z? + y? = — Inc as shown in Figure 12.129. For the ranges of x and y given, the 
c values range from just above 0 to 1. 
y 
2 
1 
= = dq 
1 
2 
—2 —1 1 2 


Figure 12.129 


14. These conditions describe a line parallel to the z-axis which passes through the xy-plane at (2, 1, 0). 
15. The equation is (x — iL}? +(y- 2)? +(z- 3)? —25 
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16. The equation will be of the form mz + ny + ez = d, but you can divide through by d to get an equation of the form 
ax + by + cz = 1 (d can not be zero, as the origin is not in the plane). Now plug in the points: From (0, 0,2), we get 
a(0) + b(0) + c(2) = 1. From this we get c = $. Similarly we get a = 4, and b = 4. So the equation that fits these 
points is 

y 


x 
=+5+4 


zZ 
= =1. 
pg" 


The equation of this plane can also be obtained by calculating the normal as the cross product of two vectors lying in the 
plane. 


17. We complete the square 
a? +40 +y’ —6y 4 z? 4- 12z =0 
z? Ar A 4 y? —6y+94+27+4+122+36=44+9+4 36 
(z - 2) + (y — 3? + (z-- 6)? — 49 


The center is (—2,3, —6) and the radius is 7. 


18. A contour diagram is linear if the contours are parallel straight lines, equally spaced for equally spaced values of z. This 
contour diagram does not represent a linear function. 


19. A contour diagram is linear if the contours are parallel straight lines, equally spaced for equally spaced values of z. This 
contour diagram could represent a linear function. 


20. (a) Since the function is linear, the increment between successive entries in the same column is constant. From the third 
column we see that the increment is 2 — 8 — —6. Subtract 6 to go from any entry in the table to the entry below it, 
and add 6 to get the entry above it. See Table 12.17. 


Table 12.17 


y 


(b) From the third column of the table we calculate 


Slope in z-direction — m — DIS 2-3. 


From the first row of the table we calculate 


8—6 


3525 ^ 


Slope in y-direction = n = 
The equation of the linear function is 


f(@,y) = zo + m(x — zo) + n(y — vo) 
= f(—1,2.5) -3(6— (—1)) + 2(y — 2.8) = —2 — 3 + 2y. 


21. The level surfaces appear to be circular cylinders centered on the z-axis. Since they don't change with z, there is no z in 
the formula, and we can use the formula for a circle in the zy-plane, £? + y? = r?°. Thus the level surfaces are of the 
form f(x,y,z) = x? - y? = c for c > 0. 


22. The paraboloid is z = x? + y? + 5, so it is represented by 
z= f(z,y) - 3^ +y" +5 


and 


Other answers are possible. 
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23. Plane is (x/2) + (y/3) + (z/4) = 1, so it is represented by 


z = f(x,y) =4-— 2r — zy 


and 


Other answers are possible. 


24. The upper half of the sphere is represented by 


z= f(x,y) = y1- zr? -y 


and 
glz, y, z) =£? +y +2 = 1. 
Other answers are possible. 
25. The sphere is (x — 3)? + y? + z? = 4, so the lower half is represented by 


z= f(x,y) = 4 — (a —3)?—y? 


and 
g(z.y,z) = (8-3) +y? +2 =4, 
Other answers are possible. 
26. The level surfaces have equation cos(x + y + z) = c. For each value of c between — 1 and 1, the level surface is an infinite 


family of planes parallel to x + y + z = arccos(c). For example, the level surface cos(x + y + z) = 0 is the family of 
planes 


r+y+z= 5 + 2nm, n=0,1,2,.... 


27. A cylindrical surface. 

28. A cone. 

29. (a) The contours of g are parallel straight lines, and equally spaced function values correspond to equally spaced contours. 
These are the characteristics of the contour diagram of a linear function. 


(b) The zero contour goes through the origin, so g(0, 0) = 0 is one value of the function. 
The slope m in the x-direction, obtained from the function values at (0, 0) and (50, 0), is 


(50,0) — (0,0) 10000—0 . 
Mum 50—0 = gap os 


The slope n in the y-direction, obtained from the function values at (0, 0) and (0, 50), is 


,9(0,50)—5(0,0) _ 5000 — 0 


50 —0 sp O 


We have the formula 


g(x,y) = zo + m(x — xo) +n(y — yo) 
(0,0) + m(x — 0) + n(y — 0) = 200x + 100y. 


Problems 


30. The cross-sections perpendicular to the ¢-axis are sine curves of the form g(x, b) = (cos b) sin 2a; these have period 7. 
The cross-sections perpendicular to the x-axis are cosine curves of the form g(a,t) = (sin 2a) cost; these have period 
2T. 
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Figure 12.131: Cross-section Figure 12.132: Cross-section 
g(x, b) = (cos b) sin 2x, g(a, t) = (sin 2a) cost 
with b = 0, 7/3, 51/3, 27 with a = 7/12, 1/4, 51/12 


31. If 
Po = f(Lo, Ko) = 1.0110 K8” 


then replacing Lo and Ko by 2Lo and 2Ko gives 
f(2Lo, 2Ko) = 1.01(2L9)9 79 (2&5)? ?5 
= 90759035 | | gj 70-75 g0-25 
= 2f (Lo, Ko) 
= 2p. 


So, doubling labor and capital doubles production. 


32. (a) The level curve f — 1 is given by 
zr? +y? +r=1 
yz? +y? —1- a. 


Since ,/x? + y? > 0, we must have z < 1. Squaring gives 


So the level curve is given by 


EUM 
—739 *3 


1197 


with x < 1. Looking at the equation for the level curve, x always satisfies x < 1 since x < i. This means the 


level curve f = 1 is the parabola x = -iy + i. See Figure 12.133. 
Similarly, the level curve f = 2 has equation, valid for x < 2, 


120-y2—2-—m 


ety =4-4r +r 


1198 Chapter Twelve /SOLUTIONS 


The level curve f = 3 has equation, valid for z < 3, 


T Ly —-9—6rz4c4zx 
rx zi ls 
Um og 


Both f = 2 and f = 3 are valid for all x and y satisfying the respective equations, so the level curves are parabolas. 
See Figure 12.133. 
(b) The level curve f = c has equation, valid for x < c, 


w+y=c-2 

2 2 2 2 

rz +y“ =c — 2cr +r 
1 2 [6i 


+5. 


If c > 0, then any z satisfying this equation satisfies x < £, so we have x < c. Thus, the level curve exists for c > 0. 
If c < 0, then any = satisfying the level curve equation also satisfies x > $, so x > c (since c is negative). Thus, the 
level curves do not exist for c « 0. If c = 0, we get the level curve y = 0 with x < 0. Summarizing, we have that 
level curves exist only for c 7 0. 


Figure 12.133 


33. (a) You can see the sequence of values 1, 2, 3, 4, 5, 6, ... as you follow diagonal paths in the table upward to the right, 
changing to the next lower diagonal after reaching the top x = 1 row. The pattern continues in the same way, giving 
Table 12.18 


Table 12.18 


(b) It appears that the value of f increases by 1 whenever x is decreased by 1 and y is increased by 1. To check this, 
compute 


1/2)((z — 1) + (y - 1) - 2)((e — 1) + (y - 1) — 1) + (y + 1) 
1/2(rc-y-2)xc-y—1)-y-l 
= f(x,y)+1 
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It appears that the value of f increases by 1 when moving from a point (1, y) to the point (y + 1, 1). To check 
this, compute 


f(y--1,1) = (1/2)((y -1) -1-2)(y 1) 1-1) 41 
- + Sut 
= (1/2)(1 +y- 2)(1+y-1)+y+1 
= f(Lly)*1 


34. Let us suppose that (x, y) approaches (0, 0) along the line y = x. Then 


x? x 


zr*-az? 241° 


Therefore 


lin s — lim zi 
(æu) > (0,0) Fay) inm +1 
y= 


On the other hand, if (x, y) approaches (0, 0) along the parabola y = x? we have 


4 
2 x 1 
f(a, y) = f(x, a") = 2:475 
and i 
li = li 3L, 
(2) (0.0) FG. y) 2 Hie) 2 
j= 


Thus no matter how close they are to the origin, there will be points (x, y) such that f(x, y) is close to 0 and points (x, y) 
such that f(a, y) is close to 4. So the limit 


lim 2; 
(x,y)—+(0,0) fiy) 


does not exist. 
35. Points along the positive x-axis are of the form (c, 0); at these points the function looks like z/2x = 1/2 everywhere 
(except at the origin, where it is undefined). On the other hand, along the y-axis, the function looks like y? /y = y, which 


approaches 0 as we get closer to the origin. Since approaching the origin along two different paths yields numbers that 
are not the same, the limit does not exist. 


36. We will study the continuity of f at (a,0). Now f(a,0) = 1 — a. In addition: 


lim  f(z,y) = lim(1—2)=1-a 


(z,y)— (a,0) ra 
y>0 
lim gz, y) = lim —2 = —2. 
(2,9) (a,0) Sy) z—>a 
y<0 
If a = 3, then 
lim z,y)=1-3=-2= lim à 

(z,y)— (3,0) f y) (x,y) (3,0) fle y) 
y>0 y<0 


and so lim). (3,0) f (£, y) = —2 = f (3,0). Therefore f is continuous at (3, 0). 
On the other hand, if a Æ 3, then 


lim r,y)-o1—a7z-2- lim 25 
(x,y) (2,0) f( y) 7 (2.9) (2,0) f y) 
y>O y<0 
so lim(z,y)-+(a,0) f(x, y) does not exist. Thus f is not continuous at (a, 0) if a A 3. 
Thus, f is not continuous along the line y = 0. (In fact the only point on this line where f is continuous is the point 


(3,0).) 
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37. (a) A student with SATs of 1050 and a GPA of 3.0 has a z-value given by 
z = 0.003 - 1050 + 0.8: 3.0 — 4 = 1.55 


Since 1.55 < 2.3, this student will not be admitted. 
(b) A student with SATs of 1600 and GPA of y has a z-value given by 


z = 0.003 - 1600 + 0.8y — 4 = 0.8 + 0.8y = 0.8(y + 1) 


Since 0.8(y + 1) may be greater than or less than 2.3, not all of the students with SAT scores of 1600 will be admitted. 
(c) A student with GPA of 4.3 and SATs of x has a z-value given by 


z = 0.0032 + 0.8 - 4.3 — 4 = 0.003x — 0.56 


Since 0.0032 — 0.56 may be greater than or less than 2.3, not all of the students with a high school GPA of 4.3 will 
be admitted. 
(d) See Figure 12.134. 


y 
4.3 r = 
4r N 
À , -4——- Admission area 
3r N 
1, 
ZEE N 
—1 
1r N N 
0 N € 
400 1000 1600 
Figure 12.134 


(e) If Ax = 100, then Az = 0.003Az = 0.003 - 100 = 0.3. 
If Ay — 0.5, then Az — 0.8- 0.5 — 0.4. 
An extra 0.5 of high school GPA increases a student's z-value by more than an extra 100 points on the SAT. Thus, 
the increase in GPA is more important. 

38. (a) The plane y = 1 intersects the graph in the parabola z = (x? +1) sin(1) +a = z? sin(1) 4- x +sin(1). Since sin(1) 
is a constant, z = a? sin(1) + x + sin(1) is a quadratic function whose graph is a parabola. 
Any plane of the form y — a will do as long as a is not a multiple of 7. 

(b) The plane y = ~ intersects the graph in the straight line z = 1°. (Since sin = 0, the equation becomes linear, 
z —2m?mify — m) 

(c) The plane x = 0 intersects the graph in the curve z = sin y. 


39. (a) To find the level curves, we let T be a constant. 
T —100— a? — 4? 
z? +y — 100 — T, 
which is an equation for a circle of radius v 100 — T centered at the origin. At T = 100°, we have a circle of radius 


0 (a point). At T = 75°, we have a circle of radius 5. At T = 50°, we have a circle of radius 5/2. At T = 25°, we 
have a circle of radius 5/3. At T = 0°, we have a circle of radius 10. 


40. 
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y 
104 T-0 
T = 100 T — 50 
T = 75 
x 
T 225 
Motion of bug 


Figure 12.135 


(b) No matter where we put the bug, it should go straight toward the origin—the hottest point on the xy-plane. Its 
direction of motion is perpendicular to the tangent lines of the level curves, as can be seen in Figure 12.135. 


Let the equation of the plane be z = az + by + c. When z = 0, the line on the xy-plane is ax + by + c = 0. Since we 
know that the plane intersects the zy-plane along the line y = 2x + 2 we have b 0 and 


Since (1, 2, 2) lies on the plane, we can use the equation z = az + by + c to get 


2=a+2b+c 
Solving the equations gives 
a= 2, 
b=-1, 
c=2. 
Hence z = 2x — y + 2 and the linear function is f(x, y) = 2x — y + 2. 
41. (a) Since z = c, where —1 < c < 1 is a constant, gives 4/z? + y? = - cos !(c) + 2kr, where k is any integer 
such that + cos! (c) + 2k7 is non-negative, or £? + y^ = r°, where r = +cos~'(c) + 2km, which represents 


a family of circles of radius r centered at (0, 0), the level curves of the function are families of circles, as shown in 
Figure 12.136. 


Figure 12.136 


(b) The plane containing the x- and z-axes is the plane y = 0. Thus the cross-section is z = cos Vx? + 0? = cos(|x|) = 
cos x, as shown in Figure 12.137. 
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(c) Denote the line y = x in the xy-plane as r-axis and put units on it such that the units on the r-axis coincide with the 
units on the x-axis and y-axis, namely, r° = z? + y’. Thus, the cross-section is z = cos Vr? = cos(|r|) = cosr, 
as shown in Figure 12.138. 


Figure 12.137 Figure 12.138 


42. The function y = f(z,0) = cos Osin x = sin x gives the displacement of each point of the string when time is held fixed 
at t = 0. The function f(x, 1) = cos 1 sin x = 0.54 sin x gives the displacement of each point of the string at time t = 1. 
Graphing f(a,0) and f(a, 1) gives in each case an arch of the sine curve, the first with amplitude 1 and the second with 
amplitude 0.54. For each different fixed value of t, we get a different snapshot of the string, each one a sine curve with 
amplitude given by the value of cos t. The result looks like the sequence of snapshots shown in Figure 12.139. 


f(z,0) = sina 
: y Z f(v,1) = 0.54sin £ 
0.54 
T 
T 
—0.54 
-1 


Figure 12.139 


43. The function / (0,4) = cos tsin 0 = 0 gives the displacement of the left end of the string as time varies. Since that point 
remains stationary, the displacement is zero. The function f (1, t) = cos tsin 1 = 0.84 cos t gives the displacement of the 
point at x = 1 as time varies. Since cos t oscillates back and forth between 1 and — 1, this point moves back and forth with 
maximum displacement of 0.84 in either direction. Notice the maximum displacements are greatest at x = 7/2 where 
sinz — 1. 


44. (a) Fort = 0, we have y = f(z,0) = singz, 0< x € s, as in Figure 12.140. 


y 
| SAN | 
x2 
2 
| . Pdl. : 
1/2 T 1/2 m 


Figure 12.140 Figure 12.141 


For t = 7/4, we have y = f(x, Tt /4) = X2 sing, 0 € x < m, as in Figure 12.141. 
For t = 7/2, we have y = f(x, 7/2) = 0, as in Figure 12.142. 


y 
y 1/2 T 


Figure 12.142 Figure 12.143 


ts 
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For t = 37/4, we have y = f(x, 37/4) = = singz, 0< x< r, asin Figure 12.143. 


For t = 7, we have y = f(x, r) — —sinz, 0< x< m,asin Figure 12.144. 
y 7/2 T 
l x 
—1 
Figure 12.144 


(b) The graphs show an arch of a sine wave which is above the x-axis, concave down at t = 0, is straight along the x-axis 
at t = 7/2, and below the x-axis, concave up at t = 7, like a guitar string vibrating up and down. 


45. (a) For g(z,t) = cos 2t sin x, our snapshots for fixed values of t are still one arch of the sine curve. The amplitudes, 
which are governed by the cos 2t factor, now change twice as fast as before. That is, the string is vibrating twice as 
fast. 

(b) For y = h(x,t) = cos tsin 2z, the vibration of the string is more complicated. If we hold £ fixed at any value, the 
snapshot now shows one full period, i.e. one crest and one trough, of the sine curve. The magnitude of the sine curve 
is time dependent, given by cos t. Now the center of the string, x = 7/2, remains stationary just like the end points. 
This is a vibrating string with the center held fixed, as shown in Figure 12.145. 


" tSn 
— 3m 
E 
it 
x T 
2 
T 
t=3 
t=3 
t=0 


Figure 12.145: Another vibrating string: y = h(x, t) = cost sin 2x 


CAS Challenge Problems 


46. (a) Let C = (a, y, 0). Since distance AC = 2 we have x? + y? = 2, and since distance BC = 2 we have (a — 2)? + 
y? = 2? . Solving these two equations, we have C = (1, V3, 0) or C = (1, — v3, 0). We will pick the first choice 
(the second choice gives different answers in the next part). 
(b) Let D = (x,y,z). Distance DA = 2 implies that z? + y? + z? = 4. Distance DB = 2 implies that (x — 2)? + 
y? + 2? =4. Distance DC = 2 implies that (x — 1)? + (y — V3)? + 2? = 4. Solving these three equations, we 
have: x = 1, y = 1/V3, z= 2/2/4/3 org 1, ge 1/3, z= —2)/2/V/3. Picking the first choice we have 
D = (1,1/V3, 2V2/V3). 
(c) The figure is a tetrahedron, that is, a polyhedron with four faces, each of which is an equilateral triangle: ABC, 
ABD, ACD, BCD. 


47. (a) 


£ +2(3 +z + 2y) = (842-3) + (1-- 2)z -- 27y =94 3x + 4y 
bo + 2(3 +x +2(3 + x + 2y)) 
= (3 +2-3 +2 -3)+ (1 +2+2°)z + 22y = 214 7x + 8y 


f(a, f(x,y) 


=a 
fx, f(a, FG.) = 3- 


(b) From part (a) we guess that the general pattern for k nested fs is 
(32:3 27.34 2^ 7.3) (142427 e 2 9) 2y 


Thus 


f(a, f(z, f(x, f(x, f(z, f(z.9))))) = 
(342-3427-34.--+2°.3)+ (142427? 4---4+2°)2 + 2°y = 189 + 63x + 64y. 
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48. (a) Since f(1,1,1) = 16, f(1,1,2) = 21, an increase of 1 in z increases the value of f by 5. Thus we estimate 

f(1, 1,3) © 21+5 = 26. Similarly, since f(1, 0,1) = 20, f(1, 1, 1) = 16, an increase of 1 in y decreases the value 
of f by 4. So we estimate f(1,2,1) ~ 16 — 4 = 12. 

(b) When z and y are fixed at 1, f is a linear function of z, thus the linear approximation will give a precise answer for 
f (1, 1, 3). However, when x and z are fixed at 1, f is the sum of an exponential function of y and a linear function, 
thus the linear approximation will not be accurate for f (1,2, 1). 

(c) Since f(x,y,z) = ax? -- byz +czz? -- d2* ^" and f (1,0, 1) = 20, /(1, 1,1) = 16, /(1, 1, 2) = 21, f(0,0, 1) = 6, 
we have 


à c- c 4- 2d = 20 
a+b+c+d=16 
a+2b4+2c+d= 21 
d=6 


Solving for a, b, c, d, we get f(x,y, z) = 5x? + 2yz + 320° +6- 277”, 
(d) f(1,1,3) = 26, which matches the estimate in part (a). f(1, 2,1) = 15, which does not agree with the estimate in 
part (a). 
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1. (a) The Leq is greatest near the runways. The largest contour marked is 72 dB; Heathrow's two main runways 
are located within this contour and run east-west. The noise level on the runways exceeds 72 dB. For 
comparison, the noise level 50 feet from the edge of a freeway in mid-morning is about 76 dB. 

(b) Since the prevailing wind is from the west, the planes take off towards the west and land coming in 
from the east, which explains why the contours are aligned east-west. Many of the planes taking off want 
eventually to go east, so they turn off to the southwest to start a U-turn back to the east. A limited number, 
particularly those heading for transatlantic flights, turn right; fewer still head due west on a straight-out 
departure. When planes are approaching or departing, they have to use considerable power at low altitude, 
and hence are significantly noisier; this noise is concentrated at the end of the runways. 

(c) The noise level falls off rapidly to the north and south of the runways. This is reflected in the fact that the 
contours are very close together along the length of both runways. 

(d) Suppose the decibel measure of the sound, B1, on one contour is given by 


i, 
B, = 10 logy, (=) 
0 


and the decibel measure of the sound on the next higher contour, B», is 


L 
Bz = 10 logy, (2) : 
0 


Since contours are labeled at 3 dB intervals, 


L L Lo/L L 
3 = B3 — Bı = 10 (toe (2) — logy (2) = 10logio (22) = 10 logy (2) : 


Solving for L5/ L4 gives 
P2 _ 198/10 45, 
1 
Thus, moving from one contour to the next at 3 dB higher corresponds to approximately doubling the 
sound intensity. 

(e) We have shown that an increase of 3 dB corresponds approximately to doubling the sound intensity, so a 
decrease of 3 dB corresponds approximately to halving the sound intensity. We are told that the new jets 
will make 5096 less noise, so sound intensity will be halved. Thus, we will subtract 3 dB from each contour 
value; for example, the present 57 dB contour will be labeled as 54 dB. 
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2. (a) About 15 feet along the wall, because that’s where there are regions of cold air (55°F and 65°F). 


(b) Roughly between 10 am and 12 noon, and between 4 pm and 6 pm. 


(c) Roughly between midnight and 2 am, between 10 am and 1 pm, and between 4 pm and 9 pm, since that is 
when the temperature near the heater is greater than 80°F. 


(d) 


(e) 


85 
75 
65 
55 


Figure 12.147: Temp. vs. 
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Figure 12.148: Temp. vs. 
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(f) The temperature at the window is colder at 5 pm than at 11 am because the outside temperature is colder 
at 5 pm than at 11 am. 
(g) The thermostat is set to roughly 70°F. We know this because the temperature in the room stays close to 
70°F until we get close (a couple of feet) to the window. 
We are told that the thermostat is about 2 feet from the window. Thus, the thermostat is either about 13 feet 
or about 17 feet from the wall. If the thermostat is set to 70°F, every time the temperature at the thermostat 
goes over or under 70°F, the heater turns off or on. Look at the point at which the vertical lines at 13 feet 
or about 17 feet cross the 70°F contours. We need to decide which of these crossings correspond best with 
the times that the heater turns on and off. (These times can be seen along the wall.) Notice that the 17 
foot line does not cross the 70°F contour after 16 hours (4 pm). Thus, if the thermostat were 17 feet from 
the wall, the heater would not turn off after 4 pm. However, the heater does turn off at about 21 hours (9 
pm). Since this is the time that the 13 foot line crosses the 70°F contour, we estimate that the thermostat 
is about 13 feet away from the wall. 


(h) 
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3. (a) Let x = distance (microns) from center of waveguide, t = time (nanoseconds) as shown in the problem, 
and J = intensity of light as marked on the given level curves. 


Time 
t=0 


x 
—10 —5 0 5 10 


Figure 12.150 


(b) Two waves would start out at opposite ends of the screen. The wave on the left would be slightly taller 
and narrower than the wave on the right. The waves would move toward one another, the wave on the right 
moving a little faster. They would meet to the left of the center and appear to merge, becoming taller. They 
would then proceed in the directions they were initially going, ultimately leaving the screen on the side 
opposite to where they began. 

(c) Let x = distance (microns), t = time (nanoseconds), and J = intensity. 


I I I 

1:2 1.2 1.2 

Location Location Location 

0.9 r—-—5 0.9 z—0 0.9 r—5 
0.6 0.6 
0.3 0.3 

i t 
2 4 6 8 10 12 2 4 6 8 10 12 
Figure 12.151 


(d) Two pulses of light are traveling down a wave-guide toward one another. They meet in the center and, 
as they pass through one another, appear brighter. They then continue along in the wave-guide in the 
directions they were going. 
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CHAPTER THIRTEEN 


Solutions for Section 13.1 


Exercises 


1. The vectors are@ — i + 37,56 —3i +27,0 — —2i —27, andw — —i +27. 


3. The vector we want is the displacement from Q to P, which is given by 


QP =(1-4)i -(2—6)j — —3i — 4j 


4. The vector we want is the displacement from P to Q, which is given by 


PQ —(4—1)0í 4-(6—2)j —3i 4j 


. —4i +87 — 0.57 +0.5k = —A.5i +87 +0.5k 
10. (0.97 — 1.87 — 0.02k ) — (0.67 — 0.05k ) = 0.37 — 1.87 + 0.03k 
11. 3¢ — 47 +2k — 6i —8j +k — —3i — 127 +3k 
12. 4¢ — 37 + 7k —10i — 27 +4k =-6i —5j +11k 
13. 0.67 +0.27 —k +0.37 +0.3k = 0.9% + 0.2) — 0.7k 
14. ï — 4j + 3k 437 — 4j + BR =4i —7 43k 


15. |7 l| = 4/12 + (-1)2 +22 = v6 


16. The length is given by 


1)? -(-3? + (-1? = VI F9 +1 = v11 


17. ||| = /1? + (-1? +32 = v11 
18. ||v || = \/7.2? + (1.5)? + 2.1? = V/58.5 ~ 7.6. 
19. || || = 4/1.2? + (—3.6)? + 4.1? = V/31.21 ~ 5.6. 


20. AZ —4(1 — 37 Pas 127 — 4k. 


--2(—3i +57 +4k) 

DE) + 2(-3)i + 2(5)j + 2(4)k ) 
= (107 + 5k) + (—67 +107 +8k) — (0— 6)? + (104+ 10)7 + (5 +8)k 
= —6i +207 + 13k. 


5d +25 —5(2j +k) 
= (5(2)7 +5 
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22. @ +Z =(27 +k) + (i -37 -k)2(0-Di -(2—3)j +(1-Dk =i -f 
23. 20 - E —2(Í +67) + (—27 +97) = (27 +127) + (-2i +97) = (2— 2)i + (12+ 9)7 = 217. 
24. 
2ü +75 —5z —2(2j Fk) - 7(—3i +57 +4k)- 5($ —3j — k) 
= (4j --2k) -- (-21i 4-35j + 28k) — (bi — 157 —5k) 
= (-21— 5)? + (4+ 35 4-15)j + (2 +28 -5)k =—267 +547 + 35k. 


25. 


lg -zI = M4 — 77) — (72: + 97 || = (4 — (725€ + (-7 — 931 = I6 — 169 | 
62 + (-16)? = V36 + 256 = V292 = 2/73. 


26. (a) See Figure 13.1. 
(b) ||v]|] = V5? + 7? = V74 = 8.602. 
(c) We see in Figure 13.2 that tan 0 = i and so 0 = 54.46°. 


y y 
5 
l x T T 
5 d 
g T 
| 
—-7+ 
Figure 13.1 Figure 13.2 
27. Since 4/ (0.06)? + (0.08)? = 0.1, the vector is 
1 > > = T 
9.3 (0-08 0.08k ) = 0.6; — 0.8k . 
28. To find a vector in the opposite direction to U = i EC] +k , we can take the scalar multiple (—1)d = = +7 — k. The 
magnitude of the vector (—1)@ is ,/(—1)? + 12 + (C1)? = V3. So 


(-i43j —k)/v3 
is the unit vector in the opposite direction to i- j +k. 


29. Since ||@ ||? = 4/2? + (—1)2 + (-V11)? = 16, we have ||V || = 4. Thus, the vector we want is 


* ig = le. de Wis 
Qi —j -vIk)==- +47 4k. 


30. The length of the vector i -j +2k : 4/12 + (-1)? + 2? = 6. We can scale the vector down to length 2 by multiplying 
. N "-— M i? 
it by Ve So the answer is ve + gk. 


Problems 


31. If two vectors are parallel, they are scalar multiples of one another. Thus 


Solving for a gives 
a?— —2.5a so a-—0,-—10. 


13.1 SOLUTIONS 


32. (a) The displacement from P to Q is given by 


PO = (4i +67) - (27) 2 3i +4. 


IPQ] = V32 +£ — 5, 


a unit vector 4 in the direction of PO is given by 


Since 


z= P=- Gits rE] 
5 5 
(b) A vector of length 10 pointing in the same direction is given by 


c EE ee 
10d —10(-i- =j) = 6i 8j. 


1209 


33. The vector © = —i + j points northwest. Since ||? || = 2, the unit vector pointing northwest is i. = -i + 3. 
34. (a) The components are v = 2cos 7/4 = V2, v» = 2sina /4= V2. See Figure 13.3. Thus © = /2i + /2j. 
(b) Since the vector lies in the zz-plane, its y-component is 0. Its z-component is 1 cos(4 i = Li and its z-component 


T 


is lsin(4 a = ij. See Figure 13.4. So the vector is V3i 4 lk. 


ES 


45° = 2 


Figure 13.3 Figure 13.4 


35. The coordinates of the points are: 


A= (0,0), B=(2,2), C=(7,0), D=(3,4), E= (4,2). 


(a) We find AB = 27 +27, CD = —47 + 4j . Therefore, 


> 


ü = (2.5)(2i +27) + (-0.8(—4i +47) = 51 +57 +3.27 — 3.27 =8.27 + 1.87, 


d = (2.5)(-2i — 27) — (-0.8(-4i +47) = —5i — 57 — 3.27 + 3.27 =-8.27 — 1.87. 
(b) We see that Y = —4 . We know that ŻAB is equivalent to BÀ. In other words, 


g = —(2.5)AB + (0.8)CD. 


By factoring out a —1, we get 


y = —((2.5)AB + (-0.8)CD) = —à. 
36. We find EÀ to be —4i — 2j. A unit vector on the FÀ direction is 
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37. (a) True, by the property of commutativity. 
(b) It does not make sense, we cannot add vectors and scalars. 
(c) True, by the property of commutativity. 
(d) This is not always true. For example, let à. = i+ 2j, b-2-2i + j. Then 


la +ë o +27 - x $F =| -7 +37 | = VOIP + = Vu 
lap = VP ez = vs 
I| = VEJ +P = v5. 


So, || || + lb || = V5 + V5 = 2v5. But V10 z 2V5 and || -- b || # || || + [18]. 
38. z 


= 
u 


Figure 13.5 Figure 13.6 


Break the hexagon up into 6 equilateral triangles, as shown in Figure 13.5. 
Then 4 — Y +w =0,so w =7 — ü 


Similarly, = —4,j —-—U,2 = -0 =t — v. 
39. (a) We need 67 + 87 +3k = A(2i + (£? + st + 1)j + tk ) for some A. This gives 


6—2A 
8=(P + St1A 
3—1A 


From the first equation, we have À = 3. Substituting \ = 3 into the third equation gives t = 1. Check the second 
equation, it says 8 = 8, if t = 1 and A = 3. So for t = 1, the two vectors are parallel to each other. 
(b) Similar to part (a), we need to solve 


2 —tA 
—4 =À 
1 = X(t - 1) 
From the first two equations we have \ = —4 and t = —5. Substituting this into the third equation gives 1 = 6. 


Thus this system of equations has no solution, so the pair of vectors is not parallel to each other for any value of t. 
(c) 24 +tj +tk = 5 (6% + 3j + 3k ). For any t, the two vectors are parallel to each other. 


40. Since the component of à in the 7 -direction is 3, we have © = 3i -- bj for some b. Since || || = 5, we have /3? + 6? = 
5, so b = 4 or b = —4. There are two vectors satisfying the properties given: U = 3i + 4j and U = 3i — 4j. 

4l. Let = zi 4- yj. 
We want ||7 || = 1 and || + i || = 1, i.e., 


V x? +y? -—1 and (zr+1} +2 =1. 
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Setting these equations equal and solving for x gives: 


T? +y? = y (z +1)? +y? 
2 4,2 2 
x Yo = (x+ 1) +Y” (afer squaring both sides) 
ety? =r 4+2e4+14+y" 
0=2¢+1 
1 
c=. 
2 
Since we know x = —4, we can use the fact that || || = 1 to solve for y: 
|e || =1 
/s? py? =1 
x + y? zd 
y =1- zr? 


| v3 
= 
Thus the vectors we are looking for are: 
13 is a 
d=-5i uS and & ——zi SY 


42. We must check that all the points are the same distance apart, i.e., the magnitude of the displacement vectors OÀ, OB, 
OC, BÀ, CB and CA is the same. Here goes: 


OÀ| = ||(Q7 +07 +0) — (02 +07 +0k )|| = V22 +02 +02 =2 
OB|| = GË + V37 + 0%) — (0 +07 +0%)|| = 4/12 + (V3)2 +02 =2 

(Vi +1/V37 -24/2/3k) — (OF +07 + 0k )|| = v1 + 1/3 + 4(2/3) = 2 
BÀ| = (27 +07 + 0k) — (i + V3j --0k)| = VI+340 =2 

(li + V3j +0k) — (2 +:1/V37 + 2,/2/3k )| 
= 4/02 + (V3 — 1/V3)? + 4(2/3) = J/3— 2 - 1/3 + 8/3 =2 
CÀI = ||(2¢ +07 + 0%) — (12 +1/V37 + 2,/2/3k )|| = V1 41/3 + 42/3) = 2. 


43. In Figure 13.7 let O be the origin, points A, B, and C be the vertices of the triangle, point D be the midpoint of BC, and 
Q be the point in the line segment DA that is 2| A| away from D. 


y 


Figure 13.7 
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From Figure 13.7 we see that 


OQ = OD + DG = OD - 
— OD- 
-0D* 
1 2 
= 30À + 30D. 


—— 
o 
m 
| 
o 
© 


l 
o 
o 
| 
w] = 
Q 
Se 


Because the diagonals of a parallelogram meet at their midpoint, and 20D isa diagonal of the parallelogram formed by 
OB and OC , we have: 


OD = 5(OB + OÒ), 


so we can write: 


OQ = 5OA + : (5) (OB + OC) = $À + OB + OÒ). 


Thus a vector from the origin to a point i of the way along median AD from D, the midpoint, is given by 1(0À + OB + 
OC). 

In a similar manner we can show that the vector from the origin to the point i of the way along any median from the 
midpoint of the side it bisects is also i(OÀ +OB + OC). See Figure 13.8 and 13.9. 


y y 


Figure 13.8 Figure 13.9 


Thus the medians of a triangle intersect at a point i of the way along each median from the side that each bisects. 


Strengthen Your Understanding 


44. 


45. 
46. 


47. 
48. 


49. 


50. 


The number || + à || could be less than 1. For example, for à = i and à = —0.5;, 4 +7 = 0.5i and ||ü +7 || = 
0.5 « 1. 


If c < 0, then cü has the opposite direction of à. Also, if c = 0, then c? = 0, which has no direction at all. 


If the angle between the vectors i| and ọ is more than 90°, then || — ü || is the length of the longer diagonal of the 
parallelogram. 


. — — "s B B " ~ 
Since ü + w =U, we see that Ù =u — ü = 0. Since W is the zero vector, this means © + i — 0 +0 — d. 


Since i lies on a plane parallel to the yz-plane it must have a zero i -component. Sov = aj + bk . If we choose a = 1, 
then © = j + bk. Now we set: 


a || 2/1--52—2, whichgives b=+V3. 


So,v = j + V3 k is a possible answer. 


Take any equilateral triangle PQR whose sides have length one. Let @ = PÒ and v = PR, which are unit vectors. 
Then  — ŭ = QR, which is also a unit vector. The vectors @ = i and & = (1/2)i + (V/3/2)j work, for example. 


Since w is the difference between ŭ and ọ we have ij = ọ — d,or2i +37 = V — @. Solving for à we get 
U = 2i +37 + ü.We can choose any vector we wish for @ and compute the corresponding vector v . For example, if 
we let u = 4 then we get 0 = 3i +3). 


51. 


52. 
53. 
54. 


55. 


56. 


57. 
58. 
59. 


60. 


Solutions for Section 13.2 
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False. There are exactly two unit Xe one in the same direction as y and the other in the opposite direction. Explicitly, 


wi 
False. The length of this vector is 4/1/3 + 1/3 + 4/3 = V2, not 1. 


True. Multiplying by a scalar greater than one stretches the length of the vector by the scalar. 


the unit vectors parallel to 7 are 3- —— 


False. If v and w are not parallel, the three vectors V, i and Y + W can be thought of as three sides of a triangle. (If 
the tail of 4 is placed at the head of y , then Y + W is a vector from the tail of Y to the head of w .) The length of one 
side of a triangle is less than the sum of the lengths of the other two sides. Alternatively, a counterexample is 0 = i and 
@ = j. Then [|i +7 || = v2 but |ë l] + Ij || = 2- 

False. If v and w are not parallel, the three vectors Y, ij and U — W can be thought of as three sides of a triangle. (If 
the tails of v and iP are placed together, then Y — W is a vector from the head of w to the head of @ .) The length of one 
side of a triangle is less than the sum of the lengths of the other two sides. Alternatively, a counterexample is  — i and 
uU = j.Then|[i — j || = v2 but |ï || — II || = 0. 


False. Two vectors are parallel if and only if one is a nonzero scalar multiple of the other. If e - — 2j +k j= 2i -7 +k, 


then c = 2 so that the? components are equal, but multiplication: by 2 does not make the j or k components equal. Thus, 
there is no scalar multiple of i — 2j +k that is equal to Be j + k. 


False. As a counterexample, take 37 and —7. Then the sum is 27 which has magnitude 2 (smaller than ||37 || = 3). 
False. Since magnitudes are nonnegative this cannot be true when c < 0. The correct statement is ||cv || = |c|||@ |]. 
False. To find the displacement vector from (1,1, 1) to (1,2,3) we subtract i + j + k from i +27 + 3k to get 
(1-10 + (2-197 -(3- 1k =f 42k. 

False. The displacement vector from (a, b) to (c, d) has the same magnitude but opposite direction as the displacement 
vector from (c, d) to (a, b). 


Exercises 

1. Scalar 

2. Scalar 

3. Temperature is measured by a single number, and so is a scalar. 

4. The magnetic field is a vector because it has both a magnitude (the strength of the field) and a direction (the direction of 
the compass). 

5. Writing P= (Pi, P», --- , Ps0) where P; is the population of the i™ state, shows that P canbe thought of as a vector 
with 50 components. 

6. In components, we have « = 10 cos(45* Ji — 10sin(45°)j = (5/2) — (5V2)J = 7.071 — 7.077 . Notice that the 
coefficient in the j -direction must be negative. The components are 54/21 and —5V2 j 23 

7. In components, we have 7 = —40cos(20°)i — 40 sin(20°)j = —37.597 — 13.687 . Notice that both coefficients are 
negative. The components are —37.597 and —13.68) . 

8. (a) If the car is going east, it is going solely in the positive x direction, so its velocity vector is 50i. 


(b) If the car is going south, it is going solely in the negative y direction, so its velocity vector is —50j. 
(c) If the car is going southeast, the angle between the x-axis and the velocity vector is —45°. Therefore 


velocity vector = 50 cos(—45°)i + 50 sin(—45°)7 
= 25/2i — 25/27. 
(d) If the car is going northwest, the velocity vector is at a 45° angle to the y-axis, which is 135? from the x-axis. 


Therefore: 
velocity vector = 50(cos 135°)i + 50(sin 135°)7 = —25vV2i + 25/27. 
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9. We need to calculate the length of each vector. 
[21 + 357 || = \/ 212 + 35? = V/1666 ~ 40.8, 
\|40¢ || = V402? = 40. 


So the first car is faster. 
10. See Figure 13.10. Since 


tanb = l 
15 
we have 
6 = arctan (=) = 50.194° 
B 15/7 ~” ` 
y 
F 18j 
/ 
15i 
HH 
Figure 13.10 
Problems 


11. (a) We start by finding the velocity, w , of the boat relative to the riverbed. It is given by 
d —-6-—8i (0.61 +0.87 ) = 8.67 + 0.87. 


The speed of the boat relative to the riverbed is the magnitude of w : 


Speed = || || = y 8.6? + 0.8? ~ 8.64 km/hr. 


(b) Since the velocity, U = 87, is parallel to the x-axis, we want to find the angle between w and the x-axis. From 
Figure 13.11, this angle is 


6 = arctan (=) = 0.093 radians. 


0 
w 
10.8 
8.6 


Figure 13.11: Angle between @ and w 


In practical terms, this angle tells us that if you set your boat parallel to the x-axis at 8 km/hr, the current will 
take you about 0.093 radians ~ 5° off course. 


12. Nowc — —2(0.67 + 0.87 ) = -1.27 — 1.67. The velocity vector for the boat relative to the riverbed is 


d —--c-—(8—12)5 — 1.67 —6.8i — 1.67 


so the speed is 4/ 6.82 + (—1.6)? = 6.986 km/hr. 
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13. (a) The velocity vector for the boat is b = 25i and the velocity vector for the current is 
Z = —10cos(45°)é — 10sin(45°)j = —7.07i — 7.077. 
The actual velocity of the boat is 
b +g = 17.93i — 7.07). 
(b) ||b + || = 19.27 km/hr. 
(c) We see in Figure 13.12 that tan 0 = 


7.07 
17.93’ 


so 0 = 21.52? south of east. 


Figure 13.12 
14. North nae 
y Police car 
40 km/hr P 
C Police car 
30 km/hr 
truck 
r 
p East 
HH 
Truck 
Figure 13.13 


1215 


Since both vehicles reach the crossroad in exactly one hour, at the present the truck is at O in Figure 13.13; the police 
car is at P and the crossroads is at C. If 7° is the vector representing the line of sight of the truck with respect to the police 


car. 
F = —40i — 307 


15. Suppose t represents the velocity of the plane relative to the air and w represents the velocity of the wind. We can add 
these two vectors by adding their components. Suppose north is in the y-direction and east is the x-direction. The vector 


representing the airplane's velocity makes an angle of 45° with north; the components of w are 


d = 700sin45°% + 700 cos 45°7 zz 495i. + 495j . 


Since the wind is blowing from the west, Ù = 60i . By adding these we get a resultant vector 0 = 555i + 4957 . The 


direction relative to the north is the angle 0 shown in Figure 13.14 given by 


1 


-1 555 
495 


0 = tan”! Ž = tan 
y 

zz 48.3? 
The magnitude of the velocity is 


lg || = \/4952 + 5552 = \/553,050 


= 744 km/hr. 
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0 


Figure 13.14: Note that 0 is the angle between north and the vector v 


16. We want the total force on the object to be zero. We must choose the third force F 3 so that F 1+ F 2 + F 3 = 0. Since 
Fy+F2=11i — 4j , we need F 3 = —11i +4). 

17. The velocity vector for the wind is © = 60cos(45°)i — 60sin(45°)j = 42.43i — 42.43] . If the airplane is to head 
due east, then the component in the j -direction of p + w must be zero (where p represents the velocity vector for the 


airspeed of the plane.) Thus, we have p = Ai + 42.437 , for some value of A. Since the airplane is flying at an airspeed 
of 500 km/hr, we have 


IIP || = 500 
y A? + 42.432 = 500 
A = 498.20. 


We have 
p = 498.201 + 42.437 . 
42.43 


This is the direction the plane should head in order to go due east. We use tan 0 = 298.20 S 


should head 4.87? north of east. Since 


o 0 = 4.87°. The plane 


P +w = 540.637, 
the airplane’s speed relative to the ground is ||p' + w || = 540.63 km/hr. 


18. Let the x-axis point east and the y-axis point north. Since the wind is blowing from the northeast at a speed of 50 km/hr, 
the velocity of the wind is 
dj = —50cos45^i — 50sin 45°j ~ —35.4i — 35.47. 
Let d be the velocity of the airplane, relative to the air, and let @ be the angle from the x-axis to @; since ||@|| = 
600 km/hr, we have @ = 600 cos ġi + 600 sin 9j . (See Figure 13.15.) 


Figure 13.15 


Now the resultant velocity, V , is given by 


g — d +Ü = (600cos di + 600sin 9j ) + (—35.47 — 35.47) 
= (600 cos ¢ — 35.4)? + (600 sin à — 35.4)7 . 
Since the airplane is to fly due east, i.e., in the x direction, then the y-component of the velocity must be 0, so we must 
have 
600 sin 9 — 35.4 = 0 
35.4 


sin ọ = 600" 


Thus ¢ = arcsin(35.4/600) z 3.4°. 
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19. Let the x-axis point east and the y-axis point north. We use e à W , and E to represent the current, wind, and engine 
vectors, respectively. We resolve the current and wind velocity vectors into components. Since the current points 25? 
north of east with a speed of 12, we have 


C = 12cos(25?)i + 12sin(25?)j = 10.8761 + 5.0717. 


Since C lies in the first quadrant, both coefficients are positive. 
The wind points 80? south of east with a speed of 7 km/hr, so we have 


W =7cos(80°)i — 7sin (80?) = 1.2167 — 6.8947 . 
Since W lies in the fourth quadrant, the coefficient of i is positive and the coefficient of j is negative. 
The combined velocity on the boat is due east at a speed of 40 km/hr, so we want 
Č -W «E 40i. 
We solve for E : 


E 


E —40i — (C +W) 
= 40i — ((10.8767 + 5.0717 ) + (1.2167 — 6.8947 )) 
= 40i — (12.0927 — 1.8237 ) 
= 27.9081 + 1.8237. 
The engine should push the boat with a speed of || || = 27.9082 + 1.8232 = 27.97 km/hr, and in direction 
arctan(1.823/27.908) = 3.74° north of east. 
20. (a) Let x-axis be the East direction and y-axis be the North direction. From Figure 13.16, 


0 = sin! (4/5) = 53.1°. 


That is, he should steer at 53.1? east of south. 


5 km/hr 
Steering direction 


4 km/hr 


Figure 13.16 


(b) 


5 km/hr 
10 km/hr 


Su 
Su 
— Pr 
8 


4 km/hr 


Figure 13.17 
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Let R be the resultant of the wind and river velocities, that is 


R 


—4i + (10 cos( D +10 cos( 77) 
(-44+5V72)i -5V2j. 


From Figure 13.17, we see that to get the the z-component of his rowing velocity and the x-component of R to 
cancel each other, we must have 


5sinü = —4 + 5V2 


0—sin! (25) = 37.9°. 


However for this value of 0, the y-component of the velocity is 
5V2 — 5 cos(37.9°) = 3.1. 


Since the y-component is positive, the man will not move across the river in a southward direction. 


21. Let Ř be the resultant force, and let F ; and F 2 be the forces exerted by the larger and smaller tugs. See Figure 13.18. 
Then || Fi || = i 5 | F ||. The y components of the vectors F ı and F > must cancel each other in order to ensure that the 
ship travels due east, hence 

|| Fi || sin 30° = || F || sin 6, 
so 
To || sin 30° = ||F} || sin 6, 


le B _ 5 zum 5. o 
giving sin 0 = =, and hence 0 = sin™ 3 = 38.7°. 


Figure 13.18 


22. The known force is 
F, = 15cos20°i + 15sin20°7 = 14.12 + 5.137 pounds. 


Let the unknown force be Fy — ai + bj. 
Because F and P5 together pull due east, we have Fi + F2 = ki fora positive constant k. Thus 


(15 cos 20? + a)i + (15sin 20° + 6)7 = ki +07. 


Hence 
b = —15sin 20° = —5.1 pounds. 


Because F has magnitude 20 pounds, we have Va? + b? = 20. Thus 


a = y 20? — b? = 19.3 pounds 


where the positive square root is required because the sum F +É points east and not west. Thus 


Fh = 19.31 — 5.17 pounds. 


23. The force exerted on the object from the first rope F ı = 100cos(30°)i + 100 sin(30°)7 = 86.601 +507 and the force 
exerted from the second rope is F 2 = 70 cos(80°)i — 70sin(80°)7 = 12.162 — 68.947 . The sum of these two forces 
is F ı + F 2 = 98.761 — 18.945 . See Figure 13.19. In order for the object to move vertically, the total force on the object 
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must be in the form F = 0i + 0j + bk for some b. Thus the force vector for the crane is 


= 


F.-- 


98.76; + 18.947 + bk 


for some b. To find b, we use the fact that || F ¿|| = 3000. Thus, 


|| F «|| = 3000 


(98.76)? + (18.94)? + b? = 3000 


b = +2998.31 


We use the positive value of b since we want the object to go up rather than down. The force exerted by the crane is 


F a = —98.767 + 18.947 + 2998.31k . 


The total force acting on the object is 2998.31% , or 2998.31 newtons straight up. 


1 — 100 newtons 


S 


F 2 = 70 newtons 


Figure 13.19: Horizontal forces on object 


24. (a) The displacement vector of the moon relative to the earth is 


F = 3847. 


The displacement vector of the spaceship relative to the earth is 


rh = 280i +90). 


The displacement vector of the spaceship relative to the moon is 


F = —1047 +907. 


E E 
TL =e 


See Figure 13.20. 


(b) Distance of spaceship from Earth = ||rz || = V/280? + 90? = 86500 = 294.109 thousand km. 
Distance of spaceship from the moon = ||rz, || = 4/(—104)? + 90? = V18916 = 137.535 thousand km. 
—> 


(c) See Figure 13.20. The gravitational force of the earth, Fg, is parallel to rz but of length 461 and in the opposite 


direction: 
= 461 


p; OE 
P 186500 


(2807 + 907 ) = —438.8857 — 141.0707 . 


The gravitational force of the moon, F} , is parallel to rz, but of length 26 and in the opposite direction: 


=> 26 


^ — V18916 


(—1047 + 907 ) = 19.6607 — 17.0417 . 
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The resulting force, F is 
F = Fp + Fr = 419.2257 — 158.084) . 


Spacecraft 


Earth Moon 


Figure 13.20 


25. The speed of the particle before impact is v, so the speed after impact is 0.8v. If we consider the barrier as being along 
the x-axis (see Figure 13.21), then the i -component is 0.8v cos 60° = 0.8v(0.5) = 0.4v. 
Similarly, the 7 -component is 0.8v sin 60° = 0.8v(0.8660) ~ 0.7v. Thus 


T after = 0-4vd + 0.7vj . 


v sin 60? 


| 
| 
| 0.8v sin 60? 
| 
| 
| 


moame i 
vcos60° 0.8v cos 60° 


Figure 13.21 


26. The total scores are out of 300 and are given by the total score vector 0 + 2w : 
U 4-2w = (13,80,91, 65, 84) + 2(82, 79, 88, 70, 92) 
= (73, 80, 91, 65, 84) + (164, 158, 176, 140, 184) 
— (237, 238, 267, 205, 268). 


To get the scores as a percentage, we divide by 3, giving 


5 (237, 238, 267, 205, 268) ~ (79.00, 79.33, 89.00, 68.33, 89.33). 


27. Since there are 16 ounces in a pound, we multiply the vector by 1/16 to get 0.018757 + 0.01257 + 0.03125% in dollars 
per ounce. 


28. (a) Since the radius of the circle is 1 meter, the circumference is 27 meters. Thus, the object is moving at 27 me- 
ters/minute, or 7/30 meters/second ~ 0.11 meters/second. 

(b) 30 seconds after passing the point (0, 1), the object is at the point (—1, 0). (Since it completes 1 revolution each 
minute, it will move 7 radians in 30 seconds.) This is true regardless of whether the point is moving clockwise 
or counterclockwise. However, since the velocity vector, v, is tangential to the curve in the direction of motion, it 
will have an opposite sign if the motion is in the opposite direction. So, moving clockwise 0 = 2j, and moving 
counterclockwise U = —92nj, if the speed is measured in meters/minute. 
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29. The speed is a scalar which equals 30 times the circumference of the circle per minute. So it is a constant. The velocity is a 
vector. Since the direction of the motion changes all the time, the velocity is not constant. This implies that the acceleration 
is nonzero. 


30. B 


= 
v 


Figure 13.22 


The vector Y + w is equivalent to putting the vectors OÀ and AB end-to-end as shown in Figure 13.22; the vector 
w +¥ is equivalent to putting the vectors OČ and CB end-to-end. Since they form a parallelogram, Y + W and w +0 
are both equal to the vector OB, we have U + Ù =W +7. 


31. 


‘| 


Figure 13.23 


The vectors à , av and B are all parallel. Figure 13.23 shows them with a, 8 > 0, so all the vectors are in the same 
direction. Notice that oU is a vector o times as long as 0 and BU is f times as long as y . Therefore ad + BU is a vector 
(a + B) times as long as t , and in the same direction. Thus, 


ad + BÀ = (a+ By). 


32. 


scaling 


by œ 
a(U +w) 
aw 


w 


Figure 13.24 


The effect of scaling the left-hand picture in Figure 13.24 is to stretch each vector by a factor of œ (shown with 
a > 1). Since, after scaling up, the three vectors o , aw , and a(U +Ù ) form a similar triangle, we know that a(v + ) 


is the sum of the other two: that is 
a(t 4-u)-—oU rou. 


33. Assume a, 8 > 0. The vector £V is in the same direction and £ times as long as y. The vector a(Gv ) is in the same 
direction and a times as long as 9? , and so is o/f times as long as U and in the same direction as v . Thus, 


o(BV ) = (o8) . 


34. Since the zero vector has zero length, adding it to y has no effect. 
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35. According to the definition of scalar multiplication, 1 - y has the same direction and magnitude as 0 , so it is the same as 


E 


Uv. 


36. By Figure 13.25, the vectors Y + (—1)w and y — w are equal. 


Figure 13.25 


37. 


e 
u 


Figure 13.26 


The vector ŭ + y is represented by OB. The vector (a 
is therefore OC’. Now à + W is represented by AQ. So ü + 
get the vector OC by both methods, we know 


U) + w is represented by OB followed by BC , which 
w ) is OA followed by AC, which is OČ. Since we 


(@+3)+d =t+(0 +0) 


38. (a) Target A is at the point (30,0,3); Target B is at the point (20, 15, 0); Target C' is the point (12, 30, 8). You fire 
from the point P = (0, 0, 5). The vectors to each of these targets are PA = 30i — 2k, PB = 20i + 157 —5k, 
PC = 12i +307 43k. 
(b) You fire from the point Q = (0, —1,3), so QÀ = 301 + 7, QB = 201 +167 —3k, QC = 121 +317 +5k. 


Strengthen Your Understanding 


39. The vectors 7 = 2i + 37 +k and = 3i + 2j +k have both magnitude 4/14 and the same k -component, but 
different į -components and j -components, so they are not the same vector. 


40. If the j -component of @ is larger than or equal to 2 (or smaller than or equal to —2), then the magnitude of y is greater 
than the magnitude of 4 . For example, V = 0.51 + 27. 
41. Writing Fe=ai+ bj, we have: 
Ř =F +G =(a+1)i +++]. 
Choosing a = 1 and b = —2, results in a positive i -component and a negative j -component for R.SoF = 
possible vector. There are many possible others. 


42. If 4i and V are not parallel, then i , 0 and @ + 9 form a triangle. In any triangle, the length of any side is less than the 
sum of the lengths of the other two sides: |u 4- v || < || || + ||V ||. Instead, choose Y = cü , for any c > 0. For example, 
let ŭ =i and 7 = 2i. Then 


li + 24 || = || 36] — 3 =1+2= IE] H2 ||. 


43. 


44. 
45. 
46. 


47. 
48. 


Solutions for Section 13.3 
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Yes. Velocity describes how fast something moves and its direction of travel. 

No. Speed describes only how fast something moves. It does not specify a direction. 

Yes. Force describes how hard something is pushed or pulled and the direction of the push or pull. 

No. Area measures the size of the region occupied by a two-dimension figure or surface, and gives no information about 
direction. 

Yes. Acceleration measures the rate of change of velocity and the direction of the change. 


No. Volume measures the size of the region occupied by a three-dimension object and gives no information about direction. 


Exercises 

là.g-(2j +k). (4 7j) — —14 

2. 6. d — (6 +67) - (4$ — 77) = (1)(4) + (60(—7) = 4 — 42 = —38 

3. a.b — (2j +k)-(-37 +57 -- AK) = (0)(—3) + (2)(5) + (D)(4) 2 0 + 10 +4 = 14. 
4. à.Z —(2j +k) @ -37 — k) = (0)(1) + (2)(-3) + (0-1) 206-1 = -7. 
5.8.d-d.g —(i46j)-(23 -k) - (2j +k) (4$ — 7j) 212-14 — —2. 

6. 84g =(@+67)4+(4i — 7j) — 5i — 3, so 


E 
. Since d - b isa scalar and @ is a vector, the answer to this equation is a vector parallel to d . We have 


a-b —(2j --k)-(—3i +57 +4k) = 0(—3) + 2(5) + 1(4) = 14. 


Thus, 
(d -b)-d — 14d = 14(27 +k) = 28j + 14k 


. Since d - ij and Z - Z are both scalars, the answer to this equation is the product of two numbers and therefore a number. 


We have 
dy —(2j +k)- (&i — 77) = 0(4) + 2(-7) + 1(0) = —14 
6 


Z-Z (165): @ -3J - k) =1(1) + 6(-3) + 0(-1) = -17 


Thus, 
(d -YE - Z) = 238 


. Since Z - c is a scalar and (Z : &)á is a vector, the answer to this equation is another scalar. We could calculate c - c, then 


(€ - Z)ä , and then take the dot product ((c - € )& ) - d. Alternatively, we can use the fact that 


Since 


we have, 


10. A normal vector can be obtained from the coefficients: i$ = 2i + j -k. 
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11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Rewriting the equation as 
2x — 2z = 3r + 3y 


or 
x+ 3y +2z=0 


tells us that a normal vector is 
A normal vector can be obtained from the coefficients of x, y, z in the equation of the plane and is: n = 1.5i + 3.27 +k. 
Writing the equation in the form 


shows that a normal vector is 


Rewriting the equation as 


gives 


so anormal vector is 


The plane is 
3z —y+4z=3-1-—1-5+4+4-2 
3r — y + 4z — 6. 
The plane is 
5r + 4y—z=5-244(-1)-1-3 
5r +4y-z=3 
The equation of the plane is 


(x-1) - (y = 3) + (2-5) =0, 
which can be written as x — y + z = 3. 


Since the plane is normal to the vector 5i + j — 2k and passes through the point (0, 1, — 1), an equation for the plane is 


5a +y—2z=5-0+1-1+4(-2)-(-1) 23 
5r + y — 2z = 3. 


Two planes are parallel if their normal vectors are parallel. Since the plane 2r + 4y — 3z = 1 has normal vector 
ñ = 2% + 4j = 3k, the plane we are looking for has the same normal vector and passes through the point (1, 0, — 1). 
Thus the plane we want has equation: 


Qe + 4y —32 =2-144-04 (23): (-1) 55 


Two planes | are parallel if their normal vectors are parallel. Since the plane 3x + y + z = 4 has normal vector ñ = 
3i + JE k, the plane we are looking for has the same normal vector and passes through the point (—2, 3, 2). Thus, it 
has the equation 


3z +y+2=3-(-2)+342=-1. 
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21. The normal vector to the plane is ñ = 2i — 3j + 5K , so, for some d, the equation of the plane is 
2x — 3y + 5z =d. 


Substituting the point (4, 5, —2) we see that d = —17. Thus the equation of the plane is 
2x — 3y + 5z = —1T. 


22. 
@+7+k) @-J-k) 
le +a +R —7 EI 
_ QU *(OCD- (CD 

V 1i 4- 1? 4- 12 1? + (-1)? + (-1)? 
m 

z 
So, 0 = arccos(—1/3) ~ 1.911 radians, or about 109.471°. 


cos = 


23. 
_ @+h)-G =) 
I? + IIIJ — k | 
—— 0) * (0)(1) + MEV 
VTE +0? + 12,/0? + (1)? + (=1)? 
1 
a 
So, 0 = arccos(—1/2) = 27/3 radians, or 120°. 
24. 
cos @ = @+j -F) Qi +37 +k) 
li +j —klli2* 433 +k || 


— _ (2) + (3) + (-1)(1) 
Jer + vee E 
4 
VR 
So, 0 = arccos(4/ v42) zx 0.906 radians, or  51.887°. 


25. 


I$ +3 lt +27 — k | 
_— .. Qa) + 02) + (0)(-1) 
VT? +12 4024/12 + 2? + (-1)? 
3. 3 ee 
O V2V6 2/3 2^ 


So, 0 = arccos(/3/2) = 7/6 radians, or 30°. 
26. 


cos 0 = @)- Qi 3j -k) 
li [24 +39 — k || 
— _ (2) + (0)(3) + (00(—1) 
V 12 + 0? + 02/2? + 3? + (21? 
2 
JE 
So, 0 = arccos(2/v14) = 1.007 radians, or 57.688°. 
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Problems 


27. (a) Dividing v by its magnitude produces a unit vector @ in the same direction as @: 


28. 


29. 


30. 


31. 


32. 


33. 


(b) 


(a) 


(b) 


(a) 
(b) 
(c) 
(d) 


(a) 


(b) 


(b) 


(a) 
(b) 
(c) 
(d) 


(a) 


(b) 
(c) 


1 > > > 
ü = =ë = (21 4:37) = —i 


2 3 > 
= ——i + —~7. 
|e) vmm» va ^ vis 


Any vector WÙ = ai + bj such that Y -wÙ = 2a + 3b = O is perpendicular to y . For example, Ù = ar 2j has 
this property, as do all scalar multiples of 3i — 27 . 


The plane can be written as 5x — 2y — z + 7 = 0, so the vector 5i — 2j — K is normal to the plane. The vector 
Ai +j +0.5k is parallel to 5¢ — 27 — k if one is a scalar multiple of the other. This occurs if the coefficients are 
in proportion: 


À 1 0.5 
5 -2 -1 


Solving gives \ = —2.5. 
Substituting x = a+ 1, y = a, z = a — 1 into the equation of the plane gives 


a—1=5(a+1)—2a+7 
a— 1 = 5a +5— 2a +7 
—13 = 2a 

a = —6.5. 


On the x-axis, y = z = 0, so 5x = 21, giving x = 2 So the only such point is (4, 0, 0). 

Other points are (0, —21, 0), and (0, 0, 3). There are many other possible answers. 

ñ =5i — j + 7k . It is the normal vector. 

The vector between two points in the plane is parallel to the plane. Using the points from part (b), the vector ak — 
(—21j7) = 21j + 3k is parallel to the plane. 

The vector ii = 3i — j — k is perpendicular to the plane since the plane can be written in the form (3i = j -k ) 
(ci +yj --zk) = —2. 

Find two points in the plane by putting x and y-values into the equation and calculating the corresponding z-values. 
If r = 1 and y = 0, then z = 2 + 3(1) — 0 = 5, so the point (1, 0,5) is on the plane. So is the point (0, 1, 1). 
Therefore the vector (7 + 5k Je (f+ k )2i-j + AK is parallel to the plane. (To check, we take the dot product 
with i = 3í — j — k and see if we get zero: (3¢ —7 xy @ -7 +4k) =3+1-— 4 = 0. Therefore i — j + Ak 
is parallel to the plane.) 


Writing the plane in the form 2x + 3y — z = 0 shows that a normal vector is 
ü —2Í +437 —k. 


Any multiple of this vector is also a correct answer. 
Any vector perpendicular to 7? is parallel to the plane, so one possible answer is 


y —3i — 2). 
Many other answers are possible. 
goes with (I). 
goes with (III), (IV). 
goes with (ID, (III). 
goes with (II). 
Perpendicular vectors have a dot product of 0. Since à - € = 1(—2) — 3(-1) — 1:1 = 0, and b - d = 1(—1) + 
1(—1)+ 2-1 = 0, the pairs we want are  , € and b ,d. 
Parallel vectors are multiples of one another, so there are no parallel vectors in this set. 


Since U - ài = ||V |||| Ww || cos 0, the dot product of the vectors we want is positive. We have 
d-b =1-1-3-1-1-2=-4 
-d =1(—1)-3(-1)—-1-1=1 
b.c =1(-2)+3(-1)+2-1=-1 
@-d = —2(-1) —1(-1)+1-1=4, 


34. 


35. 


36. 


37. 


38. 


39. 
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and we already know @ : c = b-d —0. Thus, the pairs of vectors with an angle of less than 77/2 between them are 
d, d and Z F d. 
(d) Vectors with an angle of more than 7/2 between them have a negative dot product, so pairs are d, b and b , c. 


Vectors U1, U4, and 0 & are all parallel to each other. Vectors ? 3, 0 5, and v 7 are all parallel to each other, and are all 
perpendicular to the vectors in the previous sentence. Vectors i 2 and à 9 are perpendicular. 


(a) Any multiple of y will work, for example, 8i + 6j. 

(b) Any vector w such that V -W = 0 will work, such as —37 + 47. 

In general, 4i and © are perpendicular when 4 - 0 = 0. 

In this case, @ - V = (ti —j +k) (ti +t7 -2k) 2€ —t—2. 

This is zero when t? — t — 2 = 0, i.e. when (t — 2)(t + 1) = 0, sot = 20r —1. 

In general, ŭ and @ are parallel if and only if 0 = aw for some real number o. 

Thus we need ati — oj + ak = ti + tj — 2k, so we need at = t, and —a = t, and a = —2. But if a = —2, we 
can’t have at = t unless t = 0, and if t = 0, we can’t have —a = t, so there are no values of t for which @ and v are 
parallel. 


(a) Increasing ||v || increases & - w because Y -w = || || ||w || cos 0, and cos 0 is positive. 
(b) Increasing 0 decreases Y - W because cos Ü is a decreasing function. 
Let 


= 


> > 
a = QA parallel +a perp 


where d parallel is parallel to d , and d perp is perpendicular to d. Then d parallel 1S the projection of @ in the direction of 


d: 
à (a d ) d 
parallel — = => 
Ila || 7 Ild || 


= (ci +27 - 68) 


(2i — 45 +k)\ (2i — 4j +k) 
22 + 42 + 1? 4/22 + 42 + 12 


Since we now know @ and @ parallel, We can solve for @ perp: 


Q perp = @ — d parallel 
= (31 +27 — 6k) ( 5) Gi - 4f +E) 


= p IUS. a 
ZA "3037? OT 


Thus we can now write @ as the sum of two vectors, one parallel to d , the other perpendicular to d: 


A 


2T (S em E) 
21 oi^ 2 "9r 


= 


We first find displacement vectors AB = (4—2)i -(2-2)j +(1-2)k =27 —k and AČ = (2—2)i --(3—2)j 4 
(1—2)k — j — k. Then 


iB. ae 
cos 2 BAC) = TARNA] 
1 
~ 5/2 
= 0.3162. 


Thus angle BAC is 71.57° (or 1.25 radians.) 
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40. If P = (5,0,0), Q = (0, —3,0), R = (0,0, 2), then vectors along the three sides of the triangle are 
OP = (5—0)i + (0 — (-3)j = 5i +37 
RP = (5 — 0) + (0—2)k =5i — 2k 
QR-(0—(-3)j +(2-0)k —3j +2k 
Thus, the lengths of the sides of the triangle are 
QP = 15 + 37 || = v25+9 = v34 
|| RP || = ||b? — 2k || = V25+4 = v29 
IR] = 137 + 2k || = VO+4 = VIB. 


The angle between the vectors 0 and iU is given by 


y- W y -w 
cos 9 = ————— so ÜÓ = arccos E . 
Ire Illl || lv Illl || 


Thus, 
Angle at P arccos ee 


—Ü [MERLO 


V/34/29 
7 ( 25 ) 
= arccos 3429 
= 37.235°. 


ARE: (= d) 


(5i +37)- (3j +2k) 
— arccos TT a 
( 34/13 


9 
= arccos p 
(mum) 
= 64.654. 


Now we use the fact that the angles must add up to 180°. Thus 


Angle at R = 180° — (37.235? + 64.654°) = 78.111°. 


41. (a) The points A, B and C are shown in Figure 13.27. 


Figure 13.27 
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First, we calculate the vectors which form the sides of this triangle: 
AB = (4 +27 +h) — Qi +27 +2k) = 21 -k 
BC = Qi +37 +h) — (& +27 +h) 2 23 +7 
AC = (X +37 +&)— Qi +27 -2k) 23 -k 


Now we calculate the lengths of each of the sides of the triangles: 
|AB| = (2 + Cap = v5 
IBCl = VC? +P = v8 
AC = yP + C3 = và 
Thus the length of the shortest side of S is v2. 
AB.A 2-04-0-14-(—1).(—1) n 
(b) cos ZBAC = le Wr IA e 0.32 


42. (a) We first find the unit vector in direction y. Since ||v]| = v3? +4? = 5, the unit vector in direction of ọ is 
u = 0.6; + 0.87 . Then 


F parallel = (F ju )u 
= (4-0.6--1- 0.8)ü 
= 3.20 
= 1.927 + 2.567. 


(b) We have 


F perp = F — F parattel = (44 +7) — (1.927 + 2.567 ) = 2.087 — 1.567. 


(c) Since work is the dot product of the force and displacement vectors, we have 


W-F.-—4.3-41-4- 16. 


43. (a) We first find the unit vector in direction y. Since ||v]| = V3? +4? = 5, the unit vector in direction of ọ is 
u = 0.6; + 0.87 . Then 
F parallel =(F aja 
= (0.2-0.6 — 0.5- 0.8)U 
= —0.28u 
= —0.168i — 0.2247. 
(b) We have 


F perp = F — F paralle1 = (0-27 — 0.57 ) — (0.1687 — 0.2247 ) = 0.3686 — 0.2767 . 


(c) Since work is the dot product of the force and displacement vectors, we have 


W = F -7 =02-3-05-4=-14. 


44. (a) We first find the unit vector in direction v. Since ||v|| = V32-F 4? = 5, the unit vector in direction of ọ is 
u = 0.6i + 0.87 . Then 
T = (F uu 
= (9-0.6 + 12 - 0.8)ü 
= 150 
— 9i +127. 


Notice that the component of F in direction 7 is equal to F . This makes sense (and could have been predicted) 
since F’ is parallel to 9. 
(b) We have 
F perp = F — F parallel = 9 - 


(c) Since work is the dot product of the force and displacement vectors, we have 


W=F .¢=9-3412-4=75. 
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45. (a) We first find the unit vector in direction y. Since ||v]| = v3? +4? = 5, the unit vector in direction of ọ is 
u = 0.6; + 0.87 . Then 
F parallel — (F -üü 
= (-0.4- 0.6 + 0.3 - 0.8) 


Notice that the component of F in direction @ is equal to 0 . This makes sense (and could have been predicted) since 
F is perpendicular to v . 
(b) We have 
F perp = F — F parallel = F- 


(c) Since work is the dot product of the force and displacement vectors, we have 


WF. 0.4-3--0.3:4 — 0. 


Notice that since the force is perpendicular to the displacement, the work done is zero. 


46. (a) We first find the unit vector in direction £. Since ||v|| = 4/3? +4? = 5, the unit vector in direction of ọ is 
4 = 0.6; + 0.87 . Then 


> 


F parallel -(F.u)u 
= (—3- 0.6 — 5.0.8) 
= —5.8u 


= —3.48i — 4.647. 


(b) We have 


F perp = F — F parallel = (73i — 57 ) — (3.487 — 4.647 ) = 0.487 — 0.367. 


(c) Since work is the dot product of the force and displacement vectors, we have 


W=F.¢ =-3-3—-5-4=—99. 


47. (a) We first find the unit vector in direction v. Since ||v|| = V/32 + 4? = 5, the unit vector in direction of Jis 
u = 0.6; + 0.87 . Then 
F parallel = (F uu 
= (—6 - 0.6 — 8.0.8) 
= —10u 
= -6i — 87 
=F. 
Notice that F is in the opposite direction from V so it makes sense (and could have been predicted) that F parallel = 
F, 
(b) We have 


F perp = F — F parallel = 0 - 


(c) Since work is the dot product of the force and displacement vectors, we have 


W = F -g = —6- 3—8- 4 = —50. 


48. (a) We first find the unit vector in direction v. Since ||v|| = V2? 4- 32 = v13, the unit vector in direction of 7 is 
u = v/v 13. Then 


> 


F (F -üü 
(—60/VT3)ŭ 

_ 2020; | -180. 
BET i» 


—9.231i — 13.8467 . 


parallel — 


(b) 


(c) 


49. (a) 


(b) 


50. (a) 
(b) 


51. (a) 
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We have 


P perp = F — F parallel = (720 ) — (79.2317 — 13.8467 ) = 9.2317 — 6.1547 ). 
Since work is the dot product of the force and displacement vectors, we have 


W = F -g = —60. 


We first find the unit vector in direction v. Since ||v || = 4/5? + (—1)? = v26, the unit vector in direction of @ is 
q =U /v 26. Then 


E 


F (F -a)r 
(20/V26)ū 
_ 100+ | —20> 


26^ * 7267 
= 3.8467 — 0.7697 . 


parallel = 


We have 
F perp = F — F parallel = (—20j ) — (3.8462 — 0.7697 ) = —3.846i — 19.2317 . 


Since work is the dot product of the force and displacement vectors, we have 
W=F.7 =20. 


Notice that y is parallel to F (although in the opposite direction.) Therefore, F Ë. 


We have 


parallel — 

F perp = F — F parallel = 9 - 

Since work is the dot product of the force and displacement vectors, we have 
W = F -g = —60. 


Notice that y is perpendicular to F. Therefore, F 0. 


We have 


parallel — 


F perp = F — F parallel = F - 
Since work is the dot product of the force and displacement vectors, we have 
W-F.g-Q. 


The work is zero since the direction of the force is perpendicular to the direction of the displacement. 


52. Let the room be put in the coordinate system as shown in Figure 13.28. 


B — (0,80, 25) 


D — (200, 80, 0) 


C — (200,0,0) 


Figure 13.28 
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Then the vectors of the two strings are given by: 
= (200i + 807 + Ok ) — (of + 0j + 25k ) = = 200i + 807 — 25k 
a (2007 + 0j + Ok ) — (08 + 807 + 25k) = = 200i — 80j — 25k. 
Let the i between T5 and BÓ be 0. Then we have 


cos = AD - BÓ 
ADI [BC 
200(200) + (80)(—80) + (—25)(—25) 
200? + 80? + (—25)?4/ (200)? + (—80)? + (—25)? 
_ 34225 


~ 47025 
= 0.727804 


53. We need to find the speed of the wind in the direction of the track. Looking at Figure 13.29, we see that we want the 
component of w in the direction of y . We calculate 


EP E v d = . 2i T 
ibeo ea E ICM) 
Iv || 2i + 65 || 
1 
40 
<5 


Therefore, the race results will not be disqualified. 


Figure 13.29 


= 


54. We find the component of the wind w in the direction of the airplane. A direction vector for the airplane is U = 
The component of w ; in the direction of @ is given by 
iU B —4-1+4(-1)- (-1) 2.12. 
llv || v2 
Similarly, we find the component for each wind vector in the direction of the airplane. We see that, in the direction of the 
airplane, the component of w 1 is —2.12, of w 2 is 2.12, of w3 is —6.36, of w 4 is 5.66, and of W5 is 4.95. The vector 
wW 4 increases the plane's speed the most and the vector w 3 slows the plane down the most. 


55. (a) The speed of the current is ||? || = v5 = 2.24 m/sec. 


(b) The speed of the current in the direction of the canoe's motion is the component of c in the direction of v. This is 
given by: 


SY 


Speed of current in direction of canoe’s motion = E Ed ES A5) + (0) 
liv | V5? + 3? 
11 
V 34 
= 1.89 m/sec. 


Notice that the speed of the current in the direction of the canoe is less than the speed of the current in the direction 
in which the current is moving. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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Let = 3i + 4j and ¢ = 5i — 127. We seek a vector Ù = xi + yj such that the cosine of the angle between 4 and 


E 


w equals the cosine of the angle between y and w . Thus 


E > E > 


uw vÜ 
eer Qe eo | 
or 
3x +4y | 5a —12y 
5y/ ax? + y? 134/22 +y? 

Simplifying, we have x = —8y. The vector we want is of the form wÙ = —8yi + yj. but should we take y > 0 ory < 0? 
The smaller of the two angles formed by Ẹ and @ is between 0° and 180°, and so Ñ must make an acute angle with i 
and v. If y > 0 then 4 - à = —20y < 0 indicating an obtuse angle and if y < 0 then 4 -WÙ = —20y > 0 indicating an 
acute angle. We have w = —8yi + yj with y < 0. Thus tj can be any positive multiple of the vector 8i — j . 


The planes are parallel, with normal vectors 7 = 2i — 5j +k. Pick any point on 2x — 5y + z = 10, say (5, 0,0), and 
any point on z = 5y — 2x, say (0, 0,0). The vector between them is d = 5i, so we want to find the magnitude of the 
component of d in the direction of 7 . A unit vector in the direction of 77 is 


1 a "m 
7 = —— (2i -5f +k), 
S2 + (-59 + 2 
so F 7 " 
Distance — Id - d = 5i (20 —57 +k) = 10 
v 30 v 30 
We have 


p-¢ = (1.00)(43) + (3.50)(57) + (4.00) (12) + (2.75)(78) + (5.00)(20) + (3.00)(35) 
= 710 dollars. 


The vendor took in $710 in from sales. The quantity p - d represents the total revenue earned. 


The vector @ represents the averages of the exams, written as decimals. The vector w represents the weightings. 
w d =0.1-0.75 + 0.15 - 0.91 + 0.25 - 0.84 + 0.5 - 0.87 = 0.8565 = 85.65% 


The dot product, 86.65%, represents the class average of the four exams in the course. 


If Z and 4j are two consumption vectors corresponding to points satisfying the same budget constraint, then 


E E 


pog —k-pg.y. 


Therefore we have 


Beg-g)-Pog-Pog-O 
Thus p and i — ¥ are perpendicular; that is, the difference between two consumption vectors on the same budget 
constraint is perpendicular to the price vector. 

Property 2 says that multiplying one of the vectors by a scalar simply multiplies the dot product by the same scalar. If 
A > 0, then when one vector is multiplied by A, the angle between the vectors does not change, but the length of one 
vector, and hence the dot product, is multiplied by A. The result remains true when A < 0. For a justification in the case 
when A < 0, see Problem 67 on page 1235. 


We want to show that (b - @)@ — (d - &)b and Z are perpendicular. We do this by taking their dot product: 


((b.2z)à —(d-c)b).e = (© -2)(@ -2) -—(@-Z)(6 -Z) —0. 


> 
2 3 


Since the dot product is 0, the vectors (b - &)à — (d - &)b and Z are perpendicular. 


= 


Suppose 0 = vii + vaj + vak andw = wii + wey + wsk. 
e Property 1: 
We calculate both Y - w and w - 0 using the algebraic definition of the dot product: 


= 


3 
U -wW = Viw + VoW2 + 73103 


aA 
wW -U = w11 + wW2V2 + W3U3 


But since ordinary multiplication of scalars is commutative, vıwı = w1v1 and so on. Therefore 


E E E 
"w o—w-uv. 


Qı 


1234 


64. 


65. 


Chapter Thirteen /SOLUTIONS 


e Property 2: 
First we observe that 


MB = wii + woj + w3k) = (Aw1)é + (Aw2)j. + (Aw3)k 


E 


AT = A(vif + 2j + vsk ) = (Av1)é + (v2) 


Now we calculate the three quantities Y - (Aw ) and A(8 - w ) and (Av) - w 


+ (Avs)k . 


= vi(Aw1) + v2(Aw2) + va(Aws) 
= \(viwi + v2w2 + vaws) 
(AT) -W = (Avi)wi + (Av2)we + (Av3) ws 


Since ordinary multiplication is associative and commutative, we know that 
vı (àw) = Avıwı = (Avi) wz and so on. Thus, we have 6 - (AW) = (AU) Ù. 
In addition, the distributive property of ordinary multiplication tells us that 


A(v1w1 + v2w2 + U3t03) = Avıwı + Au2w2 + Auawa 
Thus, we know that all three quantities are equal 
T (AW) =A -w ) = (AU) w 


e Property 3: 
First we observe that 


Next we calculate the quantities ((U + Ñ) - 4) and (U -ü +w - à). 


( 
5) 


(9 +w 


> >j 
UU srw 


@ = (vı + wi)ua + (v2 + wa)us + (v3 + ws3)us 


w3u3). 


T = | | g fi fi | 
d = (viui + U2u2 + 03u3) + (w1u1 + waua 4 


The distributive law of ordinary multiplication shows that (vı + wi)ui = viui + w1u1, and so on. Thus, the dot 
product is distributive also: 


z^ qo 2Y 


= ^ = 
(8 4 =U-U4+U-U 


d). 


Since í -w = U - Ü,(ŭ —U)- = 0. This equality holds for any w , so we can take à = Ñ — v. This gives 


that is, 


This implies  — y = 0, that is, ù = v. 


Since the dot product of a vector with itself is the square of the vector's magnitude, we can check that two vectors have 
the same magnitude by computing dot products. We have 
> = > m >. a P ee ee xk cu 
(um wu) up-wr)-mr-WPRPE UE 
lale (le (IP lale (le? lg apla? Jg 
1 2ü-U 1 
= e jigg e ise 
lale ele? — qui 
and 
m > = = >. m 
uü Ü u v | uu _ uU t+ -y 
TE wir) (reir vim) Wages ede te Pet? 
|. 1 2ü-U 1 
lvl? eed lal? 


The two dot products are equal, which shows that the vectors @ /|| ||? — g /||v ||? and à /(\|@ ||\|@ ||) — & /(J| ||| ||) 
have the same magnitude. 
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66. fü = 0, then both sides of the equation are zero. If i Z 0, write U parallel, W parallel, and (U + W )paranei for the 
components of v, w , and Y + W in the direction of 4. Then Figure 13.34 shows that 


E = = ES 
U parallel +w parallel = (6 Tou )parallel- 


ed, wa), (+o), 
— u + — u = | — r |u. 
(& i) (is i) ( |a JP? ) 


So 


SO 


67. Suppose Ó is the angle between @ and v. 


(a) By the definition of scalar multiplication, we know that —@ is in the opposite direction of v, so the angle between u 
and —d is m — 0. (See Figure 13.30.) Hence, 


ü -(—8) = |ë ||l| — v || cos(m — 0) 
= [re file (~ cos 6) 


- -(ā 3) 


Figure 13.30 Figure 13.31 


(b) If A < 0, the angle between 4 and Ad is m — 0, and so is the angle between Aŭ and v . (See Figure 13.31.) So we 
have, 
ü - (AV) = |ë |||| Av || cos(x — 6) 
= |Alll@ Ill @ ||(— cos 9) 
—A[u [lo ||(— cos @) since |A| = —A 
= A|[u ||]v || cos 8 


=A- T) 


By a similar argument, we have 


(Qai): v = ||Au ||||v || cos(m — 8) 
= -AJu ||v ||(— cos 8) 
-A(G-.g) 


68. Let u and y be the displacement vectors from C to the other two vertices. Then 


E 
=U 


E E ogy xk oa a = 
tu U-uü u- HU- 

2 2 
= |a ||" — 2llu||[[vl| cos C + |v || 


= a? — 2ab cos C + b? 


1236 Chapter Thirteen /SOLUTIONS 


69. We substitute Z = uii + u2j + ugk and by the result of Problem 66, we expand as follows: 
(a E Ü )gcom = (uit + u2j + usk ) -7 
= (ui) -T + (u27) V + (usk): 8 
where all the dot products are defined geometrically By the result of Problem 67 we can write 


> 


(a * U )gcom = ui (à : U )gcom + ua(j . U )gcom RE us (K R U )geom- 


Now substitute & = vi? + vj + vak and expand, again using Problem 66 and the geometric definition of the dot 
product: 


(ü -U)geom = ui (Ë - (vit + v23 + vsk)) 


> > E 


g 
+uz2 (j : (vii + U2j + 3k) 


> -> > 


= uivi (i eg Jeeg + ui v» (i 


) 
+u3 (k : (vii + v2j F vsk )) 
) 


2 > 
geom + uivs (i -ek Neon 
d ow rdi d ue ut 
T u2U1 (à “4 )geom T uzv2(i sI Jegi T U2U3 (i -k geot 
=- ir = yt 
TUZU1 (à "4 )gson T uzv2(i I )geom T U3U3 (i E gear 


[7 || IZ || cosO = 1 


5 ze T 
ŽIJI cos Z = 0. 


> > 


Similarly 7 j =k-k =1andi-k = j -k =0. Thus, the expression for (tw - U )geom becomes 


(ü -U)geom = uivi(l)- uiv2(0) + uivs(0) 
T u2U1 (0) T u2v2(1) + u2U3 (0) 


Tua3Ui (0) + U3V2 (0) E u3v3(1) 


= U1U1 + U2V2 + UZU3. 


70. (a) Since q(t) = (0 + tii) -(U + tii) = ||U + tu ||? and since the length of any vector is nonnegative, we must have 
q(t) = |7 + tw |’ > 0 


for all real t. 
(b) Using the distributive law 


q(t) = (T +t) (T ti) UV +t T+T- GU d OU 
2 


= |E |? 4- 2(8 -wt + || | t. 


If @ Z 0, then ||u || A 0 and q(t) is quadratic in t. 
(c) Since q(t) > 0, the quadratic has one repeated root or no roots, so the discriminant must be less than or equal to zero. 
Thus, 


(27 -u)* — alia [^| |)? <0. 
Taking square roots, we have 
|G -w| < [je [IIe ||. 


If wW = 0, then q(t) is no longer a quadratic. However, in that case, 


so the inequality still holds. 


Strengthen Your Understanding 


71. The expression (ŭ - $)- w does not make sense. You cannot take the dot product of the scalar 4 - y and the vector w . 


72. 


73. 


74. 


75. 


76. 
77. 
78. 
79. 


80. 
81. 
82. 
83. 


84. 


85. 


Solutions for Section 13.4 
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"e 
The formula & parallel = (U - Y Jü works only when di is a unit vector. We can see that Y parallel Æ 3(2 + j ) because 


U perp =v — U parallel = (2i +7) = (3i +37) = =i = 35, 


> 


which is not perpendicular to ŭ = i+ ys 
Given an equation for a plane, to find the normal vector, we put x, y, z all on the same side of the equation. This gives 
2r + 3y — z = 0. Then a normal vector is 2i + 3j -k. 


The displacement vector from (1, 1) to (a,b) is (a — 1)? + (b — 1)7 , so we want 


((a— 1 + (b —1))- (@ +27) = (a— 1) -2(b 1) 2a - 205 — 3 — 0. 


For example, if b = 3, then a = 3 — 2(3) = —3. In general, any (a, b) with a = 3 — 2b is a possible example. 

A plane perpendicular toi -- 27 + 3k is z 4- 2y + 3z = 0. Solving for z, we get z = (—1/3)a + (—2/3)y, so we can 
let f(a, y) = (-1/3)z + (-2/3)y. 

False. The dot product is a scalar. 

True. Components of a normal vector can be read directly from coefficients of x, y and z in the equation for a plane. 
True. The cosine of the angle between the vectors is negative when the angle is between 7/2 and z. 

False. The equation z = x + y has normal i+ j -k , Which is not parallel to i+ j +k. An equation satisfying the 
given conditions is x + y + z = 6. 

True. The vector from (0, 1, 0) to (1, 1, 0) is 7, while the vector from (0, 1,0) to (0, 1, 1) isk, andi -& = 0. 

True. à - à. = || ||’, which cannot be negative. 

False. If the vectors are nonzero and perpendicular, the dot product will be zero (e.g. i - j = 0). 


False. If v and w are different vectors, but both are perpendicular to 4 , then both u - Y and 4 - w are zero, yet U AW. 
For example, take ŭ = =i,t= =j andw =k. 


True. Using the distributive property, and the fact that i - (—U) = —w - y, we have 
(ü +7) (ü -7)=ü-ü+ü-(-7)+7-ü-7-7 —[u|? — [4 |? 
True. This vector isọ , the component of y perpendicular to the unit vector @ . To check, calculate the dot product 


Perp 


since à -ü = |||? = 1. 


Exercises 
lvxu-kx j =i (remember i,j, k are unit vectors along the axes, and you must use the right hand rule.) 
2. j =i, and Ū =} +k 
ijk 
xd -—|-.100|l27 k 
0 11 
3. ¢ —i t Kk, and di —-icj 
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4. =i +] +k,adū =i+j—k 
ij k 
ð xw =|11 1 = 2i +2) 
iii 
5. j —2i —3j - kK,andy =i +27 —k 
ij k 
xw m|92.3 =i +37 +7k 
i3 =i 
6. © —2i —j — k, andy = —6i +37 +3k 
i jk 
Üxu-—-|29 | 1| 20240; +0k 20 
-6 3 3 
7. Since  — —3i +57 + 4k and =7 —3j — k, 
i jk 
yxw =]|-3 5 4|-—(9(-1)-4(-3)i —((-3)(-1) - 4(1))j + ((-8)(—3) — 5(1))k 
BEES EM 


=(-5+12)i — (3— 4j + (9 — 5)k 
— TÉ +J +4k. 


Figure 13.32 


By the definition of cross product, 2i x ü + j) is in the direction of k . The magnitude of it equals to the area of 
the parallelogram which is 


= Ti a4 n B 2 
2i || - || tT lsin T = 2n T = ad. 2 =2. 


So 27 x (i +7) = 2k . See Figure 13.32. 
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Figure 13.33 


By definition, @ + j) x ü — j) is in the direction of —k . The magnitude is 
? F md i ^ T 
EIE ism T = v2 v3-1=2. 


E 3 


So (i +7) x (i —j) = —2K.See Figure 13.33. 


10. 

(+j) xix] 2G xic-jxi)xj 
—-(0—k)xj 
--kxj 
=jxk =i. 

11. 

G+j)x@xj)=@+j)xk 
=(@xk)+(j xk) 
=J +7 =7-j 

12. 
ij k 
ext =|3 1-1 

1-4 2 

= 1-1 a 3-15 3 1 Ę 
-4 2 1 2 1-4 

—-3i — 7J —13k. 

Since 

a -(@ x b) = 3(—2) + (—7) - (-13) 20 

and 


b - (@ xb) = 1(—2) — 4(—7) + 2(-13) = 0, 


a xb is perpendicular to both @ and b. 
13. We find that ¢ x à — —6i +77 +8k andw x7 —6i — 7j — 8k . Notice that 


U xa —-—(uxu). 
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14. We can form the displacement vectors d = —7 tj + Ok from (1, 0,0) to (0, 1,0) and b = —i +07 +% from (1,0,0) 
to (0, 0, 1). A normal vector to the plane is & x b=it+ j +k. Using the point (1,0, 0), the plane can be written as 
(z—-1)+y+z=00rr+y+z=1. 


15. The displacement vector from (3, 4, 2) to (—2, 1, 0) is 


a ——5i — 37 — 2k. 
The displacement vector from (3, 4, 2) to (0, 2, 1) is: 
b =-3i -2j —k. 
Therefore the vector normal to the plane is: 
h=a@xb=-i+j +k. 
e 


Using the first point, the equation of the plane can be written as: 


—(a@—3)+(y—4)4+ (2-2) 20. 


The equation of the plane is thus: 
-@+y+2=3. 


16. We first calculate the cross product: 


mi 


jk 
43|2(4-3$1—-(5—-3j -(b-4Ak-i-j- 
11 


Then N 
Volume = |(b x e):d|—|( —j -k)-(3i +4k +5)| 2]3—4—5| = 4. 


17. We first calculate the cross product: 


-(-1£-(-1-1)j +(1+1)k =0 +27 -2k. 


Then 
Volume = |(b x @)-@| = |(0 +27 --2k)-(—i +k +k)|=|0+2+2|= 4. 


18. We first calculate the cross product: 


= 


jk 
29| =(6—0)i — (0—0)j +(0+0)k — 6i. 
03 


c 
x 
sn 
Il 


Then 
Volume = |(b x c): d| = |(6:2)- (à + 87 +7k)| = |6 +0 + 0| = 6. 


19. We first calculate the cross product: 


ijk 
bxe- n =(0-1)i —(1-0)j +(1-O)k =-7 -j +k. 
011 
Then z "A "m 4 
Volume = |(b x @)-@| =|(—t -j +k)- (i +k +2k)|=|-1-1+2|=0. 
The volume is zero because @ = b +2 , SO the three vectors lie in a plane; they do not make a 3-dimensional parallelepiped 


Problems 


20. Normal vectors of the planes are ñ ; = 9j = 3j +5k and iio — Ai + j — 3k respectively. The line of intersection is 
perpendicular to both normals. (Picture the pages in a partially open book.) We can use i 1 x r2 = 4i + 267 + 14k. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 
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We use the same normal i? = 47 + 267 + 14k and the point (0, 0, 0) to get 4(a — 0) + 26(y — 0) + 14(z — 0) = 0, or 


Az 4 


- 26y + 14z = 0. 


We use the same normal i? = 4i + 267 + 14K and the point (4, 5, 6) to get 4(a — 4) + 26(y — 5) + 14(z — 6) = 0, or 


Ax 4 
The 


+ 26y + 14z = 230. 


origin (0, 0, 0) is on the plane. A vector normal to the plane is given by the cross product of the vectors from the 


origin to the given points: (7 +37 ) x (2i +47 + k )23i-j — 2k . Thus, an equation for the plane is 3a — y — 2z = 0. 


The 


normal vectors to the two planes are 7 1 = 4i — 3j 42k anda — i + 5j — k. A vector parallel to the line of 


intersection of the two planes is perpendicular to both these normal vectors, so 


The 


Vector parallel to line = $1 x 2 = -7i + 6j + 23k . 


normal vectors to the planes are ñi = 2 — 37 + 5k and m = 4i + j — 3k. The line of intersection is 


perpendicular to both normal vectors (picture the pages in a partially open book). Hence the vector we need is ri? x n5 = 


4i 4 
The 
Ax 4 


+ 267 + 14k. 
vector parallel to the line of intersection is 4i + 267 + 14K and this is normal to the desired plane. Therefore, 
+ 26y + 14z = 0 is the equation of the plane. 


We use the same normal vector i? = 47 4-267 +14k and the point (4, 5, 6) to get 4(z — 4) --26(y — 5) - 14(z — 6) = 0. 


Normal vectors to the planes are 


The 


The 


= > 


Hi—i-—j-k and z= +7 —2k. 
vector 714 X 72 is perpendicular to both planes and is normal to the plane we want: 
ij k 
my X n2 = 1 1 =7 +47 +3k 
2 1 -2 


plane through the origin with normal 71 x 72 is 


ct 4y 4 3z — O0. 


29. (a) Since 


(b) 


and 


PQxPR-|234| 2-121 +47 +3k, 
130 


which is a vector perpendicular to the plane containing P, Q and R. Since 


|PQ x PŘI = V12)? + 42 + 32 = 13, 


the unit vectors which are perpendicular to a plane containing P, Q, and R are 


124 4+ 3> 
Er. + 137 T i3 3 
or the unit vector pointing to the opposite direction, 
124 4- 3> 
B BTB 
The angle between PQ and PR is 0 for which 


PQ.PR irsin — 1 
IPA IPR V2? +327 +42. 124327402 V290 


cos = 
so fi 
0 = cos | ( ——) z 49.76°. 

(299) 
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(c) The area of triangle PQR = LPO x PRI - 3. 
(d) Let d be the distance from R to the line through P and Q (see Figure 13.34), then 


jd. IP = the area of A PQR = =. 


Therefore, 
13 13 


pe 18. 7 
\|PQ|| 2+37+42 V29 


Q 


R 
Figure 13.34 


30. (a) We first find two displacement vectors: AB = (3 — (-1))i + (2 — 3) + (4— 0)k = 4i — j -- Ak and 
AC = 25 — 4j + 5k . The normal vector, ři , to the plane is perpendicular to these two vectors, so we have 


ü = AB x AC = 117 — 127 — 14k. 


Using the normal vector, we see that the equation of the plane is 11x—12y—14z = d for some number d. Substituting 
one of the points gives d = —47. Therefore, an equation for the plane is 


lla — 12y — 14z = —47. 
(b) The area of the triangle is given by 


Area = slaB x AC\|| = iva = 10.74. 


31. Since y x W is perpendicular to both & and wÙ , we can conclude that ọ x W is parallel to the z-axis. 


32. (a) Since y -w = ||v || ||W || cos 8 and || V. x w || = ||v || ||w || sind, 
tan = any E lg xw = 2 = 0.6. 
cos 0 U -Ù 5 
(b) Then 0 = tan (0.6) = 0.540. 
33. Since 
lg x w || = liv ||- Ilw || sin 6, 
and 
v- w = |ë ||- lw || cos6, 
so m = ] 
|e xal alasin Los 
Ua) IIg || - Ilw || cos 8 
so À 4 E 
tang = Oe +r = XE — 2.055. 


34. 


35. 


36. 


37. 


38. 


(a) 


(b) 


(a) 
(b) 


(a) 


(b) 
(a) 


(b) 


The 


parallelepiped. To find the volume of the parallelepiped, we first compute the cross product bx: 
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Since 7 -w = ||v || || || cos 0 and ||? x w || = ||9 || || || sin 8, we find 
|e x || = ||127 —3j + 4k || = 4/122 + (3)? + 22 = 13. 
Then ; 
1 
tang = $Œ — llë x Sll L 13 L 1625. 
s0 -w 


Then 0 = tan” '(1.625) = 1.019. 


Increases the force. 
The Magnus force is perpendicular to the direction the ball is travelling (which is into the page) and the axis of spin. 
Thus Fm points down and to the left. The ball curves to the left and drops faster than a ball that is not spinning. 


The vector k x F is in the xy-plane because it is perpendicular to k . It is also perpendicular to F, so it points in 
either the same or opposite direction as y . The right hand rule shows that it is in the same direction. Finally, k x 7 


has magnitude ||k x 7|| = ||k ||| || sin (90°) = ||| = ||]|. Thus & x ? and 7 have the same directions and 
magnitudes, and so they are equal. 

Since k x  — k x (xi + yj) = —yi + xj is the position vector of P, we have P = (—y, x). 

We have 


RB -2i +47 42k, 


and 


E > 


PsP, = 2 +47 42k. 
so these two displacement vectors are equal. Also, 


Pi P3 = 3i and P P4 = 3i, 


so these two vectors are also equal. These points form a parallelogram. 
Vectors along adjacent sides of the parallelogram are P; P2 and P P5. Since 


D 


PP, x PR = =6j — 12k, 


own WN 


j 
24 
30 
we have 

Area of parallelogram = ||P; P2 x Pi P3|| = ||6j — 12k || = V180. 


three vectors d. = P,P) = 2j | 4j | 2k andb = PP = 3i and @ = PPS i+ Ak determine the 


We have 


Ql 


Volume of parallelepiped = [Ü x c): | = |(—127) . a | = |-48| = 48. 


39. First let 


a = ai 4 aaj +azk b = bii + bop + bak C =i + eoj + csk 
D 


+ (ba 4 c2)j + (ba 4 ca)k . Now, using the general formula for cross products, we have: 


sn 
| 
= 
> 
E. 
o 
& 
L 


= [az(bs + c3) — a3 (b2 4 c2)]i + [as(bi + c1) ai (ba + ca)]j + [ai (b2 + c2) — a2(b1 + c1)]k 


(asbi + asc — a1b3 — aic3)j 


= (a2b3 + a2c3 — aab» — a3ca)i 4 


(a102 + a1€2 — a2b1 — aaci)k 


>? 


(a3cı — a1c3)j 


(aab — a1bs Iri 


= (a2b3 aes a3b3)i + (a2c3 a3co)i 


+(arbe — agbi)k + (aic2 — aaci)k 


> 


= (a2b3 agbo)i (a3b1 a1b3)7. + (aib2 aabi)k f (a2c3 a3c2)i i (aaci à1€3)] 


-F(a1c2 — a2c1 


i 
= (à x b) (d x&) 
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Thus, g x (6 +2) áxb +ā x. 
40. If \ = 0, then all three cross products are 0, since the cross product of the zero vector with any other vector is always 0. 
If A > 0, then Av and @ are in the same direction and wW and Aw are in the same direction. Therefore the unit 
normal vector 7 is the same in all three cases. In addition, the angles between Av and w, and between @ and 4j , and 
between y and Aw are all 0. Thus, 


(Av) x w = |[Av ||| || sin 07 
= Ale lI || sin 05 
= A(U xu) 

IIg || || Aw || sin 07i 


=U x (AW) 


If A < 0, then Av and V are in opposite directions, as are w and Aw in opposite directions. Therefore if 7 is the 
normal vector in the definition of Y x wW , then the right-hand rule gives —7i for (AU) x Ww and & x (Aw ). In addition, 
if the angle between v and uj is 0, then the angle between Av and w and between v and AW is (m — 0). Since if A < 0, 


we have |A| = —A, so 
(AG) x w = |[Av [||] || sin(x — 0)(—7) 
= A] Ile |||] || sin(x — @)(—7 ) 
= AJ ll || sin (=r ) 
= A| ||| || sin oz 
— A(U x w). 
Similarly, 
V x Qui) = Jv [|o || sin(x — 6)(=7 ) 
= -A[r fl || sin 0(—77 ) 
— A(U x w). 


41. The quantities ja . (b xc )| and Ka xb )-é | both represent the volume of the same parallelepiped, namely that defined 


Š 


must be equal except perhaps for their sign. In fact, both are positive if d , b, are right-handed and negative if @, b, 
are left-handed. This can be shown by drawing a picture: 


by the three vectors d , b , and @, and therefore must be equal. Thus, the two triple products @ - (b x Z) and (à x b) -Z 
é 


ral b 


right-handed left-handed 


sn 


Ql 


Figure 13.35 


42. If 0 is the angle between @ and b, then 
PE UTE SHH en ny? 
ld x b] = (lja [I] || sine) 
= |a I^ |b I? sin? 0 
= ||@ [^B ||? (1 — cos? 0) 
2 27 2 = 2E 2 2 
= pa | e — lap b ||" cos @ 


= 


= |a lub |? — (a 0). 


43. Solve for c to get c = —(@ + b). 


e 

a 
il 
MES 


Qu 


Also, 


sn 
Ql 


Ql 


Therefore,@ xb =b X@=C xd. 


x (-(@ +6)) 
(b x (d +6)) 
(bxd-bxb) 
(b xà +0) 

(b x d) 

x b. 
(@+b)xa 
(à +b) x @) 
(à xd-bxd) 
(0 +6 x d) 

x b. 
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Figure 13.36 


Geometrically, the magnitude of the cross product of two vectors is equal to the area of the parallelogram formed by 
the vectors. If @ +b + € = 0, then we can think of the vectors d , b , and Z as forming a triangle. (See Figure 13.36.) So 
by showing that 

@xb=bxé=2@xG, 


we are showing that the areas of the parallelograms formed by any two sides of the same triangle are equal. 


44. The cross product is given by 
d k b2 b bı b bı b 
5 xE = [bi ba ba =| i-e IE 
C2 C3 C1 C3 C1 C2 
Ci C2 C3 
so 
Q1 a2 a3 
days e ot A =| fs da 
C2 C3 C1 C3 C1 C2 

Ci Co C3 


45. Write 0 and w in components and expand using the distributive property of the cross product. 


xa = (vii T v5j +u3k) x (wii + wj + wsk ) 
= vwt x i + v1 Wei xj +viwgi xk 


> > 


+u2Ww1) xi + v2w2j xj + v203j xk 


+u3ur1k x i + v3wWek xj +vuz3w3k xk 


> > > 


9 Xi =-k,j x 


Now we use the fact that? x7 = 0,í xj =k,ixk = j= 
j,k xj ——i,k x k =0. Thus we have 


EI 


T xü =0 pviwok + viwa(—j ) + v2wi(—k ) +0 + vowsi + u3wij + vawa(—i) +0 


= (vows — U312)1 + (vawi — v1w3)7 + (viw2 — vowi)k. 
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46. Any vector y that is perpendicular to both @ and b will have the property that its dot product with @ and b is O, that is 


n 


= a,x + a2y + A3z = 0, 
= bia + bey + b3z = 0. 


œo, A 
Sy 


Multiply the first equation by bı and the second by aı and subtract to get 


—(b1aa — a103)z 


TET (for bia2 Æ aibe) 


(biaz — a1b2)y + (bias — aib3)2 =0 or y= 


Multiply the second equation by a» and the first by b» and subtract to get 


—(b2a3 = a2b3)z 


boa — aab b2a3 — aabs)z = = 
(b2a1 — a2b1)x + (b2a3 —a2b3)z=0 or ac (b2a1 — a2b1) 


So 
pe —(b2a3 = aabs)z = u (b1aa = DE + zk . 
(b2a1 ex a2b1) (biaz = à102) 
Pick z = b2aı — b1a» and multiply out, and we see that the algebraic method of finding a cross product yields the same 
result as our standard method. 
47. (a) Since C is perpendicular to d. x b , and since @ x b is normal to the plane containing @ and b , it follows that @ must 
be in the plane containing @ and b. 
(b) Using the expression given in the problem for C, we get 


and 


(c) Since C lies in the plane containing @ and b, it is of the form Z = zd + yb for some scalars x and y. Thus, using 


the fact that @ - € = 0 from part (b), we have 


5 -€ — b. (wd yb) = a(@ -6) + vll I! = la P? — @ by. 


Solving these two linear equations in x and y, we find x = —@ - b and y = ||à ||". 


48. Problem 41 tells us that (G x &)-w = @ - (7 x wu). Using this result on the triple product of (4 +6) x Z with any 
vector d together with the fact that the dot product distributes over addition gives us: 


(à 4-b)xec]:d =(@+6)-(@xd) 
=a-(¢xd)+b-(@xd) (dot product is distributive) 
=(@x@)-d+(bx2@)-d (using Problem 41 again) 
= [( x @)+(6 x @)]-d. (dot product is distributive) 


So, since [(@ +5) x @]-d = [(à x Z) + (b x &)]- d, then 


49. 


50. 
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Since the dot product is distributive, we have 


we get E 
l(Z--b)xe-axece-bxel|-o 
and hence 
(@+b)xé@-(@xé)-(b x €) =0 
Thus 


The area vector for face OAB = i 
The area vector for face OBC = i 
1 
2 
1 
2 


The area vector for face OAC — 
The area vector for face ABC — 


First let two adjoining sides of the rectangle be our vectors @ and b. See Figure 13.37. So we have 


= 


d —j and b —2i 


Since it faces downward (that is, in the negative z direction), according to the right hand rule A-—àxb.So by the 
formula for cross products 


Figure 13.37 


1248 Chapter Thirteen /SOLUTIONS 


51. The area vector for a circle has a magnitude mr? and direction normal to the plane of the circle. See Figure 13.38. Thus, 
since our circle is facing in the positive x direction, and r = 2, 


A =7(2)7i = 4ni. 


Figure 13.38 


52. First choose vectors d. and b along the sides of the triangle. Let's choose 
d-AB2e-j-k, b =AC Si —7. 
These vectors then form two sides of a parallelogram whose area is ||@ x b ||. Our triangle forms half of this parallelogram, 


so the area of triangle ABC = 4||@ x b ||. Since there are two possible orientations, the area of the triangle ABC is 
represented by one of the following two vectors: 


1 Pp xm m de cda ds 
+t=~(@4 xb)=+=(22 -—j —k)x (i j)—- =i lj =k 
zE x6) = 45007 -J -k) x @-j)=+(-57- 57-58) 
We want the upward orientation, so we pick the negative sign, giving 
Ac "ax es 
A = =i +5j +5k. 
2 tai te 
53. (a) Since 
ux T = (uavs — ugv2)t + (ugvi — u103)]. + (uive — u2vi)k , 
we have T 
Area of S = || x v || = ((uava u302)? + (uzvi — u1v3)? + (uivo u2vi).) : 


(b) The two edges of R are given by the projections of ù and @ onto the xy-plane. These are the vectors Ü and V, 
obtained by omitting the k -components of ŭ and 0: we have U = wii + u2j and V = vii + v24 , Thus 


Area of R = ||U x V || = ||(urv2 — uzvi)k || = |uivo — uavi]. 


(c) The vector mi + nj — K is normal to the plane z = mz + ny + c. Since the vectors ŭ and @ are in the plane 
(they're the sides of S ), the vector à x V is also normal to the plane. Thus, these two vectors are scalar multiples of 
one another. Suppose 


ü x V —A(mi nj —k) 
Since the k component of 4 x y is (u1v2 — uavi)k , comparing the k -components tells us that 
A = —(uivo — u2t1). 


Thus, 


> > > 


—(u1v2 — u2v1)(mi i nj k) =Ü X0 = (u2va ugv2)i t (uzv u13)] + (u1v2 — uavi)k 


So 


u2U3 — UZV2 


U2V1 — U1V2 
U3V1 — U13 


uzv — u1U2' 
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(d) We have 
ape 2 £ — 2 
(a? pnl) Orne = (1+ n cu ) n = ta 
u2Uj1 — U1V2 U2U1 — u1U2 


= (uava uav2)? H (uavi uv)? + (uiv — uzv)’ 
= (Area of Sy. 


Strengthen Your Understanding 


54. 
55. 


56. 


57. 


58. 
59. 
60. 


61. 
62. 


63. 
64. 
65. 


66. 
67. 


Solutions for Chapter 13 Review 


If ñ is unit vector perpendicular to @ and v, then so is — ii. There are exactly two possible unit vectors perpendicular to 
two given nonparallel vectors. The right-hand rule gives one of the two. 


E 


ü xU =0 when d and @ are parallel, not perpendicular. 


Since ŭ x i is perpendicular to the plane containing @ and y, we want k to be perpendicular to the plane containing d 
and v. That is, we want @ and ọ to both lie i in the zy-plane. Thus choose w to be any nonzero vector in the zy-plane not 
parallel to y . For examples lett = 27 + j. 


We could let = ai -- bj + ck , compute || x 7 || in terms of a, b, c, set the length equal to 10, and solve to find values 
of a, b, c. It is much easier to think geometrically. Let Y be any vector perpendicular to 4i , forming a rectangle of area 10. 
Since la || = 5, that means we can choose v to be any vector perpendicular to u of length 2. So first find a unit vector 
perpendicular to i, say 47 — 37 , unitize it to get (4/5)? — (3/5)j and then scale it by 2. We get (8/5)? — (6/5)7 . 


True. The cross product yields a vector. 
False. @ x y has direction perpendicular to both à and v . 


False. This is only true when Ẹ and @ are perpendicular. In general, |i x || = || ||||v || sin 9, where @ is the angle 
between w and v . The value of || x v || is the area of the parallelogram with sides 4 and v. 


True. The left-hand side evaluates to k - k = 1, while the right-hand side evaluates to i.i —1 


False. If i and 4j are two different vectors both of which are parallel to 0, then d x ŭ — 6 x à —0,butü AW.A 
counterexample is? = i, ŭ = 2i andw = 3i. 


True. Since ( x w ) is perpendicular to Y , the dot product with ọ is zero. 

True. The cross product is a vector in 3-space, while the dot product is a scalar, so they cannot be equal. 

True. The cross product (1 +J ) x (J -- 2k) = 2i — 2j +k, which has magnitude 4/2? + (—2)? + 1? = 3. Since the 
triangle has area of 1/2 the parallelogram with the given vectors as sides, the triangle has area 3/2. 

True. Any vector w that is parallel to & will give à x @ — 0. 


False. It is not true in general, but there are special cases when U x WÙ — W x i. For example, when @ is parallel to w, 
or when one of the vectors is O . In either case the cross products Y x w and w x V are both the zero vector. 


Exercises 
1. Scalar. & -  — (21 — 37 — 4k)- (k =j) =2-0-—3(-1)-4-1=-1. 
2. Vector. We calculate 
ij k 
d xÜ-—!2.3—4 =i 147 + 7k. 
3-11 
3.4-944=-1 
4.7-(-i)=-1 
5.@ =-27,b =31,€ =I +j,d =27,é =i -2j, f ——31 -J 
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6. Resolving y into components gives ¥ = 8cos(40?); — 8sin(40°)7 = 6.137 — 5.147. Notice that the component in 
the 7 direction must be negative. 
7. 58 = 5i +307 
j-i 9j 4i — 7j —3i +87. 

F63)l| = || - 3: + 371] = 3v2. 
i —j -2k)-4i +j 43k. 
. 2i +37 —k) - (6 — j 2k) 23i +77 — 4k. 
12. |ë + || = ||37 +27 +k || 2 V32 422 1? = vT. 

j -k)- (i 2b) 32.14 8-(-1)4-(-1)-2 5 —3. 


> 
v. 


14.0 xw =]|2 
1 


15. For any vector 0, we have v x ọ — 0. 
16. Since? -© = 2- 1 +3(—1) + (—1)2 = —3, we have (g -w )ë = —67 — 97 +3k. 
17. Since Y x uj is perpendicular to w , we have (U x w)-w = 0. 


18. We have 0. x w = 5i —5j — 5k, so 


ij k 
(8 xd)xu-—|5—5—5|-(-10— 5) — (10 + 5)j + (C5--5)k = —15i — 153. 
ti 2 


19. The cross product of two parallel vectors is 0 , so the cross product of any vector with itself is 0. 
20. A normal vector can be obtained from the coefficients of x, y, z in the equation of the plane and is: ñ = 2i +7 -k. 


21. The equation can be rewritten as 


z — 5x + 10 = 15 — 3y 
—5r + 3y +z =5 


som — —5i +37 +k. 
22. If the planes are parallel, they have a common normal vector ri . Rewrite the equation of the plane as 4x — 3y — z = —8 
so that 7 = 4i — 3j — k and the desired plane is 4(z — 0) — 3(y — 0) — (z—0) = Oor 4a — 3y — z = 0. 
23. (a) We have Y -w =3-4+42-(—3)+(-2)-1=4 
(b) We have 7 x @ = —4i — 117 — 17k. 
(c) A vector of length 5 parallel to i is 


Š desto +27 — 2R) = 3.647 +2437 — 243}. 


Wl 17 


(d) The angle between vectors à and w is found using 


E E 


U-w 


4 
lel ^—v1v26 


cos 0 = 


so 0 = 79.0°. 
(e) The component of vector y in the direction of vector w is 


- 


(f) The answer is any vector & such that d - v = 0. One possible answer is 2i — 2j +k. 
(g) A vector perpendicular to both is the cross product: 


exw ——4i —11j — 17k. 
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24. Since ||? +37 — k || = 4/22 +32 + (-1)? = v14, vectors of length 10 are 
10 


25. We take the cross product of i+ j andi — j — K and then make a unit vector parallel to the cross product. 


ij k 
@+7)x@-j-k)=/1 1 0 |=-i+j -2k 
i s] =] 
Since || — 7 +7 — 2k || = /(—1)? + I? + (—2)? = 6, unit vectors are 
rt tj — 2k 


v6 


26. We want a unit vector of the form aï + bj such that 


(ai 4-bj )- (31 — 27) = 3a — 2b = 0. 
Let's take a = 2 and b = 3. Then the vector 27 + 37 is perpendicular to 3i — 2j, but 27 + 37 is not a unit vector. Since 
||2¢ + 3j || = v13, unit vectors are 
20 +37 


VIB 


27. ñ = 4i + 6k (the coefficients of x, y, z are the same as the coefficients of i, j. and k » 
28. First, we rewrite the equation of the plane as 
z-y-z=l1. 
In this form, the coefficients of x, y, and z are the coefficients of i, j. and k in a vector that is perpendicular to the plane. 
So any scalar multiple of 2 — j — k is perpendicular to the plane. 
29. The vector i we want is shown in Figure 13.39, where the given vector is 7 = 47 +37. The vectors ọ and Ñ are the 
same length and the two angles marked a are equal, so the two right triangles shown are congruent. Thus 


a=-3 and b — 4. 


Therefore 


Figure 13.39 


30. The cross product of two vectors is perpendicular to both of them, so a possible answer is 


> 
e. 
ev 


= 
| 

wo 

en 


1252 Chapter Thirteen /SOLUTIONS 


31 


32. 


33. 


34. 


35. 


36. 


37. 


. To determine if two vectors are parallel, we need to see if one vector is a scalar multiple of the other one. Since  — — 2% , 
and y = id and no other pairs have this property, only à? and Ww, and Y and q are parallel. 


Since F = 2d , the two vectors are parallel in the same direction, so 


> 


F parallel = F and F perp = 0. 


The work done is 
W=F -.d=2+4+8=10. 


Notice that this is the same as the magnitude of the force, || F || = v20, times the distance traveled, ||d || = V5, since the 
force is the same direction as the displacement. 


Since F = —2d. , the two vectors are parallel in opposite directions, so 


> 


F parallel = F and F perp = 0. 


The work done is 
W = F -d = —10. 
Note that work done is negative since the force is in the opposite direction to the displacement. 


Since F - d = 0, the two vectors are perpendicular, so 


= 


F parallel = 9 and F perp = F. 


The work done is 
W=F -d=0. 


No work is done since the force is perpendicular to the displacement. 


The unit vector in the direction of d is i = (3/5)i — (4/5)j . Thus 
E c m 10, 6> 8- 
F parallel = (F d) @ = 5 = et t gj» 
A A A 162 12- 
F perp = F — F parallel = gi + =I 


Notice that F perp : di = 0, as we expect. The work done is 


W=F.d=6-16 10. 


E 


The work is negative since F' in the opposite direction of the displacement vector d. 


parallel 1$ 


The unit vector in the direction of d is à = (1/V/2)( + j ). Thus 


> 


F parallel m (F di)u = 


ES 


F perp = F — F parallel 


Notice that F perp : di = 0, as we expect. The work done is 


W=F.d=2-0=2. 


The unit vector in the direction of d = 37 ist = j. Thus, the parallel component of F is just its 7 component, and the 
perpendicular component is its 7 component: 


F parallel = 2j and F perp — 5i. 


The work done is 
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38. The area of the triangle is half the area of the parallelogram created by these two vectors, and the area of the parallelogram 


is the magnitude of the cross product. We first calculate the cross product: 


ij k 
2 


1 
4-2 1 


The area of the triangle is given by: 


Area of triangle = j Area of parallelogram — sla xb|- ;l 5j — 10k || = Zv 125 = 5.590. 


Problems 


39. 


40. 


41. 


(a) True, since vectors c and f point in the same direction and have the same length. 

(b) False, since vectors @ and d point in opposite directions. We have à. = ed. 

(c) False, since —b points in the opposite direction to b, the vectors —b and @ are perpendicular. 
(d) True. The vector f can be "moved" to point directly up the z-axis. 


(e) True. We move in the positive x-direction following vector @ and then in the positive y-direction following vector 


—b.The resulting sum is the vector €. 
(f) False, vector d is the negative of the vector f — C. It is true that d = c — g. 


Let the velocity vector of the airplane be V=ai tyj +zk in km/hr. We know that x = —y because the plane is traveling 


northwest. Also, ||V || = \/x? + y? + 22 = 200 km/hr and z = 300 m/min = 18 km/hr. We have \/x? + y? + 22 = 


Vu? + x? + 18? = 200, so x = —140.8, y = 140.8, z = 18. (The value of x is negative and y is positive because the 


plane is heading northwest.) Thus, 
T = —140.87 + 140.87 + 18k. 


The velocity vector of the plane with respect to the air has the form 


V =ai + 80k where || V || = 480. 


(See Figure 13.40.) Therefore \/a? + 80? = 480 so a = /480? — 80? ~ 473.3 km/hr. We conclude that 0 ~ 413.3i + 


80k . 
The wind vector is 


wj = 100(cos45?)i + 100(sin 45?) 

e 70.71 + 70.77 

The velocity vector of the plane with respect to the ground is then 
T +w = (473.37 + 80K ) + (70.71 + 70.77 ) 
= 544i + 70.77 + 80k 
From Figure 13.41, we see that the velocity relative to the ground is 
544i + 10.7 . 

The ground speed is therefore /5442 + 70.72 ~ 548.6 km/hr. 


Velocity relative 
Ü = to ground 
50k z 
w 
ai m 


Figure 13.40: Side view Figure 13.41: Top view 
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42. (a) See Figure 13.42. Notice that the velocity vectors are tangent to the curve, they point in the direction of motion, and 
they are longer when the rocket is moving faster. 


Figure 13.42 


(b) If the rocket has a parachute, it comes down more slowly. The velocity vectors on the downward part of the graph are 
shorter for this rocket. 


43. See Figure 13.43. 


Q 


Figure 13.43 


44. At the point P, the velocity of the car is changing the quickest; not in magnitude, but in direction only. The acceleration 
vector is therefore the longest at this point. The direction of the vector is directed in toward the center of the track because 
the difference in velocity vectors at nearby points is a vector pointing toward the center. 


45. Since 3i + V37 = V3(V/3t + j) we know that 37 + V37 and J/3i + j are scalar multiples of one another, and 
therefore parallel. 
Since (3i + j) . ( V3; ) = V3 — V3 = 0, we know that /3i +7 andi — V37 are perpendicular. 
Since 37 + V37 and /3i + j are parallel, 3i + V37 andi — V37 are perpendicular, too. 
46. Let the x-axis point east and the y-axis point north. We resolve the forces into components. Since the first force points 
50° south of east with a force of 25 newtons, we have 


F, = 25cos(50°)é — 25sin50°7 = 16.0707 — 19.1517 . 


Since Pj lies in the fourth quadrant, the coefficient of i is positive and the coefficient of j is negative. 
The second force points 70° north of west with a force of 60 newtons, so we have 


Fy = —60cos(70?)i + 60sin 70°7 = —20.5217 + 56.3827 . 


Since F, lies in the second quadrant, the coefficient of i is negative and the coefficient of j is positive. 
The third force must make the total force equal to zero, so we have 


A++ =0 
F = -(F + Fy ) 
= —((16.070 — 19.1517 ) + (—20.5217 + 56.3827 )) 
= —(—4451i + 37.2317 ) 
= 4.4517 — 37.2317 . 


The magnitude of this force is || F || = 4.4512 + 37.2317 = 37.50 newtons. The direction is arctan(37.231/4.451) = 
83.20° south of east. 


47. If the vectors are perpendicular, we need 
-w = (2ai — aj + 16k) - (5i +aj —k) = 10a — a° — 16 = 0. 
Solving 10a — a? — 16 = — (a — 2)(a — 8) = 0 gives a = 2,8. 
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48. Since a normal vector of the plane is 7 = -ï + 27 +k,an equation for the plane is 
e2+2yt+z2=-14+2-042=1 
—z+2y+z=1. 
49. Since the plane is normal to the vector = 3j +7k and passes through the point (1, — 1, 2), an equation for the plane is 
2x — 3y + 7z = 2-1 — 3. (—1)+7-2= 19 
2r = 3y + Tz — 19. 
50. See Figure 13.44. One way to find the angle at A is to find the angle between vectors AB and AC. Since AB = —17 — 7j 


and AC = —5i — 3j, we have 


_ IB TÈ 
cos BAC) = TABACI 


| 
ye Ged Si 
V50V'34 


= 0.6306. 


Thus the angle at vertex A is 50.91°. Similarly, we see that the angle at vertex B is 53.13° and (since the angles of a 


triangle add up to 180°) the angle at vertex C is 75.96°. 


Figure 13.44 


51. Let rı be the displacement vector PO and let 72 be the displacement vector PR. Then 


Fi = (142) +(3—2)7 +(-1-O)k EJ 
Po = (-442)i -(2—2)j +1- 0)k =-27 +k, 
ijk . MEM 
TixT32—|31-1|24i—(3—-2) +2k =i —j +2k 
—20 1 


The area of the triangle = $||71 x r3|| = $1? P +2? = ME 


52. (a) The displacement vector AB lies in the plane and is given by 
AB = (0—2)i -(1— 1) + (3— 0)k 2 -27 43k. 


Similarly, the displacement vector AC also lies in the plane, 
AC = (1-27 + (0-17 +(1-0)k =-7 -7 +k. 
(b) The vector i = AB x AC is perpendicular to both AB and AC and is therefore perpendicular to the plane. 


AB x AC = (—9f 43k) x (T —7 +8) =30 —7 +28. 
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(c) The normal vector to the plane is i; = 3i — j + 2k , So the equation is of the form 
32 — y 4- 2z =d. 


Substituting, for example, x — 1, y — 0, z — 1 gives d — 5: 


3r — y -22 — 5. 


53. (a) If we let PO in Figure 13.45 be the vector from point P to point Q and PÈ be the vector from P to R, then 
PO - i +2k 
PR-2 —k, 


then the area of the parallelogram determined by PO and PR is: 
A f i j k 
rea o - 
parallelogram — IPQ x PR| = —-10 2 = |[37 || = 3. 
2 0-1 


Thus, the area of the triangle PQR is 


Areaof | 1 Area of —23.15 
triangle 2 parallelogram 2 Hd 


z 


Figure 13.45 


(b) Since ñ = PO x PR is perpendicular to the plane PQR, and from above, we have ñ = 3j, the equation of the 
plane has the form 3y = C. At the point (0, 1,0) we get 3 = C, therefore 3y = 3, i.e., y = 1. 


54. Find an arbitrary point on the plane 2x + 4y — z = —1, say A = (0,0, 1). The normal 7 to the plane at B is i$ = 
2i +47 — K and PÀ = —27 +F — 2k. See Figure 13.46. 


P 


Figure 13.46 
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So the distance d from the point P to the plane is 


d = ||PB|| = ||PAl| cose 
PÀ.ü 
= aT since PÀ -ñ = || PAl|||7 || cos 0) 
(2 +7 —2k)- (27 +47 — k) 
22 + 42 + (—-1)? 


EX 
V21 


55. The displacement from (1, 1, 1) to (1, 4, 5) is 


ri -(1- 1i -(4—1) + (5-Dk —3j +4k. 
The displacement from (—3, —2, 0) to (1, 4, 5) is 


rm — (12-35 -(4-2)j - (5 —0)k =4 +67 5k. 


jk 
3 4| = (15 24)i — (-16)j + (—12)k = —9i +167 — 12k. 
65 


The equation of the plane is 


9x + 16y — 122 = —9 -1+ 16 -1 — 12. 1 = —5 
9x — 16y + 12z = 5. 


We pick a point A on the plane, A = (2,0,0) and let P = (0, 0, 0). (See Figure 13.47.) Then PA = (5/9)i. 


Figure 13.47 


So the distance d from the point P to the plane is 


d = ||PB|| = ||PAl| cos 0 


PA-i 
= aT since PA -ñ = ||PAl|||7 || cos 0) 
_ | (37) - (791 +167 — 12k ) 
i 92 + 162 + 122 


= 0.23. 


A 
p 
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56. (a) 500 km/hr in the west direction, so Y = —500i . 
(b) While traveling at constant altitude, the plane travels 250 km westward. Thus the coordinates of the point where the 
plane begins to descend are (550, 60, 4) — (250,0,0) — (300, 60, 4). 
(c) The vector from the plane to the airport at the time it begins its descent is (2007 + 107 ) — (3007 + 607 4 Ak y= 
=100% = 507 — Ak. Velocity is a vector of length 200 km/hr in the direction of —1007 = 507 — 4k . Since 
(—100)? + (—50)? + (—4)? z 111.9, a unit vector in the direction of descent is ii wl n. 
Thus 


100+ y d a : NM 
11.9" ms ae") 178.71 — 89.47 — 7.2k . 


Velocity vector = 200( 


57. Let? = vei + vyj + uzk be the vector. We will use the properties given in the problem to find vz, vy, and vz. If 0 has 
magnitude 10, then || || = 10. 
If ọ makes an angle of 45° with the x-axis, then its z-component, vz, is given by: 


v2 


v, = T -ï —|[V|| cos 45° = 10 (2) = 7.0710. 


Similarly, if ¢ makes a 75° angle with the y-axis, then its y-component, vy, is given by: 
Vy = 7 - J —||V || cos 75° = 10(0.25882) = 2.5882. 
We now have two components of 9 : 
T = 7.07107 + 2.58827 +uek. 
We only need to find v+. To do this we use the fact that VU - à. = ||U || = 10. 


v-v = 100 


v2 +v? + v? = 100 


2 2 2 
v; —100— v; — vy 


v? = 44/100 — v2 — v2 


vz = £6.580 


Since the problem tells us that the k -component is positive, v; — 4-6.580. Thus 


T — T.07107 + 2.58827 + 6.580k . 


58. (a) Suppose U = OP as in Figure 13.48. The i component of OP is the projection of OP on the x-axis: 
OT = veosai. 
Similarly, the j and k components of OP are the projections of OP on the y-axis and the z-axis respectively. So: 


OS = v cos 6f 
OQ = v cos yk 


Since y = OÈ + OS + OQ, we have 


T =vcosai + v cos Bj + vcosyk. 
(b) Since 
v? =7 -7 = (vcosai +vcos 8j + vcos4k)- 
vcosai +vcos Bj +vcos 7k ) 
= v? (cos? a + cos? B + cos? y) 
so 


cos? a + cos? B + cos? "y. 
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Figure 13.48 


59. Let the x-axis point east and the y-axis point north. Denote the forces exerted by Charlie, Sam and Alice by F C, F s and 
F 4 (see Figure 13.49). 


Figure 13.49 


Since || P c|| = 175 newtons and the angle 0 from the x-axis to F c is 90° + 62° = 152°, we have 
F o =175cos 152°% + 175sin 152° ~ —154.527 + 82.167 . 
Similarly, 
F s = 200 cos 47^i + 200sin 47^j ~ 136.47 + 146.277. 


Now Alice is to counterbalance Sam and Charlie, so the resultant force of the three forces F 95 F s and F A must be 0, 


that is, 
FotFs4+F4=0. 


Thus, we have 

Fa=-Fo-Fsg 

—(—154.527 + 82.167 ) — (136.47 + 146.277 ) 
= 18.127 — 228.437 


and, |F A|| = \/18.122 + (—228.43)? ~ 229.15 newtons. 


If o is the angle from the x-axis to F 4, then 


2 


— 228.43 


EST x —85.5 . 


od = arctan 
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CAS Challenge Problems 


60. (à xb)-@ =0,(@ xb) x (4 x 2) 20 
Since C is the sum of a scalar multiple of @ and a scalar r multiple of b, it lies in the plane containing e d and b. On 
the other hand, @ x b is perpendicular to this plane, so d. x b is perpendicular to c . Therefore, (d x b)-é = 0. Also, 
d x Z is also perpendicular to the plane, thus parallel to d. x b, and thus (4 x b) x (à x &) =0. 


61. The first parallelepiped has volume 


|(d x b)-é| = |ywr — vzr + zus — rws + zvt — yut]. 


The second has volume |(@ x b) - (28 — 6 + &)|, which also simplifies to |ywr — vzr + zus — rws + xvt — yutl. 
Both parallelepipeds have base with edges @ and b . The third edge of the first one is c and the third edge of the second 
one is Z + 2@ — b. Thus the top face of the second parallelepiped is obtained by shifting the top face of the first by 
2d — b. Since this is parallel to the base, the second parallelepiped has the same altitude as the first. Since the volume of 
a parallelepiped is product of the area of its base with its height, the two parallelepipeds have the same volume. 


62. (a) From the geometric definition of the dot product, we have 


b| 10 
T VIVO 


cos 0 = 


dd] 
á ||| 
Using sin? 0 — 1 — cos? 0, we get 

x+2y+3z=0 

2r +y+2z=0 


VM ee A 100 
z? +y? +2? = lla P P0 — cos? 0) = (14) (9) Goo 


Solving t these equations we get x ly 4,z = 30r z = 1, y = 4, and z = —3. Thusc = -- 4j + 3k 
orc =i T Aj — 3k. 

(b) à xb-i + 4j — 3k . This is the same as one of the answers in part (a). The conditions in part (a) ensured that 
Z is perpendicular to @ and b and that it has magnitude ||a |||| ||| sin 0|. The cross product is the solution that, in 
addition, satisfies the right-hand rule. 


63. (a) We have 

AB| = ||2i|| 2 2 

AĞI = |Ë V3jl = v1*3-2 

ADI = lf + (1/3) + 2 /2/3k | = /1+ (1/3) + (8/3) = V4 =2 
BÒ = | - 7 + V3j|| = VI+3 =2 

BD| = || —7 + (1/3)j + 24/2/3K || = v1 + (1/3) + (8/3 
TDI = |\(1/v3 — v3) + 2/2/3K)| = v/0/3- 2 +38) - 8/ 


Thus all the points are 2 units apart. 
(b) By solving the equations 
z «y! te? = (2-2)? +y? 42 
ety? +2? = (£1) 4+ (y— V3)? +2? 
r? +y +27 = (x—1)y-(y-1/V3y + (z 2/2 
we get P = (1,1/V/3, V6/6). 
(c) The cosine of the angle APB is 1/3 and the angle is 109.471°. 


64. (a) PO x PRis perpendicular to the plane containing P, Q, R, and therefore parallel to the normal vector ai + bj ck. 
(b) 


PO x PR = (tv — sw — ty + wy + sz — vz)i + 
(—tu 4- rw + tz — wr — rz 4-uz)] + (su— rv — sz 4- vx -- ry — uy)k 
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(c) After substituting z = (d — ax — by)/c, w = (d — au — bv) /c, t = (d — ar — bs)/c into the result of part (a), and 
simplifying the expression, we obtain: 


PG x PR = zu z)-T vx — uy-r( vt y) 


VE d) page adipe + (slu — x) - vx — uy 4- r(—v + y))k 


+ 


c 
_ (stu x) +ve—uytr( OW) E egt ch), 


Cc 


Thus PO x PR is a scalar multiple of ai + bj +ck , and hence parallel to it. 
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1. (a) Let r = || || and s = ||b||, and let a, 3, be the angles between @, b , and the x-axis as shown in the figure. 
Suppose ð is the angle between @ and b. We drew the figure with a < p and thus £ — a = 0. If a > p, 
then a — £ = 0. In both cases we know that 


Area of parallelogram = ||a ||||b || sin 8. 


Using the formula 
sin(3 — a) = sin B cosa — cos f sin o, 


and the fact that aj = r cosa, a2 = r sin q, bı = s cos f, and b = s sin 8, we get 


à1b9 — a3b, = (r cos a) (ssin B) — (r sin o)(s cos 8) 
= rs(cos a sin B — sina cos 3) 
— Ts sin(8 = a) (from sin(8 — a) = sin B cos a — cos B sina) 


= || |||» | sin(6 — a) 
If 8 > a, we have B — a = 0, so 
aiba — agb, = ||à ||||b || sin = Area of parallelogram. 


If 8 < a, we have a — B = 0, so 


|aybz — aabi| = ||@|| |b ||| sin(9 — o)| = ||@ |||] || sin = Area of parallelogram. 

(b) The sign of a,b2 — 02 bı is the same as the sign of 8 — a, so the sign of a,b2 — azb: tells us whether the 
rotation from d to b is counterclockwise (then a1b2 — azb is positive) or clockwise (then a1b2 — a3, is 
negative). 

(c) Part (a) tells us that 


Area of the parallelogram = |a1b5 — aby]. 


The algebraic definition of the cross product is 
a x b = (a1bo = aab; Kk . 


The geometric definition has magnitude given by ||@ x b|| = Area of parallelogram. So the magnitude 
of the algebraic definition agrees with the magnitude of the geometric definition. To check agreement of 
the direction of @ x b for the two definitions, we notice that (a105 — aab, )k is perpendicular to @ and 
b since @ and b are in the i,j -plane. Also, part (b) says (a1b9 — aab; )k will point up (down) when the 
rotation from @ to b is counterclockwise (clockwise). So the direction of the algebraic definition obeys 
the right-hand rule. 
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2. (a) Since the vectors d4,...,d 4 show the square roots of the relative frequencies of the alleles, and the 
relative frequencies in a population add to 1, we have 


||| = 


|a s|| = 


laal = 


G2:ü3 = V0.10- v0.21 + v0.09. V0.07 + v0.12 - V 0.06 + V0.69 - V0.66 = 0.9840 
üa:G v 0.21 - V 0.22 0.07 - V 0.00 + v0.06 - V 0.21 + V 0.66 - V 0.57 = 0.9405. 


@2-@3  — 0.9840 


cos 0 = Sa SS 
ldallds]] 1-1 


so 0 = 10.39. 
The distance between the English and the Koreans is given by ¢ where 


G3:G4 0.9405 


cum = = 0.9405 
laslllldal] — 1-1 


cos ¢ = 
so @ © 19.9°. Hence the English are genetically closer to the Bantus than to the Koreans. 

(b) Let F 1 be the 4-vector showing the relative frequencies of the alleles in the Eskimo population. Let f 2, 
f 3, 7 4 be the corresponding vectors for the Bantu, English, and Korean populations, respectively. Let T 5 
be the 4-vector for the relative frequencies for the half Eskimo, half Bantu population, and let d 5 be the 
4-vector for the square roots of the relative frequencies . So 


s due du 
Fs = 51+ 5f 2 = (0.195, 0.045, 0.075, 0.685) 
ds = (V0.195, V0.045, V0.075, V0.685). 


Then 


Ri sl = V V0.195 + V0.045 + V0.075 + V0.685 —1 
-@5 = V0.21- V0.195 + V0.07 - 0.045 + v0.06 - 0.075 + v0.66 - 0.685 = 0.9980. 


So the distance between the English population and the half Eskimo, half Bantu population is 


CENCE 0.9980 
0 = arccos ———————. = arccos ——— 
I|@ sll lid s] Lad 


= arccos 0.9980 = 3.6°. 


Since 3.6 < 10.3, the English are closer to the Bantu/Eskimo mix than to the Bantu alone. 

(c) Suppose that x is the fraction of the population that is Eskimo, where 0 < x < 1. Then (1 — x) is the 
fraction that is Bantu. (For example, x — 0.5, in part (b).) Let f 6 be the 4-vector of relative frequencies 
and d ș the 4-vector of square roots of relative frequencies for a population that is x Eskimo and (1 — x) 
Bantu. We have 


fe-zfit(u-z)fa-facz(fi- f2) 
= (0.10 + 0.197, 0.09 — 0.092, 0.12 — 0.092, 0.69 — 0.012). 


Then, as before 
\|@ ol] = 1 


3. (a) 


(b 


— 
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and 


G3:üg = V0.21- v0.10 + 0.19% + v0.07 - v0.09 — 0.09x 
+v 0.06 - v0.12 — 0.09x + V0.66 - v0.69 — 0.012. 


Since cos Ü is a decreasing function of 0 for 0 < 0 < a, to minimize the angle 0 = arccos TAAL 
3| 86 
we must maximize RE 
3:06 > > 
f(x) = ———__ = da:dg. 
la s lll ol 


Using a calculator or computer, we find that the maximum of this function for 0 € x < 1 is 
f (0.4788) = 0.9980. 


So the minimum distance of Ó = arccos(0.9980) = 3.6? from the English occurs at a mix of about 47.88% 
Eskimo and 52.12% Bantu. 


Let the forces F ; from bar AB on joint A and F > from AE on A be given by 
F 1 = ai 


F > = f(cos 65.38? f + sin 65.38? J ). 


The sum of F 1, F 2, and the upward supporting force at A must be the zero vector. Hence 


E 


F + É3412500j 20 

(a + f cos65.38°)i + (f sin 65.38? + 12500); = 0 
a+ f cos 65.38? = 0 

f sin 65.38? + 12500 = 0. 


Solving the last two equations for f and a gives 


—12500 
= —_— = -] Ib 
f sin 65.38° piel 


a = — f cos 65.38? = 5730 Ib. 


There is a 5730 Ib force from AB acting to the right on joint A. Since the bar is pulling the joint, AB 
is under 57730 Ib tension. 

There is a 13750 Ib force from AE acting downward on joint A. Since the bar is pushing the joint, 
AE is under 13750 Ib compression. 
Let the forces G ; from bar BC on joint C and G > from CD on C be given by 


Gi=bi 
G 2 = g(cos114.62°7 + sin 114.62? 7). 


The sum of G 1, G 2, and the upward supporting force at C must be the zero vector. Hence 


> 


G;-- Gs 17500j 260 

(b + g cos 114.62?)7 + (gsin 114.62? + 17500)? =0 
b + g cos 114.62° = 0 

gsin 114.62° + 17500 = 0. 


Solving the last two equations for g and b gives 


—17500 
i= o e 


b = —g cos 114.62° = —8020 Ib. 
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There is an 8020 Ib force from BC acting to the left on joint C. Since the bar is pulling the joint, BC 
is under 8020 Ib tension. 

There is a 19250 Ib force from CD acting downward on joint C. Since the bar is pushing the joint, 
C D is under 19250 Ib compression. 
Let the forces H ; from bar DE on joint D and H 5 from BD on D be given by 


H i= ci 
Ë 4 = h(cos65.38°7 + sin 65.38? J ). 


The force Hs from C'D on D is the opposite of force G2 of CD on C computed in part (c). The sum of 
the forces H ds H 2, H 3 and the downward force from the weight at D must be the zero vector. Hence 


Ë ı + Ë+ Ë — 200007 =0 

(c + hcos65.38° — g cos 114.62°)i + (h sin 63.38? — g sin 114.62? — 20000)7 =0 
c + h cos 65.38? — g cos 114.62° = 0 

h sin 63.38° — g sin 114.62° — 20000 = 0. 


Since we found g in part (b) we can solve the last two equations for h and c. We have 


in 114.62° + 2 
p gsm 62° + 0000 _ 4750 Ib 
sin 65.38° 


c = g cos 114.62? — h cos 65.38 = 6880 Ib. 


There is an 6880 Ib force from DE acting to the right on joint D. Since the bar is pushing the joint, 
DE is under 6880 Ib compression. 

There is a 2750 Ib force from B D acting upward on joint D. Since the bar is pushing the joint, BD is 
under 2750 Ib compression. 
Let the force P from bar BE on joint E be given by 


P = p(cos114.62? i + sin 114.62? 7 ). 


The other forces acting on E are —F 5 from AE computed in part (a), —H , from DE computed in 
part (c), and the downward force from the weight at E. The sum of these four forces must be the zero 
vector. Hence 


P —F,—#H,-100007 =0 

(pcos 114.62? — f cos 65.38? — c)i + (psin 114.62? — f sin65.38° — 10000)7 =0 
Dcos114.62? — f cos 65.387 — c = 0 

psin 114.62? — f sin65.38? — 10000 = 0 


Since we found f in part (a) and c in part (c) we can solve either of the last two equations for p. Using the 


last equation, we have 
Lg sin 65.38? + 10000 


sin 114.629 


There is an 2750 lb force from B E acting downward right on joint E. Since the bar is pulling the joint, 
BE is under 2750 lb tension. 


= —2750 Ib 
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Solutions for Section 14.1 


Exercises 
1. Using difference quotients to approximate the partial derivatives 
Az 0-2 2 
FAB Re Gel T 
Az 2—(-1) 3 
3,2) = = = 


2. If h is small, then 


(3,2) & 
fo(3,2) - 
With h = 0.01, we find 
3.01? 3? 
~ £(3.01, 2) — f(3,2)  QrD BAD — 
fa(3,2) © 0.01 = TH — 2.00333. 
With h = 0.0001, we get 
3.00012? 32 


f(3.0001, 2) — f(3,2) D ^ CFD _ 500099333. 


2(3,2) & 
fo(3,2) 0.0001 0.0001 
Since the difference quotient seems to be approaching 2 as h gets smaller, we conclude 
fa (3,2) z 2. 
To estimate f; (3, 2), we use 
3,2+h) — f(3,2 
53,2), £2: 0 1859) 
With h = 0.01, we get 
f(3,2.01) - f(3,2) _ miter — Gem 
/(3, 2.01) — f(3, 0141) 2+ 
3,2) z = —_—_——_ = —0.99668. 
fu(3,2) 0.01 0.01 
With h = 0.0001, we get 
(3, 2.0001) — (3, 2) z - 
124 — ; (2.000141) C+D , 
3,2) & = = —0.9999667. 
fy(3,2) 0.0001 0.0001 


Thus, it seems that the difference quotient is approaching —1, so we estimate 


fy(3, 2) & —1. 


3. Using first Az — 0.1 and Ay — 0.1, we have the estimates: 
2(1,3) a ————————— 

fx (1, 3) 0 
. 0.0470 — 0.0519 — 


= —0.04 
Od 0.0493, 
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f(1,3.1) — f(,3) 


2 


fy(1, 3) 


0.1 
e 0.0153 — 0.0519 = 0.3660. 
0.1 
Now, using Az — 0.01 and Ay — 0.01, we have the estimates: 
f (1.01, 3) — f(1,3) 
z(1,3) x ——————————— 
Fo(1,3) 0.01 
0.0514 — 0.0519 
= ———— = — 0.0501, 
001 0.0501, 
and 
f(1, 3.01) — f(1, 3) 
1.3) x 2M Jd, 
0.0483 — 0.0519 
= —_—— - —0.3629. 
0.01 0.3629 
(a) Dollars /Year. 
(b) Negative. You expect to pay less for an older car. 
(c) Dollars/Dollar 
(d) Positive. You expect to pay more for a car that was more expensive new. 


OP/Ot: The unit is dollars per month. This is the rate at which payments change as the number of months it takes to pay 
off the loan changes. The sign is negative because payments decrease as the pay-off time increases. 


OP/Or: The unit is dollars per percentage point. This is the rate at which payments change as the interest rate 


changes. The sign is positive because payments increase as the interest rate increases. 


(a) 


(b) 


(a) 
(b) 
(c) 


(a) 
(b) 


(a) 


(b) 
(c) 


The units of Óc/Óx are units of concentration/distance. (For example, (gm/cm?/cm.) The practical interpretation of 
Oc/Oz is the rate of change of concentration with distance as you move down the blood vessel at a fixed time. We 
expect Oc/Ox < 0 because the further away you get from the point of injection, the less of the drug you would expect 
to find (at a fixed time). 

The units of Oc/Ot are units of concentration/time. (For example, (gm/cm*)/sec.) The practical interpretation of 
Oc/Ot is the rate of change of concentration with time, as you look at a particular point in the blood vessel. We would 
expect the concentration to first increase (as the drug reaches the point) and then decrease as the drug dies away. 
Thus, we expect Oc/Ot > 0 for small t and Oc/Ot < 0 for large t. 


If you borrow $8000 at an interest rate of 196 per month and pay it off in 24 months, your monthly payments are 
$376.59. 

The increase in your monthly payments for borrowing an extra dollar under the same terms as in (a) is about 4.7 
cents. 

If you borrow the same amount of money for the same time period as in (a), but if the interest rate increases by 1%, 
the increase in your monthly payments is about $44.83. 


We expect fp to be negative because if the price of the product increases, the sales usually decrease. 
If the price of the product is $8 per unit and if $12000 has been spent on advertising, sales increase by approximately 
150 units if an additional $1000 is spent on advertising. 


Negative. As the price of beef goes up, we expect people to buy less beef and so the quantity of beef sold goes down. 
If b increases, we expect Q to decrease. 
Positive. As the price of chicken goes up, we expect people to buy more beef. As c increases, we expect Q to increase. 


We estimate that 


AQ |—213 
p TIE M kg/dollar. 


If the price of beef rose by one dollar, the store would sell approximately 213 fewer kilograms of beef. 


Moving right from P in the direction of increasing x increases f, so f; (P) > 0. 


Moving up from P in the direction of increasing y increases f, so fy(P) > 0. 


Moving right from Q in the direction of increasing x increases f, so f(Q) > 0. 


Moving up from Q in the direction of increasing y decreases f, so fy(Q) < 0. 
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12. Moving right from R in the direction of increasing x decreases f, so f; (R) < 
Moving up from R in the direction of increasing y decreases f, so fy(R) 


0. 
« 0. 
13. Moving right from S in the direction of increasing x decreases f, so fe( S) < 0. 
Moving up from S in the direction of increasing y increases f, so fy(S) > 0. 


14. For f (10, 25) we get 


0 


fu (10,25) ~ SEAE, 


Choosing h = 5 and reading values from Table 12.2 on page 672 of the text, we get 


15, 25) — f (10,2 — 
fw (10, 25) z £05.25 929) = ie E 15 = —0.4°F/mph 


This means that when the wind speed is 10 mph and the true temperature is 25°F, as the wind speed increases from 
10 mph by 1 mph we feel an approximately 0.4°F drop in temperature. This rate is negative because the temperature you 
feel drops as the wind speed increases. 


15. Using a difference quotient with h = 5, we get 


fr(5,20) © L620 6) - 16,20) _19 : 13 


= 1.2°F/°F. 


This means that when the wind speed is 5 mph and the true temperature is 20°F, the apparent temperature increases by 
approximately 1.2°F for every increase of 1°F in the true temperature. This rate is positive because the true temperature 
you feel increases as true temperature increases. 


16. Since the average rate of change of the temperature adjusted for wind-chill is about —0.8 (drops by 0.8°F), with every 1 
mph increase in wind speed from 5 mph to 10 mph, when the true temperature stays constant at 20°F, we know that 


f (5,20) = —0.8. 


Problems 


17. The values of z increase as we move in the direction of increasing x-values, so fz is positive. The values of z decrease as 
we move in the direction of increasing y-values, so fy is negative. We see in the contour diagram that f/(2, 1) = 10. We 
estimate the partial derivatives: 


Az 14 — 10 
fo(2, 1) @ = 4a =; 

Az 6 — 10 
f) RR TL =4 


18. From the contour diagram, approximate values of f at nearby x-values are f (3,5) = 10, f(6.3,5) = 8, f (0.4, 5) = 12. 
Difference quotient approximations are 


£63) f) os f,(3,5) ~ 10:0 f). ou 


fo(3,5) & “E33 ~~ 04-3 


Another reasonable approximation is obtained by averaging the two difference quotients: 


fe (3,5) =% Average = St = —0.7. 
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23. 
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The partial derivative, Q /ðb is the rate of change of the quantity of beef purchased with respect to the price of beef, 
when the price of chicken stays constant. If the price of beef increases and the price of chicken stays the same, we expect 
consumers to buy less beef and more chicken. Thus when b increases, we expect Q to decrease, so 0Q/Ob < 0. 

On the other hand, OQ /Oc is the rate of change of the quantity of beef purchased with respect to the price of chicken, 
when the price of beef stays constant. An increase in the price of chicken is likely to cause consumers to buy less chicken 
and more beef. Thus when c increases, we expect Q to increase, so 0Q/Oc > 0. 


(a) An increase in the price of a new car will decrease the number of cars bought annually. Thus n « 0. Similarly, an 
x 
increase in the price of gasoline will decrease the amount of gas sold, implying Že « 0. 
y 
(b) Since the demands for a car and gas complement each other, an increase in the price of gasoline will decrease the 
total number of cars bought. Thus ^n « 0. Similarly, we may expect ^n « 0. 
uy x 
We have Ag. dca 
fi(18, 6) ~ = SU is = —1.5 percent/month. 


Eighteen months after rats are exposed to a formaldehyde concentration of 6 ppm, the percent of rats surviving is de- 
creasing at a rate of about 1.5 per month. In other words, during the eighteenth month, an additional 1.5% of the rats 
die. 

We have 
AP  82—93 _ 
Ac 15-6 . 
If the original concentration increases by 1 ppm, the percent surviving after 18 months decreases by about 1.22. 


fe(18, 6) ~ —1.22 percent/ppm. 


The fact that f; (P) > 0 tells us that the values of the function on the contours increase as we move to the right in 
Figure 14.3 past the point P. Thus, the values of the function on the contours 


(a) Decrease as we move upward past P. Thus fy(P) < 0. 


(b) Decrease as we move upward past Q (since Q and P are on the same contour line.) Thus fy(Q) « 0. 
(c) Decrease as we move to the right past Q. Thus f(Q) < 0 


(a) The partial derivative gz (c, y) is zero at points where a contour has a horizontal tangent line. See Figure 14.1. 
(b) The partial derivative gy (zx, y) is zero at points where a contour has a vertical tangent line. See Figure 14.2. 


Figure 14.1 Figure 14.2 


(a) (i) Near A, the value of z increases as x increases, so f; (A) > 0. 
(ii) Near A, the value of z decreases as y increases, so fy(A) < 0. 


(b) f; (P) changes from positive to negative as P moves from A to B along a straight line, because after P crosses the 
y-axis, z decreases as x increases near P. 


fy(P) does not change sign as P moves from A to B along a straight line; it is negative along AB. 

(a) For points near the point (0, 5, 3), moving in the positive x direction, the surface is sloping down and the function is 
decreasing. Thus, f; (0,5) < 0. 

(b) Moving in the positive y direction near this point the surface slopes up as the function increases, so f, (0, 5) > 0. 
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26. Locating the points (3, 2, f(3,2)) and (1,2, f(1, 2)) on the graph in Figure 14.3 we see that f,(1,2) and f,(3,2) are 
both negative with f,(1,2) < fx(3,2). Similarly, f,(3,2) and f,(1,2) are both positive with f,(3,2) < fy(1, 2). 
Therefore, 

fx(1, 2) < f«(3,2) < 0 < fy(3,2) < fy(1, 2). 


z 


(1,2, f(1,2)) 5 
(3,2, f(3,2)) rou) 


Figure 14.3 


27. (a) Estimate OP/Or and OP/OL by using difference quotients and reading values of P from the graph: 


aP P(16, 4000) — P(8, 4000) 
— (8,4000) x —— — —————. 
3, (5,4900) 16—8 
100 — 80 
= 2. 
8 5, 


and 
oP ny P(8, 5000) — P(8, 4000) 


OL 5000 — 4000 
100 — 80 
—Á ^ 1000 — 0.02. 


P,(8, 4000) ~ 2.5 means that at an interest rate of 8% and a loan amount of $4000 the monthly payment increases 
by approximately $2.50 for every one percent increase of the interest rate. Pr, (8, 4000) ~ 0.02 means the monthly 
payment increases by approximately $0.02 for every $1 increase in the loan amount at an 8% rate and a loan amount 


of $4000. 
(b) Using difference quotients and reading from the graph 
OP _, P(14, 6000) — P(8, 6000) 
Ll ce NEN e 
. 140—120 _ 3.33, 
6 
and 
OP _, P(8, 7000) — P(8, 6000) 
og ORR 7000 — 6000 
140 — 120 
= ^ 1000 -— 0.02. 


Again, we see that the monthly payment increases with increases in interest rate and loan amount. The interest rate 
is r = 8% as in part (a), but here the loan amount is L = $6000. Since Pz (8, 4000) ~ Pz(8, 6000), the increase 
in monthly payment per unit increase in loan amount remains the same as in part a). However, in this case, the effect 
of the interest rate is different: here the monthly payment increases by approximately $3.33 for every one percent 
increase of interest rate at r — 896 and loan amount of $6000. 


(c) 
aP .. P(19, 7000) — P(13, 7000) 
ae E 
180 — 160 


= ————— = 3.33 
6 j 
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28. 


29. 


30. 


31. 
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and 
OP P(13, 8000) — P(13, 7000) 
— (13, 7000) ~ ————mem — 
OL ( ] ) 8000 — 7000 
180 — 160 
= — oo 702 


The figures show that the rates of change of the monthly payment with respect to the interest rate and loan amount 
are roughly the same for (r, L) = (8, 6000) and (r, L) = (13, 7000). 
The sign of Of /OP; tells you whether f (the number of people who ride the bus) increases or decreases when P; is 
increased. Since P; is the price of taking the bus, as it increases, f should decrease. This is because fewer people will be 


willing to pay the higher price, and more people will choose to ride the train. On the other hand, the sign of xx tells you 
2 


the change in f as P» increases. Since P» is the cost of riding the train, as it increases, f should increase. This is because 
fewer people will be willing to pay the higher fares for the train, and more people will choose to ride the bus. 


Therefore, E « 0 and EL >0. 


(i) Statement (i) indicates that, as v increases at a constant temperature, W will decrease. Therefore, f, (T, v) < 0, and 
so statement (i) matches formula (c). 
(ii) Statement (ii) indicates that, as T increases at a constant riding speed, W also increases. Therefore, fr(T, v) > 0, 
and so statement (ii) matches formula (a). 
We now see that formula (c) does not match either given statement. In words, the statement *f(0, v) < 0” is saying 
that, if the air temperature is held constant at 0°F then, no matter what speed you are biking at, you will feel at least as 
cold as 0°F. 


(a) Estimating T (x,t) from the figure in the text at x = 15, t = 20 gives 


oT T (23, 20) — T(15,20) 20 — 23 3 6 
On ~ 23 — 15 zr cd dll 
T 115,20) 
oT ..T(15,225)- T(15,20) 25-23 2, : 
* x a ea C per min. 
(15,20) 


At 15 m from heater at time t = 20 min, the room temperature decreases by approximately 3/8°C per meter and 
increases by approximately 2/5°C per minute. 
(b) We have the estimates, 


or s I2) POP) PT L 1 °C perm, 
(5,12) d 

or n 1(540) - T(5,12) _ 30 27 _ 3 on in 

aea 40—12 zu TB P l 


Atx = 5, t = 12 the temperature decreases by approximately 1°C per meter and increases by approximately 3/28° C 
per minute. 
The quantity Hr (10, 0.1) is approximated by a difference quotient. The first partial derivative with respect to T is ap- 
proximated by 
H(10 + AT, 0.1) — H (10, 0.1) 
AT 
We are free to choose AT. If we take H (10, 0.1) = 110 and H (20, 0.1) = 100, we get the approximation 


H7T(10,0.1) z for small AT. 


H(20,0.1) — H(10,0.1) 95—120 _ 
10 |. 10. 


(Note that you may get a different answer if you read different values from the graph.) The geometric meaning of 
the partial derivative H7 (10, 0.01) that we just approximated is the slope of the curve shown in the figure in the text 
corresponding to w — 0.1 at the point where T' — 10. In practical terms, we have found that for fog at 10? C containing 
0.1 g water per m? of fog, a 1? C increase in temperature will reduce the heat requirement for dissipating the fog by about 
1 calories per cubic meter of fog. 


Hz (10,0.1) © =25. 
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32. Reading values of H from the graph gives Table 14.1. In order to compute Hr(T, w) at T = 30, it is useful to have 


33. 


34. 


values of H (T, w) for T = 40°C. The column corresponding to w = 0.4 is not used in this problem. 


Table 14.1 Estimated values of 
H (T, w) (in calories/meter? ) Table 14.2 Estimated values of 
Hj (T, w) (in calories/meter? /? C) 


w (gm/m?) 
aisi 


[-10 | -60 | -76 | 


uS 
reo 


The estimates for Hr (T, w) in Table 14.2 are now computed using the formula 


H(T 4-1 — H(T 
Hs(T,u) s; HOE + 10,0) - HT) 
10 
Values of H from the graph are given in Table 14.3. In order to compute H,,(T, w) for w = 0.3, it is useful to have the 
column corresponding to w = 0.4. The row corresponding to T = 40 is not used in this problem. The partial derivative 
Hw (T, w) can be approximated by 


H(10,0.1 + h) — H(10,0.1) 
h 


We choose h = 0.1 because we can read off a value for H (10, 0.2) from the graph. If we take H (10, 0.2) = 240, we get 
the approximation 


H.,(10,0.1) ~ for small h. 


H(10,0.2) — H(10,0.1)  240— 110 
A, (10, 0.1) & = = — = 1300. 
( ) 0.1 0.1 
In practical terms, we have found that for fog at 10? C containing 0.1 g/m? of water, an increase in the water content of 
the fog will increase the heat requirement for dissipating the fog at the rate given by H,,, (10, 0.1). Specifically, a 1 g/m? 
increase in the water content will increase the heat required to dissipate the fog by about 1300 calories per cubic meter of 
fog. 
Wetter fog is harder to dissipate. Other values of Hu (T, w) in Table 14.4 are computed using the formula 
A(T. .1) - A(T 
0.1 

where we have used Table 14.3 to evaluate H. 


Table 14.3 Estimated values of 
H(T, w) (in calories/meter? ) 
Table 14.4 Table of values of Hu (T, w) (in cal/gm) 


w (gm/m3) 
ti 


[10 [ 1300 | 900 | 1200 | 


o 
reo [2o | soo [soo | 900 | 
Fo [ soo | mo | sv | 


(a) a fc(c, s) = rate of change in blood pressure as cardiac output increases while systemic vascular resistance 
c 


remains constant. 

(b) Suppose that p = kes. Note that c (cardiac output), a volume, s (SVR), a resistance, and p, a pressure, must all be 
positive. Thus k must be positive, and our level curves should be confined to the first quadrant. Several level curves 
are shown in Figure 14.4. Each level curve represents a different blood pressure level. Each point on a given curve is 
a combination of cardiac output and SVR that results in the blood pressure associated with that curve. 
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s (SVR) 


s(SVR) 


Nitroat After 
itroglycerine, 
SVR drops 


c (vol) 


Figure 14.4 


After Dopamine, 
cardiac output increases 


c (vol) 


Figure 14.5 


(c) Point B in Figure 14.5 shows that if the two doses are correct, the changes in pressure will cancel. The patient’s 
cardiac output will have increased and his SVR will have decreased, but his blood pressure won’t have changed. 
(d) At point F in Figure 14.6, the patient's blood pressure is normalized, but his/her cardiac output has dropped and his 


SVR is up. 


s(SVR) 


resident 
gives drug 
increasing 
SVR 


during heart attack 
cardiac output drops 


D 


c(vol) 


Figure 14.6 


Note: c1 and c» are the cardiac outputs before and after the heart attack, respectively. 


35. (a) Since f; > 0, the values on the contours increase as you move to the right. Since fy > 0, the values on the contours 
increase as you move upward. See Figure 14.7. 


y 


WR 


` 


Figure 14.7: f+ > 0 and fy > 0 


7 


DN 
95 


Wu 
JUR 


Figure 14.8: fs > 0 and fy <0 


(b) Since f; > 0, the values on the contours increase as you move to the right. Since fy < 0, the values on the contours 
decrease as you move upward. See Figure 14.8. 
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(c) Since f; < 0, the values on the contours decrease as you move to the right. Since fy > 0, the values on the contours 


increase as you move upward. See Figure 14.9. 

y 

N 
`s 
^e N 
N 
AA x 
o-*. 
v 


» 
Z5 X 
7 p RAN 


Figure 14.9: fa <Q and fy > 0 Figure 14.10: f, < O and fy <0 


(d) Since f; < 0, the values on the contours decrease as you move to the right. Since fy < 0, the values on the contours 
decrease as you move upward. See Figure 14.10. 


Strengthen Your Understanding 


36. 


37. 


38. 


39. 


40. 
41. 


42. 


43. 
44. 


45. 


The units of Of /Ox and Of /Oy are the same if x and y have the same units. They are different if x and y have different 
units. 


If a formula for f(a, y) does not contain y explicitly, then all difference quotients are zero: 


h= 
Aent LOI) MA 
Hence the partial derivative with respect to y is defined and f(x, y) = 0. 


Since fz < 0, the slope of f in the x-direction is negative. Since f, > 0, the slope of f in the y-direction is positive. A 
possible table of a linear function satisfying these conditions is: 


y 
hots To] 
KE AE 


: 
One type of function that would satisfy the given condition would be one with f, = 4 and f, = —1. A function with 


these partial derivatives is f(x, y) = 4x — y. 
True. This is the instantaneous rate of change of f in the z-direction at the point (10, 20). 


False. The graph of f is a paraboloid or bowl-shape, with lowest point at the origin and opening in the positive z-direction. 
At (1, 1) the function is increasing in the y-direction, so f, (1, 1) > 0. 


True. Slicing the graph of f in the xz-plane yields a semicircle, and at the point x = 0 this semicircle has a horizontal 
tangent line. Thus f; (0,0) = 0. A similar argument shows that f, (0, 0) = 0. 


False. The units of 9P/OV are the units of P divided by the units of V, which gives (grams/cm?) /cm?, or grams/cm?. 


True. The property f;(a,6) > 0 means that f increases in the positive x-direction near (a, b), so f must decrease in the 
negative x-direction near (a, b). 


True. When we fix s = k, then g(r, k) = r? + k, whose graph is a parabola. Since this parabola is concave up, we know 
its slope increases as r increases. 
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46. True. Using difference quotients to approximate gu(1, 1), we find that 


g(1 + 0.01, 1) —g(1,1) — (2.01)?! — 2? 


0.01 = or ^ 240816 
g(1 + 0.001, 1) ~ g(1,1) _ (2.001) -2! segue 
0.001 7 0.001 ee 
g(1 + 0.0001, 1) — g(1,1) _ (2.0001) — 2! 
0.0001 i 0.0001 ~ 2.38651. 


47. False. Increasing rn, the number of miles on the engine, for fixed d generally lowers the price of the car, so OP/Om < 0. 
A higher original cost, d, with fixed m usually gives an increased sales price, so OP /Od > 0. 

48. True. A function with constant f; (x, y) and f, (x, y) has constant z-slope and constant y-slope, and therefore has a graph 
which is a plane. 

49. False. Having zero for the x and y partial derivatives at a single point means only that cross-sections through the graph 
have horizontal tangents at that point. For example, f(x,y) = x? +y’ has f,(0,0) = fy(0,0) = 0, but f is not constant. 


Solutions for Section 14.2 


Exercises 


1. (a) Make a difference quotient using the two points (3, 2) and (3, 2.01) that have the same x-coordinate 3 but whose 
y-coordinates differ by 0.01. We have 


f(3,2.01) — f(3,2) _ 28.0701 — 28 


2) z = 7.01. 
ful(3, 2) 2.01 — 2 0.01 ap 


(b) Differentiating gives fy(x, y) = «+ 2y, so fy(3,2) =3+2-2=7. 
2. f.(z,y) = 10ry? + 8y? — 6x and fy (x,y) = 152?y? + 16zy. 
3. We have 
fe(z,y) =32"+6xy and f,(z,y) = 3x” — 4y, 


fo(1,2)=15 and fy(1,2) = —5. 


4. a, Gn! — 32x ^y? + 5xy) = 21z5y9 — 96z*y? + 5x 
Oz OF 2,1 QT] _ ny 20,406 — 2 EN: 
5. "TES [z^ +s- 9)'] = (2 +z- y) Qz + 1) = (14x - T) (2? +- y). 
z 2 7 2 6 
Z = E [e roc] = crees 


6. Thinking of A, a, B as constants, 


fe = (ui d HAS P hy AR 
fy = (17 a = B)A*a** Py 078. 
7. The differentiation is easier if we rewrite f using the rules of logarithms: 


f(x,y) — 0.6Inz + 0.41n y. 


Then 
0.6 
fo-— 
zr 
0.4 
fy —. 
ME 


14.2 SOLUTIONS 
1 1 15a*abe 1 l5aber* — 15a?bez! — 1 
8. zz = —(-2)— + = — + = ——— 
2ay x y ax?y y az?y 
9. z, = 2xy + 10r*y 
10. V. = inrh 
ð f2nr 2nTr 
Bor) 
ð 1 =1/2 a 
12.2 -—- ee E 
Ox 6 2” 2 //r 
fT 
13. Zae 79) Z eV?" E gev?V . slay) y — eV (1.r mE a = eV (1+ — 
14. We have à 
T = erinletret) p cos(x E ct) we 
15. Fm =g 
16. ay = zu 
T 
OA 1 
17. — = — b 
o 32675 
ð fl 2 l2» 
18. — |= =- 
d (pm 2" 
[?) l2 2B 
19. — | —B*) = — 
oe 0 ) uo 
20. 2 (=) E 
Or\ v U 
21. F, = 55€ 
r 
ð 
22. — (v +at)=1+0=1 
Ovo 
OF Gmi 
23. = —— 
Ome r2 
24. With a constant, we have 
o (ie) _ 1-2 /a? (-=) — _ 22 jn? /a? 
Ox Na a a2) a3 : 
25. With x constant, we use the product and chain rules 
O fi 2/2 L oyat , l 62/52 22? u ge 2 on? 
Beat ae ue mec a 
of | oO Oe 


26. 


27. 
28. 


29. 


30. 
31. 


32. 


zy 
ðr Ox [e^ (Iny)] = Ox: ln y = ye*"(Iny). 


1 1 
d (vot + Fat?) = vo + 5 2at = vo + at 
Since we take the partial derivative with respect to 0, we think of 7 and ¢ as constant. Thus, 


K (cos (x69) + In(0? + $)) = cos(n09) - re + EE C 20. 


02 +o 
ð 2559/2 3/2 T —3/2 3 G mr? 
"o =? =- WGM Gy L-—apM AES eeoa 
OM (Son ilic o UE GMV/GM MVGM 
fa = e° sin(a + b) + e* cos(a + b) 


Zn = cos(5z°y — 3zy?) - (15a?y — 3y?) = (15z?y — 3y?) cos(ba?y — 3ay?) 


ð x£ zy\— Ó c @rYy\— [o] x ry\— x 
galz, y) = 5z In(ye*”) = (ye™) "Bz (we 9) = (ye?") eel V) = (ye) -y -y e" =y 
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OF Oty Gre 4 pk. E. 8 DR 
33. 3p = gp DV LK] = 35; [(K) hal Wise T 


ð 
34. — => 
ðh 3 
35. ug = ico -2E+0=e600E 
36. 2 ( 1 i, — be)? /(207) | (25:2) 2 m =H) (ey? /20) 


Ox 2nc V 210 2g? V 27103 
a7, 99 = cy(ay K"! 4+ aL”) - aibi K+ 


OK 
38. z, = Ta? + yx" |, and zy = 2" In2 + z” In x 


39. We regard x as constant and differentiate with respect to y using the product rule: 


Substituting z — 1, y — 0.5 gives 


2z = 2e? sin(0.5) + e? cos(0.5) = 13.6. 
Y | (1,0.5) 
40. 
er e: In (y cos x) + x 1 (—ysin x) = ln(y cos x) — z tan x 
ðs Y y cos £ à TUAM 
of = In (cos 7/3) — 7/3tan-/3 z —2.51 
Ox | (7 /3,1) 
Problems 


41. (a) From contour diagram, 


2.3—2 


f«(2,1) ~ 


fy Qs 1) ax 


(b) A table of values for f is given in Table 14.5. 
Table 14.5 


i 


From Table 14.5 we estimate f,(2,1) and fy(2, 1) using difference quotients: 


5.41 — 5.00 
(2, & —————— = 44 
f«(2, 1) 2T 
5.21 — 5.00 
fy(2,1) m EXXeT 2d: 


We obtain better estimates by finer data in the table. 
(c) falx, y) = 2x, fy (v, y) = 2y. So the true values are f; (2, 1) = 4, f, (2, 1) = 2. 
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42. (a) The difference quotient for evaluating f (2,2) is 


43. 


44. 


45. 


f (2 2) ~ f(2 + 0.01, 2) = f(2, 2) E e(201) ln2 . FALE E eln (2291) u eln(2?) 
Due h i 0.01 = 0.01 
9 (2-01) _ 92 


£ 2. 
0.01 18 


The difference quotient for evaluating f; (2, 2) is 
f(2,2 + 0.01) — f(2, 2) 


2(2,2) m 
f ? ) h 
21n(2.01) _ ,21n2 2.01)? — 22 
cae Api 
0.01 0.01 
(b) Using the derivative formulas we get 
w = OF =]nz-e® 7 = 2” -Inz 
ð 
w 
fe Of _ wmz — gut 
Oz z 


SO 
fo (2,2) = 2? - n2 & 2.773 
fz(2,2) = 2. 2?7* = 4. 


(a) Since Oz/Ox = 6x — ay if the surface is sloping up at (1, 2) we have 6 — 2a > 0, so a < 3. 

(b) Since 0z/Oy = 8y — az, at (1,2) we have 0z/Oy = 16 — a > Oif a < 3. Thus the surface is sloping upward in the 
y-direction at (1, 2). 

(a) To calculate 0B /Ot, we hold P constant and differentiate B with respect to t: 


OB ð 
Ot Ot 
In financial terms, 0 B /Ot represents the change in the amount of money in the bank as one unit of time passes by. 
(b) To calculate OB /OP, we hold t constant and differentiate B with respect to P: 


OB ð 
üP OP 
In financial terms, 0B/OP represents the change in the amount of money in the bank at time £ as you increase the 
amount of money that was initially deposited by one unit. 
ð G ð 2G 
UE c T. 
(b) For constant r, the graph of g against m is a straight line through the origin with slope 2 = = Thus g increases 


(Pe™) 2 Pre™. 


(Pe") eae er. 


as m increases, while r is constant. See Figure 14.11. 


g g 


Figure 14.11 Figure 14.12 
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For constant m, the graph of g against r has the shape shown in Figure 14.12, (the same shape as the graph of 


2 
y = =z). The slope of the graph in Figure 14.12 is a =— — So as r increases, g decreases, since the slope is 
- T T 


negative. 
46. Substituting w = 65 and h = 160, we have 


f (65, 160) = 0.01(659?5) (16097?) = 1.277 m?. 
This tells us that a person who weighs 65 kg and is 160 cm tall has a surface area of about 1.277 m?. Since 
fu (w, h) = 0.01(0.25w 9 79)59 79 m?/kg, 


we have f,,(65, 160) = 0.005 m?/kg. Thus, an increase of 1 kg in weight increases surface area by about 0.005 m?. 


Since 
fu (w, h) = 0.010979 (0,755 °°) m?/cm, 


we have fn (65, 160) = 0.006 m?/cm. Thus, an increase of 1 cm in height increases surface area by about 0.006 m?. 


OE 2 1 : T ; f 
47. (a) — = c | —————2 - 1 |. We expect this to be positive because energy increases with mass. 
om | A — v2/2 
E 1 E 2 : big 
(b) = = me. (-z) (1— v? c!) 3/2 (- =) = aud We expect this to be positive because energy 


increases with velocity. 


48. The function in h(x, t) tells us the depth of the water in cm at position x meters and time £ seconds. Thus, ^4 (2,5) is in 
cm per meter and h;(2, 5) is in cm per second. So 


hz(x,t) = —0.5sin(0.5x — t) 


i= 
hz (2,5) = —0.5sin(0.5(2) — 5) = —0.378 cm/meter. 
hi(a,t) = pi bz — t) 
h4(2,5) = sin(0.5(2) — 5) = 0.757 cm/second. 


At position x = 2 and time t = 5, the value of hs (2,5) is the rate of change of depth of the water with distance—the 
slope of the surface of the wave. The value of h;(2, 5) is the vertical velocity of the surface of the water of the x = 2 at 
time t = 5. 


49. (a) Substituting t = 0 and t = 1 into the formula for H gives: 


H(x,0) = 100sin(72) 
H(a,1) = 100e~°"' sin(ra) = 90.5 sin(za). 


The graphs of H(x,0) and H(x, 1) are shown below. 


temp (°C) 
100 + 
«_ H(v,0) = 
100 sin(nx) 
H(ax,1) = 


100e 9-1 sin(zz) 
= 90.5 sin(zz) 


l x (meters) 
0.5 1 


(b) To calculate H+ (x, t), we hold t constant and differentiate with respect to x: 


H(z; t) = He,t) = 2 (100670! sin(1z)) = 100re™™" cos(zz) 


Ha (0.2, t) = 1007e~°* cos(0.27) = 254.2e7™1t °C/meter 
Ha (0.8, t) = 1007e~°* cos(0.8x) = —254.2e * °C/meter. 


50. 


51. 
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The practical interpretation of these partial derivatives is the rate of change in temperature at x = 0.2 and x = 0.8 as 
we increase the distance from the end z = 0. Notice that e7®™} is positive for all t. Given the formula for H (æ, t), 
we see that the closer the position to the center of the rod, the hotter the temperature. The partial derivative H+ (0.2, t) 
has a positive sign because, at x = 0.2 as we increase x, we get closer to the center of the rod which is hottest. The 
partial derivative H4 (0.8, t) has a negative sign because, at x = 0.8 as we increase x, we get further away from the 
center of the rod which is hottest. 

(c) To calculate H:;(z,t), we hold x constant and differentiate with respect to t: 


àH _ ð, 
Ot | Ot 


100e 9" sin(a)) = —10e 9 sin(za) °C/second. 


For all t, and for 0 < x < 1 (that is, for all t and all x inside the rod), the partial derivative H;(x,t) is negative. In 
terms of heat, H;(x, t) represents the rate at which the temperature of the rod is changing as time passes at position 
x and time t. Thus, the temperature inside the rod is always decreasing. 


We compute the partial derivatives: 


0Q OQ 


_ ra—-lyl—-a $ = varl—a 
aK ` bak L so K aK bak™ L 
oQ — ar—a OQ A rapl-a 
Adding these two results, we have: 
OQ OQ = aypl-a . 


Since f(x, y) = 4x?^y? — 3y*, we could have 
f(z, y) = zy? = 3zy*. 
In that case, 
fy(z,y) = ac — 3ay^) = 2z*y — 122? 


as expected. More generally, we could have f(x,y) = zty? — 3ay* + C, where C is any constant. 
P 8 y. y y y y 


Strengthen Your Understanding 


52. 


53. 


54. 


55. 


56. 


The variable with respect to which the partial derivative is taken needs to be specified. The function f(x,y) = xy? has 
two partial derivatives, f, = 2ry? and fy = 3y?z?. 
The partial derivative f; (0, 0) is defined as a limit of difference quotients: 


f. (0,0) = lim D 


Evaluating a difference quotient for a specific value of h, such as h = 0.01, does not tell us the value or the sign of the 
partial derivative. 
For example, if f(x,y) = x? + y?, then f(0.01, 0) — f(0,0) = 0.01? > 0, but f; (z, y) = 2x, so f, (0,0) = 0. 


A linear function with the required partial derivatives is g(x,y) = 2x + 3y. Adding to g a nonlinear function with both 
partial derivatives equal to zero at the origin solves the problem. For example, f(x,y) = 2x + 3y + x” has f,(0,0) = 2 
and fy(0,0) = 3. 


If f(x,y) = xy and g(x,y) = zy + y^, then 
fe = go=y 
fy =2 
jy = ry # fy- 


If f(x,y) is defined by a formula that does not contain x, then fs = 0 everywhere. For example, if f(x,y) = y? + 1, 
then f; = 0 and f is not constant. 
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57. True. Any function of the form f(x, y) = xy + c, where c is a constant satisfies fe = y and fy = x. 
58. True. Substituting 0z/Ou = cos v and 0z/Ov = —u sin v into the equation yields 


Oz sinv Oz 2 2 
cos U—L— — — = cos v + sin v = 1. 


ðu u Ov 


59. True. Since g is a function of x only, it can be treated like a constant when taking the y partial derivative. 
60. False. Differentiating with respect to s gives 
ks = rse? + re. 
At the point (—1, 2) we have ks(—1, 2) = —3e?, which is negative, so k is decreasing in the s-direction. 


61. False. In order to have f (z, y) = y?, we would need f to have the form f(x, y) = zy? + h(y), where h(y) is a function 


of y only. Then the y-partial derivative of f would be f, (x,y) = 2xy + h' (y), where h’ (y) is the derivative of h(y). No 


matter what function h(y) is, it will contain no z's, so it is impossible for f, to equal z?. 


62. False. The function f could be any function of x only. For example, f(x,y) = x” has fy (x,y) = 0. 
63. False. Treating y constant and taking the derivative with respect to x yields f(x, y) = ye? (2g! (a), using the chain rule. 


64. False. For example, consider f(x,y) = xy. This function is symmetric, since f(y,z) = yx = ry = f(x,y), but 
fe(x,y) = y and fy(x, y) = x are not equal. 


65. Calculate the partial derivatives and check. The answer is (d), and 


5-2 (40406) Z x0.40~ 9S yo’ — 0.429 4,96 


Ox 
yÈ yn) = ya^ 40.6y 9^ = 0.614,95. 
y 


Thus 


0.4. 0.6 0.4 


vf.dyfy— 04r y^ + 0.6r pU c wr 


yo? —g 
Solutions for Section 14.3 


Exercises 


1. The partial derivatives are 
/y TE 4 e”, 


y 


Za = e” and zy = 


so 
ze(1,1)=e and z,(1,1)— —e!-r el =0. 
The tangent plane to z = ye/" at (x, y) = (1, 1) has equation 
z = z(1,1) + z«(1, 1)(z — 1) + z,(1, 1)(y — 1) 
— e-r e(z — 1) 4 0(y — 1) 


= er. 


2. Since 3 3 3 
Ze = y cos xy, we have zz (2. =) = = cos (2: =) = 0. 
Zy = vr cos xy, we have zy (2. ^) — 2cos (2: T) — 0. 
Since 


the tangent plane is 


14.3 SOLUTIONS 
. Differentiating gives 

Oz 2x Oz 
— = . so == = 
Ox  z?-1 Ox | (0,3,9) 

Oz Oz 

— -—2y, so >= = 6. 

oy oy (0,3,9) 


Thus, the tangent plane is 


. We have 


z—e +r+r +6. 


The partial derivatives are 


He = (2x +1) =3 
T | (x,y)=(1,0) (2,9) (1,0) 

a = e =1. 
Y («,y)=(1,0) (2,9) (1,0) 


So the equation of the tangent plane is 


z—9-43(r—1)4-y26-43z-4y. 


. The partial derivatives are 
Ze =a and zy, = 4y, 


SO 
2(2,1)=4, z,(2,1) 22 and z,(2,1) — 4. 


The tangent plane to z = 4 (x? + 4y?) at (x, y) = (2, 1) has equation 
— 4-F2(z — 2) + 4(y — 1) 
= —4 + 27 + 4y. 


. The surface is given by 


where f(1,3) = 9 and 
fe = 2x and fy = 2y 


and 
fe(1,3) =2 and fy (1,3) = 6. 
Thus, the tangent plane is 
z= f(1,3) + fe(1,3)(@ — 1) + fy, 3)(y — 3) 
z —9--2(x — 1)-6(y — 3) 
e=2e+6y— 11. 


. The surface is given by 
z= f(x,y) = 40— z^ y^, 


and f(2,3) = 40 — 2? . 3? = 4. We have 
fo(a,y)=—22y", so f.(2,3)— —36. 


and 
fy (v, y) = —227y, so fy (2,3) = —24. 
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Thus, the tangent plane is 
z = 4 — 36(x — 2) — 24(y — 3) 
z = —36x — 24y + 148. 


8. The surface is given by 


where f(4, 0.25) = 2 and 


1 1 
z =-—2 — -y = —2ry — = 
f. mecs zy 
and i à 
— 2 — : — 2 — 
ty pi 2 T x 
Thus 1 
f.(4,0.25) = —2- 4(0.25) — 17235, 
and 
f,(4,0.25) = —4? MET 
Vcr 0.25 i 


so the tangent plane is 
z = f(4,0.25) + fe(4,0.25)(x — 4) + fy(4,0.25)(y — 0.25) 
z = 2 — 2.25(x — 4) + 20(y — 0.25) 
z = —2.25x — 20y + 16. 


9. df = y cos(xy) dx + z cos(xy) dy 
10. Since gu = 2u + v and g, = u, we have 
dg = (2u + v) du + u dv 


11. Since z; = —e~* cos(y) and zy = —e ? sin(y), we have 


dz = —e * cos(y)dx — e ^ sin(y)dy. 


12. dh = e ?* cos(x + 5t) dx + (—3e ?* sin(x + 5t) + 5e? cos(x + 5t)) dt 

13. We have dg = gs dx + g: dt. Finding the partial derivatives, we have gs = 2x sin(2t) so gx(2, 4) = 4sin(7/2) = 4, 
and g; = 2x7 cos(2t) so (2, 3) = 8cos(£) = 0. Thus dg = 4 dz. 

14. We have df = f. dx+fy dy. Finding the partial derivatives, we have f, = e™” so fx (1,0) = e~° = 1, and f, = —xe7¥ 
so fy(1,0) = —le~° = —1. Thus, df = dx — dy. 

15. We have dP = PrdL + Prdk. 


Now 
Px = (1.01)(0.75)K 7°” L°” 
Py (100, 1) e 2.395, 
and 
Py, = (1.01)(0.25) K 975 p, 0.75 
P, (100, 1) © 0.008 
Thus 


dP x 2.395 dK + 0.008 dL. 


16. 
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We have dF = Fm dm + F, dr. 


Thus, 
dF = 0.01G dm — 0.2G dr. 


Problems 


17. 


18. 


19. 


(a) The units are dollars /square foot. 

(b) The price of land 300 feet from the beach and of area near 1000 square feet is greater for larger plots by about $3 per 
square foot. 

(c) The units are dollars /foot. 

(d) The price of a 1000 square foot plot about 300 feet from the beach is less for plots farther from the beach by about 
$2 per extra foot from the beach. 

(e) Compared to the 998 ft? plot at 295 ft from the beach, the other plot costs about 7 x 3 = $21 more for the extra 
7 square feet but about 10 x 2 = $20 less for the extra 10 feet you have to walk to the beach. The net difference is 
about a dollar, and the smaller plot nearer the beach is cheaper. 


(a) Since the equation of a tangent plane should be linear, this answer is wrong. 

(b) The student did not substitute the values x = 2, y = 3 into the formulas for the partial derivatives used in the formula 
of a tangent plane. 

(c) Let f(x,y) = z = c? — y’. Since fr (x,y) = 3x” and f,(x,y) = —2y, substituting x = 2, y = 3 gives 
fe (2,3) = 12 and f,(2,3) = —6. Then the equation of the tangent plane is 


z = 12(x — 2) — 6({y — 3)—- 1, or z—12r—6y- T. 


(a) The two tables of values are Table 14.6 and 14.7. 


Table 14.6 Table 14.7 
y y 


| 0.9 | 0.3847 | 0.3697 | 0.3510 | | 0.99 | 0.3304 | 0.3379 | 0.3368 | 
i 


1.01 


Both tables are nearly linear. To check this, observe that the increments in each row (column) are equal, or nearly 
so. Table 14.7 is more linear due to finer data. 
(b) Table 14.7 shows f (1,2) ~ 0.3345. Also 


f(1.01, 2) — f(1,2) 


fall, 2) L01—1 
E ID — — 0.3300, 
pago £0:20D 0m 
3330 — 0.334 
= AMD = 0.1500. 


Using the estimates for the partial derivatives that we just made from the Table 14.7, we get that the local linearization 
of f around (1,2) is 


f (v, y) © f(1,2) + fe, 2)(@ — 1) + fy(1,2)(y — 2) 
= 0.3345 — 0.33(x — 1) — 0.15(y — 2). 
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Now we use fr = —e ^ sin(y) and fy = e” cos(y), giving 
fe (1,2) = —0.3345, 
fy(1, 2) = —0.1531. 
These values of the partial derivatives tell us that the local linearization of f around (1, 2) is 
f(x,y) & 0.3345 — 0.3345(x — 1) — 0.1531(y — 2). 


Notice that the two linearizations agree up to two decimal places. 


20. We have 
ð 
f= 2L — = 2an =6, 
(3,1) 
and 
Ó 
fy(3,1) = a E538 lea = 9 
Oy 
(3,1) 


Also f(3, 1) = 9. So the local linearization is, 


z — 9+ 6(x — 3) + 9(y — 1). 


21. The tangent plane approximation gives 
Ah z ha Aa + hy Ay, 
or 
h(a, y) ~ h(a,b) + ha Az + hyAy. 
With (a, b) = (600, 100) and (x, y) = (605, 98), we see that Ax = 5 and and Ax = —2. Thus 


h(605, 98) ~ 300 + 12(5) — 8(—2) = 376. 
Using the information given, this is our best estimate for h(605, 98). However, it may not be a good estimate if the 
derivatives are changing rapidly near the point (600, 100). 


22. We need the partial derivatives, f; (1,0) and fy(1, 0). We have 
f«(z,y) = 2ze** + x? ye™, so fz(1,0) = 2 
fala, y) = xe, so fy(1,0) = 1. 
(a) Since f(1,0) = 1, the tangent plane is 
z = f(1,0)+2(@-1)+1(y—0) 2 1 + 2(z — 1) *- y. 
(b) The linear approximation can be obtained from the equation of the tangent plane: 


f(v, y) & 14 2(x — 1) * v. 


(c) At (1, 0), the differential is 
df = fede + fydy = 2dx + dy. 


f EE" — 03»; 0 
23. Since f;(x,y) = gs and fy(x, y) = 2/a3pyS" 
Se D 

Jays y12+233 3 and f,(1,2) = 24/12 23 à 


Thus the differential at the point (1, 2) is 
df = df(1,2) = Des (o 2)dy = 5de + 2dy. 
Using the differential at the point (1, 2), we can estimate f (1.04, 1.98). Since 
Af S fe(1,2)Aa + fy(1,2)Ay 
where Af = f(1.04, 1.98) — f(1,2) and Ax = 1.04 — 1 and Ay = 1.98 — 2, we have 
(1.04, 1.98) ~ f(1,2) + fe(1,2)(1.04 — 1) + fy(1, 2) (1.98 — 2) 


= V1?4+234 — 2(0.02) ~ 2.973. 


24. 


25. 


26. 


27. 


28. 
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(a) Calculating partial derivatives, we obtain gu (u, v) = 2u + v and gy(u,v) = u. Therefore, dg = gu(u,v) du + 
gv(u,v) dv = (2u + v) du + u dv, and so our final answer is dg = (2u + v) du + u dv. 
(b) Let (u,v) = (1,2). In moving from (1,2) to (1.2, 2.1), we see that Au = du = 0.2 and Av = dv = 0.1. 
Therefore, we have 
dg = (2(1) + 2)(0.2) + (1)(0.1) 
=0.8+0.1 
= 0.9, 
which is our final answer. 
Local linearization gives us the approximation 
T (x, y) © 135 + 16(z — 2) — 15(y — 1). 


Thus, 


T (2.04, 0.97) ~ 135 + 16(2.04 — 2) — 15(0.97 — 1) = 136.09°C. 
We first recall that the formula for a volume of a right circular cylinder is V = ar7h, where r is the radius of the cylinder 
and A is the height of the cylinder. In our case, we are being asked to calculate dV, the approximate change in V, when r 
changes from 50 to 51 cm and ^ changes from 100 to 101 cm. We have 


dV = V.(r, h) dr + V. (r, h) dh 
= 2nrhdr 4- sr? dh 
= 2n(50)(100) - 1 + (50)? -1 


= 100007 + 2500, 


so we conclude that the volume changes by approximately 125007 or 39270 cm?. 


Making use of the values of P, and Pr, from the solution to Problem 27 on page 1270, we have the local linearizations: 
For (r, L) — (8, 4000), 


P(r, L) © 80 + 2.5(r — 8) + 0.02(L — 4000), 
For (r, L) = (8,6000), 


P(r, L) e 120 + 3.33(r — 8) + 0.02(L — 6000), 


For (r, L) = (13, 7000), 
P(r, L) © 160 + 3.33(r — 13) + 0.02(L — 7000). 


A linear approximation near (480, 20) is given by 
f(T, P) ~ f (480, 20) + fr(480, 20) (T — 480) + fr (480, 20)(P — 20). 
Directly from the table on page 774, we have 


f (480, 20) — f(500,20) — 27.85 — 28.46 
—20 B —20 

f (480, 20) — f(480,22) — 27.85 — 25.31 
E, E =2 


fr (480, 20) ~ = 0.0305 


fp(480, 20) ~ = —1.27 


This yields the linear approximation near (480, 20) 


f(T, P) ~ 27.85 + 0.0305(T — 480) — 1.27(P — 20) 
= 0.0305T — 1.27P + 38.61. 
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29. (a) The linear approximation gives 


f (520, 24) ~ 24.20, f (480,24) ~ 23.18, 
f (500, 22) ~ 25.52, — f (500, 26) ~ 21.86. 


The approximations for f(520, 24) and f(500, 26) agree exactly with the values in the table; the other two do not. 
The reason for this is that the partial derivatives were estimated using difference quotients with these values. 

(b) We could get a more balanced estimate by using a difference quotient that uses the values on both sides. Thus, we 
could estimate the partial derivatives as follows: 


f (520, 24) — f (480, 24) 
40 
(24.20 — 23.19) 


= — — = 0.0252 
10 0.02525, 


fr (500,24) ~ 


and 


f(500, 26) — f (500, 22) 
4 
(21.86 — 25.86) 


= = l. 
4 


fo (500, 24) ~ 


This yields the linear approximation 
V = f(T, p) ~ 23.69 + 0.02525(T — 500) — (p — 24) f£. 
This approximation yields values 


f(520, 24) ~ 24.195, f(480, 24) ~ 23.185, 
f(500, 22) ~ 25.69, f(500, 26) ~ 21.69. 


Although none of these predictions are accurate, the error in the predictions that were wrong before has been reduced. 
This new linearization is a better all-round approximation for values near (500, 24). 


30. Letting AT denote the change in temperature between these two points, we have 


AT £z fzx(3,5)Aa + fi(3, 5)At 


= (^ <) (—0.5 m) + (12 =) (1 min) 


=1°C + 1.2°C 


£0: 6. 


We therefore see that the temperature would be about 2.2? C warmer at our destination. 


31. (a) Solving for P gives 


nRT n?^a 
dall c c E 
(b) Since 
OP nR 
ar FEY = Toe 
oP —nRT 2n?a 
ay OT uat ys 
we have 


AP x fr(To, Vo) AT + fv(To, V) AV 


nR n Ro 2n?a 
AP% AT o — - AV. 
Vo — nb m ( (Vo = nb)? T Vo ) 
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32. (a) When V = 25 and P = 1, we have T = 304.9. The differential dT is 


aT ƏT 1 1 
dT = 5y dV + 3g dP = (- 16.574,75 + LOGS; + 12.187P) dV + (—0.3879 + 12.187V) dP. 


When V = 25 and P = 1 this is 
dT = 12.16 dV + 304.29 dP. 


If AP = 0.1 and AT = O0, then 
0 ~ (12.16)AV + (304.29) (0.1), 


So 


Thus the volume would have to decrease by about 2.5 dm?, or about 10%. 


For a mass m of liquid, we have p = m/V, so 


—m —m m 
dp = — dV = — 8V dT = —8—dT = — bp dT. 
p= g 8T Bp 
From part (a), we have Ap z —8pAT, so 
LES _1 Ap 
BUT 


Thus, in the limit as AT and Ap become very small, we have 


ldp _ 1 | Slope of tangent line 
in Figure 14.13 
We use Figure 14.13 to estimate p, Ap, and AT. We use these values to approximate P. 
From Figure 14.13 we see that p ~ 997 when T = 20. In addition, we see that p ~ 1000 when T = 0. Between 
these points, the temperature change is AT' — 20 — 0 — 20, and the density change is Ap — 997 — 1000 — —3. 
Thus, Ap zz —BpAT 


1 Ap 1 (-3) 
x ———— = ———cs—— mU. 15. 
PK axe mm ny 5091 


At T = 80 we have p ~ 973 and at T = 60, we have p ~ 983. Thus AT = 80 — 60 = 20, and Ap = 
973 — 983 = —10, so when T' = 80 we have, 
1 Ap 1 (-10) 
. => A 7 0.0005. 
p AT 973 20 
As you can see from Figure 14.13, using AT = 20 may not give a very good approximation. To get a better 
approximation, use a smaller value of AT. 


Figure 14.13 
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34. The error in 7) is approximated by dn, where 


an an 
dn = —dr + —d 
ar Bp 
We need to find ; 
On  mp4r? 
ðr 8 v 
and 
On mrt 
Op 8v 
For r — 0.005 and p — 10? we get 
2 (0.005, 10°) = 3.14159 - 10’, 7 (0.008, 10°) = 0.39270, 
T 


so that ə ə 
n 7] 
dn = —d —— dp. 
7— 8r" * gp"? 
is largest when we take all positive values to give 
dn = 3.14159 - 10" - 0.00025 + 0.39270 - 1000 = 8246.68. 


This seems quite large but 7(0.005, 10°) = 39269.9 so the maximum error represents about 20% of any value 
computed by the given formula. Notice also the relative error in r is +5%, which means the relative error in r^ is +20%. 


f1 
d sd re 
g 


Now suppose the temperature changes by At, causing a change in length, Al. Since | = lo(1 + a(t — to)), we have 


35. At temperature to, the length is lo and the period is 


dl 
Al = aot = IpaAt. 


The change in period, AT, caused by this change in length is given by 


m 


AT © _ 24m 1 


SS Ip UA SIT. 
di vg 2 vgl 


At t = to, we have l = lo, so substituting for Al and using the fact that To = 27 4/lo/g, we have 


Al. 


T T Jlo To 
AT ez Al = ——loa At = ra, | —At = a—At. 
Vglo Vglo : g 2 


Now we have to figure out how many seconds a day the clock gains or loses as a result of this change in period. We 
assume the units of l and g are chosen to given T in seconds. When the period is T, the pendulum executes N oscillations 


per day, where 
. Number of seconds in aday _ 24-60-60 _ 86400 


2 Period in seconds T T ` 
Thus, when the period changes from To to To + AT, we have 
AN & aN ar = ES Ads 
0 
Substituting for AT' gives 
ANGL zie . ao TUNE 43200a S 
T6 2 To 


The clock records 7o seconds as having passed for each oscillation executed. Therefore the number of seconds gained or 
lost per day when N changes by AN is given by 


Number of seconds gained/lost per day = To AN = —43200At. 


The number of seconds is negative and the clock is slow if At 0; the number of seconds is positive and the clock is fast 
if At < 0. The answer —43200At is independent of lo. 


36. 
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(a) The local linearization of f(x, y) at (a, b) is 


g(x,y) = f(a, b) F fx (a, b) (a: = a) z fy (a, b)(y — b). 


The contour of g through (a, b) is g(a, 0) — c, where 


c= f (a,b) + f (a, b)(a — a) + fy(a, b) (b — b) = f(a, b). 
Thus, the contour of g through (a, 5) is 
f(a, b) = f(a, b) + fa(a, b)(x — a) + fy(a, b)(y — b) 
0 = fa (a, b)(x — a) + f (a, b)(y — b). 


Since the local linearization g(x, y) gives the best linear approximation to f at (a, b), the contour of g through (a, b) 
must be the tangent line to the contour of f through (a, b). Thus, the tangent line is 


fs (a, b)(z — a) + fy(a,b)(y — b) = 0. 
(b) Putting the equation in part (a) in slope-intercept form we have 


f«(a, b) f«(a, b) 


Y=- fu(asb) ^ t ^ fy(a,b) 


The slope is the coefficient of x, which is — f; (a, b) / fy (a, b). 
(c) We have f; (3, 4) = 10 and f, (3, 4) = 3. The tangent line has the equation 10(x — 3) + 3(y — 4) = 0. 


+b. 


Strengthen Your Understanding 


37. 


38. 


39. 


40. 


41. 


A correct equation for the tangent plane at the point (3, 4) is 
z = f (3,4) + fa(3, 4) (2 — 3) + fa (3, 4) (y — 4). 
The equations of the tangent planes are 
z = f(0,0) + fx(0,0)a + fy (0, 0)y 
z = g(0,0) + gz (0,0) + gy (0, 0)y. 


If the function values at the origin are not equal, f (0,0) 4 g(0, 0), then the two planes are parallel but not identical. For 
example, if f(a, y) = x? + y? and g(x,y) = x? + y? + 2, then the tangent planes to the graphs of these functions at the 
origin are z = 0 and z = 2, respectively. 


The given equation is not linear, so it is not the equation of a plane. 
Let f(x,y) = xy. The tangent plane to the surface z = f(x, y) at the point (1, 2) has equation 


z = f(1,2) + fe(1, 2)(@ — 1) + fy(1, 2)(y — 2). 


The derivatives f(x,y) = 2xy and f,(z,y) = x? must be evaluated at the point (1,2). The correct tangent plane 
equation is 


z —2-rA(x — 1) 4- (y — 2). 
For any function f(x,y) and any constant C, the two functions f(x,y) and g(x,y) = f(x,y) + C have the same 
differential. For example, f(x,y) = xy” and g(x, y) = xy? + 10 have the same differential: 
df = y^ dx + 2xy dy 


and 


dg = y da + 2xy dy. 


The plane z = 3 is a horizontal plane parallel to the zy-plane. This plane is tangent to the sphere of radius 3 centered at 
the origin. Other examples are possible, the graph of the paraboloid z = 3 — z? — y? also has tangent plane z = 3 at 
(0, 0, 3). 
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42 


43 


44. 


45. 


46. 


47. 


48. 


49. 


So 


. True. The partials are f; — 2zye^ and f, — e*^ so [5 (0, 1) = 0 and f, (0, 1) = 1. Then the tangent plane has equation 
z= f(0,1)+0(z — 0) + 1(y - 1)=1+y-1 =y. 
. True. The change in f is approximately df = 2 -2 - (—0.1) + sin(2) - 0.0002. Since —1 < sina < 1, the term 
sin(2) - 0.0002 is small in comparison to the first term, which is —0.4. 
In fact, df = 2 - 2(—0.1) + sin(2) - 0.0002 ~ —0.3998. 
False. The graph of f is a paraboloid, opening upward. The tangent plane to this surface at any point lies completely under 
the surface (except at the point of tangency). So the local linearization underestimates the value of f at nearby points. 


False. As a counterexample, consider f(x,y) = x? + y? and g(x,y) = 2x + y? at the point (1, 1). Then both functions 
have differential 2 dx + 2 dy at the point (1, 1). 


False. As a counterexample, consider f(x,y) = x? + y? and g(x,y) = 2x + y? — 1 at the point (1, 1). Then both 
functions have tangent plane z = 2 + 2(x — 1) + 2(y — 1) at the point (1, 1). 

True. If f is a constant function, there is no change in f between any two points. Alternatively, fe = fy = 0, so 
df = 0 dz + 0 dy = 0. 

True. If f is linear, then f(x,y) = mz + ny + c for some m, n and c. So f; = m and fy = n giving df = m dx +n dy, 
which is linear in the variables dx and dy. 


False. The property of local linearity is that most functions behave approximately linearly close to a point. While the 
contours may appear parallel and equally spaced, unless the function is already linear they won’t be exactly parallel or 
evenly spaced, no matter how closely we zoom. 


lutions for Section 14.4 


Exercises 
1. Since the partial derivatives are 
Of 154 15 4 
m.s 
Of 24 5 24 5 
em y 
dy "id 7 
we have af af jè jå 
tad ME n Oye _ T) (IS. 
gadi = S6 * By? (3s SI EM ud 
2. Since the partial derivatives are 
oQ _ oQ -— 
we have 
Vf —50i + 1007. 
3. Since the partial derivatives are 
9f =2m+0=2m 
om 
9f — 0-4 2n = 2n 
ðn 


we have 8 8 
grad f — ay + erg = 2mi t 2nj. 
om On 


10. 


11. 


Since the partial derivatives are 


we have 


Since the partial derivatives are 


we have 


Since the partial derivatives are 


we have 


Since the partial derivatives are 


we have 


. Since the partial derivatives are 


we have 


. Since the partial derivatives are 


we have 


Since the partial derivatives are 


we have 


Since the partial derivatives are 


we have 
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Of 1 2 —1/2 e 5a 
Of _ 1 2 —1/2 E 1 
gu ae EL TE 24/50? + B 


fr=2rrh and frn = rr’, 


Vf- 2nrhi + ar?j. 


Zs =e” and zy- ve" +e" + ye", 


> 


Vz= i +e +r+y)j. 


fk =03K~°°L°" and fr —0.7K?? p 9?3, 
L 0.7 3 ZA DS E 


fr =sin@ and fe-rcosQ, 


Vf = sin 07 +rcos6j. 
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12. Since the partial derivatives are 


we have 


13. Since the partial derivatives are 


of _ (2a — 38)(2 + 0) — (2 — 0)(2a + 38) 
Oa (2a — 38)? 

|. da — 68 — (4a + 68) 
7 (2a — 38)? 

128 

— Qa — 38)? 
8f _ (2a —38)(0-- 3) - (0 — 3)(2a +38) 
OB (2a — 38)? 

|. (6a — 98) + (6a + 98) 

B (2a — 38)? 

< 12a 

~ (2a — 38)? 


we have 


- Of + i 9 — 128 - 12a > 
grad f Ja T Op” ( a) + (aaa) 


14. Since the partial derivatives are 


e” (zx +y) — ze? ye! 
Ly = ——————————— = —— 
(x+y)? (x + yy? 
re"(r-4-y)— ze"  e”(x? + ry — m) 
2, = — E 


(z +y)? (z +y)? 


we have 
ye” 2 e" (z? + zy — 2) 
(x+y)? (x+y)? 


15. Since the partial derivatives are 


we have 


grad f 


2zy + Ty )i + (x? + 21zy?)j ) 


"IC of 
= (( 
= 
=( 


Me r ar 
= 60i + 857 
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16. Since the partial derivatives are 
2f = 10m +0 = 10m 
om 
9f otn? = 129? 
ðn 
we have 
grad f = II + 27] 
(5,2) ™ 10,2) 
= 10mi + 12n?7 
(5,2) 
= 10(5)é + 12(2)?7 
= 50i +967 
17. Since the partial derivatives are 
fr — 2m(h--r) and f, -2mr, 
we have 
Vf (2,3) = 107i + 477. 
18. The gradient of e?" " at x = 0, y = 7 is given by 
grad(e""”) = 0i + (cos ye?" V) = (-1)j 2-5. 
(0,7) (0,7) 
19. Since the partial derivatives are 
2f = cos (x°) - (2x) + 0 = 2z cos (a?) 
z 
of —0-—siny = —siny 
Oy 
we have 
erat = (2 + 25) 
(0) SOY / lE 
= ( (2x cos(z?)) i + (—siny)j ) | = ees cos(3)) i +(—sin0)j 
vx 2 
(357,0) 
= a ko 
V2 
(Vs) 
= —)i 
2 
20. Since the partial derivatives are 
2r + 
fe = 24 E 
x 
fy m r2 + ay 
at the point (4, 1), we have 
a eh eee 
ae |) ae 
4 
fy(41)— 2. = 0.2 
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Then 
grad f (4, 1) = 0.457 + 0.2). 


21. Since the partial derivatives are 


—2x —2y 
m = d ; 
f (x? + y2)2 an fy (x? + y2)2 
we have i 
Vf = — (2i — 67 
f= z (2 — 67) 


22. Since the partial derivatives are 


Of 1 S 1 ) 1 
=S t 0) = — E 
Ox at ane) cos? x T 2 cos? x /tan z +y 
and af i i 
cc (0 +1) = ————. 
Oy z BE CEN 2//tan z 4- y 
then 


mpm e —— i+ se | 
x: Ox ay? T 2cos? x,/tanz + y 2/tanz + y ga 


Hence we have 


1 E 1 > 
ee 1 + —— 
(0,1) (xcu /tan(0) + j | tan(0) + 5) d 


1 > 1 > 
(arra) k aa 


| 
à 
ES 
al 


23. Since f, = y and fy = x + 3y?, at (1, 2) we have grad f = 2i +137. Thus 


43) _ 2-3+413(-4) _ 46 
i 5 5' 


fa (1,2) = grad f - (37 x 


24. Since fz = 3 and f, = —4, we have grad f = a = 4j. Thus 


3+ 45 


fa (1,2) = grad f - (zi - si) _ 3:3+(-4)-(-4) 


= 65. 
5 


25. Since fs = 2x and fy = —2y, at (1, 2) we have grad f = oj — 4j. Thus 


26. Since fz = 2cos(2x — y) and fy = — cos(2x — y), at (1, 2) we have grad f = 2cos(0)i — cos(0)f = 2; — 7. Thus 


3- 47) Br EU 


fa (1,2) = grad f - (=i a 


27. 


28. 


29. 


30. 


31. 


32. 
33. 
34. 
35. 
36. 


37. 
38. 


39. 


40. 


41. 


42. 


43. 
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Since ||v || = 5, we see that @ is not a unit vector. The unit vector 4 in the direction of is 
E Ü 4s 3>- 
d o—————4—- 
|] 5 5 


The partial derivatives are f. (x,y) = 2xy and fy(z, y) = z?. So 


en = 100.0) 1.0: (3) n) «C9 <8 


Since grad f — foi + aj and df = frdx + fydy we have 


df = ydx + zdy. 


Since grad f = foi + f and df = frdx + fydy we have 


df = (2x + 3e”)dx + 3ze* dy. 


Since df = f;dx + fydy and grad f = fot + fj we have 


grad f — 2ri + 10yj . 


Since df = f;dx + fydy and grad f = fot + fod we have 


grad f = (x +1)ye"i + ze*j. 


Since the values of z decrease as we move in direction 7 from the point (—2, 2), the directional derivative is negative. 
Since the values of z decrease as we move in direction 7 from the point (0, —2), the directional derivative is negative. 
Since the values of z decrease as we move in direction 7 +27 from the point (0, —2), the directional derivative is negative. 
Since the values of z increase as we move in direction i — 2j from the point (0, — 2), the directional derivative is positive. 


Since the values of z stay approximately the same (since the direction is tangent to the contour) as we move in direction 
i + j from the point (—1, 1), the directional derivative is approximately zero. 


Since the values of z increase as we move in direction -ïi +j from the point (—1, 1), the directional derivative is positive. 


The approximate direction of the gradient vector at point (—2, 0) is —i , since the gradient vector is perpendicular to the 
contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 
positive multiple of the vector given is also correct. 

The approximate direction of the gradient vector at point (0, —2) is E since the gradient vector is perpendicular to 
the contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 


positive multiple of the vector given is also correct. 


The approximate direction of the gradient vector at point (2,0) is ï, since the gradient vector is perpendicular to the 
contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 
positive multiple of the vector given is also correct. 


The approximate direction of the gradient vector at point (0, 2) is js since the gradient vector is perpendicular to the 
contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 
positive multiple of the vector given is also correct. 


The approximate direction of the gradient vector at point (—2, 2) is —ï + j. since the gradient vector is perpendicular to 
the contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 
positive multiple of the vector given is also correct. 

The approximate direction of the gradient vector at point (—2, —2) is i j. since the gradient vector is perpendicular 
to the contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and 
any positive multiple of the vector given is also correct. 
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44. The approximate direction of the gradient vector at point (2,2) is i+ j. since the gradient vector is perpendicular to 
the contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 
positive multiple of the vector given is also correct. 

45. The approximate direction of the gradient vector at point (2, —2) is i= j. since the gradient vector is perpendicular to 
the contour and points in the direction of increasing z-values. Answers may vary since answers are approximate and any 
positive multiple of the vector given is also correct. 

Problems 

46. The distance from P to Q is 4/ (3.03 — 3)? + (3.96 — 4)? = 0.05, so the directional derivative is approximately 

f(Q) - f(P) 20-15 
a (P) ——————- = 100. 
fa (P) 0.05 0.05 
47. (a) The unit vector t in the same direction as U is 
belt : t= SLi + 3.7 = 9316228] + 09486837 
d = — Ü = ee = —i + —j i i ; j. 
eal /71? + 3? vio  V/10 
The vector w of length 0.1 in the direction of @ is 
d —0.1d = —0.03162287 + 0.0948683j . 
The displacement vector from P to Q is w . Hence 
Q = (4 — 0.0316228, 5 + 0.0948683) = (3.96838, 5.09487). 
(b) Since the distance from P to Q is 0.1, the directional derivative of f at P in the direction of Q is approximately 
f(Q)— f(P)  3.01052—3 
ga a Oe LB LU = 0.1052. 
f 0.1 0.1 0:109 
(c) We have 
rad f(x,y) - + 1 7 
y) = ——i + -—— 
: a 2/r--y aJa Fy” 
12, 1- 
d f(4,5) 2 2i + =j. 
grad f(4,5) = gi + cJ 
The directional derivative at P = (4, 5) in the direction of 4 is 
1-1 l- 3 1 
a (4,5) = grad f(4,5)- à = 2— + 2— = —— = 0.1054. 
fa (4,5) = grad f (4, 5) sms 5m 
48. (a) The partial derivatives are given by 


fo = (tany) +4ry, fy — e" (se?) y) + 2x”. 


Thus T 
f2(0, 4) =1 and fy(0, —) = 2, 


and so 
grad f (0, D =i +2j. 


The unit vector ui in the direction of 7 — 7 is ai — j ). Then the directional derivative of f at (0, +) in the 


. . ra Ea 
direction of ? — j is 
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(b) The unit vector ui? in the direction of 7 + V37 is ùu = ig + J/3j ). From part (a), 
grad f (0, D =i +2). 


Then the directional derivative of f at (0, 4) in the direction of i + 3j is 


fa (0, 7) = grad f(0, 7) i = 23) (5 


2*3) 
1 
5*3. 


49. We want the directional derivative in the direction of ü at (1 2), so we want to calculate f; (1, 2). Since f; = 2x and 
fy = 2y, at the point (1, 2), we have grad f (1,2) = 2i + 4j . Since ii is a unit vector, we obtain 
fa (1,2) = grad f(1, 2) -@ 
= (2i +47)- (0.61 + 0.87 ) 
= 2(0.6) + 4(0.8) 
= 4.4. 


50. (a) First we will find a unit vector in the same direction as the vector 0 = 3i — 2j. Since this vector has magnitude 
y 13, a unit vector is 


The partial derivatives are 


1—1?—2.1-(-2) 


2(P) = f2(1,-2) = =1, 
fo(P) = fe( ) (1+ 12)? 
p u | 1. 14 
fu(P) = ful -2) = 10-2) = as = 5 
Thus 
fa, (P) = grad f(P) ii 
> lb 3 > 2 > 
= (1 +- — i — — 
Ge 33) T-a) 
| 3 1 ..2 
v 13 13 v13 
(b) The unit vector in the same direction as the vector © = -ï + 4j is 
E 1 E 1 Ea a 
Ü = LU = ——(—i + 4j) 
le l /(-1)?2 +4 
1 > 4 > 
= -—i + —j. 
17 17 
Since we have calculated from part (a) that f (P) = 1 and fy(P) = 1/2, 
fa ,(P) = grad f(P) - 2 
> lb- 1 > 4 > 
—( +75 = id — 
Gaga m) 
1 2 1 
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(c) The direction of greatest increase is grad f at P. By part (a) we have found that 


fe(P)=1 and fy(P)= ; 


Therefore the direction of greatest increase is 


We have 

Vf = Qay yi + (3247. 
(a) A vector in the direction of maximum rate of change is V f(—1,2) — —16i + 127. 
(b) A vector in the direction of minimum rate of change is — V f(—1,2) = 16i — 127. 


(c) Any vector perpendicular to V f gives a direction in which the rate of change is zero. One possible answer is 12i + 
167. 


grad f (1/4, 1) = (1 + J)//2. The displacement is 1 + J, so the direction is 1 + j)//2 and the directional derivative is 1. 


(a) The average rate of change of the function is the "rise over the run", or the change in the z-values divided by the 
horizontal distance. The vector from the point (3, 1) to the point (1,2) is U = —2i + j . We have 


f(1,2) — f(3,1) _ 1.6931 — 9 


Average rate of change = 3——35 = —————— = —3.208. 
|| — 2: +j ll v5 
(b) The instantaneous rate of change is given by the directional derivative in the direction v = uM 4 J. We first find 
the gradient vector: 
uc p 
grad f = xi + 15, 
y 
so grad f (3, 1) = 6i + j. In the direction of v = —2; + j, 
"M H —12 +1 
Directional derivative = grad f - = es —4.919. 


We see that 


grad f = (3y)? + (8a --2y)7, 
so at the point (2, 3), we have 
grad f — 9i + 12j. 

v — (9(3)4-(12(-1) 15 |. ATA 
Ile | vio — v0 
(b) The direction of maximum rate of change is V f (2,3) = 9i + 12j . 

(c) The maximum rate of change is || V /|| = v 225 = 15. 


(a) The directional derivative is V f - 


(a) The directional derivative should be a number, not a vector. 
(b) Since the partial derivatives are 


fc(x, y) = 22e”, fola, y) = x°, fs (1,0) = 2, fy(1, 0) = 1. 


we have 
grad f(1,0) = 2i +9. 


The unit vector in the direction of y is ŭ = íi + 3 j . Thus, the correct answer is 


fa (1,0) = grad f(1,0) -u =2-=4 LE-I-$T 


56. 


57. 


58. 


59. 
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f; (4, 1) means the rate of change of f in the x direction at (4, 1). Thus, 


The point (5, 1) is about 2/3 of the way from the contour for f = 3 to the contour for f = 4, so we estimate f(5, 1) = 3.7. 


Thus 373 
fz (4,1) & =a = 


We can get a better estimate if we average this result with the difference quotient obtained by going the other way, that is 


f(4,1) — f(3,1) 2-1 


Sa 


1 1 


LT: 


Averaging the two estimates gives f; (4,1) ~ 1.35 


f; (4, 1) means the rate of change of f in the y direction at (4, 1). Thus 


F(4,2) — f(4.1) 


The point (4, 2) is about 1/3 of the way from the contour for f = 2 to the contour for f = 3, so we estimate f (4.2) = 1.3. 
Thus 
= —0.7. 


1.3—2 


We can get a better estimate by averaging this with the difference quotient obtained by going the other way, that is, 


Averaging the two estimates we get fy (4, 1) zz —1.35. 


Since à. = (i — J )/ V2, we head away from the point (4, 1) toward the point (5, 0). Since the points (4, 1) and (5, 0) 

are a distance J/2 apart, 

f(5,0) ad f(A, 1) 
V2 

The point (5, 0) is about half way between the contour for f = 5 and the contour for f = 6, so we estimate f(5,0) = 5.5. 

Thus 


fa (4,1) m 


We can get a better estimate by averaging this with the difference quotient obtained by going the other way, that is, 


suns fD-f62. 2-05 _ 
fa (4,1) zm 7 =- 1.1 


Averaging these two results gives an estimate fz (4,1) ~ 1.8. 

Since à = (—7 + J )/ V2, we head away from the point (4, 1) toward the point (3, 2). Since the points (4, 1) and (3, 2) 

are a distance V2 apart, 

f(3, 2) = f(4, 1) 
V2 

The point (3, 2) is about half way between the point where f = and the contour for f = 1, so we estimate f(3, 2) = 0.5. 

Thus 


fa (4,1) m 


05-2 
V2 


We can get a better estimate by averaging this with the difference quotient obtained by going the other way, that is, 


a — = 


Averaging these two results gives an estimate fz (4, 1) ~ —1.8. 
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Since i = (—21 + j )/V5, we head away from the point (4, 1) in the direction (—2i + j )//5, that is, toward the point 
(2, 2). From the graph, we see that f(4,1) = 2 and f(2,2) = 0. Since the points (4, 1) and (2, 2) are a distance v5 
apart, we have 


paps IeG2-f60) 0-2. v 


v5 v5 


We can get a better estimate by averaging this with the difference quotient obtained by going the other way, that is, 


puns JD BU 3-8 ur 


v5 v5 
Averaging these two results gives an estimate fz (4,1) ~ —1.8. 


First, we check that 2? + 3? = 13. Then let f(x, y) = 2? + y? so that the given curve is the contour f(x,y) = 13. Since 
fe = 2x and fy = 2y, we have grad f(2, 3) = 4i + 6j. Since gradients are perpendicular to contours, a vector normal 
to the curve at (2, 3) is ñ = 4i + 6j. Using the normal vector to a line the same way we use the normal vector to a plane, 
we get that an equation of the tangent line is 4(z — 2) + 6(y — 3) — 0. 


First, we check that (2)(3) = 6. Then let f(x, y) = xy so that the given curve is the contour f(x,y) = 6. Since f. = y 
and fy = x, we have grad f (2,3) = 3i + 2j. Since gradients are perpendicular to contours, a vector normal to the curve 
at (2,3) isn = 3i + 2j. Using the normal vector to a line the same way we use the normal vector to a plane, we get that 
the equation of the tangent line is 3(x — 2) + 2(y — 3) = 0. 


First, we check that 3 = 2? — 1. Then let f(x,y) = y — x? + 1 so that the given curve is the contour f(x,y) = 0. 
Since f, = —2x and fy = 1, we have grad f(2,3) = di 4 j. Since gradients are perpendicular to contours, a vector 
normal to the curve at (2, 3) ism = —4i + 1j. Using the normal vector to a line the same way we use the normal vector 
to a plane, we get that an equation of the tangent line is —4(x — 2) + (y — 3) = 0. Notice, if we had instead found the 
slope of the tangent line using dy/dx = 2x, we get (y — 3) = 4(x — 2), which agrees with the equation we got using the 
gradient. 

First, we check that (3 — 2)? + 2 = (2)(3) — 3. Then let f(x,y) = (y — x)? — «y + 5 so that the given curve is the 
contour f(x,y) = 0. Since f, = —2(y — x) — y and fy = 2(y — x) — a, we have grad f(2,3) = —5i + 07 . Since 
gradients are perpendicular to contours, a vector normal to the curve at (2,3) is i$. = —5i ; in other words, the tangent 
line is a vertical line. Thus the equation of the tangent line is x = 2. 


(a) In the i — j direction the function is decreasing, so the value of gz (2, 5) is negative. 
(b) Inthe z + direction the function is decreasing, so the value of gz (2, 5) negative as well. 


At the point (1.2, 0), the value of the function is 4.2. Nearby, the largest value is 8.9 at the point (1.4, — 1). Since the 
gradient vector points in the direction of maximum increase, it points into the fourth quadrant. 


(a) Negative. V f is perpendicular to the level curve at the point P, so its x-component which is V f - i is negative. 

(b) Positive. The y-component of V f is in the same direction as j at P and hence the dot product will be positive. 

(c) Positive. The partial derivative with respect to x at Q is positive because the value of f is increasing in the positive x 
direction at Q. (Note that Q lies between the level curves with values 3 and 4 and that the one with value 4 is further 
in the positive x direction from Q.) 

(d) Negative. Again, Q lies between the level curves with values 3 and 4 and the one with value 3 is further from Q in 
the positive y direction, so the partial derivative with respect to y at Q is negative. 


Il V f|| at P is larger because the level curves are closer there. 
At points (x, y) where the gradients are defined and are not the zero vector, the level curves of f and g intersect at right 
angles if and only grad f - grad g = 0. 

We have grad f - grad g = (i + j )- (i — j ) = 0. The level curves of f and g are straight lines that cross at right 
angles. See Figure 14.14. 


8 Il 


Figure 14.14 
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70. At points (x,y) where the gradients are defined and are not the zero vector, the level curves of f and g intersect at right 
angles if and only grad f - grad g = 0. 
We have grad f - grad g = (2i +37 )- (2i — 3j ) = —5 Æ 0. The level curves of f and g are straight lines that do 
not cross at right angles. See Figure 14.15. 


f[-a 


8 


Figure 14.15 


71. At points (x,y) where the gradients are defined and are not the zero vector, the level curves of f and g intersect at right 
angles if and only grad f - grad g = 0. 
We have grad f - grad g = (2ai — j )- ((1/x)i +27 ) = 0 at all points where both functions are defined. The level 
curves of f are parabolas that intersect the level curves of g in right angles. See Figure 14.16. 


Figure 14.16 


72. At points (x, y) where the gradients are defined and are not the zero vector, the level curves of f and g intersect at right 
angles if and only grad f - grad g = 0. 
We have grad f - grad g = (2a7 — 2yj ) - (yi + xj ) = 0. The level curves of f and g are hyperbolas that cross at 
right angles except at the point (0, 0). See Figure 14.17. 


Figure 14.17 
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73. (a) The graph of z = y? is in Figure 14.18. 
(b) If z = c, then y? = c, so the level curves are y = X c. See Figure 14.19. 
(c) The level curves in part (b) show that the direction of the greatest increase is in the y direction if the point is in the 
upper half zy-plane (where y > 0). Since the point (2,3, 9) is in the upper half xy-plane, we climb fastest in the 
direction j. parallel to the y-axis. 


y 

4 z — 16 
z=9 
z=4 
z= 

z=0 T 

z=1 

—2 z=4 


Figure 14.18 Figure 14.19 


74. (a) The fastest descent is in the direction of — V f, so 


—V f (1,3) = (4zi + 2y7) —4i +6). 
(1,3) 


Any positive multiple of this vector points in the same direction. 

(b) If you start to move in this direction, the slope of the path is the rate of change in your height with distance, which is 

I|V.fl|] = -VZ + 6? = —V52. 
75. (a) We have f(x,y) = C for points (x,y) at a distance C from P, points on the circle of radius C centered at P. The 

level curves of f are circles centered at P 

(b) The gradient of f at the point (x, y) points in the direction that you should move that point to increase its distance 
from P most rapidly, away from P on the line from P through (x, y). The vector grad f points directly away from 
P at every point. 

(c) The magnitude || grad f(x, y)|| is the rate change of f as you go in the direction of grad g(x, y), which is directly 
away from P. Every unit farther away from P increases f by 1 because f is the distance from P, so || grad f(x, y)|| 
1. 


76. The vector from (2,1) to (1,3) is à. = (1—2)i + (3 — 1)f = —7 + 27. A unit vector in this direction is uj. = 
-5i + Si. 

A vector from (2, 1) to (5,5) isd) = (5—2)¢ +(5—1)j7 = 3i +47. A unit vector in this direction is uo. = 27 + J= 

The directional derivative along ui is 


s 037 ve (Edu 


So 


1 20g 020 
v50r  V50y v5’ 
that is, 
(1) " P 
z z 
—-—+42—=-2 
Ox ^ Oy 


The directional derivative along ù> is 


3- 7 
za 2 = ve (Sie Si) $5 tS 
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so 
30z 40z 1 
58x  50y ; 
that is, 
(2) 2 ? 
Zz z 
3—— +4—— =5. 
on oy 
Now we solve the system of equations (1) and (2). Multiplying equation (1) by 3 gives 
(3) s " 
Zz 
—3—— 4-6 = —-6 
Ox + Oy 
Adding (2) and (3) we get: 
Oz 
10— =-1 
Oy 
So à 
Zz 
= = —0.1 
Oy 
and from equation (1) 
Oz Oz 1 
z— = 2— 4+2=2(-—)+2=1.8. 
Ox Oy ( 10) : 


77. Directional derivative = V f - 4, where à = unit vector. If we move from (4, 5) to (5, 6), we move in the direction i +7 


Solving the system of equations for f, and fy 


fo fy =2V2 
Dft fy = 3V5 
gives 
2 = 8V5 — 2/2 
y =AV2 — 35. 
Thus at (4, 5), 
Vf = (8/5 — 2/2)i + (AV2 — 3/5)j . 


78. (a) We have 


9c = ———— so go (1,4) = 1 

z? +3y +3 4 

3/2 3 

Jy = oE so gy(1,4)= 3 
x? +3y +3 


32 
B 
(b) Using the value g(1, 4) = 4 and the partial derivatives in part (a) we have 


1 3 
g(x,y) = y x? + 3y +3 ~ AF 16-0 * g(s- 9. 


(c) Using the linearization in part (b), we have 


grad g(1, 4) = zi + 


(1.01, 3.98) ~ 4 + +(0.01) + =(—0.02) = 3.995. 
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79. 


80. 


81. 


82. 


83. 
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fe = 28, fy = 72». 58 grad FG; -1) = 6i + 2j . For the direction 0 = 7/4, the direction is à = zi + Zi , SO 
fa (8, —1) = (6i +25): (i + -5J ) = dg = 4v2. 
The directional derivative is largest in the direction of the gradient vector grad f (3, — 1) = 6i + 2j. 


The temperature (Fahrenheit) as a function of position y in miles and time t in hours is given by 


H = f(y,t) = 30 — 0.05y — 5t. 


At time ¢ the moose is at position y = 20t + C where C is an unknown constant that depends on where the moose was at 
t = 0. At time ¢ the moose perceives temperature H = g(t) = f(20t + C, t). The rate of change, g'(t), of temperature 
with time, can be evaluated with the chain rule: 


g(t) = oF Bp + es —0.05(20) — 5 = —6 ° /hour. 


Assume that the x-axis points east and the y-axis points north. We are given that || V f || = 5 and that V f is in the direction 
i --j.Since |? + j || = V2 and V f is a multiple of 7 + j , we have 


The rate of change toward the north is the directional derivative in direction J, which is 


= 
a 


G@+j)-j = 


Let’s put a coordinate plane on the area you are hiking, with your trail along the x-axis and the second trail branching off 
at the origin as in Figure 14.20. You are moving in the positive z direction. Let h(x, y) be the elevation at the point (x, y) 
on the mountain. 


Branch trail 


30° 
Your trail 


Figure 14.20: Two trails 


Since the trail along the x-axis ascends at a 20° angle, we have hz(0,0) = tan 20°. Since the trail is the steepest 
path, grad h must point along your trail in the positive x direction. Thus 


gradh = hei +07 =tan20%. 


We must compute the rate of change of elevation in the direction of the branch trail. The unit vector in this direction 
is Ñ =cos30°% + sin 30? j , and thus the directional derivative is 


hz = (grad h) - à = (tan 20°7) - (cos30?7 + sin 30°7 ) = (tan 20°)(cos 30°) = 0.3152. 


The angle of ascent of the branch trail is thus tan! (0.3152) = 17.5°. 


(a) P corresponds to greatest rate of increase of f and Q corresponds to greatest rate of decrease of f. See Figure 14.21. 
(b) The points are marked in Figure 14.22. 
(c) Amplitude is || grad f||. The equation is 

fa = || grad f|| cos 0. 
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-=~ 


Greatest rate of increase R(Zero fa P4 i "VP (Max fa) 
Í of f in direction of P / x 
/ -> \ 
/ 
i grad f \ 
0 I 
P P i l 
\ / 
\ / 
\ / 
N 2 Bon 
Greatest rate of decrease Q (Min fa) OS L^. Sen fa) 
of f in direction fQ em 
Figure 14.21 Figure 14.22 
84. (a) Since f(x,y) = 5y — a? — y?, we have Vf (x,y) = —2xi + (5 — 2y) j, so Vf(1,1) = —2i +37, which is 


the direction of steepest ascent. Therefore, the initial rate of steepest ascent is ||Vf(1, 1)|| = v13 meters ascended 
for each horizontal meter covered. 

(b) In order to go straight northwest, we want to travel along the vector = =e j. A unit vector that points in the 
same direction as ọ is therefore given by à = 0 /||@|| = —(1/V2)7 + (1/V2)7, so 


fa (1,1) = Vf(1,1)- u 
= (-2)(-1/V2) + 3(1/V2) = 3.54 
meters ascended for each horizontal meter traveled. 
(c) Here, we are being asked to determine vectors 4 such that fg (1,1) = 0. Since f; (1,1) = 0 if and only if 
(—22 4-33 ) - (uii + u2j ) = 0 or —2u1 + 3u2 = 0, we see by inspection that  — 3i +27 and i = —3i — 2j 
give the two possible directions. 


85. (a) To estimate the change in f, we use the gradient vector to estimate the change in f in moving from P to Q. Because 


the contours are approximately parallel, moving from P to Q takes you to the same contour as moving from P to R. 
(See Figure 14.23.) If 0 is the angle between tí and grad f(a, b), then 


Change in f 
between P and Q 


— Change in f 


Rate of change Distance traveled 
in direction PR between P and R 


|| grad f || (A cos 0). 


Q 


grad f 


Figure 14.23 


(b) Since 4j is a unit vector, we use the definition of fz (a,b) to estimate 


Change in f _ || grad f(a, b)||h cos 0 
h i h 
| grad f(a, 6)|| cos = || grad fli || cos 8 = grad f(a, b) - à. 


fa (a,b) e 
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This approximation gets better as we choose h smaller and smaller, and in the limit we get the formula: 


fa (a,b) = grad f(a, 0) - 


86. (a) The ellipse is a level curve of the function f(x,y) = 27/2 + 3?. The vector grad f = xi + 2yj is perpendicular 


87. 


88. 


(b) 


(c) 


(d) 


(a) 


(b) 


to the contours of f at the point (x, y). Thus, the vector Ù = ai + 2bj is perpendicular to the line L tangent to the 
ellipse at the point (a, b). 
Let ái be the vector from P = (—1,0) to (a, b), so Ñ = (a + 1) + bj . The distance from P to the line is 

u-u  Ja(a+1) +| ja(a+1)+20—a2/2)|  2-a| _ [25a 


p= = ee ‚auaa ee 
llw || Va? + A? a? + 4(1 — a2/2) V4— a? 2—a 


where the last equality follows from the substitution b? = 1 — a?/2 and the fact that |a| < 2. 
Let y be the vector from Q = (1,0) to (a,b), so v = (a — 1)i + bj . The distance from Q to L is 


-| |a(a-1-929| — |a(a-1)420| — -a| [=a 


q= = =——— = = — = a 
llw || Va? + Ab? a? +4(1—a?/2)  vV4—a? 2+a 


u 2+a 2-a_, 
p4 = 2-a\V2+a 


Let à = —f,(a,b)i + fr(a,b)j. Then & Æ 0 because grad f Z 0. Since ọ - grad f(a,b) = (—fy(a,b)i + 
fa (a, 0)3 ) - (fs (a, b)i + fy(a, b)j ) = 0 we see that the vector ọ is perpendicular to grad f (a, b). The contour C is 
perpendicular to grad f(a, b) at the point (a, b) by the geometric property of the gradient vector. Since the vector v 
and the contour C at (a, b) are both perpendicular to the same vector they are parallel to each other, which is another 
way of saying that V is tangent to C at (a, b). 

A line parallel to a vector ri + sj with r Æ 0 has slope s/r. By part (a) the line tangent to C at (a, b) is parallel to 
T — ri +7 where r = — f, (a,b) and s = f(a, b). If the tangent line is not vertical, then f, (a,b) Æ 0. Thus the 
tangent line has slope s/r = — f; (a, b)/ fy (a, b). 


We have 


The direction of most rapid increase of the sum f + g is given by the vector grad( f (z, y) + g(z,y)) = grad f(x, y) + 
grad g(x,y). 


(a) 


A unit vector in the direction of w is the vector i = w /||ui ||. The rates of change of f and g in the direction of w 
are the directional derivatives 


= grad f(x,y) - «i /||u || 
= grad g(x, y) - w /||u ||. 


fa (1, y) = grad f(x,y) ü 
ga (v, y) = grad g(x, y) - ü 
The two directional derivatives are equal because 


grad f(x,y): Ww = grad f(x,y) - (grad f(x, y) + grad g(x, y)) 
= || grad f(x, y)||? + grad f(a, y) - grad g(a, v) 
= || grad g(x, y)||” + grad f(a, y) - grad g(a, y) 
= grad g(x, y) - (grad f(x, y) + grad g(x, y)) 
= grad g(x,y) - ài 


(b) From the calculation in the solution to part (a), we have grad f(x, y)-W = grad g(x, y)-w . Since || grad f(x, y)|| = 


|| grad g(x, y)|| we have 
grad f(x,y): Ù ^ gradg(a,y)- Ww 
| grad f(z,v)lllw || || grad g(x, y)|II || 
which shows that the angle between w and grad f(x, y) is the same as the angle between w and grad g(x, y). Since 
grad f (x, y) is perpendicular to the contour of f through P and grad g(x, y) is perpendicular to the contour of g 
through P, this shows the w makes equal angles with the two contours. Thus w bisects the angle between the two 


contours. 


Strengthen Your Understanding 


89. Directional derivatives are scalars, not vectors. 


14.4 SOLUTIONS 1307 


90. Gradients are vectors, not scalars. 
91. The closer together the contours, the longer the gradient vector. 
92. We have 
fa (0,0) =@ - gradf(0,0) = à - (2i +37). 
Many unit vectors make this dot product negative, for example i = —i or ù = —j. 


93. A possible answer is in Figure 14.24, where the gradient at P is shorter than the gradient at Q because the contours are 
closer at Q than at P. 


—3 —2 -1 | 1 2 3 


Figure 14.24 


94. (a) The gradient vector V f(P) is perpendicular to the contour of f that goes through the point P. It points in the 
direction of maximal positive rate of change of f at the point P. 
(b) The magnitude ||V f (P)|| is the directional derivative of f at the point P in the direction of the gradient vector 
V f (P) itself. Thus the magnitude equals the maximum directional rate of change of f at the point P. 
(c) Given a unit vector à , the dot product V f (P) - à equals the directional derivative fz (P) of f at the point P in the 
direction of d . 


95. False. For example, suppose f is the linear function f(x, y) = x + y. Then fe = fy = 1 at all points. Consider the 
contour f = 1, which is the line x + y = 1 of slope — 1. There is no point on this contour where the slope is fy/fx = 1. 


96. False. The gradient vector of a function of two variables, f (a, y), is a vector in 2-space given by f. (a,b)i + f, (a, b)7 . 
97. False. Left side is a vector, right side is a scalar. 

98. False. The gradient is perpendicular to the contour of f at (a, b). 

99. True. If 4 is a unit vector, then the directional derivative is given by the formula fz (a,b) = grad f(a, b) - ài. 


100. True. The components of the gradient vector are the x and y partial derivatives, f;(a,6) and f,(a, b). These are the 
directional derivatives of f in the i and j directions, respectively. 


101. False. The directional derivative is a scalar, not a vector. 


102. False. The gradient vector at (3, 4) has no relation to the direction of the vector 3i +47 . For example, if f(x, y) = x+2y, 
then grad f = i + 2j , which is not perpendicular to 3i + 4j . The gradient vector grad / (3, 4) is perpendicular to the 
contour of f passing through the point (3, 4). 

103. True. The gradient points in the direction of maximal increase of f, and the opposite direction gives the direction of 
maximum decrease for f. 

104. False. The gradient points in the direction of greatest local maximum increase. This means that f increases in the i 
direction only near the point (1, 2). We cannot conclude that f keeps increasing in that direction as far away from (1, 2) 
as (10, 2). 

105. True. The length of the gradient gives the maximal rate of increase. We have grad g(3,0) = 67 and grad h(3, 0) = 67, 
so || grad g(3, 0)|| = || grad h(3, 0)]| = 6. 

106. True. The length of the gradient gives the maximal directional derivative in any direction. The gradient vector is grad f (0,0) = 
i + J , which has length V2. 


107. True. It is the rate of change of f in the direction of t at the point (xo, yo). 
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108. False. fz (a,b) = ||V f(a, b)|| cos 0, where 0 is the angle between grad f and w. 
109. Must be true, because at any point grad f is perpendicular to level curves through that point. 
110. True. Take the direction perpendicular to grad f at that point. If grad f = 0, any direction will do. 


111. Is never true. If || grad f|| = 0, then grad f = 0, so grad f - 4 = 0 for any unit vector t . Thus the directional derivative 
must be zero. 


Solutions for Section 14.5 


Exercises 


1. Since f; = 2x, fy = 0 and f; = 0, we have 
grad f = 2zi. 
2. We have f, = 2a, fy = 3y?, and f. = —4z?. Thus 


grad f — 2ri + 3y^j — 425k. 


atytz 


3. Since f(x,y,z) =e = e”e%e*, we have fz = e*e"e*, fy = e*e"e* and f; = e*e"e*, so 


grad f = ete (i +j +h). 


4. Since f, = — sin(x + y), fy = — sin(x + y) + cos(y + z), fz = cos(y + z), we have 
grad f = — sin(x + y)i + (cos(y + z) — sin(x + y))j + cos(y + z)k. 
5. Since fs = —2zyz?/(1 + z?)?, fy = 2?/(1 + 27), and f; = 2yz/(1 + 2°), 


—2ryz? > 


z 
dfe e. 
grad f (1+ 22)?" 1+ 2? 


6. We have fe = —2zx/(z? + y? + z2y?, fy = —2y/ (a? + y? + 27), and f; = —2z/(z? + y? + z?)?. Thus 


grad f — GUT Ay xg p 


(zi yj 4 zk). 


7. We have f; = z/4/z? +y? + z2, fy = y/A/ x? + y? + z2, and f; = z/4/ x? + y? + z?. Thus 
1 


/ x2 + y? + 22 


8. We have f; = e” sin z, fy = xe" sin z, and f; = xe" cos z. Thus 


grad f — (ai + y7 + zk). 


= 3 " 
grad f = e” sin zi + xe” sin zj + xe” cos zk . 


9. Since f; = y, fy = x, and f; = e* cos (e*), 
grad f = yi +27 +e cos(e^) k. 
10. Since fr, = Qa 0325, dos 303.2304, Ja = 4x? 73.03, we have 


grad f = (2z1z323)i + (3122223)j + (Axixiz3)k. 


11. 


12. 


13. 
14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Since fp =e”, f, = 1/q, fr 2re"^, we have 


ES 1s 25 
grad f = Pi + —j + 2re* k. 
q 


We have à 
2 > E 25 
grad(e^ + yln(z? +5)) = y—> i + In(a? +5)] +2ze7 k. 
r2? +5 
We have f, = 0, fy = 2yz and f+ = y?. Thus grad f = 2yzj + y^k and grad f(1,0,1) 2 0. 
We have f, = 2, fy = 3 and f; = 4 so grad f = 2i + 3j + AK at all points. 
We have 
grad(a? + y? — z*) = 2ri +2yj —42°k =6 +47 — 4k. 
(3.2.1 (3,2,1) 
We have fz = yz, fy = xz, and f; = yz. Thus f,(1,2,3) = 6, fy(1, 2,3) = 3, and f-(1,2,3) = 2, so 


grad f = 67 +37 + 2k. 
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We have 
grad(sin(xy) + sin(yz)) = ycos(ry)i + (x cos(zy) + zcos(yz))j + ycos(yz)k 
(1,7,—1) (1,7,—1) 
— mi — rk. 
We have 
grad(x In(yz)) —In(yz)i + É + zu =7 +27 +k 
(2,1,6) Yo Z lene 
We have grad f = yi + Tj + 22k, so grad f(1,2,3) = 2i + j + 6k. A unit vector in the direction we want is 


u = (1/V3)(i +7 +k). Therefore, the directional derivative is 


v3 v3 


We have grad f = yi + Tj + 2zk , so grad f(1,1,1) — id j + 2k. A unit vector in the direction we want is 


u = (1/V14)(i + 27 + 3k ). Therefore, the directional derivative is 


1-14+1-2+2-3 9 


rad f(1,1,1)-@ = =; 
grad f(1, 1, 1) Ai ari 


We have grad f = yi + xj + 22k, so grad f(1,1,0) = i + j. A unit vector in the direction we want is u = 


(1/\/2)(—7 + K ). Therefore, the directional derivative is 


1(-1)+1-04+0-1  -1 


grad f(1,1,0). 4 = 53 yu 


We have grad f = yi + Tj + 2zk , so grad f(0,1,1) — i -- 2K. A unit vector in the direction we want is u = 


(1/2) (—1 + K ). Therefore, the directional derivative is 


1(—1)+0-0+2-1_ 1 


grad f(0,1,1)- u = Fi Jm 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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We have grad f — yi + zj + 2zk , so grad f (2,3,4) = 3i + 27 + 8k. Let Ẹ be a unit vector making an angle of 
37/4 with grad f (2, 3, 4). Then, the directional derivative is 


grad f(2,3,4) -ë = | grad f(2,3, 4) I eos (ŽE) = v70) (=) aig 


We have grad f = yi +27 +2zk, so grad f(2,3,4) = 3i +27 + 8k . The maximum rate of change of f at (2, 3, 4) is 
in the direction of grad f (2, 3, 4) and the directional derivative in that direction is the maximum rate of change, namely 
|| grad f(2, 3, 4)|| = V7. 

First, we check that (—1)? — (1)? + 2? = 4. Then let f(x,y,z) = x? — y? + z? so that the given surface is the level 
surface f(x,y,z) = 4. Since f, = 2x, fy = —2y, and f. = 2z, we have grad f(—1,1,2) = —2i — 27 + 4k . Since 
gradients are perpendicular to level surfaces, a vector normal to the surface at (—1,1,2) is ñ = cu — 2j + 4k . Thus 
an equation for the tangent plane is 


2(z +1) — 2(y — 1) + 4(z — 2) = 0. 


First, we check that 2 = (—1)? + (1)?. Then let f(x,y,z) = z — x? — y? so that the given surface is the level surface 
f(x,y, 2) = 0. Since fe = —2z, fy = —2y, and f; = 1, we have grad f(—1, 1,2) = 2i — 27 4 k . Since gradients 
are perpendicular to level surfaces, a vector normal to the surface at (—1, 1,2) is ñ = 2i — 2j +k. Thus an equation 
for the tangent plane is 


2(x +1) — 2(y — 1) + (2-2) =0. 


Note that you could also view the surface as the graph of the function z = g(x, y) = x? + y? and get the equation of the 
tangent plane using the local linearization of g. 


First, we check that 1 = 2? — 3. Then we let f (x,y,z) = y? — z? + 3, so that the given surface is the level surface 
f(x,y,z) = 0. Since fr = 0, f, = 2y, and f. = —2z, we have grad f(—1,1,2) = 27 — 4k. Since gradients are 
perpendicular to level surfaces, a vector normal to the surface at (—1,1,2) ism = 2j — 4k . 'Thus an equation for the 


tangent plane is 
2(y — 1) — 4(z — 2) = 0. 


First, we check that (—1)? — (—1)(1)(2) = 3. Then let f(x,y,z) = £? — xyz so that the given surface is the level 
surface f(x,y,z) = 3. Since f, = 2x — yz, fy = —xz, and f; = —zy, we have grad f(—1,1,2) = —4i +27 + 
—4i +27 + 


erp 


Since gradients are perpendicular to level surfaces, a vector normal to the surface at (—1, 1,2) is 7i 
Thus an equation for the tangent plane is 


—4(x 4-1) 4- 2(y— 1) - (2-2) 2 0. 


First, we check that cos(—1 + 1) = e^ ?*?, Then we let f(x,y,z) = cos(x + y) — e*^*?, so that the given surface 


is the level surface f (v, y, z) = 0. Since f, = —sin(x + y) — ze"***, f, = — sin(x + y), and fe = —ze*^*?, we 
have grad f(—1,1,2) = —9i +k. Since gradients are perpendicular to level surfaces, a vector normal to the surface at 
(-1,1,2)isi = —2i + k . Thus an equation for the tangent plane is 


2(a@ +1) + (2-2) =0. 


First, we check that 1 = 4/(2(—1) + 3(2)). We could let f(x,y, z) = y — 4/(2x + 3y), but instead let's try f(x,y, z) = 
y(2x + 3z) so that the given surface is the level surface f(x,y,z) = 4. Since f; = 2y, fy = 2x + 3z, and f; = 3y, 
we have grad f(—1,1,2) = 2i + 4j + 3k . Since gradients are perpendicular to level surfaces, a vector normal to the 
surface at (—1, 1,2) is i = 2i + 4j + 3k . Thus an equation for the tangent plane is 


2(x + 1) + 4(y — 1) -3(2 — 2) = 0. 
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31. (a) The unit vector 4 ı in the direction of v ; = i —kis “y= ssi = Sak. We have 
fe (x,y, Z) = 6ry?, and fx(—1,0, 4) = 0 
fy(@,Y, 2) = 6x7 y + 2z, and fy(—1, 0,4) = 8 
f(z, y, Z) = 2y, and fz(—1,0, 4) = 0. 
So, 
ja tcday S du 1 -5 ] ecd) dendo | od: 
u1 y uy T EL V2 y ) V z 3 S V2 
1 1 
=0{| —)}+8(0)+0{ - 
(qq) s (-zs) 
zu. 
(b) The unit vector 2 = -+i + Fai + FL is in the direction of /9 = —i 4-3j + 3k. Using the partial 


derivatives from part (a), 


1 3 3 24 
tec e (7) es (A) +0() = 25 


The partial derivatives are 


fe (x,y, Z) = 2x + 3y, 
fy(z, y, 2) = 3m, 
fe(@,Y; z) = 2. 

Thus, we have 


fa (250, 1) = fo(2,0,-1) (2) + A20, -1 (5) + #:(2,0,-1) (-2) 


TORORO 


33. (a) We have fz = 2x — yz, fy = 2y — xz and f; = —xy so 


grad f = (2x — yz)i + (2y — zz) — zyk. 


(b) At the point (2,3, 1) we have 
grad f(2,3,1) =i +47 +6k. 


Thus an equation of the tangent plane to the level surface at the point (2, 3, 1) is 


(a — 2) + 4(y — 3) + 6(z — 1) 20 


34. Since 


or 
x + 4y + 6z = 20. 
Pe EN M and er 
\/17 — x? — y? 17 — x? — y? 
we have 


2(3,2) = VIT 9 1=?2, z(3,2) = -i 2,(3,2) = > à 
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35. 


36. 


37. 


38. 


39. 
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The tangent plane to z = 4/17 — x? — y? at (x, y) = (3,2) is 


-3 17 3 
z = 2(8,2) + 20(3,2)(0 — 3) + 24(3,2)(y 2) =2 + (56-3) + (C09 72) 5 - 2 v. 
or 
2z -- 3x + 2y — 1T. 
Since 
Ze = —8/ya? and zy = —8/zy?, 
we have 


2(1,2) = 8/(1)(2) 24, ze(l,2) = -8/(2)(1)? = —4, zy(1,2) = -8/(1)(2)? = 2. 
The tangent plane to z = 8/ay at (x,y) = (1, 2) is 


z = z(1,2) + zz (1,2)(z — 1) + zy(1, 2)(y — 2) = 4— 4(z — 1) - 2(y — 2) = 12 — 4x — 2y. 


The surface is given by F(x, y, z) = 0 where F(x,y, z) = £ — y?z'. The normal direction is 


P. OF > ƏF-» > - T 
E dE EET ca eq. 


pee Ox Oy Oz 


Thus, at (1, — 1, — 1) a normal vector is i+ 3j + Tk . The tangent plane has the equation 


l(r—1)43(y—-(-1) + 7(z—(-1) = 0 
z+ 3y+7z=—9. 


At the point P = (1, 2,3) we have grad f = 2- 3i +1. 3j +1-2k — 6i 4 3j + 2k . Hence the tangent plane to the 
level surface f(x,y,z) = 0 at the point P is given by the equation 


6(z — 1) + 3(y — 2) + 2(z — 1) ^ 0. 


At the point P = (10, —10, 30) we have grad f = 2-107 + 30?j + 2(—10)30k = 20i + 9007 — 600k. Hence the 
tangent plane to the level surface f(x,y,z) = 0 at the point P is given by the equation 


20(a — 10) + 900(y + 10) — 600(z — 30) = 0. 


A normal to the surface is 217 + 2yj + 2zk ; a normal to the tangent plane at (2, 3, 2) is 
ü —4i +67 4k. 


The tangent plane can be written as 
A(x — 2) + 6(y — 3) + 4(— 2) 20 
or 
4x + 6y + Az =4-24+6-344-2=34 
2x + 3y + 2z = 17. 
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40. Let f(x,y,z) = x? + y? so that the surface is the level surface f(x,y,z) = 1. Since 
grad f = 2ri + 2yj 


we have 
grad f (1,0, 1) = 2i. 


Thus an equation of the tangent plane at the point (1, 0, 1) is 
2(r —1) + O(y— 0) + 0(2—1) 20 
or 
2(x — 1) =0. 


The tangent plane is given by the equation 
g=]; 


41. Since z = 2x + y + 3 is a plane it is its own tangent plane. 


42. Let f(x,y,z) = 3x? — 4ry + z? so that the surface is the level surface f(x,y,z) = 0. Since 


> 


grad f = (6x — 4y)i — 4aj + 22k, 


we have 


grad f(a,a,a) = 2ai — 4aj + 2ak . 
Thus an equation of the tangent plane at (a, a, a) is 
2a(x — a) — 4a(y — a) + 2a(z — a) = 0 


or 
2ax — 4ay + 2az = 0. 


Since a Æ 0, we can write the plane more simply as 
2r — 4y + 2z = 0. 


Notice that it is the same plane for every a. 


43. The point on the surface z = 9/(x + 4y) where x = 1 and y = 2 has third coordinate z = 9/(1 + 8) = 1. We want the 
tangent plane to the surface at the point (1, 2, 1). 
Let f(x,y,z) = z(x + 4y) so that the given surface is the level surface f(x,y,z) = 9. Since 


grad f = zi +4zj + (£ + 4y)k 


we have 


grad f(1,2,1) =i +47 + 10K. 
Thus an equation of the tangent plane at (1, 2, 1) is 


(«— 1) + 4(y — 2) + 9(z - 1) 20 


so 
x + 4y + 9z = 18. 


Problems 


44. The point (—1, —1,3) lies above the point (—1, —1). The vector grad g(—1, —1) points horizontally in the direction in 
which g increases most rapidly and lies directly under the path of steepest ascent. (See Figures 14.25 and 14.26.) 
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y Z 
12 3 4 3 21 
| 
Figure 14.25: Contour diagram for Figure 14.26: Graph of g(x,y) = 4— z? 
z = g(x,y) = 4 — x” showing direction of showing path of steepest ascent from the 
grad g(—1, —1) point (—1, —1,3) 


45. The gradient of (a) is Qari + 2yj + 2zk , which points radially outward from the origin, so (a) goes with (III). 
The gradient of (c) is parallel to the gradient of (a) but pointing inward, so (c) goes with (IV). 
The gradient of (b) is 2ri + 2yj , which points radially outward from the z-axis, so (b) goes with (I). 
The gradient of (d) is parallel to the gradient of (b) but pointing inward, so (d) goes with (ID. 


46. (a) The surface is the level surface F(x,y, 2) = 7, where F(x,y, z) = a? + y? — xyz. Thus the normal vector to the 


tangent plane is grad F = (2r — yz)i + (2y — zz)j + (—ay)k. Evaluated at (2,3, 1), we get the normal to the 
plane 


Thus the equation of the plane is 


(b) Solving z? + y? — ryz = 7 for z, we get 


2 2 
" z^-Ry 7 
Ty 
Thus, we have 
2 2 
z +y -T c T 
zy y cz xy 
We have i 7 
eU feet 
f(x,y) y r2 sr xy 
T 1 7 
h= as Pus 


Thus fz (2,3) = 1/3 — 3/4 + 7/12 = 1/6 and f,(2,3) = —2/9 + 1/2 + 7/18 = 2/3. Thus the equation of the 
tangent plane is 
z = 1 + (1/6)(x — 2) + (2/3)(y — 3). 
This is the same as the answer to part (a) when that equation is solved for z. 
47. Atthe point (1,2, 1), we have 


grad f(1,2,1) 2 2. 11 +2-27 +2- 1k =2 +47 42k. 


The normal to the plane pointing away from the origin is 
ñ =i +27 +3k. 
Thus we find the rate of change of f in the direction of the unit vector 


> 


n 1 
lla || 1234-22-32? 14 


The rate of change is given by the directional derivative 


ED 


(f +27 +3k). 


E 
"Lx 


"ME ~ (2; 43k 
fa — gradf d —2i +4) ag. @ 429 43k) _ 22. 
Vl14 v14 


48. (a) 


(b 


— 


49. (a) 
(b) 


(c) 


50. (a) 


(b) 


51. (a) 


(b) 
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To get a normal vector to the surface z = cos x sin y at the point (0, 7/2, 1), we first represent the surface S by the 
equation F (x,y,z) = z — cos z sin y = 0. Then we calculate the gradient of F which is normal to S 


grad F — sin z sin yf — cos x cos yj +k. 
At the point (0, 7/2, 1), 
grad F(0,7/2,1) =k. 
The plane with normal K and through the point (0, 7/2, 1) is 
Z= 


So z = 1 is the equation of the tangent plane at the point (0, 7/2, 1) 


Since f(x, y, z) = sin(z? + y? + z?), the level surfaces of f are spheres centered at the origin. 
Since fr = 2x sin(a? + y? + 2°) and fy = 2y sin(x? + y? + 2°) and f; = 2z sin(x? + y? + 2°), we have 


rad f = 2x sin(z? + y? + z2)i + 2ysin(? +y? + 22)j 4 2zsin(z? +y + z2)k. 
grad Qe sin(z? + y? 2 2y Zt ^j 42 2. 2E 
We can write the formula for grad f as 

grad f = 2? sin(z? + y? + z?), 


so grad f is parallel to 7’ at the point (x, y, z). Thus, the angle between grad f and 7 is 0° or 180°. The angle is 0? 
if sin(x? +y? + 2?) is positive at that point and 180? if sin(x? + y? + 2?) is negative at that point. (We are assuming 
that sin(x? + y? + 2°) 40.) 


To do this you need to imagine the surfaces with the normal vector ñ at P. 


For (D, For (ID, For (IID, For (IV), 

ñ is (—,—-, +) ñ is (+, +, +) ñ is (+, —, +) ñ is (—, +, +) 
or (hak) or (<==) or (=) or (==) 
so (E) so (F) so (G) so (H) 


Since the equation of the tangent plane is of the form 
niz + ny + naz = k, 


the coefficients of x, y, z in the plane must have the same sign as the components of the normal. Hence (I)-(E)-(L); 
(II)-(F)-(J); (IID-(G)-0M); (IV)-(H)-(K). 


A normal vector at (x, y, z) is given by 


VF(z,y,z)— 
(53,2) = t t +s 
> 1 > 2y 
The direction of maximum increase of F is V F. At (0, 0, 1) this is -j. which is a unit vector. So uj. = -j. 
At (1,1, 1) this is 27 — J + 2k , so the unit vector ù = —Ž =t} — = 27 — ij + 2k. 


V2 3 
A normal vector at (0, 0, 1) is Vf (0,0, 1) = (2-0)? — ij + 23k =-j 
The equation of the tangent plane at the point (0, 0, 1) is 


l 


> 


((z — 0)? + (y—0)7 + (z- DE): 73) =0, 
L€; 
—y=0, so y=0. 
A normal vector at (1, 1, 1) is Vf(1,1,1) = (2- Di — (4)J + (33)k = 27 -j + 2k. 
The equation of the tangent plane at (1, 1, 1) is 
((x — 1i +(y—1)j +(z-1)k)- (22 — 5 +2k) «0, 


i.e., 


so 
22 — y +22 = 3. 
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(c) The vector V F is parallel to the xy-plane when it is perpendicular to k , Le. when 


that is, 
——0 so y=0. 


i.e., points such that x = y = 0 and z Z 0, that is, the z-axis minus the origin. (Observe that we must exclude the 
points where z = 0 because the surface is not defined there: the expression a” — (y/2?) is undefined when z = 0.) 


52. (a) The vector grad f(x, y) is perpendicular to the level curve of f through (x, y): 
grad f(x,y) = (e? — 1) cos yf — (e? — x) sinyj 


Thus, at the point (2, 3), 
grad f (2,3) = (e? — 1) cos3i — (e? — 2) sin3j 


The vector grad f points in the direction of greatest increase in f, so the vector we want is 
— grad f (2,3) = —(e? — 1) cos3é + (e? — 2) sin 3f 
= 6.337 + 0.767 
(b) To find a vector normal to the surface, we write the surface in the form 
F(a,y,z) = (e^ —x)cosy—z=0. 


Then 
grad F = (e^ — 1) cos yi — (e* — x)sinyj —k. 
So, at P, 


grad F = (e? — 1) cos3i — (e? — 2) sinyj — k 
= —6.331 — 0.767 — k. 


The vector y is perpendicular to grad F, so 


T - grad F = (5i + 4J + ak) - (—6.337 — 0.767 — k ) = 0. 


This gives 
—5(6.33) — 4(0.76) -a = 0 
so 
a = —34.69 


53. (a) A normal to the surface is given by the gradient of the function f(x,y,z) = x? + y? + 32°, 
grad f = 2ri + 2yj + 6zk. 
At the point (0.6, 0.8, 1), a normal to the surface and to the tangent plane is 
ñ —12i +1.67 + 6k. 
Since the plane goes through the point (0.6, 0.8, 1), its equation is 
1.2(x — 0.6) + 1.6(y — 0.8) + 6(z— 1) = 0 


1.2x + 1.6y + 6z = 8. 


(b) 


54. (a) 
(b) 


(c) 
(d) 


55. (a) 


(b) 
(c) 
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We want to know if there are x, y, z values such that a normal to the surface is parallel to the normal to the plane. 
That is, is 2x7 + 2yj + 6zk parallel to 8? + 67 + 30k ? Yes, if 2x = 8t, 2y — 6t, 6z = 30t for some value 
of t. That is, if 


c=4t, y=3t, z= 5t. 


Substituting these equations into the equation for the surface and solving for t, we get 


(4t)? + (at)? +3 (5t)? =4 
100t? = 4 


| 4 
t = +,/ — = +0.2. 
100 


So there are two points on the surface at which the tangent plane is parallel to the plane 8x + 6y + 30z = 1. They 
are 


+(0.8, 0.6, 1). 


The height is given by (4, 3) = 2(4?) — (3?) = 23. Your house is 23 units above the ay-plane. 

We want a directional derivative so we start by computing the gradient. Since the partial derivatives are f; = 4x 
and f, = —2y, we have f,(4,3) = 16 and f,(4,3) = —6. The gradient vector is grad f = 167 — 67 . Letting 
g = —4i —3j , we have ||@ || = 5, so a unit vector in the same direction is @ = (—4/5)i —(3/5)j = —0.8i —0.67 . 
The directional derivative in the direction of 4/ at the point (4, 3) is 


fa (4,3) = grad f(4,3) ù 
= (167 — 67 )- (—0.87 — 0.67 ) 
= -9.2. 


The ground slopes down in that direction quite steeply, going down at a rate of 9.2 units for every one horizontal unit 
moved. 

The water runs off in the direction of minimum slope, which is the direction of the negative of the gradient vector at 
that point. We already saw that grad f (4, 3) = 16 — 6j, so the water runs off in the direction of —167 + 6j. 

We can write the surface z = 2x? — y? as F(x,y,z) = 2a? — y? — z = 0. Then F, = 4r and F, = —2y and 
F, = —1. At the point (4, 3, 23), we have F,(4, 3,23) = 16 and F,(4,3,23) = —6 and F2(4, 3,23) = —1. The 
equation of the tangent plane is 


16(x — 4) — 6(y — 3) — 1(z — 23) 20 
16x — 6y — z = 23 


See Figure 14.27. 


O 
1 NU 
2 x 
$ T — 2T 
Figure 14.27 


The bug is walking parallel to the y-axis. Looking to the right or left, the bug sees higher contours — thus it is in a 
valley. 
See Figure 14.27. 
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56. 


57. 


58. 


59. 


60. 


61. 
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(a) The plane z = 5 is horizontal. The surface z = 1+ x” + y” is bowl-shaped, with its lowest point at (0, 0, 1). At this 
point its tangent plane is horizontal and therefore parallel to the plane z — 5. 
(b) The tangent plane to the surface z = f(a, y) at the point where (x, y) = (a,b) has equation 


z = f (a,b) + f«(a, 6)(@ — a) + fy(a,b)(y — b). 


Thus, for z = 1 + z? + y?, the tangent plane is 


z = (1-- à? +0") + 2a(z — a) + 2b(y — b) 
= (1— a? — b°) + 2ax + 2by. 


This is parallel to z = 5 + 6x — 10y when 6 = 2a, and —10 = 2b so a = 3, b = —5. Then z = f(3,—5) = 
14-3? + (—5)? = 35, so the point on the surface whose tangent plane is parallel to z = 5 + 6x — 10y is (3, —5, 35). 


(a) In the direction of grad P: 


grad F = ((2z + 2z27)i + (4y?)5 + 22? z)k ) — Ai Aj 2k. 
(—1,1,1) (—1,1,1) 


(b) The rate of change in the direction of grad F with respect to distance = || V F'|| = 4/16 + 16 + 4 = 6. Now we want 
rate of change with respect to time. If we move at 4 units/sec: 
Conc Dist 


— x Rate of change of — 
is ime 


Rate of change of ns 


© — Rate of change of 
e 


= 6 x 4 = 2Amg/cm?/sec. 


The tangent plane is given by 


so 


3x + 10y — 5z + 19 = 0. 


Since fa = Vf -ü, we see that fa, and fz , are both positive because the angles between ti ı and V f and between ü 4 
and V f are both between 0 and 7/2. In addition, fz , is larger because the angle between d ; and V f is smaller than the 
angle between ài 4 and f. . Similarly, fa , and fz, are both negative, and fg , is more negative. Thus, 


fas € fag <0 < fa, < fa, 


(a) We have VG = (2x — 5y)i + (—5z + 2yz)j + (y?)k, so VG(1,2,3) = —8i +77 + Ak . The rate of change is 
given by the directional derivative in the direction v : 
(2i +7 — 4k) 
VH 


Rate of change in density = VG - (<1 + 7j + Ak ) . 


Ü 
= ~16+7—16 = -25 x —5.455. 


V21 v21 
(b) The direction of maximum rate of change is VG(1, 2,3) = —87 +77 + Ak. 
(c) The maximum rate of change is || VG(1, 2, 3)|| = 4/(—8)? + 7? + 4? = V129 z 11.36. 
(a) The function T(x, y, z) = constant where x? 4- y? +z? = constant. These surfaces are spheres centered at the origin. 
(b) Calculating the partial derivative with respect to x gives 


or _ 
Ox — 


Similar calculations for the other variables shows that 


—2ge C^ tv +27), 


grad T = (—2xi —2yj — 2zk jg i R^ 
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(c) At the point (1, 0, 0) 


grad T(1,0,0) = —2e ^H. 
Moving from the point (1, 0, 0) to (2, 1, 0), you move in the direction 


(2-10 4(—0) 2247. 


A unit vector in this direction is NEN 
"A itj 
V2 
The directional derivative of T (x, y, z) in this direction at the point (1, 0, 0) is 
T; (1,0,0) = —2e7 13 . $023. = Ve 
V2 


Since you are moving at a speed of 3 units per second, 


Rate of change of temperature = —V2e71.3 = —-3V/2e74 degrees/second. 


62. We have 


63. 


64. 


OP ge ta FTF (_9.1) (200) lg? + 9? uto = 0.5 OW 
Ox 2 [72 + y? + 2? 


and similarly 


OF eg re, and eee eS NN 
Oy /z2 y? + 2? Oz /z2 y? + 2? 


Thus the gradient of P at (0, 0, 1) is 


grad P = a 


z4 OP ~- OP 
Ox 


jt k = —0.5e ^k. 
OZ H(z,y,2)—(0,0,1) 


Qu 
Gn OY cus (ooa) 


Let w be a unit vector in the direction of 9 , so 


Then 


Rate of change of pressure in atm/sec = (Directional derivative in direction @ in atm/mi)(Speed of spacecraft in mi/sec) 


= 


Px || || = (grad P - 4 )||v|| = grad P - wll = grad P. v 


—0.5e ok . (T — 2.5k ) = 0.5. 2.5e 9 = 1.131 atm/sec. 


(a) is (V) since 7 + @ is a vector not a scalar. 
(b) is (IV) since grad (F - à) = grad(aix + a2y + a3z) — d. 
(c) is (V) since x d is a vector not a scalar. 


We must calculate the gradient of y. 


GmM 


IF | 


— GMm grad 


grad p(z, y, z) = grad 
1 


/ x2 + y? + z2 


o l _ oO 2 2 253/23 _- l, 2 2 2\-3/25,, __ ZT 
al )-& ((x ty zr) )2-5(6 +y +27) 2r = (ey? + ee 
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The partial derivatives with respect to y and z are similar, so 


rad 1 mE vi +yj +zk 
el ape PT 
Thus, 
vi + yj + zk 
(x? + y? + 22)3/2 
T 
Ir IP 


grado = —-GMm 


—GMm 


Il 
"n 


65. The tangent plane to z = 4/22? + 2y? — 25 at (x, y) = (4,3) is 
3 


z = z(4,3) + z«(4, 3)(z — 4) + z, (4, 3)(y — 3) 


2(4 2(3 
= J2(4)? + 2(3)? — 25 + (@) (x — 4) + 3) (y — 3) 
2(4)? + 2(3)? — 25 2(4)? + 2(3)? — 25 
8 6 
—-5-4- 4) += 3). 
S (a — 4) + S(y-3) 
The tangent plane to z = 2 (x? + y?) at (x, y) = (4,3) is 
z = 2(4,3) + 22(4,3)(a — 4) + z,(4, 3)(y — 3) 
l2 2 2 2 
sca. + =(4 4)+ = = 
= (4 +8?) + 2(4)(@ - 4) + zy - 3) 
8 6 
=5+7 4)+= 3 
5 (a — 4) + S(y-3) 
Thus the two surfaces are tangential at the point (4, 3, 5). 
66. The points of intersection are (x, y) = (a, b) such that 
1,2 72 d 2. ,2 
5 (4 Fb — 1) ;u a —b^) 
a +b —1=1-— (a E) 
2(a? +b?) =2 
a +b = ie 
which are points on the unit circle. 
The tangent plane to z = 4 (x° + y? — 1) at (x,y) = (a, b) such that a? + b? = 1 is 
z = 2(a,b) + zz (a, b)(x — a) + zy(a, b)(y — b) 
= 0 -F a(x — a) + b(y — b) 
= az + by — (a? +B?) 
= az + by — 1,or az + by- z = 1. 
Similarly, the tangent to z = 2(1 — x? — y?) at (z, y) = (a,b) such that a? + b? = Lis z = —ax — by + 1 or 


ax + by + z = 1. The normal vector to the plane az + by — z = 1 is m = ai + bj — k and the normal vector to the 
plane az + by + z = lis ri? — ai 4 bj tk. 

Since ij -mè =a? +b?-1=1—1=0, mi andri are perpendicular, hence the two surfaces are orthogonal at 
all points of intersection. 


67. 


grad(H - 7°) = grad(pix + u2y + paz) 
= pmi + poj +ysk =Ï. 


68. 


69. 
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grad (|| ||") = grad((z* + y? + 2°)*/”) 
= 5G y! e yet (2a)t + (e eh + PO yy 


a a/2)— E 
tae ey +2") /2) L(9z)k 

= a(a? +y? x zo 9 Pei + yj + zk) 

= all °°. 


If write ? = vi + yj + zk , then we know 


grad f(z,y, z) = g(z, y, z)(i -- yj +2k) = g(x,y, z)? 


so grad f is everywhere radially outward, and therefore perpendicular to a sphere centered at the origin. If f were not 
constant on such a sphere, then grad f would have a component tangent to the sphere. Thus, f must be constant on any 
sphere centered at the origin. 


Strengthen Your Understanding 


70. 
71. 


72. 


73. 


74. 


75. 


76. 
77. 


78. 


79. 


The gradient vector grad f(x, y) points in the direction perpendicular to the level curves f(x, y) = C in the xy-plane. 


The correct equation of the tangent plane is 


The surface z = f(a, y) can be rewritten f(x,y) — z = 0 with normal at (0, 0) given by 
i = f.(0,0) + fy(0,0)7 — k. 


To have normal vector ñ = 7 — 27 — K , we take f,(0,0) = 1 and f,(0,0) = —2. One example is f(x, y) = x — 2y. 
Any function f(x,y,z) = 2x + 3y + Az + C where C is a constant has grad f = 2i + 3j + 4k . For example, we can 
take 

f(x,y, z) = 2x + 3y + 4z + 100. 


We have 

grad f = 2i — 3j. 
We want vectors ij and @ which are perpendicular to grad f. Two possibilities are k and 3i + 2j. Creating unit vectors 
gives 
1 


ü-k and Ü—————( 
32 + 22 


3i +27). 

Then grad f - à = grad f:  —0,so fe = fo — 0. 

False. The equation z = 2+ 2a(a — 1) + 3y?(y — 1) is not linear. The correct equation is z = 2+ 2(z — 1) - 3(y — 1), 
which is obtained by evaluating the partial derivatives at the point (1, 1). 

True. For example, the function f(z, y) = x? + y? has a horizontal tangent plane at (0, 0). 


This is never true, because, if 0 is the angle between grad f and the z-axis at any point, then fg = || grad f|| cos0 < 
|| grad f|]. 


Can be true, For example for f(x, y, z) = 4x — 3z, we have grad f = 47 — 3k then || grad f| = VZ + 32 = 5 and 

Jg —4e—-—9 

(a) The units of || grad || are °C per meter. It represents the rate of change of temperature with distance as you move in 
the direction of grad f. 

(b) The units of grad f - Y are °C per second. It represents the rate of change of temperature with time as you move with 
velocity v. 

(c) The units of || grad f|] -||V || are °C per second. It represents the rate of change of temperature with time if you move 
in the direction of grad f with speed ||d ||. 
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Solutions for Section 14.6 


Exercises 


1. Using the chain rule we see: 


dz Ozdx  Ozdy 


dt Oxdt | dy dt 
a =y eT + 2xy cost 
= — (sin t)’e™* + 2e * sin t cost 


= sin(t)e™* (2 cost — sin t) 


We can also solve the problem using one variable methods: 


z=e 
dz f AERIS 
P ae ! (sin t)?) 
—t : 2 
r (sin t)? + ttn 


= —e (sint)? + 2e * sin t cost 


=e ‘sint(2cost — sint) 


2. Using the chain rule we see: 


dz _ dz de | Əz dy 
dt Oxdt Oy dt 


1 
= 2t(siny + y cos x) + ng cos y + sin z) 


sin t? 


= 2tsin(Int) + 2t In(t) cos(t”) + t cos(In t) + 


This problem can also be solved using one variable methods. Attempting to solve the problem that way will demonstrate 
the advantage of using the chain rule. 


3. Substituting into the chain rule gives 


dz Ozdx  Ozdy _ x 1 7 EE AS 
di^ $m ES os (2) (3) 2) ees (=) CJ : 


T 2y + 2xt ( 2t ) 142 
= cos | — ——_ | = 2cos —— ——— 
y y? 1-8/(-8)? 


4. This is a case where substituting is easier: 


z = In(t^? 4 t) 
dz  1—-2t? 
dt t-2+¢t 

t? —2 
~ t+ 


If you use the chain rule the solution is: 
dz  Ozdz | Oz dy 
dt Oxdt  Oydt 
= —2x 4 y 
Pa? +y?) —Vi(z?- y?) 
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3 1 
= BAA U 
=) i 
CHE Iq 
| D-2 
(ot 


5. Substituting into the chain rule gives 


dz Ozdx ,O0zdy " 
di Su dt t By dt e (2) + ze (—2t) 


= 2e" (1 — at) = 2e!" (1 — 2t?). 


6. Substituting into the chain rule gives 


dz  Ozdx zdy  , "T ji 
di^ ora ovd = e" (2) + (ze? + e" + ye”) (—2t) 


2e" (1 — at — t — yt) = 2e (1 — 2 — 2t + £). 


7. Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 


Oz Oz Ox | Oz Oy = | cos v 1 1 + { cos z = -0 
ðu  OxrOu Dy ðu y yju y y? 
1 
Oz Oz Ox | Oz Oy _ cos L 1 -0 + | cos 2 a 1 = cos (=) 
Ov Ox Av" dy Ov y y y y? © v J` 


8. Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 


Əz Oir | Əz dy 
ðu Ox Ou Oy Ou 
= - (u? + v?)(2u) + z - 2(u? 4- v3) (3u’) 


4u(u? + v?) 6u? (u? + v?) 


| 4u 6u? 
^ a2 + v2 u3 + v3" 


Similarly, we have 


dz _ 02 Ox | Əz dy 
ðv Ox Ov Oy Ov 


1 


= ;X ? - v?)(2v) + =- Uu? + v3) (3v?) 


epe 


4v(u? + v?) 6v? (u? + v?) 

pe + ure 
4v 6v? 

u? + v? ue + v3" 
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10. 


11. 


12. 


13. 
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Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 


RD LE ee 
ðu ` Əs ðu Əy ðu Â Tre U= 
Oz  OzOxr Əz Oy 


2 ccu — e” (0) + re” -1 = e” lnu. 


ðv Ox dv ` ðy Av 


u 


Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 


Oz | Oz Ox 2m e(Dee TH 
ðu örðu  ðyðu ^ rend 

Oz _ Oz 0u _ Oz Dy 
ðv OxOv  OyOv 


= e"(0) --e"(14-z--y):1- (14-Inu-F v)e". 


Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 
Oz  Oz0r | Oz Oy _ 
Ou Ox Ou Oy Ou 
= 2ue*? (1 + 2) = Que") (14 wv? +u’). 
Oz OzOx Oz Oy 


Du => Dx v +r dy ðv = e" (2v) + ze" (—2v) 
2 


= 2ve"*(1— x) = 2ve ^ "D (a egi =a), 


e" (2u) + xe” (2u) 


Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 
ðz _ Oz de | Oz dy _ 
Ou Oxdu Dy Ou 
= 2ue* (1 4- x -- 1-4 y) = 2ue*? (x +y 4-2) 
- 2ue D? ty? uw? —42)- Quel”) (2u? + 2) 
Oz  OzOx | OzOy 
L = LZ 4 St = 2 y Y Y)(_9 
w edu Bp ee) 
2ve"(1— x — 1— y) = —2ve* (x + y) 


2 2 
= 2.4524 ,2..,2 2 
—2ve(* T) (u? +v? +u? — v?) = —4u? ve 


e" (2u) + (xe" + e” + ye") (2u) 


(uv?) 


Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 

Oz  OzOr őz Oy 

Ou Ax du | Oy du 

Oz OzOx | OzOy 

Ov Ox Av | Oy Av 


First to find 0z/Ou 


o - E = m : 
E» = (e ” — ye ^)sinv + (ze ” +e ^)(—vsinu) 
u 
= (e *** — y(cosu)e “*"”) sin v — (—u(sin ve” SY + e "5? )o sin u 
Now we find 0z/0v using the same method. 


a = (e ” — ye *)ucosv+(—re ” +e ")cosu 
v 
= (e7? — y(cosu)e™“™®”)u cosv + (—u(sin v)e™? SY 4- e "9" *) cosu 
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14. Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 


which apply are: 


This problem is most easily solved by substitution: 


Oz  OzOr , Oz Oy 
Ou Ax du" By Ou 
Oz Oz0x , Oz Oy 
Ov Ox Ov | Oy Av 


z = cos(u? (cos v)? 


2 
= cosu 

a = —2usinu? 

Oz 

aa 0 


This problem can also be solved using the chain rule but it is more difficult. 


15. Since z is a function of two variables x and y which are functions of two variables u and v, the two chain rule identities 
which apply are: 
Oz OzOxu | OzOy 1 1 1 —2x 
== zr ta = ere zk Ca one LC — (=) (2 
ðv  OzOu OyOu 1+ x Gt uter GA ya eu) 
2 
y-c —2uv 
—29 Z= LN 
iD ut + yt 
Oz OzOx Oz Oy 1 1 1 -r 
== ra taa = olla —— —(—)022 
ðv  OxO0v  OyOv rx Gt + rry n 
2 
E ytx. wu 
= aura gf va) = 
Problems 
16. By the chain rule 
dz Ozdx | Ozdy 
dt Ox dt  Oydt 


Directly, we have z = t? - tt = t 


17. Using the chain rule we have 


= (32^?) (3?) + 22? y)(2t) 
zar + (2° )2t 

= 9t? + ULP 

= 134"? 


13 so dz/dt = 13t”. 


dw _ dw dx | dw dy , dw dz 
Op Ox Op  OyOp əz Op 
= (2x) sin $ cos 0 + (2y) sin $ sin 0 — (2z) cos o 
= 2p sin? (o) cos? 0 + 2p sin? o sin? 6 — 2p cos? ¢, 
= 2psin? (cos? 0 + sin? 0) — 2pcos? o 
= 2psin? $ — 2p cos? à 
= —2pcos 2ó. 
Qu _ dw dn | Quy , dw dz 
00 Ox 00 Oy 00 Oz 00 


= (2x)(—psin $sin 0) + (2y)psin $ cos 0 
= —2p? sin? ó cos 0 sin 0 + 2p? sin? sin 0 cos 0 
=0 
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18. (a) Of /Ot 
(b) (Of /8x)(dx /dt) 
(c) (Of /Oy) (dy/dt) 
19. Whent = 1, 


so z = f(3,10) = 7. Thus 


Oz Of / Of 1 
ET. Ua (t) 
gives 
TE Z fa(3, 10) s 0) + fy(3, 10) - (1) 


= 100-4 + 0.1- 11 
= 400 + 1.1 = 401.1. 


20. The voltage at any time t is given by V = IR where R is the resistance for the whole circuit. (In this case R = 
Rı R2/(Rı + R2).) So the rate at which the voltage is changing is 
dV dI dR 
ED a T—— 
dt dt di dt 
dI OR dRı OR dR3 
=the (ab ep) 
OR, dt i OR» dt 
du ug ( Rè dh Ri dk: 
( 


dt Rit RE dt ^ (Rua Ray dt 
15 25 9 
=0.01 (=) 42 (= (0.5) i gi 90) 
— 0.3812. 


So the voltage is increasing by 0.3812 volts/sec. 


21. Let p(z, t) be the air pressure in pascals at x km east of the island at time t hours after the ship passes the island. We want 
to compute Op/dt. 
Let S(t) be the air pressure on the ship at time t, so that S(t) = p(10t, t). By the chain rule we have 


dS  Opdzx ,Opdt _ Opdx , Op 


dt Ox dt | Otdt Oxdt | Ot 


Since dS/dt = (—50 pascal)/(2 hour) = —25 pascal/hour, and Op/Ox = —2 pascal/km, and dx/dt = 10 km/hour, 
solving for Op/Ot, we have 


op = —25 pascal/hour — (—2 pascal/km)(10 km/hour) = —5 pascal/hour 


22. Let the square cross section have side length «(T’) and the bar have length L(T') at temperature T°C; then 
Volume of the bar = V = «7 L. 


Using the chain rule we have: 


dV — OV dz , 0V dL 


dT | Ox dT | OLdT 


= (2zL + z?)- 13. 1075, 
since dr/dT = dL/dT = 13-10 9. When L = 3 and x = 0.05, the rate of increase of volume is 


dV — 


347^ (0.05) -3+ 0.057) - 13 x 10 9 = 3.93. 10 9m? /°C. 
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23. R (in) T (°C) 
| 

15 27 

14 2 25 : 
| dot 

13 30 23 

t (years) t (years) 
2020 2040 2020 2040 
Figure 14.28: Global warming predictions: Figure 14.29: Global warming predictions: 
Rainfall as a function of time Temperature as a function of time 
We know that, as long as the temperature and rainfall stay close to their current values of R = 15 inches and 


T = 30°C, achange, AR, in rainfall and a change, AT’, in temperature produces a change, AC, in corn production given 
by 
AC z 3.3AR — 5AT. 
Now both R and T are functions of time t (in years), and we want to find the effect of a small change in time, At, on R 
and T. Figure 14.28 shows that the slope of the graph for R versus t is about —2/30 ~ —0.07 in/year when t = 2020. 
Similarly, Figure 14.29 shows the slope of the graph of T versus t is about 3/40 ~ 0.08? C/year when t = 2020. Thus, 
around the year 2020, 
AR ~ —0.07At and AT = 0.08At. 


Substituting these into the equation for AC, we get 
AC z (3.3)(—0.07) At — (5)(0.08) At zz —0.6At. 


Since at present C = 100, corn production will decline by about 0.6 96 between the years 2020 and 2021. Now AC ~ 
—0.6At tells us that when t = 2020, 
AC 


Ax & —0.6, and therefore, that Z x —0.6. 


24. (a) The level surfaces of f are concentric spheres centered at the origin. This is because if f(x, y, z) is fixed, then g(p) 
is fixed, which means p must be fixed. Fixed p gives a sphere. 
(b) By the chain rule, we find 


Of dg Op pps laua 2 24—1/2 / x 
uu NM DO NM = 212 — ——————. 
nc qp ae RI ee v — g (p) paw 
Thus D 4 4 
P mxudi-t Soa 


dp p 
so F (x,y, z) is parallel to x? + yj + zk . A unit vector in the direction of F at (1, 2, 2) is 
ME rr MOM 


e a Ros EC C En 
“= Paras 3 3 *3 


(c) We have 7 E . 
iF i-|2 zi +yj +2k || _ |dg| 
dp p dp 
Since p = V1? + 2? + 2? = 3 at (1,2, 3), we estimate g'(3) from the graph, obtaining g'(p(1,2,2)) = g'(3) ~ 
1/3. Thus 
IF (1,2, 2I] 5. 


(d) From the answers to parts (b) and (c), we know that F (1, 2, 2) is a vector of length about 1/3 in the direction of 
i+ 2j + 2k . Thus, we estimate 


F (12,2) = 50 2j +28). 
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(e) We estimate F (3,0,0) ~ ii, because || (3,0, 0)|| = g’(p(3,0,0)) = g'(3) ~ 
F (v, y, 2) is parallel to ri Taj +zk —3i. 7 , 
( G) We have || (P)]] = IF (Q)]| because || (P)] = 1g (P) = 1g I = IF (QI 
(ii) At each point, F' (T) points in the same direction as 7, where xi + yj + zk. 
25. By the chain rule, 


uti vU wt. 
7n gut + gott + GwWt 


Thus, there are three terms. 


26. 
Figure 14.30 
The tree diagram in Figure 14.30 tells us that 
Ow _ Ow dx , Ow dy | dw dz 
ðu Ox Ou  OyOu Az Ou’ 
dw _ dw dx , Ow dy | dw dz 
ðv Ox Ov  OyOv Oz OV’ 
27. 


Figure 14.31 


From the tree diagram in Figure 14.31, we get 


HU DEM, EUN Oe 
dt Ov dt Oy dt Oz dt’ 


c: 1/3, and the direction of 


28. 


29. 


30. 


31. 


32. 


33. 
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All are done using the chain rule. 
(a) We have u = a, v = 3. Thus du/dx = 1 and dv/dx = 0 so 


F(x) = F.(2,3)(1) + Fy(a,3)(0) = Fa (£,3). 


(b) We have u = 3, v = x. Thus du/dx = 0 and dv/dx = 1 so 


f'(a) = F.(3,2)(0) + Fo (3, x)(1) = F,(3, x). 
(c) We have u = z, v = x. Thus du/dx = dv/dx = 1 so 
f (£) = F.(z, z)(1) + Fo (x, z)(1) = Fu (x, £) + Fs (£, 2). 
(d) We have u = 52, v = x°. Thus du/dx = 5 and du /dx = 2x so 
f' (a) = Fa (5x, °) (5) + Fo (5x, a?) (22). 


Using the chain rule, 


Zu(u, v) = fu (x,y) ` Tulu, v) E fy (o, y) i Yu(u, v). 
Since x(1,2) = 5 and y(1, 2) = 3, substituting gives 


Using the chain rule, 
zv(u, v) = fu (x,y) ` Ly(u, v) + fy(z,y) Yo(u, v). 
Since x(1,2) = 5 and y(1, 2) = 3, substituting gives 


Implicit differentiation with respect to x of the equation f(x,y) = f(a, b) gives fx(x, y)dx/dx + fy(x, y)dy/dx = 0. 
Thus fy(x,y)dy/dx = —fx(x,y). If fy(a,b) 4 0 we can solve for the slope of the level curve at the point (a, b): 


dy/dx = —fx(a, b)/fy(a, b). 
We have z = h(x, y) where h(x, y) = f(x)g(y). x = t, and y = t. The chain rule gives dz/dt = (Oh/Ox)dx/dt 4 


(Oh/Oy)dy/dt = Oh/8x--Oh/8y. Since Oh/Ox = f'(x)g(y) and Oh/Oy = f(x)g'(y) we have dz/dt = f'(x)g(y)4 
f(z)g (y) = FOIE) + f(t)g' (t). 


Let g(t) = f (ta, ty). We use the chain rule, with u = ta and v = ty as our variables. Then we have 


14, _ Of(u,v) du Of(u,v) dv 
KE x 4m S d 
= fu(u, v) a+ f(u, v) y. 


Att — 1, we have u = x and v = y. So 
9g (1) = a fs(z,y) + y fy(x,y). 
On the other hand, since f(x,y) is homogeneous of degree p we also have g(t) = t? f(x, y). Thus we have 
g (t) = pt" f(x,y) 


and 
g (1) =p f(x,y). 
Thus, 
T fa(x£, y) +y fy(x,y) = p f(x,y). 
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34. Use chain rule for the equation 0 = F(x,y, f(x, y)). Differentiating both sides with respect to x, remembering z = 
f(x, y) and regarding y as a constant gives: 


p OF de | OF dz 
— Ox dz — Oz dx. 
Since dx /dx = 1, we get 
E wai 
Ox Oz Ox’ 
so 
Oz _ OF /Ox 
ðr OF /Oz" 


Similarly, differentiating both sides of the equation 0 = F(x, y, f(x, y)) with respect to y gives: 
p- OF dy | OF dz 


Oy dy | Oz dy’ 
Since dy/dy = 1, we get 
Ln 
Oy | Oz Oy 
so 
Oz _ OF[0y 
Oy OF /dz 


35. Using the chain rule, 
zu(u, v) = fu (x,y) ` Lu(u, v) n5 fy (x, y) ý Yu(u, v). 
Since z(4, 5) = 2 and y(4, 5) = 3, substituting gives 


36. Using the chain rule, 


zv(u, v) = fu (x,y) i v, (u, v) + fy(z,y) j Ys (u, v). 
Since z(4, 5) = 2 and y(4, 5) = 3, substituting gives 


Zv(4,5) = fa (2.3) ` v. (4,5) + fy (2; 3) ` yo (4, 5) =b-k+d-q. 
37. (a) We will use the chain rule identities, 

Oz _ Oz dx, zdy mg Dr zdz, dz dy 

ðr OxOr  OyOr 80  0r00 Oy 00" 
These equations are to be in terms of 0z/Ox and 0z/Oy, so we may calculate the other terms, switching from 
Cartesian to polar coordinates. Recall polar coordinates : 

r-—rcosÜü, y=rsing 

Thus we have 


Or  O(rcos@) 


Or => EN = cos 0 
Oy  O(rsinü) _.. 
o o ~ sin 0 
ĉr = trees) 2 = —rsin 
Oy  O(rsin0) _ 
86 = 7 90 . = r cos Ü 
Now, substituting into the equations for 0z/Or and 0z/00, we get 
(1) a = cos 0 + sing 
Oz . OZ Oz 
(2) 98 7 -—rsing- TROP. 


We will call these equations (1) and (2). 


(b) Now we solve for 0z/0x and 0z/Oy. From (2) we get: 


Oz Oz Oz —1 
O) J (5 - resa) (xm 


Now substitute (3) into (1): 


We will call this equation (4). 
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2 = cos 0 de — id ( =l ) + sing 
Or -— 00 Oy rsin Oy 
_ __cosé Oz cos’ 0 Oz | ing? 
~ rsin000 sin@ dy Oy 
Now solve for 0z/Oy: 
Oz cos?0 | sin? 6 _ Oz "n cos 0 Oz 
Oy V sind sinÜ ) Or  rsin0 00 
Oz ( AN Oz m cos 0 Oz 
Oy*sind’ Ər  rsin0 00 
Oz -— "PLZ n cos 0 Oz 
Oy | Or r 00 
Now, substitute 0z/Oy into equation (3) and solve for 0z/Ox. 
Oz — Oz acoso —1 
Ór \ 00 Oy j rsin 
|| —1 oz 4 cos 0 (sino " cos 0 =) 
~ rsin0OÓ0 sin@ Or r 00 
= cos 904 cos? 0 — 1 dz 
7 Or rsin@ 06 
= ies — sin’ 0 d 
= ðr rsin@ 00 
E uos — BOE 
z ðr r OO 
(c) Now we use the chain rule to get 0z/Ox and 0z/Oy. 
(4) Oz. Ox Or , Ua 00 Og _ 3z Or , Ov OU 
Oy Ordy 00 dy’ Ór  OrOr 000r 


As before, we will calculate some of these partials using r = 4/ x? + y? and 0 = arctan(y/x) 


Or Oyzry _ y 


2S — 2 = sinb 

Oy Oy /z2 + y? in 

90  Oarctan(y/z) _ 1 Cae 

Oy -— Oy ee (2)? B 

W 7 = cos 0 

ðr Je ay? 

90 _ 1 ( Y) mE y |. sin 

Or  1-(À9)?^ a?! — (a2? +y2) r 

Now, substituting these into (4), we get: 

ae = dps + wos Oz 
Oy — Or r 00 
oe a ed — aneo 
Ór — Or r 00 


Note that these equations match with those found in part (b). 
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38. Using z = r cos @ and y = r sin 0 we compute 0z/Or and 0z/06 in terms of 0z/Ox and 0z/Oy: 
Oz  OzOx | Oz Oy Oz 


Se Mus didicit ££ cos + E sing 


ðr OxOr OyOr Ox 


Ss EE a ee, vs 27 ( -rsin 6) + OF dal 


00 «8200 OydO Ox Oy 


So we have 


2 2 2 
(=) = (2) cost + 252% condaind + ( 2) sin? 6 


HH 


In addition we have, 


10z Oz : Oz 
PET E d 
thus, 
1/0z (Oz ə, „zz. 02V. s 
3 (55) = (=) sin dE c MEE Dy cos’ 0 
Adding we get 


ey " 1 a 7 (2) 2 az\* 
Or r? \00) — \ dx Oy 
39. Since (3) involves the variables P and V, we are viewing U as a function of these two variables, so U = U3(P, V). 
v 
Then 


[DU .. 0U3(P,V) 
aP/y OP 


40. To calculate (3) , we think of U as a function of P and T, as in U (T, P). Thus 
T 
( oU ) _ Wy 
OP/vy | OP' 
41. From the example, we know that for this gas 


OU OU 
dU = | — dP —]| dV = TdP dV. 
d (55), + (37). VERE aN 


In addition, we have 
PdV +VdP = 3dV + AdP = 2dT. 


We substitute for dP = (2dT — 3dV )/4 into the expression for dU, giving 


dU =7 (A) + 8dV 
7 11 
dU = 34T + 3 dV. 


Comparing with the formula for dU obtained from the function U2, where U = U2(T, V): 


QU QU 
dis (Sr) art (57), ^" 


OT/v 2 OV/r 4° 


42. The partial derivative on the left side of the equation is obtained by thinking of T as a function of V and P. The partial 
derivative on the right side is obtained by thinking of V as a function of T' and P. 
Thinking of T as a function of V and P, we have 


we have 


OT OT 
He (sr). + (Sp) P 
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Thinking of V as a function of T and P. we also have 


OV OV 
dV = (57). dT + (5p) 4P 


Solving for dT' in terms of dV and dP gives 


dT — Gn. (av - (55) ar). 


oT 


Comparing coefficients of dV in the two expressions for dT gives 


(5v). 7 / (or). 


(57), (5 ). 5 ), Coe 
= s 
Interchanging the roles of T and V , we get 


(a7). (av), + (ar), (ar), 


V 
Using the result of Problem 42, namely (=) =1 7 (=) , gives 
P P 


43. From Example 7, we know that 


44. (a) Thinking of V as a function of P and T gives 


av av 
dits (3p). dP + (57) .T- 


(b) Substituting for dV in the following expression for dU, 


au au 
ate (SP), dP + (jr) V: 


OU OU OV oV 
a = (3p), P+ (5v), (op), + (Sr) 7): 
Rearranging terms gives 


OU OU OV OU OV 
dU = | | — —) -|= dP —) (==) dT. 
Z G Sro A 
(c) The formula for dU obtained by thinking of U as a function of P and T is 


oU OU 
dU = (Sr) art (55) 0. 


we get 


(d) Comparing coefficients of dP and dT in the two formulas gives 
(=) E (=) (=) 
OT/p \OV/p \OT/p 


(3P). = (ap), + (ar) Cae)» 
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45. As the introduction to this problem indicates, we can differentiate with respect to x inside the integral: 


f(x) = F(x, y) dy. 


0 


46. By the Fundamental Theorem of Calculus, we substitute y = x in the integrand: 


f(a) = F(b, 2). 


47. (a) By Problem 45, treating w as the constant b: 


Gu(u, w) = | Fu(u,y) dy. 
0 
By Problem 46, treating u as the constant b: 
Gu(u,w) = F(u, w). 


(b) To differentiate f(x) = G(x, x), we apply the chain rule to G(u, w) with u = x, w = z. Since Ou/Ox = Ow/Ox = 
1, we get 


f (£) = Gu (x, £)(1) + Gu (x, 2) (1). 
By part (a), 


#@= n Fi) dy ana) 
0 


Strengthen Your Understanding 


48. Writing z = f(x,y), with x = g(t) and y = h(t), the chain rule gives 
dz Ozdu , Oz dy 


dt Ox dt ' dy dt 
= fo(g(t), h(t))g (t) + fy (gt), h(t) A’ (t). 


49. According to the chain rule, we evaluate Cz, Rẹ and T; at points (x, y) and we evaluate C and Tm at points (R,T). 
Since we know R(0, 2) = 5 and T(0, 2) = 1, the chain rule gives: 


C.(0,2) = Cn(5,1) R« (0,2) + Cr (5, 1)T..(0,2). 


50. The partial derivatives f; and fy should be evaluated at (2, 3): 


2z ae fx (2,3)g' (0) + fy(2,3)h'(0). 


51. We have 


dz  Ozdx | Oz dy 
dt  Ordt  Oydt 
dx 2 dy 


= 2ay +z di 


= 2g(t)h(t)g (t)  g(t)*h (t). 


If h(0) = 0, h’(0) = 1, and g(0) = 3, then (dz/dt)|i-o = 9. For example, we can take h(t) = t and g(t) = 3 +t. 


52. 


53. 
54. 
55. 
56. 


Solutions for Section 14.7 


14.7 SOLUTIONS 


We have 
dz _ Oz de | dz dy 
dt Oxdt Oy dt 
= fe(x,y)2e" + fy(x,y) cost 
dz 


Shino = fe(1,0) -2+ fy(1,0)+1 = 2fe(1,0) + fy (1,0). 


If f£. (1,0) = 4 and f,(1,0) = 2, then dz/dt|;0 = 10. For example, we can take f(x,y) = 4v + 2y. 
A possible answer is z = «+ y, x = e! andy = t?. 


A possible answer is w = uv, u = 25? + t and v =e. 


A possible answer is z = xz + y, x = t and y = t. 
By the chain rule, 


dz n y 1 ra 
F QuUüxt + guuyy F guut + JvVrE + JvVyyY + gott. 


Thus, the answer is (c). 


Exercises 
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1. Calculating the partial derivatives: 5 
A = 2(x +y), ai = 
Therefore, we get 7 : ; 
» ib it = 2, UE =2, sk = 
. Calculating the partial derivatives: f 
bf ary), E =6@+y) 
I aty’, Th=o@+y) 
Consequently, we get , ; 
Eel = 6(x +y), a 6(a + y) 


A 2 2zy 
fyy = Ax e 7", 


. Since f = (a + y)e?, the partial derivatives are 


fe=e", fy—e'"(rrtlcy) 
fes =0, fus =e" = fey 
fuy = xe? +e” +e” E ye? — e" (m +2+y). 


. Since f(z, y) — xe", the partial derivatives are 


foe =e, fy = xe” 


for =0, fay =e" = fys, fyy = xe”. 


. We have fs = 6ry + 5y? and fy = 3c? + 15zy?, so fra = 6y, fry = 6x + 15y?, fys = 6x + 15y?, and fyy = 30xy. 
. We have fs = 2ye?*" and f, = 2xe?*¥, so fes = 4y?e?"*, fry = Avye?*" + 2e?*V. fys = 4rye?”” + 2e?*V. and 
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7. Since f(x,y) = sin(z/y), the first partial derivatives are: 


fs = (cos (=)) 


qud x 
y y Te (ees a) 


Thus, the second partial derivatives are 


. c 1 

fox = E 
E 1 z.. ,—l1 

fey = (ae y, + (osl fas = fyz 
pL, ,—-Lyg Px S20 

fuy = -imut ues) + (est DES 


8. Since f(x,y) = \/x? + y?, we have 
c 
[e EE PN. ME 
x + y? [72 + y? 
[2 Lap = x 
te a? + y? — xf rmm 7 y? 
IT r? +y? m (£2 + y2)3/2 
- 1i. xQu) ey 
fey = ~ 2 (x2 + y2)3/2 m (a2 + y2)3/2 = fus 
[72 2. y 
= ce dm u a 


GET) oF yy 


fuy 


9. We have l 
fo = 15x? y? — Ty? + 182 and fy = 10x? y — 21zy?, 


SO 


fa =30ry? +18 and f,,—30z77y 21y? and f,,—30z7y —21y? and fy, = 102? — 42zy. 


10. Since f(x,y) = sin(z? + y?), we have 


fo = (cos (z? +y"))2x , fy = (cos (z^ + y^)2y 
foo = —(sin (x? + y”))4x? + 2cos (x? + y?) 
fey = —(sin (a? We y^))4cy = fys 


fuy = - (sin (0? + y?))4y? + 2cos (a? + ?). 


11. We have f, = 6cos 2x cos 5y and fy = —15sin 2z sin 5y, so fre = —12sin2xcos 5y, fry = —30 cos 2x sin 5y, 
fyz = —30 cos 2x sin 5y, and fy, = —75 sin 2x cos 5y. 


12. The quadratic Taylor expansion about (0, 0) is given by 


1 1 
f(z, y) x Q(x, y) = f(0, 0) =F fx (0, 0)z =P fy(0, O)y T 3 f» (0, 0)z? F fzy(0, 0)zy + 3 fuv (0, O)y?. 
First we find all the relevant derivatives 


f(z.y) = (y—-1)(@+ 1)? 
fe(@,y) = 2(y — 1)(@ + 1) 
faulx, y = (x +1) 
fss(z, y) = 2(y — 1) 

fyy (2, y) = 0 

foy(x,y) = 2(z + 1) 
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Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 
Q(z,y) = -1— 2z +y — 2^ + 2zy 
Notice this is the same as what you get if you expand (y — 1)(z + 1)? and then keep only the terms of degree 2 or less. 


13. The quadratic Taylor expansion about (0, 0) is given by 


f(y) = Qs) = F(0,0) + fa (0,0): + fy(0,0)y + Z fea (0,0)2* + fay(0,0)ey + 5 fuy (0,0) 
First we find all the relevant derivatives 
(a —y+1)? 
= mes —y+1) 
—2(z — y + 1) 


f(x,y) = 
fs(z,y) = 


z 
z 
T, 


sxs 


fey 


Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 
Q(z,y) = 1+ 2x —2yt+27?—ry+y? 
Notice this is the same as what you get if you expand (x — y + 1)’. 


( 
( 
fy (a, 
fral 
( 
( 
) 


14. The quadratic Taylor expansion about (0, 0) is given by 


F(E, y) = Q(z, y) = 1(0,0) + fe (0,0): + fy (0, 0)y + Z fee (0,0)2? + fey (0, O)zy + Z fuy (0, Oy" 


First we find all the relevant derivatives 


fæ, y) cw 

Play) = -ige 2 

fyla,y) = -29e 77 
fea(,y) = —4e- 29 -v* + 162e? -* 
foula, y) = 267? 4 dye? 
feulz, y) = 8zye 7 


Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 


Q(z,y) 21-22? — y? 


15. The quadratic Taylor expansion about (0, 0) is given by 


F(E, y) = Q(z, y) = 1(0,0) + f: (0,0) + fy(0,0)y + 5 fee (0,0)? + fey (0, O)zy + 5 fuv (0,0) 


First we find all the relevant derivatives 


f(x,y) = e” cosy 
falx, y) = e” cosy 
fy(z,y) = —e* siny 

fss(z,y) = e” cosy 
fuu(2, y) = —e* cosy 


fey(v,y) = —e* sin y 
Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 


1 1 
Q(z,y) =1 +r 4 za - zy’ 
2 2 
Notice this is the same as what you get if you multiply the quadratic approximations for e^ and cos y, that is (1 + £ + 
z?/2)(1 — y? /2), and then keep only the terms of degree 2 or less. 
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16. The quadratic Taylor expansion about (0, 0) is given by 


f(y) = Qs) = F(0,0) + fa (0,0): + fy(0,0)y + 5 fza (0, 0)2? + fay(0,O)ey + 5 fus (0, 033”. 


First we find all the relevant derivatives 


(142x—9)! 

= —2(1 + 2z — y)’ 
(1+ 2z — y)? 

= 8(1 + 2x — y) ? 

= 2(14 2x — y)? 
—4(1 + 22 — y) ? 


Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 


Q(z,y) = 1- 2z + y+ 4x? — 4ry +y’ 


Notice this is the same as what you get if you substitute 
for 1/(1 — u). 


17. The quadratic Taylor expansion about (0, 0) is given by 


u = y — 2x in the quadratic approximation Q(u) = 1 +u +u? 


F(a, y) & Qe, y) = (0,0) + fe(0, 0)2 + fy(0,0)y + Z fez (0, 0)2? + fey (0, 0) + 5 fuv (0, 0)y?. 


First we find all the relevant derivatives 


fuy 


(x,y 
(x,y 
(x,y 
(x,y 
(x,y 
fey(,y 


cos(z + 3y) 

— sin(x + 3y) 
—3sin(x + 3y) 
— cos(x + 3y) 
—9 cos(z 4- 3y) 


—3 cos(x + 3y) 


Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 


1 2 9 2 


Q(z, y) =1 


=E 


3 = 
2 Ty y 


2 


Notice this is the same as what you get if you substitute x + 3y for u in the single variable quadratic approximation 


Q(u) = 1 — u?/2 for cos u. 


18. The quadratic Taylor expansion about (0, 0) is given by 


F(E, y) = Q(z, y) = 1(0,0) + fe (0,0) + fy(0, 0)y + 5 fax (0, 0)" + fey (0, 0)y + 5 fuy (0, 0)y? 


So first we find all the relevant derivatives 


"ul 
fel 
fal 

zel 
"T 
feul 


We substitute into the formula to get for our answer: 


T.y 
T.y 
Ty 
T.V 
T.V 
T.V 


Q(x, y) 


= sin 2z + cosy 
= 2 cos 2x 

= — siny 

= —Asin 2x 

= — cosy 

=0 


l2 
= 14-23 = 
+ 2a — Sy 
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19. The quadratic Taylor expansion about (0, 0) is given by 


fans y) © QUss y) = (0,0) + [2 (0,0): + fy(0,0)y + Z fez (0 0)2? + fey (0, Oey + Z fuu (0,0). 
So first we find all the relevant derivatives: 
f(z,y) ^ In(1- a^ — y) 
fe(z,y) = mS 
fy(z,y) = nS 
3 uA uud 
fen (t,y) = AC 
fu (2. y = ü EN =- y)? 
fzy(2,y) = E 


Substituting into the formula we get as our answer: 


Q(z,y) —-—y-z- E 


y? 


2 


20. Since f(x, y) = In(1 + z — 2y), the first and second derivatives are 


fe = 
fy = 


1 
1 +z- 2y 
—2 
l+a—2y 
—1 


METEL 


2 


AETERNE 


so we find that 


—4 


pE 


f(x,y) & x 


1 
2y 32 


21. Since f(x,y) = 1+ 2x — y, the first and second derivatives are 


fe = 
fy = 
fez = 


1 


y1 +2r-— y 


-1 


2/1+2zx%—y 


e 


(1 + 2x — y)3/2 
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22. 


23. 


24. 


25. 


26. 


27. 
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dires l 
92 + 2a — y)3/2 
fuy = — €l ee 
UC A(L +g — 2y)3/?’ 
so we find that 
f(0,0) =1 
fx(0,0) 21 
fy(0,0) = -1/2 
fex(0,0) = —1 
fey(0,0) = 1/2 
fuy(0, 0 = —1/4. 


The best quadratic approximation for f(x, y) for (a, y) near (0,0) is 


(a) 
(b) 
(c) 


(d) 
(e) 
(a) 
(b) 
(c) 


(d) 
(e) 
(a) 
(b) 
(c) 


(d) 
(e) 
(a) 
(b) 
(c) 


(d) 
(e) 
(a) 
(b) 
(c) 
(d) 


(e) 
(a) 
(b) 
(c) 
(d) 


(e) 


1 1 
f(r,y)m1-cc gy 5*9 t5*9—3V- 


f« (P) < 0 because f decreases as you go to the right. 

fy (P) = 0 because f does not change as you go up. 

fax (P) > 0 because f; increases as you go to the right (f. changes from a large negative number to a small negative 
number). 

fyy (P) = 0 because fy does not change as you go up. 

[zy (P) = 0 because f; does not change as you go up. 


f« (P) < 0 because f decreases as you go to the right. 

fy (P) = 0 because f does not change as you go up. 

fox(P) < 0 because f; decreases as you go to the right (fz changes from a small negative number to a large negative 
number). 

fy (P) = 0 because fy does not change as you go up. 

[zy (P) = 0 because f; does not change as you go up. 


f« (P) > 0 because f increases as you go to the right. 

fy (P) = 0 because f does not change as you go up. 

fex(P) < 0 because f; decreases as you go to the right. (Since the level curves are further apart as you go to the 
right, the rate of change of f decreases. Thus, fs changes from a large positive to a small positive number.) 

fyy (P) = 0 because fy does not change as you go up. 

[zy (P) = 0 because f; does not change as you go up. 


f« (P) > 0 because f increases as you go to the right. 

fy (P) = 0 because f does not change as you go up. 

fex(P) > 0 because fz increases as you go to the right. (The rate of change of f is larger when you go to the right 
since the level curves are closer together. Thus fs changes from a small positive to a large positive number.) 

fy (P) = 0 because fy does not change as you go up. 

fzy (P) = 0 because f; does not change as you go up. 


fz (P) = 0 because f does not change as you go to the right. 

fy (P) > 0 because f increases as you go up. 

fax (P) = 0 because fy does not change as you go to the right. 

fyy (P) < 0 because fy decreases as you go up (Since the level curves are further apart as you move up, the rate of 
change of f is slower, that is, fy decreases as you move up.) 

[zy (P) = 0 because f; does not change as you go up. 


fz (P) = 0 because f does not change as you go to the right. 

fy (P) < 0 because f decreases as you go up. 

faz (P) = 0 because fy does not change as you go to the right. 

fyy(P) < 0 because fy decreases as you go up. (fy changes from a negative number with smaller magnitude to a 
negative number with larger magnitude.) 

[zy (P) = 0 because f; does not change as you go up. 


28. 


29. 


30. 


31. 


(a) 
(b) 
(c) 


(d) 
(e) 
(a) 
(b) 
(c) 


(d) 
(e) 
(a) 
(b) 
(c) 


(d) 
(e) 


(a) 
(b) 
(c) 
(d) 


(e) 
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f« (P) < 0 because f decreases as you go to the right. 

fy (P) < 0 because f decreases as you go up. 

fzz(P) = 0 because fz does not change as you go to the right. (Notice that the level curves are equidistant and 
parallel, so the partial derivatives of f do not change if you move horizontally or vertically.) 

fy (P) = 0 because fy does not change as you go up. 

fzy (P) = 0 because f; does not change as you go up. 


f« (P) > 0 because f increases as you go to the right. 

fy (P) > 0 because f increases as you go up. 

fex(P) = 0 because fz does not change as you go to the right. (Notice that the level curves are equidistant and 
parallel, so the partial derivatives of f do not change if you move horizontally or vertically.) 

fuy(P) = 0 because fy does not change as you go up. 

fzy (P) = 0 because f; does not change as you go up. 


f« (P) < 0 because f decreases as you go to the right. 

fy (P) > 0 because f increases as you go up. 

fex(P) > 0 because f; increases as you move right (f; changes from negative numbers with larger magnitude to 
negative numbers with smaller magnitude). 

fy (P) > 0 because the level curves are closer together as you move up, so fy increases as you go up. 

fzy (P) < 0 because the rate of change of f with respect to x is a negative number at P and a negative number with 
larger magnitude higher up. Therefore f; decreases as the point moves up. 


f« (P) > 0 because f increases as you go to the right. 

fy (P) < 0 because f decreases as you go up. 

fex(P) < 0 because the level curves are further apart as you go to the right, so the rate of increase of f is slower as 
you move to the right. Therefore, f+ decreases as you go to the right. 

fy (P) < 0 because fy decreases as you move up (fy changes from a negative number with smaller magnitude to a 
negative number with larger magnitude). 

[zy (P) > 0 because the rate of change of f with respect to x at P is lower than at points above P. Therefore f; 
increases as you move up. 


Problems 


32. We have f (1,0) = 1 and the relevant derivatives are: 


fe = 5 (e+ 2y)-"? s foll,0) = 5 


fy = (c 2) 7^ so f,(1,0)—1 
x ole EE - 1 
1 E 1 
foy = -4+2 so f0--1 


fuy = —(z + 2y) 9”? so fyy(1,0) — —1. 


Thus the linear approximation, L(x, y) to f (x, y) at (1, 0), is given by: 


fv, y) ax: L(z, y) = f(1, 0) F f; (1, 0)(z — 1) T fy (1,0)(y — 0) 
1 


The quadratic approximation, Q(x, y) to f(x, y) near (1, 0), is given by: 


f(x,y) © Q(x, y) = f(1,0) + fe(1, 0)(@ — 1) + fy(1, 0)(y — 0) + 5 fas (1,0)(s =17 


+ fey(1,0)(@ — 1)(y — 0) + 5 fuv(1,0)(y — 0? 
1+ 565-1) *y- $6-2* - 56 - Dy z^. 


The values of the approximations are 


L(0.9, 0.2) = 1 — 0.05 + 0.2 = 1.15 
Q(0.9, 0.2) = 1 — 0.05 + 0.2 — 0.00125 + 0.01 — 0.02 = 1.13875 
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and the exact value is 
f (0.9, 0.2) = V1.3 ~ 1.14018. 
Observe that the quadratic approximation is closer to the exact value. 
33. We have f(1,0) = 0 and the relevant derivatives are: 
fe =2ry so fx(1,0) =0 
f,—z so fy(1,0)=1 
fas = 2y so fora (1, 0) =0 
fey = 2x so fry(1,0) =2 
fy —0 so fyy(1,0) =0. 
Thus the linear approximation, L(x, y) to f(x, y) at (1, 0), is given by: 
f(x,y) ~ L(z,y) = f(1,0)  f«(1,0)(x — 1) + fy (1,0)(y — 0) 
=y. 
The quadratic approximation, Q(x, y) to f(a, y) near (1, 0), is given by: 


f(x,y) © Q(x, y) = f(1,0) + fe(1, 0)(@ — 1) + fy(1, 0)(y — 0) + Z fes (10) «Tr 


+ fey(1,0)(a — 1)(y~ 0) + 5s (1,0)(y — 0)? 
—gy42(x—1). 
The values of the approximations are 
L(0.9,0.2) = 0.2 
Q(0.9, 0.2) = 0.2 + 2(—0.1)(0.2) = 0.16 


and the exact value is 
f (0.9, 0.2) = (0.81)(0.2) = 0.162. 


Observe that the quadratic approximation is closer to the exact value. 
34. We have f(1,0) = 1 and the relevant derivatives are: 
fe=e " so fz(1,0)=1 
fy =—xe™” so fy(1,0) =—-1 
fex — 0 so fee(1,0) =0 
fey =e ” so fey(1,0) =—1 
fu xe" so fyy(1,0) =1. 
Thus the linear approximation, L(x, y) to f (x, y) at (1, 0), is given by: 
f(x,y) ~ L(z,y) = f(,0)  f«(1,0)(x — 1) + fy (1,0)(y — 0) 
=1+(r¢-1)-y. 
The quadratic approximation, Q(x, y) to f(x, y) near (1, 0), is given by: 


f(x,y) © Q(x, y) = f(1,0) + fe(1, 0)(@ — 1) + fy (1, 0)(y — 0) + 5 fas (1,0)(7 - 1)? 


+ fe (1.0) — 1)(y — 0) + 5 fuu (1,0)(y — 0)? 


lc-(r—-1)—-y-(x—-l)-czwv. 
The values of the approximations are 
L(0.9, 0.2) = 1 — 0.1 — 0.2 = 0.7 
Q(0.9,0.2) = 1 — 0.1 — 0.2 + 0.02 + 0.02 = 0.74 


and the exact value is 
f(0.9,0.2) = (0.9)e 9? ~ 0.737 


Observe that the quadratic approximation is closer to the exact value. 


35. 


36. 


37. 


38. 


39. 
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Differentiating, we get 


F; = e siny +e” cosx Fy = e” cosy + e” sinx 


Fre = e siny — e” sing Fy, = —e^siny + e” sinz = — Frs 
Thus, Fre + Fyy = 0. 
We have f(1, 0) = 0 and the relevant derivatives are: 
fz = cos(x — 1)cosy so fe(1,0)=1 
fy —si(r—1)siny so fy(1,0) =0 
fzx = — sin(x — 1)cosy so fra(1,0) =0 
fey = — cos(x — l)siny so fey(1,0)=0 
fuy = —sin(r—1)cosy so fyy(1,0) =0. 
Thus the linear approximation, L(x, y) to f(x,y) at (1,0), is given by: 


f(v, y) ~ L(x,y) = f(1, 0) sr f (1,0)(x — 1) + fy (1, 0)(y — 0) 
=a-1. 


The quadratic approximation, Q(x, y) to f(x, y) near (1, 0), is given by: 
1 
f(z,y) = Q(x, y) = f(1,0) + fe, 0)(@ — 1) + fy(1,0)(y — 0) + 5 fas (1,0)(z — 1)° 
1 
+ foy(1,0)(# — 1)(y — 0) + 5 fu (1,0)(y — 0)? 
== Í; 
Thus the linear and quadratic approximations are the same. The values of the approximations are 
L(0.9, 0.2) = Q(0.9, 0.2) = —0.1, 


and the exact value is 
f (0.9, 0.2) = sin(—0.1) cos(0.2) ~ —0.098 


Differentiating, we get 
F; = —e ” siny, Fy = e” cosy, Fes =e "siny, Fyy = —e ^siny = — Frs. 


Thus, Fre + Fyy = 0. 


Differentiating, we get 
fT Tue nom 
ae aR) ~ ET 
Fez = (—y) (2? Ti J= CETZL 
Bc: T —2xy 


Thus, Fre + Fyy = 0. 
First let us take the partial derivatives: 
ut = ae™ sin (ba) 
Ux = be™ cos (bar) 
Use = —b’e™ sin (bx) 
Substituting into the equation, we have 
ae™ sin (br) = ut = Ure = —b? e^ sin (bz) 


So, a = —b?. 
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40. (a) Taking partial derivatives of u, we get 


2 
LS Oe CO ee CO T 
= —_(nt)~? Ga LT 
Horst Ine tag Vat 
2 
2 LE ec Lv ^q 
A(nt)8 SU nt 
_ 1 NICO r’ e 7/45 


— At nt 8t2./rt 


_ (=) ~«?/(4t) 

Ug = a Jat \ at e 
B27 /(4t) 

At Tt 

| 1 eet) NE: (=) ez at) 
At / Tt At /nt N At 

1 sao Q1 035 s/n 


— At nt 82 nt 


Usa = 


So we have 
Ut = Ure, 


showing that u satisfies the heat equation. 


(b) See Figure 14.32. Note that as time progresses the heat at the origin decreases and flows out toward the ends of the 


rod, until at t = 10 the temperature appears to be leveling out toward being constant throughout the rod. 


Figure 14.32 


41. The graph of f is concave up as we move parallel to the x-axis from the point (0, 0), so f; (0, 0) is positive. The graph 
of f is concave down as we move parallel to the y-axis from the point (0, 0), so fy,(0, 0) is negative. 


42. 
43. 


44. 


Since zy = g(x), zyy = 0, because g is a function of x only. 


(a) 


(b) 
(e) 


(d) 


(e) 


Zyn = Žzy = 4y 


0 
Zayy = yxy = 5, 49 =4 


Moving parallel to the x-axis means that the z-labels on the contours increase, so z is an increasing function of x. 
Moving parallel to the y-axis, the z-labels decrease, so z is a decreasing function of y. 

Since z is an increasing function of x, we have f; > 0. Similarly, fy < 0. 

Since the contours get closer together as we move parallel to the x-axis, we have frs > 0. This means that z is 
increasing faster and faster as x increases. Similar reasoning shows that fy, < 0. 

The vector grad f is perpendicular to the level curves and points in the direction of increasing f values. See Fig- 
ure 14.33. 

The vector grad f is longer at P because the contours are closer together at P than at Q. 


45. 


46. 


47. 


48. 


49. 
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ZF 
VA 


Figure 14.33 


The table of values is linear, because all the rows are linear and have the same slope, 1, and all the columns are linear and 
have the same slope, 2. A linear function has no quadratic terms, so the coefficients of z?, xy, and y? are all zero. We 
have d = e = f = 0. 


The rows of the table are not linear, so there is at least one nonzero quadratic term in the polynomial P(x,y). The 
coefficients of the quadratic terms are closely related to the second order partial derivatives. 

Since the z-slope increases as we move along a row in the direction of increasing x, we have 0? P/Ox? > 0. Hence 
d = (0? P/8a?)/2 > 0. 

Since the y-slope is constant as we move across the table in the direction of increasing x, we have 0/Or(0P/0y) = 
0. Hence e = 0? P/Oxày = 0. 

Since the y-slope is constant as we move down a column in the direction of increasing y, we have 0? P/ Oy? = 0. 
Hence f = (0? P/8y?)/2 = 0. 
The rows of the table are linear but they do not all have the same slope, so the polynomial P(x,y) is not linear. Alterna- 
tively, since the columns of the table are not linear, P(x, y) is not linear. There is at least one nonzero quadratic term in 
P. The coefficients of the quadratic terms are closely related to the second order partial derivatives. 

Since the x-slope is constant as we move across a row in the direction of increasing x, we have 0? P/ Ox? = 0. 
Hence d = (0? P/0x?)/2 = 0. 

Since the z-slope increases as we move down the table in the direction of increasing y, we have 0/Oy(OP/0x) > 0. 
Hence e = 0? P/OyOx > 0. 

Since the y-slope decreases as we move down a column in the direction of increasing y, we have 0? P/Oy? < 0. 
Hence f = (0? P/0y?)/2 < 0. 
Neither the rows nor the columns of the table are linear, so the polynomial P(x,y) is not linear. There is at least one 
nonzero quadratic term in P. The coefficients of the quadratic terms are closely related to the second order partial deriva- 
tives. 

Since the z-slope increases as we move across a row in the direction of increasing x, we have 0? P/ 0x? > 0. Hence 
d = (0? P/82?)/2 > 0. 

Since the z-slope decreases as we move down the table in the direction of increasing y, we have 0/Oy(OP/Ox) < 0. 
Hence e = 0? P/OyOx < 0. 

Since the y-slope increases as we move down a column in the direction of increasing y, we have 0? P/ Oy? > 0. 
Hence f = (0? P/0y?)/2 > 0. 
(a) The vertical spacing between the contours just north and just south of the trail increases as you move eastward along 

the trail. 
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Elevation in meters 


or 


Figure 14.34 


(b) Leth = f(a, y), where h is elevation in meters, and x and y are distances in meters east and north of the start of the 
trail. Hence the trail begins at (0, 0) and lies along the line y — 0. We also know: 


e The trail is level. Hence 0h/Ox = 0 at all points of the trail. 
e There is a mountain to the left. Hence Oh/Oy > 0 at all points of the trail. 
e The slope up to the left is getting more gentle as you hike east. Thus Oh/Oy is a decreasing function of x. Hence 
0/Ox(Oh/8y) = (0? h)/(0x8y) < 0. 
(c) The decision to delay turning off the trail was based on the second mixed partial, (07h) / (0xOy). 
(a) Increasing L causes production Y to increase, so OY /OL > 0. 


(b) The increase in production resulting from hiring an additional worker is approximately OY /OL. This number is larger 
for larger values of K, so OY /OL is an increasing function of K. Its derivative with respect to K is positive. Hence 


UE ur Md dM 
OK \ ƏL) | OKOL : 


(a) Person A. Weight gain of 1 pound results in an approximate surface area increase of 0S/Ow. We know that 0S/0w 
is an increasing function of height h, because 
ð (0S 
— | — 0. 
pou)? 
Thus 0S/0w is larger for the taller person, A. 
(b) Person B. Weight gain of 1 pound results in an approximate surface area increase of 0S /Ow. We know that 0S/Ow 
is a decreasing function of weight w, because 


2 (85) <o 
Ow \ ðw 


Thus ðS /ðw is greater for the lighter person, B. 


(a) Since P and Q lie on the same level curve, we have a = k. 

(b) We have b = f; and c = fy. Since the gradient of f at P (respectively Q) points toward M or away from M, from 
the figure, we see f; (P) and f, (P) have opposite signs, while f; (Q) and f, (Q) have the same signs. Thus Q is the 
point (21, y1), so P is (£2, y2). 

(c) Since b = fz(Q) > O0 and c = fy(Q) > 0, the value of f must increase as we go away from M. Thus, M must be a 
minimum (the surface is a valley). 

(d) Since M is a minimum, m = f;(P) < 0 and n = fy(P) > 0. 


(a) Calculate the partial derivatives: 


f(x,y) = sin xsin y f(0,0)=0 f($,$5)— 
felz, y) =cosasiny  fx(0,0) =0 f.($5,$ 
fy(z,y) =singcosy fy(0,0)=0 fyl5-3 

fro(2,y) = —sinzsiny fes(0,0) = 0 fez(5, 5) = —1 
fzey(£, y) =cosxcosy fay(0,0) = 1 fey($,5)=0 
fyy(z, y) = —sinzsiny fyy(0,0) = 0 fuy (4; $)7-1 
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Thus, the Taylor polynomial about (0, 0) is 


f(x,y) © Qi(z, y) = xy. 


The Taylor polynomial about (4, 5) is 


fo) Quy) =1- 4 (2-4). 


N| 3 
nnn" 
bo 


;( 
3 


(b) y y 
Q £ 5 £ 
E 
Figure 14.35: f(x, y) + xy: Quadratic Figure 14.36: f(x, y) = 
approximation about (0, 0) 1— 4(a— 4)? — &(y — £)?: Quadratic 


54. (a) The definition of fs is: 


(b) We define fry = (fx)y as follows: 


ee = cpu ta des A ee J(00) 


k—0 k ` 
(c) Substituting the expression for fs into the definition fry: 
wow fe(a,b+k) — f(a, b) 
fey (a, b) lim i 

dm l ( tim fee) = flab+h) uo fa hs) Fla b) 
k>0 k Vn—0 h h—0 h 

— din lim L9) -Slab E) = fa hd) + flab) 
k—0h—0 hk 


(d) Similarly, 


h,b+ k) — h,b) — b+k b 
h—0 k—0 hk 
(e) The numerators in the two expressions in part (c) and (d) are the same (just swap the middle terms), so the only 
difference between them is the order in which the limits are taken. To be sure fy and fy. are equal, we have to 


assume we can swap the order of the limits. Swapping limits can be a tricky business, but it can be done in this case 
if foy and fy; are continuous. 
55. (a) (i) Dollars/Year. Negative. The value of the car decreases with age. 
(ii) Dollars/Dollar. Positive. For two cars of the same age, the one that had the highest value when new costs more 
now. 


(b) The experts say that OP/OC is a decreasing function of age. This means that 0/0 A(OP/0C) = 0? P/(OAOC) < 0. 
(c) The term eC A, because 0? P/(OAOC) = e. 
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56. (a) (ID At first OT /OS > 0, but after increasing S, we have OT'/OS < 0. Hence OT'/OS is a decreasing function of S. 
This means that O?^T'/OS? < 0. 
(b) (D At first OT /OV > 0, but after increasing V, we have OT'/OV < 0. Hence OT'/OV is a decreasing function of V. 
This means that O?T/8V? < 0. 
(c) (III) At first OT'/OS < 0, but after increasing V, we have OT /OS > 0. Hence OT'/OS is an increasing function of 
V. This means that 


2 (27) - oT 
OV NOS;  0VOS 


57. Let us first calculate the values of all the partial derivatives at (0, 0) that we need: 


> 0. 


f(zy)- (w+2y4+1)”?, f(0,0 1, 

fo(a,y)= $(r-2y91)7^, fe(0,0) = 1/2 
foly) = (e@t2y4+I'?, fy(0,0) = 1, 
fon (ey) -—-l(sr2941) 7, fre (0,0) = —1/4, 
fesl, y) = —4 (w+ 2y + 1) ?72, f4,(0,0) = —1/2, 
fy y)- — (@+2y+ pum fyy(0,0) = —1 


(a) The local linearization L(x, y) of f at (0,0) is given by 


1 
f(x,y) ~ L(z,y) = f(0,0) + f2(0,0)z + f,(0,0)y =1+ zz t y. 
(b) The second-order Taylor polynomial, Q(z, y), for f at (0, 0) is given by 
f(x,y) © Q(x,y) 


zz (0,0 0,0 
= (0,0) + f. (0,0) + fy(0,0)y + ED? + f. (0,0) + fe dp 
1 1 2 1 1 2 
= 1 = = ER yet Lm. 
uu d E. 


Notice that the local linearization of f is the same as the linear part of the Taylor polynomial of degree 2 for f. The 
extra terms in the Taylor polynomial of degree 2 can be thought of as "correction terms" to the linear approximation. 

(c) Table 14.8 records the values of f(x, y), L(x, y), and Q(x, y). Observe that the quadratic approximations Q(z, y) 
are closer to the true values f(x, y) than are the linear approximations L(x, y). Of course both approximations are 
exact at (0, 0). 


Table 14.8 Linear and quadratic approximations to 
f near (0, 0) 


58. The contour diagrams in Figures 14.37-14.42 use the fact that 


f(a,y) = fet 2y +1, 
L(a,y) =1 V. 


Q(z, y) =1+ 


NIe we 
RR 
N 
= 
un 
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Figure 14.37: f(x, y) Figure 14.38: L(x, y) Figure 14.39: Q(z, y) 


Hh 
D 


Y, 
lih 
OW, 
Id 


Figure 14.40: f(x, y) Figure 14.41: L(x, y) Figure 14.42: Q(x, y) 


The contours for f(x,y) and L(z, y) are straight lines; those for L(x, y) are equally spaced because L(x, y) is a 
linear function. The contours for f(a, y) are straight lines because if we set 


f(x,y) = y x + 2y + 1 = constant 


x + 2y + 1 = constant. 


then 


However, the contours of f(x, y) are not equally spaced because f(x,y) is not linear. 

In the “close up” diagram [—0.6, 0.6] x [—0.6, 0.6], the contours of Q(x, y) look like lines (though they are not). The 
contour diagram of Q(x, y) is more similar to the contour diagram of f(x, y) than is L(x, y). This is because Q(z, y) is 
a better approximation to f(a, y) than is L(x, y). 

In the [-2, 2] x [—2, 2] diagram, the values on the level curves of L(x, y) and Q(x, y) show that neither of them is 
a good approximation to f(x, y) away from the origin. 


59. Letting G(t) = f(t,0) so that G'(t) = f; (t, 0), the Fundamental Theorem tells us that L^ G'(t)dt = G(a) — G(0). 
Thus 


I f(t, 0)dt = f(a, 0) — f(0,0) 


Letting H(t) = f(a, t) so that H'(t) = fy(a, t), the Fundamental Theorem tells us that Ja H'(t)dt = H (b) — H (0). 
Thus 


] iadd = fat) — reso) 
Thus 7 
0,0 .(t,0)d (a, t)d 
oo + f heod f fuo tat 
= f(O, ) j (f(a, 0) f(O, 0)) F (fla, b) = f(a, 0)) 
= F( 


f(a, t). 


eo oo 
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60. We have 


a b 
fes) = [rom J folt,0)dt + / fyla,t)dt 
t=0 t=0 


a b 
J fa (t, 0)dt i) fy (a, t)dt 
t=0 t=0 
a b 
1 |f. (t,0)| dt J Lfu(a,t)| dt 
1—0 t=0 


a b 
ip Adt | Bdt 
t=0 t=0 


= Aļaļ|+ B |b] 


< |f(0,0)| + + 


<0+ + 


< + 


Strengthen Your Understanding 


61. 


62. 


63. 


64. 


65. 


The function f(x,y) = x? + y^ is not the zero function. Nevertheless, the values of f, fz, fy, fzx, fry, and fyy at (0, 0) 
are all zero. Therefore, the quadratic approximation of f near (0,0) is the zero function. 


If fe = vy and fy = y’, then 


ð 
fue = Gav = 0. 


Since fry and f; are continuous, we expect fry = fy;. Thus there is no function f with the given partial derivatives. 


One example is f(x,y) = x” + y?. More generally, functions of the form f(x,y) = g(x) + h(y) with g” Æ 0 and 
h” + Oallhave fz; #0, fyy £0, and fry = 0. 
Since the quadratic approximation of a function near (0,0) depends only on the values of the function and its first and 
second order partial derivatives at (0,0), changing a function by adding another function for which all these values are 
zero does not change the quadratic approximation. For example, adding x? to a function f (x,y) does not change the 
quadratic approximation near (0, 0). 

For example, f(x,y) = 2x -- y? and g(x,y) = 2x 4- y? + z? both have quadratic approximation Q(x, y) = 2x +y? 
near (0, 0). 
If f and g have exactly the same contour diagrams inside a circle about the origin, then any partial derivative of f of 
any order has the same value at the point (0, 0) as the corresponding partial derivative of g. Since the Taylor polynomials 
of degree 2 for f and g near (0,0) are constructed from the values of the partial derivatives at (0, 0), the two Taylor 
polynomials are identical. It makes no difference what the contour diagrams look like outside the circle. See Figure 14.43 
for one possible solution. 


Y f(z,y) Y g(x,y) 


DN X 


Figure 14.43 
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Solutions for Section 14.8 


Exercises 
1. Not differentiable at (0, 0). 
2. Not differentiable at (—1, 0). 
3. Not differentiable at all points on the x or y axes. 
4. Not differentiable where x = —2 or where y = 3; that is not differentiable at all points on the lines x = —2 and y = 3. 
5. Differentiable at all points. 
6. Not differentiable where x = 0; that is, not differentiable on y-axis. 
7. Differentiable everywhere, since |x — 3|? = (a — 3)?. 
8. Differentiable at all points, since cos |y| = cos y. 
9. Not differentiable at (1, 2). 


= 
- 


Differentiable at all points. 


Problems 


11. (a) The contour diagram for f(x,y) = Ẹ + 4 is shown in Figure 14.44. 


Figure 14.44 


(b) If x zz 0 and y Z 0 then f is differentiable at (x, y). Now we need to look at points of the form (x, 0), where x 4 0 
and (0, y), where y Æ 0. The function f is not differentiable at these points as it is not continuous. 
(c) For x Æ 0 and y Æ 0, 


1 y 
fa(x,y) = J ar 
So fx exists for x Z 0, y Z 0, and it is continuous. 
For all points (£o, 0) on the x-axis we have: 
fe(xo0,0) = lim F(z, 0) — flo, 0) 0. 
æ zro X — Tü 


Thus, f; exists but is not continuous at these points. 
For points (0, yo) on the y-axis we have: 


lim f(x, yo) ni f(0, yo) = ialt + By 


z—0 T z—0 yo r? 


This limit does not exist, so the partial derivative fr (0, yo) does not exist. 
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Similarly, for x A 0 and y Z 0, 
x 1 
fy(z,y) = E Ho 
For points (0, yo) on the y-axis we have fy(0, yo) = 0, while fy (ao, 0) does not exist for xo Æ 0. 
Both fz (x, y) and f(x, y) are continuous at (x, y) only for x zz 0 and y 4 0. 


(d) We claim f is not continuous at (0, 0). Let x = t and y = t, where t — 0, t 4 0. Then 


fea=fGH=2, for £40. 
So, 
lim f(t,t) = 24 f(0,0) =0, 
t—0 
and therefore 


lim f(x,y) # /(0,0). 


(2,y) (0,0) 
Thus, f is not differentiable at (0, 0) since f is not continuous at (0, 0). 
(e) From part (c) we have f; (0,0) = 0 and f, (0,0) = 0. The functions f; and fy are not continuous at (0, 0). 


12. (a) The contour diagram for f(x, y) = 2xy/(x? + y?)? is shown in Figure 14.45. 


Figure 14.45 


(b) The function f is differentiable at all points (x, y) # (0, 0), as it is a rational fraction with denominator (z? +y?)? = 
0 only when (a, y) = (0,0). 
(c) The partial derivatives of f at points (x,y) # (0,0) are given by 


_ 2y(y? — 327) 
felz, y) = (a? + y)3 , 


2x(r? — 3y?) 
fy(x,y) = care 
Both fs and fy are continuous for (x, y) 4 (0,0). 
(d) The function f is not continuous at (0, 0). To see this, let x = y = t for t 4 0. Then, 
2? d 
fv, y) = f(t, t) J At = 912^ 


and so lim;.,o f (t, t) does not exist. Hence, f is not differentiable at (0, 0). 
(e) At (0, 0), the partial derivatives of f are given by 


f. (0,0) = lim f(z0)—f(0,0  ,,0—9 0, 
z—0 T z—0 z 
y0 y y—20 Uy 
We claim that lim. )-+(0,0) f« (x, y) does not exist. To see this, let x = y = t for t # 0. Then, 


2t? - 3)  —45 — 1 
(A23  — 86 #3 


fe(@,y) = fe(t,t) = 
and so the limit i 
lim fe (t,t) = lim —— 

padece 


does not exist. Hence, f; is not continuous at (0, 0). Similarly, fy is not continuous at (0, 0). 
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13. (a) The contour diagram for f(x,y) = «?y/(x* + y?) is shown in Figure 14.46. 


—_ 
2—J] 


—G 
Le 


Figure 14.46 


(b) The function f is differentiable at all (x, y) A (0, 0) as it is a rational fraction with denominator which is zero only 
when (x,y) = (0, 0). 
(c) The partial derivatives of f are given by 


ab ry for (x,y) 4 (0,0). 


Both fs and fy are continuous at (x, y) # (0, 0). 
(d) We use the definition of differentiability. If f were differentiable at (0, 0), then the linear approximation of f at (0, 0) 


would be L(x, y) = mz + ny, where m = f;(0,0) and n = f, (0,0). We have 


r—0 z 
0, y) — f(0,0 
ido) stim £0 50.0). 
yo y 
So, we need to compute the limit: 
u 2 
im EY- Lay) lim x y 


= i —— J. 
(x,y) (0,0) [72 + y? (2,4) (0,0) (24 + y2) 2 + y? 


This limit is not zero since if we choose z = y = t, t > 0, we have 


t 1 


2 

ry CREE ECL 

re Vere VIED VEH 

which converges to 1/\/2 4 0, as t — 0,t > 0. Hence, f is not differentiable at (0, 0). 


(e) The partial derivative f; is not continuous at (0, 0) since if we choose x = y = t Æ 0, we have 


2€ (80 —1*) | 20 —2) 


fm.) = (50 m m = wipe 


and so, 


lim fe(t,t) = 2 # f; (0,0) — 0. 


Similarly fy is not continuous at (0, 0). 
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14. (a) The contour diagram for f(x,y) = zy/4/ x? + y? is shown in Figure 14.47. 


Figure 14.47 


(b) By the chain rule, f is differentiable at all points (x,y) where x? + y? Æ 0, and so at all points (x, y) 4 (0,0). 
(c) The partial derivatives of f are given by 


fx (v,y) = Ea Rm for (x,y) 7 (0,0), 


and 


fuz. V) = car ay for (x,y) # (0,0). 


Both fs and fy are continuous at (x, y) # (0, 0). 
(d) If f were differentiable at (0, 0), the chain rule would imply that the function 


wi = {20% 140 


would be differentiable at t = 0. But 


i 1 Ê 1 
(i) = —— = = ld, 
VE | y2 || v2 
which is not differentiable at t = 0. Hence, f is not differentiable at (0, 0). 
(e) The partial derivatives of f at (0, 0) are given by 
x-0 E 
fc (0,0) = lim P(w,0) — #(0,0) _ lim 2t = lim e 0, 
x—>0 r—0 z r0 T 
O-y E 
fud) 095 ie vetet uu 970. .5 
y0 yoo yO y 


The limit lim  fe(x,y) does not exist since if we choose x = y = t, t Z 0, then 


(z,y)— (0,0) 
p p a; t0, 
«(z,y) = folt,t) = mop = ee = ™ 
Í ( y) f ( ) (2:2)3/2 242. IDE { EE t « 0. 


Thus, f; is not continuous at (0, 0). Similarly, fy is not continuous at (0, 0). 


14.8 SOLUTIONS 
15. (a) y 

2 
Slit 
[^96 9777] 
D———.4 d— | 
m 2 s] 

T 
—2 2 

Se 2 | 
Lr, A~ 
= .6 L| 
Y [= 

—2 

Figure 14.48 


(b) f is differentiable at all (x, y) A (0,0) as it is a rational function with nonvanishing denominator. 
(c) 


fe(0,0) = lim =0 
— tim £04) — FO, 0) 
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(d) Let us use the definition. If f were differentiable, the linear approximation of f would be L(x, y) = mz +ny, where 


m = f,(0,0) = 0 and n = f,(0,0) = 0. Solet's compute 


f(r,y)-L(r,v) _ ay? 


lim. 2.222 a zm. dm 
(2,9) (0,0) \/ x2 + y? (2,9) (0,0) (£2 + y2)3/2 


This limit is not zero as, for x = y = t > 0, t > 0, 


ry? e ise 1 
(x? + y?)3/2 22g 2/2 
Hence f is not differentiable at (0,0). 
e 2,3 2 
abt ab 
t)= t t)) = = 
g( ) fæ ^w )) (a? + b?)¢? a2 + b2 
So " 
" ab 
0) = ———. 
g (0) = op 


(f) f.(0,0) - z'(0) + fy(0,0) - y’(0) = 0, as fe (0,0) = fy (0,0) = 0. Suppose the chain rule holds, then 


g (t) = fs(x(t), y(t) xŒ) + felelt), yEy E). 


But g/(0) = te from part (e) and g'(0) z^ 0 since a zz 0 and b Æ 0. Hence the chain rule does not hold. This 


happens because f was not differentiable at (0, 0). 
(g) If à — ai. + bj , then a? +b? = 1 as dí is a unit vector. Thus, 


fa (0,0) = lim f(at, bt) — lim g(t) = g'(0) = a?b 


—— = a’b. 
t0 t too t a? + b? 
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16. (a) The contour diagram of f (x, y) = 4/ |xy| is shown in Figure 14.49. 


TTI 
=, ee | iS 
Ba ice a 
N, 15 15 P di pe —— 
x Y [6 | 


Figure 14.49 Figure 14.50 


(b) The graph of f(x, y) = 4/|xy| is shown in Figure 14.50. 

(c) f is clearly differentiable at (x, y) where x 4 0 and y 4 0. So we need to look at points (zo, 0), zo 4 0 and (0, yo), 
yo # 0. At (xo, 0): 

f(x, 0) ini f (xo. 0) 


fe(xo,0) = lim =0 
r—rg X — To 
fy(xz0,0) = lim Jo.) — F(wo, 0) — f (20,0) = lim ———— |zoy| 
y0 y yo y 


which does not exist. So f is not differentiable at the points (zo, 0), xo 4 0. Similarly, f is not differentiable at the 
points (0, yo), yo Æ 0. 


° f(x, 0) — f(0, 0) 
E T, ? 
an MN INN 
0, y) — f(0,0 
f,(0,0) = tim 4 LL )_9 
(e) Let à = (i +7 )/ V2: 
ong- LO D loue Tod. 
ck 120 t toot t 2 


We know that Vf(0,0) = 0 because both partial derivatives are 0. But if f were differentiable, fz (0,0) = 
Vf(0,0)- = f2(0,0) - a + fy(0,0) - a = 0. But since, in fact, f; (0,0) = 1/2, we conclude that f 
is not differentiable. 


17. (a) The contour diagram of f(x,y) = xy? /(z? + y^) is shown in Figure 14.51. 


(b) 


(c) 


18. (a) 


(b) 


19. (a) 


(b) 


14.8 SOLUTIONS 
x 
Figure 14.51 
Letü — ai + bj be the unit vector. Then 
. f(at,bt) |. abt? ab b. 
z (0,0) = lim E ig. di 
hubg-am t50t(a28 b) a ic 
and 
fa(0,0 20 if a=0. 
f is not continuous at (0, 0). To see this let x = t?, y = t, t + 0, t £0. Then 
tt liso 1 
fey) = aa = gg TO= 
So f is not differentiable at (0, 0) either. 
If f were differentiable at (0, 0), then 
1 1 
az (0,0) = grad /(0,0) - à = fe(0,0) - — + f,(0,00). — =0 


which contradict the information that fz (0,0) = 3. 


Let 
3 fg 2 
S FOCRESI ioi 
0, z-—O0ory 0. 
Then fe(0,0) = 0, f, (0,0) = 0: 
P) -0 : i 
(10,0). tin A im E us . Ec -3. 
t t0 yY V2. t 2 t 


t—0 


Differentiating gives 


fol, yy = GE. V Yao y) ela y = ey) _ a^ y ras y^ — y" 
m 2 (a? + y?)? (a? +y?) 


similarly, 

a5 — 42y? — ryt 
fy(a,y) = “Gage for (x,y) (0,0). 
We find the partial derivatives at the origin by using the limit definition: 


TD = =0 
f,(0,0) = lim ON- F,9) _ 4 
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(c) Let’s compute: 
4 2,3 25 
4 = 
w MES ma Se cd 
(2,9) (0,0) (my)2(00) — (z?-F y?) 
Let's switch to polar coordinates: x = r cos 0, y = r sin 0. Then (x, y) — (0,0) is equivalent to r — 0. Therefore: 
lin. a= dum r? (cos? 0 sin 0 + 4 a sin? 0 — sin? 0) 
(2,y)> (0,0) r0 T 


= 0 = f.(0,0). 
Similarly, lim(; y).(0,0) fy (x, y) = 0 = fy (0,0). So fx and fy are continuous. 


(d) From part (c) f is differentiable at (0, 0). 


20. The fact that f is differentiable says that its graph is well approximated by a plane near (a, b). Since a plane is a graph of 
continuous function, it is reasonable to expect f to be continuous too. To prove this, we have to show that 


lim f(x,y)= f(a,b) or equivalently lim f(a + h,b+ k) = f(a,b). 
(x,y) (a,b) no 


Suppose / is differentiable at (a, b). Then there is a linear function 

L(z, y) = f(a, b) + m(x — a) + n(y — b) 
such that 
= 0. 
If this limit is 0, then we also have 


lim f(lath,b+k)—-L(a+h,b+k) =0. 


k—0 


Substituting for L(a 4- h, b 4- k), this gives 


lim (f(a 4- h, b 4- k) — f(a, b) — mh — nk) = 0. 


h—0 
k—0 
So, 
lim f(a + h, b-4- k) — f(a,b) — 0. 
k—0 


Therefore f is continuous at (a, b). 


Strengthen Your Understanding 


21. The converse of this statement is true. If a function is differentiable at the origin, then it is continuous at the origin. 


However, a function can be continuous and not differentiable at a point; for example, f(x, y) = \/x? + y? is continuous 
but not differentiable at (0, 0). 


22. A counterexample is provided by 


m i ze Ga (00) 
0, (a, y) = (0,0). 
We have f4(0,0) = f, (0, 0), but f(x, y) is not continuous or differentiable at (0,0). 
23. The function f(x, y) = fa? + y? whose graph is a cone with vertex at the origin is not differentiable at the origin. 
24. Taking f(x,y) = |z — 1| gives a function that is not differentiable on the line x = 1. 


25. (a) Differentiable; point is at top of hemisphere. 
(b) Not differentiable; hemisphere vertical at this point. 
(c) Not differentiable; top point of cone with ellipse-shaped cross-section. 
(d) Differentiable; point on side of cone. 
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Solutions for Chapter 14 Review 


Exercises 


1. Vector. Taking the gradient and substituting x = 1, y = 2 gives 


3 
grad(z?e-"/?) = (stew — Zeeg) = 3e7!i — =e 17 
(1,2) (1,2) 
2. Scalar. The gradient of f(x,y) at x = 1, y = 1 is given by 
grad (a^?) = (2zy?i + 327475 ) = 21 +37. 
(1,1) (1,1) 
Thus the directional derivative is "I 
> 342. tty 248 5 
3. Vector. grad((cos z)e" + z) = —(sinz)e"i + (cosz)e"j +k. 


4. Scalar. Differentiating with respect to x using the chain rule gives 


0 2 
OF es Qxy7e” ¥ 


Ox 


so, differentiating again using the product rule, we have 


2 2 
SI —2yle" V+ Ag? ye env. 


Ox? 


5. Taking the derivative of f with respect to x and treating y as a constant we get f, = 2xy + 3z? — 7y®. To find fy we 
take the derivative of f with respect to y and treat x as a constant. Thus, fy = x? — 42zy?. 
Ow 


_ E 2 
3j, = 12,800gh — 9607gh?. 


6. First we distribute to get w = 6400r gh? —320xgh?. Taking the partial with respect to h we get 
oT 2T 1 [2 "A T 


a VG 2 Vig 


8. To find the derivative of B with respect to t, note that the variable is only in the exponent. Thus, 


ob 
Ot 


To find the derivative of B with respect to r, note that this time the exponent is a constant, so we can use the power rule 


= P(1+r)'In(1 +r). 


to obtain 8B 
L— = tP +r). 
ar (+r) 


9. For both partial derivatives we use the quotient rule. Thus, 


rem 2xy(z? + y?) — z?y2x _ 2g?y+2ry? —2r°y 2ry? 
an (x2 + y?)2 m (x? + g2)? m (x? Ly 
and 
E za? + y?)—a?yQy t+ a2y?—Qe2y? rt ry? 
(= Se ee MES 


(x? + y?)? (2? + y?)? (a? Ey?) 
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10. To find the derivative of F with respect to r we first rewrite F = Gumy(r? + y?) ~3/2 and then use the chain rule. Thus, 
u- = Gumy (-3) (r? y?) 9? 2r. 
ð 2 
To find the derivative of F with respect to y we use the quotient rule to obtain 


Oy (r? y?)? 
Of ð 1 
11. = p/a] — —gp/a 
a - . | i, 
_ p/a] — RI _ -2y,pq | _ _ D p/a 
ôq ôq Es q |e (pa )e qVéC 


12. zz = —sinz, Zz(2,3) = —sin2 z —0.9 
13. Since we take the derivative with respect to N, we use the power rule to obtain fy = caN?^-! V^. 


14. This function is symmetric with respect to x and y. Therefore the answers look very similar. Using the chain rule we have 


ps 2(x — a) = (a — a) 
2y (x — a)? + (y — b)? (x — a)? + (y — b)? 
and 
i= 2(y — b) _ (y=) l 
2y (zx — a)? + (y — b)? (x — a)? + (y — b)? 
15. Using the chain rule 
a an T a i er 
Ow (t ven) cos? (vor) zl ) 2,/wz cos? (voz) 


16. 2u = cos(ct — 5a)c = ccos(ct — 5x) 
17. Using the quotient rule 


(15ay — 8)(21x?y° — 2y) — 15a(3a2y" — y?) 


M (15zy — 8)? 
u 315z?y* — 16827y° — 30xy? + 16y — 45x? y* + 1523? 
B (15ay — 8)? 
B 270x?y* — 168z?y — 15xy? + 16y 
(15ay — 8)? 


18. Using the quotient rule, 


ða  (2yB-5)e"^?z — 2ye”  [(QyB-5)r—2y]&^?? _ (5x — 2y -2zyB)e^^ ^ 


9B (2y8 + 5)? i (2yB + 5)? i (2y8 + 5)? 


19. Using the chain rule, 


Z 2rryw — 13z7y?v) = 


(Qrayw — 13a" yv)" (2rxy — 0) 
TTY 


V 21zyw — 1327y3v 


NIA 


SOLUTIONS to Review Problems for Chapter Fourteen 1361 


20. Using the product and chain rules, 


Ó z?yÀ — 3)? 
2 5 

- rz = 165A 4A = 3A +5 = ++ E A = BA 45 = T5 

(z?y — 15A*) -2(4? — 3A 4- 5) — (2A — 3)(a?yr — 3A?) 
UU AAA E5) 3A 45 oo 
z?^y[2(A? — 3A 4- 5) — (2A — 3)A] — 15A* - 2(A? — 8A +5) + (2A — 3) - 3° 
NF BAFE)VI- BAER 
_ z^y(—3A + 10) — 3A* (BÀ? — 27A + 50) 
i 2(A2 — 3A + 5)/X2 — 3A +5 


21. Using the chain rule and the quotient rule, 


22. 


23. 
24. 


25. 


26. 


Ow w-1 
EN z^yw — ay? w^ ie (w — 1)(z?y — Tay? w®) — (a? yw — zy^w")(1) 
2 w-—1 (w — 1)? 


_ 7 ( w—1 ) Eas (& — 1) (z?y — Try?w®) — (a? yw — xi 


22 Va?2yw — zy?w? (w — 1)? 


2 


m w-—l1 UM xy + 62^ w^ — Tay? w 
— 2 a2yw — zy?w? l (w — 1)? 
To find the partial derivative with respect to x we treat y and a as constants: — (e” cos(ay) + ay?) = e” cos(zy) + e” - 
(— sin(zy)) - y. 

To find the partial derivative with respect to y we treat x and a as constants: á (e” cos(zy)--ay?) = e”-(— sin(ay))- 
x + 2ay. 

To find the partial derivative with respect to a we treat x and y as constants: — (e” cos(xy) + ay?) = y?. 
afo = 4) 10)? = WO ee = t 
OL 2m 4r LCVLC —— AnLv LC 
The first order partial derivative f. is 

fe = ale ty) 


Thus the second order partials are 
fra = —(a? 495) 99 + 32? (a? aut 9 = (22? _ y’)? +y?) 


and 
foy = 3ay (a? ps y) 


The first order partial derivatives are 
Ur = e” siny, Uy = e” cosy. 


Thus the second order partials are 
Uss =E siny, Uyy =—e siny. 


The first order partial derivative V, is 
V. = 2rrh. 


Thus the second order partials are 
Vrr = 2th, Ven = 2rr. 
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27. The first order partials are 
2 = cos(x — 2y), fy = —2cos(x — 2y). 
The second order partials fzx and fys are 
fox = — sin(x — 2y), fys = 2sin(a — 2y). 
The third order partials are then 
foxy = 2cos(x — 2y), fyse = 2cos(x — 2y). 


Note that these are equal as we would expect, since the order does not matter for higher order partial derivatives of smooth 
functions. 

28. We have 

à 9? bt 2 132 bt 

na as sae ) = (a +b | . 


29. Since f, = 2a, fy = 2y + 3y? and f. = 0, we have 


grad f = 2ri + (2y + 3?) . 


30. Since the partial derivatives are 


fe =3x? —yz, f,--zz f.-32 -acmy 


we have 4 
Vf = (8a? — yz)i — zzj + (32? — zy)k. 


31. Since f(x,y,z) = —, we have 
yz 


1 il 1 
fe "T rlyz fy LY2z f: ini ryz? 7 
we have 
1 l+ 1 1 
= —— | —i +- =k 
grad f T (5 +-7 + ) 


32. Since the partial derivatives are 


fe =—ycos(y”—ay) and fy = (2y — x) cos(y” — ay), 


we have 
Vf = cos(? — zy)(-yi + (2y — 2) ). 


33. Since the partial derivatives are 


Zp = (2x) cos (x° +y°), and zy = (2y)cos (z? + y”), 


Vz = 2x cos (z? + y?)i + 2y cos (x? + y?)j. 
34. Since f(x, y, z) = xe" + Ina + Inz, we have fs = e" + 1/z, fy = xe", f; = 1/z, so 


> 


1 > 1> 
df= ESL Fre") 4 —k. 
grad f (e 2] TEE. 


35. Since fe = 2x cos(a? + y? + 2°), fy = 2y cos(x? + y? + 2°) and f. = 2z cos(x? + y? + 2°), we have 


grad f = 2x cos(x? + y? + z2)i + 2y cos(a? + y? +. 22)j 4 2zcos(z? + y? + 27)k. 


36. 


37. 


38. 


39. 


40. 
41. 
42. 


43. 


44. 
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Since the partial derivatives are 
fo-— sin$cos0, fẹ = pcosQcos0, fe = -—psin ġsin 9, 


we have 
Vf — sin$cos0i + pcosocos0j — psin ġ sin 6k . 


Since the partial derivatives are 

of 2 1, 3/2 (t? — 2t + 4) 

= = (t — 2t + 4)(-= =— 

nc *9C3)5 2s /s 

Of 1 

= = — (2t -2 

ot vs ) 
we have " 

Of> əf- (t^ — 2t-- 4) \ 2 1 E 

df= => =j = | -——— — (2t — 2 : 
EU ds’ * ar] ( 2s. /s = vs DE 
Since the partial derivatives are 
fe = = and fy = Z 


we have 


Since the partial derivatives are 
33 = cos(zy) - (y) — sin(xy) - (y) = y[cos(xy) — sin(zy)] 
a = cos(zy) - (x) — sin(xy) - (x) = z[cos(zy) — sin(zy)] 
we have 
grad f — of; + aj 


> 


= y[cos(zy) — sin(xy)| + z[cos(zy) — sin(zy)]j . 


We have fe = 2x, fy = 0 and f+ = 0. Thus grad f = 2x7 and grad f(0,0,0) =0. 
We have f, = 2xz, fy = 0 and f. = x°. Thus grad f = Qazi +27k and grad f(1,1,1) = 2i +k. 


We have grad f = 3277 — 3y^j, so grad f(2, —1) = 12i — 3j. A unit vector in the direction we want is Ù = 
(1//2)(¢ — j ). Therefore, the directional derivative is 


| .12:1-3(-1) 15 


rad f(-2,1)- 4 = —. 
grad f(—2, 1) J Fi 
We have grad f = e" +xe¥j , so grad f (3,0) = i +37 . A unit vector in the direction we want is ŭ = (1/5)(47 —3 ). 
Therefore, the directional derivative is 


_ 1:44 3(-3) 


grad f (3,0) - à 5 


e]. 


We have grad f — 2ri + 2yj — 2zk , so grad f(2,3,4) — 4i + 6j — BK . A unit vector in the direction we want is 
d = (1/3)(2i — 27 +k). Therefore, the directional derivative is 
|.4:24-6(-2)-8.1 — 


grad f(2,3,4) i = — —d—— — —-4. 
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45. The unit vector i in the direction of 6 =i —k ist = di +k. We have 


V2 
fs(z, d 2) = Gay”, and fx(—1,0,4) 20 
fu(z; y, 2) = 62? y 1 2z, and fy(—1,0,4) =8 
f-(£,9,2) = 2y, and f-(—1,0,4) = 0. 
So, 
1 
5 Và 
1 
= (0-2 
(4) " 3 
=0. 
46. The unit vector ù = Fst Fai H ek is in the direction of ¢ = —7 + 37 + 3k. We have 
fe(£,y, z) = Gay”, and fx(—1,0,4) = 0 
fu (2, y, 2) zm 62? y T 2z, and fy(-1, 90, 4) =8 
fm, y, 2) = 2y, and fz(—1,0,4) =0. 
So, 


1 3 3 24 

(+1040) —-— |) 46] EL) ug [m SS 

fal ) ( 5) (5) (5) V19 
47. We have grad f = (e*+* cosy)i — (e*+* siny)j + (e**? cosy)k, so grad f(1,0, —1) =i + k . A unit vector in the 

direction we want is ŭ = (1//3)(¢ + j + k ). Therefore, the directional derivative is 
Qi 1-r1.1 2 

rad f (1,0, —1 ————— —. 
pedes MX - NB 


48. The given curve is the contour for f (x, y) = x? —? passing through the point (2, 1). Thus a normal vector is grad f (2, 1). 
We have grad f = 2a7 — 2yj , so a normal vector is grad f(2,1) = 4i — 27. 

49. The given surface is the level surface for f(x,y,z) = xy + zz + yz passing through the point (1, 2, 3). Thus a normal 
vector is grad f(1, 2, 3). We have grad f = (y+ z)í + (x + z)j. + (x + y)k , so a normal vector is grad f(1,2,3) = 
5i +47 3k. 

50. The given surface is the level surface for f(x, y, z) = z? — 2xyz — x? — y? passing through the point (1, 2, — 1). Thus a 
normal vector is grad f (1, 2, — 1). We have 


grad f = (—2a — 2yz)i + (—2y — 2z)j + (2z — 2zy)k , 
so a normal vector is grad f (1,2, —1) = Bes 2j — 6k. 
51. Let f(x,y, z) = z? — Az? — 3y? so that the surface (a hyperboloid) is the level surface f (x, y, x) = 9. Since 
grad f — —8ai — 6yj + 2zk 
we have 
grad f(1,1,4) = —8i — 6j + 8k. 
Thus an equation of the tangent plane at (1, 1, 4) is 
—8(a — 1) — 6(y + 6) -8(2—4) 20 


so 
—4xz — 3y + 4z = 9. 
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52. Let f(x,y, z) = £? — 2? + z so that the given surface is the level surface f(x, y, z) = 0. Since 
grad f = ag*j = 4Ayj +k 


we have 
grad f(1,0, 1) = 3i +k. 
Thus an equation of the tangent plane at (1, 0, — 1) is 


3(r — 1) + O(y —0) + 1(z— (7-1) 20 


or 
3z 4 z -—2. 
53. Let f(x,y,z) = z — l/(xy). We have 
joe Wm. 
= — i +a +k. 
grad f Py e 


Thus 4 
grad f(1,1,1) 24 +7 +k. 


The tangent plane to the level surface at (1, 1, 1) is 


or 


54. The first and second derivatives are 


fe = 22y? — By? 
Ju 27?y — 15xy? 
foo = 2 
fey = Azy — 15y? 
fyz = 4ry — 15y? 
Jiu = 21? — 30ry. 
55. Using the chain rule we see: 
dz _ Dsdr | dz dy 
dt rdt  Oydt 
= sin y (cost) + x(cos y) (— sin t) 
= sin(cos t) cost — sin t cos(cos t) sint 


= sin(cos t) cos t — sin? t cos(cos t). 
We can also solve the problem using one variable methods: 


z — sint sin(cos t) 


Z = Lisine sin(cos t)) 
_ dsint . . ,d(sin(cos t)) 
=- sin(cost) + sin pA 


= cos t sin(cos t) + sin t cos(cos t) (— sin t) 


— cost sin(cos t) — sin? t cos(cos t). 


1365 


1366 Chapter Fourteen /SOLUTIONS 


56. This is a case where substituting is easier: 
ZS sin((2t)? + (fy) 

= sin(4t? + t*) 
dz 


a = GG 4t?) cos(4t” + t*). 


If you use the chain rule the solution is: 
dz _ ðzde , əz dy 
dt | Ordt  Oydt 
= 2x cos(z? + y?)(2) + 2y cos(x? + y?)(2t) 
= 2(2t) cos(4t? + t*)(2) + 2(t?) cos(4t? + t^)(2t) 
= (2-2t-242- t? - 2t) cos(4t? + t*) 
= (8t + 4t?) cos(4t? + t^). 


57. Substituting into the chain rule gives 

dz Deds | ðz dy 

dt Oxdt Oydt 
= 2(z? + y)- 2x -2 + 2(z? + y) - 2t 
= (z? + y)(8a + At) 
= ((2t)? + t7)(8- 2t + 4t) 
= (at? + t°) (20t) 
= 5t? (20t) 
= 1008. 


58. Substituting into the chain rule gives 
dz _ Oe de , dz dy 
dt Oxdt Oydt 
= ((x + y)e* +e") - (2t) +e” - (—2t) 
= (& + (1-#?))e” - (20) +e - (2t) c e - (-21) 
= 2te" (P 41-2? + 2t — 2t) 
z= 2te*. 


This is a case where substituting is much easier: 


z= (Ê+ -Pe 


t2 


=e 
dz t2 
— = 2te . 
de 


59. Using the chain rule we see: 


dz  Ozdx | Oz dy 
dt  Ordt  Oydt 
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This problem can also be solved using one variable methods. 


z = In(t? 4-1) - In? 
= In(£? +1) - 3Int 


60. Substituting into the chain rule gives 


dz Ozdp , Oz dq 


dt pdt ` ðq dt 
= qcos(pq) - cost + p cos(pq) - (— sin(£?) - 2t) 
= cos(pq) (cos t? cost — 2tsint sin(t”)) 


= cos(sin t cos t?) (cos t? cost — 2tsint sin(t^)) ; 


61. The quadratic Taylor expansion about (0, 0) is given by 


(ey) = Qs) = F(0,0) + f: (0,0): + fy (0, 0)y + Z fra (0,0)2? + fey(0, 0)zy + 7 fuy (0,0)y. 


First we find all the relevant derivatives 


f(x,y) = (x - D? (y +2) 
fs(v, y) = 3(x + 1) (y + 2) 
fy(a,y) = (x - 1) 

fzz(£, y) = 6(x + 1)(y + 2) 
fy (2, y) = 0 
foy(a, y) = 3(x + 1)? 


Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 


Q(x,y) — 2-- 6x 4 yd 62? 4 3xy 


Notice this is the same as what you get if you expand (x + 1)? (y + 2) and keep only the terms of degree 2 or less. 


62. The quadratic Taylor expansion about (0, 0) is given by 


(ey) = Qs) = F(0,0) + fa (0,0): + fy (0, 0)y + Z fza(0,0)2? + fey(0, 0)zy + 7 fus (0,0)y. 


First we find all the relevant derivatives 


f(x,y) = cos z cos 3y 
falz, y) = — sin z cos 3y 
fy(x,y) = —3 cos x sin 3y 

fzs(t,y) = — cos z cos 3y 
fuy(z, y) = —9 cos x cos 3y 
fey(x,y) = 3sin z sin 3y 


Now we evaluate each of these derivatives at (0, 0) and substitute into the formula to get as our final answer: 


Q(z,y) =1- je - sy? 
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Notice this is the same as what you get if you multiply together the quadratic approximations for cos x and cos 3y and 


then keep only the terms of degree 2 or less. 
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63. The quadratic Taylor expansion about (3, 5) is given by 
1 


foy(3,5)( — 3)(y — 5) + 5 fuu (3,5) — 5). 


First we find all the relevant derivatives 


f(z,y) = Qz - y) 
f«(2,9) = (20 - y) ^ 
fale, y) = 5s - y) "^ 
feal, y) = —Qz — y) ?^ 
fur, 9) = - 5 - y)? 
fever, 9) = 522 - y) 9? 


(u- 5) - $( - 3 56 - 3) — 5) - zy 


Nle 


Q(z, y) = 1-4 (x 3) 


Problems 


64. The gradient of (a) is 2ri + 2yj + 2zk , which points radially outward from the origin and increases in magnitude, so 
(a) goes with (IV). 
The gradient of (b) is 
En + yj + zk 


/3? 4 y? + z2 : 
which points radially outward and has magnitude 1. Thus (b) goes with (V). 


The gradient of (c) is 3i + 4j, which is constant and parallel to the zy-plane, so (c) goes with (I). 
The gradient of (d) is 3i + 4k , which is constant and parallel to zz-plane, so (d) goes with (II). 


65. (a) Let f(x,y,z) = 2x” — 2xy? + az so that the given surface is the level surface f(x, y, z) = a. Since 


grad f = (4x — 2y?)i — Axyj 4 ak 


we have 
grad f(1,1,1) = 2i — 4j +ak. 


Thus an equation of the tangent plane at (1, 1, 1) is 
2(x — 1) — 4(y — 1) + a(z- 1)= 0 
or 
2z — 4y + az =a — 2. 
(b) 


Substituting x = 0, y = 0, z = 0 into the equation for the tangent plane in part (a) we have 0 = a — 2. The tangent 
plane passes through the origin if a = 2. 


66. (a) This means you must pay a mortgage payment of $1090.08/month if you have borrowed a total of $92,000 at an 
interest rate of 14%, on a 30-year mortgage. 

(b) This means that the rate of change of the monthly payment with respect to the interest rate is $72.82; i.e., your 
monthly payment will go up by approximately $72.82 for one percentage point increase in the interest rate for the 
$92,000 borrowed under a 30-year mortgage. 

(c) It should be positive, because the monthly payments will increase if the total amount borrowed is increased. 

(d) It should be negative, because as you increase the number of years in which to pay the mortgage, you should have to 


pay less each month. 


67. 


68. 


69. 


70. 
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(a) At Q, R, we have fs < 0 because f decreases as we move in the x-direction. 

(b) At Q, P, we have fy > 0 because f increases as we move in the y-direction. 

(c) At all four points, P, Q, R, S, we have fes > 0, because f; is increasing as we move in the x-direction. (At P, S, 
we see that f; is positive and getting larger; at Q, R, we see that f+ is negative and getting less negative.) 

(d) At all four points, P, Q, R, S, we have fy, > 0, so there are none with fyy < 0. The reasoning is similar to part (c). 


Estimating from the contour diagram, using positive increments for Ax and Ay, we have, for point A, 


ðn) 45-1. M2 Ll ong foxes/km? 

ðr | a  67—59 8 16 km 

on ,,95-1 | 1/2 mmm 0.06 foxes/km? 
Oy "ELI 9 18^ ^ km `’ 


So, from point A the fox population density increases as we move eastward. The population density decreases as we move 
north from A. 


At point B, 
an| . 075—1 | 1/4 1 og foxes/km? 
Ox 135 — 115 20 80 : km 
(B) 
on " 0.5-1 1/2 1 ~ —0.05 foxes/km? 
Oy (B) 120 — 110 10 20 f km ` 


So, fox population density decreases as we move both east and north of B. However, notice that the partial derivative 
On/Ox at B is smaller in magnitude than the others. Indeed if we had taken a negative Ax we would have obtained an 
estimate of the opposite sign. This suggests that better estimates forB are 


On foxes/km? 

Ox (B) km 

ĉn x~ —0.05 n 

Y as) 

At point C, 
ôn 2-15 _1/⁄2_1 002 foxes/km? 
Ox ^ 135—115 20 40 " km 
(C) 

On Q2-15 1/2) 1 4002 foxes/km? 
Oy|, 80-55 35 50 ` km 


So, the fox population density increases as we move east and north of C. Again, if these estimates were made using 
negative values for Az and Ay we would have had estimates of the opposite sign. Thus, better estimates are 


on "T foxes/km? 
Ox (C) km 
Ón foxes/km? 
Oy (€) km 


The derivative Oc/Ox = bis the rate of change of the cost of producing one unit of the product with respect to the amount 
of labor used (in man hours) when the amount of raw material used stays the same. Thus 0c/Ox = b represents the hourly 
wage. 

(a) The difference quotient for approximating fu (u,v) is given by 


fulu, v) ~ Serhan, 


1370 Chapter Fourteen /SOLUTIONS 


Putting (u, v) = (1,3) and h = 0.001, the difference quotient is 


LOOK L001? 4495) = 10194 37) 97? 


f3) ~ 0.001 
,, 31.6639 — 31.6228 0.0411 4 
0.001 ^ 0.001 ^ ^ 


(b) Using the derivative formulas 
ð P 
fa= a E (u? + y?)3/2 + 3u2 (wu? 4 y2)/? = (u? +v?) (du? 4v?) 
so 
fu(1,3) 2 (1? +37)'/?. (4.1? 4.3?) s 41.11 
We see that the approximation in part (a) was reasonable. 


71. Substituting for G, M, m, and r, we have 


|. GMm  (6.67.10-?)(6-107*)(70) — E 


dixe (6.4 - 108)? 


The gravitational force on this person is about 684 newtons. 
Differentiating gives 


OF = GM = 9.77 newtons/kg 
om r2 
ang OF  —2GM 
mes CES = —0.000214 newtons/meter. 
Or r3 


These partial derivatives tell us that the gravitational force increases by about 9.77 newtons for an increase of 1 kg in 
the mass, and the gravitational force decreases by about 0.000214 newtons if the distance from the center of the earth 
increases by | meter. 


72. (a) The area of a circle of radius r is given by 


A-—mr 
and the perimeter is 
L-2mr. 
Thus we get 
L 
r= — 
27 
and 5 : ; 
L Lír L 
"mom (zz) ^ An? 4r 
Thus we get 
L? 
are 
(b) We will treat 7 as a function of L and A. 
On On 2L I 
dr = —dL + —dA = —dL — — dA. 
TBLU ga ATE 


If L is in error by a factor A, then AL = AL, and if A is in error by a factor p, then AA = pA. Therefore, 


2L p 
Ara AL "ED AA 
2L T 
DEA i? 2 
=- gA- A-r, 


so 7 is in error by a factor of 2 — p. 


73. 


74. 


7S. 


76. 


TT. 


78. 


79. 


80. 
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(a) The linear approximation 
AF x FAx + FyAy 


gives, for x = 400 and y = 50, 
AF x 40x y Ag + 2072/35y7?/5 Ay = 20Axr + 80Ay. 


The company increases its skilled labor by 5 hours, so Ay = 5. Since output is to remain constant, we have AF = 0. 
Making these substitutions in the linear approximation we get 


20Az--80.5—0, so Az = —20. 


With 5 additional hours per day of skilled labor and 20 fewer hours per day of unskilled labor, the company can 
keep its output at the current level. 
(b) When x = 400 and y = 50, output is given by 


F(400, 50) = 60 - 4007/3 . 50!/? = 12,000 
When y is increased to 55, if output remains constant, we have 
12,000 = 60- z?/3 . 55". 


Solving for x gives 
= ( 12000 
~ \60- 551/3 
Thus, the number of hours of unskilled labor is reduced by 400 — 381.385 = 18.615 hours per day. 
(a) If the volume is held constant, AV = 0, so AU ~ 27.32AT. Thus the energy increases if the temperature increases. 
(b) If the temperature is held constant, then AT = 0, so AU œ~ 840AV. Thus the energy increases if the volume 
increases (yes, it sounds bizarre, but remember the temperature is being held constant). 
(c) First, we convert 100 cm? to 0.0001 m?. Now, using the differential approximation, 


3/2 
) = 381.385 hours per day. 


AU x 840 AV + 27.32 AT 
= (840)(—0.0001) + (27.32) (2) 
= —0.084 + 54.64 zz 55 joules. 


Since grad f = foi + f. we see that f; is given by the ï -component of grad f and fy is given by the j -component 

of grad f. Also, fra is the rate of change of f; in the x-direction and f, is the rate of change of fy in the y-direction. 

(a) At P, S, we have f; > 0. 

(b) At R, S, we have f, « 0. 

(c) At all four points, P,Q, R, S, we have fes > 0 because f; increases as we move in the x-direction. (At P, S, we 
see f; is positive and gets larger; at Q, R, we see f; is negative and getting less negative.) 

(d) No points. At P, Q, the value of fy is positive and increasing as y increases. At R, S, the value of fy is negative and 
increasing (getting less negative) as y increases. 


The directional derivative is approximately the change in z (as we move in direction 9 ) divided by the horizontal change 


zx 0.3. 


1 
in position. The directional derivative is fz ~ iis 
The directional derivative is approximately the change in z (as we move in direction @ ) divided by the horizontal change 
x 0.3. 


; sis -— —É' = 1 
in position. The directional derivative is f; ~ IIi 3 
The directional derivative is approximately the change in z (as we move in direction @ ) divided by the horizontal change 


: T -— 5 "URP suse 2-1 1 
in position. In the direction of ? , the directional derivative zz — x 0.7. 


le +5] v2 
The directional derivative is approximately the change in z (as we move in direction @ ) divided by the horizontal change 
3.2 — 2 1.2 


= = S =n 0.8. 

IE +I v2 

The directional derivative is approximately the change in z (as we move in direction @) divided by the horizontal 

change in position. In the direction of y we go from point (3,3) to point (1,4). We have the directional derivative 
2— —1 

B = — 7 —0.4. 

l-2 +7] v5 


in position. In the direction of 7? , the directional derivative ~ 


a 
c 
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81. The directional derivative is approximately the change in z (as we move in direction v ) divided by the horizontal change 
in position. In the direction of we go from point (4, 1) to point (2, 2), and the value of z remains unchanged. We have 
the directional derivative z 0. 


82. The gradient vectors are perpendicular to the level curves. To determine the length of the gradient vector, we estimate the 
rate of change of the function from the contour diagram. At (1, 1), the value of f changes from 1 to 2 in a distance of /2 
(as it moves from (1, 1) to (2, 2)), so the length of grad f is a & 0.7. At (1,4), the value of f changes slightly faster 
(the lines are closer together), so grad f is slightly longer here. In fact, the value of f changes from 2 to 3 as we move 
from (1, 4) to (2.2, 4.2) a distance of about 1.2. So the new length is 1/1.2 — 0.8. 


V 
5 


Figure 14.52: Gradient Vectors 


83. (a) The gradient vector at the point x = 1, y = 2 is 
Vz = V(z^y) = 2zyi +277 = 4i 4j. 


The unit vector making an angle of 57/4 with the x-axis is 


> om > s 
Ld e + sin ————14 ———J. 


TÍ 2 2 


The directional derivative in this direction is 


fa (1,2) = Ve — (4 +7) S(t -F) = 


(b) The directional derivative is a maximum in the direction of the gradient vector Vz = 4i + j. 

84. (a) Incorrect. || grad H || is not the rate of change of H. In fact, there's no such thing as the rate of change of H, although 
directional derivatives can give its rate of change in a particular direction. For example, this expression would give 
the wrong answer if the ant was crawling along a contour of H, since then the rate of change of the temperature it 
experiences is zero even though || grad H || and Y might not be zero. 

(b) Correct. If à. = v /||d ||, then 


grad H - v = grad H - Ë jz] = (grad H - ü )||v || = Ha || || 


TT 


= (Rate of change of H in direction i in deg/cm)(Speed of ant in cm/sec) 
= Rate of change of H in deg/sec. 


(c) Incorrect, this is the directional derivative, which gives the rate of change with respect to distance, not time. 


85. (a) We choose a coordinate system with the origin at the buoy, the x-axis pointing east and the y-axis pointing north. 
Then the boat is at the point with position vector (=o) j . So a vector pointing in the direction of the buoy from the 
boat’s position is 0 — (7 — 27 ) = —i + 2J , and a unit vector in this direction is à = (1/ /5)(—i + 27 ). We have 


grad h = —30- 2x7 — 20-2y7 = —60xi — 40yj , 


(b) 


86. (a) 


(b) 


87. (a) 


(b) 


(c) 
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so at the boat's position, x = 1 and y = —2, we have 


gradh = —60-1i — 40(—2)7 = —60£ + 807. 


So the directional derivative of the depth in the direction of the buoy is 


3 > 1 > E 60 + 160 
rad h: 4 = (—602 + 807 ): —(—i + 27 ) = ——2— 
g ( j) si j) VE 
So the depth is increasing at a rate of 98.387 ft/mile. 
The boat is moving at 3 mph and from part (a) we know that the depth is changing at 98.387 ft/mi. So 


— 98.387 ft/mile. 


Rate of change of depth with respect to time — (Speed)(Rate of change of depth with respect to distance) 


miles 


—3 98.387 — 295.161 ft/hour. 
mile 


hour 
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The vector grad f — 2i — 5j is perpendicular to the level curve at the point (1, 3). Now the vector 5i + 2j is 
perpendicular to the vector 2i — 57 . Thus, the vector 5i +27 is tangent to curve. (There are many other vectors with 
this property, such as —5i — 27 , 10i + 4j , etc.) The slope of the tangent line is therefore 2/5. Since the tangent 


line goes through the point (1, 3), its equation is 


or 
2 4 13 
= sr+ =. 
SUB UE 
The surface z = f(x, y) can be written in the form 
F(z,y, z) = f(z, y)- z= 0. 


The normal the this surface is 
grad F = fri + fyj —k. 
Thus, at the point (1, 3, 7), the normal is 


grad F(1,3,7) 2 2 —5j — K. 
Thus, the equation of the tangent plane is 


2x — 5y — z = 2(1) — 5(3) — 7 = —20 


2r — dy—z+20=0. 


We want the partial derivative with respect to x at the point (2, 1, 5), so 


= sige P Re) = —4e 9?! *C/meter. 
T (21,5) (2,1,5) 
By the chain rule, 
H H E —810 
a = a . a = —4e7®! . 10 = odo °C /sec. 
B 


The magnitude of the gradient gives the maximum rate of change, so 


= —e 8! (4i +47 +30k). 


(2,1,5) 


2 2 2 > E E 
= —e tv +37) (207 + 4yj + 62k ) 
(2,1,5) 


grad H 


Thus 
|| grad H|| = e 9  /42 + 42 + 30? = V932e *! °C/meter. 
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88. The point (4, 1,3) lies on the surface. The surface is the level surface of the function 
F(z,y,z) = f(z,y) - z 2 0. 
The normal to the surface at the point (4, 1, 3) is 


grad F(4,1,3) = f,(4,1)? + fy(4,1)7 —k 221 — j — k. 


Thus the equation of the tangent plane is 


89. The temperature increases fastest in the direction of the gradient vector, namely grad T' — —2zi — 2yj . Figure 14.53 
shows that the gradient vector points radially inward. 


grad T' = —2xi — 2yj 


Level curves of T 
are circles 


Figure 14.53 


90. (a) If j points north and i points east, then the direction the car is driving is j —7. A unit vector in this direction is 


E 1 G i) 
ü = —(j — i). 
v2" 
The gradient of the height function is 
Oh > Oh T rj Es 
grad h — 8E! + an! = 502 + 1007 . 
So the directional derivative is 
> > E l, > 100 — 50 
hag = gradg- h = (50i + 1007 )- — (j — i) = ———— = 35.355 ft/mi. 
grad g ( i) -50 e T 


(b) The car is traveling at v mi/hr, so 


a : miles 
Rate of change of with respect to time = v h 


35.355 = 35.355v ft/hour. 
our mile 


91. At points (x,y) where the gradients are defined and are not the zero vector, the level curves of f and g intersect at right 
angles if and only grad f - grad g = 0. 
We have 


T 7 y c x >? y > 
grad f - grad g = —— +1 |i + ———7 J] | | — -1 | i + SF 
2 2 2 a 
a) ee 0. 0X e. 
xr? +y? r? +y? r? +y? 


The level curves of f and g are parabolas that cross at right angles except at the point (0, 0). See Figure 14.54. 
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y 
f-a 
x 
g=c2 
Figure 14.54 
92. Since V = m/r, where r is the distance from (x, y, z) to (xo, yo, zo), we have r = 4/(r — zo)? + (y — yo)? + (z — 20)?, 
so 
= 2 = 2 2" 
(x — zo)" + (y — yo) + (z — 20) 

oV — —m (x — xo) 

9» ((w= zo)? + (y= yo)” + (2 — zy) 

ƏV 3m (a — zo)? 7 m 

Oa? ((e= 0)? + ly- o) + (@— 2Y) .— ((— zo)? + (y— Yo)? + (z - 20)?) 
Similarly, 

ov _ 3m (y — yo)? E m 

OV — ((— zo)? + (y= yo)? + (z — z0)?)”™” (æ = zo)? + (w — vo) + (2 — 20)?) 
and, 

VvV 3m (z — zo)? B m 

O7 ((@ — 20)? + (y— yo)? --(z— 29) .— (sao! + (y yo)? +(e- 20)?) ^. 
So 

2 2 2 2 2 2 
8v 8v 8v _ 3m((x— zo)? + (y — yo) + (z — 20)”) 3 m 
Qu a a 2 2 25/2 — 2 2 2) 3/2 
y ((a — zo)? + (y — yo)” + (z — 20)*) ((z — zo)? + (y — yo)” + (z — 20)*) 
=0 
93. Write V = f(u) where u = x + ct, then using the chain rule 
OV df Ou y 
Os de pf 0h 
Similarly, 
OV df Ou y EM 
"rug m 4 wie ef Du. 
Thus av av 
a 4 ce 


94. (a) The chain rule gives 
Bz _ ðzðu | Əz ðv 
Ox Oudx Ov Ox 
At (a, y) = (1,2), we have u = 14+2-2=5andv=2-1—2=0,s0 


= (2u — e”)1 + (—ue”)2. 


Oz 
OY | 2,4) =(1,2) 


= (2-5—e°)1—5e°-2=-1. 
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(b) The chain rule gives 
Oz  OzOu | OzOv d v 


At (x,y) = (1,2), we have (u, v) = (5,0), so 
2z = (2 - 5 — e°)2 + 5e? = 23. 
Y sy) 0,2) 
95. Allare done using the chain rule. 
(a) We have u = x, v = y, w = 3. Thus Qu/Ox = 1, 0v/Ox = 0, Ow/Ox = 0, so 
Gs (2, y) = Fy(2,y,3)(1) T F. (v, y, 3)(0) RE Fw (x,y, 3)(0) = Fu(x,y,3) 
0, 0v/Ox = 0, Ow/Ox = 1, so 
F Fw(3,y, )(1) = Fw(3, y, x). 


(b) We have u = 3, v = y, w = x. Thus Qu/Ox = 
Ga (x, y) = Fa(3, y, 2) (0) d 
(c) We have u = x, v = y, w = x. Thus Qu/Ox = 1, Ov/Ox = 0, Ow/Ox = 1, so 


p Fs (3, y, z)(0) d 


Ga (x, y) = Fu(x,y, z)(1) + F, (x,y, x)(0) F Fu (x,y, z)(1) = Fu(x,y, v) " Fw (z, y, x). 


(d) We have u = z, v = y, w = xy. Thus Qu/Ox = 1, Ov/Ox = 0, Ow/Ox = y, so 
Gs (2, y) = Fu (a, y, cy) (1) + Fy (x,y, ry) (0) "E Fw(v,y,xy)(y) 
= Fu(x,y, vy) + yFu(a, y, xy). 


LN . . . ð . o 
96. Average productivity increases as xı increases if Daz (average productivity) > 0. Now 


2 (average productivity) = (=) 
Ox, ge p y= Ox X1 
1 OP O (1 
EET pu ap eu 
zı 021 T Ox (=) 


10P P 1 (= 2) 
zı ðzı z? 2, \Or, xi 


So 2 tuvevise productivity) > 0 means that — E =) >0,i.e., 
1 Ózxi xı 
Loa 
Ox Zi 
97. The differential is 
dp = 9P ar, + 9P dK = 105-6 KO? dL + 301°” KOK. 
OL OK 
When L = 2 and K = 16, this is 
dP x 47.6dL +17.8dk. 
98. The error, dT, in the period T is given by 
oT OT 
dT = —dl+—d 
Qr t ag 


where 
l 
OT Vt m 


and 


99. 


100. 
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so that 
71(2,9.8) = 0.7096, | 15(2,9.8) = —0.1448. 


We also have that 
dl — —0.01, dg — 0.01. 


The maximum discrepancy in the period is then given by 


dT = 0.7096(—0.01) — 0.1448(0.01) = —0.008544. 


Looking at the contour diagram, we see that the contours are almost straight lines that are reasonably evenly spaced, so 
treating the function as linear is not a bad approximation. The monthly payment m is a function of two variables, P, the 
dollars you borrow, and r, the interest rate. We are going to use the formula 


m(P, r) ~ m(Po, ro) + Mp(Po, ro)(P — Po) + mr(Po,ro)(r = ro) 


to approximate the payment m(P,r). The amount of $6000 and the interest rate 11% would probably be reasonable 
choices for our Po and ro. 
Directly from the Figure 12.8 on page 691, we have 


m(6000, 0.11) = $130 
Next we approximate mp (6000, 0.11) by a difference quotient. 


m(6000 + h, 0.11) — m(6000, 0.11) 
h 


Here we choose h = 500, and we get m(6500, 0.11) = 140 from the figure, so 


m,(6000, 0.11) ~ 


140 — 130 
6000, 0.11) ~ ——— — = 0.02 
my( ? ) 500 
Next we approximate m, (6000, 0.11) by taking h = 0.03 and m(6000, 0.11 + 0.03) = m(6000, 0.14) = 140 from the 
figure, 
m(6000,0.11 + h) — m(6000,0.11) — 140 — 130 


r , 0.11) = = 
m (6000, 0.11) 5 0.08 


& 333.33 


Thus we have: 
m(P, r) = 130 + 0.02(P — 6000) + 333.33(r — 0.11) 


= —26.67 + 0.02P + 333.33r in dollars 


The constants in the answer tell us several useful things. The slope of 0.02 along the P axis tells us how much our monthly 
payment will increase if we decide to borrow more money; we can expect to pay about 2 cents on each extra dollar every 
month. The slope in the r direction tells us how much our payment will change if the interest rate changes. We can expect 
to pay an extra $333.33 each month for each point the interest rate goes up. The constant c is a gauge of the non-linearity 
of this function. We know that if we borrow no money at zero percent interest, we should expect to not have a monthly 
payment (m = 0). The constant we calculated is negative which implies that the bank will pay us $26.67 each month if 
we do not borrow any money! So, we should bear in mind that the function we have calculated is only useful close to the 
point at which we made the approximation, in this case Pp = 6000 and ro = 11%. 


(a) The local linearization of f near (2, 1) is 7 — 3(x — 2) + 4(y — 1), so the equation of the tangent plane is: 


z —'T—3(x — 2) + 4(y — 1). 


(b) We use local linearity. The contour is f(x,y) = 7, so to find the tangent line to the contour, we set the local 
linearization for f equal to 7: 
7 — 3(x — 2) +4(y - 1) =7 


Thus, an equation for the tangent line is 
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104. 


105. 
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(a) Rewrite the equation of the tangent plane: 
—3(x — 2) + 4(y — 1) — (z - 7) =0. 


Then we see a normal vector to the plane is —3ï + 4j -k. 

(b) Since the gradient is perpendicular to contours, a normal vector to the tangent line is —37 + 4j. Or, setting the local 
linearization for f equal to 7, we get that the equation for the tangent line is —3(r — 2) + 4(y — 1) = 0.Thus a 
normal vector to the tangent line is =—3i + 4j. 


The directional derivative, or slope, of f at (2, 1) in the direction perpendicular to these contours is the length of the 


gradient. At the point (2, 1), we have grad f = —3i + 47, so || grad f|| = 5. Thus if d is the distance between the 


contours, we have 
7.3 — 


d 


— Slope in direction perpendicular to contours — 5. 


Thus d — 0.3/5 — 0.06. 


Using local linearity with the slope in the x direction of —3 and slope in the y direction of 4, we get the values in 
Table 14.9. 


Table 14.9 


See Figure 14.55. 


mn 
w 


Figure 14.55 


The bug is heading in the direction of — grad f. In that direction, the rate of cooling in degrees per centimeter is given by 
the magnitude of the gradient, which is 5. Since the bug is moving 3 centimeters per minute, in degrees per minute, we 


have: 
. degrees ^C |. cm degrees ^C 
Rate of cooling = 5—————— - 3— = 15—————. 
cm min min 


By the chain rule, 
fr(2, 1) = f«(2,1) cos 0 + fy(2, 1) sind 
fo(2,1) = fe(2,1)(—rsin 0) + fy (2, 1)(r cos 0). 
Since £? + y? = r?°, we have r = \/2? + I? = V5, and cos 0 = tjr — 2/4/5, and sin 0 = y/r = 1/V5. Thus 


f(2,1) =(- 9254 OG - E 


fo(2, 1) = (-3)(-1) + (42) = 11. 


For à = (1/V/5)(2i +7), we have fz (2,1) = —2/V5. Since @ is pointing radially out from the origin to the point 
(2, 1), we expect that fz (2,1) = f-(2,1). 
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107. To increase f as much as possible, we should head in the direction of the gradient from the point (2,1). The rate of 
increase of f in the direction of the gradient is the magnitude of the gradient. Since at the point (2, 1), we know grad f = 
—3i + 4j, the magnitude is 5. The furthest we can go from (2,1), inside the circle, is 0.1 units, so the most we can 
increase f is (0.1)(5) = 0.5. Thus 


Largest value of function ~ f (2, 1) + 0.5 = 7.5. 


This value is achieved at the point obtained from (2, 1) by a displacement of 0.1 units in the direction of grad f, that is, 
a displacement by the vector 


grad f m " [o " > 
(0. ead fl (0.1)((—3/5)i + (4/5)j ) 0.062 + 0.087 . 


Thus, the largest value of f is achieved at the point (2 — 0.06, 1 + 0.08) = (1.94, 1.08). 
108. (a) Fix y = 3. When z changes from 2.00 to 2.01, f (x, 3) decreases from 7.56 to 7.42. So 


oF 
Ox 


~ Af 
COAT 


_ 742-756  -014 4, 
qa 201-200 001 


(2,3) 
Fix x = 2, when y changes from 3.00 to 3.02, f(2, y) increases from 7.56 to 7.61. So 


EP 761-756 _ 0.05 ,. 
ni ~ 802—3.00 0.02 "^" 


(b) Since the unit vector @ of the direction i + 3j is 


nie 1o 
ic d 3j = - 
1 


3 
Hes vu MN 


> 


Af a 
fa (2,3) = grad f(2,3) - i 
= (SEL (2,3) MICE, Lh 
= (—14i +2.57 )- "A e y 2055. 
pere (a+ a : Vio 


(c) Maximum rate equals || grad f || ~ 4/ (—14)? + (2.5)? ~ 14.221 in the direction of the gradient which is approxi- 
mately equal to —14ï + 2.57. 
(d) The equation of the level curve is 
f(x,y) = f(2,3) = 7.56. 
(e) The vector must be perpendicular to grad f, sou = 2.58 + 145 is a possible answer. (There are many others.). 


(f) The differential at the point (2, 3) is 
df = —14dz + 2.5 dy. 


If dz = 0.03, dy = 0.04, we get 
df — —14(0.03) 4- 2.5(0.04) — —0.32. 


The df approximates the change in f when (x, y) changes from (2, 3) to (2.03, 3.04). 


109. Let us first collect the computations that we will need. 


f(x,y) = cos (x + 2y) sin (x — y), 
fe(x,y) = cos (x + 2y) cos (x — y) — sin (x — y) sin (x + 2y) 
= cos (x + 2y + x — y) = cos (2x + y), 


fu(2,y) = — cos (x + 2y) cos (x — y) — 2sin (x — y) sin (x + 2y) 
= — cos (x + 2y — (a — y)) — sin (x + 2y) sin (x — y) 


= — cos (3y) + 5 [cos (2a + y) — cos (3y)] 
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= cos (2x + y) — : cos (3y), 
fox (x,y) = —2sin (2x + y), 
fey(x,y) = — sin (2x + y), 
ful, 9) = 5 sin (2z + y) + Z sin (3y). 


2 


Then 


Hence the quadratic Taylor polynomial P(x, y) of f(x, y) at (0,0) is 
1 1 
+5 fee (0,0)2^ + foy(0,0)ey + 5 fuy (0, 0)y" 


—g- y. 
110. (a) The first-order Taylor polynomial of a function f about a point (a, b) is equal to 
f(a, 0) + fs (a, b) (a: m a) + fy(a, b)(y ~~ b). 
Computing the partial derivatives, we get: 
z -—2(r— 1)e*-0^ +0-3)? 
2 442 
y = 2Ay- gje =n +(y-3) 
fa(0, 0) = 2(—1)e OHH" 


fa (0,0) = (=3)e D? +3? 


1 
= —6e'? 


Thus, 
f(x,y) = e? — 2e x — 6ey 


(b) The second-order Taylor polynomial of a function f about the point (1, 3) is given by 
1 1 
+3fze(1,3)(2 — 1)? + fey(1,3)(æ — 1)(y — 3) + 5 fu (13)(y — 3)”. 


Computing the partial derivatives, we get: 


fr = 2a - 1jes-0^r-9 

fy = Ay — 8) rr 
fas = (re 1) 42) Oe 
foy = Aer = 1)(y = 3) 07 rr 
wy = (A(y = 3)? «27 te 


Substituting in the point (1, 3) to these partial derivatives, we get: 


fz(1,3) = 0 
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fy(1,3) =0 
$30,358 

fea (1,3) = (4(0)? + 2) +? = 2 
fuy(1,3) = (40)? +2)e" 99 = 


Thus, 
f(x,y) = e? + O(@ — 1) + O(y — 3) + z(s - 9? +0(x — 1)(y — 3) + Zy- 3)? 


f(z.y) & 1+ (2—1)? + (y-3). 
(c) A vector perpendicular to the level curve is grad f. At the point (0, 0), we have 
grad f = fo(0,0)i + fy(0,0)f 
Computing partial derivatives, we have 
fe = 2(a — ier a 
fy = Ay - Be nc 


fa(0,0) = 2(- 1)e- 4" 
2e! 

fy (0,0) = 2(—3)e 7 +3)? 
= —6e? 


Therefore, a perpendicular vector is grad f = eG = 6e1°7. Any multiple of grad f, say == 6j, will 
do. 
(d) Since the surface can be represented by the level surface 


F(x,y,2)— f(a,y) - z =9, 


a vector perpendicular to the surface at (0,0) is given by 


grad F = f,(0,0)t + fy(0,0)7 — k = —2e °F —6e?5 — k 


111. (a) fi (4, $) is negative since we move from zero contour of f to negative contours as t slightly increases and x = 2. 
$, T) is positive since f increases with time t from t = 7 and x = 5. 
When f,(5,b) is positive, the point on the string at x = £ is moving upward at t = b. It moves downward for 
f. (, b) negative at t = b. 
(b) fi($, t) is positive for m < t < 27. For these t, f moves to larger and larger contours at x = 5. 
(c) For any fixed values of t between 0 and =, f increases with x for x between 0 and am, Also for any fixed t between 
37. and ir, f increases with x for x between 0 and am. Hence, f(x, t) is positive for 0 < x < 37/2 and t either 


2 
satisfying 0 < t < 1/20r32/2 < t < 57/2. 


CAS Challenge Problems 


112. (a) Using a CAS to calculate the partial derivatives, we find 
f(00-—$ f.(00-$5 fy(0,0) =1 
fox(0,0) = t fey(0,0) =F  fyy(0,0) —3 


Thus the quadratic approximation is 


(b) The CAS gives 


54e 6 9 108 
(1 + sin 3y)? = 14 6y 4- 9y?4+--- 
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Multiplying the two together, we get 


T xm x? 2 l g x 2ry | 3y? 
—~4 2 -— ——4...)(1+6y4+9y° +---)=-+-4 pa Ha gas 
Ga r prey Pee gag a eger 
which is the quadratic approximation we obtained in part (a). 
We have 
H 
g (0 
g(a) = 9(0) *-g'(0)s + Ln? 4 
h” (0 
h(y) = h(0) +r Oy + Dh + 


Multiplying these together, we get 


a 0)h(0) + 9! OVA) + o(O)h^ (yy + noy? + g^) + g0) 


h” (0 
"Os. 


On the other hand, 
frx(0,0) = g"(0)h(0), — fry(0,0) = g'(0)h(0), fyuy (0,0) = g(0)h"(0) 
Thus the quadratic approximation to f is the same as the product of the approximations to g and h. 


We have fd, 2) = Ao+Aı --24» +A3 --2A4 +4As, Tal; 2) = Ai +2A3 --2A4, and fy, 2) = A3 +A4+4As, 
so the linear approximation is 


L(z, y) = Ao + A1 + 242 + As + 244 + 445 4 (Ai t+ 243 4 2A4)(x 1) l (A2 F Ay 4 4As)(y 2). 


Also, m(t) = 1+ Bit and n(t) = 2 + Cit. 
Using a CAS to compute the derivatives, we find that they are both the same: 


d d 
T (x(t), y(t))|t=0 = aq on n(t))]izo = A1B1 4-243 B1 + 2A4B1 + AoC, + A4C4 + 4A5C1. 


This can be explained using the chain rule and the fact that the derivative of a function at a point is the same as the 
derivative of its linear approximation there: 


EFEO ult lico = s G0) vO) O) + EFEO, (0) 00) 
= EUe) Om (0) + FEO, u(0))n (0) = FO aO 
We have 
f(1, 2) = Ao + A1 + 2A2 + Aa + 244 + 4As, 
fa(1,2) = Ay +243 + 241, 
fy(1, 2) = Ao + Aa + AAs, 
feall, 2) = 2A3; 
fey(1,2) = Aa, 


Thus Q(z, y) = (Ao + A1 + 2A2 + As + 244 + 445) + (A1 + 2A3 + 2A4)(z — 1) + (A2 + A4 + 4A5)(y — 
2) + Aa (x — 1)? + Aa(a — 1)(y — 2) + As(y — 2)”. Expanding this expression in powers of a and y, we find 


Q(z,y) = Ao + Aix + Azy + Aga? + Aaxy + Asy? = f(x,y) 


The quadratic expansion for f about (1, 2) is equal to f itself. This is because f is already a quadratic function, and 
is true about any point (a, b). 
The linear approximation of f(a, y) at (1, 2) is: 


Ao + Ai + 2A2 + As + 2Aa+4As5 + (A1 + 2A3 3-244) (x — 1) + (A2 + A4 + 4As)(y — 2). 


When we expand this we get 
Ao — Aa + Aa — 4A5 + (A1 + 24a + 2A4)@ + (A2 + Aa + 4A5)y. 


This is not the same as f(x, y), and it is not even the same as the linear part of f(x, y), namely Ao + Aix + Aoy. 
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115. The computer algebra system gives: 


Me — 3 f (s(u(t v(t), (n) o@)),2() = e oa da, SU, Se | ee Dude 


"ae Ou di” Oy ude  Oroudt Oy Bu i Oe ad 


This agrees with the result obtained using the chain rule and the tree diagram in Figure 14.56. The diagram shows four 
paths from w to t, each corresponding to one of the terms in the expression for dw /dt. 


& 


Oy 
| 
y 
| 
ay 
| 
U 


& — 
Qe 


A] 
+ 


Figure 14.56 
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1. (a) Calculating the necessary partial derivatives: 


1 2 . 
T(x, y; z,t) = m +2°)/4Kt 
T 
Moel aa (ete rz 31 
ðt (4n Kt)3/? Um i 
ƏT = 1 — qo 42) /4Kt r2 7 1 
ðr? — (An Kt)3/2 4K? 2Kt 
Thus, 
1 2 2 3 " , 
AKI + Tyy + Toz) = Kne +y?+22)/4Kt [ut E J F " 
(b) For t = constant, the level surfaces are given by 
v ry r£, c — constant 


which is an equation of a sphere centered at origin. 
(c) With t = constant, grad T = Ti + T,j + Tzk . Since 


OE cc P ue uS up 
Ox AKt 2Kt 
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and similarly for T, and T7. Thus we have 


zs - >, 1 1 24 5 Pag? 

NEC UE ; LLL LLL (a y+ 2°) /4Kt 

grad T(z, y, z) = —(xi + yj + zk oe rK" 
1 1 2 3 = E 

= > —r^/AKt > QT > 

=(-7 Dre UKA" , where r =mi +yj +2k 
The heat flows toward lower temperatures, that is in the direction of — grad T. Since grad T is in the 
direction of —7’, heat is flowing outward and with exponentially decreasing magnitude. 


First, note that m, n, and (1 — q) are all positive. 

Suppose we increase m, the number of students. Then there are more birthdays to match in a fixed 
size year, and so q increases. Thus we expect 0q/0m to be positive, which is the case. On the other hand, 
if we increase n, the number of days in a year, then there are more slots for birthdays in a year, and so less 
chance of matching. This means q decreases, and so we expect 0q/On to be negative, which is the case. 
Since we do not have an exact formula for q, we find approximate values for q using q(23, 365) — 0.5073 
and local linearization. The local linearization of q at (23, 365) is 


., Og oq 
2 232 
23 (1 _ 0.5073)(m — 23) — —2— (1 — 0.5073) (n — 365). 


= 365 (2)(3652) 


When m — 21 and n — 365 we have 


23 23? 
Aq = —-(1- 0. 21— 23) - ——————— (1 - 0. — — —0.0621. 
q 365 | 0.5073) ( 3) DETAN 0.5073)(365 — 365) 0.06 
Thus 


q(21, 365) = q(23, 365) + Aq 
~ 0.5073 — 0.0621 


= 0.4452. 
When m = 24 and n = 358, we have 
Aq © a (1 — 0.5073) (24 — 23) = (1 — 0.5073) (358 — 365) = 0.0379 
1% 365 (2)(3652) yaa 


Thus 


q(24, 358) = q(23, 365) + Aq 
& 0.5073 + 0.0379 
= 0.5452. 


We want to compare the values of q when m = 25 and n = 365 and when m = 23 and n = 365 — 31 = 
334. When m = 25 and n = 365 we have 
23 23? 


Aq ~ —— (1 — 0.5073) (25 — 23) — B652) 


as (1 — 0.5073)(365 — 365) = 0.0621. 


On the other hand, when m = 23 and n = 334 we have 


29" 


23 
Aq x — (1—0. 23 — 23) — — 
4^ 365 (1 — 0.5073)(23 — 23) — Gagan 


(1 — 0.5073) (334 — 365) = 0.0312. 


So adding 2 more students gives you a greater increase in probability than no birthdays in December. 


PROJECTS FOR CHAPTER FOURTEEN 1385 


(e) The number of possible choices of birthdays for all the students is n™ since each of the m students could 
choose (have a birthday on) any of the n days. We count the number of these choices for which there are no 
matching birthdays as follows. The first student can choose any of n days for his/her birthday. The second 
student can choose any birthday that does not match the first student's, that is, any of n — 1 days. The third 
student can choose any birthday that does not match the first two students', that is, any of n — 2 days; and 
so on for all m students. So the number of choices of birthdays for all the students for which there is no 
matching is n(n — 1)(n — 2) --- (n — (m — 1)). Thus, the fraction of possible choices for which there is 
no matching is 

n(n — 1)(n — 2) --- (n — (m — 1)) 


nm 


Then q is one minus the chance of no matching birthdays: 


q(m,n) 21— n(n —1)n-2)---(n-(m-1)) 


Solutions for Section 15.1 
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Exercises 


1. 


The contour diagrams in (I) and (V) show that the value of the function decreases as we move in any direction from the 
critical point. Therefore, the function has a local maximum at P. The contour diagrams in (II) and in (VI) show that the 
value of the function increases as we move in any direction from the critical point, and therefore P is a local minimum. 
The contour lines in (III) and (IV) are hyperbolas, and therefore, the critical point, P, is a saddle point. 


The point A is not a critical point and the contour lines look like parallel lines. The point B is a critical point and is a local 
maximum; the point C is a saddle point. 


(a) None. 

(b) Points E and G. 

(c) Points D and F. 

Atthe origin g(0, 0) — 0. Since y? > Ofory > Oand y? < 0 for y < 0, the function g takes on both positive and negative 
values near the origin, which must therefore be a saddle point. The second derivative test does not tell you anything since 
D — 0. 

At the origin f(0,0) = 0. Since zê > 0 and y? > 0, the point (0,0) is a local (and global) minimum. The second 
derivative test does not tell you anything since D = 0. 


At the origin, the second derivative test gives 


D = ks kyy — (Kay)? = (( sin z sin y)(— sin x sin y) — (cos x cos y») |. - 


= sin? 0 sin? 0 — cos? 0 cos? 0 
=-1< 0. 


Thus K(0, 0) is a saddle point. 


. At the origin h(0, 0) = 1. Since cos x and cos y are never above 1, the origin must be a local (and global) maximum. The 


second derivative test 


D = haahyy — (hay)? = ((— cos x cos y)(— cos x cos y) — (sin x sin y?) lize - 


- 2 2 42 2 
= (cos? x cos^ y — sin^ v sin^ y 


=1>0 


z—0,y-—0 


and hx« (0,0) < 0, so (0,0) is a local maximum. 


. To find the critical points, we solve fz = 0 and fy = 0 for x and y. Solving 


v = 2x — 2y = 0, 
fy 2x + ôy — 8 = 0. 


We see from the first equation that x = y. Substituting this into the second equation shows that y = 2. The only critical 
point is (2, 2). 
We have 


D = (faz )( fuv) — (feu)” = (2)(6) - (—2)? = 8. 


Since D > 0 and frs = 2 > 0, the function f has a local minimum at the point (2, 2). 


. To find the critical points, we solve fs = 0 and fy = 0 for x and y. Solving 


fe =6-—2x+y=0, 
fy = u—2y=0. 
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We see from the second equation that x = 2y. Substituting this into the first equation shows that y = 2. The only critical 
point is (4, 2). 
We have 
2 2 
D = (fex)(fuy) — (fey) = (-2)(-2) - 1 = 3. 


Since D > 0 and frs = —2 < 0, the function f has a local maximum at (4, 2). 


10. The partial derivatives give 
z =2r+4=0 and fy = —2y +2 =0. 


Thus we have z = —2 and y = 1, so (—2, 1) is a critical point. We use the discriminant: 


D = (fas) foy) (fa) =2( 2)-0=-4<0. 


Since D < 0, we have a saddle point. 


11. Setting fs = 0 and fy = 0 to find the critical point, we have 


fe — —6xy —4--2y —0 and fy =2x¢—10y+48=0, or 
2y —6x —4 and 10y- 2r = 48. 


Solving these equations simultaneously gives x = 1 and y = 5. 
Since fre = —6, fyy = —10 and fry = 2 for all (x, y), at (1, 5) the discriminant 


D = (-6)(—10) — (2)? = 56 > 0, and fre < 0. 


Thus f(x, y) has a local maximum value at (1, 5). 


12. The partial derivatives give 
fe = —2r4-6 —0 and f, —24y —8— O0. 


Thus we have z — 3 and y — 2, so (3,2) is a critical point. We use the discriminant: 
D = (fex)(fyv) — (fey)? = (-2)2=-4 < 0. 


Since D « 0, we have a saddle point. 
13. Ata critical point, fe = 0 and fy = 0. 


fo = 2xy — 2y = 2y(zx — 1) = 0, 
fy = a? +4y — 2x — 0. 


In order for fz to be zero, we need y = 0 or x = 1. If y = 0, then fy = z? — 2x = a(x — 2) = 0 so x = 0 or x = 2. 
Therefore (0, 0) and (2, 0) are both critical points. If x = 1, then fy = 4y — 1 = 0 so y = 0.25. The three critical points 
are (0, 0), (2, 0), and (1, 0.25). 

We use the discriminant to classify the three points. We have 


D(z,y) = fez fyy — ju 


= (2y)(4) - (2x - 2)? 
= 8y — (2x — 2)”. 


Checking each critical point, we see that 

D(0,0) = —4 < 0, so (0, 0) is a saddle point. 

D(2,0) — —4 « 0, so (2, 0) is also a saddle point. 

D(1,0.25) = 2 > 0 and fr2(1,0.25) = 0.5 > 0, so (1,0.25) is a local minimum. 


14. Ata critical point 
falx, y) = 62? — 6ry + 122 2 0 
fy(a,y) = —32^ — 12y =0 


From the second equation, we conclude that —3(z? + 4y) = 0, so y = -is?. Substituting for y in the first equation 
gives 


6x? — 6x (-;2°) +127 =0 


15. 


16. 


17. 


18. 
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or 


z^ + Qe = TA + 2? +8) =0. 


Thus x = 0 or x” + Ax + 8 = 0. The quadratic has no real solutions, so the only one critical point is (0, 0). 


At (0, 0), we have 


D(0,0) = fee fuy — (Sey)? = (12)(-12) - 0° = —144 < 0, 
so (0, 0) is a saddle point. 
To find the critical points, we solve fz = 0 and fy = 0 for x and y. Solving 
fe = 3a? —3=0 
fy = 3y? -3=0 


shows that x = +1 and y = +1. There are four critical points: (1, 1), (—1, 1), (1, — 1) and (—1, —1). 
We have 


D = (fsx)(foy) — (fey)” = (6x)(6y) — (0)? = 36zy. 
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At the points (1, —1) and (—1, 1), we have D = —36 < 0, so f has saddle points at (1, —1) and (—1, 1). At (1, 1), 
we have D = 36 > 0 and f;; = 6 > 0, so f has a local minimum at (1, 1). At (—1, — 1), we have D = 36 > 0 and 


fox = —6 < 0, so f has a local maximum at (—1, —1). 
To find the critical points, we solve fs = 0 and fy = 0 for x and y. Solving 
fo = 3x" — 6x =0 
-3y =3 =0 
shows that x = 0 or x = 2 and y 1 or y = 1. There are four critical points: (0, —1), (0, 1), (2, — 1), and (2, 1). 
We have 
D = (fex)(fuy) — fey)” = (6x — 6)(6y) — (0)? = (6x — 6)(6y). 
At the point (0, — 1), we have D > 0 and fxs < 0, so f has a local maximum. 


(0, — 
At the point (0, 1), we have D « 0, so f has a saddle point. 
At the point (2, — 1), we have D < 0, so f has a saddle point. 
At the point (2, 1), we have D > 0 and frx > 0, so f has a local minimum. 


To find the critical points, we solve f+ = 0 and fy = 0 for x and y. Solving 
fe = 3a7 —3=0 
fy = 34° — 12y =0 


shows that x = —1 or x = land y = 0 or y = 4. There are four critical points: (—1, 0), (1,0), (—1, 4), and (1, 4). 


We have 
D = (fex)(fuy) — (fev)” = (6x) (6y — 12) — (0)? = (6x)(6y — 12). 
At critical point (—1, 0), we have D > 0 and fre < 0, so f has a local maximum at (— 1, 0). 
At critical point (1, o, we have D < 0, so f has a saddle point at (1, 0). 
At critical point (—1, 4), we have D < 0, so f has a saddle point at (—1, 4). 
At critical point (1, 4), we have D > 0 and f;4 > 0, so f has a local minimum at (1, 4). 


Find the critical point(s) by setting 


fe = (zy +1) + (x +y) -y =y” +2xry+1=0, 
fy = (xy +1) + (£ +y) £ 2 a? + 2ay+1=0, 


then we get z? = y?, and so x = y or z = —y. 


Ifa = y, then x? + 2x? +1 = 0, that is, 3x? = —1, and there is no real solution. If £ = —y, then xv? — 22? +1 = 0, 
which gives x” = 1. Solving it we get x = 1 or x = —1, then y = —1 or y = 1, respectively. Hence, (1, — 1) and (—1, 1) 


are critical points. 
Since 


Fes (a, y) = 2y, 
foy(x,y) = 2y +22 and 
fuy (x,y) = 22, 
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the discriminant is 


D(z,y) = fre fyy — Jei 
= 2y - 2x — (2y + 2x)? 
= -4(z? + zy +y’). 


thus 


D(1,—1) = —4(1? +1 - (—1) + (-1)?) 2 —4 < 0, 
D(-1,1) = —4((—1) + (1) -1 + 1°) 2 -4« 0. 


Therefore (1, —1) and (—1, 1) are saddle points. 
19. At a critical point, f, = 0, fy = 0. 


fo = 8y — (x + y)? = 0, we know 8y = (x + y)’. 


y = 8 — (x + y)? = 0, we know 82 = (x + y)”. 


Therefore we must have x = y. Since (x + y)? = (2y)? = 8y’, this tells us that 8y — 8y? = 0. Solving gives y = 0, + 


Thus the critical points are (0, 0), (1, 1), (—1, —1). 
fuy = fos = —3(z + y)’, and fa, = 8 — 3(z + yy". 
The discriminant is 
D(x, y) = fax fyy — 5s 
= 9(z + y)* — (64 — 48(z + y)? + 9(z + y)*) 
= —64 + 48(z + y)". 
D(0,0) — —64 « 0, so (0,0) is a saddle point. 
D(1,1) = —64 + 192 > 0 and frs(1,1) = —12 < 0, so (1, 1) is a local maximum. 
D(—1, —1) = —64 + 192 > 0 and f/;4(—1, —1) = —12 < 0, so (—1, — 1) is a local maximum. 
20. To find the critical points, we solve fz = 0 and fy = 0 for x and y. Solving 


2 2 


fe = e + (4g) — 0, 
jeden 


shows that the only critical point is (0, 0). 
We have 


"i 2 "i 2 x? 2 
D = (fex)(fyv) — (fry)? = € *" (4+ (42?) € ** (2+ (2y)*) — (e7 + (dar - 2y))?. 
At (0,0), we have D = 4-2 — 0? > 0 and frs = 4 > 0, so the function has a local minimum at the point (0, 0). 
Problems 
21. At the critical point x = 1, y = 0, 


fe =2x+A=0, so2+A=?0orA= -2 
fy = 2y =0. 


Thus, f(x,y) = x? — 2x + y? + B has a critical point at (1, 0). Since f. = 2 and fy, = 2 and fry = 0 at (1,0), 


D= fafw-(f)-22-0 24, 


so the second derivative test shows the critical point at (1, 0) is a local minimum. The value of the minimum is 


f(1,0) =1?-2-140°+B=20, soB=21. 


22. 


23. 


24. 


25. 
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At a local minimum, 


fe = 2x +y+a= 
fy =x+2y+b=0 


Since these equations must be satisfied by x = 2, y = 5, we have 


Q——22—5--—9 
b = —2 — 2. 5 = —12. 


The point (2, 5) gives a local minimum since 


D = fool — (fay)? =2:2— 1° > Oand fas = 2 > 0. 
To ensure that f (2,5) = 11, we substitute 


F(2,5)=2 +2-5+57-—9.2—12-5+c=11 
c= 50. 


(a) This function has only one critical point, a local maximum, where (x — a)? + (y — b)? = 0; that is, at (a, b). Taking 
partial derivatives gives the same result: 
ca otc 
fale, y) = e 079 7979 (—2(x — a)) 
taa- (ub) 
fu(a,y) = e 079 0 (-2(y — b)). 
Since e7 *-9)* - (9-9 is never zero, fx and fy are only 0 at x = a, y = b. 
(b) We have a = —1, b = 5. 
(c) The point (—1, 5) is a local maximum because e^ ^^? ^9" is largest where — (x — a)? — (y — b)? is zero. 
We have fz = 2kz — 4y and fy = 2y — 4v, so fre = 2k, fay = —4, and fy, = 2. The discriminant is 


D = (fex)(fuy) — (fry)? = (2k)(2) — (—4)* = 4k — 16. 


Since D = 4k — 16, we see that D < 0 when k « 4. The function has a saddle point at the point (0,0) when k < 4. 
When k > 4, we have D > 0 and fsz > 0, so the function has a local minimum at the point (0,0). When k = 4, 
the discriminant is zero, and we get no information about this critical point. By looking at the values of the function in 
Table 15.1, it appears that f has a local minimum at the point (0, 0) when k = 4. 


Table 15.1 


T 
EHEHE 
Poor [oor [009 
y f o [oo o hoo 
| 0.09 [ 0.01 [ 0.01 | 


(a) The function f(x, y) has a saddle point at (0,0) if k < 4. 
(b) There are no values of k for which this function has a local maximum at the point (0, 0). 
(c) The function f(x, y) has a local minimum at (0, 0) if k > 4. 


(a) P is a local maximum. 
(b) Q is a saddle point. 

(c) R is a local minimum. 
(d) S is none of these. 
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26. Figure 15.1 shows the gradient vectors around P and Q pointing perpendicular to the contours and in the direction of 
increasing values of the function. 


Figure 15.1 


27. Figure 15.2 shows the direction of V f at the points where || V f|| is largest, since at those points the contours are closest 


together. 
y 
x 
Figure 15.2 
28. First, we identify the critical points. The partials are f(x,y) = 3a? and fy(x,y) = —3ye^*. These will vanish 


simultaneously when x = 0 and y = 0, so our only critical point is (0, 0). The discriminant is 


D = fes (v, y) fuul, y) — fau (m. y) = (62) (Aye — 2e^) — 0 = 12ze^ (2? — 1). 


Unfortunately, the discriminant is zero at the origin so the second derivative test can tell us nothing about our critical point. 
We can, however, see that we are at a saddle point by looking at the behavior of f(x, y) along the line y = 0. Here we have 
f(x, 0) = z? + 1, so for positive x, we have f(x,0) > 1 = f (0, 0) and for negative x, we have f(x,0) < 1 = f(0,0). 
So f(a, y) has neither a maximum nor a minimum at (0, 0). 


15.1 SOLUTIONS 1393 
29. Ata critical point, 


fe =cosxsiny=0 so cosx=Oor siny = 0; 


and 


=sinzcosy=0 so sing — or cosy=0. 


Case 1: Assume cos x = 0. This gives 


u 3r T T ƏT 
T = 3^ EDU 2! 9 
(This can be written more compactly as: x = kr + 7/2, for k = 0, +1,+2,---.) 
If cos x = 0, then sin x = +1 ¥ 0. Thus in order to have fy = 0 we need cos y = 0, giving 
E 3r m m 3v 
cM Um c ot 
(More compactly, y = Im + 7/2, for l = 0,+1,+2,---) 
Case 2: Assume sin y = 0. This gives 
y=--:—27,—-7,0, 7, 27,--- 


(More compactly, y = Iz, for! = 0, +1, +2,---) 
If sin y = 0, then cos y = +1 Æ 0, so to get fy = 0 we need sin x = 0, giving 


g=---,—2n,—7,0,7,27,--- 
(More compactly, x = kr for k = 0, +0, +1, +2,---) 
Hence we get all the critical points of f(x,y). Those from Case 1 are as follows: 


T T TTF T 3T 
CseCR CR 
T T" "T TJ T 3m 
doro sor dora pe 
37 T 3m T 30 3T 
aia) 


af T, T), ( 7,0), ( 7,7), ( T, 2m) ++ 
-- (0, —7), (0, 0), (0, 7), (0, 277) --- 
005 77), (7,0), (m, T), (T, 277) --- 


More compactly these points can be written as, 
(kr, m for k = 0,+1,+2,---,J =0,+1,+2,--- 
and (kn + 2 =,lr+= z) for k=0 #1 £2 l = 0E 


Those from Case 2 are as follows: 


To classify the critical points, we = the MAR We have 


fer = — sin z sin y, fyy = — sin z siny, and fey = cos g cos y. 


Thus the discriminant is 


2 

D(z, y) = fox fyy == toy 
= (— sin z sin y)(— sin z sin y) — (cos x cos y)? 
= sin? z sin? y— cos? £ cos? y 


. 2 2 D 2 
= sin" y — cos“ x. (Use:sin^ x = 1 — cos” x and factor.) 


At points of the form (kz, I) where k = 0,+1,+2,---;1 = 0,+1,+2,---, we have 
D(x,y) = —1 < 0 so (kz, lx) are saddle points. 
At points of the form (ka + $, Ur + $) where k = 0,+1,+2,---;1 =0,+1,+2,--- 
D(kn + $,lm + 3) = 1 > 0, so we have two cases: 
If k and / are both even or k and / are both odd, then 
fro = — sin zsin y = —1 < 0, so (kr + $, Ur + 5) are local maximum points. 
If k is even but / is odd or k is odd but [ is Sven. then 
zz = 1 > Oso (kr +5 Sadr 5) are local minimum points. 
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30. To find critical points, set partial derivatives equal to zero: 


v =sinx=0 when gx =Q, +7, +27,:-- 


fy =y=0 when y=0. 


The critical points are 
UU (—2r,0), (77,0), (0, 0), (7,0), (27, 0), (37, 0) Ps 


To classify, calculate D = fre fyy — (fey)? = cosa. 
At the points (0, 0), (+27, 0), (+47, 0), (+67, 0),--- 


D=(1)>0 and fre >O (Sincefz.(0,2kx) = cos(2k7) = 1). 


Therefore (0, 0), (+27, 0), (+47, 0), (467, 0), - -- are local minima. 
At the points (+7, 0), (+37, 0), (£57, 0), (£77, 0), - - -, we have cos(2k + 1)7 = —1, so 


D=(-1) <0. 


Therefore (+77, 0), (437, 0), (457, 0), (+77, 0), - - - are saddle points. 


31. To find the critical points, we must solve the equations 


3f ee 
a, € cos y) = 0 
Bf ha s 

on = e" (sin y) = 0. 


The first equation has solution 


y =0,+27,+47,.... 


The second equation has solution 


y = 0, xm, X2m,c3-,.... 


Since x can be anything, the lines 


y = 0,427,+47,... 


are lines of critical points. 
We calculate 


D = (fex)(fuy) — (fey)? = €*(1.— cos y)e” cosy — (e” sin y)? 
= e?” (cos y — cos? y — sin? y) 


= e?* (cosy — 1) 


At any critical point on one of the lines y = 0, y = 427, y = +47,..., 


D — e*(1— 1) — 0. 


Thus, D tells us nothing. However, all along these critical lines, the value of the function, f, is zero. Since the function f 
is never negative, the critical points are all both local and global minima. 


32. (a) (1,3) isa critical point. Since fxs > 0 and the discriminant 


D = fra fyy [o^ = fox fyy o? = fssfuy > 0, 


the point (1, 3) is a minimum. 
(b) See Figure 15.3. 
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Figure 15.3 


33. (a) (a, b) is a critical point. Since the discriminant D = fse fyy — f2, = — f2, < 0, (a, b) is a saddle point. 
(b) See Figure 15.4. 


A x 

PM 

PES 0 2 W 
p 


[A 533 


EU 9 


Figure 15.4 


34. Begin by constructing little pieces of the contour diagram around each of the points (— 1, 0), (3, 3), and (3, —3) where 
some information about f is given. The general shape will be as in Figure 15.5, and the directions of increasing contour 
values are indicated for each part. Then complete the diagram in any way. One possible solution is given in Figure 15.6. 


1 SS 
x — o ———————À 
1 ————— 
———— 2 —M——————————— 
3 
2 
Figure 15.5: Part of contour Figure 15.6: Contour diagram 
diagram with arrows showing of f(x,y) 


direction of increasing 
function values 
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35. Since (2, 4) is a local minimum, the contours around (2, 4) are closed curves with increasing values as we go away from 
the point (2, 4). We assume that the function values continue to increase as we move parallel to the y-axis to the point 
(2, 1). Since (2, 1) is a saddle point, we draw the contours so that the values go down as we move up or down from this 
point, and up as we move to the left or right. One possible contour diagram is shown in Figure 15.7. 


| rc 

6 

Figure 15.7 
36. (a) We set partial derivatives to zero: 
fz —2ar—2y—4-20 
fy = 2by — 2x —6 = 0. 
So we have az — y = 2 and —x + by = 3, leading to 

r= 2+3 a | 3a+2 
Cabe d m 


(b) The discriminant is given by 


D = (faz) (fuv) — (fev)” = (2a)(2b) — 2? = 4(ab — 1) 


If a = b = 2, then D = 4(2- 2 — 1) = 12. Since fzx = 4 > 0, the critical point is a local minimum. 
(c) We use the fact that D = 4(ab — 1) and frs = 2a. 
If a > 0 and ab > 1, then D > 0 and frs > 0 so we have a local minimum. 
If a < 0 and ab > 1, then D > 0 and frs > 0 so we have a local maximum. 
If ab « 1, then D « 0 so we have a saddle point. 


37. (a) Setting the partial derivatives equal to 0, we have 
felz, y) = 2z(z^ + y) + 2z(z^ — y) = 42" =0 
fy(z,y) = - (a? +y) + (x° — y) = -2y = 0. 


Thus, (0, 0) is the only critical point. 
(b) Calculating D gives 
D = (fox)(fuy) — (Sey)? = (1227)(-2) - 0° = —24a?. 


At x = 0, y = 0, we have 
D(0,0) = 0. 


Thus the second derivative test tells us nothing about the nature of the critical point. 
(c) Since /(0, 0) = 0, we sketch contours with values near 0. The contour f = 0 is given by 
(z^ — y)(a* +y) — 0, 


that 1s, the two parabolas 


yz and y--z? 
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We also sketch the contours f = 1 and f = —1. See Figure 15.8. 


Since there are values of the function which are both positive (above f(0,0)) and negative (below (f(0,0)), 
near the critical point (0, 0), the origin is neither a local maximum nor a local minimum; it is a saddle point. 


y 
\ ‘| 
Ne 
Y 
d ^o E 


(0, 0) 


ps 
KT 
P 

S y TN 


Figure 15.8 


38. The first order partial derivatives are 


fz(x,y) = 2kx — 2y and fy (x, y) = 2ky — 2x. 
And the second order partial derivatives are 
fea(%,y) = 2k foy(x,y) = —2 fyy (2. y) = 2k 
Since f, (0,0) = f, (0,0) = 0, the point (0, 0) is a critical point. The discriminant is 


D = (2k)(2k) — 4 = 4(k? — 1). 


For k = +2, the discriminant is positive, D = 12. When k = 2, fr2(0,0) = 4 which is positive so we have a local 
minimum at the origin. When k = —2, fr2(0,0) = —4 so we have a local maximum at the origin. In the case k = 0, 
D = —4 so the origin is a saddle point. 

Lastly, when k = +1 the discriminant is zero, so the second derivative test can tell us nothing. Luckily, we can factor 
f(x,y) when k = +1. When k = 1, 


f(x,y) = 3? — 2ayty? = (£ — y)’. 


This is always greater than or equal to zero. So f (0,0) = 0 is a minimum and the surface is a trough-shaped parabolic 
cylinder with its base along the line x = y. 
When k = —1, 


f(x, y) = -2° — 2zy — y? = —(z + y). 
This is always less than or equal to zero. So f (0,0) = 0 is a maximum. The surface is a parabolic cylinder, with its top 
ridge along the line x = —y. 
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Figure 15.9 


39. The partial derivatives are 


falz, y) = 32" — 3y? and — fy (x,y) = —6zy. 


Now fzx(x,y) will vanish if z = +y and f(x, y) will vanish if either x = 0 or y = O. Since the partial derivatives 
are defined everywhere, the only critical points are where f; (x, y) and f, (x, y) vanish simultaneously. (0, 0) is the only 
critical point. 

To find the contour for f(x,y) = 0, we solve the equation £? — 3ay? = 0. This can be factored into 


f(x,y) = e(z — V3y)(z + V3y) = 0 


whose roots are = 0, x = v3 y and = — v3 y. Each of these roots describes a line through the origin; the three of 
them divide the plane into six regions. Crossing any one of these lines will change the sign of only one of the three factors 
of f(x, y), which will change the sign of f (x, y). 


40. 
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f>0 
+ y=2/V3 
0 
T 
+ y=-2/V3 


f>0 


Figure 15.10 


Contours near a local extremum are approximate ellipses and contours near a saddle point are approximate hyperbolas. 
The functions in the contour plots (a) and (b) have a local extremum at the origin; those in (c) and (d) have a saddle point 
at the origin. 

All four functions have value zero at the critical point at the origin. Graph (I) corresponds to a local maximum, 
because the values near the origin are all below zero. Graph (III) corresponds to a local minimum, because the values near 
the origin are all above zero. Graphs (II) and (IV) correspond to saddle points because there are both positive and negative 
values near the critical point at the origin. 

Contour plot (a) shows that on circles centered at the origin, z takes values farther from zero at 0 = 7/2 and 
0 = 37/2 than at 0 = 0 and 0 = s. Thus (a) matches (III), and the critical point at the origin is a local minimum. 

The function represented by Contour plot (b) takes values farther from zero at 0 = 0 and 0 = x than at 0 = 7/2 and 
0 = 37/2, so corresponds to (I) and has a local maximum at the origin. 

The function in Contour plot (c) has value zero on the asymptotes of the hyperbolas, which are at 0 = 7/4, 37/4, 
57/4 and 77/4. This matches Graph (II), which represents a saddle point. 

The function in Contour plot (d) has value zero on the asymptotes of the hyperbolas, which are at 0 = 0, 7/2, m and 
37/2. This matches Graph (IV),which represents a saddle point. 


Strengthen Your Understanding 


41. 


42. 


43. 


44. 
45. 
46. 
47. 
48. 
49. 


50. 


If f, = fy = 0 at (1,3), then (1,3) is a critical point of f. However, (1, 3) may be a saddle point and not a local 
maximum or minimum. 


If D = 0 at (a, b), the point (a, b) can be a maximum, a minimum, or a saddle point. We are only sure that (a,b) is a 
saddle point if D « 0. 


If both cross-sections are concave up, then f;;(a,b) > O and fyy(a,b) > 0, but we could still have D < 0 when 
fey (a, b) is large enough, giving a saddle point. 

For example, let f(a, y) = £? + y? + Tay. Then (0, 0) is a critical point. We have f. (0,0) = fyy(0,0) = 2 > 0, 
but £4.,(0,0) = 7, so D = (2)(2) — 7? <0. 
Let f(x, y) = e” Then f; = e”, which is never 0. 
The function f(x,y) = 4— (x — 2)? — (y + 3)? has a local maximum at (2, —3, 4). 


True. By definition, a critical point is either where the gradient of f is zero or does not exist. 
False. The point Po could be a saddle point of f. 
False. The point Po could be a saddle point of f. 


True. If Po were not a critical point of f, then grad f (Po) would point in the direction of maximum increase of f, which 
contradicts the fact that Po is a local maximum or minimum. 


True. The graph of this function is a cone that opens upward with its vertex at the origin. 
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51 


52. 


53. 
54. 
55. 
56. 


So 


. False. The graph of this function is a saddle shape, with a saddle point at the origin. The function increases in the i 
direction and decreases in the j direction. 


True. Adding 5 to the function shifts the graph 5 units vertically, which leaves the (x, y) coordinates of the local extrema 
intact. 


True. Multiplying by —1 turns the graph of f upside down, so local maxima become local minima and vice-versa. 
False. For example, the linear function f(x,y) = x + y has no local extrema at all. 
False. The statement is only true for points sufficiently close to Po. 


False. Local maxima are only high points for f when compared to nearby values; the global maximum is the largest of 
any values of f over its entire domain. 


lutions for Section 15.2 


Exercises 


1. 


Mississippi lies entirely within a region designated as 80s so we expect both the maximum and minimum daily high 
temperatures within the state to be in the 80s. The southwestern-most corner of the state is close to a region designated as 
90s, so we would expect the temperature here to be in the high 80s, say 87-88. The northern-most portion of the state is 
located near the center of the 80s region. We might expect the high temperature there to be between 83-87. 

Alabama also lies completely within a region designated as 80s so both the high and low daily high temperatures 
within the state are in the 80s. The southeastern tip of the state is close to a 90s region so we would expect the temperature 
here to be about 88-89 degrees. The northern-most part of the state is near the center of the 80s region so the temperature 
there is 83-87 degrees. 

Pennsylvania is also in the 80s region, but it is touched by the boundary line between the 80s and a 70s region. Thus 
we expect the low daily high temperature to occur there and be about 80 degrees. The state is also touched by a boundary 
line of a 90s region so the high will occur there and be 89-90 degrees. 

New York is split by a boundary between an 80s and a 70s region, so the northern portion of the state is likely to be 
about 74-76 while the southern portion is likely to be in the low 80s, maybe 81-84 or so. 

California contains many different zones. The northern coastal areas will probably have the daily high as low as 
65-68, although without another contour on that side, it is difficult to judge how quickly the temperature is dropping off 
to the west. The tip of Southern California is ina 100s region, so there we expect the daily high to be 100-101. 

Arizona will have a low daily high around 85-87 in the northwest corner and a high in the 100s, perhaps 102-107 in 
its southern regions. 

Massachusetts will probably have a high daily high around 81-84 and a low daily high of 70. 


The maximum value, which is about 11, occurs at (5.1, 4.9). The minimum value, which is about — 1, occurs at (1, 3.9). 


The maximum value, which is slightly above 30, say 30.5, occurs approximately at the origin. The minimum value, which 
is about 20.5, occurs at (2.5, 5). 


The maxima occur at about (77/2, 0) and (7/2, 27). The minimum occurs at (7/2, m). The maximum value is about 1, 
the minimum value is about — 1. 
To maximize z = x? + y?, it suffices to maximize x? and y?. We can maximize both of these at the same time by 
taking the point (1, 1), where z — 2. It occurs on the boundary of the square. (Note: We also have maxima at the points 
(—1, —1), (—1, 1) and (1, — 1) which are on the boundary of the square.) 

To minimize z = z? + y?, we choose the point (0, 0), where z — 0. It does not occur on the boundary of the square. 


To maximize z = —z? — y? it suffices to minimize x° and y?. Thus, the maximum is at (0, 0), where z = 0. It does not 
occur on the boundary of the square. 

To minimize z = —z? — y?, it suffices to maximize x? and y”. Do this by taking the point (1, 1), (—1, —1), (—1, 1), 
or (1, —1) where z = —2. These occur on the boundary of the square. 
To maximize this function, it suffices to maximize x? and minimize y?. We can do this by choosing the point (1, 0), or 
(—1,0) where z — 1. These occur on the boundary of the square. 

To minimize z = zx? — y?, it suffices to maximize y? and minimize x”. We can do this by taking the point (0, 1), or 
(0, — 1) where z — —1. These occur on the boundary of the square. 
The function f has no global maximum or global minimum. 


The function g has a global minimum (it is 0) but no global maximum. 
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10. The function h has no global maximum or minimum. 


11. Since f(x,y) € 0 for all x, y and since f(0, 0) = 0, the function has a global maximum (it is 0) and no global minimum. 


12. Suppose z is fixed. Then for large values of y the sign of f is determined by the highest power of y, namely y”. Thus, 


f(zx,y)— oo as yoo 
f(x,y) > -œ as y —oo. 


So f does not have a global maximum or minimum. 


Problems 


13. (a) The critical points of f are the point(s) at which the partial derivatives, fs and fy, are zero. We have 
z = 4z — 3y + 1 


fy = —3z + 16y — 1. 


Solving the linear system f; = 0, fy = 0, we find (x, y) = (—13/55, 1/55). To classify this point, we have to find 
the sign of fra: fyy — 1 there. We calculate 


fre fuy — fey = 4- 16 — 9 = 55 > 0. 


Thus, (—13/55, 1/55) is a local minimum. 
(b) We complete the square in the following way: 


27? -3zy + 8y? + x — y = 22? — x (3y — 1) + 8y? — y 


1 1 
2(a ris 1))? gv 1)?4-8y-y 
1 1 
= 2(z — 1(3y — 1)? + 5 (55y^ — 2y — 1) 
1 2 55 ( 1 ) 7 
Salpa A aia D £22 aa N uut. 
ge {ery +3 55 55 


Therefore the function has a global minimum located at the point (x, y) where both the two squares vanish. The 
coordinates of that point satisfy: 


1 1 
— —(3y— 1) —0 d —-—=0. 
z— 7(3y— 1) and è y- 
The two conditions again give the point (x,y) = (—13/55, 1/55). The contour diagram for f is shown in Fig- 
ure 15.11. The fact that f can be written in this way as the sum of two squares shows that the point (x,y) = 


(—13/55, 1/55) is a global minimum. 


-0.5 0.5 


Figure 15.11: The contour diagram for 
f(z,y) = 2x? — ay + By! +r- y 
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15. 


16. 
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We calculate the partial derivatives and set them to zero. 


O Gangs) . 56. GR de ddl SO 
Ot 
O (range) 
———_ = —6t — 6h + 300 = 0. 
Oh 
10¢ + 6h = 400 
6t + 6h = 300 
Solving, we obtain 
4t = 100 
so 
t= 25 


Solving for h, we obtain 6h = 150, yielding h = 25. Since the range is quadratic in h and t, the second derivative test 
tells us this is a local and global maximum. So the optimal conditions are h = 25% humidity and t = 25°C. 


Let the sides be x, y, z cm. Then the volume is given by V = xyz = 32. 
The surface area S is given by 
S = 2xy + 2xz + 2yz. 


Substituting z = 32/ (xy) gives 


S = 2xy + BE ud 
y x 
At a critical point, 

Os 64 

E cie 
Ox 1- ya a 
905 _ 2g — 64 =0, 
Oy y? 


The symmetry of the equations (or by dividing the equations) tells us that x = y and 


64 


r? = 32 
x = 32'/3 = 3.17 cm. 


Thus the only critical point is x = y = (32)!/? cm and z = 32/ ((32)'/9 : (32)*) = (32)!/? cm. At the critical point 


oU — (Say)? = Æ . Æ - F? = Lo 


Since D > 0 and Sz, > O at this critical point, the critical point = y = z = (32)1/8 is a local minimum. Since 
S — oo as x,y — oo, the local minimum is a global minimum. 


If the coordinates of the corner on the plane are (x, y, z), the volume of the box is V = xyz. Since z = 1 — 3x — 2y on 
the plane, the volume is given by 


V = ay(1— 32 — 2y) = xy — 32?y — 2zy?. 


The domain is the triangular region 0 < z < 4,0 < y € (1 — 32)/2. At a critical point, 


mes y — Gry — 2y? = y(1— 6x — 2y) = 0 
Ox 
+ = g — 3a? — dry = z (1 — 3x — 4y) = 0, 


One solution is x = y = 0. Another is x = 0, y = i another is y — 0,z — i Another is the solution of 


1— 6x —2y=0 
1— 3x — 4y = 0, 


17. 
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namely z = $y = e 
If either x = 0 or y = 0, then V = 0, so these solutions do not give the maximum volume. Since 
D = VeaVyy — (Vey)” = (-6y)(—42) — (1 — 62 — 4y)’ 
To 1 1 1 1\? 4 1 1 
Debe c: Acc jde€6s def] cB————- 
tQ RM $735 
( 


9 
and V;($, 2) = —1 < 0, the point z = 4, y = $, is a local maximum at which V = (1/9)(1/6) — 3(1/9)? (1/6) — 
2(1/9)(1/6)? = 1/162. 
Since all points on the boundary of the domain give V = 0, the local maximum is a global maximum. 


ICM xo 


Figure 15.12 


Let w, h and | be width, height and length of the suitcase in cm. Then its volume V = lwh, and w + h +l < 135. 
To maximize the volume V, choose w + h + l = 135, and thus / = 135 — w — A, 
V — wh(135 — w — h) 
= 135wh — wh — wh? 
Differentiating gives 
Vw = 135h — 2wh — h?, 
Vp = 135w — w? — 2wh. 
Find the critical points by solving Vw = 0 and V, = 0: 
V, =0 gives 135A — h? = 2wh, 
Vn =0 gives 135w — w° = 2wh. 
As hw # 0, we cancel h (and w respectively) in the above equations and get 
135 —h = 2w 
135 — w = 2h 


Subtracting gives 

w-— h= 2(w — h) 
hence w = h. Therefore, substituting into the equation Vy = 0 

135h — h? = 2h? 
and therefore 

3h? = 135h. 
Since h Z 0, we have 
135 


h = —— = 45. 
3 5 


So w = h = 45 cm. Thus, l = 135 — w — h = 45 cm. To check that this critical point is a maximum, we find 
Vow = —2h, Van = —2w, 
Vwn = 135 — 2w — 2h, 
so 
D = Vow Vin — Vén = 4hw — (135 — 2w — 2h)?. 


At w = h = 45, we have Vw = —2(45) < 0 and D = 4(45)? — (135 — 90 — 90)? = 6075 > 0, hence V is maximum 
at w = h = l = 45. 
Therefore, the suitcase with maximum volume is a cube with dimensions width = height = length = 45 cm. 
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18. The box is shown in Figure 15.13. Cost of four sides = (2hl + 2wh)(1)é. Cost of two bottoms = (2wl)(2)¢. Thus the 
total cost C (in cents) of the box is 
C = 2(hl + wh) + Aul. 


But volume wlh = 512, so | = 512/(wh), thus 


C= 1024 Looky 2048. 
w h 
To minimize C, find the critical points of C by solving 
2048 
C, = 2w — UB = 0, 
Cy = 2h — B =0. 
We get 
2wh? = 2048 
2hw” = 1024. 


Since w, h # 0, we can divide the first equation by the second giving 


2wh? 2048 
2hw? 1024 
so 
LT 
w 
thus 
h = 2w. 


Substituting this in Cj, = 0, we obtain h? = 2048, so h = 12.7 cm. Thus w = h/2 = 6.35 cm, and | = 512/(wh) = 
6.35 cm. Now we check that these dimensions minimize the cost C. We find that 


4096 , , 2048 
D= Ou us eO eT h3 X w? )-2?, 


and at h = 12.7, w = 6.35, Chn > 0 and D = 16 — 4 > 0, thus C has a local minimum at h = 12.7 and w = 6.35. 
Since C increases without bound as w, h — 0 or co, this local minimum must be a global minimum. 
Therefore, the dimensions of the box that minimize the cost are w = 6.35 cm, | = 6.35 cm and h = 12.7 cm. 


Figure 15.13 


19. The square of the distance from the point (x, y, z) to the origin is 
S= +y +z. 
If the point is on the plane, z = 1 — 3x — 2y, we have 


S — x? +y? + (1— 3x — 29". 


20. 


21. 
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At the critical point 


s —Dbp4 313r p 3) Soe E = 
z = 2y + 2(1 — 3x — 2y)(—2) = 2(6x + 5y — 2) = 0. 
Simplifying gives 
10x + 6y = 3 
6x +5y =2, 


with solution x = 3/14, y = 1/7. At this point z = 1/14. We have 


D = Sza Syy — (Szy)? = (20) (10) — 12? = 56, 


so D > Oand Szz > 0. Thus, the point z = 3/14, y = 1/7 is a local minimum. Since S — oo as x, y — +oo, the local 
minimum is a global minimum. Thus, z = 3/14, y = 1/7, z = 1/14 is the closest point to the origin on the plane. 


We minimize the square of the distance from the point (x, y, z) to the origin: 
S= +y uz. 


Since z? = 9 — xy — 3x, we have 


S =r? +y? +9- zy — 3x. 


At a critical point 


os 

p ees ea 
Os 

p = 2y— x = 0, 


so x = 2y, and 
2(2y)-y-3=0 
giving y = 1, so x = 2 and 2? = 9 — 2 - 1 — 3 - 2 = 1, so z = +1. We have 


D = Sza Syy — (Szy)? = 2- 2 — (—1) =4-1>0, 


so, since D > 0 and Szz > 0, the critical points are local minima. Since S — oo as z, y — oo, the local minima are 
global minima. 
Ifífr—2,y—1,z-— +1, we have S = 2? + 1? + 1? = 6, so the shortest distance to the origin is V6. 


(a) We draw the level curves (parallel straight lines) of f(x, y) = ax + by + c. We can see that the level lines with the 
maximum and minimum f-values which intersect with the disk are the level lines that are tangent to the boundary of 
the disk. Therefore, the maximum and minimum occur at the boundary of the disk. See Figure 15.14. 


f = max 
f — min 


f = 


Figure 15.14 
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(b) 
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f =max 


f = max 


f = min 


f increases 1 


f TES 


f =min 


Figure 15.15 Figure 15.16 


Similar to part (a), we see the level lines with the largest and smallest f-values which intersect with the rectangle must 
pass the corner of the rectangle. So the maximum and minimum occur at the corners of rectangle. See Figure 15.15. 
When the level curves are parallel to a pair of the sides, then the points on the sides are all maximum or minimum, as 
shown below in Figure 15.16. 


(c) The graph of f is a plane. The part of the graph lying above a disk R is either a flat disk, in which case every point is 
a maximum, or is a tilted ellipse, in which case you can see that the maximum will be on the edge. Similarly, the part 
lying above a rectangle is either a rectangle or a tilted parallelogram, in which case the maximum will be at a corner. 

22. (a) The revenue R = piqi + poq». Profit = P = R — C = piqi + paqo — 2q7 — 2q2 — 10. 
OP . 
— = pı — 4q =0 givesqi = — 
On 
OP : p2 
— = — 4g5 = 0 gives — lI 
Óqa p2 q2 5 q2 4 
Since oF = —4, oF = —4 and at = 0, at (p1/4, p2/4) we have that the discriminant, D = (—4)(—4) > 0 
and — < 0, thus P has a local maximum value at (qi, q2) = (p1/4, p2/4). Since P is quadratic in qı and q2, this 
T 
is a global maximum. So the maximum profit is 
2 2 2 2 2 2 
pda 5.95.35 cape Pa E sag 
4 4 16 16 P 8 = 8 
(b) The rate of change of the maximum profit as p; increases is 
2pı _ pı 
E pyo Lc sr 
Opi (max ) 8 4 
23. The total revenue is 
R = pq = (60 — 0.04q)q = 60q — 0.04’, 
and as q = qi + q2, this gives 
R = 60q1 + 60q2 — 0.04q? — 0.0891 q2 — 0.045. 
Therefore, the profit is 
P(m, 92) = R- C1 — C2 
= —13.7 + 60g + 60g; — 0.07g; — 0.08g2 — 0.08q1 q2. 


24. 
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At a local maximum point, we have grad P = ig 


P 
EE = 60 — 0.14q1 — 0.08q2 = 0, 
Oqi 
2E = 60 — 0.16q2 — 0.08q1 = 0. 
Oq2 


Solving these equations, we find that 
qı = 300 and qo = 225. 


To see whether or not we have found a local maximum, we compute the second-order partial derivatives: 


OP OP 8P 
——=-014, = =-0.16, ——— = —0.08. 
Og ðq dn 0q2 


Therefore, 
POP @P 


= 2 — — = (-0.14)(-0.16 0.08)” = 0.016, 
3 Oq | Oqi0qo ( X )-( ) 
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and so we have found a local maximum point. The graph of P(qi, q2) has the shape of an upside down paraboloid since 


P is quadratic in q1 and q», hence (300, 225) is a global maximum point. 


(a) This tells us that an increase in the price of either product causes a decrease in the quantity demanded of both 
products. An example of products with this relationship is tennis rackets and tennis balls. An increase in the price of 
either product is likely to lead to a decrease in the quantity demanded of both products as they are used together. In 
economics, it is rare for the quantity demanded of a product to increase if its price increases, so for qi, the coefficient 
of pı is negative as expected. The coefficient of p» in the expression could be either negative or positive. In this case, 
it is negative showing that the two products are complementary in use. If it were positive, however, it would indicate 


that the two products are competitive in use, for example Coke and Pepsi. 


(b) The revenue from the first product would be qipi = 150pi1 — 2p? — pip», and the revenue from the second product 


would be qopo = 200p» — pipa — 3p. The total sales revenue of both products, R, would be 
R(pı, p2) = 150p1 + 200p — 2pipa — 2p1 — 3p5. 


Note that R is a function of pı and p». To find the critical points of R, set VR = 0, i.e., 


OR _ OR _ 
Opi Opa 
This gives 
Pu = 150 — 2p2 — 4pı = 0 
Opi 
and oR 
— = 200 — 2p; — 6p2 = 0 
Opa 
Solving simultaneously, we have p; = 25 and p2 = 25. Therefore the point (25, 25) is a critical point for R. Further, 
PR! gO Ry OR. o 
Opi E ’ OprOpe 


so the discriminant at this critical point is 


Since D > 0 and O0? R/Opi < 0, this critical point is a local maximum. Since R is quadratic in pı and p», this is a 


global maximum. Therefore the maximum possible revenue is 


R — 150(25) 4- 200(25) — 2(25)(25) — 2(25)? — 3(25)? 
= (6)(25)* + 8(25)? — 7(25)? 
= 4375. 


This is obtained when pı = p» = 25. Note that at these prices, q1 = 75 units, and q2 = 100 units. 
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25. Let P(K, L) be the profit obtained using K units of capital and L units of labor. The cost of production is given by 
C(K, L) = kK + £L, 
and the revenue function is given by 
R(K,L) = pQ = pAK°L’. 
Hence, the profit is 
P=R-C = pAK*L' — (kK + £L). 


In order to find local maxima of P, we calculate the partial derivatives and see where they are zero. We have: 


oP HE a—lrb 
aK = apAK L'— k, 
oP mE arb—1 


The critical points of the function P( K, L) are solutions (K, L) of the simultaneous equations: 


= pAK*"L’, 


olis als 


= pAK?L^-!, 


Multiplying the first equation by K and the second by L, we get 


kK LL 
ab’ 
and so 2 
a 
kK=—L 
kb 


Substituting for K in the equation k/a = pAK*~'L’, we get: 


la) T! airb 
Bal > prr, 
a (5) 


1—-a—-b — a s £ ES 

a =pA(Z) (5) 
ao ye (a—1) 1/(1—a-—b) 
r= [pa (5) C | 


fa fa aye spr (0-1) La 7-5 


To see if this is really a local maximum, we apply the second derivative test. We have: 


We must therefore have 


Hence, if a +b Æ 1, 


and 


2 
Du = a(a—1)pAK* ? L^, 
2 
i = b(b — 1)pAK*L"?, 
2 
X = abpAK* ! L^, 


Hence, 
PPP (qe 
~ OK? OL? aKAL 
= ab(a — 1)(b — ip A gps u a P p? A? ooa L-2 
= ab((a — 1)(b — 1) — ab)p? A? K?*? L”? 
= ab(1— a — b)p? A? K”? L”? 
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Now a, b, p, A, K, and L are positive numbers. So, the sign of this last expression is determined by the sign of 1 — a — b. 


(a) We assumed that a +b < 1, so D > 0, and as 0 < a < 1, then 0? P/OK? < 0 and so we have a unique local 


maximum. To verify that the local maximum is a global maximum, we focus on the cost. Let C = kk + £L. Since 
K > 0and L > 0, K € C/k and L < C/(. Therefore the profit satisfies: 


P = pAK?L* — (kK + £L) 


a b 
«»A(1) (7) -¢ 
=m -C 


where m = pA(1/k)" (1/£)^. Since a + b < 1, the profit is negative for large costs C, say C > Co (Co — m^ ^^? 
will do). Therefore, in the K L-plane for K > 0 and L > 0, the profit is less than or equal to zero everywhere on or 
above the line kK + £L = Co. Thus the global maximum must occur inside the triangle bounded by this line and the 
K and L axes. Since P < 0 on the K and L axes as well, the global maximum must be in the interior of the triangle 
at the unique local maximum we found. 

In the case a 4- b. « 1, we have decreasing returns to scale. That is, if the amount of capital and labor used is 
multiplied by a constant A > 0, we get less than A times the production. 

(b) Now suppose a + b > 1. If we multiply K and L by A for some A > 0, then 


Q(AK, AL) = A(AK)* (AL)! = A*** Q(K, L). 


We also see that 
C(AK, AL) = AC(K, L). 
So if a+b = 1, we have 
P(AK,AL) = AP(K, L). 
Thus, if A = 2, so we are doubling the inputs K and L, then the profit P is doubled and hence there can be no 
maximum profit. 
If a 4- b > 1, we have increasing returns to scale and there can again be no maximum profit: doubling the inputs 
will more than double the profit. In this case, the profit increases without bound as K, L go toward infinity. 


26. We have 
;-—92z(y4-1) =0 only when x = 0 or y = —1 
fy = 3a) (y +1)? +2y=0 never when y = —1 and only for y = 0 when x = 0 


We conclude that fs = 0 and fy = 0 only when x = 0, y = 0, so f has only one critical point, namely (0, 0). 
The second derivative test at (0, 0) gives 


D = fez fuy — (fey)” = 2(y + 1)? (627 (y + 1) + 2) — (6x(y + 1)?)? 
= 2(1)(2)-0>0 whenz—0,y—0 


Since fve > 0 at (0,0), this means f has a local minimum at (0, 0). 

[Alternatively, if we expand (y + 1)?, then we can view f(x,y) as z? + y?+ (terms of degree 3 or greater in x and 
y), which means that f behaves likes x? + y? near (0, 0).] 

Although (0, 0) is a local minimum, it cannot be a global minimum since for fixed x, say x = 1, the function f(z, y) 
is a cubic polynomial in y and cubics take on arbitrarily large positive and negative values. 

In the single-variable case, suppose a function f defined on the real line is differentiable and its derivative is con- 
tinuous. Then if f has only one critical point, say x = 0, and if that critical point is a local minimum, it must also be a 
global minimum. This is because f" cannot change sign without f’ = 0 so we must have f^ < 0 for x < O0 and f" > 0 
for x > 0. Thus f is decreasing for all x < 0 and increasing for all x > 0, so x = 0 is the global minimum for f. 


27. The variables are a and b, so we set 


2 = 2(a +b) + 8(4a +b — 2) + 18(9a + b — 4) = 0 
Os 
m 2(a + b) + 2(4a + b — 2) + 2(9a 4- b — 4) — 0, 


so, collecting terms and dividing by 4 and 2 respectively, 


49a + 7b — 22 = 0 
14a + 3b — 6 = 0. 
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28. 


29. 


30. 


31. 
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Solving gives a = 24/49, b = —2/7. 
Since there is only one critical point and S is unbounded as a, b — oo, this critical point is the global minimum. 
Therefore, the best fitting parabola is 


Let the line be in the form y = b + mz. Then, when x equals 0, 1, and 2, y equals b, b + m, and b + 2m respectively. 
The sum of the squares of the vertical distances, which is what we want to minimize, is 

f(m,b) = (4 — b)? + (3 — (b+ m)? + (1— (b + 2m))? 

To find critical points, set each partial derivative equal to zero. 


fm = 0+ 2(3 — (b + m))(-1) + 2(1 — (b + 2m))(-2) 
= 6b + 10m — 10 

fy = 2(4 — b)(—1) + 2(3 — (b + m))(—1) + 2(1 — (b + 2m))(—1) 
— 6b 4- 6m — 16 


Setting both partial derivatives equal to zero and dividing by 2, we get a system of equations: 


3b + 5m — 5 
3b--3m = 8 

: ; — — 25 ise gues 2b) cid 
with solutions m = —5 and b = =. Thus, the line is y = ^ — 52. 


(a) We have f (2, 1) = 120. 
(i) If z > 20 then f(x, y) > 10x > 200 > f(2,1 
(ii) If y > 20 then f(x,y) > 20y > 400 > f(2,1 
Gii) If z < 0.01 and y < 20 then f(x,y) > 80/(xy) > 80/((0.01)(20)) = 400 > f(2, 1). 
(iv) If y < 0.01 and x < 20 then f(x,y) > 80/(xy) > 80/((20)(0.01)) = 400 > f(2, 1). 


(b) The continuous function f must achieve a minimum at some point (zo, yo) in the closed and bounded region R’ : 
0.01 € x < 20,0.01 < y < 20. Since (2, 1) is in R', we must have f(xo, yo) € f(2, 1). By part (a), f (xo, yo) 
is less than all values of f in the part of R that is outside R’, so f (xo, yo) is a minimum for f on all of R. Since 
(£o, yo) is not on the boundary of R, it must be a critical point of f. 

(c) The only critical point of f in R is the point (2, 1), so by part (b) f has a global minimum there. 


(a 


). 
j; 


— 


The function f is continuous in the region R, but R is not closed and bounded so a special analysis is required. 
Notice that f(a, y) tends to oo as (x, y) tends farther and farther from the origin or tends toward any point on 
the x or y axis. This suggests that a minimum for f, if it exists, can not be too far from the origin or too close to the 
axes. For example, if x > 10 then f(x,y) > 4x > 40, and if y > 10 then f(x,y) > 5y > 50. If 0 < x < 0.1 then 
f(x,y) > 2/x > 20, and if 0 < y < 0.1 then f(x, y) > 3/y > 30. 
Since f(1,1) = 14, a global minimum for f if it exists must be in the smaller region R’ : 0.1 < x < 10, 
0.1 € y < 10. The region R’ is closed and bounded and so f does have a minimum value at some point in R’, and 
since that value is at most 14, it is also a global minimum for all of R. 
(b) Since the region R has no boundary, the minimum value must occur at a critical point of f. At a critical point we 


have E 3 
faa E= i OS. 


The only critical point is (4/ 1/2, 4/3/5) z (0.7071, 0.7746), at which f achieves the minimum value 
F(s/1/2, \/3/5) = 4V2 + 2V15 & 13.403. 
(a) There is one variable, p, in this problem; Po and Pr are constants. At the minimum energy, 
dE 2p 2Pg 
dp. PR č 
p = Po Ph 
p = VPoPr. 


This value of p gives a minimum for F because it is the only critical point and the value of E grows toward oo as 
poo. 


=0 


15.2 SOLUTIONS 
(b) There are now two variables, pı and p», so at the minimum energy, 
OB 2p _ 2P 
Op. P2 pi 
OE 2p; 2Pg 
LIP. TEIQ 
Op2 pi P 
Solving these equations simultaneously: 
pi Pa 
pi =, so pi = Pips and taking square roots gives Di = Popo. 
0 Py 
p»; _ Pf 
== —. so pa = Pept and taking square roots gives pa = Prpi. 
Pi Dp» 


32. (a) 


(b) 


(c) 


(d) 


(e) 


Substituting p = Prpi into p? = P? p2 gives 


pi = Po Prpi 
pł = PPr so pi = */ P? Pr. 


Substituting p? = Pops into p = Pp gives 


pi = PŽ Pop2 so p2 = 3 PoP?. 
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The critical value of E is again a minimum because the critical point is unique and the value of Æ tends to oo as 


Ppi, P2 — oo. 


Look at the formula q = Kp "a^. Since price, p, has a negative exponent, when the price is increased, less is sold. 


Since advertising, a, has a positive exponent, when the amount of advertising is increased, more is sold. 


Since q = Kp" Pa?, we have 
- -E EKp Pa? E 
90 - Rai p erdem e wol Mg 
Op Op p p 
and -— 
q -E , o -Ep 0—1 _ OKp "a 0q 
— = Kp (af) = Kp "0 = M me. 
Oa à Oa (a) R E a a 
Profit is revenue minus cost. Revenue is pq. Cost is the sum of the cost cq of producing the items and the cost paa of 


advertising. Hence 


7 = Profit = Revenue — Cost = pq — cq — paa. 


At maximum profit, both partial derivatives are zero: 
On On 
— =0 d ~—=0. 
Op UE a 
Using 7 — pq — cq — paa, we have 
On — n Og — Og ( aes 
üp 4 Op “Op "Sap 


In addition 


or — ðq ðq _ 
ag og ag =O 


Pa- 


als 


(f) At maximum profit, Ox /Op = 0, so solving for p gives 


E 
1—(p—-c)— —-0 
( iS 
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In addition, at maximum profit, 07 /Oa = 0, so we have 


0 
q(p — ez = Pa 


p-c a 
Pa q0' 
(g) By parts (e) and (f), at maximum profit we have 
p-c pa | 1 q8 
p p-c E a 
and hence 
paa 0 
pq E 


The numerator, paa, is the amount the company spends on advertising. The denominator, pq, is the company’s 
revenue. The monopoly spends a fixed fraction, 0/ E/ of its revenue for advertising, no matter how the price of 
advertising might change. 


Strengthen Your Understanding 


33. 


34. 


35. 


36. 
37. 


38. 
39. 


40. 


41. 
42. 


If the region is closed and bounded and the function is continuous, then it must have a global maximum, even if it has no 
critical points. 

The Extreme Value Theorem does not say what happens when R is unbounded. For example, suppose the region R is the 
whole xy-plane. Some functions may have a global minimum, such as f(x,y) = £? + y?, and others may not, such as 
f(x,y) — vy. 

The local maximum is not necessarily the global maximum. For example, let f(x,y) be a function with the contour 
diagram in Figure 15.17. 


3 | 
zg = <1 1 2 3 


Figure 15.17 


This function has a local maximum value of 1 at the origin. However, 1 is definitely not the global maximum value 
since the function attains higher values at other input values. 


Let f(x,y) = x + y, which tends to +00 as x — oo and tends to —oo as x — —oo. 
Let f(x,y) = x? + y? and let R be the square 0 < z < 1,0 < y < 1. Then the maximum value of f occurs at (1, 1). 


True. For unconstrained optimization, global extrema occur at one (or more) of the local extrema. 

False. For example, the linear function f(x,y) = x + y has neither a global minimum or global maximum on all of 
2-space. 

True. The region is the unit disk without its boundary (the unit circle), and the distance between any two points in this 
region is less than 2—it does not stretch off to infinity in any direction. 

False. The region is the unit disk without its boundary (the unit circle), so it is not closed (in fact, it is open). 


True. The global minimum is 0, which occurs at the origin. This is clear since the function f(x, y) = x” + y? is greater 
than or equal to zero everywhere, and is only zero at the origin. 
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43. False. On the given region the function f is always less than one. By picking points closer and closer to the circle 
x? + y? = 1 we can make f larger and larger (although never larger than one). There is no point in the open disk that 
gives f its largest value. 


44. False. While f can only have (at most) one largest value, it may attain this value at more than one point. For example, the 
function f(x,y) = sin(x + y) has a global maximum of 1 at both (7/2, 0) and (0, 7/2). 


45. True. The region is both closed and bounded, guaranteeing both a global maximum and minimum. 


46. True. The global minimum could occur on the boundary of the region. 


Solutions for Section 15.3 


Exercises 


1. Our objective function is f (x, y) = x + y and our equation of constraint is g(x,y) = x? + y? = 1. To optimize f(x, y) 
with Lagrange multipliers, we solve V f(x, y) = AV g(x, y) subject to g(x,y) = 1. The gradients of f and g are 


So the equation V f = AV g becomes 
i +j —A(Qxi + 2yj ) 


Solving for À gives 
d 1 
| 2r Dy’ 


which tells us that x = y. Going back to our equation of constraint, we use the substitution x = y to solve for y: 


g(y.y) 2 +y —1 
2j —1 
yal 
/-35 
au 1 L2 
y= 2 23^ 


Since x = y, our critical points are CE, x2) and (£, = x2), Since the constraint is closed and bounded, maximum 
and minimum values of f subject to the constraint exist. Evaluating f at the critical points we find that the maximum 
value is p. x2) = V2 and the minimum value is ft-38, - 2) =-/V2. 
2. The Lagrange conditions give: 
1-—A2x, 3- Ay. 
Thus 24 = 1/z = 3/y, so y = 3a. Substituting this into the constraint, we get x? + (31)? = 10, so x = +1. Since 
y = 3x, the points satisfying the Lagrange conditions are (1, 3) and (—1, —3). Since f(1, 3) = 12 and f(—1, —3) = —8, 
the maximum value is 12 at (1, 3) and the minimum value is —8 at (—1, —3). 


3. The Lagrange conditions give: 
2(zy —1)-A2x, 2(y+ 2) = A2y. 


We can't have x = 0, since then the first equation becomes —2 = 0. Similarly, y 4 0. Thus we can divide by x and y. 
Solving both equations for A and setting the expressions equal, we get 


zr—-1 y-2 
r y` 
Thus, we have y(x — 1) = z(y + 2), so y = —2«. Substituting this into the constraint, we get z? + (—2x)? = 5, so 


x = +1. Since y = —2z, the points satisfying the Lagrange conditions are (1, —2) and (—1, 2). Since f(1, —2) = 0 and 
f(—1, 2) = 20, the maximum value is 20 at (—1, 2) and the minimum value is 0 at (1, —2). 
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The Lagrange conditions give: 
3x? = 6x, 1 = A2y. 


If x = O in the first equation, then from the constraint, y = +2. Thus (0,+2) are two points satisfying the Lagrange 
conditions. If x 4 0, we can solve for À from both equations and setting the expressions equal, we get 

1 1 

2" Qy’ 


so y = 1/a. Substituting this into the constraint, we get 3x? + (1/x)? = 4. Therefore 3x4 + 1 = 4z?, so 


3z^ — 4x? + 1 = (a? — 1) (32? — 1) = 0. 


Therefore x = +1, = +1/\/3. Since y = 1/z, we get 
(1,1), (=1;=1); (1/Vv3, v3), (-1/V3, — V3), 


as points satisfying the Lagrange conditions. The corresponding values of f (x, y) are 2, —2, 1.92, — 1.92. There are also 
the points (0, +2) we found for the case x = 0, and the values for f there are +2. Thus the maximum value is 2 at (1, 1) 
and (0, 2) and the minimum value is —2 at (—1, —1) and (0, —2). 

Our objective function is f(x,y) = 3x — 2y and our equation of constraint is g(x,y) = x? + 2? = 44. Their gradients 
are 


Vf(z,y) = 8i — 2j, 
Vg(z,y) = 2zi + 4yj . 


So the equation V f — AV g becomes 3i — 2j = A(2xi + 4yj ). Solving for A gives us 


| 3 -2 
| 2r Ay’ 
which we can use to find z in terms of y: 
3. -2 
2r Ay 
—4z = 12y 
v= —3y. 


az? + 2y? = 44 
(—3y)? + 2y? = 44 
9y? + 2y? = 44 
lly? = 44 

y=4 
y=+2 


Thus, the critical points are (—6, 2) and (6, —2). Since the constraint is closed and bounded, maximum and minimum 
values of f subject to the constraint exist. Evaluating f at the critical points, we find that the maximum is f(6, —2) = 
18 + 4 = 22 and the minimum value is f(—6, 2) = —18— 4 = —22. 


The objective function is f(x,y) = 2ay and the constraint equation is g(x,y) = 5x + 4y = 100, so grad f = 
(2y)i + (2x)j and grad g = 5i + 4j . Setting grad f = A grad g gives 


2y — 5A, 
2x — 4A. 


From the first equation we have \ = 29/5, and from the second equation we have A = 2/2. Setting these equal gives 
y = 1.25x. 


Substituting this into the constraint equation 5a + 4y = 100 gives x = 10 and y = 12.5. A maximum or minimum value 
for f subject to the constraint can occur only at (10, 12.5). 
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We have f (10, 12.5) = 250. From Figure 15.18, we see that the point (10, 12.5) gives a maximum. 
y 


30 


20 


10 


5x + 4y = 100 


10 20 
Figure 15.18 


7. Let f(z1,22) = 24? + x? and g(£1, £2) = v1 + x2. Then grad f = A grad g gives 


201 =X 
202 = A, 
SO zi + £2 = 1 gives 
rA A 
zT. or A= 1 
Thus 
Vaca ts 


Since f (z1, £2) becomes arbitrarily large as z1, x2 — oo, there is no global maximum. The global minimum is given by 


/63-Q'«Q'-i 


8. Our objective function is f(x,y) = x? + y and our equation of constraint is g(x,y) = x — y? = 1. Their gradients are 


Vf(z,y) = 2zi +j, 
Vg(z,y) = 2zi —2yj. 


Thus V f = AV g gives 


2% = A2x 
1 = —A2y 


But z cannot be zero, since the constraint equation, —y? = 1, would then have no real solution for y. So the equation 
V f = AV g becomes 


SE ER 
2x —2y 
pecho 
—2y 

—2y —1 
1 
y—y 


Substituting this into our equation of constraint we find 


1 2 Dy 
Sja 2l i 
g(x, z) T ( 5 
wa? 
4 
gd MS 
s 
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So the critical points are (35, — 1) and (— YS — $). Evaluating f at these points we find fJ, i-f( X5 i)- 
3 — 4 = 3. This is the minimum value for f(x,y) constrained to g(x,y) = 1. To see this, note that for £? = y? + 1, 
f(y) = y? +1+y = (y + 1/2)? -- 3/4 > 3/4. Alternatively, see Figure 15.19. To see that f has no maximum on 


g(x,y) = 1, note that f — oo as x — oo and y — oo on the part of the graph of g(x, y) = 1 in quadrant I. 


-2 
(-v5/2, —1/2) 


—24 


Figure 15.19: Graph of z? — y? = 1 


The objective function is f(x,y,z) = x + 3y + 5z and the equation of constraint is g(x,y, z) = x? +y? + 2 = 1. 
Their gradients are 


Vf(z,y,2) 2 Í +37 +5k, 
Vg(zr,y,z) = 2zi +2yj + 2zk. 


So the equation V f = AV g becomes 7 +37 + 5k = A(2xi --2yj + 2zk ). Solving for A we find 


"A NET S 
| 2r 2y  2z. 
Which provides us with the equations 
2y — 6x 
10r = 2z. 


Solving the first equation for y gives us y = 3a. Solving the second equation for z gives us z = 5a. Substituting these 
into the equation of constraint, we can find x: 


a” + (8r) + (5x)? = 1 
a? + 9a? + 2507 — 1 


353? = 1 
=} 
35 
1 vy 35 
z-—zci = 2S : 


Since y = 3a and z = 5z2, the critical points are at (338, 3338, x38), Since the constraint is closed and bounded, max- 


imum and minimum values of f subject to the constraint exist. Evaluating f at the critical points, we find the maximum 


(suus ovum, Y2) = 3532 = /35, and the minimum value is f( m pus. Man v35. 


Our objective function is f(x, y, z) = £? — y? — 2z and our equation of constraint is g(z,y,z) = £? + y? — z = 0. 
To optimize f(x,y,z) with Lagrange multipliers, we solve V f(x,y,z) = AVg(x,y,z) subject to g(x,y, z) = 0. The 
gradients of f and g are 


Vg(z,y,z) = 2xi + 2yj — k. 


11. 


12. 
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We get 
2x = 2AT 
—2y = 2ry 
—2 = —À 
r? + a zx 


The third equation gives A = 2 and from the first x = 0, from the second y = 0 and from the fourth z = 0. So the only 
solution is (0, 0, 0), and f(0,0,0) = 0. 

To see what kind of extreme point is (0, 0, 0), let (a, b, c) be a point which satisfies the constraint, i.e. a? + b? = c. 
Then f(a, b,c) = a? — b? — 2c = —a? — 3? < 0. The conclusion is that 0 is the maximum value of f and that there is 
no minimum. 


The Lagrange conditions give: 
yz = A2q3, mz — A2y, xy — A8z. 


We note that if x = 0, then the objective function f(x,y,z) = xyz has value 0 and this cannot be the maximum or 
minimum value since xyz can take on both positive and negative values. Similarly, we can assume that y Æ 0 and z # 0. 
Solving for A and setting expressions equal, we get: 


yz rz _ TY 


357 y EUM 
Thus y?z = z?z so y? = 2”, and 4x2? = xy”, so y? = 42°. Therefore 


2? ty? +42? — V? p? 4, — 12, 


so y = +2. Since x = +y and z = +y/2, there are eight points satisfying the Lagrange conditions, each of the 
form (+2, +2, +1). Thus the maximum value of the objective function f(x,y,z) = xyz is 4 at (2,2, 1),(2, -2, — 1), 
(—2,2, —1),(—2, —2, 1), and the minimum value is —4 at (—2, —2, —1),(2, 2, —1),(2, —2, 1),(—2, 2, 1). 

The region x? + y? < 4 is the shaded disk of radius 2 centered at the origin (including the circle x? + y? = 4) shown in 
Figure 15.20. 


b 


Figure 15.20 


We will first find the local maxima and minima in the interior of the disk. So we need to find the extrema of 
f(x,y) =a? +2y? intheregion 2? +y? « 4. 
For this we compute the critical points: 
fe = 24 =0 
fy =4y =0 
So the critical point is (0,0). As fzz(0,0) = 2, fyy(0,0) = 4 and fzy(0,0) = 0 we have 
D = fex(0,0) - fyy(0,0) — (fey(0,0))? =8>0 and fzz(0,0) = 2 > 0. 


Therefore (0, 0) is a minimum point and f (0,0) = 0. 
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Now let’s find the local extrema of f on the boundary of the disk, hence this time we have to solve a constraint 
problem. We want the extrema of f(x,y) = z? + 2y? subject to g(z,y) = z? + y? — 4 = 0. We use Lagrange 
multipliers: 

grad f — Agradg and r? + y? =4, 


which give 
2r = 2Ax 
4y = 2Ay 
r’ + y? = 4, 


From the first equation we have x = 0 or À = 1. If x = 0, from the last equation y? = 4 and therefore (0, 2) and 
(0, —2) are solutions. 

If £ Æ 0 then À = 1 and from the second equation y = 0. Substituting this into the third equation we get z? = 4 so 
(2,0) and (—2, 0) are the other two solutions. 

The region z? + y? < 4 is closed and bounded, so maximum and minimum values of f in the the region exist. 
Therefore, as f(0,2) = f(0, —2) = 8 and f(2,0) = f(—2,0) = 4, (0, 2) and (0, —2) are global maxima and (0, 0) is 
the global minimum on the whole region. The maximum value of f is 8 and the minimum value of f is 0. 


The region x? + y? < 2 is the shaded disk of radius \/2 centered at the origin (including the circle £? + y? = 2) as shown 
in Figure 15.21. 


—5 


haer, 
Figure 15.21 


We first find the local maxima and minima of f in the interior of our disk. So we need to find the extrema of 


f(x,y) =v+3y, inthe region ety? <2. 


fy =3 


f does not have critical points. Now let’s find the local extrema of f on the boundary of the disk. We want to find the 
extrema of f(x,y) = x + 3y subject to the constraint g(x, y) = £? + y? — 2 = 0. We use Lagrange multipliers 


grad f — Agradg and xr’ + y? —2, 


which give 
1 = 2X2 
3 = 2Ay 
z^ y? L2. 


al 


As À cannot be zero, we solve for x and y in the first two equations and get x = jx and y = A Plugging into the third 
equation gives 


8A? = 10 


14. 
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so À = +8 and we get the solutions (+, =) and (--4, — 


VPE ). Evaluating f at these points gives 


ED 


The region x? + y? < 2 is closed and bounded, so maximum and minimum values of f in the region exist. Therefore 


(m =) is a global maximum of f and (— NL —<) is a global minimum of f on the whole region z? + y? < 2. 


The domain z? 4-25? < 1 is the shaded interior of the ellipse z?--2y? = 1 including the boundary, shown in Figure 15.22. 


Figure 15.22 


First we want to find the local maxima and minima of f in the interior of the ellipse. So we need to find the extrema 
of 
f(x,y)-— xy, intheregion a? +2y? « 1. 


For this we compute the critical points: 
fe =y=0 and f,—z-0. 
So there is one critical point, (0, 0). As fra(0,0) = 0, fyy(0,0) = 0 and fry(0,0) = 1 we have 
D = fex(0,0) - fy (0,0) — (fzy(0,0))? — -1«0 


so (0, 0) is a saddle and f does not have local extrema in the interior of the ellipse. 
Now let's find the local extrema of f on the boundary, hence this time we'll have a constraint problem. We want the 
extrema of f(x, y) = xy subject to g(z, y) = x? + 2y? — 1 = 0. We use Lagrange multipliers: 


grad f = Agradg and r? + 2y? zi 


which give 
y = 2Ax 
x = 4dy 
x? + 2y? =1 
From the first two equations we get 
ry = 8X ay. 


Sox = 0 or y = 0 or 8X = 1. 
If x = 0, from the last equation 2y? = 1 so y = +4 and we get the solutions (0, x2) and (0, — a2, 
If y = 0, from the last equation we get z? = 1 and so the solutions are (1, 0) and (—1, 0). 
If x Æ 0 and y Æ 0 then 8A? = 1, hence \ = +=. For A = —L- 


x= V2y 


and plugging into the third equation gives 4y? = 1 so we get the solutions ( va 4) and (2, -i) 


For À = -355 we get 


x = —vV2y 
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and plugging into the third equation gives 4y? = 1, and the solutions (2, — 1) and (— 
solutions: (1, 0), (—1, 0), (2, i) C£, -$) (2, -$) 32, i). 
Evaluating f at these points gives: 
V2 V2 
(2, bz gocY? 1 Y? 
2 *24- 2* 9* 4 
jeg es 
2° 2 2.*9 4° 


, $). So finally we have the 


The region z? + 2y? < 1 is closed and bounded, so the maximum and minimum values of f in the region exist. Hence 


v2 
4 


and the minimum value of f is — E 


the maximum value of f is n 


Figure 15.23 


Let's look for the critical points of f in the interior of the region. As 


fo = 32” 
fy =1 


15. The region x + y > 1 is the shaded half plane (including the line x + y = 1) shown in Figure 15.23. 


there are no critical points inside the shaded region. Now let's find the extrema of f on the boundary of our region. We 
want the extrema of f(x,y) = £? + y subject to the constraint g(x,y) = 2 + y — 1 = 0. We use Lagrange multipliers 


grad f = Agradg and x«+y=1, 
which give 
Sp =À 
1=A 
zgt+y=1. 
From the first two equations we get 3z? = 1, so the solutions are 
1 1 
—,l1- —=) and (-—,1+ 
Ta 3) CA 
Evaluating f at these points we get 
1 1 2 
—,1- —) = 1- — 
C itas 
1 1 2 
—-—, 1 + —) = 1 + —. 
UE" gl E 


16. 


17. 


18. 
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From the contour diagram in Figure 15.23, we see that (28 l- A) is a local minimum and (728 1+ 79) is a local 
maximum of f on z 4- y — 1. Are they global extrema as well? 
If we take x very big and y = 1 — z then f(x,y) = x? + y = a? — x + 1 which can be made as big as we want (if 
we choose x big enough). So there will be no global maximum. 
Similarly, taking x negative with big absolute value and y = 1 — x, f(x, y) = £? + y = z? — x + 1 can be made as 
small as we want (if we choose x small enough). So there is no global minimum. This can also be seen from Figure 15.23. 


3 


First, we look for critical points for f: 
2(x 4-3) — 0, 2(y — 3) — 0. 
Thus the only critical point for f is (—3, 3), but this point does not satisfy the constraint x? +y? < 2, so we do not use 
it. The Lagrange conditions are 
2(x +3) = A2x, 2(y-— 3) = A2y. 
If x = 0, the first equation becomes 3 = 0, so x Æ 0. Similarly, y # 0. Solving for A and setting expressions equal, we 
have 


r+3  y-—3 
Coy 
Thus, (x 4- 3)y = (y — 3)z, so y = —<. Substituting this into the constraint equation, we get 2x” = 2, so x = +1. Since 


y = —2, the points satisfying the Lagrange conditions are (1, — 1) and (—1, 1). Since f(1, —1) = 32 and f(—1,1) = 8, 
the maximum value is 32 at (1, — 1) and the minimum value is 8 at (— 1, 1). 


We first find the critical points of f: 


fo =2ay=0, fy =2?+6y—1=0. 


From the first equation, we get either x = 0 or y = 0. If x = 0, from the second equation we get 6y — 1 = 0 so y = 1/6. 
If instead y = 0, then from the second equation v = +1. We conclude that the critical points are (0, 1/6), (1,0), and 
(—1, 0). All three critical points satisfy the constraint x? + y? < 10. 

The Lagrange conditions, grad f — A grad g, are: 


2xy = A2x, a” + 6y — 1 = A2y 
From the first equation, when x Æ 0, we divide by x to get \ = y. Substituting into the second equation, we get 
x? + 6y —1=2y?. 
Then using z? = 10 — y? from the constraint, we have 


10 — y? + 6y — 1 = 2y?, 


so 3y? — 6y — 9 = 0. Factoring, we get 3(y — 3)(y + 1) = 0. From the constraint, we get x = +1 when y = 3 
and x = +3 for y = —1. If instead x = 0, so that we cannot divide by x in the first Lagrange equation, then from the 
constraint, y = +v 10. Summarizing, the following points are either critical points or satisfy the Lagrange conditions: 


(1,0), (—1,0), (0, 1/6), (1, 3), (+3, —1), (0, +V10). 


These are the candidates for global maximum or minimum points. The corresponding values for f(x, y) = z?y-- 3? — y 
are: 


0, 0, —1/12, 27, —5, 30 Fv 10. 
The largest value is 30 + v10 at the point (0, — v 10) and the smallest value is —5 at (+3, —1). 


(a) Minimum. The minimum value of f on the constraint is f(P) = 20. 

(b) Neither. We have f(Q) = 30, which is neither a minimum nor a maximum of f on the constraint because f(P) = 
20 < f(Q) < f(R) = 40. The fact that a contour of f and the constraint curve are tangent at Q is not enough to 
conclude that f(Q) is either a maximum or minimum of f subject to the constraint. 

(c) Neither. We have f(R) = 40, which is neither a minimum nor a maximum of f on the constraint because f(P) = 
20 < f(R) < f(S) = 50. 

(d) Maximum. The maximum value of f on the constraint is f(S) = 50. 
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Problems 


19. 


20. 


The function f(x,y) = x +y — (r— y»? attains a maximum value at a critical point inside the triangle or somewhere on 
its boundary. 
At a critical point we have 


The equations have no solution, so f has no critical points. 

We next find the maximum of f on each edge of the triangle separately. Each edge is a constraint and the maximum 
on an edge can be found by the method of Lagrange multipliers. It is also very easy to use the equation of an edge to 
change the 2-variable constrained maximum problem into a 1-variable maximum problem, which we do for the two edges 
lying on the x and y-axes. 

On the boundary segment z = 0,0 < y 
(0, 1/2). 

On the boundary segment 0 € x < 1, y = 0, we have f/(z,0) = x — z? which attains a maximum at the point 
(1/2, 0). 

On the boundary segment x + y = 1,0 < x < 1,0 € y < 1, we use the method of Lagrange multipliers with 
constraint g(x,y) = x + y = 1. The equations 


fo =Agx fy =Ady g=1 


IA 


1, we have f(0,y) = y — y? which attains a maximum at the point 


give 
1-2(¢-y)=A 14+2%¢-y)=A z+y=1 


with solution (a, y) = (1/2, 1/2). On the edge we have f(x,y) = «+ y — (x — y)? = 1— (x — y)? so we see that 
(1/2, 1/2) gives a constrained maximum. Since 


(3-1 19-4 G= 


we learn that f attains a maximum value of | at the point (z, y) = (1/2, 1/2) on the boundary of the triangle. 


(a) The contour for z = 1 is the line 1 = 2x + y, or y = —2z + 1. The contour for z = 3 is the line 3 = 2x + y, or 
y = —2z + 3. The contours are all lines with slope —2. See Figure 15.24. 


y y 


Figure 15.24 Figure 15.25 


(b) The graph of x? + y? = 5 is a circle of radius v5 = 2.236 centered at the origin. See Figure 15.25. 

(c) The circle representing the constraint equation in Figure 15.25 appears to be tangent to the contour close to z — 5 at 
the point (2, 1), and this is the contour with the highest z-value that the circle intersects. The circle is tangent to the 
contour z = —5 approximately at the point (—2, — 1), and this is the contour with the lowest z-value that the circle 
intersects. Therefore, subject to the constraint z? + y? = 5, the function f has a maximum value of about 5 at the 
point (2, 1) and a minimum value of about —5 at the point (—2, —1). 

Since the radius vector, 2j. + j. at the point (2, 1) is perpendicular to the line 22 + y = 5, the maximum is 
exactly 5 and occurs at (2, 1). Similarly, the minimum is exactly —5 and occurs at (—2, —1). 
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(d) The objective function is f(x, y) = 2x + y and the constraint equation is g(x, y) = x? + y? = 5, and so grad f = 
2i +j and grad g = (2x)i + (2y)j . Setting grad f = A grad g gives 


2 — A(2x), 
1 = A(2y). 


On the constraint, x 4 0 and y Æ 0. Thus, from the first equation, we have A = 1/z, and from the second equation 
we have \ = 1/(2y). Setting these equal gives 
y -—2y. 


Substituting this into the constraint equation x” + y? = 5 gives (29)? +y? = 5soy = —1and y = 1. Since x = 2y, 
the maximum or minimum values occur at (2, 1) or (—2, —1). Since f(2,1) = 5 and f(—2, —1) = —5, the function 
f(a, y) = 2x + y subject to the constraint z? + y? = 5 has a maximum value of 5 at the point (2, 1) and a minimum 
value of —5 at the point (—2, —1). This confirms algebraically what we observed graphically in part (c). 


21. Let g(x,y) = 2x + 3y, so the line is g(x,y) = 6. At the maximum on the line grad f = A grad g, so 


fre = ar^? ly? — À .9 
fı = -a)y *-—24.3. 


Dividing to eliminate À we have 


Since (1.5, 1) is a critical point, we have 


Q 


(5) i = 


wre 


l-a 
3a = 2(1.5)(1 — a) = 3(1— a) 
3a = 3— 3a 

a = 0.5. 


22. We know that a maximum or minimum value of f subject to the constraint equation g(x,y) = c occurs where grad f 
is parallel to grad g, or at the endpoints of the constraint. The vectors grad f and grad g are parallel where the graph of 
g(x,y) = cis tangent to the contours of f, which occurs at approximately x = 6 and y = 6. At the point (6,6), we 
have f = 400. The graph of g(x,y) = c crosses the contours f = 300, f = 200, f = 100 but does not cross any 
contours with f-values greater than 400. We see that the maximum of f subject to the constraint is 400 at the point (6, 6). 
It appears that f takes on its minimum value (less than 100) at one of the endpoints, which are approximately (10.5, 0) 
and (0, 13.5). 


23. (a) The curves are shown in Figure 15.26. 


1500 NE III 
[ II 
[I 
1000 
s = 1000 — 10l 
500 = 
(50, 500) 
TUE 


20 40 60 80 100 
Figure 15.26 


(b) The income equals $10/hour times the number of hours of work: 


s = 10(100 — 1) = 1000 — 101. 
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(c) The graph of this constraint is the straight line in Figure 15.26. 

(d) For any given salary, curve III allows for the most leisure time, curve I the least. Similarly, for any amount of leisure 
time, curve III also has the greatest salary, and curve I the least. Thus, any point on curve III is preferable to any point 
on curve II, which is preferable to any point on curve I. We prefer to be on the outermost curve that our constraint 
allows. We want to choose the point on s — 1000 — 10/ which is on the most preferable curve. Since all the curves 
are concave up, this occurs at the point where s = 1000 — 101 is tangent to curve II. So we choose | = 50, s = 500, 
and work 50 hours a week. 


(a) The gradient vectors, V f, point inward around a local maximum. See the two points marked A in Figure 15.27. 

(b) Some of the gradient vectors around a saddle are pointing inward toward the point; some are pointing outward away 
from the point. See the point marked B in Figure 15.27. 

(c) The critical points on g — 1 are at points where V f is perpendicular to the curve g — 1. There are four of them, all 
marked with a dot in Figure 15.27. Imagine the level surfaces of f sketched in everywhere perpendicular to V f; the 
maximum value of f is at the point marked C in Figure 15.27 

(d) Again imagine level curves of f. The minimum value of f is at the point marked D. 
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Figure 15.27 


(e) At C, the maximum on g = 1, the vector Vg points outward (because it points toward g = 2), while V f points 
inward. The Lagrange multiplier, A, is defined so that V f = AV g, so \ must be negative. 


(a) The point P gives a minimum; the maximum is at one of the end points of the line segment (either the x- or the 
y-intercept). The value of A is negative, since f decreases in the direction in which g increases. 

(b) The point P gives a maximum; the minimum is at the z- or y-intercept. The value of A is positive, since f and g 
increase in the same direction. 


Since A is the additional quantity of f that is obtained by relaxing the constraint by 1 unit, A is larger if the level curves 
of f are close together near the optimal point. The answer is I « II « III. 


The maximum and minimum values change by approximately AAc. The Lagrange conditions give: 


3—A2z, —2 = My. 


Solving for A and setting the expressions equal, we get x = —3y. Substituting into the constraint, we get y = +2, so the 
points satisfying the Lagrange conditions are (—6, 2) and (6, —2). The corresponding values of f(x, y) = 3x — 2y are 
— 22 and 22. From the first equation, we have A = 3/(2x). Thus the minimum value changes by 3/(—12) Ac = —Ac/4 
and the maximum changes by 3/(12)Ac = Ac/4. 


The maximum and minimum values change by approximately AAc. The Lagrange conditions give: 


y = A8z, x= A2y. 


Solving for À and setting the expressions equal, we get 4x? = y?. Substituting into the constraint, we get x = +1. Since 
y = +2z, the points satisfying the Lagrange conditions are (1,2), (—1,2), (1, —2), (—1, —2). Since f(x, y) = xy, we 


get a maximum value of 2 at (1,2), (—1, —2) and a minimum value of —2 at (1, —2), (C 1, 2). Since A = y/(8z), the 
maximum value changes by (2/8)Ac = Ac/4 and the minimum changes by —(2/8)Ac/) = —Ac/4. 
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29. (a) The company wishes to maximize P(x, y) given the constraint C(x, y) = 50, 000. The objective function is P(x, y) 
and the constraint equation is C(x, y) = 50, 000. The Lagrange multiplier À is approximately equal to the change in 
P(x, y) given a one unit increase in the budget constraint. In other words, if we increase the budget by $1, we can 
produce about A more units of the good. 
(b) The company wishes to minimize C(x, y) given the constraint equation P(x, y) = 2000. The objective function is 
C (x, y) and the constraint equation is P(x,y) = 2000. The Lagrange multiplier À is approximately equal to the 
change in C'(z, y) given a one unit increase in the production constraint. In other words, it costs about A dollars to 
produce one more unit of the good. 


30. 


= 


Figure 15.28 


Let V be the volume and S be the surface area of the container. Then 
Verh and S —2m«rh 4 2n? 


where A is the height and r is the radius as shown in Figure 15.28. We have V = 100 cm? as our constraint. Since 


VS = (20h + 4n r)i + Qnrj = 7((2h+ Ar)i + 2rj) 
and VV =2nrhi 4 nr?j T (2rhi + r?j) 


at the optimum 


V.S — AVV, we have 
T ((2h 4- Ari + 2rj) = «A(2rhi 4-775), 


: 2 
that is 2h+4r=2Arh and 2r= Ar’, hence A= =. 
r 
We assume r Æ 0 or else we have a very awkward cylinder. Then, plug \ = 2/r into the first equation to obtain: 


2h+4r = 2 (3) rh 
T 

2h + 4r = 4h 

h= 2r: 


Finally, solve for r and h using the constraint: 


V = rr?h = 100 


nr (2r) = 100 
3 _ 50 
T 

3/50 

r= 4/—. 

T 


Solving for h, we obtain h = 2r = 24 D 
V T 
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31. (a) We want to minimize C subject to g = x + y = 39. Solving VC = AV g gives 


10x + 2y = à 
2z +6y =A 


so y = 2x. Solving with z + y = 39 gives x = 13, y = 26, A = 182. Therefore C = $4349. 
(b) Since A = 182, increasing production by 1 will cause costs to increase by approximately $182. (because \ = 
IV Cll 
IV gli 
32. Using Lagrange multipliers, let G — 2000 — 5x — 10y — 0 be the constraint. 


2xy? \ + 2yr? \ -> ry \ > yu? \ > 
P=(1 2 =(14+4 gg 35.3. 
Y (14 Fae i+ (24 s d t) "A^ t dos? 


VG — —5i — 107. 
Now, VP = AVG, so 


= rate of change of C with g). Similarly, decreasing production by 1 will save approximately $182. 


2 2 
ry yz" — 
Thus " B 
2ry yx 
2+ —— = 2 +. 
+ 108 T 108 
Solving, we get 2y = x or x = 0 or y = 0. 
y 
209 Constraint 
G=0 
x 
400 
Figure 15.29 


From G = 0 we have: when x = 0,y = 200, when y = 0,2 = 400, and when x = 2y, x = 200, y = 100. So 
(0,200), (400,0) and (200,100) are the critical points and they include the end points. 
Substitute into P: P(0, 200) — 400, P(400, 0) — 400, P(200, 100) — 402 so the organization should buy 200 sacks of 
rice and 100 sacks of beans. 


33. (a) Let c be the cost of producing the product. Then c — 10W 4- 20K — 3000. At optimum production, 
Vq — AVG: 
Vq = (gw-tK?) i+ (gwik-?) Jj , and Vc = 107 + 207 . Equating we get 
9W-iKt —X0, and 3WiK-$ = A20. 
Dividing yields K = iW, so substituting into c gives 
1 4 
10W +20(=W) = Tw = 3090. 
Thus W = 225 and K = 37.5. Substituting both answers to find A gives 


2(225)73(37.5)ī 
A= sy "OT = 0.2875. 


We also find the optimum quantity produced, q = 6(225) i (37.5)3 — 862.5T. 


(b) 


(c) 


34. (a) 


(b) 


(c) 
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At the optimum values found above, marginal productivity of labor is given by 


at = swik? = 2.875, 
(225,37.5) (225,37.5) 
and marginal productivity of capital is given by 
21 = 2wik-i — 5.750. 
(225,37.5) (225,37.5) 


The ratio of marginal productivity of labor to that of capital is 


1 10  costofaunit of L 


2 20  costofaunit of K. 


Ba. 
oW 
oq 
OK 


When the budget is increased by one dollar, we substitute the relation Kı = ¿w into 10W; + 20 Kı = 3001 which 
gives 10W; + 20(4W1) = 2w, = 3001. Solving yields W; = 225.075 and Kı = 37.513, so qı = 862.86 = 
q + 0.29. Thus production has increased by 0.29 ~ A, the Lagrange multiplier. 


The problem is to maximize 
V = 1000D°° N°? 


subject to the budget constraint in dollars 
40000D + 10000N < 600000 


or (in thousand dollars) 
40D 4- 10N < 600 


Let B = 40D + 10N = 600 (thousand dollars) be the budget constraint. At the optimum 


VV = AVB, 
OV OB 
so aD = ^3D — 40A 
OV OB 
Thus 
aV/8D . 
8V/ON - 


Therefore, at the optimum point, the rate of increase in the number of visits with respect to an increase in the number 
of doctors is four times the corresponding rate for nurses. This factor of four is the same as the ratio of the salaries. 
Differentiating and setting VV — AV B yields 


600D 9-4 N93 = 40A 
300D99 N-9-* = 10A 


Thus, we get 


600D ^^N^?  . _ 300D°° N78" 
40 m 10 


So 
N —2D. 


To solve for D and N, substitute in the budget constraint: 
600 — 40D — 10N = 0 


600 — 40D — 10- (2D) = 0 
So D — 10 and N — 20. 
. 600(10 94)(2093) 
i 40 
Thus the clinic should hire 10 doctors and 20 nurses. With that staff, the clinic can provide 


À & 14.67 


V = 1000(1099) (209?) ~ 9,779 visits per year. 


1428 


(d) 
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35. (a) 


(b) 
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From part c), the Lagrange multiplier is A = 14.67. At the optimum, the Lagrange multiplier tells us that about 14.67 
extra visits can be generated through an increase of $1,000 in the budget. (If we had written out the constraint in 
dollars instead of thousands of dollars, the Lagrange multiplier would tell us the number of extra visits per dollar.) 
The marginal cost, MC, is the cost of an additional visit. Thus, at the optimum point, we need the reciprocal of the 
Lagrange multiplier: 

N üs = 0.068 (thousand dollars), 

that is, at the optimum point, an extra visit costs the clinic 0.068 thousand dollars, or $68. 

This production function exhibits declining returns to scale (e.g. doubling both inputs less than doubles output, 
because the two exponents add up to less than one). This means that for large V, increasing V will require increasing 
D and N by more than when V is small. Thus the cost of an additional visit is greater for large V than for small. In 
other words, the marginal cost will rise with the number of visits. 


The solution to Problem 33 gives A = 0.29. We recalculate A with a budget of $4000. 
The condition that grad q — A grad(budget) in Problem 33 gives 


WA ga — A(10) and WS AAk-on — A(20), 


MC — 


so K = ZW. Substituting into the budget constraint after replacing the budget of $3000 by $4000 gives 


10W + 20(5W) = Ww — 4000. 


Thus, W — 300 and K — 50 and q — 1150.098. 
Multiplying the first equation by W and the second by K and adding gives 


WW) + KGW) = W(10A) + K (202). 


So 
9 3 3/4 p-1/4 
(5 + =) W?/^ K^ — X(10W + 20K) 
6w*/4K"/4 = (4000) 
Thus, 
3/4 1/4 11 ; 
i. 0 1150098 6 
4000 4000 


Thus, the value of A remains unchanged. 
The solution to Problem 34 shows that A = 14.67. We solve the problem again with a budget of $700,000. 
The condition that grad V — A grad B in Problem 34 gives 
600.D 9* N°? = 40A 
300D99 N-97 = 10A 
Thus, N = 2D. Substituting in the budget constraint after replacing the budget of 600 by 700 (the budget in measured 


in thousands of dollars) gives 
40D + 10(2D) = 700 


so D = 11.667 and N = 23.337 and V = 11234.705. As in part a), we multiply the first equation by D and the 
second by WN and add: 


D(600D-9* N93) + N(300D99 N~°") = D(40A) + N(10A), 


SO 
(600 + 300).D99 N°? = (400 + 10N) 
900D°° N°? = (700) 
Since V = 1000.D99 N°? = 11234.705, we have 
900D09N935 g V 
\ = TÉ. 2li(—-)-1444. 
700 7 1009! 


Thus, the value of A has changed with the budget. 


(c) 


36. (a) 


(b) 


(c) 
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We are interested in the marginal increase of production with budget (that is, the value of A) and whether it is affected 
by the budget. 
Suppose $B is the budget. In part (a) we found 


6W3/4 1/4 


À 
B 


and in part (b) we found 

i 900 9-9 N9-3 
= 

In part (a), both W and K are proportional to B. Thus, W = cı B and K = c2 B, so 


À 


6(c1 B)?/"* (es B)/^ 
B 

6c3/^ 01/4 g3/4 gi/4 
B 

6ci ch! 


X= 


So we see À is independent of B. 
In part (b), both D and N are proportional to B, so D = c3 B and N = c4 B. Thus, 


.. 900(cs B)99 (c4 B)9? 
7 B 

.. 900c3°°C?? B? g^? 
HEN au 


= 900c$? c1? 


A 


1 
Bo3' 


So we see A is not independent of B. 

The crucial difference is that the exponents in Problem 33 add to 1, that is 3/4+ 1/4 = 1, whereas the exponents 
in Problem 34 do not add to 1, since 0.6 4- 0.3 — 0.9. 

Thus, the condition that must be satisfied by the Cobb-Douglas production function 


Q=cK*L’ 
to ensure that the value of is not affected by production is that 
a+b=1. 


This is called constant returns to scale. 


For a given budget, maximum production is achieved at the point on the budget line that is tangent to a production 
contour. Approximate points are shown in Figure 15.30 
Estimating production quantities from the contours gives the following values, or close to them: 


Budget, B (in dollars) 


Max production, M (in pairs of skis per week) 


2000 4000 6000 8000 10000 
17 33 50 67 83 


We estimate the derivative dM/dB at B = $6000 with a difference quotient. Taking values from the table for 
B — 6000 and B — 8000 we have 


dM | 671—950 


= -IB ^ 3000 6000 


— 0.0085 pairs of skis per week per dollar. 


For example, increasing the budget from $6000 to $7000 would increase maximum production by approximately 
0.0085(1000) — 8.5 pairs of skis per week. 
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K , capital 
20 


Figure 15.30 


37. Since patient 1 has a visit every xı weeks, this patient has 1/z visits per week. Similarly, patient 2 has 1/z» visits per 
week. Thus, the constraint is 


glans) = —  — —m 
X1 T2 
To minimize 
V1 Tı V2 T2 


f(e1, 2) = —— 2 t + v2 2 


subject to g(z1, x2), we solve the equations 
grad f = Agradg 
g(zi,22) — m. 
This gives us the equations 


Of U1 


xı 9j. -r Uo 


1 
2 T 
9f | "  1_)f_1)\_) 
- 27 z)= 
1 


Oxe V1 + U2 Ore 
1 
> +> =m 
X1 T2 
Dividing the first equation by the second gives 
U1 E X5 
v) xr 


AS U1, U2, 21, £2, M are strictly positive we have 


Substituting for x2 in the constraint occasion gives 


solving for zı gives 


and similarly 


ie 


(v1)? + (v2) 


T2 = = 
m+ (v2)? 
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38. We want to optimize 


Panso n +S 
vı + v2 2 vı + v2 2 
subject to 
g(11,22) = ar + uoc 


At the optimum point, 71, £2, and the Lagrange multiplier A must satisfy the equations 


U1 1 I X 
vito 2 . zz 
U2 1 0 A 
vi + V2 2 E x2 
1 1 
—+—=m. 
X1 T2 


Solving the first and second equations for 1/x1 and 1/22, respectively, gives 


1 T 1 . U1 
r? 2A (viv) 
1 m 1 . U2 
z2 2A (viv) 


substituting into the constraint gives (note that A < 0): 
2x ies um 
2A (v1 + v2) 2A (vi + v2) z 2A (vi +v) 2 ^4 


1 v+u + 2(v1 v3)? =i 
2A Ui + v2 = ` 


eee (: " — 
2m? V1 + v2 
The units of À are weeks? (since the units of m are 1/weeks). The Lagrange multiplier measures df /dm, which 


represents the rate of change in the expected delay in tumor detection as the available number of visits per week increases. 
The negative sign represents the fact that as the number of visits per week increases, the delay decreases. 


So 


and thus 


2 2 
39. (a) The objective function is the complementary energy, as + £, and the constraint is fı + f2 = mg. The Lagrangian 
1 2 
function is " : 
L(fi, fa, A) = Hi qu. a + f2 — mg). 
it 2kı | 2k» 
We look for solutions to the system of equations we get from grad £ — 0: 
OL fi 
E a tt E 
Ofi ky 
OL fa 
=~ = —-A=0 
Of2 kə 
OL 
ax 7 (ht + fa - mg) = 0. 
Combining S = = = = = 0 with Tt = 0 gives the two equation system 
A £m. 
ki ka 


fit fe = mg. 
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Substituting f2 = mg — fı into the first equation leads to 


ky 
ky ka 


(od tke 


(b) Hooke’s Law states that for a spring 
Force of spring = Spring constant - Distance stretched or compressed from equilibrium. 


Since fı = ki: A and fo = k2 - A, the Lagrange multiplier A equals the distance the mass stretches the top spring 
and compresses the lower spring. 


(a) Let f(zi,22,23) = Y zi? = mi? + x3? + za? and g(21, £2, £3) = prm x; = 1. Then grad f = À grad g 


adt 


gives 
21231 =A and 2r2 =A and 2z3— A. 
so 
31-49-35 m 
ped ced ex 
Then zı + 2 + £3 = 1 gives 
2 1 
32-1 so AS 50 £1 = T2 = T3 = 5. 


These values of zi, £2, £3 give the minimum (rather than maximum) because the value of f increases without bound 
aS T2, T2, 13 — OO. 
(b) A similar argument shows that pau xi has its minimum value subject to Nd zi = 1 when 


1 
Pi =p S++ = Pn = 
n 


The maximum of f(x,y) = az? + bay + cy? subject to the constraint g(x,y) = 1 where g(x,y) = x? + y? occurs 
where grad f = A grad g. Since grad f = (2ax + by)i + (bx + 2cy)j and grad g = 2xi + 2yj we have 


2ax + by = 2A 
ba + 2cy = 2yA 


x +y =1 


Adding z times the first equation to y times the second gives z(2az + by) + y(ba + 2cy) = (2x? + 2y°)À. Dividing by 
2 and using the constraint equation gives f(x,y) = ax? + bry + cy? = (x? + y?)A = X. This equation holds for all 
solutions (x, y, A) of the three equations, including the solution that corresponds to the maximum value of f subject to 
the constraint. Thus the maximum value is f(x, y) = A. 


Let (x, y, z) be a point on the paraboloid. The square of the distance from (x, y, z) to the point (1, 2, 10) is given by 
f(a,y, 2) = (z — 1)? + (y - 2? + (s — 10)*, 


and so we wish to minimize f(x, y, z) subject to the constraint 


g(z,y,z) 2° y^ — 2 — 0. 


We look for solutions to the equations grad f — A grad g and g — 0: 


2(a — 1) = 2Ax, 
2(y — 2) = 2Ày, 
2(z — 10) = —À, 


r?’ +y- z=0. 


43. 
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If A = 0, the first three equations would imply that (x, y, z) = (1, 2, 10), which does not satisfy the fourth equation and 
so A Æ 0. The first equation then implies that x # 0 and the second equation implies that y Z 0, so we can eliminate A 
from the first three equations to get: 

249 ad Y wil), 

t y y 


These give 
2—y 
y —2x and z= ——- +10. 
2y 
Substituting for x and z in the equation z = x? + y?, we obtain 


2—y y, 2 
——- 10-2 = , 

2y + 10 1 ty. 
which simplifies to give 

5y? —38y —4— 0. 
Let h(y) = 5y? — 38y — 4. We find that h(—3) < 0 and A(—1) > 0, and so the cubic h(y) has a root between —3 
and —1. Similarly, since h(—1) > 0 and A(0) < 0, then h(y) has one a between —1 and 0. Finally, as ^(0) < 0 and 
h(3) > 0, we see that h(y) has a root between 0 and 3. Let's find the root lying between 0 and 3. Using a calculator, we 
find that this root is approximately given by 
yı ~ 2.808, 


and so, using y = 2x, the corresponding point (x, y, z) on the paraboloid z = x? + y? is given by 
(x1, y1, 21) = (1.404, 2.808, 9.856). 


The remaining roots of h(y) are given by y» ~ —0.1055 and ys ~ —2.7026. The corresponding points on the paraboloid 
z = a? + y? which satisfy y = 2x are then 


(x3, ya, z3) & (—1.3513, —2.7026, 9.1301), 
(x2, ya, 22) &« (—0.0528, —0.1055, 0.0139), 


and so we easily see that the point (1.404, 2.808, 9.856) will be closest to (1, 2, 10). Therefore, the minimum distance is 


d = \/(1.404 — 1)? + (2.808 — 2)? + (9.856 — 10)? ~ 0.9148. 


(a) The objective function f(x, y) = px + qy gives the cost to buy x units of input 1 at unit price p and y units of input 
2 at unit price q. 
The constraint g(x, y) = u tells us that we are only considering the cost of inputs x and y that can be used to 
produce quantity u of the product. 
Thus the number C'(p, q, u) gives the minimum cost to the company of producing quantity u if the inputs it 
needs have unit prices p and q. 
(b) The Lagrangian function is 


£(z, y, À) = pz + qy — A(zy — u). 
We look for solutions to the system of equations we get from grad £ — 0: 


an TPT =O 
OL 

ny AN 
OL 

By = (ty 4) = 0. 


We see that A = p/y = q/x so y = px/q. Substituting for y in the constraint ry = u leads to x = 4/qu/p, 
y = \/pu/qand A = 4/pq/u. The minimum cost is thus 


UW U 
C(p,q,u) =y th = 2 /pqu. 


1434 Chapter Fifteen /SOLUTIONS 


44. (a) The objective function U (x, y) gives the utility to the consumer of x units of item 1 and y units of item 2. 

Since px + qy gives the cost to buy z units of item 1 at unit price p and y units of item 2 at unit price q, the 
constraint px + qy = I tells us that we are only considering the utility of inputs x and y that can be purchased with 
budget I. 

Thus the number V (p, q, I) gives the maximum utility the consumer can get with a budget of I if the two items 
have unit prices p and q. 

The indirect utility function tells how much utility the consumer can buy, depending on his budget and the prices 
of the two items. 

(b) The value of the Lagrange multiplier A is the rate of change of the maximum utility V the consumer can get with 
his budget as the budget increases. This means that for small changes AJ in the budget, smart buying will result in a 
change AV z AAT in the utility to the consumer of his purchases. 

(c) The Lagrangian function is 


£(v, y, A) = xy — A(pz + qy — I). 


We look for solutions to the system of equations we get from grad £ — 0: 


OL 
OL 


57 (px + qy — I) = 0. 


We see that A = y/p = x/q so y = pr/q. Substituting for y in the constraint pr + qy = I leads to x = I/(2p), 
y = I/(2q) and A = I/(2pq). The maximum utility is thus 


I I I I P 


2p’ 2q’ 2p 2q  4pq 
The marginal utility of money is 
I 
A(p,q,1) = à = —. 
(p.q, 1) m 


45. (a) The critical points of h(x, y) occur where 


h;(r,y)— 24 — 2A’ — 0 
hy(r,y) = 2y — 44 = 0. 


The only critical point is (x, y) = (A, 2A) and it gives a minimum value for h(x, y). That minimum value is m(A) = 
h(A, 2A) = A? + (2A)? — A(2A + 4(2A) — 15) = —5A* + 15A. 

(b) The maximum value of m(A) = —5A? + 15A occurs at a critical point, where m’ (A) = —10A + 15 = 0. At this 
point, À = 1.5 and m(A) = —5- 1.5? + 15- 1.5 = 11.25. 

(c) We want to minimize f(x,y) = zx? + y? subject to the constraint g(x,y) = 15, where g(x,y) = 2x + 4y. The 
Lagrangian function is L(x, y, A) = x? + y? — A(2x + 4y — 15) so we solve the system of equations 


OL 

icon 

OL 

— = 2y — 4 = 

Oy 4 0 

OL 

ax 7 - Qr + 4y — 15) = 0. 


The first two equations give x = A and y = 2X. Substitution into the third equation gives 2\ + 4(2A) — 15 = 0 
or À = 1.5. Thus x = 1.5 and y = 3. The minimum value of f(x,y) subject to the constraint is /(1.5,3) = 
1.5? +3? = 11.25. 

(d) The two question have the same answer. 


46. (a) By the method of Lagrange multipliers, the point (2, 1) is a candidate when the gradient for f at (2, 1) is a multiple of 
the gradient of the constraint function at (2, 1). The constraint function is g(x, y) = z*+y”, so grad g = 2xi +2yj . 
We have grad g(2, 1) = 4i + 2j . This is not a multiple of grad f(2,1) = —3i + 4j , so (2, 1) is not a candidate. 


(b) 


(c) 


47. (a) 


(b) 
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The constraint function is g(x, y) = (x— 5)? 4- (y--3)^, so grad g = 2(x —5)i +2(y+3)7 . We have grad g(2, 1) = 
—6i + 8j . This is a multiple of grad f(2, 1) = —3i + 4j , so (2, 1) is a candidate. 
The contours near (2, 1) are parallel straight lines with increasing f-values as we move in the direction of 
edi 4. 4j (approximately toward the northwest). The center of the constraint circle is at (5, —3), approximately 
southeast of the point (2, 1). Thus the point (2, 1) is a candidate for a maximum. 

In general, if the constraint is a circle and grad f points outside the circle, then the point is a candidate for a 
maximum. 
The constraint function is g(x, y) = 
of grad f, so (2, 1) is a candidate. 

This time the center of the constraint circle, (—1,5) is approximately northwest of (2,1), the same general 
direction in which grad f is pointing. This means the point (2, 1) is a candidate for a minimum. 

In general, if the constraint is a circle and grad f points inside the circle, then the point is a candidate for a 
minimum. 


(a +1)? + (y — 5)?. Thus grad g(2, 1) = 67 — 87 , which is again a multiple 


If the prices are pı and p» and the budget is b, the quantities consumed are constrained by 
pixi-paxa = b. 
We want to maximize 
u(z1,22) = aln zı + (1 — a) In z2 


subject to the constraint 
pıtı + p2x2 = b. 


Using Lagrange multipliers, we solve 


Ou a 

— = — =) 

Ox, i Pı 
ðu l-a 

—— = =À 
0x2 T2 P2, 


giving zı = a/(Api) and x2 = (1 — a)/(Ap2). Substituting into the constraint, we get 


= —b 
À i A 
so i 
A=-. 
b 
Thus 
ab (1— a)b 
Tti = — T2 = 
Pı p2 
so the maximum satisfaction is given by 
1— a)b 1— a)b 
Sad, s =u (2. — i =al (2) 4- (1— a)ln (=>) 
pi p2 pi p2 
= alna +alnb — alnpı + (1—a)In(1 — a) + (1 — a) lnb — (1 — a) ln p2 
= alna + (1 — a)ln(1 — a) + lnb — aln pı — (1 — a) ln pa. 


We want to calculate the value of b needed to achieve u(x1, 72) = c. Thus, we solve for b in the equation 


c=alna+ (1—a)In(1—a)+Inb—alnpi — (1 — a) ln pa. 
Since 
lnb = c — alna — (1 — a) ln(1 — a) + a ln pı + (1— a)]n pa, 
we have 
= e£. et nP1 1 eO 9 ln p2 B e°pip, ? 
= e2lna . e(1—a) In(1—a) = a? (1 = a)Q-a) j 
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48. (a) The constraints x = c are the vertical lines on the contour diagram of f. Maxima occur where a vertical line is 
tangent to a contour. Four contours with vertical tangents are shown and we can imagine others. The curve we want 
is shown in Figure 15.31. 

(b) The constraints x = c are the vertical lines on the graph of cross-sections of f. Since f is on the vertical axis, the 
maximum value of f on the constraint occurs on the cross section that crosses the constraint at the highest point. Not 
all cross-sections are shown, so we imagine the others to find the highest point. The curve we want goes across the 
top of all the cross-sections, as shown in Figure 15.32. 

(c) The curve in part (b) shows the maximum value of f as a function of the constraining value x = c. Since the Lagrange 
multiplier \ is the rate of change of the maximum value of f with respect to c, the value of A is the slope of that 
envelope curve. 


Figure 15.31 Figure 15.32 


Strengthen Your Understanding 


49. Let g(x,y) = x + y. The critical points occur where 
of 
2c MM d —=7= 
ax I ae ay 
Thus x = y. Since the critical point must lie on the line x + y = 2, we have z = y = 1. 


The value of f decreases as we move away from (1, 1), so (1, 1) is the maximum on the constraint. The maximum 
value of f is f(1,1) — 1. 


50. The maximum value of f can occur at the endpoints. For example, the level curves of f in Figure 15.33 show that f has 
a maximum at (0, 3) even though the level curves of f are nowhere tangent to the constraint. 


y 


x 


Figure 15.33 


51. 


52. 
53. 


54. 


55. 


56. 
57. 
58. 
59. 
60. 
61. 
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It is helpful to think of a contour diagram for f. For example, if the contours are all parallel with the highest contour 
tangent to £? + y? = 5 at (3, 4), that would work. Since the tangent at (3, 4) has normal 3i + 4j , this suggests the linear 
function f(x, y) = 3x + 4y 

Let f be any function having a global minimum at (0, 0), for example f(x,y) = x? + y?. 


Let f(x, y) = x? + y?. Then 
grad f = Qri + 2yj. 


So at (1, 1), 


=» 


grad f = 2i + 2j. 


If g(x,y) — z t y. 
grad f — 2 grad g. 


The point (1, 1) is a critical point. It is a minimum on the line z + y = 2 since the value of f increases without bound as 
we move away from (1, 1). 


Let f(x,y) = 10 — z? — y?. Then 
grad f = —2zi — 2yj. 
If g(x,y) =x + y, then 
gradg =i +j. 
Then grad f = A grad g gives 


—2% = À 
—2y = À. 


So, x = y and since z + y = 4, we have x = y = 2. 
Thus f(x,y) = 10 — z? — y? has a critical point at (2, 2). This point gives a maximum. There is no minimum value 
as f decreases as we go away from (2, 2). 


The constraint is the line segment in the first quadrant joining the points (0,3) and (6,0). A possible contour diagram is 
shown in Figure 15.34. The maximum value of f is 6 at the point (0, 3), an endpoint of the constraint. 


y 
o | 
E N 
© l l 
Q 
L3 
3 "x 
I 
T 
6 
Figure 15.34 


The maximum is f = 4 and occurs at (0, 4). The minimum is f = 2 and occurs at about (4, 2). 

The maximum is f = 4 and occurs at (0, 4). The minimum is f = 0 and occurs at the origin. 

True. The point (a, b) must lie on the constraint g(x, y) = c, so g(a, b) = c. 

False. The point (a, b) is not necessarily a critical point of f, since it is a constrained extremum. 

True. The constraint is the same as x = y, so along the constraint f = 2x, which grows without bound as x — oo. 


False. The condition grad f = Agrad g yields the two equations 1 = A2x and 2 = A2y. Substituting x = 2 in the first 
equation gives À = 1/4, while setting y = —1 in the second gives A = — 1, so the point (2, — 1) is not a local extremum 
of f constrained to x + 2y = 0. 
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62. 


63. 
64. 
65. 


66. 


67. 


68. 
69. 
70. 
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False. Since grad f and grad g point in opposite directions, they are parallel. Therefore (a, b) could be a local maximum 
or local minimum of f constrained to g = c. However the information given is not enough to determine that it is a 
minimum. If the contours of g near (a,b) increase in the opposite direction as the contours of f, then at a point with 
grad f (a,b) = Agrad g(a, b) we have A < 0, but this can be a local maximum or minimum. 

For example, f(x,y) = 4 — x? — y? has a local maximum at (1, 1) on the constraint g(x,y) = x + y = 2. Yet at 
this point, grad f = —2i — 2j and grad g = i + j , so grad f and grad g point in opposite directions. 
False. A maximum for f subject to a constraint need not be a critical point of f 
False. The condition for the Lagrange multiplier A is grad f(a, b) = A grad g(a, b). 


False. Just as a critical point need not be a maximum or minimum for unconstrained optimization, a point satisfying the 
Lagrange condition need not be a maximum or minimum for a constrained optimization. 


True. Since f(a, b) = M, we must satisfy the Lagrange conditions that f; (a, 0) = Ag(a,b) and fy(a,b) = Agy(a,b), 
for some A. Thus f; (a, b)/ fy(a, b) = ga (a, b)/gy(a, b). 


True. Since f(a, b) = m, the point (a, b) must satisfy the Lagrange condition that f; (a,b) = Ag(a,b), for some A. In 
particular, if g(a, b) = 0, then f; (a,b) = 0. 


False. Whether increasing c will increase M depends on the sign of A at a point (a, b) where f(a, b) = M 
True. The value of À at a maximum point gives the proportional change in M for a change in c. 


False. The value of A at a minimum point gives the proportional change in m for a change in c. If A > 0 and the change 
in c is positive, the change in m will also be positive. 


Exercises 


1. 


At a critical point, 
fe = 2a + 2y—4=0 
fy = 2x —2y-—8=0 
Solving these equations gives, the critical point x = 3, y = —1. To classify the critical point, we find 
D = fea fyy (Fou) 2(—2) 2? = -8. 
Since D < 0, we have a saddle point at (3, —1). 


The critical points of f are obtained by solving f; = f, = 0, that is 
fo(a,y) = 2y°—2e=0 and fy(a,y) = dey — 4y = 0, 


2(y —2)—0 and 4y(r—1)—0 
The second equation gives either y = 0 or x = 1. If y = 0 then x = 0 by the first equation, so (0, 0) is a critical point. If 
x = 1 then y? = 1 from which y = 1 or y = —1, so two further critical points are (1, — 1), and (1, 1). 
Since 


D = fox fyy — (fey)? = (72)(4x — 4) — (4y)? = 8— 8a — 16", 


we have 
D(0,0 —8»0, D(1,1)= D(1,—1) = —16 < 0, 
and fx = —2 < 0. Thus, (0, 0) is a local maximum; (1, 1) and (1, —1) are saddle points. 
To find the critical points, we solve f+ = 0 and fy = 0 for x and y. Solving 
z = 3a" — 6x =0 
fy = 2y+10=0 


shows that x = 0 or x = 2 and y 5. There are two critical points: (0, —5) and (2, —5). 
We have 


D = (foa)(fyy) — (foy)” = (6x — 6)(2) — (0? = 122 — 12. 
When x = 0, we have D = —12 < 0, so f has a saddle point at (0, —5). When x = 2, we have D = 12 > 0 and 
fox = 6 > 0, so f has a local minimum at (2, —5). 
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4. Ata critical point 
fx (v,y) = 2ry — 2y = 0 
fy(z,y) = 2” + 4y — 2a — 0. 


From the first equation, 2y(r — 1) = 0, so either y = 0 or x = 1. If y = 0, then x? — 22 = 0, so x = 0 or x = 2. Thus 
(0, 0) and (2, 0) are critical points. If x = 1, then 1? + 4y — 2 = 0, so y = 1/4. Thus (1, 1/4) is a critical point. Now 


D = fra fuy — (fey)? = 2y -4 — (2x — 2? = 8y — A(x — 1)”, 


so 
D(0,0) =—4, D(20)—-4 D(1,4)=2 


so (0, 0) and (2, 0) are saddle points. Since fy, = 4 > 0, we see that (1, 1/4) is a local minimum. 


5. Critical points occur where fe = fy = 0: 
—80 
fc (x,y) = —— + 10 + 10y. 
T Y 
—80 
=— +10 20. 
fy(a,y) ay? z+ 
Substituting x = 2, y = 1 gives 
—80 
z(2,1) = z— +1 10.1 = 
fe(2,1) = zg + 10 +10.1 =0 
—80 


So (2, 1) is a critical point. 
To determine if this critical point is a minimum we use the second derivative test. 


160 

"n sd wey’ fra (2, 1) x 20, 
160 

fuy = Ty?’ fuy(2, 1) = 80, 
80 


fey = z2y? + 10, fzy(2, 1) = 30. 


So D = 20- 80 — 30? = 700 > 0 and f,2(2, 1) > 0, therefore the point (2, 1) is a local minimum. 


6. The partial derivatives are 


fe = cosx + cos (£ + y). 


fy = cosy + cos (x + y). 


Setting fz = 0 and fy = 0 gives 
cos £ = cosy 


For 0 < x < m and 0 < y < T, cos z = cos y only if x = y. Then, setting fe = fy = 0: 


cos x + cos 2x = 0, 


cosx + 2cos?° x — 1 = 0; 
(2cosx — 1)(cosx + 1) = 0. 


So cosx = 1/2 or cosx = —1, that is x = 7/3 or x = m. For the given domain 0 < z < 7,0 < y < m, we only 
consider the solution when x = 7/3 then y = x = 7/3. Therefore, the critical point is (7, $). 
Since 

fox(x,y) = —sinz — sin (x +y) fzz(3, 3) = —sin £ — sin 272 = 


fzy(£, y) = —sin(z + y) PEST 
fus (2, y) = —siny — sin (x +y) fy. 


, 


as a 


wa wl c3 
wa wl c3 
at RY LE 

Il 

| 

o 

a 

B 

ll 

| 


= NE sa Oe 
sin sin 5 


the discriminant is 
D(s;u) = fzz fyy — fay 
= (-v3)(-v3) - cx» -$»0 


Since f;4($, $) = — V3 < 0, ($, $) is a local maximum. 
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7. We find critical points: 


fo(x,y) = 12 — 6x =0 
fy(x,y) =6—2y =0 


so (2, 3) is the only critical point. At this point 


D = fex fyy — (fey)” = (—6)(—2) = 12 > 0, 


and fxs < 0, so (2, 3) is a local maximum. Since this is a quadratic, the local maximum is a global maximum. 
Alternatively, we complete the square, giving 


f(x,y) = 10 — 3(z? — 4x) — (y? — 6y) = 31 — 3(z — 2)? — (y—3)?. 


This expression for f shows that its maximum value (which is 31) occurs where x = 2, y = 3. 


8. The partial derivatives are fs = 2x — 3y, fy = 3y? — 3a. For critical points, solve fz = 0 and fy = 0 simultaneously. 
From 2z — 3y = 0 we get x = Sy. Substituting it into 3y? — 3x — 0, we have that 


9 9 

=y = y(3 =) =0. 

gi 99) 5) 

So y = 0 or 3y — 2 = 0, that is, y = 0 or y = 3/2. Therefore the critical points are (0, 0) and (4, 3). 

The contour diagram for f in Figure 15.35 (drawn by a computer), shows that (0, 0) is a saddle point and that (2, 3) is a 
local minimum. 


Figure 15.35: Contour map of f(x, y) = x? +y’? — 3axy 


We can also see that (0,0) is a saddle point and (3, 3) is a local minimum analytically. Since frs = 2, fyy = 
6y, fry = —3, the discriminant is 
D(z,y) = fee fuy — fry = 12y — (3). = 12y — 9. 


D(0,0) = —9 < 0, so (0, 0) is a saddle point. 
D($, 3) = 9 > 0 and frs = 2 > 0, we know that (3, 3) is a local minimum. The point (3, 3) is not a global minimum 
since f (2, 3) = —1.6875, whereas f(0, —2) = —8. 
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9. Note that the x-axis and the y-axis are not in the domain of f. Since x Z 0 and y Æ 0, by setting fs = 0 and fy = 0 we 


10. 


get 


fe =1—— -0whnz-24l 
x 


f Ed = 0 when y = +2 
y 
So the critical points are (1,2), (—1, 2), (1, 2), (—1, —2). Since fra = 2/z? and fj, = 8/y? and fry = 0, the 


discriminant is 
2 2 8 2 16 
D(z,y) = feefyy — foy = (=) —.]-0-2 [ems 
Since D < 0 at the points (—1, 2) and (1, —2), these points are saddle points. Since D > 0 at (1,2) and (—1, —2) and 
fzz(1,2) > 0 and f;,(—1, —2) < 0, the point (1, 2) is a local minimum and the point (—1, —2) is a local maximum. 
No global maximum or minimum, since f (x, y) increases without bound if x and y increase in the first quadrant; f(x, y) 
decreases without bound if x and y decrease in the third quadrant. 


The partial derivatives are 


1 
fo =y +z hy = 2+ 2y. 


For critical points, solve fz = 0 and f, = 0 simultaneously. From fy = x + 2y = 0 we get that x = —2y. Substituting 
into fs = 0, we have 

1 1 leg- T 

Em z=- =)=0 

uro eaa z) 
: 1 PNE DN 
Since - Æ 0, yf — 5 = 9, therefore 
1 2 


y= +A = 2^ 
and x = ry2. So the critical points are (- 2 £) and (và. -) . But z must be greater than 0, so (-v3. £) is 


not in the domain. 


The contour diagram for f in Figure 15.36 (drawn by computer), shows that (v2 je £) is a saddle point of f(x, y). 


Figure 15.36: Contour map of f(x, y) = zy + lng + y? — 10 


We can also see that (v3 ,— £) is a saddle point analytically. 
Since frs = =, fuy = 2, fey = 1, the discriminant is: 
D(x, y) = fax fyy — fa 
2 


D( v3, -2) = —2 < 0, so (v3, -2) is a saddle point. 
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11. The objective function is f(x, y) = 3x — 4y and the constraint equation is g(x,y) = x? +y? = 5, so grad f = 3i — 4j 
and grad g = (2x)i + (2y)j . Setting grad f = A grad g gives 


3 = A(2x), 
—4 — A(2y). 
From the first equation we have A = 3/(2a), and from the second equation we have A = —2/y. Setting these equal gives 
E. 


Substituting this into the constraint equation £? + y? = 5 gives y? = 16/5, so y = 4/V/5 and y = —4/ 5. Since 
g-—-— iy, there are two points where a maximum or a minimum might occur: 


(-3/V5,4/vV5) and (3/V5,—4/ V5). 


Since the constraint is closed and bounded, maximum and minimum values of f subject to the constraint exist. Since 
f(—3/V5, 4/ /5) = —5V5 and f(3//5, —4/V5) = 5/5, we see that f has a minimum value at (—3/V5, 4/ v5) and 
a maximum value at (3/5, —4/ v5). 


12. The objective function is f(x, y) = x? + y? and the equation of constraint is g(x, y) = x^ + y^ = 2. Their gradients are 


Vf(z,y) = 2i + 2y7,, 
Vo(a,y) = 40°77 + 4y?j. 
So the equation V f = AV g becomes 2ri + 2yj = A(4a?i + Ay? 7 ). This tells us that 
22 = Adz’, 
2y = AM. 
Now if x = 0, the first equation is true for any value of A. In particular, we can choose A which satisfies the second 


equation. Similarly, y = 0 is solution. 
Assuming both x Z 0 and y Z 0, we can divide to solve for A and find 


| 2r 2y 
|» 4r? Ay 
1 1 
2? — 2g? 
2 2 
yur 
y= ar 


g(0,y) 205 y 22, soy=+V¥2 
g(r,0) = xf 0  —2, sor=+V2 
x 


= 2; so x = +1. 


Thus, the critical points are (0, + /2), (+ 42, 0), (1, +1) and (—1, +1). Since the constraint is closed and bounded, 
maximum and minimum values of f subject to the constraint exist. Evaluating f at the critical points, we find 


f, 1) 2 f(1,—1) = f(-1,1) 2 f(-1,-1) = 2, 
f(0, V2) = f(0, V2) = F(V2,0) = f(-V2,0) = v2. 


Thus, the minimum value of f(x, y) on g(x, y) = 2 is V2 and the maximum value is 2. 


13. The objective function is f(x,y) = x? + y? and the constraint equation is g(x,y) = 4r — 2y = 15, so grad f = 
(2x)i + (2y)j and grad g = 4i — 2j . Setting grad f = A grad g gives 


2x = 4A, 
2y = —2A. 
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From the first equation we have A = 2/2, and from the second equation we have A = — y. Setting these equal gives 
y = —0.5x. 


Substituting this into the constraint equation 4x — 2y = 15 gives x = 3. The only critical point is (3, — 1.5). 

We have /(3, —1.5) = (3)? + (1.5)? = 11.25. One way to determine if this point gives a maximum or minimum 
value or neither for the given constraint is to examine the contour diagram of f with the constraint sketched in, Fig- 
ure 15.37. It appears that moving away from the point P — (3, —1.5) in either direction along the constraint increases the 
value of f, so (3, — 1.5) is a point of minimum value. 


Figure 15.37 


14. The objective function is f(x,y) = z? — xy + y? and the equation of constraint is g(a, y) = x” — y? = 1. The gradients 
of f and g are 


Vi(a,y)  (2z — yji + (~e -29)j, 
Vg(z, y) = 2zi — 2yj . 


Therefore the equation V f(x, y) = AV g(x, y) gives 


2r — y = 2Ax 
—g + 2y = —2Ay 
2 2 
rz —y =1. 


Let us suppose that A = 0. Then 2r = y and 2y = zx give x = y = 0. But (0, 0) is not a solution of the third equation, 
so we conclude that À Z 0. Now let's multiply the first two equations 


2Ay(2x — y) = 2Ax(—z + 2y). 
As  # 0, we can cancel it in the equation above and after doing the algebra we get 
z^- Ary + y’ =0 


which gives z = (2 + V/3)y or x = (2 — V3)y. 
If x = (2 + V3)y, the third equation gives 


(2+ V3)"y? -y =1 


so y © +0.278 and x ~ +1.038. These give the critical points (1.038, 0.278), (—1.038, —0.278). 
If x = (2 — V3)y, from the third equation we get 


(2- V3) y! - y = 1. 


But (2 — 3)? — 1 zz —0.928 < 0 so the equation has no solution. Evaluating f gives 


(1.038, 0.278) = f(—1.038, —0.278) ~ 0.866 
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Since y — oo on the constraint, rewriting f as 


füna)- (s- Eu žy? 


shows that f has no maximum on the constraint. The minimum value of f is 0.866. See Figure 15.38. 


(—1.038, —0.278) 


Figure 15.38 


15. The objective function is f(x,y) = x? + 2y and the constraint equation is g(x,y) = 3x + 5y = 200, so grad f = 
(2x)i + (4y)j and grad g = 3i + 5j . Setting grad f = A grad g gives 
2x = 3A, 
4y — 5A. 


From the first equation, we have A = 22/3, and from the second equation we have A = 49/5. Setting these equal gives 
© =1.2y. 


Substituting this into the constraint equation 3x + 5y = 200 gives y = 23.256. Since x = 1.2y, we have x = 27.907. A 
maximum or minimum value of f can occur only at (27.907, 23.256). 

We have f (27.907, 23.256) = 1860.484. From Figure 15.39, we see that the point (27.907, 23.256) is a minimum 
value of f subject to the given constraint. 


y 
50 - 

[~~ 4000 
40 

3000 

0f 1860 

= (27.9, 23.6) 
" 1000 
10 L 3x + 5y = 200 

l l l l L g 


10 20 30 40 50 


Figure 15.39 
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16. Our objective function is f(x,y) = xy and our equation of constraint is g(x,y) = Ax? + y? = 8. Their gradients are 
Vf(z,y) = yi + zj, 
Vg(z,y) = 8ri + 2yj. 
So the equation V f = AV g becomes yi + zj = A(8xi + 2yj ). This gives 
8r =y and 2yA- za. 


Multiplying, we get 
8x7 = 2y? X. 
If \ = 0, then x = y = 0, which does not satisfy the constraint equation. So A Z 0 and we get 
2y? = 8r? 
y! = 4a? 


y — +22. 

To find z, we substitute for y in our equation of constraint. 
Ag? + y’ = 8 
Az? + Ax? = 8 


r =1 


CS EL 


So our critical points are (1,2), (1, —2), (—1, 2) and (—1, —2). Since the constraint is closed and bounded, maximum 
and minimum values of f subject to the constraint exist. Evaluating f(x, y) at the critical points, we have 


f(,2) = f(-1,-2) 22 
f(1,—2) = f(1,-2) = -2. 


Thus, the maximum value of f on g(x, y) = 8 is 2, and the minimum value is —2. 


17. We will use the Lagrange multipliers with: 
Objective function: f(x, y) = —3z? — 2y? + 20xy 
Constraint: g(x, y) = x + y — 100 
We first find 


To optimize f, we must solve the equations 
Vf —AVg 
(—6x + 20y)i + (—4y 4-207) = A@ +7) =A Aj 


We have a vector equation, so we equate the coordinates: 


—6z + 20y = A 
20r — Ay = A. 
So 6x + 20y = 20x — 4y 
24y = 26x 
13 
Y= iz” 


Substituting into the constraint equation x + y = 100, we obtain: 
13 
—z = 100 
e+ 12 x 


25 
A nz 
12* 00 


x = 48. 


Consequently, y = 52, and f(48,52) = 37,600. The point (48, 52) leads to the extreme value of f(z, y), given that 
x + y = 100. Note that f has no minimum on the line z + y = 100 since f(a, 100 — x) = —3z? — 2(100 — x)? 4 
20a(100 — x) = —25a? + 2400x — 20000 which goes to —oo as x goes to +00. Therefore, the point (48, 52) gives the 


maximum value for f on the line z 4- y — 100. 
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Our objective function is f(x, y, z) = x? — 2y + 22? and our equation of constraint is g(x, y, z) = z? +y?+2?-1=0. 
To optimize f(x,y,z) with Lagrange multipliers, we solve V f(x,y,z) = AV g(a, y, z) subject to g(x,y, z) = 0. The 
gradients of f and g are 
Vif (x,y,z) = 220i — 27 + Azk , 
Vg(zr,y) = Qui + 2yj + 2zk. 


We get, 
p= NE 
—1 = ày 
22 = Àz 


r ty +z? =l. 


From the first equation we get x = 0 or A = 1. 
If x = 0 we have 


—1 = ày 
2z = Az 
yY +z? =l. 


From the second equation z = 0 or À = 2. So if z = 0, we have y = +1 and we get the solutions (0, 1, 0),(0, —1, 0). If 
z Æ 0 then A = 2 and y = —4. So z? = 3 which gives the solutions (0, — 2, sh (0, — 2, — 3), 

If x Æ 0, then \ = 1, so y = —1, which implies, from the equation r? + yc z? = 1, that x = 0, which contradicts 
the assumption. 

Since the constraint is closed and bounded, maximum and minimum values of f subject to the constraint exist. There- 
fore, evaluating f at the critical points, we get f(0, 1, 0) 2, f(0, —1,0) = 2and f(0, — 2, x3) f (0, — 2, X3) = 
3. So the maximum value of f is p and the minimum is —2. 


Our objective function is f(x,y,z) = 2x + y + 4z and our equation of constraint is g(x, y, z) = z?-F yz? = 16. 
Their gradients are 


Vf(z,y,z) 2 2% +17 +4k, 
Vg(r,y,z) = 2i +179 + 2zk. 


So the equation V f — AV g becomes 2i + 1j +4k = A(2zi + 17 + 2zk ). Solving for A we find 


ie eil 
2r 1 z 

Pd 
x zZ 


Which tells us that x = 1 and z = 2. Going back to our equation of constraint, we can solve for y. 


g(1,y,2) = 16 
1? +y +2 = 16 
y= I1 


So our one critical point is at (1, 11, 2). The value of f at this point is f(1,11,2) = 2 + 11 + 8 = 21. This is the 


maximum value of f(a, y, z) on g(z, y, z) = 16. To see this, note that for y = 16 — x? — z?, 


f(z,y,z) = 2£ + 16 — 3? — 2? + 4z = 21 — (z — 1? — (z — 2)? < 21. 


As y — —oo, the point (—4/16 — y, y, 0) is on the constraint and f(—4/16 — y, y, 0) — —oo, so there is no minimum 
value for f(x,y,z) on g(z, y, z) = 16. 
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20. We first find the critical points in the disk 


> 


Vz = (8r — y)i + (By — 2)j 


Setting Vz = 0 gives 8r — y = 0 and 8y — x = 0. The only solution is x = y = 0. So (0, 0) is the only critical point in 
the disk. 

Next we find the extremal values on the boundary using Lagrange multipliers. We have objective function z = 
Ax? — xy + 4y? and constraint G = z? + y? — 2 = 0. 


Vz = (8x — y)i + (8y — 2) 
VG = 2zi 4-2yj 
Vz = AVG gives 
8a — y = 2Ax 
8y — x = 2Ay 
If À = 0 we get 
8r—y-—0 
8y-—x=0 
with only solutions x = y = 0, which does not satisfy the constraint: z? + y? — 2 = 0. Therefore À 4 0 and we get: 


2Ay(8x — y) = 2Ax(8y — x) 


and 
y(8x — y) = x(8y — x). 


Soa? = y?, £ = +y. 

Substitute into G = 0, we get 2x7 — 2 = 0 so x = +1. The extremal points on the boundary are therefore 
(1, 1), (1, —1), (—1, 1), (—1, —1). The region x? + y? < 2 is closed and bounded, so minimum values of f in the region 
exist. We check the values of z at these points : 


z(1,1)=7, 2(-1,-1)=7, z(1,—1)—9, 2(-1,1)=9, z(0,0)=0 
Thus (—1, 1) and (1, — 1) give the maxima over the closed disk and (0, 0) gives the minimum. 


21. The region x? > y is the shaded region in Figure 15.40 which includes the parabola y = z?. 
À E 2 T S P. 
L^ -50 aE 50 
30 30 
10 


p | = 
Figure 15.40 


We first want to find the local maxima and minima of f in the interior of our region. So we need to find the extrema 
of 
2 2 : : 2 
f(x,y) =a —y*, intheregion z^ y. 


For this we compute the critical points: 
fe = 2% =0 
fy = —2y = 0. 
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As (0,0) does not belong to the region z? > y, we have no critical points. Now let's find the local extrema of f on 
the boundary of our region, hence this time we have to solve a constraint problem. We want to find the extrema of 
f(x,y) = c? — y subject to g(x, y) = x? — y = 0. We use Lagrange multipliers: 


grad f = Agradg and r = y. 


This gives 
2x = 2Ax 
2y —A 
2 
qp ch 


From the first equation we get x = 0 or A = 1. 

If x = 0, from the third equation we get y = 0, so one solution is (0, 0). If x 4 0, then \ = 1 and from the second 
equation we get y = 4. This gives z^ = 4 so the solutions (25 i)and (— NL i). 

So f (0,0) = 0 and KF 4) = f-z, 4) = +. From Figure 15.40 showing the level curves of f and the region 


x” > y, we see that (0, 0) is a local minimum of f on a? = y, but not a global minimum and that et 4) and (= i) 
are global maxima of f on x? = y but not global maxima of f on the whole region x? > y. 


So there are no global extrema of f in the region x? > y. 


The region x” + y? < 1 is the shaded disk of radius 1 centered at the origin (including the circle x? + y? = 1) shown in 
Figure 15.41. 
Let's first compute the critical points of f in the interior of the disk. We have 


fo = 32” =0 
fy = —2y = 0, 


whose solution is x = y = 0. So the only one critical point is (0,0). As fzz(0,0) = 0, fyy(0,0) = —2 and fzy(0,0) = 
0, 

D = fas (0,0) - fyy(0,0) — (f2,(0,0))* = 0 
which does not tell us anything about the nature of the critical point (0, 0). 

But, if we choose x,y very small in absolute value and such that z? > y?, then f(a, y) > 0. If we choose x,y very 
small in absolute value and such that z? < y?, then f(x,y) < 0. As f(0,0) = 0, we conclude that (0, 0) is a saddle 
point. 

We can get the same conclusion looking at the level curves of f around (0, 0), as shown in Figure 15.42. 

So, f does not have extrema in the interior of the disk. 

Now, let's find the local extrema of f on the circle z? + y? = 1. So we want the extrema of f(x,y) = x? — y? 
subject to the constraint g(z, y) — z? +y? — 1 = 0. Using Lagrange multipliers we get 


grad f — Agradg and xr’ + y? = 1, 


which gives 


32? = 2Ax 
—2y = 2ry 
r + y? Ld 
From the second equation y = 0 or A = —1. 
If y = 0, from the third equation we get z? = 1, which gives the solutions (1,0), (—1, 0). 
If y Æ 0 then \ = —1 and from the first equation we get 327 = —2z, hence x = 0 or £ = 2. If x = 0, from the 
third equation we get y? = 1, so the solutions (0, 1),(0, — 1). If x = -& from the third equation we get y? — 2, so the 
solutions (-8, 55), -2, —*4), 


Evaluating f at these points we get 


f(1,0) =1, f 1,0) = (0,1) = f(0, 1) = 1 


2 v5 2 v5 23 
( $ Pas 2$) =a 


and 
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The region x? +y? < 1 is closed and bounded, so maximum and minimum values of f in the region exist. Therefore 
the maximum value of f is 1 and the minimum value is —1. 


y 


Figure 15.41 Figure 15.42: Level curves of f 


23. If x = 10 then f(x,y) = 100 — y? is a parabola opening downward, so it has a maximum but no minimum. 
24. If y = 10 then f(x,y) = x? — 100 is a parabola opening upward, so it has a minimum but no maximum. 


25. Ifa? +y’ = 10, then f(x,y) = a? — y? = 2x? — 10 and z has values in the interval — v10 < x < V/10. Hence f(x, y) 
has a maximum on the constraint at (x, y) = (+10, 0) and a minimum at (x, y) = (0, 3-10). 


26. If xy = 10, then f(x,y) = x? — y? = x? — 100/a? and x can take any nonzero value. Since 


í (e nn 
im |z- — |] = œ, 


we see f has no minimum on the constraint. 


Problems 


27. The function f(x,y) = 0.3 ln x + 0.7 In y has domain x > 0, y > 0. (It is not defined for x < 0 or y < 0.) 
At a critical point grad f = A grad g, so 


— = 2A 
x 
LY 
y 
Dividing gives 
03 db uec 
zx 07 3 
2. 0o E 14 | 
7-79 03° 9 
Substituting into 2x + 3y = 6 gives 
2 EIC z) 6 
x — = 
9 
oa =6 so r—0.9 


Thus, y = 14(0.9)/9 = 1.4. 
This is the only critical point on the constraint, and value of f decreases toward —oo as x or y — 0. Thus (0.9, 1.4) 
gives the maximum: 
f (0.9, 1.4) = 0.31n(0.9) + 0.7 In(1.4) = 0.204. 
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28. (a) The distance is 
D = y (x — 3)? + (y — 4}. 
(b) We want to minimize D subject to the constraint x? + y? = 1. The same values of x and y which minimize D also 
minimize D? = (x — 3)? + (y — 4)?, so we work with D?. Thus, at a critical point 
grad(D?) = A grad(a? + y?) 
2(r — 3) = 2Ax 
2(y — 4) = 2rAy 


so we see A # 1 and 


qu = and a 
T=. PIA! 
giving 
4. 
eg 
Substituting into z? + y? = 1, we have 
4 2 
25,2 = 1 
9 
EN coe 
| Vv235 5 


Since y = 42/3, the critical points are 
34 3 4 
BS d em 
(5:5) s ( 5’ 5) 


(0.6,0.8) and (—0.6,—0.8), 
The distances between (3, 4) and these points are 


that is 


D(0.6, 0.8) = \/(3 — 0.6)? + (A— 0.8? = 4 
D(—0.6, —0.8) = \/(3 + 0.6)? + (4 4- 0.8)? = 6. 


Thus, the minimum distance is 4 and occurs at (0.6, 0.8). 
(c) The maximum distance is 6 and occurs at (—0.6, —0.8). 


29. The maximum and minimum values change by approximately AAc. The Lagrange conditions give: 


2r = Ma?, 2y = My. 


If x = 0, then y = +21/4 from the constraint. If y = 0, then z = +2'/*. If x Æ 0 and y ¥ 0, we can solve for A and set 
the expressions equal to get £? = y?, so y = «c. 

Thus, there are eight points satisfying the Lagrange conditions: four of the form (0, +2'/4) or (2-2!/*, 0), and four 
of the form (+1, +1). Since f(x,y) = x? + y?, we get a maximum value of 2 at the four points of the form (+1, +1) 
and a minimum value of 2?/4 = 4/2 at the other four points. For the maximum value, we use À = 1/(2z?) = 1/2, so 
the change is approximately Ac/2. For the minimum value at (0, 3-2!/*), we use A = 1/(2y?), so there the change is 
approximately Ac/ (2/2). Similarly, the change at +2*/4, 0) is also Ac/(2V/2). 


30. Let the line be in the form y = b + ma. When x equals —1, 0 and 1, then y equals b — m, b, and b + m, respectively. The 
sum of the squares of the vertical distances, which is what we want to minimize, is 


f(m,b) = (2— (b - m)? + (-1— b)? + (1 — (b+ m))". 
To find the critical points, we compute the partial derivatives with respect to m and b, 
fm = 2(2 — b+ m) +0+ 2(1 — b — m)(-1) 
= 4 — 2b + 2m — 2 + 2b + 2m 
= 2 + 4m, 
fo = 2(2 — b + m)(—1) + 2(—1 — b)(-1) + 2(1 — b — m)(—1) 
= —4 + 2b — 2m + 2 + 2b — 2 + 2b + 2m 
= —4 + 6b. 
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Setting both partial derivatives equal to zero, we get a system of equations: 


2+4m=0, 
—4+ 6b = 0. 
The solution is m = —1/2 and b = 2/3. One can check that it is a minimum. Hence, the regression line is y = Z hdd iz. 


31. Since f;, < 0 and D = fex fyy — fey > 0, the point (1,3) is a maximum. See Figure 15.43. 


zr 
Figure 15.43 
32. Atalocal maximum value of f, 

of 

— = -27 = B= 0. 

Ou ü 

We are told that this is satisfied by x = —2. So —2(—2) — B = 0 and B = 4. In addition, 

Of 

— = —2y- C =0 

Oy d 


and we know this holds for y = 1, so —2(1) — C = 0, giving C = —2. We are also told that the value of f is 15 at the 
point (—2, 1), so 


15 = f(-2,1) = A — ((—-2Y? + 4(-2) + 1? — 2(1)) = A — (—5), so A = 10. 


Now we check that these values of A, B, and C give f(x, y) a local maximum at the point (—2, 1). Since 
fzs(—2, 1) = =2, 


fuy(-2, 1) =-2 
and 
fy (72, 1) = 0, 


we have that frx(—2, 1) fyy(—2,1) — f2,(72,1) = (-2)(-2) — 0 > 0 and fee(—2,1) < 0. Thus, f has a local 
maximum value 15 at (—2, 1). 


33. (a) (i) Suppose N = KAP. Then the rule of thumb tells us that if A is multiplied by 10, the value of N doubles. Thus 
2N = k(10A)? = k10? A’. 
Thus, dividing by N = kA”, we have 
2 = 10” 
so taking logs to base 10 we have 
p = log 2 = 0.3010. 


(where log 2 means log,, 2). Thus, 
N = pA03010. 


1452 Chapter Fifteen /SOLUTIONS 
(ii) Taking natural logs gives 


InN = In(k A?) 
InN — Ink4- pln A 
InN z ln k + 0.301 ln A 


Thus, ln N is a linear function of In A. 
(b) Table 15.2 contains the natural logarithms of the data: 


Table 15.2 1n N and ln A 


Using a least squares fit we find the line: 
InN = 1.20 + 0.321n A 
This yields the power function: 
N = e12 A032 — 3 39 4032 


Since 0.32 is pretty close to log 2 ~ 0.301, the answer does agree with the biological rule. 
34. We want to minimize 
C = f(q1, q2) = 241 + na + q2 + 500 
subject to the constraint qi += 200 or (qn, @Q=n due 200 — 0. 
Since V f = (4q1 + q2)t + (202 + qı)j and Vg =i +j, Vf = AVg gives 


4qı + q2 = À 


2q2 + qı = À. 


Solving we get 
4qı + q2 = 2q2 + qı 


so 
3q1 = qa. 
We want 
qı + q2 = 200 
qı + 3q1 = 4qı = 200. 
Therefore 


qı = 50 units, q2 = 150 units. 


35. (a) Let g(x,y) = x + y. We are minimizing f(x,y) = £? + 2? subject to the constraint g(z, y) = c. 
The method of Lagrange multipliers is to solve the equations 


fe=Agx  fy=àgJy g=6, 


which are 
2r = 4y — A et+y=c. 


SOLUTIONS to Review Problems for Chapter Fifteen 1453 


We have 
ex =< XS 


3 E EL 
so there is a critical point at (2c/3, c/3). Since moving away from the origin increases values of f in Figure 15.44, 
we see that f has a minimum on the constraint. The minimum value is 


Figure 15.44 


(b) Calculations in part (a) showed that À — 4c/3. 
(c) The multiplier A is the rate of change of m/(c) as c increases and the constraint moves: that is, A = m’ (c). 


36. We are comparing the maxima of f(x, y) subject to the two different constraints g(x, y) = 240 and g(x,y) = 242. Asc 
changes in the constraint g(z, y) — c, we have 


Change in maximum of f © A x Change in c = 20 - 2 = 40. 
Since the maximum with c — 240 is 6300, we have 


Maximum of f constrained by g(x,y) = 242 ~ 6300 + 40 = 6340. 


37. Constraint is G = Pix + Poy — K = 0. 
Since VQ — AVG, we have 
cax^ ly? = AP, and cbz^y" ! = APs. 


caz^- ly? AP. ay Pi bP; 


Dividing the two equations yields dap = or simplifying, m By Hence, y — am 
: . : : bP: a+b - 
Substitute into the constraint to obtain Pix + P» "IX = P ( ) x = K, giving 
ara? 
ak d bk 
=- an =>... 2. a. 
(a + b) Pi Y= Ta Fb). 
We now check that this is indeed the maximization point. Since x, y > 0, possible maximization points are (0, E^ 
2 
K ak bk 
—, 0), and (————— , ————_ ). Since Q = 0 for the first two points and Q is positive for the last point, it follows 
(p79) (STOP, (a+b Py? Q p Qisp p 


ak 


tatl TG aF E 


) gives the maximal value. 
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38. (a) To be producing the maximum quantity Q under the cost constraint given, the firm should be using K and L values 


(b) 


39. (a) 


given by 
oQ —0.4 p 0.4 
— —(0.6aK L ^*-—920A 
aK 0.6a 0 
OQ 0.6 + —0.6 
— = 0.4aK ° L” =10A 
aL 0.4a 0 
20K + 10L = 150. 
0.6aK~°4 [9-4 L 20A 4 2 e 
Hence Ddak06L-06 Lx TOA 2,soL = z% Substituting in 20K + 10L = 150, we obtain 


4 1 
20K + 10 (3) K = 150. Then K = : and L = 6, so capital should be reduced by 3 unit, and labor should be 
increased by 1 unit. 
New production _ a4.59:699-4 


Old production ^^ 459-6504 
and increasing the quantity of labor by 1 unit will increase production by 196 while holding costs to $150." 


= 1.01, so tell the board of directors, “Reducing the quantity of capital by 1/2 unit 


Points A, B, C, D, E; that is, where a level curve of f and the constraint curve are parallel. 


(b) Point F since the value of f is greatest at this point. 
(c) Point D has the greatest f value of the points A, B, C, D, E. 


40. We want to minimize the function h(a, y) subject to the constraint that 


g(z,y) = a? + y? = 1,000? = 1,000,000. 


Using the method of Lagrange multipliers, we obtain the following system of equations: 


_ 10x +4y — 


he = o0 ^^ 
| 4a+4y _ 
hy = -000 7 MW 


xr? +y?” = 1,000,000. 


Multiplying the first equation by y and the second by x we get 


—y(10x + 4y) | —z(4x + 4y) 


10,000 i 10,000 


Hence: 


2y^ + 3zy — 22? = (2y — x)(y + 2x) = 0, 


and so the climber either moves along the line x = 2y or y = —2x. 


SOLUTIONS to Review Problems for Chapter Fifteen 1455 


We must now choose one of these lines and the direction along that line which will lead to the point of minimum 
height on the circle. To do this we find the points of intersection of these lines with the circle x? + y? = 1,000,000, 
compute the corresponding heights, and then select the minimum point. 

If x = 2y, the third equation gives 

5y? = 1,0007, 


so that y = 3-1,000/4/5 x~ £447.21 and z = +894.43. The corresponding height is h(-E894.43, +447.21) = 2400 m. 
If y = —2z, we find that x = +447.21 and y = £894.43. The corresponding height is h(+447.21, 2894.43) = 
2900 m. Therefore, she should travel along the line z — 2y, in either of the two possible directions. 


41. The objective function is 
f(z,y,z) = y (x - a? + (y - b? + (z - o?, 
and the constraint is 
g(z,y,z) = Ax + By- Cz - D — 0. 


Partial derivatives of f and g are 


| $:2:(z-a) — r—a 
b= en) Faw)’ 
f 32 (y-b)__y-b 
i fu, x) f(a, y, 2) 
gir eg. z—c 
f(v, y, z) f(x,y, z) 


gx = A, gy = D, and gz = C. 


Using Lagrange multipliers, we need to solve the equations 
grad f — Agradg 
where grad f — fai + Faj + f-k and grad g = gui + gu] + g.k. This gives a system of equations: 


r—a 


————— — AA 
f (v, y, z) 
e d 
fg) 
L9—6 LA 
f(v,y, 2) 


Ax 4- By 4- Cz 4- D — 0. 


— 
< 
| 
e 
Dw 
| 
T 
ES 


BIA S] 
© 
| 
= 
^ 


Substitute into the constraint, 


A( Stu - 9 +a) + Bye C (Stu -9 +e) +D=0, 


B 
A? c A? C? 
A—BXjy2lbaAa-b D. 
(5 + B+ z)' B a B Ge 


Hence 


(A? + C?)6 — B(Aa + Cc + D) 
—B(Aa + Bb - Cc 4- D) 
A? + B2 + C? 


y-b- 
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A 
L-a= By —b 
—A(Aa+ Bb 4- Cc 4- D) 
A2 + B? + C2 
C 
z—c- By —b 
—C(Aa+ Bb + Cc4- D) 
A2 + B2 + C2 


Thus the minimum f(x,y,z) is 
f(x,y, 2) = y (x — a)? + (y — b)? + (z — c? 
zi —A(Aa + Bb Cc 4- D) p^ —B(Aa + Bb - Cc D) V 
m A? + B2 + C? A? + B2 + C2 
p (Cnt Bb +Ce+D) T 
A? B? - C? 
_ |Aa+ Bb - Cc t D| 
(0 VÆ+B+O 
The geometric meaning is finding the shortest distance from a point (a, b, c) to the plane Az + By + Cz + D — 0. 
We first express the revenue R in terms of the prices pı and po»: 
H(pi, p2) = pig + p2Q2 
= pı (517 — 3.5pi + 0.8p2) + pa( T0 — 4.4p2 + 1.4p1) 
= 517pi — 3.5pi + 770p2 — 4.4p3 + 2.2pipe. 


At a local maximum we have grad R = 0, and so: 


ak = 517 — fpi + 2.2p2 = 0, 
Opi 

oe = 770 — 8.8p2 + 2.2p1 = 0. 
Op2 


Solving these equations, we find that 
pı =110 and po =115. 
To see whether or not we have a found a local maximum, we compute the second-order partial derivatives: 
8R oR 9R 
= = —8.8 


ð ` ps” Opp 


Therefore, 
_OROR OR 
Opi Opi OpiOpa 
and so we have found a local maximum point. The graph of P(p1, p2) has the shape of an upside down paraboloid. Since 
P is quadratic in qi and q2, (110, 115) is a global maximum point. 
We want to minimize cost C = 100L + 200K subject to Q = 900L1/? K?/3 = 36000. Using Lagrange multipliers, we 
get 


= (—7)(—8.8) — (2.2)? = 56.76, 


VQ = (450, ? K?) 7 + (60017 KP) 5. 
VC = 100i + 2007 
VC = AVQ gives 
100 = M50L '? K?/? and 200 = A600L'?7 K 9, 
Since A Z 0 this gives 
450L ^? K? = 3001? k 1/9, 
Solving, we get L — (3/2) K. Substituting into Q — 36,000 gives 
3 1/2 2/3 
900 (5*) K^" = 36,000. 
. : 21/2] 8/7 3 . 
Solving yields K = [40 . (3) | =% 19.85, so L ~ 5(19.85) = 29.78. We can thus calculate cost using K = 20 


and L — 30 which gives C — $7, 000. 


SOLUTIONS to Review Problems for Chapter Fifteen 1457 
44. We wish to minimize the objective function 
C(x, y, z) = 20x + 10y + 5z 
subject to the budget constraint 


Q(z, y, 2) = 202 ^y 72/5 = 1, 200. 
Therefore, we solve the equations grad C — A grad Q and Q — 1, 200: 


20 = 104x 7 ytz? or = agU2,714,72/5 
10 — 5A 1/27 9/4 22/5 or X Qn 1/248/4 2/8 
5= 8Az1/2,1/45-73/5. or A= 0.625z - 1/247 1/4 28/5, 
20x 1/2,1/4 72/5 = 1. 200. 


The first and second equations imply that 
t— 
while the second and third equations imply that 
3.2y — z. 


Substituting for x and z in the constraint equation gives 
20y!/?,1/*(3.2))?/5 = 1200 


y & 23.47, 
and so 
r£ 23.47 and z 75.1. 


45. Cost of production, C, is given by C = p1W + pok = b. At the optimal point, Vg = AVC. 
Since Vq = (c(1 -— aW *K?) i+ (cawte K*-1) j and VC = pii + poj , we get 
c(1— aW ^K* = Api and caW!-* K*^! = po. 


Now, marginal productivity of labor is given by = = c(1— a)W ^^ K* and marginal productivity of capital is given by 


oq _ l-apa-1 : E ; 
ak = caW ^" K*~", so their ratio is given by 


Q| 


21. — caWi-^K^-! Apa pa 


K 


— _ c1—-aW "^K" Am p 


which is the ratio of the cost of one unit of labor to the cost of one unit of capital. 


46. (a) The objective function is the energy loss, i? Ri + i2 Ro, and the constraint is 7; + 2 = I, where J is a constant. The 
Lagrangian function is 


£ (i1, i2, A) = i$ R1 + id Ra — Alii + i2 — I). 


We look for solutions to the system of equations we get from grad £ — 0: 


A —2uüR1—A-0 
1 
— = 2i2R2-A=0 
OL : , 
Dr (ia + 49 I) = 0: 
Combining ae — 2E = 2(i1 Rı — i2 R2) = 0 with a = 0 gives the two equation system 
1 2 


i4 Rı — i2R2 = 0 
ii +i2 = Í. 
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Substituting i2 = I — i; into the first equation leads to 


. Ro 
EL Sr 

um Rith 

Ri 


n oe 


(b) Ohm's Law states that across a resistor 
Voltage — Current - Resistance. 


Since \/2 = i1 - Ri = i2 - Rə, the Lagrange multiplier \ equals twice the voltage across the resistors. 


Let the sides of the base be x and y cm. Let the height be z cm. Then the volume is given by xyz = 32 and the surface 
area, S, is given by 
S = £y + 2zz-2yz. 


Substituting z = 32/(xy) gives 


4 4 
S = gzy+ ae m 
y T 
At a critical point 
JO NT 
Ox x? 
DONNE LL NUT. 
ðy yP 
The symmetry of the equations tells us that x = y and 
64 
m ix 0 
z? = 64 
x = 4 cm. 


Thus the only critical point is x = y = 4cm and z = 32/(4- 4) = 2 cm. At the critical point 


2 
_ 128 128 . _ (228)? _ 


= 2 
ncm d Mc MC 
Since D > 0 and S,, > 0 at this critical point, the critical point x = y = 4, z = 2 is a local minimum. Since S — oo as 
x,y — oo, the local minimum is a global minimum. 


The point P is the solution to the constraint optimization problem of maximizing the square of the distance function. 
Doa y! ys? 


subject to the constraint 
g(x, y, z) = f(x,y) —z=0. 


(We take the square of the distance between the point (x, y, z) and the origin, which is 


Distance = \/ (x — 0)? + (y — 0)? + (z — 0)? = Ja? + y? + z?, 


because it makes the calculations easier.) Therefore, at point P, we have VD = AVg, so V D is parallel to Vg. 
We know that Vg is perpendicular to the surface g(x,y, z) = 0; that is, perpendicular to the surface z = f(x,y). 
Also 


VD —2zi + 2yj 4 2zk. 


At point P, whose position vector is p. = ai + bj + ck , we have 
VD — 2(ai 4-bj +ck) = 2g. 


Thus, p is parallel to V D and therefore p is also perpendicular to the surface. 


49. 


50. 
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You should try to anticipate your opponent's choice. After you choose a value A, your opponent will use calculus to 
find the point (x, y) that maximizes the function f(x,y) = 10 — z? — y? — 2x — A(2x + 2y). At that point, we have 
fe = —2x — 2 — 2A = 0 and fy = —2y — 2X = 0, so your opponent will choose x = —1 — A and y = —A. This gives a 
value £(—1—, —A, A) = 10— (—1— A)? — (CA)? — 2(—1— A) — A(2(—1— A) -2(—A)) = 114-24 - 22? which you 
want to make as small as possible. You should choose A to minimize the function h(A) = 11 + 2A + 2À?. You choose À 
so that h’(\) = 2-44 = 0, or A 1/2. Your opponent then chooses (x, y) = (—1 — A, —4) = (—1/2, 1/2), giving 
a final score of £(—1/2, 1/2, —1/2) = 10.5. No choice of A that you can make can force the value of £ below 10.5. But 
your choice of A = —1/2 makes it impossible for your opponent to force the value of £ above 10.5. 


The wetted perimeter of the trapezoid is given by the sum of the lengths of the three walls, so 


eee sin 0 
We want to minimize p subject to the constraint that the area is fixed at 50 m?. A trapezoid of height h and with parallel 


sides of lengths bı and b» has 
bi +b 
A = Area = y Qr te) 
In this case, d corresponds to ^ and bı corresponds to w. The b» term corresponds to the width of the exposed surface of 
the canal. We find that b2 = w + (2d)/ (tan 0). Substituting into our original equation for the area along with the fact that 


the area is fixed at 50 m?, we arrive at the formula: 
d 2d d 
Area — 3 (ww c) =d(w+ LL) — 50 


We now solve the constraint equation for one of the variables; we will choose w to give 


50 d 


^ d tanÜ 


Substituting into the expression for p gives 


|, 2d 50 d d 
sin d  tanÓ sin’ 


We now take partial derivatives: 


Op 90 1 2 
Od | d? tanÜ  sinO 
Op d 1 2d 
00 ana e» nep "t 
From Op/06 = 0, we get 
d- cos? 0 1 2d 
- cos 0. 


sin?0  cos?0  sin?0 
Since sin 0 Æ 0 and cos 0 Æ 0, canceling gives 
1—2cos0 


so 1 
ec 
COS 2 


Since 0«0« 2 we get 0— 5 
Substituting into the equation ôp/ðd = 0 and solving for d gives: 
-50 1, 2 o 
d 43 V3/2 


which leads to 


Then 


| d tan@ 537 V3 


When 0 = 7/3, w © 6.21 m and d ~ 5.37 m, we have p ~ 18.61 m. 
Since there is only one critical point, and since p increases without limit as d or 0 shrink to zero, the critical point 
must give the global minimum for p. 
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CAS Challenge Problems 


51. (a) The partial derivatives of f are 


Of _ VJata+(-1+ Vata) y 
ðr 2VataVataty(1+Vata+y) 
of 1-2a-22+J/at+az-y 


Solving Of /0x = 0, Of /Oy = 0, we get x = 1/4 — a, y = 1. The discriminant at this point is D = —16/625. 
Thus, by the second derivative test, the point is a saddle point. 


(b) The y coordinate of the critical points stays the same and the x coordinate is a units to the left of its position when 


by substituting x + a for 
*ytg/£ à 


x, so that the graph is shifted a units in the negative x-direction but its shape remains the same. 


a = 0. The type is always a saddle point. This is because f is obtained from 


52. (a) We have grad f = 2x7 +J and grad g = (2x + 2y)i + (2x + 2y)j . So the equations to be solved in the method 


of Lagrange multipliers are 
2x = A(2x + 2y) 
1 = A(2z + 2y) 
x’? +2ry +y —-9=0 


Solving these with a CAS, we get two solutions: 


z= 1/2,y = —7/2,ă = —1/6, or x= 1/2,y = 5/2, A = 1/6 


Student A reasons that since f (1/2, —7/2) = —13/4 and f(1/2,5/2) = 11/4, the (global) maximum and 
minimum values are 11/4 and 13/4, respectively. Student B graphs the constraint curve g = 0 and a contour diagram 
of f. The constraint curve turns out to be two straight lines, since the constraint z? + 2xy + y? — 9 = 0, which can 
be rewritten as (z + y)? = 9, or z + y = +3. The value of f goes to infinity on each of these straight lines. On the 
line y = —: + 3, f(x,y) = £? + y = a? — x + 3, and on the line y = —2 — 3, f(z,y) = £? +y = r° —— 3. 
Thus Student B is correct. The points Student A found are actually local maximum and local minimum values, not 
global. Since the constraint is not bounded, there is no guarantee that there is a local maximum or minimum. See 
Figure 15.45. 


Figure 15.45: Contours of f and two straight 
lines giving constraint g = 0 


53. (a) We have grad f = 3i +27 and grad g = (4x — 4y)i + (—4x + 10y)J , so the Lagrange multiplier equations are 


3 = A(4a — 4y) 
2 = A(—4x + 10y) 
Qn? — Avy + 5y? = 20 
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Solving these with a CAS we get A = —0.4005, x = —3.9532, y = —2.0806 and A = 0.4005, x = 3.9532, y = 
2.0806. We have f(—3.9532, —2.0806) = —11.0208, and f(3, 9532, 2.0806) = 21.0208. The constraint equation 
is 2? — dry + 5y? = 20, or, completing the square, 2(x — y? + 3? = 20. This has the shape of a skewed ellipse, 
so the constraint curve is bounded, and therefore the local maximum is a global maximum. Thus the maximum value 
is 21.0208. 

(b) The maximum value on g = 20.5 is ~ 21.0208 + 0.5(0.4005) = 21.2211. The maximum value on g = 20.2 is 
= 21.0208 + 0.2(0.4005) = 21.1008. 

(c) We use the same commands in the CAS from part (a), with 20 replaced by 20.5 and 20.2, and get the maximum 
values 21.2198 for g = 20.5 and 21.1007 for g = 20.2. These agree with the approximations we found in part (b) to 
2 decimal places. 
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1. (a) The price of p/q units of B at unit price q is p/q -q = p, the same as the price of one unit of A. On a fixed 
budget, p/q units of B can substitute for one unit of A. Thus the ERS is p/q. 

(b) The TRS measures the rate at which y increases with respect to x as a point (x, y) slides in the direction 
of decreasing x along a fixed contour f(x,y) = Q of the production function. Thus TRS = —dy/dz, the 
negative of the slope of the contour. On the contour the differential df = f,dx + fydy is zero because f 
has constant value there. Thus f,dx + fydy = 0 which gives TRS = —dy/dz = f;/ fy. 

(c) We want to maximize the production function f(x, y) subject to a budget constraint pz + qy = C, where 
C is the fixed budget. At a maximum we have grad f = A grad g or 


fy = Ay: 
Dividing the first equation by the second gives f;/ fy = g,/g, or TRS = ERS. 


(d) We are asked to minimize the cost function g(a, y) subject to a production constraint f(x, y) = Q, where 
Q is the fixed quantity to be produced. At a minimum we have grad g = A grad f or 


Gn = Afz 
gy = Afy- 
Dividing the first equation by the second gives gr /gy = fr/ fy or ERS = TRS. 


. 


y=b+mzr 


(ri, b + mzi) 
(21,1) 


| 
| 
! 
(21,0 + ma) è (xi, yi) 


Figure 15.46 


(a) Points which are directly above or below each other share the same x coordinate, therefore, the point on 
the least squares line which is directly above or below the point in question will have x coordinate x; and 
from the formula for the least squares line, it will have y coordinate b + ma;. (See Figure 14.1.) 

(b) The general distance formula in two dimensions is d = \/(x2 — £1)? + (yo — y1)2, so d? = (x3 —21)? + 
(y2 — y1)?. Since the x coordinates are identical for the two points in question, the first term in the square 
root is zero. This yields d? = (y; — (b + mz;))?. 

(c) In both cases we use the chain rule and our knowledge of summations to show the relationship. 


s 2 i (Xe = (b+ v) = m — (b + mai))? 


i= i=l 
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3 


= Ln may) Ž (yi — (0+ mas) 
- C - (+ mai) -1) 
- 2 — (b + ma;)) 

of 2 a (X " ema) = x 2 (y — (b+ ma) 
2 » 2(y; — (b + mzj))- Liy — (b + mz) 
DX ma) (ai 
: 37 - (b+ mai) as 


Of . 
(d) We can separate 9f into three sums as shown: 


Ob 
A —-—2 » E» -m Sra] 
i=l i=1 i=1 


o 
Similarly we can separate eu after multiplying through by z;: 


om 
Of d : Z ) 
—=-2 yiti — b z;—m Ti 
om (>: 2 2 
of 


o 
Setting E and er equal to zero we have: 


om 
n n 
bn+ m 5 t= 5 Yi 
i=1 i=1 
T T T. 
SET tms = » dd 
i=1 i=1 i=1 


(e) To solve this pair of linear equations, we multiply the first equation by + x?, multiply the second one 
by $57. vi, and subtract; we get 


n n n n 
bn a -oA me^ ny x—» SW ta 
i=1 i=l i=1 i=1 


=i i=1 
So, 
nm T T n n n 2 
^ 9 7N ^ ^ 2 
b= > t; > Yi — ci ziyi | / n> T; — ) Ti 
i-—l i=1 j—l i=1 ic i=l 
Similarly, 


3 
I 
P ERES 
3 
Me 
E: 
S 
l 
3 
= 
* 3 
NS 
Et 
3 
Ms 
l 
AT 
ple 
i 
NS 
N 
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(f) Applying the formulas to the given data, we have b = —5, m = 1 which gives y = —(1/3) + x, in 


- , 
agreement with the example. 


3. (a) If p = e^" where x — oo then p — 0 with p > 0 and 


(b 


(c 


— 


— 


lim (plnp) — Jim (~re )=0, 


p>o 


since the exponential decreases faster than any power of x. Alternatively, use l’ Hopital's rule: 


' QS Ap. ge l/po 
lim (plnp) — lim lp = SET iP =0 


p>o p>0 


We apply the method of Lagrange multipliers to find the critical points of S (p1, -- , pao). The constraint 
function is g(p1,:-:, p30) = pı +--+: + pao. We have 


Os 0 = In p; 1 
Op; ~ Op; 2 (- D In2 = +1), 


therefore 
1 2 " 
grad $ — TuS 2 (ng; + 1)k; 
jl 
where ki js k30 are the unit vectors corresponding 30 independent directions of the p;-axes. Also, 
30 
grad g = 5 kj 
j=1 


so the condition grad S = A grad g becomes 


1 
— 75 (Inpj +1) =A, for i=1,---,30. 


In 2 

Thus, 
Inp; = —Aln2—1 

and, in uic n the pjs must be equal. Bien the Pi s have to satisfy the constraint g(p1,---,p30) = 1, 
we see that p; — + and that the point (35. 35 3557703 aa) i is the only critical point of S. We have 

1 1 1 1 (—1n30 In 30 

Bl DES — Lag. 1 1030) n30) iq 
30 30 30 30 1n2 In2 


We will not prove that this is indeed the maximum value of 5 (this requires a higher-dimensional analogue 
of the second derivative test). Since in part (c) we show that the minimum value of S is 0, the critical point 
we have found here is not a global minimum; the maximum of S has to be attained somewhere and it is 
reasonable to believe that it is attained at the unique critical point. The maximum entropy corresponds to 
maximum uncertainty in the outcome of the competition. 

We already know that S > 0. However, S can be zero: For example, if pj = 1 and po = -:- = p39 = 0, 
we have $(1,0,---,0) = 0. Therefore the minimum value of S is 0. Now we determine all the values of 
pis for which S(pi,---, pao) = 0. The condition 


30 

oy PE i 
l 2 
i=1 


together with the restrictions — In p; > 0 shows that, for S to vanish, each individual term in the above 
sum has to vanish. This means p; In p; = 0 for all ¿ = 1, - - - , 30, that is, p; = 0 or p; = 1 fori = 1,---, 30. 
Since pp —1 Pi = I, only one of the pjs is 1 whereas the ether 29 are 0. This corresponds to the case where 
one of the teams is certain to win, that is, there is no uncertainty. The result can be interpreted by saying 
that zero entropy implies zero uncertainty. 
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Solutions for Section 16.1 


Exercises 


1. Using Ax = 3 and Ay = 0.5: 
Lower estimate = (4 + 5 + 3 + 4)Ax Ay = 16-3-0.5 = 24, 


Upper estimate = (7+ 10+5+7)Aa Ay = 29 - 3 - 0.5 = 43.5. 


2. Mark the values of the function on the plane, as shown in Figure 16.1, so that you can guess respectively at the smallest 
and largest values the function takes on each small rectangle. 


Lower sum = 5 J (xi, ys)AvAy 
= AAzAy + 6AxrAy + 3ArAy + AAzAy 
= 17AvAy 
= 17(0.1)(0.2) = 0.34. 


Upper sum = y» f (xi, ys)AvAy 
= TArAy + 10ArAy + 6AzAy--8ArAy 
= 31ArAy 
= 31(0.1)(0.2) = 0.62. 


y 
n 
24 3 5 4 
p? 4 6 8 
Ay = 0.2 
2.0 5 T 10 
1.0 1.1 12-2 
H— Aa = 0.1—4 
Figure 16.1 


3. There are nine squares. Using the largest value of g in each square for the overestimate and the smallest value for the 
underestimate, we have 


Overestimate ~ (2 + 2.8 + 3.5 + 2.8 + 4 + 4.9 + 3.4 + 4.9 + 6)ArAy = 34.3-2-2 = 1372. 


Underestimate ~ (0 + 0.8 + 0.9 + 0.8 + 2 + 2.8 + 0.9 + 2.8 + 4)ArAy = 15- 2. 2 = 60. 
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4. In the subrectangle in the top left of the figure given, it appears that f(x,y) has a maximum value of about 9. In the 
subrectangle in the top middle, f(x, y) has a maximum value of 10. Continuing in this way, and multiplying by Ax and 
Ay, we have 

Overestimate = (9+ 10+ 12 +7 -- 8 - 104-5 4-7 4- 8) - 10-5 = 3800. 
Similarly, we find 
Underestimate = (7 +7 +8 +4+5+7+1 +3 +6)- 10-5 = 2400. 
Thus, we expect that 
2400 < f f(x, y)dA < 3800. 
R 

5. Let R be the rectangle, and let f(x, y) be the population density at the point (x, y) in the rectangle. The population is 
given by f n4 (a, y) dA. We approximate the integral with a 6 term Riemann sum using six 1 km x 1 km squares in the 
region. To make a Riemann sum, choose a population density value at one point of each of the squares. For accuracy, we 
choose the midpoint of each square, but other choices are possible. 

The densities at the midpoints can only be estimated from the contour diagram, and different people may make 
different judgments. The value at the point (2.5, 1.5) is particularly difficult, because the diagram tells us only that the 
density is between 0 and 200. The table gives one reasonable set of values. 

x 
j 
Each square has area 1 km?. We have 
| f(x, y) dA ~ 500-14 450- 1+ 100-1+650- 1 4- 200-1-+ 400-1 = 2300 people. 
R 
The population is approximately 2300 people. 
Problems 
6. The function being integrated is f(a, y) = 1, which is positive everywhere. Thus, its integral over any region is positive. 


7. The function being integrated is f(x,y) = 5x. Since x > 0 in R, f is positive in R and thus the integral is positive. 


8. The function being integrated is f(x, y) = 5a, which is an odd function in x. Since B is symmetric with respect to x, the 


12. 


13. 


contributions to the integral cancel out, as f(x, y) = — f(—x, y). Thus, the integral is zero. 


The function being integrated, f(x,y) = y? + y?, is an odd function in y while D is symmetric with respect to y. Then, 
by symmetry, the positive and negative contributions of f will cancel out and thus its integral is zero. 


In a region such as B in which y < 0, the quantity y? + y? is less than zero. Thus, its integral is negative. 


. The function being integrated, f(x,y) = y — y?, is an odd function in y while D is symmetric with respect to y. By 


symmetry, the integral is zero. 


The function being integrated, f(x, y) = y — y? is always negative in the region B since in that region —1 < y < 0 and 
ly?| < |y|. Thus, the integral is negative. 


The total area of the square R is (1.5)(1.5) = 2.25. See Figure 16.2. On a disk of radius ~ 0.5 the function has a value of 3 
or more, giving a total contribution to the integral of at least (3) (70.5?) = 2.3. On less than half of the rest of the square 
the function has a value between — 2 and 0, giving a contribution to the integral of between (1/2-2.25)(—2) = —2.25 and 
0. Since the positive contribution to the integral is therefore greater in magnitude than the negative contribution, f. " [4A 
is positive. 
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y 
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1.0 | 
| 
0.5 A 
0 eZ fi x £ 
A 
e 
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1 
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'—10 -05 0 0.5 10 1.5 2.0 


Figure 16.2 


14. We use four subrectangles to find an overestimate and underestimate of the integral: 


Overestimate = (15 + 9 + 9 + 5)(4)(3) = 456, 


Underestimate = (5 + 2 4- 3 4- 1)(4)(3) = 132. 


A better estimate of the integral is the average of the two: 


456 4- 132 


| f(x, y)dA x ——L—— = 294. 
E 2 


The units of the integral are milligrams, and the integral represents the total number of mg of mosquito larvae in this 8 
meter by 6 meter section of swamp. 


15. Let’s break up the room into 25 sections, each of which is 1 meter by | meter and has area AA = 1. 
We shall begin our sum as an upper estimate starting with the lower left corner of the room and continue across the 
bottom and moving upward using the highest temperature, T;, in each case. So the upper Riemann sum becomes 


$52 | AA = hAA  T9AA  TSAA 4 E Tos AA 
= AA(Ti + To + T3 +--+ Tos) 
= (1)( 31 +29 + 28 + 27 + 27+ 
29 4-28 4-97 497 4 264 
97 497 496 4-96 4- 203- 
26 +26 + 25 + 25 + 25 
25 +24 + 24 + 24 + 24) 
— (1)(659) — 659. 


In the same way, the lower Riemann sum is formed by taking the lowest temperature, £;, in each case: 


352? AA = trAA+ tSAA +t AA+ tos AA 
= AA(ti +t2 ta d tos) 
= (1)( 27 +27 + 26 + 26 + 25 
26 +26 + 25 + 25 + 25 
25 +24 + 24 + 24 + 24 
24 +23 + 23 + 23 + 23+ 
23 +21 + 20 + 21 + 22) 
= (1)(602) = 602. 


So, averaging the upper and lower sums we get: 630.5. 
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To compute the average temperature, we divide by the area of the room, giving 


630.5 ; 
Z y pO Ct 
(5)(5) 


Alternatively we can use the temperature at the central point of each section AA. Then the sum becomes 


Average temperature = 


YS Adena a 
= (1)( 29 +28 + 27 + 26.5 + 26+ 
27 +27 + 26 + 26 + 25.5+ 
26 +25.5 + 25 + 25 + 25+ 
25 +24 + 24 + 24 + 24+ 
24 +23 + 22 + 22.5 + 23) 
= (1)(630) = 630. 


Then we get 


E TAA 630 


= —— & 25.2?C. 
pem C ae 


Average temperature — 


16. We divide the base region into four subrectangles as shown in Figure 16.3. The height of the object at each point (x, y) 
is given by f(x,y) = x + y, we label each corner of the subrectangles with the value of the function at that point. (See 
Figure 16.3.) Since Volume — Height x Length x Width, and Ax — 2 and Ay — 3, we have 


Overestimate = (8 + 10 + 5 + 7)(2)(3) = 360, 


and 
Underestimate = (3 + 5 + 0 + 2)(2)(3) = 60. 


We average these to obtain 


Volume ~ SEU TOU Z 210. 


: 4 7 
VELA 


10 


f=0 |f=3 |f=6 

€—————9————e x 
2 4 
Figure 16.3 


Strengthen Your Understanding 


17. This is true only if f is nonnegative everywhere. Integrals can be negative, but volumes never can be negative. 


18. The sign of an integral depends on the values of f on the region R. If f is positive everywhere on the region R, then 
Íz f(x, y) dA is positive. 
19. We want the value of f at the lower left-hand corner of each subrectangle to be the largest value in the subrectangle. For 


example, let f(x, y) be a linear function with negative slopes, say f(x, y) = 5 — x — y. Let R be the square with vertices 
(+1, +1). 


20. 


21. 
22. 


23. 


24. 
25. 


26. 


27. 


28. 


29. 


30. 


Solutions for Section 16.2 
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A function whose values are negative everywhere has a negative average value on any region. For example, f(x,y) = —1 
has average value —1 on the square. 
False. For example, if f(x, y) < 0 for all (x, y) in the region R, then Jz f dA is negative. 


True. The double integral is the limit of the sum 


S f )AAS M EKAA S KM, AA 


over rectangles that lie inside the region R. As the area AA — 0, this sum approaches k - Area( R). 


False. The function f(x,y) = e" is largest at the (1, 1) corner of R, so for any (x, y) in R we have e** < et) = e. 


Then 


e" dA-— lim e™AA< lim eAA —e lim AA =e- Area(R) = e. 
R AA>0 AA-0 AA-O0 


So fp e®™” dA <er 2.7. 
False. For example, if f = 1, then Js 1dA = Area(R) = 6 and JT 1dA = Area(S) = 6. 
True. The double integral is the limit of the sum 5 ^, 4_,, P(x, y) AA. Each of the terms p(x, y)A.A is an approximation 


of the total population inside a small rectangle of area A A. Thus the limit of the sum of all of these numbers as AA — oo 
gives the total population of the region R. 


False. If the graph of f has equal volumes above and below the xy-plane over the region R, the double integral is zero 
without having f(x,y) = 0 everywhere. 


True. Writing the definition of the integral of g, we have 
dA= li AA= li k AA=k li AA=k dA. 
fo dim J gley) dm 97 f(x,y) aim So f(y) E 


False. As a counterexample, let R be a rectangle with area 2 and take f(x,y) = g(x,y) = 1. Then Ía f:gdA = 
[^ 1dA — Area(R) — 2, but Js fdA= ds g dA = Area( R) - Area( R) = 4. 

False. There is no reason to expect this to be true, since the behavior of f on one half of R can be completely unrelated 
to the behavior of f on the other half. As a counterexample, suppose that f is defined so that f(x, y) = 0 for points 
(x,y) lying in S, and f(x,y) = 1 for points (x, y) lying in the part of R that is not in S. Then Js f dA = 0, since 
f = 0 on all of S. To evaluate Is f dA, note that f = 1 on the square Sı which is 0 € x < 1,1 < y < 2. Then 
Inf aA = = f dA = Area( S1) = 1, since f = 0 on S. 


True. Since all points in the region R satisfy x < y, it is true that at every point in R, f(x,y) = x+ < x+y = g(x,y). 
Since all of the values of f in R are less than those of g, the average of the values of f is less than the average of the 
values of g. 


Exercises 


1. 


See Figure 16.4. 


7T zx 
/ f ysin x dy dx 
y 0 0 


Figure 16.4 
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2. 
3. 
4. 
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See Figure 16.5. 
See Figure 16.6. 
See Figure 16.7. 


Figure 16.5 Figure 16.6 Figure 16.7 


. We evaluate the inside integral first: 


4 4 
f (4x + 3y) dz = (22? + 3yz)| = 32 + 12y. 
0 0 


Therefore, we have 
3 


3 4 3 
T f (4a + 3y) dzdy = / (32 + 12y) dy = (32y + 6y°)| = 150. 
o Jo 0 0 


. We evaluate the inside integral first: 


3 y? 
n (2? +y’) dy = (z^ + £) 
0 


2 p3 
f i (a? + y^) dydx = / (32? +9) dz = (a? +9x)| = 26. 
o Jo 


2 
0 [U 


Therefore, we have 


We evaluate the inside integral first: 
2 

= 129: 
0 


n (6x) dy = (32y?) 
0 


Therefore, we have 


3 p2 3 3 
)x C= x) dx = (6x = 54. 
| | (6xy) dyd J (12x) dx = (6z?)| — 54 
0 Jo 0 0 
We evaluate the inside integral first: 
2 2,2N [y= 
i (xy) dy = ( 7 ) = 22”. 
0 y=0 
Therefore, we have 
1 p2 1 3\ I1 
l1 (^i) dyae = | (22?) d -(&) -i 
o Jo 0 0 
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9. Calculating the inner integral first, we have 
1 


[ [vmm [ (^ ) w= f (e? — e°) w= [e 1) dy = (ey) 


10. Calculating the inner integral first, we have 


2 y 2 
Í D, y dx dy a ya 
0 Jo 0 


11. Calculating the inner integral first, we have 


1 
= e'—1—(e°—0) = e-2. 
0 


2 


2 3 

y 8 

d= f éa-t =>. 
A 3 3 


y 
0 0 


3 py 3 y 3 3 
| / snzdedy- | (^en )a-f (— cos y + 1) dy = (— siny + y)| = —sin34 3. 
0 Jo 0 0 0 0 
12. Calculating from the inside and using integration by parts, we have 
1/2 sinc 1/2 sing 1/2 7/2 
n I zdyds= | zy a= f xsin z dgr = (—xcosx + sin x) =1. 
0 0 0 0 0 0 
4 3 


4 


3 
da: =| e” (e* — 1) dz = (e^ — 1) (e? — 1)e. See Figure 16.8. 
1 


3 
13. li | etas - f e^ e? 
1 Jo 1 


0 


y 
y=4 
x 
T 3 

Figure 16.8 

zofe a 2 zE R 2 1 2 1 
14. | i e” dyas = | e^ y| dx 2 xe” dr = =e" | = c(e^ — 1). See Figure 16.9. 
0 0 0 0 0 2 0 - 
y 
y-z 

x 

2 

Figure 16.9 


15. 


5 
- f sin x - x dx 
1 


. 5 
(sinz — z cos x)|} 
( 


sin 5 — 5 cos 5) — (sin 1 — cos 1) ~ —2.68. 
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See Figure 16.10. 


e 


HG 
[91i 


Figure 16.10 


16. 


4 y 4 r? y 
| / xy? dx dy = yo 
1 dV 1 3 


Il 
w] = 
— 
EN 
~ 
ce 
| 
c 
tolo 
eae 
a 
c 


T 
A 4472.9 1 2 
(£- 9 xoa) 5030.084 


See Figure 16.11. 


s 


Figure 16.11 


4 p2 2 p4 
17. / l fdydx or J I f dx dy 
1 Jı 1 J1 


18. This region lies between x = 0 and x = 4 and between the lines y = 3x and y = 12, and so the iterated integral is 


4 12 
f if f(x,y) dydz. 
0 3a 


Alternatively, we could have set up the integral as follows: 


12 y/3 
f I f(x, y) dady. 
0 0 


16.2 SOLUTIONS 1473 
19. The line connecting (—1, 1) and (3, —2) is 


or 


So the integral becomes 


3 (1-32) /4 1 (1—4y)/3 
/ / fdydx or J / f dx dy 
ais -3 —2 J —1 


20. The line on the left (through points (0, 0) and (3, 6)) is the line y = 2z; the line on the right (through points (3, 6) and 
(5, 0)) is the line y = —3z + 15. See Figure 16.12. One way to set up this iterated integral is: 


6 p(15—y)/3 
f J f(x,y) dedy. 
0 y/2 


The other option for setting up this integral requires two separate integrals, as follows: 


3 2m 5 —3z-4-15 
J] feste | f f(a, y) dyda. 
0 0 3 0 
y 


y = —3z + 15 


Figure 16.12 


21. Two of the sides of the triangle have equations z = Y and z = -— So the integral is 


2 
3 p—$(y-5) 
I f dx dy 
1 Ji(y-1) 
1 
cfc 
y—g(z-1) 


4 2 
J / fdydz 
1 (z—1)/3 


2 pl 
f 992 - [ | Vx + y dz dy 
R o Jo 


22. The line connecting (1, 0) and (4, 1) is 


So the integral is 


23. 


29 E 
= 3t)?! dy 
0 0) 
2 
2 3 E! 
=f eot bay 
0 
2 2 POS 
= 3° gla*»* -v*] 
0 
4 & 5 
= Geen -27)-(1-0)) 
= É (9V3 — 4V2 — 1) = 238176 
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24. In the other order, the integral is 


1 p2 
/ f yz + y dy dz. 
0 Jo 
First we keep z fixed and calculate the inside integral with respect to y: 
2 2 y=2 
] vim ge ert 
0 y=0 
= i [s +2)? — 29/7]. 
Then the outside integral becomes 
1 1 
| : [e +2)9/? =a] ro : H 4 2)9/2 2 il 
0 0 
2 2,5 
= $ g[9^ -1-277] = 2.38176 


Note that the answer is the same as the one we got in Exercise 23. 
25. 


1 7/3 
f (527 + 1) sin 3y dA = l / (52? + 1) sin 3y dy dx 
R -1J0 


1 1 1/3 
-f (5z? +1) (ien ) dx 
=i 3 0 


26. The region of integration, R, is shown in Figure 16.13. 


y 
1 


Figure 16.13 


Integrating first over y, as shown in the diagram, we obtain 


1 1-2 1 T 2 
n (/ zydu) wa ui 
R 0 0 o 2 


l-g 


"d 
dz = | =r(1 — x)’ dx 
o 2 
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27. It would be easier to integrate first in the x direction from z = y — 1 to x = —y + 1, because integrating first in the y 
direction would involve two separate integrals. 


1 —y+1 
[ ex aa - f I (2x + 3y)? da dy 
R 0 y-1 


1 —y41 
= f J (4x? + 12xy + 9y?) dx dy 
0 y-1 
1 


4 —y+1 
=- | E + 6x7 y + L4 dy 
0 


y—1l 


See Figure 16.14. 


Figure 16.14 


Problems 


28. The diagonal line has equation y = 2x. Integrating with respect to y first gives 


1 p2a i 2 |2x o, ri 1 1 
n sudyda = | PL ae = f 2zy'dy 2 —| == 
0 0 0 2 0 0 2 0 2 
29. The right half of the circle is x = 4/1 — y?. Integrating with respect to x first, we have 
1 1—y? 1 2 1-y? 1 2 4 1 
1 
J f cyte dy = [ ET a-i[ (1 y!yydy = 2- A = 0. 
—140 =f 2 0 2 =i 4 8 4 
30. y 
(1,1) 
ax 
2 


first, giving 


1 2-y 1 2 
f / xy dx dy = f E 
0 y 0 2 


The edges of the triangle are the lines y = x on the left and y = 2 — x on the right. We integrate with respect to x 


oe if jg l %3 1 
t-il ((2-y)*y—y?) dy = J (4y—4y? y? —?)dy = y? Ez. 
y 0 0 0 
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31. y 


The circle has equation (x — 1)? + y? = 1; thus the top half has equation y = 4/1 — (x — 1)?. Integrating with 
respect to y first gives 


[C-3)-G)- GL 

= a — — | dr =| = ]-|— 

a 2 3 8 

32. (a) We divide the base region into four subrectangles as shown in Figure 16.15. The height of the object at each point 


(x, y) is given by f(x,y) = xy, we label each corner of the subrectangles with the value of the function at that point. 
(See Figure 16.15.) Since Volume = Height x Length x Width, and Az = 2 and Ay = 3, we have 


0 


Overestimate = (12 + 24 + 6 + 12)(2)(3) = 324, 


and 
Underestimate = (0 + 6 + 0 + 0)(2)(3) = 36. 


We average these to obtain 


Volume ~ DUET — 180. 


f=0 |f26 |f=12 


f=0 |f=0 |f=0 

eee or 
2 4 
Figure 16.15 


(b) We have f(x,y) = zy, so 


4 r6 iiu 
Volume = / n xy dydz = f (=) 
o Jo 0 2 


The volume of this object is 144. Notice that 144 is between the over- and underestimates, 324 and 36, found in 
part (a). 


y=6 4 


4 
dx = r 18z dz = 9z?| = 144. 
0 0 


y=0 
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33. As given, the region of integration is as shown in Figure 16.16. 


Figure 16.16 


Reversing the limits gives 


1 x 3 1 
n f e” dydx = f 
0 0 0 


34. The function sin (x?) has no elementary antiderivative, so we try integrating with respect to y first. The region of integra- 
tion is shown in Figure 16.17. Changing the order of integration, we get 


1 1 1 x 
J | eem] | sin (x°) dy dx 
0 Jy o Jo 
1 x 
-f sin (z?) -y 
0 


dx 


_ €os (a?) 
2 0 
= -21 $ 5 = 5 (1 — cos 1 — 0.23. 


Figure 16.17 
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35. As given, the region of integration is as shown in Figure 16.18. 


Figure 16.18 


Reversing the limits gives 


)ds 


1 a? 1 Tz 
n / VIFF aydo = | (yy 2+ 23 
o Jo 0 0 


1 
al x74/2 + r3 dx 
0 


1 


= sva 22). 


36. As given, the region of integration is as shown in Figure 16.19. 
y 


Figure 16.19 


Reversing the limits gives 


9 Vz 9 2. 2 
/ n y sin (z?) dydx = / ene) 
o Jo 0 2 


Il 
NIA 
oo 
oO 
8 
m. 
B 
~ 
8 
a 
8 


= 0.056. 


37. The region of the integration is shown in Figure 16.20. To make the integration easier, we want to change the order of the 
integration and get 
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1 € 


Figure 16.20 


38. The region is bounded by z = 1, x = 4, y = 2, and y = 2a. Thus 


4 2m 
Volume — I f (6x°y) dydx. 
1 J2 


To evaluate this integral, we evaluate the inside integral first: 


2x 
= 3g? (2x)? — 32? (2?) = 12z^ — 122°. 
2 


l (622y) dy = (322y?) 


Therefore, we have 


4 p2m 4 12 
J J (6x°y) dydx = I (12z* — 122?) dx = (Fo — 40°) 
1 J2 1 


The volume of this object is 2203.2. 


4 
= 2203.2. 


1 


39. (a) The volume is given by 


1 1 1 3 1 1 1 r? " 1 
Va x+y? dydx = ryt dx = 2 (2? +5) de =2 —+- 
-14-1 -1 3 zu -1 3 3 3) |_ 


(b) The region above the surface, together with the region whose volume we found in part (a), make up a box with a 
square base of side 2 and height 2. The volume of the box is 2- 2 - 2 = 8, the volume under the surface is 
8 16 


a eal 
3^3 


8 


3 


1 


40. The region is bounded by x = 1 — y, x = y — 1, y = 1, and y = 3. See Figure 16.21. To evaluate this integral we 


integrate with respect to x first, giving 


Figure 16.21 
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J [eraf [eem 


3 3 y=1 3 3 
2 Ay —1 
- f + ye ay=2 f enr t y(y — 1) dy 
1 3 d 1 
y 


35,3 
2 2 
zn Z yp ty dy 
1 
44 


3 


41. (a) See Figure 16.22. 


Figure 16.22 


(b) If we integrate with respect to x first, we have 


1/2 l-y 
| jtd I / Headed 
R 0 y 


If we integrate with respect to y first, the integral must be split into two parts, so 


1/2 x 1 1-2 
f tenaa= f / fers) uds + | / f (v, y) dy da. 
R 0 0 1/2 Jo 
1/2 l-y 1/2 9g )1l-y 
f ^ / zdzdy= f T 
R 0 y 0 
1/2 


1 1 1/2 
J a-y- =i f 1 — 2y dy 
0 0 


1/2 


(c) If f(z,y) = zx, 


1 
= 3 m y^) 
0 


1/2 x D l-ax 
fea) n sdyds « Í | x dy dx 
R 0 0 1/2 J0 


RS 1 


da + ni ry 
0 1/2 


Alternatively, 


1-2 


dx 


0 
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42. (a) The line x = y/2 is the line y = 2a, and y = x and y = 2z intersect at x = 0. Thus, R is the shaded region in 
Figure 16.23. One expression for the integral is 


3 2x és 
] 1-[ J xe” dydz. 
R 0 T 


Another expression is obtained by reversing the order of integration. When we do this, it is necessary to split R into 
two regions on a line parallel to the x-axis along the point of intersection of y = x and x = 3; this line is y = 3. 


Then we obtain 
3 py 6 r3 " 
] 1- / xe” dody + | / xe” da dy. 
R 0 Jy/2 3 /y/2 


(b) We evaluate the first integral. Integrating with respect to y first: 


2 


3 ple 3 d 3 
2 r? 2 2? 3 a? 
I J r'e dydz= [ (z^e* y) w= ge dx. 
0 Jz 0 0 


zx 


" - " 2 2 
We use integration by parts with u = z?, v = xe” . Then u’ = 2r and v = ie* , SO 


Figure 16.23 


43. To find the average value, we evaluate the integral 


3 p6 
1 / (a? + 4y) dydz, 
0 Jo 
and then divide by the area of the base region. 


To evaluate this integral, we evaluate the inside integral first: 


6 
J (a? + 4y) dy = (ay + 2y?) 
0 


1482 


44. 


45. 


Chapter Sixteen /SOLUTIONS 


Therefore, we have 


3 76 3 3 
1 T (a? + 4y)dydx = / (6x? + 72)dax = (22? + 72x)| = 270. 
0 0 0 


0 


The value of the integral is 270. The area of the base region is 3 - 6 = 18. To find the average value of the function, we 
divide the value of the integral by the area of the base region: 


3 76 

1 2 1 

Average value — a + 4y) dydx = — - 270 = 15. 
B Area | f ( y) dy 18 


The average value is 15. This is reasonable, since the smallest value of f(x, y) on this region is 0, and the largest value is 
3? +4- 6 = 33. 


To find the average value, we first find the value of the integral 


Il (zy?) dyda. 
i (zy?) dy = (=) 
I1 (zy?) dydx = [ (9x) da = (=) 


The value of the integral is 72. To find the average value, we divide the value of the integral by the area of the region: 


1 FP 72 
Average value = xy”) dydz = — = 6. 
: xa] | (cy )dy 3-4 


The average value of f(x,y) on this rectangle is 6. This is reasonable since the smallest value of xy” on this region is 0 
and the largest value is 4 - 3? = 36. 


We evaluate the inside integral first: 
y=3 
= Oz. 


y=0 


Therefore, we have 
4 

= 72. 
0 


The intersection of the graph of f(x, y) = 25 — x? — y? and xy-plane is a circle x? + y? = 25. The given solid is shown 
in Figure 16.24. 


Figure 16.24 


Thus the volume of the solid is 


yes ] re» dA 


= J J (25 — £? — y?) dz dy. 
—5J—4/25—92 
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46. The intersection of the graph of f(x, y) = 25 — x? — 4? and the plane z = 16 is a circle, £? + y? = 3°. The given solid 
is shown in Figure 16.25. 


f(x,y) = 25 — 2? — y? 


Figure 16.25 
Thus, the volume of the solid is 


v= f Hen- aa 
3 v 9—y? 
= / (9 — z? — y?) dz dy. 
-3J-/9-y2 


47. The solid is shown in Figure 16.26, and the base of the integral is the triangle as shown in Figure 16.27. 


—g-—4A4 
ackside 


2r+y+z=4 


Figure 16.26 Figure 16.27 


v= f zaa 
R 
= f 4-22- aa 
R 


4 p(4—-v)/2 
- f J (4 — 2x — y) dx dy. 
0 y—4 


Thus, the volume of the solid is 
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48. 
2 


dx 
0 


2 p2 24 
Volume = | f xy dy dz = | — 
0 Jo o 2 


49. The region of integration is shown in Figure 16.28. Thus 


1 x 1 3 
Volume = f / (a? + y?) dy dx = n xy + - 
o Jo 0 3 


Figure 16.28 


50. The region of integration is shown in Figure 16.29. Thus, 


9 va 9 2 
Volume zi / (dude -. | ayt 2— 
o Jo 0 2 

9 


y-vm 
dx 


y=0 


2\ 19 
" 3/2 z) de= | 22 El MESS. ee 
f (s + 2 X (& + 1 : 20 7.45. 


Figure 16.29 
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51. The plane 2x + y + z = 4 cuts the zy-plane in the line 2x + y = 4, so the region of integration is the triangle shown in 
Figure 16.30. We want to find the volume under the graph of z = 4 — 2x — y. Thus, 


2 p—204+4 2 2 
Volume - f f (4-20 y)ayde = | 4y — 2zy — L 
o Jo 0 2 
2 E 2 
-f (« 2x + 4) — 2a(—2a + 4) — dz 
0 


2 16 


—2m-r4A 
dx 


0 


x = —(y — 4)/2o0r y = —2x + 4 


2 


Figure 16.30 


52. Let R be the triangle with vertices (1,0), (2, 2) and (0, 1). Note that (3x + 2y + 1) — (x + y) = 2x + y + 1 > 0 for 
x,y > 0, so z = 3x + 2y + 1 is above z = x + y on R. We want to find 


volume — | (B0+2y+1)- (@+y))dA= [ Qv 44. 
R R 


We need to express this in terms of double integrals. 


O 1 2 
Figure 16.31 
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To do this, divide R into two regions with the line x = 1 to make regions Rı for x < 1 and Rə for x > 1. See 
Figure 16.31. We want to find 


] 2 f Qety+naa+ f (2x +y + 1) dA. 
R Ry 


R2 


Note that the line connecting (0, 1) and (1,0) is y = 1 — x, and the line connecting (0, 1) and (2, 2) is y = 1 + 0.5x. So 


1 pl40.5z 
f Qety+yaa= | I (2a + y + 1) dy dz. 
Ry 0 Ji- 


The line between (1, 0) and (2, 2) is y = 2x — 2, so 


2 pl 40.52 
f Qr+y+1aa= | f (2a + y + 1) dy dz. 
Ro 1 J2s—2 


We can now compute the double integral for R1: 


1 pl $0.5a 1 2 140.52 
j Í @2+y+1)dyds= | 2ry+ 4 +y da: 
0 1—z 0 2 1—z 
^ put 
- f (Za? +32) dx 
i 8 
RE S | 
= (25 + Ža?) nud 
— 19 
€ 
and the double integral for R2: 
2 140.5” vi 1+0.52 
/ | Qr+y+t)dyde = | (Qry + y? /2 +y) dx 
1 2a—2 1 22-2 
* ^88 
- f (- Su +9045) dx 
" 8 2 
1j. 4 s 
_ (12,3, 92,2 
= ( g^ tg" * 7) 
223 
~ 8 
19 29 48 
Vol =—+4+—-—=—=6. 
So, Volume 3 3 8 6 


53. We want to calculate the volume of the tetrahedron shown in Figure 16.32. 


z 


=1 


ax + bY 


Figure 16.32 


We first find the region in the xy-plane where the graph of ax + by + cz = 1 is above the xy-plane. When z = 0 
we have ax + by = 1. So the region over which we want to integrate is bounded by x = 0,y = 0 and ax + by = 1. 
Integrating with respect to y first, we have 


1/a (1—az)/b 1/a (1—az)/b u = 
Volume = I f z dy dz = f / loyar dy dx 
0 0 0 0 e 
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y-(1—az)/b 


dx 


y=0 


1/a 1 
= — (1 — 2ax + a?z?) dx 
| 2bc 


6abc' 


54. The region R is shaded in Figure 16.33. The integral is 


2-02 
2 sty t-il ((a? — y°)y — (a — y y)u dy 
0 25 0 
a 3 4 4 
ES 2ay? — 29) dy — | 29 9. cem 
7) (2ay" — 2y") dy ( BC 12 
0 


e+y=a 


Figure 16.33 


55. (a) The contour f(x,y) = 1 lies in the zy-plane and has equation 


Qe (1-9? = 1, 


So 


-(z — 1) —y? = In(1/2) 
(»— 1)? +7? =In2 = 0.69. 


This is the equation of a circle centered at (1, 0) in the zy-plane. 
Other contours are of the form 


Thus, all the contours are circles centered at the point (1, 0). 
(b) The cross-section has equation z = f(1,y) = e " . If x = 1, the base region in the zy-plane extends from 
y = —V3 to y = V3. See Figure 16.34, which shows the circular region below W in the xy-plane. So 


v3 2 
Area =i e V dy. 
V3 
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(c) Slicing parallel to the y-axis, we get 


2 4—z2 " 5 
Volume >j / e YY" dy dx. 
—2 J —4\/ 4— r2 


y 
y-—v d= g (1, v3) 
x 
y- VAT (1,8) 
Figure 16.34: Region beneath W in the 
xy-plane 


56. The region bounded by the x-axis and the graph of y = x — x? is shown in Figure 16.35. The area of this region is 


: zs? | 
a= fo 2^)dz = (7 z) 


0 


MI b 
= 


Figure 16.35 


So the average distance to the x-axis for points in the region is 


Average distance = Juv dA 
: ~~ area(R) 


Therefore the average distance is v — 1/10. 


57. (a) One solution would be to arrange that the minimum values of f on the square occur at the corners, so that the corner 
values give an underestimate of the average. See Figure 16.36. 


16.2 SOLUTIONS 1489 


Es 


Figure 16.36 Figure 16.37 


(b) One solution would be to arrange that the maximum values of f on the square occur at the corners, so that the corner 
values give an overestimate of the average. See Figure 16.37. 


58. (a) We have 


Average value of f — l fdA 
Area of Rectangle /Rectangle 
1 2 3 1 2 y? y=3 
== (ax + by) dydx = = axy +b% da 
6 Jo Jy 6 2 
25 y=0 0 y=0 


2 2 
E 9 uf wo! 
T Ti (30x + 55) dx = 5 (San + 5") 


0 


= CO + 9b) 


3 
= =b. 
iui 


The average value will be 20 if and only if a + (3/2)b = 20. 
This equation can also be expressed as 2a + 3b = 40, which shows that f(x,y) = ax + by has average value 
of 20 on the rectangle 0 € x < 2, 0 € y < 3 if and only if f(2,3) = 40. 
(b) Since 2a + 3b = 40, we must have b = (40/3) — (2/3)a. Any function f(x,y) = ax + ((40/3) — (2/3)a)y where 
a is any real number is a correct solution. For example, a = 1 leads to the function f(x,y) = x + (38/3)y, and 


a = —3 leads to the function f(x, y) = —3z + (46/3)y, both of which have average value 20 on the given rectangle. 
See Figure 16.38 and 16.39. 


y y 


x x 
Figure 16.38: f(x,y) = £ + Sy Figure 16.39: f(x,y) = —3z + Sy 
59. (a) We have 
1 
Average value of f = ———————— / [4A 
Area of Square J square 

2a 2 2 2 3N |v-2 
= J | (ax? + bry + cy”) dydx = i (s + bat + a) dz 

0 0 0 y=0 
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ele 


| 

l 
Q&Q 
ES 
c 
4 
4 


The average value will be 20 if and only if (4/3)a + b + (4/3)c = 20. 

(b) Since (4/3)a + b + (4/3)c = 20, we must have b = 20 — (4/3)a — (4/3)c. Any function f(x,y) = ax? + (20 — 
(4/3)a — (4/3)c)ay + cy? where a and c are any real numbers is a correct solution. For example, a = 1, c = 3 leads 
to the function f(x, y) = x? + (44/3)oy + 3y?, and a = —3, c = 0 leads to the function f(x,y) = —3z? + 24ary, 
both of which have average value 20 on the given square. See Figures 16.40 and 16.41. 


y y 


h 
Uf 


z x 


Figure 16.40: f(x, y) = a? vy 3y? Figure 16.41: f(a, y) = —3z? + 24xy 


60. Assume the length of the two legs of the right triangle are a and b, respectively. See Figure 16.42. The line through (a, 0) 
and (0, b) is given by Z + = = 1. So the area of this triangle is 


A= jab. 


o~ 


8 


Figure 16.42 


Thus the average distance from the points in the triangle to the y-axis (one of the legs) is 


1 a — ba+b 
Average distance = — x dy dx 

A Jo Jo 

2 a 
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Similarly, the average distance from the points in the triangle to the x-axis (the other leg) is 


1 b —Fyta 
Average distance = a | f y dz dy 
o Jo 
b 
2 a 2 ) 
= — —- d 
=f ( po cM 
_ 2 (af 
| ab\ 6 J 3 


61. The force, AF’, acting on AA, a small piece of area, is given by 
AF x pAA, 


where p is the pressure at that point. Thus, if R is the rectangle, the total force is given by 


F= va. 
R 


We choose coordinates with the origin at one corner of the plate. See Figure 16.43. 


a (a, b) 


Figure 16.43 


Suppose p is proportional to the square of the distance from the corner represented by the origin. Then we have 


p = k(x? +y°), for some positive constant k. 


Thus, we want to compute f k(z? + y dA. Rewriting as an iterated integral, we have 
R 


b a b 3 
r= f 6 eaa f f ka? +1) dedy =k | (Sav 
R 0 0 0 3 
b 3 3 315 
a 2 ay y 
=k = dy = k | — 2 
f (5 e) Y | 3 +a 3 ) 


k 
= =(a°b + ab’). 
3 
62. The outer circle is a semicircle of radius 4. This is shown in Figure 16.44, with center at D. Thus, CE = 2 and DC = 2, 
while AD = 4. Notice that angle ADO is a right angle. 


[U 
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Figure 16.44 


Suppose the large circle has center O and radius r. Then OA = r and OD = OC — DC = r — 2. Applying 
Pythagoras’ Theorem to triangle OAD gives 


r? = 4? 4 (r—2)? 
r? 2164 r? — Ar - 4 
p= 


If we put the origin at O, the equation of the large circle is x? + y? = 25. In the same coordinates, the equation of the 
small circle, which has center at D = (3,0), is (x — 3)? + y? = 16. The right hand side of the two circles are given by 


z= ,/25— y? and r—3-44/16-— y?. 


Since the y-coordinate of A is 4 and the y-coordinate of B is —4, we have 


4 p344/16—y?2 
Area = | / 1 dz dy 


=] (3+ y 16 — y? — y 25 — y?) dy 


— 13.95. 


Strengthen Your Understanding 


63. 


64. 


65. 


66. 


The region of integration for the first integral is the triangle bounded by y = 0,y = x and x = 1. The region for the 
second integral is the triangle bounded by x — 0, x — y and y — 1. These are not the same triangle. 


The integral on the right does not make sense. The outside limits of integration contain a variable, but the outside limits 
should always be constants. 


Suppose the cylinder has height 2 and the base has boundary x? + y? = 1. Then, integrating with respect to y first gives 


1 py/1-2 
Volume - f 2aa= [ J 2 dz dy. 
Base -14-4A/1-z? 


The region of integration is bounded by the x-axis and the lines y = x and x = 1. Integrating with respect to y first, we 


have g 
I | f(,y) dy de = 4. 
0 Jo 
We start by trying f(x, y) = x. Since 


1 x 1 y-—c 1 n 
f n zdyds= [ ry ax = [ x?’ dz = — 
0 Jo 0 y=0 0 3 


we take f(x,y) = 12x. Many other answers are possible. 


1 


0 


67. 


68. 


69. 
70. 


71. 


72. 


73. 
74, 


75. 


Solutions for Section 16.3 
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Since the height of the prism is not specified, we can choose any height we wish, for example 1. If the base triangle has 
area 6 and the height of the prism is 1 then the volume of the prism is 6. Any right triangle with legs of length 6 and 2 will 
work. For example, the triangle with vertices (0,0), (0, 2) and (6, 0) has area 6. Therefore, 


2 6—3y 
I f 1 dz dy 
0 0 


represents the volume of a triangular prism whose base has area 6. 


False. Since the inside integral is performed with respect to x and the outside integral with respect to y, the region of 
integration is the rectangle 5 < x < 12,0 € y X 1. 


L : 2 pl 
False. The iterated integral p» Us 


True. For any point in the region of integration we have 1 € x < 2, and so y is between the positive numbers 1 and 8. 


f daxdy is over a rectangle. The correct limits are Ps Jg f dydz. 


False. The sign of f? [i E fdydzx depends on the behavior of the function f on the region of integration. For example, 
2 p2 : 
Ji ha (—2x)dydx = —3. 


True. Since f does not depend on zx, the inside integral (which is with respect to x) evaluates to Í hs fdr = zf 


(f — 0) = f. Thus 
b pl b 
J | rm] f dy. 
a 0 a 


False. The given limits describe only the upper half disk where y > 0. The correct limits are T ud f SZ fdyda. 


g=1 


x=0 


True. In the inner integral with respect to y, the function g(x) can be treated as a constant, so 


[ [ sow» dzdy = [ o (f s w) die: 


The result of the integral f á h(y) dy is a constant, so may be factored out of the integral with respect to x. Thus we have 


[a (f i) da (f wa) ! (J sear). 


False. As a counterexample, consider f f (x + y) dxdy. We have 


2 p2 2442 z=2 2 
| ] exem f u— ay= | G«2)4- 8 
0 Jo 0 z=0 0 
and 
2 2 a? rz—2 2|y-2 
n ydy = — — =242=4 
0 0 "cs v y=0 


Exercises 


1. 


2 pl r3 
[rw=f f J eo natas 
w o J-1J2 
2 pl 1 
- f I (z^2 + 5y°2- 52”) 
0 J-1 


3 
dy da 
2 


1494 Chapter Sixteen /SOLUTIONS 


1 pl p2 
| rav - f I / (ax + by + cz) dz dy dx 
w o Jo Jo 


1 pl 
- f f (2ax + 2by + 2c) dy dx 
o Jo 
1 


sj (2ax + b + 2c) dx 
0 
=atb+2c 


| sav = f I / sin x cos(y + z) dz dy dx 
w o Jo Jo 
= / f sin z sin(y + z) 
o Jo 
= Í J sin r[sin(y + 7) — sin y] dy dx 
o Jo 
E if I sin z(—2sin y) dy dx 
o Jo 
= -2 f sin z(— cos y) 
0 


dx 
= -2 f 2 sin x dx 
0 


dy da 
0 


0 


a b ce 
fd = i 1 J e * * * dzdydx 
w o Jo Jo 
a b c 
= J / J e ^e "e ^ dzdy dx 
o Jo Jo 


a b 
E n 1 e ^e *(—e * + 1) dy dx 
o Jo 


-a-e»f« (-e ). 
—(1—e*(1—e-* "d 
-aiee f ede 


= (1 — e™®)(1 =e i es) 


dx 


5. The region is the half cylinder in Figure 16.45. 


Figure 16.45 


6. The region is the half cylinder in Figure 16.46. 


Figure 16.46 


7. The region is the cylinder in Figure 16.47. 


Figure 16.47 
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8. The region is the half cylinder in Figure 16.48. 


zl 


Figure 16.48 


9. The region is the hemisphere in Figure 16.49. 


Figure 16.49 


10. The region is the quarter sphere in Figure 16.50. 


Figure 16.50 


11. The region is the quarter sphere in Figure 16.51. 


Figure 16.51 


12. 


13. 
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The region is the hemisphere in Figure 16.52. 


Figure 16.52 
The region is the quarter sphere in Figure 16.53. 
zZ 
1 
x 
Figure 16.53 


Problems 


14. 
15. 
16. 


17. 
18. 


19. 


20. 


21. 
22. 


23. 


Positive. Since e* is positive on T, its integral is positive. 
Positive. Since e* is positive on B, its integral is positive. 


Zero. Since sin z is positive on 7', and negative (and of equal absolute value) on B the integral is zero because the integrals 
over the two halves of the sphere cancel. 


Positive. Since sin z is positive on 7’, its integral is positive. 


Zero. Since sin z is positive on the upper half of R and negative ( and of equal absolute value) on the lower half of R, the 
integral of sin z is zero because the integrals over the two halves cancel. 


Zero. The value of y is positive on the half of the cone above the second and third quadrants and negative (of equal 
absolute value) on the half of the cone above the third and fourth quadrants. The integral of y over the entire solid cone is 
Zero because the integrals over the four quadrants cancel. 


Zero. The value of x is positive above the first and fourth quadrants in the xy-plane, and negative (and of equal absolute 
value) above the second and third quadrants. The integral of x over the entire solid cone is zero because the integrals over 
the two halves of the cone cancel. 


Positive. Since z is positive on W, its integral is positive. 


Zero. You can see this in several ways. One way is to observe that xy is positive on part of the cone above the first and 
third quadrants (where x and y are of the same sign) and negative (of equal absolute value) on the part of the cone above 
the second and fourth quadrants (where x and y have opposite signs). These add up to zero in the integral of zy over all 
of W. 

Another way to see that the integral is zero is to write the triple integral as an iterated integral, say integrating first 
with respect to x. For fixed y and z, the x-integral is over an interval symmetric about 0. The integral of x over such an 
interval is zero. If any of the inner integrals in an iterated integral is zero, then the triple integral is zero. 


Zero. Write the triple integral as an iterated integral, say integrating first with respect to x. For fixed y and z, the z-integral 
is over an interval symmetric about 0. The integral of x over such an interval is zero. If any of the inner integrals in an 
iterated integral is zero, then the triple integral is zero. 
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24. Negative. If (x,y,z) is any point inside the cone then z < 2. Hence the function z — 2 is negative on W and so is its 
integral. 


25. Positive. The function 4/z? + y? is positive, so its integral over the solid W is positive. 


T 


26. Positive. The function e" ^"? is a positive function everywhere so its integral over W is positive. 


27. Positive. If (x, y, z) is any point inside the solid W then 4/z? + y? < z. Thus the integrand z — 4/ x? + y? > 0, and so 
its integral over the solid W is positive. 


28. Figure 16.54 shows a slice through the region for a fixed x. The required volume, V, is given by 


2 1 p3y 2 1 3v 2 1 
v- f I J dedyde= | / z ayac = | if 2y dy dz 
1 Jo Jy 1 Jo ly 1 Jo 
2 jl 2 
-f y? ae = f dx = 1. 
1 0 1 


Figure 16.54 


29. The required volume, V, is given by 


5 3 a? 
v= f f I dz dy dx 
o Jo Jo 
5 r3 
- f 1 x dy dx 
o Jo 
5 y=3 
xi xy dx 
o 


30. We have z = 2 — x — y, and the region under the surface in the xy-plane is bounded by the axes and the line x + y = 2 
or y = 2 — x. Thus the volume is given by 


2 2-2 2—zr—y 2 Qs 
v- f Í | dedyae= | f (2 — x — y) dy dx 
o Jo 0 o Jo 
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y? 2—z 


ayay- È dx 


0 


2. x)? 
, 2(2 — x) — z(2 — x) — Cau da: 
3 
[ "M dx = = a? + 2x 
31. (a) Since the trough is symmetric about the «z-plane, we find the mass of sludge in one half and double it. Thus the total 


mass is given by 
10 pl pl 
Mass of sludge = 2 | J | e dz dy dx. 
0 0 y 


Other orders of integration are possible. 
(b) Evaluating gives 


0 


b y? 
= a [^ e ?* - ye °*) dy dr = n" " 3a ee 
r 2 
E ofS E= - (- =) =3 
"s 6 


32. The required volume, V, is given by 


33. Since z = x + y is below z = 1 + 22 + 2y for x, y > 0, we have 


14-2r4-2y 
v-f [ J. 1 dz dy dz. 


The order of integration of x and y can be reversed. 


34. For z? 4- y? < 1, the paraboloid z = z? + y? is below the sphere z? + y? + z? = 4, so 


4— 4-2 y? 
v-f Z “a 1dzdyda. 
24y? 


The order of integration of x and y can be reversed. 


35. The two surfaces are planes given by 


2=>6-— 22 — 2y 
z = 6 — 32 — 4y. 
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For x,y > 0, the plane z = 6 — 2x — 2y is above z = 6 — 3x — 4y. The region in the xy-plane is shown in Figure 16.55. 


Thus 
1 1-2 6—2z—2y 
Voss l f I 1 dz dy dz. 
0 0 6—3r—4y 


The order of integration of x and y can be reversed. 


Figure 16.55 


36. The top half of the sphere is given by 
z—4/9—2z?—9?. 


The region in the xy-plane is shown in Figure 16.56. If we integrate with respect to y first, we have to break the region in 
two pieces. Thus it is easier to integrate with respect to x first, giving 


2 (y+2)/2 V 9-22 -y? 
Va I J f 1 dz dz dy. 
0 y 0 


Figure 16.56 


37. The sphere x” + y? + z? = 9 intersects the plane z = 2 in the circle 


r?’ +y +2 =9 


r^ y? =5. 


The upper half of the sphere is given by z = 4/9 — x? — y?. Thus, using the limits from Figure 16.57 gives 


V8 prf5—a? pr /9— a? =y? 
aa / | 1dzdyda. 
-v5 J -/s-a2 J2 


The order of integration of x and y can be reversed. 
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Figure 16.57 


38. The top half of the sphere is given by 
2=/4—-2?-y?. 


The region in the xy-plane is shown in Figure 16.58. If we integrate with respect to x first, we have to break the region 
into two pieces. Thus, it is easier to integrate with respect to y first, giving 


1 pW/A-x3 pr/4— a? —y? 
v-f 1 f 1 dz dy dz. 
o Jo 0 


1 2 
Figure 16.58 


2 


39. A slice through W for a fixed value of y is a semi-circle the boundary of which is z? = r° — x?, for z > 0, so the inner 


integral is 
f /p3 32 


0 
Lining up these stacks parallel to x-axis gives a slice from z — —r to x — r giving 


T V r2—g2 
J | f(x,y, z) dz da. 
—rJQ 


Finally, there is a slice for each y between 0 and 1, so the integral we want is 


1 T V r2—r2 
f ni f f(a, y, z) dz dx dy. 
0 —rv0 


40. A slice through W for a fixed value of x is a semi-circle the boundary of which is y? = 4 — z?, for y > 0, so the inner 


integral is 
4—22 
f f(x,y, 2) dy. 


0 


f(x,y, z) dz. 
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Lining up these stacks parallel to z-axis gives a slice from z = —2 to z = 2 giving 


a p FG, y. x) dy da. 


Finally, there is a slice for each x between 0 and 1, so the integral we want is 


1 p2 prfa—z? 
Wa f (x, y, z) dy dz da. 
o J-240 
2 2 


41. A slice through W for a fixed value of x is a semi-circle the boundary of which is y? = r? — x? — z?, for y > 0, so the 


inner integral is 
f a ae 


0 
Lining up these stacks parallel to z-axis gives a slice from z — r? — z? to z = Vr? — x? giving 


V/ri-x3 — pr/r2 =a? 22 
D I f(x,y, z) dy dz. 
Vr2—22 0 


Finally, there is a slice for each x between —r and r, so the integral we want is 


Jr2—22 Jr2—a2 22 
T [E | f(x,y, z) dy dz dz. 
V/r3-a2 


42. A slice through W for a fixed value of x is a semi-circle the boundary of which is z? = r? — x? — y?, for z > 0, so the 


inner integral is 
a/r2—z2—y2 
J f(z, y, 2) dz. 
0 


Lining up these stacks parallel to y-axis gives a slice from y = — Vr? — x? toy = Vr? — x? giving 


V/ri-aà Yra? y? 
ae I (3,3), 2) dady. 
Jr2—22 0 


Finally, there is a slice for each x between 0 and r, so the integral we want is 


PEEN P ET VSEE 
l / n f(x, y, z) dz dy da. 
0 —Vr2—22 JO 


43. Figure 16.59 shows a slice through the region for a fixed value of y. 


f(a, y, 2) dy. 


zZ 


Figure 16.59 
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We break the region into small cubes of volume AV = AxvAyAz. A stack of cubes vertically above the point (x, z) 
in the zz-plane gives the strip shown in Figure 16.59 and so the inner integral is 


I dz 
z2 


The plane and the surface meet when z = z?, giving x(1 — x) = 0, so x = 0 or x = 1. Lining up the stacks parallel to 
the z-axis gives a slice from x = 0 to x = 1. Thus, the limits on the middle integral are 


1 z 
I / dz dz. 
0 22 


Finally, there is a slice for each y between 0 and 3, so the integral we want is 


3 1 q 
i / / dz da dy. 
0 0 z2 


The required volume, V, is given by 


w 


bes [e 


oo n S 


w 


S 
eo 
a 
e 


NLR Ole ole 
Ww 


44. The required volume, V, is given by 


Il 
~ 
mm 
8 
A 
[on 
| 
8 
Eu 
+ 
I 
~ 
ot 
| 
S. 

M 
x 
a 
8 


45. The pyramid is shown in Figure 16.60. The planes y = 0, and y — x = 4, and 2x + y+ z = 4 intersect the plane z = —6 
in the lines y = 0, y — x = 4, 2a + y = 10 on the z = —6 plane as shown in Figure 16.61. 
These three lines intersect at the points (—4, 0, —6), (5,0, —6), and (2,6, —6). Let R be the triangle in the planes 
z = —6 with the above three points as vertices. Then, the volume of the solid is 


6 (10—9)/2 4—2r—y 
V = J / J dz dz dy 
(0) y—4 —6 
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6 p(10—y)/2 
= J (10 — 2a — y) dz dy = 162 
0 y—4 
6 


(10—)/2 
= / (10a — z? — xy) dy 
0 y—4 
6 2 
-f (39... 27y - 81) dy 
o 4 
— 162 
zZ 
y 
-——— y — x = 4 backside 
y=0 — 2r +y+z=4 
—4 
y 
—4,0, —6 
(2, 6, —6) 
-——— z= —6 bottom 
(5, 0, —6) (—4, 0, —6) (5, 0, —6) 
Figure 16.60 Figure 16.61 


46. Since x + y+ z = 1 can be written as 
z=1-2-y, 


the plane z = 1+ x + y is above the plane z = 1 — x — y for x > 0, y > 0. The region of integration in the zy-plane is 
the triangle shown in Figure 16.62. Thus 
dy da 


1 pl—x pl+ae+y 1 pl-a« 
Volume - f n / ldz ayae = [ J z 
0 0 1—z—y 0 1 1—zr—y 
ir 1—z 1 1—z 1 
- f I (1 --z--y)- (1-x W)dy ar = | f (22 +2y) dyae = | Qry + y? 
0 0 0 [U 0 
ul 1 3 : 
- f Qa - 2) +(1-2)")ae= f (1—a?)dz = (: =) 
0 0 


ltaty 


1-2 


0 


0 


Figure 16.62 
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47. The plane x + y + z = 1 cuts the zy-plane in the line x + y = 1. For x + y < 1, the plane x + y + z = 1 is above the 


cy-plane. For 1 < «+ y € 2, the plane x + y + z = 1 is below the zy-plane. Therefore, z = 1 — x — y is positive for 
x+y < 1 and negative for 1 < x + y < 2. Thus 


Volume = f (-2-yaa- | (l—-a—y)dA 
aty<l 1<r+y<2 


From Figure 16.63, we see that the region 1 < x + y < 2 must be split into two, for example as shown. Integrating with 
respect to x first, we have 


1 1—y 1 2—y 2 2—y 
Volume - f li (2 yaray— (f 1 (-2-y)drdy+ | | 1-a- y)aedy) 
o Jo 0 Ji-y 1 Jo 
1—y 2—y 2—y 
= i icd eg dy — i gc ag dy — i "o 
= ‘ 2 y y : 2 y y : 2 y 


1—-y 


dy 


0 


1 2 
Figure 16.63 


48. (a) The solid is shown in Figure 16.64. The density, ô, is given by 6 = 4z, so 


Mass = f Az dV. 
w 


z=2-—-r-—y. 


The top of the solid has equation 


The base in the zy-plane is shown in Figure 16.65, so the iterated integral must be split into two pieces. 


1/2 gz 2—r—y 1 1—-c 2—r—y 
Mass = f ia = f f f tededyde + Í n f Az dz dy dz. 
w 0 0 Jo 1/2 J0 0 
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(b) Evaluating gives 


1/2 pa 2—r—y 1 1-z 2—-z—y 
Mass — / f 227 dy dz + 2z dy dx 
0 0 0 1/240 0 
1/2 m 1 l-x 
=a f e-z- dy dx + 2 (2 — x — y)“ dy dx 
0 0 1/2 J0 
zx 1—az 
0 3 0 1/2 3 0 


_2/ Q-sY , 1-2) we 2 _@-2) , 
3 4 4 " 3 4 T 
2 55 233 88 

=3 64 8364 96 


xz 


Figure 16.64: The solid Figure 16.65: Base of solid 


49. The region looks like an upside-down trough, with cross section in the zz-plane shown in Figure 16.66, extending a 


distance of 3 cm in the y-direction. 


Since the region and the density function are symmetric about the z-axis, we find the mass of the right side and 


double it. In grams 


3 1 1-z 
Mass — 2 f 1 | (10 — z) dz dz dy 
o Jo Jo 
, 1—-c 
3 1 2 
=2 10z — — 
o Jo 2 r 
3 pl 0042 
= af n (100-2) - wee ) da dy 
o Jo 2 


dx dy 
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3 1 
=A) / (19 — 18x — x”) dz dy 
0 0 
7 1 
HH 
—3.[192— 97? — — 
3 (19% 9x :) 


Figure 16.66 


50. The region of integration is shown in Figure 16.67, and the mass of the given solid is given by 


Zz 


$te+§=1 
orz = —27— 3y + 6 


Figure 16.67 


mass= f sav 
R 
3 — $242 —2x2—3y+6 
=f) f (£ + y) dz dy de 
o Jo 0 
3 p-2a42 —2z—3y--6 
ad (x +y)z 
o Jo 0 


dydx 

3 —Fr+2 
= f f (a +y)(—2x — 3y + 6) dydx 

o Jo 

3 —2r4+2 
= f J (—-2z? — 3y? — 5ay + 6x + 6y) dydx 

o Jo 

3 5 —22+2 
-f ( 2x74 y 57V + Gry + ày^) 

0 


da 
3 
-f CE dx 


0 


1507 
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54 9 ^ 
uU cp mr 3-7 


51. The pyramid is shown in Figure 16.68. The planes y = 0, and y — x = 4, and 2x + y+ z = 4 intersect the plane z = —6 
in the lines y = 0, y — x = 4, 2a + y = 10 as shown in Figure 16.69. 


Zz 


-—— y — x = 4 backside (2,6, —6) 
z = —6 plane 
y= 0 > 2e+y+z=4 
—4 
y—2—4 2r -y —6—4 
—4,0, —6 
l (2, 6, —6) 
-——— z = —6 bottom 
zr 
(5,0, —6) (—4,0, —6) (5,0, —6) 
Figure 16.68 Figure 16.69 


These three lines (the edges of the pyramid) intersect the plane z = —6 at the points (—4, 0, —6), (5,0, —6), and 
(2, 6, —6). Let R be the triangle in the plane z = —6 with these three points as vertices. Then, the mass of the solid is 


6 (10—9)/2 4—2r—y 
Mass -f J / O(a, y, z) dz dx dy 
0 Jy—4 -6 
6 (10—9)/2 4—2r—y 
=j J J y dz dx dy 
0 Jy—4 —6 


6 p(10-y)/2 
- f J y(10 — 2x — y) dx dy 
0 y—4 
6 


r—(10—y)/2 
= I y(10x — x? — xy) dy 
0 


y—y—4 


6 9y? 
- f (A — 27y? + 81y) dy 
0 


52. (a) Since 6(a, y, z) = z is measured in grams per cm?, and since volume is measured in cm’, the integral represents the 

mass of the pyramid, in grams. 

(b) The pyramid is bounded below by the plane z = 0 and is bounded above by the four planes z = 6 — x, z = 6 — y, 
z = x, and z = y. Therefore, since there are four different surfaces bounding the pyramid on the top, we would need 
four separate triple integrals. 

(c) We integrate in the y-direction first. The pyramid is bounded on the left and right sides by the planes y — z — 0 and 
y + z = 6, so our y limits of integration are y = z and y = 6 — z. After projecting into the z-plane, we obtain the 
region bounded by the lines z = x, z = 6 — x, and z = 0, as shown in Figure 16.70: 
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l z 


3 6 
Figure 16.70 


Therefore, if we integrate in the x direction next, our limits are x = z and x = 6 — z, so we have 


fw- [ E [f E [ 9 "iedz 
6—z 3 
2i fox z(6 — 2z) Maas f z(6 — 2z)x a= f z(6 — 2z)“ d 
0 z 0 
3 
-f (36z — 242? + 42°) dz = (182? — 8z? + z*)| = 27, 
0) 0 


and we conclude that the mass of the pyramid is 27 grams. 

53. (a) The vectors ŭ =i — j and =i — k lie in the required plane sop = ü x & =i +J + k is perpendicular 
to this plane. Let (x, y, z) be a point in the plane, then (x — 1)? + yj + zk is perpendicular to p, so ((x — 1)i + 
yj +zk)- (à +7 +7) — 0and so 

(c-l1)+y+z=0. 


Therefore, the equation of the required plane is x + y + z = 1. 
(b) The required volume, V, is given by 


1 1-az 1—z—y 
vf] f dz dy dx 
[ rn (1— z — y) dy dx 


EL v- ey- | dex 
t 1 
- f E E E EST z)?) de 
J 2 
1 
1 2 
= =(1— x)“ dx 
E 
(d 
=z 


54. We will integrate in the z-direction first. Observe that the bottom of E is given by the plane z = 0, and the top of E is 
given by the plane z = 4 — 2x — 4y. After projecting E into the zy-plane, we obtain the region bounded by the lines 
3a — 2y = 0, 2x + Ay = 4, and y = 0 (see Figure 16.71). 


1510 


55. 


56. 


Chapter Sixteen /SOLUTIONS 


NIF 


Figure 16.71 


We can see from the picture that, if we integrate in the x-direction next, our limits of integration will be x = (2/3)y 
and x = 2 — 2y. Therefore, our final answer is 


3/4 2—2y 4—2r—4y 
/ | I f (2, y, z) dz dx dy. 
0 2y 0 


EN 


We will integrate in the x-direction first. Observe that the “back” side of E is given by the plane x = 0, and the “front” 
side of E is given by the plane x = 2 — 2y — (1/2)z. After projecting E into the yz-plane, we obtain the region bounded 
by the lines y = 0, z = 0, z = 2, and 4y + z = 4 (see Figure 16.72). 


y 
2 


HG 


i 
2 
Figure 16.72 


We can see from the picture that, if we integrate in the y-direction next, our limits of integration will be y — 0 and 
x = 1 — (1/4)z. Therefore, our final answer is 


2 (1-& p2-2y-$ 
ri / / f (x, y, z) dz dy dz. 
o Jo 0 


We will integrate in the y-direction first. Observe that the “left” side of Æ is given by the plane 3r — 2y = 0, and the 
"right" side of E is given by the plane 2x + 4y+ z = 4. Solving these equations for y gives us a lower limit of y = (3/2) 
and an upper limit of y = 1 — (1/2)z — (1/4)z. After projecting E into the zz-plane, we obtain the region shown in 
Figure 16.73. 


NIH 


Figure 16.73 
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We note that the x and the z intercepts in the picture can be determined by observing that the slanted boundary of 
the projected region is given by the line of intersection of the planes y = (3/2)a and 2x + 4y + z = 4. Substituting 


y = (3/2) into 2x + 4y + z = 4 yields the following: 


3c 
2x 4-4 
in 
2x + 6x 4 
8x 4 


Therefore, the projected region is bounded by the lines z = 0, 


answer is 
z £z 
E ra J —g&—Z 


Orient the region as shown in Figure 16.74 and use Cartesian 
equation of the sphere is z? + y? + 2? = 25, and we want the 
z = 3 cuts the sphere in the circle z? + y? + 3? = 25, or a? + 


Volume = f. rid 


57. 


16— vh6-a2 


16— VJ16—22 


Figure 16.74 


58. (a) The equation of the surface of the whole cylinder along the 


—A1-—z? 


z 


See Figure 16.75. 


Figure 16.75 


(b) The integral is 


[ien £47 


tfz=A4 


z = 0, and 8r + z = 4 in the xz-plane, and so our final 
(x,y, z) dy dz dz. 


coordinates with origin at the center of the sphere. The 

volume between the planes z — 3 and z — 5. The plane 
2 

y^ — 16. 


25— V/25-a2 y? 
f dz dy dz. 


Sphere is, 
x? + y? + 22 = 25 


y-axis is z? + z? = 1. The part we want is 


0<y<10. 


10 


f(a, y, z) dz dx dy. 
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59. The intersection of two cylinders z? + z? = 1 and y? + z? = 1 is shown in Figure 16.76. This region is bounded by four 


surfaces: 
z——Xl—-z?, z=V1-2?, y—-—4/1—2?, and y= y1-—7? 


So the volume of the given solid is 
1 p172? py/1-z2 
V= I / / dy dz dx 
1 J—Vi-a2 Ji 2? 


Figure 16.76 


60. Integrating in the z-direction first, our lower limit is the plane z = 0, and the upper limit is the surface z = 6y”. After 
projecting E into the zy-plane, we obtain the region in the first quadrant that lies inside the ellipse z? + 3y? = 12 (see 
Figure 16.77). 


2/3 
Figure 16.77 


Therefore, our z-limits of integration are the line x = 0 and the ellipse x = 4/12 — 3y?, so our answer is 
2 pr/12—3y2 p6y? 
i J J f(a, y, z) dz dz dy. 
o Jo 0 


61. Integrating in the x-direction first, our lower limit of integration is the plane x = 0, and the upper limit is the cylinder 
zx = ,/12— 3y?. After projecting E into the yz-plane, we obtain the two-dimensional region bounded between the 
curves z = 0, y = 2, and z = 6y”. Substituting y = 2 into z = 63? gives z = 24, which is the z coordinate of the point 
of intersection of the two curves (see Figure 16.78). 
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24 H 


N 


Figure 16.78 


Therefore, our final answer is 
2 p6y? py/12—3y2 
J li / Ho,y,2) de da dy. 
0 Jo 0 


62. Integrating in the y-direction first, one bounding surface isz = 6y”, which, after solving for y, becomes y = 4/ z/6, our 


lower limit of integration. Similarly, the other bounding surface isz? + 3y? = 12, which becomes y = ,/(12 — x?)/3, 
our upper limit. After projecting E into the zz-plane, we obtain a region bounded by two line segments and a curve (see 


Figure 16.79). 


24 


2/3 
Figure 16.79 


We can find the equation of the curve by finding the intersection of the cylinders y = ,/z/6 and x? + 3y? = 12 and 
projecting into the zz-plane: 


12 = z? + 3y? 

ie *43(2) 
B 6 

24 = 232 + z 

z = 4 — 22? 


Therefore, our z-limits of integration are the line z = 0 and the parabola z = 24 — 2x?, and so our final answer is 


Vi2 24-20? py/ TES 
1 / / f(a, y, z) dy dz dz. 
0 0 Ve 


63. From the problem, we know that (x, y, z) is in the cube which is bounded by the three coordinate planes, £ = 0, y = 0, 
z = 0 and the planes x = 2, y = 2, z = 2. We can regard the value x? + y? + z? as the density of the cube. The average 


1514 
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value of z? + y? + 2? is given by 


64. As 


f, +y c z2)dV 
volume(V) 
p 1. Le +y? + 27) dz dy dz 
x E 
Io Jo (heme) |e dudz 
os 
_ n Iu (3 + Qy? + 227) dydz 
8 
Jo (Bu + P + 22y) [ode 
8 
q (3 + = + Az?) dz 


average value = 


an aid in finding limits of integration, we begin by finding the coordinates of the four points highlighted on the 


diagram. Clearly, one of them is the origin (0, 0, 0). The point at the top of E is formed by the intersection of the plane 
x 4-2y + z = A with the z-axis, so we substitute x = 0 and y = 0 into the equation of the plane to obtain z = 4, yielding 
a point with coordinates (0, 0, 4). Similarly, the intersection of the plane x + 2y + z = 4 with the y-axis produces a 
point with coordinates (0, 2, 0). Finally, the last point highlighted on the diagram occurs at the intersection of the surfaces 
c 4-2y + z = 4, x = 24°, and z = 0. Substituting z = 0 and x = 2y? into the equation x + 2y + z = 4 yields 


2y? +2y — 4 
y +y—2=0 
(y+2)(y—1) 20 


Since the desired point is in the first octant, its y-coordinate must be y = 1, which yields x = 2y? = 2, and we see that 
the coordinates of the point are given by (2, 1, 0). 


(a) 


(b) 


Integrating in the z-direction first, our region is bounded by the plane z = 0 on the bottom and the plane z--2y4-z = 4 
on the top. Solving for z therefore yields a lower limit of z — 0 and an upper limit of z — 4— x — 2y. After projecting 
E into the zy-plane, we obtain the picture in Figure 16.80. 

The curve at the top of this projected region is formed by the intersection of the plane x +2y +z = 4 and z = 0, 
yielding an equation of x + 2y = 4, or y = (4 — x)/2. The curve at the bottom of the projected region is simply the 
portion of the cylinder x = 2y? that lies in the zy-plane. Therefore, our y-limits of integration are y = (4 — x)/2 


and y = 4/ x/2, yielding a final answer of 


x 


4— 
2 


he 


Integrating in the y-direction first, our region is bounded by the parabolic cylinder x = 2y? on one side and the plane 
x + 2y + z = 4 on the other side. Solving these equations for y yields y = ,/a/2 and y = (4 — x — z)/2 as our 
y-limits of integration. After projecting E into the xz-plane, we obtain the picture in Figure 16.81. 

We can find the equation of the curve bounding the top of the projected region by finding the intersection of the 
surfaces x = 2y” and x + 2y + z = 4 and projecting into the xz-plane: 


4—z—2y 
| f(a, y, z) dz dy da. 
0 


g+2y+z2=4 
242 242-4 


xr+VvV2r+z=4 
z—4—5—wy2x 
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Therefore, our z-limits of integration are the line z = 0 and the curve z = 4 — x — v 2x, and so our final answer is 


4A—r—z 


2 4—z—V2x 
J f / f(x,y, z) dy dz da. 
0 0 V3 


2 


y z 
2 4 


l L g x 


1 2 2 


Figure 16.80 Figure 16.81 


1 1 a+y+1 
m=faav-=f f) 1 dz dy dx 
wW o Jo Jo 
1 pl 
= | | EE 
o Jo 


T 
-f (zy +97/2+y)|, dx 


65. The mass m is given by 


= (x + 3/2) dx = 2 gm. 
0 


Then the z-coordinate of the center of mass is given by 


1 1 1 x+y+1 
vav=3 | | f x dz dy dx 
w 2 Jo Jo Jo 


1 1 
f x(x +y+1)dydx 
0 


z= 


yie wl Nie Nle 


~ nn gr. es, 


(x°y + avy? /2+ zy) dx 


E 


(x? + 3/21) dx = 13/24 cm. 


An essentially identical calculation (since the region is symmetric in x and y) gives y = 13/24 cm. 


Finally, we compute z: 
1 1 1 1 x+y+1 
J av =5 f J / z dz dy dx 
2 Iw 2 Jo Jo Jo 

rep 

J f (a +y +1)°/2dydz 

2 Jo Jo 

if 


J (z +y - 2/6]; dx 
0 
1 


((z + 2)? — (x + 1)?) dz = 25/24 cm. 


01 
12 J, 


So (2, 9, Z) = (13/24, 13/24, 25/24). 
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66. The mass m is given by 


(172)/2. p(1—-2—2y)/3 
m= f 1dV = E f 1 dz dy dx 


(1—2)/2 7 
[I Tor du ag 
o Jo 3 


(1—2)/2 
da 


[E 


Il 
wI = 
TT 

— 

m 
=j | 
“le 

nee 

w 
w 


Then the coordinates of the center of mass are given by 


q= 


and 


and 


1 (1—2)/2 (1—z—2y)/3 
a6 | zav =36 | / n x dz dy dz = 1/4 cm. 
w o Jo 0 


1 (1—2)/2 (1—2—2y)/3 
zu yav = 36 [ / J y dz dy dx = 1/8 cm. 
w o Jo 0 
1 (1-2) /2 (1—2—2y)/3 
;-s | zav = 36 | | f z dz dy dx = 1/12 cm. 
w o Jo 0 


67. The volume V of the solid is 1 - 2 - 3 = 6. We need to compute 


zf xr?’ +y dV 
6 Jw 


mnpp 

zj / 1 z? +y’ dz dy dx 
6 Jo Jo Jo 

mp 

— 3(a? + y^) dy dx 

6 Jo Jo 


1 
m 2 
=P | yya as 
0 


iL 
= zj (22? + 8/3) dx = 5m/3 
0 


68. The volume of the solid is 8abc, so we need to evaluate 


c b a 
m 2 2 | m 2 2 
zx; | + 2°)dV = m]. I i: (y^ + 2°) dx dy dz 


= aa | f. 2a(y? +27 ) dy dz 


== wy 3/3 + y2”)| , de 


E ety 
b? +07)/3 


69. 
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By the definition, we have that 
2 2 m 2 2 
a+b= (y eam f o +2°)dV 
V Jw 


(a? + y? + 22”) dV 


ae MW 22°) 


sliš =I3 E 


l | 

? 

x|3 
p 

x 


Since z? is always positive, the integral re dV will be positive, thus a + b > c. 


Strengthen Your Understanding 


70. 


71. 
72. 
73. 


74. 
7S. 
76. 


TT. 


78. 


79. 


80. 


81. 


82. 


83. 


This would be true if the function f were even in z; that is, if f(x, y, —z) = f(x, y, z), so that the integral over the lower 
half of the sphere and the upper half of the sphere were equal. But if f(x,y,z) = z, then f. S f(x,y,z) dV = 0 while 


Íy J (2, y, z) dV is positive. 
The limits for the innermost integrals should be the same since both integrate first with respect to z. 
The volume of R is x - 2? 3 = 127, so we choose f to be the constant function f(x,y, z) = 7/(12). 


Since f is not constant, the integral over different parts of the spherical region must cancel. For example, if we take 
f(x,y,z) = z, the integral over the top and bottom halves of the region cancel. Many other answers are possible. 


False. The integral gives the total mass of the material contained in W. 
True. The region lies above the square 0 € x < 1,0 € y < 1 and below the plane z = x. 
False. The given limits only cover the part of the unit ball in the first octant where x > 0, y > 0, and z > 0. To cover the 


entire unit ball the limits are 
1— vA - a2 -y2 —y? 
I [— M f dzdyda. 
1 vA -a2-y? y2 


True. Both sets of limits describe the solid region lying above the triangle x + y € 1, x > 0,y > 0, z = 0 and below the 
planex+y+z=1. 


True. Both sets of limits describe the solid region lying above the rectangle -1 < x < 1,0 € y € 1,z = 0 and below 


the parabolic cylinder z = 1 — z?. 


: ; : : b pd pk : ; 
False. The iterated integral is of the form like f. n E f. f dz dy dx only if the rectangular region has faces parallel to the 
coordinate axes. More general rectangular regions, such as a cube with one corner at the origin and the opposite corner at 
(0, 0, 1) will need to be written as the sum of iterated integrals where the limits are not constant. 


False. As a counterexample, consider f(x,y,z) = i — x. Then f is positive on half the cube and negative on the other 


half. Symmetry can be used to show that a Fs ha — x)dz dy dx = 0. 


True. Since Jos f dV = lim 5 f (zi, Yj, 2x) AV, where (£i, Yj, zx) is a point inside the ij k-th sub-box of volume AV, 
i,j,k 
and since f > g, we have 


lim V ^ f(zi yj, 2%) AV > lim ^ g(i, yj 2x) AV -f g dV. 
Ww 


i,j,k i,j,k 


False. As a counterexample, let W; be the solid cube 0 < x < 1,0 < y € 1,0 < z < I, and let W2 be the solid cube 
-4 <x <0,—4 < y< 0,—4 < z <0. Then volume(W1) = 1 and volume(W2) = . Now if f(x,y, z) = —1, then 
Jw, FIV = 1 —1 which is less than f, f dV = $- —1. 


True. If W is the solid region lying under the graph of f and above the region R in the xy-plane, we can compute the 
volume of W either using the double integral f R f dA, or using the triple integral i w 14V. 
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So 


lutions for Section 16.4 


Exercises 


m 


r2 


w 


A 


-/2 p1/2 
: J / f rdr d0 
0 0 
2T v2 
, I / f rdr d0 
0 0 
3m/A p2 
1 / f rdr dé 
n/A4 0 


37/2 2 
3 J f rdr dé 
1/2 1 


Since this is a rectangular region, we use Cartesian coordinates. The rectangle is described by the inequalities 1 < x < 5 


and 2 < y X 4, so the integral is 
5 p4 
7 f f(x,y) dy dz. 
1 J2 


A circle is best described in polar coordinates. The radius is 5, so r goes from 0 to 5. To include the entire circle, we need 
0 to go from 0 to 27. The integral is 
2T 5 
n n f(r cos 0, r sin 0) r dr dð. 
0 0 


This is a portion of a circle so it is best described in polar coordinates. The region is a piece of a ring in which r goes from 
2 to 4. Since we include only the portion of the ring below the x-axis, we need @ to go from 7 to 27. The integral is 


27 4 
/ i f(rcos@,rsin 0) r dr dð. 
T 2 


Since this is a triangular region we can use Cartesian coordinates. The bottom boundary of the triangle is the line y = z4-1 
and the top boundary is the line y = 5 — x. The z limits are 0 to 2. The integral is 


2 5-a 
f / f(x,y) dy dz. 
0 r1 


See Figure 16.82. 


a. 


0 = —n/2 


Figure 16.82 
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10. See Figure 16.83. 


Figure 16.83 
11. See Figure 16.84. 
T2 
y 
poc 
zr 
2 
Figure 16.84 
12. See Figure 16.85. 
y 
0 — 7/3 
r=1 
0 — 1/6 


Figure 16.85 
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13. See Figure 16.86. 


0 — m/A 


T 


r = 1/ cos0 
orrcos0 = 1 
orz —1l 


Figure 16.86 


14. See Figure 16.87. 


x 
Figure 16.87 
15. See Figure 16.88. 
y 
0 — m/4 
r = 2/ sin 
orrsinü = 2 
ory = 
zr 
Figure 16.88 


Problems 
16. The presence of the term z? 4-y? suggests that we should convert the integral into polar coordinates. Since 4/z? + y? = r, 


3 2m 
a= | IB 
á o 3 3 


the integral becomes 


r3 


2v 3 27 
| V8 as f T Pardo = | = 
R 0 2 0 3 
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17. By using polar coordinates, we get 


2m 2 
f sin(x? + y”)dA = J I sin(r?)r dr dO 
R o Jo 
27 2 
1 2 
= —=cos(r*) 
] 


1 2n 
-;/ (cos 4 — cos 0) dé 
2 Jo 


do 
0 


(cos 4 1) - 2r = «(1 — cos 4) 


18. The region is pictured in Figure 16.89. 


1 2 


Figure 16.89 


Using polar coordinates, we get 


2 


7/2 2 1/2 
1 
| (a? — y?)dA = f | r? (cos? 0 — sin? 0)rdr d0 = f (cos? 0 — sin? 0) - a dé 
R 0 1 0 


1 


1/2 
5 2 . 2 
EE (cos^ 0 — sin“ 0) d0 
4 Jo 
7/2 
= B cos 20 d0 
4 Jo 
1/2 
I5- L.. 
EVE sin 20 zu) 


19. By the given limits 0 < x < —1, and — y1 — z? € y € V1 — z?, the region of integration is in Figure 16.90. 


Figure 16.90 
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In polar coordinates, we have 


32/2 pl Bn /2 1 1 
jJ Í rosé raedo = f cos 6 (zr?) dé 
7/2 0 1/2 3 0 
1 32/2 
= J cos@ dé 
7/2 
32/2 
= =sind ludi 
1/2 3 


20. From the given limits, the region of integration is in Figure 16.91. 


Figure 16.91 


In polar coordinates, —7/4 < 0 € 7/4. Also, V6 =x —rcos0.Hence, 0 < r < V6/ cos 0. The integral becomes 


V6 px T/4 V6/cos 8 
J / ayae =f f r dr d0 
0 =g —n/A40 
m/4 2 V6/cos 0 n/4 
r 6 
= — dð = — do 
MC A 2 cos? 0 


n/4 
=a - edi 
—m/4 


= 3tand 


Notice that we can check this answer because the integral gives the area of the shaded triangular region which is i EVE 


(2/6) = 6. 


21. From the given limits, the region of integration is in Figure 16.92. 


Figure 16.92 
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So, in polar coordinates, we have, 


/4 2 
[ fi (r? cos @ sin 0)r dr dó = [ cos 0 sin 0 (7) d0 
0 
di sin(20) 
= af do 
ð 2 
T/4 
= — cos(20) =0-(-1)=1 
0 
22. (a) y 
y —2/3 
il 
x 
3 


Figure 16.93 


1 3y 
(b) fi | $t) died 
0 0 


(c) For polar coordinates, on the line y = 2/3, tan 0 = y/a = 1/3, so 0 = tan ! (1/3). On the y-axis, 0 = 7/2. The 
quantity r goes from 0 to the line y = 1, or r sin 0 = 1, giving r = 1/ sin 0 and f(x, y) = f(r cos0, r sin 0). Thus 


the integral is 
1/2 1/sin 6 
f n f(r cos 0, r sin 0)r dr dé. 
tan—1(1/3) JO 


23. (a) (i) The two planes contain the z-axis and form the sides of the orange wedge. Since x > 0, the plane y = z/V/3 
forms an angle of 7/6 radians with the y = 0 plane, hence 0 < 0 < 7/6. We also have 0 € p < 5 and 


0 € à < m. Hence: 
7/6 T 5 
Volume = I f n p. sin ġ dp dọ dé. 
0 o Jo 
Evaluating this integral, we get: 


/6 
Volume = M pi (sino (= — 0)) dọ dé = -= (cos  — cos 0) dé 


2507 — ' i257 


EJ 9 


a> 


(ii) In cylindrical coordinates, the sphere is given by r° + 2? = 25. 
If we integrate first with respect to z, then z varies between the top and bottom halves of the sphere, or 
—V25 —r? € z € v25 — r?. Then, the shadow of the wedge over the xy-plane gives as a circular sector 
where 0 € r € 5, and 0 < 0 € 7/6. Hence: 


Volume — [ T F— ET dr dé. 
Evaluating this integral, we get: 


Volume - f” d 25— r2 + 25—72) )) ra- f EE 2ry/25— r2) dr d0 
7/6 
[t 


(25 — a) : 


do 


3/2 


— 250 [7° ag _ 250-0 _ 
fs 36 9 


0 
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If we integrate first with respect to r and consider only the half of the wedge above the xy-plane then, for each 
value of z, r varies between zero and the radius of the horizontal cross section of the sphere at height z. Hence: 
0 € r € J/25 — z?. We also have 0 € z < 5 and 0 < 0 < 7/6. This gives: 


7/6 5 v 25-22 
Volume half wedge — | J | r dr dz d0, 
0 o Jo 


for the top portion of the wedge, or for the full wedge 


7/6 5 v 25-22 
Volume — 2 f / | r dr dz dé. 
0 o Jo 


Evaluating the last integral, we get: 


7/6 5 EN 71/6 3 5 
Volume =2 f J (= i -0) azao = [ (5-2) do 
0 0 2 0 3 0 
1/6 
_ 250 do = 290- 125m 
3 3 6 9 


0 


Spherical coordinates provide the most efficient integration method for calculating the volume of the wedge. 
This makes sense because the wedge is cut out by spherical fundamental surfaces, and hence, in these coordi- 


nates, all integration endpoints are constant. 
(b) Since the interior angle of the wedge is 7/6, we need a total of 12 wedges to recover a full sphere of radius 5. Hence: 


1 : 1 /4 3 1257 
Volume of wedge = 12 Volume of sphere of radius 5 = 13 (575 ) EL x 


24. Since r = 2/ cos 0 we have z = rcos@ = 2. Since 0 ranges from 0 to 7/6, y ranges from 0 to y = x/v3. Converting 
to Cartesian coordinates we have 


2 a/J3 2 jx/V3 2 P x2 
ayae = [ y ax = f — dx = —= 
/ / o lo $ V3 2/3 


25. (a) The region (shaded) is between the circles x? + y? = 1 and x? + y? = 4; see Figure 16.94. The first integral is to 
the left of the dashed line x = 1; the second integral is to the right of the dashed line. 


2 
2 


EP 


1 2 


Figure 16.94 


(b) Converting to polar coordinates, we find the quantity in part (a) is given by 


1 V 4-22 2 v 4-22 1/2 2 
J] edu | f zdyds = [ f mtr 
0 Jy/1-a? 1 Jo 0 1 
312 /2 


3 3 


a 


0 
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26. The graph of f(x, y) = 25— x? — y? is an upside down bowl, and the region whose volume we want is contained between 
the bowl (above) and the xy-plane (below). We must first find the region in the xy-plane where f(x,y) is positive. To do 
that, we set f(x,y) > 0 and get x? + y? < 25. The disk x” + y? < 25 is the region R over which we integrate. 


2m 5 
Volume — i (25 — x? — y’) dA = / f (25 — r°) rdr d0 
R o Jo 


2n 5 
2 1 
- f (Sr - i) dO 
0 2 4 ò 
27 
2 
= 625 do 
4 Jo 
|. 6257 
T 9 
27. First, let's find where the two surfaces intersect. 
8—22—y? = x24 y? 
Bg cu Su ay? 
a y zd 


So z — 2 at the intersection. See Figure 16.95. 


Figure 16.95 


The volume of the ice cream cone has two parts. The first part (which is the volume of the cone) is the volume of the 
solid bounded by the plane z = 2 and the cone z = 4/ x? + y?. Hence, this volume is given by f (2 — y x? + y?) dA, 


R 
where R is the disk of radius 2 centered at the origin, in the zy-plane. Using polar coordinates, we have: 


fe- ve) a= | [ ea 


-Lie-a 
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The second part is the volume of the region above the plane z = 2 but inside the sphere x” + y? + z = 8, which is given 


by | (VS EZ VE — 2) dA where Ris the same disk as before. Now 
R 
2m 2 
IRE z? — y? da = f ] (=P rar as 
R o Jo 


2v 2 Qn 2 
x n r sarao- | / 2r dr d0 
0 0 0 0 
2v 1 2 27 2 
jf algae a- f r° 
0 3 0 0 


1 27 . 27 
-1 / wag | 4d0 
3 0 0 


-2 - 27 (8 — 16/2) — 87 


do 
0 


= (16v3 —8) — 8n 
8r (4/2 — 5) 


3 
Thus, the total volume is the sum of the two volumes, which is 327 (V/2 — 1)/3. 


V= / e C VD qa. 
z2--y? «a? 


28. (a) The volume, V, is given by 


Converting to polar coordinates gives 


2T a 
vaf f er dedic 
0 0 


a 


T 


2 
0 


2 
— 0, so the volume tends to 7. 


27 3 1 
Mass -f 1 T rdr dé. 
0 o T^ 1 


3 


(b) As a — oco, the value of e ^ 


29. (a) Using polar coordinates, we have 


(b) Integrating with respect to 0 first 


3 
Mass = 2r f dran = «(In 10 — In 1) = «In 10. 


0 
30. (a) a 


4 
Total Population = / I ô(r,0) rdr dé. 
1/2 1 


(b) We know that ó(r, 0) decreases as r increases, so that eliminates (iii). We also know that ó(r, 0) decreases as the 
x-coordinate decreases, but x = r cos 0. With a fixed r, x is proportional to cos 0. So as the z-coordinate decreases, 
cos Ó decreases and (i) ó(r, 0) = (4 — r)(2 + cos 0) best describes this situation. 


(c) 
34/2 p4 32/2 1 4 
J (4 — r)(2 + cos 0) rdr d0 = / (2+ cos 6)(2r? — —7?)| dO 
7/2 1 7/2 3 1 
32/2 
=9 | (2 + cos 0) d0 
1/2 
32/2 
=9 E + sin | 
1/2 


= 18(7 — 1) ~ 39 
Thus, the population is around 39,000. 
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31. The density function is given by 
p(r) = 10 — 2r 


where r is the distance from the center of the disk. So the mass of the disk in grams is 


Qn 5 
f p(r)dA = f J (10 — 2r)rdr d0 
R 0 0 
Qn 5 
= | | = 2" do 
0 3 0 


Qn 
= f 22 d0 = 2907 (grams) 
" 3 3 


32. The charge density is ô = k/r, where k is a constant. 


R 2v k R 2v R 
Total charge — i ódA = | n —r dð dr = Ji P d0 dr — Ji 2n dr = 2krR. 
Disk o Jo T o Jo 0 


Thus the total charge is proportional to R with constant of proportionality 2k. 


33. (a) The curve r = 1/(2cos0) or r cos0 = 1/2 is the line x = 1/2. The curve r = 1 is the circle of radius 1 centered at 
the origin. See Figure 16.96. 


y 0 — «/3 
x 


Figure 16.96 


(b) The line intersects the circle where 2 cos 0 = 1, so 0 = +r /3. From Figure 16.96 we see that 


n/3 1 
Area = I r dr dð. 
—T/3 J1/(2 cos 0) 


7/3 gil 71/3 
area = f - e-i[ (1 - zum)* 
— \ 2 2]. 4 cos? 0 


Evaluating gives 


1/(2 cos 0) /3 
3i E VP aim Q8 _ 4n-3v3 
2 Cj RVS C4 ic 


34. (a) The circle r = 2 cos 0 has radius 1 and is centered at (1, 0); the circle r = 1 has radius 1 and is centered at the origin. 
See Figure 16.97. 
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0=—-7/3 


Figure 16.97 


(b) The circles intersect where 2 cos 0 = 1, so 0 = +r /3. From Figure 16.97 we see that 


7/3 2 cos 0 
Area -J T rdr dð. 
—r/3J1 


2 cos 0 1 7/3 
Jan] (4cos” 8 — 1) do 
2 


Evaluating gives 
7/3 2 
Area — J E 
—mn/3 2 


= 5 cos sin 8 +2 — 6) 


il 


—n1/3 


35. (a) We must first decide where to put the origin. We locate the origin at the center of one disk and locate the center of the 
second disk at the point (1, 0). See Figure 16.98. (Other choices of origin are possible.) 


r? +y = = 
yo +y =1 r = 2cos0 
x 
zx zx 
Figure 16.98 Figure 16.99 


By symmetry, the points of intersection of the circles are half-way between the centers, at x = 1/2. The y-values 


at these points are given by 
2 
y=+Ły1 z^ = I 1 (5) = 448. 


We integrate in the x-direction first, so that it is not necessary to set up two integrals. The right-side of the circle 
x? +y? = 1 is given by 


r= /1-y?. 
The left side of the circle (x — 1)? + y? = 1 is given by 


Thus the area of overlap is given by 


/3/2 
Area m I = Pd. 
V3/2 


16.4 SOLUTIONS 1529 


(b) In polar coordinates, the circle centered at the origin has equation r = 1. See Figure 16.99. The other circle, (a — 
1)? + y? = 1, can be written as 


xe —-2Q4a+1+y=1 


r? + y? m. 


so its equation in polar coordinates is 
2 
r^ = 2r cos, 
and, since r Æ 0, 
r = 2cos 0. 


At the top point of intersection of the two circles, x = 1/2, y = V3/2, so tan 0 = V3, giving 0 = 7/3. 
Figure 16.99 shows that if we integrate with respect to r first, we have to write the integral as the sum of two 
integrals. Thus, we integrate with respect to 0 first. To do this, we rewrite 


r — 2cos0 as 0 = arccos () . 


This gives the top half of the circle; the bottom half is given by 


T 
ER E 
arccos (5) 


1 arccos(r/2) 
Area — i J r düdr. 
0 — arccos(r/2) 
36. The required region is shaded in Figure 16.100. The limits of integration will correspond to the two points where the two 


curves intersect. These points are given by solving the equation 2+3 cos 0 = 2. Simplifying this equation gives cos 0 = 0 
so the required solutions are 0 = 7/2 and 0 = —7 /2 as shown in Figure 16.100. 


Thus the area is given by 


Figure 16.100 


The required area is given by 


Il 
tpe 
(cms 
[v E] 
~ 
N 
+ 
w 
Q 
[e] 
Uu 
D 
Se 
N 
| 
N 
N 
a 
D 
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Ez 
2 


3 ‘ 3 d. 
E E 59 * “sin 28) 


= 
2 


Strengthen Your Understanding 


37. 


38. 


39. 


40. 
41. 
42. 


Solutions for Section 16.5 


The part of the boundary of R corresponding to x = 1 in terms of polar coordinates is not r = 1. Rather, itis r cos 0 = 1, 
which gives r = 1/ cos. The angle between y = 0 and y = zx is 7/4, so we have 


n/4 1/ cos 0 
fra] / (r cos 0)r dr d0. 
R 0 0 


When converting to polar coordinates, we need an extra factor of r, because dA = r dr d0. Thus, we should have: 


27 2 27 2 . 
fera f | rardo = f / r? dr d8 
R 0 0 0 0 


Any region that is a sector of a circle centered at the origin suggests polar coordinates. An example is the quarter disk 
0€z«1l0Xy&vi-a. 

Any integrand that is a function of 4/ z? + y? suggests polar coordinates. For example, let f(x, y) = 1/4/x? + y?. 

(a), (c), (e) 

The region lies in the first quadrant and is bounded by four lines. The equations r = 1/sin@ and r = 4/sin 0 are the 


horizontal lines y = rsin@ = 1 and y = rsin@ = 4. The equation 0 = 7/4 gives the line y = x, and the equation 
0 = 7/2 gives the y-axis. 


Exercises 
1. (a) is (IV); (b) is (ID; (c) is (VID; (d) is (VD; (e) is (IID; (f) is (V). 
2. The plane has equation 0 = 7/4. 
3. The top half of the sphere has equation z — J1— 2? —y? —1- r2. 
4. The cone has equation z — r. 
5. The cone has equation ¢ = 7/4. 
6. The plane has equation p cos ¢ = 10 or p = 10/ cos ¢. 
7. The plane has equation p cos ¢ = 4 or p = 4/ cos $. 
8. 


3 2T 1 
av - f f ] enema 
WwW —140 0 
3 27 
= lr? 
/ ( 5 cos ) 


1 
d0 dz 
0 
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=- f (cos 1 — cos 0) dô dz 


= af. (cos 1 — 1) dz = —4n(cos1 — 1) = 4r (1 — cos 1) 


3r/4 4 
[tw LE [ (+2 )raravas 
30/4 
-S (64 + 827) dO dz 


= [ Forse ) dz 


= 647 + j^ = ar 


10. 


Qn n/A 2 
] i] I J (in oye*sinodpadsao 
Ww 0 0 1 
Qn n/A 2 
E / | p sin? à dp dd dO 
0 0 1 
7 if” L E 
=- sin“ $ dọ dé 
_ z [^ a= 00874 dodo 


T/4 


7 — = sin 20) d0 


— 
| 
| 
NI = 
a 
D 


oF 


OIN BIN OIN 


N 
— 
ES 
| 
NI = 
— 

| 

m 

N 


11. We have: 


5 2m T 
/ pav= f I / l. Psingapdodp 
w o Jo Jz/2P 
5 2m T 
E i I psin ó dó d0 dp 
0 Jo 1/2 
5 2n 
ad f p d0 dp 
0 0 


5 
= an f pdp = 25T 
0 


Note that the integral is improper, but it can be shown that the result is correct. 


3 pl p5 
1 I / f dzdy dx 
0 Jo Jo 


12. Using Cartesian coordinates, we get: 


1531 


1532 


13. 


14. 


15. 


16. 


17. 


18. 
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Using cylindrical coordinates, we get: 


1 27 4 
E, ] (mme 
0 0 0 
4 pr/2 p2 
a) ] (ome 
0 0 0 
T T 3 
WEN 
0 0 2 
2m 1/6 3 
1 | J 1 pisinoapaean 
0 0 0 


We use Cartesian coordinates, oriented as shown in Figure 16.101. The slanted top has equation z = mz, where m is the 
slope in the x-direction, so m = 1/5. Then if f is an arbitrary function, the triple integral is 


5 2 z/5 
T D | f dz dy dz. 
0 Jo Jo 


Using cylindrical coordinates, we get: 
Using spherical coordinates, we get: 


Using spherical coordinates, we get: 


Other answers are possible. 


Figure 16.101 


We choose cylindrical coordinates oriented as in Figure 16.102. The cone has equation z = r. Since we have a half cone 
scooped out of a half cylinder, 0 varies between 0 and 7. Thus, if f is an arbitrary function, the integral is 


T 2 T 
J / / fr dzdrd0. 
0 0 0 


Other answers are possible. 


x 


T/4 


Figure 16.102 
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Problems 


19. In cylindrical coordinates, the sphere has equation r? + z? = K?. Thus 


2s pK py/K2=r? 
V -f / I r dz dr dé. 
0 0 —A/ K2—r2 


20. In spherical coordinates, the sphere has equation p = K. Thus 


T K 2v 
V al Í / p sin à dé dp dọ. 
0 0 0 


21. We use cylindrical coordinates. The cone has radius r — 2 when z — 4, so its equation is z — 2r. Thus, the integral is 


Qe p2 p4 
f f f f(r,0,z)rdzdr dð. 
0 0 2r 


22. We use spherical coordinates. The cone has radius 2 when z = 4, so psin ọ = 2 when p cos ¢ = 4. Thus tan o = 1/2, 
so ó = arctan(1/2). The top of the cone, z = 4, is given by p cos ¢ = 4. Thus, the integral is 


27 arctan(1/2) 4/ cos ġo 
n J Í 9(p, $, 0)p" sin 0 dp dó dé. 
0 0 0 


23. In rectangular coordinates, a cone has equation z = k4/ x? + y? for some constant k. Since z = 4 when 4/ z? + y? = 
V2? = 2, we have k = 2. Thus, the integral is 


2 prf/4—a2 p4 
J / I h(a, y, z) dz dy da. 
—2 J — f A-a? J 2/2 $y? 


24. (a) In Cartesian coordinates, the bottom half of the sphere x? + y? + z? = 1 is given by z = —4/1 — x? — y?. Thus 


1 V 1-22 0 
| dV = I / / dz dy dx. 
w o Jo ~4/1—a? —y? 


(b) In cylindrical coordinates, the sphere is r? + z? = 1 and the bottom half is given by z = —V/1 — r2. Thus 


7/2 1 0 
i dV = J | / r dz dr d8. 
w 0 0 J—V1-r2 


(c) In spherical coordinates, the sphere is p — 1. Thus, 


1/2 T 1 
f w= | / ] esinodpasan 
Ww 0 2/240 


25. (a) Since the cone has a right angle at its vertex, it has equation 


z=? +y. 


The sphere has equation x? + y? + 2? = 1, so the top half is given by 


z—4/l-z?-mg?. 


The cone and the sphere intersect in the circle 
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See Figure 16.103. Thus 


1/2 JG/2)—#? JG/2)—#? 1— vA-a2-y? 
l dV = s i dz dy dz. 
w 1/V2 JG/2)—2? z2 Var Fy? 2 


ry 


Circle is " 
ety = E 


Figure 16.103 


(b) In cylindrical coordinates, the cone has equation z = r and the sphere has equation z = v1 — r?. Thus 


27 1/2 vV1-r2 
J dV al f / r dz dr dé. 
w 0 0 r 


(c) In spherical coordinates, the cone has equation ¢ = 7/4 and the sphere is p = 1. Thus 


2n n/4 1 
7 av= f / ] esinodpavas 
Ww 0 0 0 


26. (a) Since the cone has a right angle at its vertex, it has equation 


EN m 


Figure 16.104 shows the plane with equation z = 1/V/2. The plane and the cone intersect in the circle z? 4-y? = 1/2. 


Thus, 
1/V2. pW/ü/2)-3?  pl/ Và 
f av= f Lu = dz dy dx. 
Ww 1/V2 JG/2)—2? a2 24 y2 


t Jar Fy? 


Figure 16.104 


(b) In cylindrical coordinates the cone has equation z = r, so 


27 p1/vV2 pl/V2 
f dV = / J r dz dr dé. 
Ww 0 0 r 


(c) In spherical coordinates, the cone has equation ó = 7/4 and the plane z = 1/ /2 has equation pcos ¢ = 1 / V2. 


Thus 
2n n/4 1/(V2 cos $) 
I av= f D i p? sin ó dp dọ do. 
w 0 0 0 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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(a) In cylindrical coordinates, the cone is z = r and the sphere is r? + z? = 4. The surfaces intersect where z? + z? = 
22° = 4. So z = V2 and r = V2. 


2r pA p A—r2 
Volume — / n / r dzdrd0. 
0 0 r 


(b) In spherical coordinates, the cone is ¢ = 7 /4 and the sphere is p = 2. 


2T n/A 2 
Volume = / f f p. sin o dpdod0. 
0 0 0 


2v T 2 

(a) | n I p^ sin ¢ dpdddd. 
zin "i ie Qn pl py/1=r? 

w f f I rdzdrao - | / J r dzdrdð. 
0 0 J—4/4—r2 0 0 J—VA-r2 


We want the volume of the region above the cone  — 7/3 and below the sphere p = 3: 


2T 7/3 3 
v=f f / p sin à dp dé dé. 
0 0 0 


The order of integration can be altered and other coordinates can be used. 


We want the volume of the region between the sphere p = 3 and the cone z = r. The sphere can also be written 
x? +y? +2? = 3? or r? + z? = 9. The cone can also be written as ó = 7/4. 
The sphere cuts the cone z — r in the circle 2r? — 9, orr — 3/V2, lying in the plane z = 3/V2. 


In cylindrical coordinates, 
2m p3/V/2 prv/9—r? 
Va f f / r dz dr dé. 
0 0 T 


2m nT/A 3 
v-f f | p^ sin à dp dọ db. 
0 0 0 


The order of integration can be altered and other coordinates can be used. 
In cylindrical coordinates, the region is the half cylinder given by 5 < z < 10, V2 < r < V3,0< 0 < s. Thus 


T V3 10 
V= / / / r dz dr dé. 
0 JV2 J5 


The order of integration can be altered and other coordinates can be used. 


In spherical coordinates 


The cone can be written z = r, and the first quadrant of the xy-plane is given by 0 < 0 < 7/2. The region ety? <7 


is given by r < v7. Thus 
7/2 VT r 
v= 1 n 
0 0 0 


The order of integration can be altered and other coordinates can be used. 


We use cylindrical coordinates since the sphere x” + y? + z? = 10, or r? + z? = 10, and the plane z = 1 can both be 
simply expressed. The plane cuts the sphere in the circle r? + 1? = 10, or r = 3. Thus 


2m 3 v 10-72 
Va J n T r dz dr dé, 
0 0 1 


Qn VIO V 10—22 
V= f J Í r dr dz dé. 
0 1 0 


Order of integration can be altered and other coordinates can be used. 


or 
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34. In spherical coordinates, the cone z = r is given by ¢ = 7/4 and the sphere r? +y? + 2? = 8 is given by p = V8. 
Since ¢ is measured from the positive z-axis, the region we are interested in has 7/4 < $ < 7/2. Thus 


2n 1/2 V8 
v=f / n p° sin ó dp dọ dO 
0 n/A 0 


The order of integration can be altered and other coordinates can be used. 


35. (a) Incylindrical coordinates, the cone has equation z — V 3r. When z — 1, we have r — 1/ V3 so 


2m pl/V3 pl 
Volume = I / J r dz dr dé. 
0 0 3r 
(b) Evaluating gives 


1v3 
Volume = 27 f z 
0 


3r 
phus ve i i x 
=o (LT -¥, an (2-2) =F 
2 3 6 9 9 
0 
36. For z^ + y^ < 1, the cone is below the plane z = 10 + x. In cylindrical coordinates, the plane is z = 10 + r cos 0, and 
the cone is z — r. Thus 
104-r cos 0 
Volume — "n l f r dz dr d0 


10+r cos 0 


dr d0 


TZ 
0 


r 


L1 
d (10r + r° cos 0 — r°) dr dO 
0 
e 
2 T 
c oSU— = 
p bi + Z cos =) 


dé 


0 


Q^ c2). y +27 =4 
2 — 
y Tz —2. 


We use spherical coordinates with o measured from the x-axis and 0 measured in the yz-plane. (Alternatively, the volume 


we want is equal to the volume between the cone z = 4/ z? + y? and the sphere x? + y? + z? = 4.) The cone is given 
by ¢ = 7/4. The sphere has equation p = 2. Thus 


27 n/A 2 
Volume -f f f p^ sin ó dp dọ dO 
n/4 p 
af f P. sino 
-[ [a 8 anddbdé 
0 o 3 


ha 
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38. Using cylindrical coordinates, the equation of the sphere is r? + z? = 4. The top of the sphere has equation z = /4— r?. 
When z = 1 we have r = v3. Figure 16.105 shows the limits of integration on the integral. 


2T V3 EVA 
Volume — f n J r dz dr dð 
0 0 1 
V3 


4—r2 
Nr 


V3 
= 2r | TZ ar=2n | (ry/4 — r? — r)dr 
0 di 0 
zu Bem um ow 
B m 2J lo E 


Figure 16.105 


39. Use cylindrical coordinates: when r? 


shown in Figure 16.106. 


al 27 2—232 
/ (a? + y?) dV = f l r° .r drdódz 
Ww —140 1 


2 1 1 27 
d0dz = J f ((2— 22? — 1) dédz 
4 — 0 


1 


= z? +4? = L then z? + y? +2? =142? = 2 so z = +1. The region W is 


z Cylinder 
z2 + y? zs 


Sphere 
r? +y +z =2 


Figure 16.106 
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40. The region whose volume we want is shown in Figure 16.107: 


Figure 16.1 


Using cylindrical coordinates, the volume is given by the 


07 


integral: 


2], x4 6 
ROUTE Em 
2 6 | 6^" 


41. Orient the cone as shown in Figure 16.108 and use cylindrical coordinates with the origin at the vertex of the cone. Since 


the angle at the vertex of the cone is a right angle, the angles 
5/ V2. The curved surface of the cone has equation z = r, so 


AOB and COB are both 7/4. Thus, OB = 5 cos t /4 = 


2m p5/V2Z p5/V2 
Volume = / | I r dz dr d0 
0 0 r 


z—5/4./2 


z-—r 


Bae qe 
/2 2 3 
0 


Qn 5/V2 
E / | - 
0 [U 


2 


2m p5/v/2 5 
dr d0 = r| — -r ] drd 
La a 


52 53 


-x (55-i) 
/2 2 2.3.2 
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Figure 16.108 


42. (a) The angle ¢ takes on values in the range 0 < $ < 7. Thus, sin ¢ is nonnegative everywhere in W1, and so its integral 
is positive. 
(b) The function ¢ is symmetric across the xy plane, such that for any point (x, y, z) in Wi, with z 4 0, the point 
(z, y, —z) has a cos ó value with the same magnitude but opposite sign of the cos ¢ value for (x, y, z). Furthermore, 
if z = 0, then (x, y, z) has a cos ¢ value of 0. Thus, with cos ¢ positive on the top half of the sphere and negative on 
the bottom half, the integral will cancel out and be equal to zero. 
43. (a) The integral is negative. In W2, we have 0 < z < 1. Thus, z? — z is negative throughout W^» and thus its integral is 
negative. 
(b) On the top half of the sphere, z is nonnegative, but x can be both positive and negative. Thus, since W2 is symmetric 
with respect to the yz plane, the contribution of a point (x,y,z) will be canceled out by its reflection (—z, y, z). 
Thus, the integral is zero. 
44. We must first decide on coordinates. We pick cylindrical coordinates with the z-axis along the axis of the cylinders. The 
insulation stretches from z = 0 to z = L. See Figure 16.109. The volume is given by the integral 


2T l a+h 
Volume = / / / r drdzd0. 
0 0 a 


l 


Evaluating the integral gives 


20 l r2 
Volume — I Í — 
0 o 2 


To check our answer, notice that the volume is the difference between the volume of two cylinders of radius a and a + h. 
These cylinders have volumes 7l(a + h)? and «a?, respectively. 


a4-h. 
dzd0 = 2«z 


(a +h)? a? M i 2 2 
(n >) ml((a +h) — a^). 


0 


zZ 


Figure 16.109 


45. The plane (x/p) + (y/q) + (z/r) = 1 cuts the axes at the points (p, 0,0); (0, q, 0); (0,0, r). Since p, q,r are positive, 
the region between this plane and the coordinate planes is a pyramid in the first octant. Solving for z gives 
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where R is the region shown in Figure 16.110. Thus 


p fq—qc/p 
i i (r- 2- 90) ans 
p 2N |v—4—4z/p 
_ f (u- =- P" 
ö p a J |y 
p 2 
=f 66-8 Cle d EY pas 
a p p p 2q p 


p 2 2 2 
= fog A EES) a 
a p p 2q p p 


2 nud 2 3N |P 
_ c rqz? rqz rqz | rQqcX 2 


p ps 2 ' p 2p3 
par par par par _ par 


nod dub du a MEE DE. 


>” 


0 


Figure 16.110 


46. We must first decide on coordinates. We imagine the vertex of the cone downward, at the origin, with the flat base in the 
plane z = h, as in Figure 16.111. Then, using cylindrical coordinates as in Figure 16.112, we see that the curved surface 
of the cone has equation z = hr/a. Thus the volume is given by 


27 a h 
Volume — / f J r dzdrdð. 
0 0 hr/a 
F f z=h F f ( e) 
Volume — rz drd@ = hr — — | drd0 
o Jo  lz-hr/a o Jo g 


= hr? hr 
i 2 3a 


Evaluating gives 


* z=hr/a 


I ea ee i 


Figure 16.111 Figure 16.112 
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47. We must first decide on coordinates. We pick spherical coordinates with the common center of the two spheres as the 


origin. We imagine the half-melon with the flat side horizontal and the positive z-axis going through the curved surface. 
See Figure 16.113. The volume is given by the integral 


2n 7/2 b 
Volume — J f / p. sin $ dpdé$d0. 
0 0 a 
Evaluating gives 


p 
Volume — ra [ sin oF — 


To check our answer, notice that the volume is the difference between the volumes of two half spheres of radius a and b. 
These half spheres have volumes 27b? /3 and 21a? /3, respectively. 


p=b 2/2 3 3 
dód0 = 2r(— cos ) (5 =) d iaf): 
0 


p-—a 


x 


Figure 16.113 


48. (a) We use the axes shown in Figure 16.114. Then the sphere is given by r? + z? = 25, so 


25— V 25-72 
vue f^ f | pn r dzdrd0. 
25— v35-r2 


5 z—4A/25—r? 
Volume — an f TZ 
1 z——4/25—r? 


(b) Evaluating gives 


5 
ar=2n | 2r4/25 — r? dr 
1 


1 


| 
N 
E 


4 
E (24)? = 64V6r = 492.5 mm?. 


y v? 4 22 = 25 
x? +y? + 22 = 25 


Figure 16.114 
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49. (a) To find the mass, we integrate the density over the region, W. Converting to cylindrical coordinates, the surface of 
the pile is z = 2 — r?, so we have 


Mass =f 2—z)dV= a [ [f (2 — z)r dz dr d0. 
w 


2=r2 


r dr dé 


~ 2 
v2 212 
= an f ke- — i rdr 


v2 5 3 4 6 
2 

E 4— 2r? — 2r + 26? dr = 2m | ar — -r - 
i 2 3 


(b) Evaluating gives 


r 
2 12 


50. The density function can be rewritten as ó(p, ¢, 0) = p. So the mass is 


fw P)dV = Tu [ T p-p ? sin à dp dọ do 
d i. = sin ódó ad 


81 
= Se (2 +1) = (= + 2) 
4 4 
51. We use spherical coordinates because we are integrating over a sphere and the density has spherical symmetry. D = 2p. 


2m T 3 
M - f f n (2p)p? sin à dp dẹ do. 
[U 0 0) 


52. Using cylindrical coordinates, the density is given by 6 = kr? gm/cm?, where k is a constant. Since 6 = 2 when r = 2 
we have 


2—k2? so k=0.5. 


The equation of the sphere is x? + y? + z? = 3?, and in cylindrical coordinates, 
rt27=9. 
Thus r = v9 — z? on the sphere, so 


Mass 2 T J (0.5r? )r dr dz d0 


24 [. 05% 
d L geat dz d0 
3 
==> (81 — 182° + z^) dz d0 
s o 4-3 


3 
o 1823 =) 


dz d0 


3247 
= — gm. 


5 


Il 
ol 
T MER 
oo 
— 

wo 
4 
e| 


—3 
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53. We use spherical coordinates. The density, 6, of the sphere at a distance p from the center is 
ó-— kp? for k a positive constant. 


Thus, for a sphere of radius 1, 


Mass - f" T T kp? - p sin 0 dp do d0 
= f Ta sin $ 
o 5 


For a sphere of radius 2, a similar calculation gives 


27 T 2 
Mass = n | i. kp? . p. sin 0 dp do d0 
0 o Jo 


dọ = T cos $) 


0 


5 T 
= 2k (- cos ¢)| = DA 
0 
Therefore m : 
j T 
Ratio of masses — T287k/5 = 35° 


54. (a) We use spherical coordinates. Since 6 = 9 where p = 6 and 6 = 11 where p = 7, the density increases at a rate 
of 2 gm/cm? for each cm increase in radius. Thus, since density is a linear function of radius, the slope of the linear 
function is 2. Its equation is 

6—-11=2(p—7) so 6=2p-3. 


2n T 7 
Mass = / T f (2p — 3) p° sin ó dp dọ do. 
o Jo J6 


(c) Evaluating the integral, we have 


(b) Thus, 


Mass = 27 (- cos @ 


= 2n - 2(425.5) = 17027 gm = 5346.991 gm. 
6 


) 2p* M 3p? T 
ò 4 3 


55. (a) First we must choose a coordinate system, since none is given. We pick the zy-plane to be the fixed plane and the 
z-axis to be the line perpendicular to the plane. Then the distance from a point to the plane is |z|, so the density at a 
point is given by 

Density = p = kz]. 


Using cylindrical coordinates for the integral, we find 


a* V/a3 72 
Mass — T f ae k|z|r dzdrd0. 

V/a3 2 

(b) By symmetry, we can evaluate this integral over the top half of the sphere, where |z| = z. Then 

a^ V/a3 r2 
Mass — of ri 2 kzr dzdrd0 = æ f” Lv 
a f> (a? — r’ CERTE 
0 


a^ at v ka* 


Sarr 


drd 
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56. The distance from a point (x, y, z) to the origin is given by 4/ x? + y? + z?. Thus we want to evaluate 
ey ae) 
f rV Z t y? cz dV 
Vol(R) 


where R is the region bounded by the hemisphere z = 4/8 — x? — y? and the cone z = \/x? + y?. See Figure 16.115. 
We will use spherical coordinates. 


Figure 16.115 


In spherical coordinates, the quantity p goes from 0 to v8, and 0 goes from 0 to 27, and œ goes from 0 to 7/4 
(because the angle of the cone is 7/4). Thus we have 


Qn n/4 J/8 
/ z?-Fy?--22dV = f / i p (p? sin à) dpdód0 
R 0 0 0 
27 7/4 A V8 
= f n sin $ i p 
0 0 4 0 
2n n/4 
= | 16 sin o d$d0 
0 [U 
2n n/A 
= 16(— cos $) 
0 [U 
2T 
= f 16 ( E £) dé 
D 2 
= 32 ( = X) T 


From Problem 27 of Section 16.4 we know that Vol(R) = 327 (v2 — 1)/3, therefore 


dód6 


do 


i x? +y? +z? dV 
Vol(R) 

32 (1 = 2) T 3 

 [2xv3-10«/3 v2 


Average distance = 
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57. The total volume of the cone is 57 rh = .12.1- in , SO the total mass is iu (since the density is always 1). The 
center of mass z-coordinate is given by 
3 
g-—-— 1 zdV 
"do 


Using cylindrical coordinates to evaluate this integral gives 


3 27 1 z 
z=2/ WELL 
T Jo Jo Jo 
2m d. 
-2 f | = dz do 
7 Jo d 2 
2T 
3 1 3 
= — = dð = - 
n) 8 4 


58. (a) The mass m of the cone is given by Í m 6 dV. In cylindrical coordinates this is 


Qa 1 z 
m= f WELLS 
z: [Zea 
= 1 wat 
ru 10 5 


(b) The center of mass z-coordinate is given by 


Using cylindrical coordinates to evaluate this integral gives 


-5 f" Lees 
-ip — 
T Jo Jo 


2m 
ub] Sdn 
- Jy 12 6 
Comparing this answer with the center of mass in Problem 57, where the density was constant, it makes sense 


that the center of mass would be higher in this problem, since more mass is concentrated near the top of the cone. 
59. We first need to find the mass of the solid, using cylindrical coordinates: 


20 1 V z/a 
m= f / 1 r dr dz d@ 
E "E = dz dó 
- f" d dies d. 
B 4a a 


It makes sense that the mass would vary inversely with a, since increasing a makes the paraboloid skinnier. Now for 
the z-coordinate of the center of mass, again using cylindrical coordinates: 


2a 2n 1 V z/a 
z= = | / I zr dr dz d0 
T Jo Jo Jo 


XR i 
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z? 
24 1 a 


_ 2a "eau 
T J, 6a 3 


60. The volume of the hemisphere is ina? so its mass is Zna?b. To find the location of the center of mass, we place the 
base of the hemisphere on the xy-plane with the origin at its center, so we can describe it in spherical coordinates by 
O0<p<a,0< $< $and0 X 0 < 2m. Then the x-coordinate of the center of mass is, integrating using spherical 
coordinates: 


a * Qn 
p zm] f f psin(¢) cos(0) - p? sin(?) d0 dó dp = 0 


; : 2 í bd : = : 
since the first integral f f 7 cos(0) dÓ is zero. A similar computation shows that jj = 0. Now for the z-coordinate: 


z= F, a a pcos(¢) - p? sin(¢) d0 do dp 


= — . a f n p? cos(@) sin($) dé dp 


dp 


[VE] 


3 og 3a 
= dos 
x | ^ P= 8b 


So the x and y-coordinates are located at the center of the base, while the z-coordinate is located c above the center of 
the base. 
61. The sum of the three moments of inertia / for the ball B will be 


3 2,2 3 2, 2 3 2,,2 
gum d 
3 4ra? n Te) 4ra? ti t) 4ra? r +y ey 


ae | (22? + 2y? + 22?) dV, 
4ra? Jp 


which, in spherical coordinates is 


3 "X i a8 
dV = $) d0 dé d, 
amas n +y +2°)dV uU [ b P- p? sin(d) $ dp 


Il | 
aloa &le 
~ ge. 
Da T 

a 
o EN 

NE! 

E 

a S 

a 
© 

a 
dD 


Thus 3/ = $a?, sol = ia? 


62. First we need to find the volume of the cone. In spherical coordinates we find: 


a 3 2n á as 
= n | n p“ sin(¢) dó do dp = —— 
o Jo Jo 3 


Now, to find the moment of inertia about the z-axis we need to compute the integral —: i. x? +y? dV. We can do 
this in spherical coordinates as 


a zr 27 
=f Sexy | / ° f (p? sin? (6) cos? (0) + p? sin? (4) sin? (0) - p? sin(#) d dó dp 
0 0 0 


3 
TA w 
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63. Using spherical coordinates, 


b T 2v 2 b T 2v 
Stored energy — ; I J f cE? p. sin $ d0 dọ dp = ex I l / 3 sin ġ d0 dọ dp 
a 0 0 a 0 0 
2 b 


_ q 1 dp = £ (1-1) 
— 8me J, p? » Bre Na b)’ 


64. Use cylindrical coordinates, with the z-axis being the axis of the cable. Consider a piece of cable of length 1. Then 


1 b 1 27 2 b 1 2T 1 
Stored energy — B / f) n cE? rd dzdr = ze if n J = dé dz dr 
a Jo Jo 77€ Ja Jo Jo 
g? b 2 b 


2 


E Iu. E 
eum . dro qun Ina) = 7—In-. 


So the stored energy is proportional to In(b/a) with constant of proportionality q? /47e. 


65. The surface z = 4 — x” — y? cuts the xy-plane in the circle z? + y? = 4. Thus 


2 V 4-22 4-27 -y? 
Mass -f I I e ^ ? dz dy dz gm. 
—24-—4./4—-z? JO 


1547 


66. The cylinder has radius 2. Using cylindrical coordinates to find the mass and integrating with respect to r first, we have 


dzdð — 25:3: ($+ Š) = 287 gm. 


20 3 2 2T 3 m p? : 
Mass al 1 / (1+ryrdrdeao= [ f (7-5) 
o Jo Jo o Jo XV? 3 r 


67. In cylindrical coordinates, the density, ô is given by 6 = kr for some positive constant k. 
For the smaller cylinder, r? + y? < 1, 0 € z € 2, whose radius is 1, 


1 
2m 2 1 3 
Mass = f ] [mmm aes RI =a 
0 o Jo 3 0 3 
For the larger cylinder, r? + y? <9,0 € z € 2, whose radius is 3, 
2m 2 3 kr3 = 
Mass = f I | kr - rdr dz d0 = 2r - 2- — | = 36rk 
0 0 Jo 3 


4nk/3 1 


Thus, the ratio of th i E 
us, the ratio of the masses is 36zk 27 
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68. Integrating with respect to z first, we have 


1 p2m p(\/9—r2)-1 2/2 2m p(y9—r2)-1 
w-[ f J rd doar + | f J r dz d dr 
o Jo v 1i-r2 1 0 0 


or integrating with respect to r first, we have 


1 p20 V 9— (21)? 2 p2m pr/9—-(z+1)? 
f / x rardias s f | f r dr d0 dz. 
0 Jo V 1-22 1 0 0 


69. Assume the base of the cylinder sits on the zy-plane with center at the origin. Because the cylinder is symmetric about the 
z-axis, the force in the horizontal x or y direction is 0. Thus we need only compute the vertical z component of the force. 
We are going to use cylindrical coordinates; since the force is G - mass/ (distance)?, a piece of the cylinder of volume 
dV located at (r, 0, z) exerts on the unit mass a force with magnitude G(ó dV )/(r? + z?). See Figure 16.116. 


Vertical component _ G(ó dV) PT GódV | z |... GózdV 
of force (orbi © 242z? r2} o (ri-z2))/2 


Adding up all the contributions of all the dV’s, we obtain 


Vertical force = n a L (3 vu 373 drd0dz 
R 
d [a (Góz) =) ddz 
vr? F z2 
-f rai (Góz) - (-— + J ddz 


0 
-f 21G6 | 1— ——— | az 
, VR. 
H 
= 2nGó(z — y R2 + MESE 
= 2nGÓó(H — E ECTS vy R? + H?) 


VAFA 


Figure 16.116 


70. The charge density is ô = kz, where k is a constant. In cylindrical coordinates, 


h PR p2r h pR 
Total charge = f ódV = f li f kzr dð dr dz = ef 1 2rzr dr dz 
Cylinder 0 0 0 0 0 


h 2 
= i | R?zdz = k(n R?) = ËT R212, 
A CAE 


Thus, the total charge is proportional to R?h? with constant of proportionality kr /2. 


71. 


72. 


16.6 SOLUTIONS 1549 


The charge density is 6 = k/p. Integrating in spherical coordinates, 


2T T R k 2m T p 
Total charge — | | f Lp) sin ġ dp dọ dé = Ji J — sin o dọ d0 
o Jo Jo P o Jo 2 
2 


R 


= ark = 2rkR?. 


Thus, the total charge is proportional to R? with constant of proportionality 27k. 


In the system used in this book the volume element is dV = p? sin ¢ dp dọ dé. In the system shown in the problem, ¢ 
and 6 have been interchanged and p changed to r. So the volume element is dV = r° sin 0 dr d dd. 


Strengthen Your Understanding 


73. 


74. 


7S. 


76. 


TT. 


Solutions for Section 16.6 


T 2v 1 
(c) | n f p^ sin ó dp dé dó 
0 0 0 


2T T 1 
The integral is missing part of the volume element in spherical coordinates. The integral n i / p. sin d dp dọ d0 
0 0 Jo 


gives the volume inside the sphere of radius 1. 


We cannot switch the order of integration without rewriting the limits of integration if doing so produces limits that are 
not constant on the outer integral. 


In spherical coordinates, the upper half of a sphere of radius r is given by 0 € p € r, 0 € 0 € 2r and 0 € ¢< 7/2. 
Therefore, for a hemisphere of radius 5, we have 


2m 7/2 5 
Volume — J J / p sin ó dp do dé. 
0 0 0 


Let W be the unit ball z? + y? + z? < 1. It is not easy to integrate 


[i A/ z? + y? + z? dz dy dz. 
w 


In spherical coordinates, this integral becomes easy to integrate: 


Qn T 1 27 T al 
n fi | pp sinedpdodo = | n f p^ sin ¢ dp dọ d0. 
0 0 0 0 0 0 


Exercises 

1. Yes, p is a joint density function. The values of p(x, y) are nonnegative, since p(x, y) = 1/2 for all points inside R and 
p(x, y) = 0 for all other points. The volume under the graph of p over the region R is (1/2)(5 — 4)(0 — (—2)) = 1. 

2. No, pis not a joint density function. Since p(x, y) = 0 outside the region R, the volume under the graph of p is the same 
as the volume under the graph of p over the region R, which is 2 not 1. 

3. No, p is a not joint density function, because p(z,y) < 0 for some points (x,y) in the region R. For example, 
p(—0.7, 0.1) = —0.6. 

4. Yes, p is a joint density function. Since x < y everywhere in the region R, we have p(x, y) = 6(y — x) > 0 for all x 


and y in R, and p(x, y) = 0 for all other (x, y). To check that p is a joint density function, we check that the total volume 
under the graph of p over the region R is 1: 
1 y 1 r? 1 
] eaa - | | Gly a)dedy= | 6(ue- =) =1. 
R o Jo 0 2 0 


y 1 
dy — J 3y? dx = y? 
0 0 
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5. 


10. 


11. 


12. 


13. 
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Yes, p is a joint density function. In the region R we have 1 > 2? + y?, so p(x, y) = (2/m)(1 — a? — y?) > 0 forall x 
and y in R, and p(x, y) = 0 for all other (x, y). To check that p is a joint density function, we check that the total volume 
1 


under the graph of p over the region R is 1. Using polar coordinates, we get: 
27 1 2v 2 E! 2v 
] ena - 2 | J a-ra? f eae w=2 f ge 
R 7 Jo ü 7 Jo 2 4 b Tdo 4 


Yes, p is a joint density function. Since e ^ " is always positive, p(x, y) = xye * " > 0 for all x and y in R, and 
hence for all x and y. To check that p is a joint density function, we check that the total volume under the graph of p over 
the region R is 1. Since e777” — e ^e ?, we have 


] sema f J ye Yd dy = | ye © (/ icta) dy. 
R o Jo 0 0 


Using integration by parts: 


= (0— 0) — (0— 1) — 1. 
0 


f sema - f ye © (/ ctas) a= f ye "dy — 1. 
R 0 0 0 


We have p(x, y) = 0 for all points (x, y) satisfying x > 3, since all such points lie outside the region R. Therefore the 
fraction of the population satisfying x > 3 is 0. 


The fraction is 0, since fi xy dx = 0, so f^. Jr p(z,y) dz dy = Js fL xy dx dy=0. 


1 


oo 
ze “dx = lim (~ze ^ —e ^) 
0 b—oo 


Thus 


Since x + y < 3 for all points (x, y) in the region R, the fraction of the population satisfying z + y < 3is 1. 


Since p(x, y) = 0 for any (x, y) with x < 0 and also p(x, y) = 0 for any (x, y) with y > 1 or y < 0, the fraction of the 
population is given by the double integral: 
1 pl 12 
1 
| f zydzdy= f 7y =. 
o Jo o 2 Io 


1 
0 


j EUN S 
du Yay 3. 
ý [ i^ 4 


Since p(x, y) = 0 for all (x, y) outside the rectangle R, the population is given by the volume under the graph of p over 
the region inside the rectangle R and to the right of the line x = y. Therefore the fraction of the population is given by 


the double integral: 
2 1 3 4 
i 2 8 
y 


1 p2 E 
| / oyitedy = | 2y 
0 uy 0 2 


Since p(x, y) = 0 for all (x, y) outside the rectangle R, the population is given by the volume under the graph of p over 
the region inside the rectangle R and below the line x + y = 1. This is the same as the region bounded by the x-axis, the 
y-axis, and the line x + y = 1. Therefore the fraction of the population is given by the double integral: 


1 fi-y 1. 2 y 1 2 2 3 " 
zy (= y)"y V ivy 

cyte dy = | — a= | M dy = | 2-2 YS 

|l o 2 0 2 4 3 8 


The fraction of the population is given by the double integral: 


1/2 1 1/2 2 1/2 2 
ry y y 

cyte dy = | w= f <dy= > 

/ / 0 2 o 2 E 


1 


0 


ho 


0 0 


1 


0 
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14. We are looking for points inside the circle z? + y? = 1 and inside the rectangle R. In the first quadrant, all of the circle 
and its interior lies inside the rectangle R. Thus the fraction of the population we want is given by the volume under the 
graph of p over the region inside the circle x? + y? = 1 in the first quadrant. We evaluate this double integral using polar 


coordinates: 
n/2 pl 7/2 E 
J / (rcosd)(rsind)rdraa = f — cos 0 sin 0 
0 0 0 4 


Making the substitution w = sin 0, we get: 


7/2 1 1 
f cosðsingao = | wdw = =. 
0 0 - 


Thus the fraction is (1/4)(1/2) — 1/8. 


1 


1 1/2 
dé = J cos Ü sin 0 dé. 
4 Jo 


0 


Problems 
15. (a) 
1 1 1 
9 a d a 1 
ge 20d, = [ =(=2° -2zy)| dy 
J, Ja ELT 
1 
27,1 1 2 
= | =|(=+2y)-(—+<y)| d 
E 9) - Gg * gv] dv 


(y+ ge) 
= 9X9" 34 Jlo 


e 
| 3.9/7 2T 


(b) It is easier to calculate the probability that x < (1/3) +y does not happen, that is, the probability that x > (1/3) 4- y, 
and subtract it from 1. The probability that x > (1/3) + y is 


1 pa—(1/3) 1 
2 2 z—(1/3) 
J f ge +2) dyae = [ gv v, da 
1/3 Jo 1/3 


af 1 > 
=f @e-pte- pe 


3 /3 
1 

-3/ (2a? ek a 

3 1/3 
| 2 2 3 1 2 1 1 
= 345" -3* tays 

27,2 1 1 2 1 1 
E xn au. 
— 44/243. 


Thus, the probability that x < (1/3) + y is 1 — (44/243) = 199/243. 
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a<g¢ty 


ale 


Figure 16.117 


16. (a) We know that I cn f n f(x, y)dydx = 1 for a joint density function. So, 


oo oo 1 1 
L= / I f(x, y)dydx = | / kaydydx 
=00 =6S 0 m 


1 
= =k 
8 
hence k = 8. 
(b) The region where x < y < ,/Z is sketched in Figure 16.118 
y 
y-c 
1 y= Va 
0 x 
1 


Figure 16.118 


So the probability that (x, y) satisfies x < y < /Z is given by: 


1 
ZI 
3 4 à 
1 1 
—4[—--—- 
(5 - 3) 
|. 1 
EE 


This tells us that in choosing points from the region defined by 0 < x < y < 1, that 1/3 of the time we would 
pick a point from the region defined by x < y < \/a. These regions are shown in Figure 16.118. 


oo oo 2 1 
i= f J fs) tus -. | 1 ka? dy dx 
=060/ 600 0 0 


17. (a) For a density function, 


18. 


19. 


20. 


21. 
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_ ka? )2 8k 
3h73 
Sok = 3/8 
(b) i 
o fai | yr 15 
[| see] e-9-u0-wL-5 
(e /2 1/2 
i wm ie ni 
[ NE 2x’ dx dy = I 37 I ee 
(a) The area of S is (2)(4) = 8. Because the density function p(x, y) is constant on S and the total volume under a 


density function above the xy-plane is 1, p(x, y) = 1/8 for (x, y) in S, and p(x, y) = 0 for (x, y) outside S. 


(b) The probability that (x, y) is in T is 


1 area(T’) a 
dy dx = = dy dx = =. 
[sen y ax 8 | y x 8 8 


XOY fi) Ac Ay m f f(x,y) dz dy 
m y R 


Since 


and since x never exceeds 1, and we can assume that no one lives to be over 100, so y does not exceed 100, we have 


Fraction of ME c 
B = | f(z.y) dzdy = f(x,y) dx dy, 
policies R 65 0.8 


where R is the rectangle: 0.8 € x < 1, 65 < y < 100. 


(a) Since the exponential function is always positive and A is positive, p(t) > 0 for all t, and 

oo b 

f p(t)dt= lim —e7™| = lim —e "41 =1. 
0 b—oo o b—oo 


(b) The density function for the probability that the first substance decays at time t and the second decays at time s is 


p(t, s) = Ae "ue "* = Aue 7n, 


for s > 0 and t > 0, and is zero otherwise. 


(c) We want the probability that the decay time t of the first substance is less than or equal to the decay time s of the 


second, so we want to integrate the density function over the region 0 < t < s. Thus, we compute 


1 J Aue ™™e™" ds dt = l see) > dt 
o Jt 0 
- f Ae Me" dt 
0 
m Ae >to) de 
0 
2 TA 70 ua L AS 
Ac 0  AtpE 


So for example, if A = 1 and u = 4, then the probability that the first substance decays first is 1/5 . 
(a) 
p(r,0)r dr dé 


0—0 


t5 4 
f / pr, meow L, p(r,0)r dr d0 
0-8  Jr=ahy [RE 


sind 


(b) 
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22. (a) If t € 0, then F(t) = 0 because the average of two positive numbers can not be negative. If 1 < t then F(t) = 1 
because the average of two numbers each at most | is certain to be less than or equal to 1. For any t, we have 
F(t) = Js p(x, y)d.A where R is the region of the plane defined by (x + y)/2 < t. Since p(x, y) = 0 outside the 
unit square, we need integrate only over the part of R that lies inside the square, and since p(x, y) = 1 inside the 
square, the integral equals the area of that part of the square. Thus, we can calculate the area using area formulas. 
For 0 € t < 1, we draw the line (x + y)/2 = t, which has z- and y-intercepts of 2t. Figure 16.119 shows that for 
0«tx 1/2, 


1 
F(t) = Area of triangle = 3 2t- 2t = 2’. 


In Figure 16.120, when x = 1, we have y = 2t — 1. Thus, the vertical side of the unshaded triangle is 1 — (2t — 1) = 
2 — 2t. The horizontal side is the same length, so for 1/2 « t < 1, 


F(t) = Area of Square — Area of triangle = 1 I 2—20? —1—2( —t)?. 
2 


The final result is: 


0 ift <0 
2t if0< t< 1/2 
F(t) = MT 
(t) 1-20-1) if1/2<t<1 
it ifl<t 


1 2t 


1 
Figure 16.119: For 0 < t < Figure 16.120: For; <t < 1 


NI 


(b) The probability density function p(t) of z is the derivative of its cumulative distribution function. We have 


0 ift <0 
jJ at if0<t<1/2 
P)— 4_at ift/a<t<1' 
0 iflct 


See Figure 16.121. 

(c) The values of x and y and equally likely to be near 0, 1/2, and 1. Notice from the graph of the density function in 
Figure 16.121 that even though x and y separately are equally likely to be anywhere between 0 and 1, their average 
z = (x + y)/2 is more likely to be near 1/2 than to be near 0 or 1. 


p(t) 
2 == 


0 0.5 al 


Figure 16.121 
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Strengthen Your Understanding 


23. 


24. 


25. 


26. 


27. 


28. 
29. 


30. 


Solutions for Chapter 16 Review 


Since pi (x, y) and p2 (x,y) are joint density functions, we have 


D 2 pı(x,y)dzdy=1 and A P pa(z, y) dz dy = 1. 
Thus, 
f f mme mmm f pesait f f  plesdedy=1+1=2 


So pi(x, y) + p2(x, y) is not a joint density function. 


The value of p(60, 170) cannot be interpreted as a probability. The probability that w falls in the interval of width Aw 
around 60 and A falls in the interval of width Ah around 170 is approximately p(60, 170) AwAh. 


In order for f(x, y) to be a joint density function, we need 


I. [. f(z,y) dz dy = 1. 
j- a ae LN zd 


one possibility is a = 0, b = 1, c 


Since 


In order for f(x, y) to be a joint s function, we need 


L T Ho,y) da dy = 1. 


f f rmm [ [n w)aedy =2 | g(y) dy. 
0 
! 1 
dy = =, 
[ "3 


True. Since y ranges from —oo to oo the double integral gives the probability that a < x < b by the definition of joint 
density function. 


We have 
Since 
one possibility is g(y) = y. 


False. For p(x, y) to be a joint density function one of the restrictions we have is that p(x, y) > 0 for all x and y. 
False. The double integral J I p(x, y) dy dz is the probability that a < x < b. 


True. This follows by the definition of the joint density function. 


Exercises 


1. 


The region of integration ranges from z = 0 to x = 3 and from y = 0 to y = 2x, as shown in Figure 16.122. To evaluate 
the integral, we evaluate the inside integral first: 


2x 3 
n (z? +y’) dy = (v+ £) 
0 


y= 
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Therefore, we have 


Figure 16.122 


2. The region of integration ranges from z = 0 to x = 7 and from y = 0 to y = x, as shown in Figure 16.123. 


Figure 16.123 


Integrating with respect to y first 


WELT ysin a 
0 Jo 0 


Using integration by parts with u = x, v’ = sin x, so u’ = 1, v = — cos x, we have 
T 


f | sneavac = f xsin x d£ = —xcos x «f cos x dx 
o Jo 0 0 


0 


Ed 
T 
dx =] xsin z dz. 
0 


0 


3. See Figure 16.124. 


0 po 0 
I / 2xry dydx = I ry’ 
eg —4/9— 22 —2 


4. See Figure 16.125. 


5. See Figure 16.126. 
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0 
=] (a? — 9x) dx 
-2 
ELA 
V4 2 


—4 + 18 = 14 


—2 


Figure 16.124 


Figure 16.125 


Figure 16.126 
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6. See Figure 16.127. 


Figure 16.127 
7. See Figure 16.128. 


y = sin vor 
cz —sin ly 


Na H 
8 


Figure 16.128 


8. The region is the half cylinder in Figure 16.129. 


Figure 16.129 


pA 


9. The region of integration shown in Figure 16.130 is a three-sided pyramid bounded by the xy-plane and the planes y = 1, 
x = Qand y — x = 0. 


(1,1,0) 


Figure 16.130 
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10. We use Cartesian coordinates, oriented so that the cube is in the first quadrant. See Figure 16.131. Then, if f is an arbitrary 


function, the integral is 
2 p3 pd 
J | | rmm 
o Jo Jo 


Other answers are possible. In particular, the order of integration can be changed. 


(5, 3, 2) 


(5, 3,0) 


x 


Figure 16.131 


11. If we imagine the disk lying horizontally, as in Figure 16.132, we can use cylindrical coordinates with the origin at the 
center of the flat base. Then, if f is an arbitrary function, the triple integral is 


2n 2 3 
/ f n f r drdzd0. 
0 0 Jo 


2cm 


x 


Figure 16.132 


12. We use spherical coordinates as in Figure 16.133. Then if f is an arbitrary function, the triple integral is 


Qr T 5 
f / fP sin à dpdód0. 
0 7/242 


Other answers are possible. 


Figure 16.133 
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13. We use spherical coordinates, as in Figure 16.134. Then if f is an arbitrary function, the triple integral is 


1/2 T 5 
n I f fP sin à dpdód0. 
0 0 0 


Other answers are possible. 


5 
y 
0 
x 
—5 
Figure 16.134 


14. Integrating with respect to x first we get 


4 —yt4 
/ | f(x, y) dx dy 
(0) 49 


y- 
Integrating with respect to y first we get 


0 22+4 4 —z-4-4 
l n F(x,y) dydz+ | / f(a, y) dy dx. 
—2 J0 0 0 


See Figure 16.135 


—2 4 


Figure 16.135 


15. (a) See Figure 16.136. 


xz = —(y — 4)/2o0r y = —2r + 4 


2 


Figure 16.136 


(b) I | g(x,y) dy dz. 
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T 2 
pda = f n r-Tdr d0 
R o Jı 


16. Compute in polar coordinates: 


17. 


10 0.1 10 
1 i ze" dydz = f e?" de 
o Jo 0 
10 
zJ (eo _ e?) dz 
0 


ar 10 
0.1 i 
= (10e! — 10 — 10e?) 
— 10e — 20 — 10(e — 2). 


18. 
4 

dy 
3 


E F u as mA 
sin(2 — cos (3x — 7) dz dy = sin (2 — ———— 
| [ excess naa f in e—y) [8885 


1 
(sin 5 — sin 2) | sin (2 — y) dy 
0 


(sin 5 — sin 2) [cos (2 — y)]; 


(sin 5 — sin 2)(cos 1 — cos 2). 


wle wle wle 


19. 


[ [etant e f con |] y 


0 


1 
= : J (sin* y) (cos y) dy 
0 


sin? y : 
20 


0 
sin? 1 
20 


20. First use integration by parts, with y as the variable, u = xy, u’ = 2?, v = 8092, y 


WE (xy) a= f (tevsi Culi- [ esn (ry) w) dx 


= / (x sin z + [cos (zy)]o) da 


3 


4 
E (asin xz + cosz — 1) dz. 
3 
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Now use integration by parts again, with u = x, u’ = 1, v = — cos x, v' = sina. Then, 


4 4 4 
f (rsinz- cose — 1) de = [-zcosa]i + f corde + | (cos x — 1) dx 
3 3 3 


= (—x cosx + 2sin x — x)| 
= —4cos 4 + 2sin 4 + 3 cos 3 — 2 sin 3 — 1. 


Thus, 


4 pl 
NE PT + 3cos3 — 2sin3 — 1. 
3 Jo 


21. The region is shown in Figure 16.137. 


y 
1 
l-r 
0 = 
—V1—a? 
-1 
Figure 16.137 


The integral has the same values in the upper and lower quarter circles, so we integrate over just the upper circle and 
multiply by 2. We convert the integral to polar coordinates. 


1 pvV/1-22 (22.42) -/2 pl E 7/2 E 
e Y) dydx = 2 e" rdr d0 = (=e) 
0 J-y/1-r2 0 0 0 


1 


22. 


1 z 2 
I f / (y+ z)" dz dy dz = 
o Jo Jo 


1 
| 
! 2(y + z)8 |" 
- f y dz 
0 0 
1 8 8 
22)8 — 
-f (2: 2 
i 4 
2 1 
EE 8 dz 
4 Jo 
4 9 5 
. 255 1 
| 4 9 
85 


23. 


24. 


25. 


26. 


27. 


28. 
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Evaluating gives 


1 z y 1 are Palle a z 3, 1 åy 
f | | omm f f Y aya = [ n TF ayae= | yz 
0 0 0 0 0 2 0 0 0 - 0 8 


(a) A vertical plane perpendicular to the x-axis: x = 2. 
(b) A cylinder: r — 3. 

(c) A sphere: p = V3. 

(d) A cone: ¢ = 7/4. 

(e) A horizontal plane: z — —5. 

(f) A vertical half-plane: 0 = 7/4. 


In spherical coordinates, the spherical cap is part of the surface p = v2. If a is the angle at the vertex of the cone, we 
have tan(a/2) = 2/2 = 1, so a/2 = 7/4. Since the cone is below the xy-plane, the angle ¢ ranges from 37/4 to r. 
Thus, the integral is given by 


1 


7 1,5 zô 
s] — dz = — 
ü " 8 48 t. 


48` 


2T T V2 
I I f (p. ó,0)p? sin ¢ dp dẹ dd. 
0 3«/A JO 


In cylindrical coordinates, the spherical cap has equation z = — v2 — r?. If a is the angle at the vertex of the cone, we 
have tan(a/2) = 2/2 = 1, so a/2 = 7/4. The cone has equation z = —r. Thus, the integral is 


20 1 -r 
n | J g(r, 0, z)r dz dr dð. 
[U 0 —/2—r? 


In rectangular coordinates, the spherical cap has equation z = —4/2 — x? — y?. If o is the angle at the vertex of the 
cone, we have tan(a/2) = 2/2 = 1, so a/2 = 7/4. The cone has equation z = —4/ x? + y?. Thus, the integral is 


1 \/1—2? —A/ a2 +y2 
T / L h(x, y, z) dz dy dz. 
1 1-22 V 2-22 —y?2 


From Figure 16.138, we have the following iterated integrals: 


" z2? +y? 42221 


Figure 16.138 


1 py/1-a2 py/1-r2—y2 
(a) ] v- f J f f(x,y, z) dz dy dx 
R -1J—/1-22 JO 
R -14-1-y2 Jo 


1 Vf 1—y? Vf 1—-y2—2? 
R —140 —/1-y2—22 


1 v1-az2 vV1-az2—22 
R —140 —A/1—-2z2—22 


1564 


Chapter Sixteen /SOLUTIONS 


R 0 y 1-22 V 1-22-22 


1 pVA-z2 pry? 22 
(f) [rw-f J | f(x,y,z) dx dy dz 
R 0 Vil z2 V 1-y2-22 


Problems 


29. 
30. 
31. 


32. 
33. 


34. 


35. 


36. 


37. 
38. 


39. 


Positive. The value of x is positive on the half-cone, so its integral is positive. 

Positive. Since z is positive on W, its integral is positive. 

Positive. If (x, y, z) is any point inside the solid W then Ja? 4 y? « z. Thus z — fa? 4 y? > 0, and so its integral 
over the solid W is positive. 

Positive. The function VIENT is positive, so its integral over the solid W is positive. 

Negative. If (x, y, z) is any point inside the cone then z < 2. Hence the function z — 2 is negative on W and so is its 
integral. 


Zero. y is positive on the half of the half-cone above the first quadrant in the xy-plane and negative (of equal absolute 
value) on the half of the half-cone above the fourth quadrant. The integral of y over W is zero because the integrals over 
each half add up to zero. 


Zero. You can see this in several ways. One way is to observe that xy is positive on part of the cone above the first 
quadrant (where x and y are of the same sign) and negative (of equal absolute value) on the part of the cone above the 
fourth quadrant (where x and y have opposite signs). These add up to zero in the integral of zy over all of W. 

Another way to see that the integral is zero is to write the triple integral as an iterated integral, say integrating first 
with respect to y. For fixed x and z, the y-integral is over an interval symmetric about 0. The integral of y over such an 
interval is zero. If any of the inner integrals in an iterated integral is zero, then the triple integral is zero. 


Zero. Write the triple integral as an iterated integral, say integrating first with respect to y. For fixed x and z, the y-integral 
is over an interval symmetric about 0. The integral of y over such an interval is zero. If any of the inner integrals in an 
iterated integral is zero, then the triple integral is zero. 


—cyz 


Positive. The function e is a positive function everywhere so its integral over W is positive. 


(a) The top of the tetrahedron is z = x — y + 2, and its triangular base is in the second quadrant of the zy-plane bounded 
by the x- and y-axes, and the line 0 = x — y+ 2, or y = 2 + x. Thus the volume is given by 


0 2+2 r—yd2 
Va / Í / dz dy da. 
—2 J0 0 


Other orders of integration are possible. 


(b) Evaluating gives 
O0 p242 0 2 
ral P (2-2) dyda- | zy — XH 4 2y 
-240 -2 2 
0 


-f n(2+2)—5(2+a)? +22 + z) dz 


9 a? r? 
= Ż +2z+2) dr = > +r? +22 
V2 6 


(a) Since z is positive above the xy-plane and negative below the xy-plane, the contributions to f. p dV and f ie zdV 
cancel; both these integrals are zero. Hence (1) and (iii) are zero. 
The integral I y Z İs positive. 


(b) The equation of the sphere is z? + y? + 2? = 1, so the top half is z = 4/1 — x? — y?. Thus, integrating with respect 


to z first, we have 
1 pvVA--2 py/1-r2—y2 
[:-] J f z dz dy dx 
T —1J—,/1-22 JO 


PER 
da 


0 


0 


co] aS 


—2 
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1 Vi-a 2 
=: 
cp paese 2 2 

<3 ff t” — y) dy dx 

1 


E 2 y 
=f» "rg 


dx 
—4/1—z2? 
pg 2 
=> (2 1— r? — 27? T= a? + 5(1-2°)*”) dx 
73 3 
= 1.571 


40. R is one eighth of a sphere of radius 1, below the zy-plane and under the first quadrant. See Figure 16.139. 
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Figure 16.139 


41. (a) The region of integration is the region between the cone z = r, the xy-plane and the cylinder r = 3. In spherical 


coordinates, r = 3 becomes psin $ = 3, so p = 3/ sin dg. The cone is ¢ = 7/4 and the zy-plane is ¢ = 7/2. See 
Figure 16.140. Thus, the integral becomes 


2T 7/2 3/ sinó 
f / / p^ sin à dpdód0. 
0 n/4 0 


Figure 16.140: Region of integration is 
between the cone and the xy-plane 


(b) The original integral is easier to evaluate, so 


2T 3 p 27 3 
J 1 p r dzdrd0 = ^ ri zr 
o o Jo 0 0 


z= 


=r 2m p3 r3|? 
drd 3 | r? drd@ = 27- —| = 18r. 
a=) 0 0 3 


0 
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42. The region stands on a rectangular base in the xy-plane, with vertical sides and a slanting top, the plane z = 1 + x. See 


Figure 16.141. The integral is 
2 pl plta 
n y Í f(a, y, z) dz dy da. 
o Jo Jo 


z=1+2 


The order of integration can be altered. 


x 


Figure 16.141 


43. The region is a solid ring between the planes z = 2 and z = 3, with inner radius r = v5 and outer radius r = V6. See 
Figure 16.142. In cylindrical coordinates, the integral is 


27 3 V6 
/ n l r dr dz dð. 
0 2 JV 


The order of integration can be changed. 


Figure 16.142 


44. The region is a hollow half-sphere, with inner radius /3 and outer radius V4 = 2. See Figure 16.143. In spherical 


coordinates, the integral is 
T T 2 
/ n L p° sin ọ dp dọ dé. 
0o Jo JVB 
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The order of integration can be altered. 


Figure 16.143 


45. The region stands on a circular base of radius 1 in the zy-plane and has cylindrical sides. The top is part of a sphere of 
radius 3. The cylinder meets the sphere where z? + y? = 1 and x? + y? + z? = 9, so 1 -- z? = 9, z = VB. See 
Figure 16.144. In cylindrical coordinates, the integral is 


2n 1 v 9—r2 
| I ri r dz dr dé. 
0 0 0 


zZ 


Sphere: x? +y? + 22 — 9 


Cylinder: x? + y? = 1 


Figure 16.144 


46. Positive, since e ^ is always positive. 

47. Negative, since y? is negative on B, where y < 0. 

48. Positive, since (x + y?) is positive on R, where x > 0. 
49. Can't tell, since y? is both positive and negative for x < 0. 
50. Can't tell, since x « 0 and y? > 0 on L, where x < 0. 


51. Zero. The solid sphere is symmetric and z is positive on the top half and negative (of equal absolute value) on the bottom 
half. The integral of z over the entire solid is zero because the integrals over each half add up to zero. 


52. Zero. x is positive on the hemisphere z? + y? -- z? < 1, x > 0 and negative (of equal absolute value) on z? + y?+2? < 1, 
x < 0. The integral of x over the entire solid is zero because the integrals over each half add up to zero. 


53. Zero. You can see this in several ways. One way is to observe that xy is positive on the part of the sphere above and below 
the first and third quadrants (where x and y are of the same sign) and negative (of equal absolute value) on the part of the 
sphere above and below the second and fourth quadrants (where and y have opposite signs). These add up to zero in the 
integral of xy over all of W. 

Another way to see that the integral is zero is to write the triple integral as an iterated integral, say integrating first 
with respect to x. For fixed y and z, the x-integral is over an interval symmetric about 0. The integral of x over such an 
interval is zero. If any of the inner integrals in an iterated integral is zero, then the triple integral is zero. 


1568 


54. 


55. 


56. 
57. 


58. 
59. 


60. 


61. 
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Zero. Write the triple integral as an iterated integral, say integrating first with respect to x. Then sin(xy) is integrated 
over an integral symmetric about the origin, and this integral is zero because sin( xy) is an odd function. Since the 
innermost integral is zero so is the triple integral. 

Zero. Write the triple integral as an iterated integral, say integrating first with respect to x. For fixed y and z, the x-integral 
is over an interval symmetric about 0. The integral of x over such an interval is zero. If any of the inner integrals in an 
iterated integral is zero, then the triple integral is zero. 


ryz 


Positive. The function e^ *¥* is a positive function everywhere so its integral over W is positive. 


Negative. Since z? — 1 < 0 in the sphere, its integral is negative. 


Positive. 4/ x? + y? + 2? is positive on W, so its integral is positive. 
The integral is over the region 0 < z? 4- y? < 3, 1 < z < A— z? — y’. Using cylindrical coordinates, we get 


4—r? 


The integral is over the region x,y > 0,27 +y? < 1,0 € z € 4/z? + y?. Using cylindrical coordinates, we get 


i SP z+r au E rz 4 r?) ) dz dr d0 


The region is a hemisphere 0 < xz? --y? -- z? < 3?, z > 0, so spherical coordinates are appropriate. Recall the conversion 
formula x = psin $ cos 0. Then the integral in spherical coordinates becomes 


2m 7/2 3 
/ f J esinees tiim opaco 
0 0 0 
2v 7/2 3 
= f L H p^ sin? $ cos? 0 dp do dO 


= Ti n cos” 0 do d0 
0 
= d 4 [^ cos? 0 - sin e(1 — cos” $) d$ d0 
9 Jo 0 
243 f , 1 3]? 
= — cos’ 0| —coso + 2cos o| dO 
95 Jo 3 
0 
243 [?" 1 
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_ 243 2 (^" 1+cos2 y 
9 3 2 
2m 
81, 1 81 1627 
= “(64 =sin20 -2 (9 ci 59m. 
E +5 sin i z (27 +0) 5 


62. W is a cylindrical shell, so cylindrical coordinates should be used. See Figure 16.145. 


z 


(f 


(TU. 


Mh 
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Figure 16.145 
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63. (a) The region (shaded) is one eighth of the circle z? + y? = 8; see Figure 16.146. The first integral is above the dashed 


line y = 2; the second integral is below the dashed line. 


Figure 16.146 


(b) Converting to polar coordinates, we find the quantity in part (a) is given by 


v8 V8? 2 ,2 2 [v 2 ,2 
f J e ^ " dxdy «f f e  dzdy 
2 0 0 0 
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T 150 1 .g m —8 


64. The depth of the lake is given in meters and the diameter in kilometers. We should work with a single unit of length. In 
this solution we work with kilometers, but meters would work just as well. 
The shape of the lake suggests integration in polar coordinates, with r km measured from the center of the island. 
Thus £ = r — 1 is the distance in kilometers from the island when r varies between 1 and 5. The depth of the lake r km 
from the center of the island is 


-.10(r-1)4-(r-2) 1,80 ru 


Depil 1000 —729" 5 "19 


27 5 2 
Volume of the lake x J nau Et r dr d0 = ŠZ = 20.1 pt 
o Ji 2 5 10 5 


65. (a) The equation of the curved surface of this half cylinder along the x-axis is (y — 1)? + z? = 1. The part we want is 


z=V/1—(y-1)?2 0<y<2 0x10. 


10 p2 pW1-(y-1? 
f anad = / f / f(s, y, 2) de dy da. 
D 0 0 0 


66. Figure 16.147 shows a slice through the region for a fixed x. Breaking the volume into small cubes each of volume 
AV = Aa Ay Az and stacking the cubes above (x, y, 0), starting at z = 0 and going up to z = x + y, tells us the inner 


integral is 
a+y 
/ dz. 
0 


Lining up the stacks parallel to the z axis gives a slice, for each fixed value of x, from y = 0 to x + y = 5, thus the middle 


integral is 
5—z rdy 
| I dz dy. 
0 0 


Finally, adding up the contributions for x = 0 to x = 5 gives the volume, V, as 


5 5—z x+y 5 5—z 
Pa / f dedyde= | f (a + y) dy dx 
0 0 0 0 0 
5 1 5 


-f (zy + 59°) par -f («6 - x) + 26- a) dz = = 


y=0 


(b) The integral 


Figure 16.147 
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67. (a) The region is the half cylinder in Figure 16.148. 


z m 
1i P. á 


P. 


Figure 16.148 


(b) Use cylindrical coordinates with x replacing z and y in place of x and z in place of y. Then 


1 1 v 1-22 i 7/2 1 
J Í J fæ yz) dydzdz = | / f r? -rdr dð dx — x 
-1J-1J0 —1 J -7/2 J0 


68. (a) The density increases at a rate of (25 — 1)/12 = 2 gm/cm? for each cm of radius. Thus, at radius r, 


1 1/2 5 


0 


—1 —71/2 


Density = 1 + 2r gm/cm?. 


2n 12 
Mass — f f (1 4- 2r) r dr dé gm. 
o Jo 


12 


27 2 
Mass -f (5 + 2) 
0 2 3 0 


69. Orient the region as shown in Figure 16.149 and use cylindrical coordinates with the origin at the center of the sphere. 
The equation of the sphere is x? + y? + z? = 25, or r? + z? = 25. If z = 3, then r° + 3? = 25, sor? = 16 and r = 4. 


Thus 


(b) Evaluating gives 


d0 = 27 - 1224 = 24487 gm. 


z—wW 25—r2 


2v 4 V 25—r2? 27 4 
Volume — f | / r dzdrd0 = J J rz drd 
0 0 J3 0 0 
z—3 
A 7 (25—7?)/7 3r? ! 
= n I (ry/ 25 — r? — 3r) drd = 0 p — +) 
0 0 
0 0 


7 195 27 o 52m — 3 
=2n(( à x) 21) g = 54.45 cm’. 


Figure 16.149 
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70. The region of integration is shown in Figure 16.150, and the mass of the given solid is given by 


12 


z = 12 — 4z — 3y 


4x + 3y = 12 
ory = $(12 — 4x) 


Figure 16.150 


Mass = [sav 
R 
3 pi(12-4z) p12—4r—3y 
Y, T z? dz dy dx 
o Jo 0 
3 12-42) z—12—4r—3y 
o 7 z=0 


dydx 
3 pi(2-4x) 
=j f z^ (12 — 4x — 3y) dydx 
0 Jo 
3 


y=4 (12-42) 


-f z? (12y — dry - Sy?) dx 


0 


71. Orient the region as shown in Figure 16.151 and use spherical coordinates with the origin at the center of the sphere. The 
equation of the sphere is x? + y? + z? = 25, or p = 5. The plane z = 3 is the plane pcos = 3, so p = 3/ cos ¢. In 
Figure 16.151, angle AOB is given by 


coso = $ so $ = arccos(3/5). 


The volume is given by 


2m arccos(3/5) 5 
V= J | 1 p° sin ó dpdód0 = 0 
0 0 3/ cos ó 


arccos(3/5) 
125 9 
=| ( 3 — i sin ddd 


p=5 


dp 


p=3/ cos ó 


2m arccos(3/5) p? 
| sin P 
0 0 
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arccos(3/5) arccos(3/5) 
= 20 [i = sin odo — f mem Synodo) 
0 


! arccos(3/5) 
0 


arccos(3/5) 


1 
-9 (có 


0 


5$ G-3-3 (gar) 
:($)) 


UR 
( 


Sphere 
p=5 


Figure 16.151 
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72. Let the lower left part of the forest be at (0, 0). Then the other corners have coordinates as shown. The population density 


function is then given by 
p(z, y) = 10 — 2y 


The equations of the two diagonal lines are x = —2y/5 and x = 6 + 2y/5. So the total rabbit population in the forest is 


5 p6t2y 5 4 
f {| (10 — 2y) dzay= | (10 — 2y) (6 + zy) dy 
0 J-2y 0 


8 


= 300 — 50 — —- 125 
15 
2750 | 550 
=> Å— >_— g l 
15 3 x 


73. We use spherical coordinates. Since the density, ó, is equal to the distance from the point to the origin, we have 
ô = p gm/cm?. 


Therefore the mass of the hemisphere is given by 


Msc [^ [ J p:p *sinddpdoaa = | [ 2 


1/2 


-[^ [ ‘singagdo=a f" (— cos $) 
o Jo 0 0 


sin $ dod 


d0 = 4- 27 : 1 = 8r gm. 


74. Since the hole resembles a cylinder, we will use cylindrical coordinates. Let the center of the sphere be at the origin, and 


let the center of the hole be the z-axis (see Figure 16.152). 
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R 

zZ 
a^ —R 

iu 

al 
y 
E x 
Figure 16.152 
Then we will integrate from z = — v'a? — R? to z = Va? — R?, and each cross-section will be an annulus. So the 


volume is 


V a? — R2 2n V a2—2 a2? — R2 Qn 1 
J n 1 raravde= | I = (a? — z? — R?) dé dz 
-ya Jo Jr - o 2? 


75. We must first decide on coordinates. We pick Cartesian coordinates with the smaller sphere centered at the origin, the 
larger one centered at (0, 0, — 1). A vertical cross-section of the region in the xz-plane is shown in Figure 16.153. The 
smaller sphere has equation £? + y? + z? = 1. The larger sphere has equation x? + y? + (z+ 1)? =2. 


z r? +y? +2? =1 
r4 
z?--y? E (z4-1) =2 
4 zx 
—1 
Figure 16.153 


Let R represent the region in the xy-plane which lies directly underneath (or above) the region whose volume we 
want. The curve bounding this region is a circle, and we find its equation by solving the system: 


r +y +z? =1 
2 2 2 
z cy +(z+1) 22 
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Subtracting the equations gives 


(241 —2* 21 
224121 
z=0. 


Since z = 0, the two surfaces intersect in the zy-plane in the circle z? + y? = 1. Thus Ris x? + y? < 1. 
The top half of the small sphere is represented by z = 4/1 — x? — y?; the top half of the large sphere is represented 


by z = —1 + 4/2 — x? — y?. Thus the volume is given by 


1— VA - a2 -y2 
Volume — 1 [— M. dz dy dz. 
V 2-x2 y? V 2-x2 y? y? 


Starting to evaluate the integral, we get 


1 V 1-22 
Volume = f / (y 1-— zr? -— y? +1-— y2- x? — y?) dydz. 
—14—4X1-z2 
We simplify the integral by converting to polar coordinates 


2m 1 
Volume = f I ( 12741- y2- 7) rarde 
o Jo 
2n — 4338/2 2 o p2)3/2 
=j Uer ar ea ae 
n 3 2 3 " 


( a | 3) -x( 2: = 1.41. 
3 3 6 3 


76. Suppose the brick is set up as shown in Figure 16.154. 


1 


Figure 16.154 


The brick has m/v = density = 1. The moment of inertia about the z-axis is 


I; r L. fx (a? + y?) dz dy dx 
—5/2 J —3/2 J —1/2 


5/2  p3/2 
“Leal (x? + y?) dy dx 
—5/2 J —3/2 


i 


Ws. dB 85 


4 4 2 
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The moment of inertia about the y-axis is 


5/2 53/2 p1/2 
Ty >] / J 1(x?° + 2°) dz dy dx 
—5/2 J —3/2 J —1/2 


5/2 p3/2 1 
= / (a? + —) dy dx 
—5/2 J —3/2 12 


5/2 1 
J (30? + jd 


5/2 
125 5 65 


4 0479 


The moment of inertia about the x-axis is 


5/2 3/2 1/2 
Is / L(y? + 2°) dz dy dx 


—5/2 J —3/2 1/2 
5/2 3/2 1 
-f J (y^ + 75) dy dz 
—5/2 J —3/2 
5/2 
9 1 
= (= + =)dx 
-5/2 4 4 
10 25 
ms m 


77. Let the ball be centered at the origin. Since a ball looks the same from all directions, we can choose the axis of rotation; 
in this case, let it be the z-axis. It is best to use spherical coordinates, so then 


z? 4- y? = (psin $ cos0)? + (psin dsin 0)? 


= p. sin? [o 


Then m/v = Density = 1, so the moment of inertia is 


R 27 T 
L= | / f 1(p? sin? $)p? sin 6 dẹ d0 dp 
0 0 0 


R 2v T 
= f / / p^ (sin ¢)(1 — cos? $) do dé dp 
0 0 


R 2m 1 T 
= / f p^ (— coso + 2 cos? ġ)| d6 dp 
o Jo 3 


0 


o 


78. Set up the cylinder with the base centered at the origin on the xy plane, facing up. (See Figure 16.155.) Newton's Law of 
Gravitation states that the force exerted between two particles is 


mime 


F-GT 


where G is the gravitational constant, mı and mz are the masses, and p is the distance between the particles. We take a 
small volume element, so mı = m, and m2 = ódV . In cylindrical coordinates, if m is at (0,0,0) and ddV is at (r, 0, z), 
(see Figure 16.155), then the distance from m to ódV is given by p = Vr? + z? for rı <r € ra and 0 € z <h. 
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ódV 


Figure 16.155 


Due to the symmetry of the cylinder the sum of all the horizontal forces is zero; the net force on m is vertical. The force 
acting on the particle as a result of the small piece dV makes an angle @ with the vertical and therefore has vertical 
component 


Vertical force on 
particle from small — 
piece of cylinder 


Thus, since dV — rdzdrd0, 


2n T2 h 
Total force — f I | erp dzdrd0 
EE = 2nGms [^ lo rl yg — —— cz drdz 
T] 
-—9 i (: 2 —— d 
n (r? + n?) 


= 2nGmó(r — (r? + 221 


GmódV GmódV z Gmóz 
ee ae LLC 
r2 + 22)? r? + z? r2 + z2 (r2 + 22)2 


= 2nGmó(ra — ri — y r2 + a Torch). 


79. (a) The constant k is determined by the condition that Í R k(x + y)dA = 1 where the region R is the quarter disk with 
radius 10 
et+y<100 z>0 y0. 


Using polar coordinates gives the integral 


7/2 10 
f k(x + y)dA = / f k(r cos 0 + rsin @)r dr d0 
R 
a [* r? (cos 0 + sin 8)dr dO 


=f" A (cos 0 + sin 0)d0 


T 


.. 1000k ? — 1000k > — 2000k 


3 3 


(sin 6 — cos 8) 


0 
Since 2000/3 = 1, we have k = 3/2000. 
(b) Evaluate the integral Ja fdA where S is the region 0 < r € 7,0 < 0 < 7/2. We have 


3 7/2 T 
| fdA = 3000 ama | NE r^ (cos 0 + sin Q)dr d0 = 2000 |; z (cos 0 + sin 0)d0 
3 
= T 0 — cos ej a2 pe . 
3x9 2000' 1000 


The probability that the point is closer than 7 units from the origin is 343/1000. 
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CAS Challenge Problems 


80. The region is the triangle to the right of the y-axis, below the line y = 1, and above the line y = x. Thus the integral can 
be written as f E f e" dydz or as f 4 f. H ev dxdy. The second of these integrals can be evaluated easily by hand: 


1 y 2 1 2 7=4 1 5 
| Í e" drdy = [i Ge ) dy = / ye" dy 
0 0 0 r—0 0 


0 


Il 
l 
e 


The other integral cannot be done by hand with the methods you have learned, but some computer algebra systems will 
compute it and give the same answer. 


81. In Cartesian coordinates the integral is 


1 v 1-2? 
| V z? + y? da= | / A/ z? + y? dyda. 
D —14-—4/1-z? 


In polar coordinates it is 


27 1 27 1 
f ra= f f VF rarao = | EL 
D 0 0 0 0 


2v 
3 67 
= — d0 = — 
] 89-5 


The Cartesian coordinate version requires the use of a computer algebra system. Some CASs may be able to handle it 
and may give the answer in terms of functions called hypergeometric functions. To compare the answers are the same you 
may need to ask the CAS to give a numerical value for the answer. It's possible your CAS will not be able to handle the 
integral at all. 


1 po 

rcty 0 O0 fl zy = ] ; 

82. f D CE dydx = 1/2 and 153 Jo mes dxdy = —1/2. This does not contradict the theorem because the 
function is not continuous everywhere inside the region of integration. In fact, it is not even defined at the origin. 


83. 


h ph 
Average value for F zh (a + bz * + cy* + dz^y? + ea?y?) dx dy 
Area J Jon 


6 6 6 
uc (n 2 Ach +) 


4h? 5 5 9 


1 4 
a+ zz (9b + 9c + 5d) h 


The limit is 
lir ı (a + — 9b + 9c + T h =a 
h 1 ( 45 ( ) ) 


Notice that F(0,0) = a. 


h ph 
Average value for G = T / Í (asin(kx) + bcos(ky) + c) dx dy 
-hJ -h 
1 (4 (ch?k + bhsin(hk)) 
Ah? k 


an bsin(hk) 
hk ` 


The limit is 
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Notice that G(0, 0) = b + c. 
Finally, 


(a+b) (—1 +e") (-2 — 25 — h? + e™ (2 — 2h + n?)) 


Average value for H = Ac2h h2 


You may need to simplify the answer given by your CAS to get this form. The limit of this as h — 0 (calculated with a 
CAS) is 0. This is equal to H (0, 0). 

In each case the limit of the average values over smaller and smaller squares centered at the origin is equal to the value 
of the function at the origin. We conjecture that this is true in general for a continuous function. This makes sense because 
when the square is small, the function is approximately constant on the square with value equal to its value at the origin. 


Therefore the integral is approximately the area times the value of the function, so the average value is approximately the 
value of the function. This approximation gets better and better as h — 0. 
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1. (a) We are integrating over the whole plane, so converting to polar coordinates gives 


B6 oo " 5 2T oo 5 2T 1 5 oo 2T 1 
eG +y) dredy = e" rdrdü = —ze | dé 540 = m. 

2 2 
—oo J — 00 0 0 g 9 " 


(b) Rewriting the integrand as a product gives 


/ J e G^ dedy = J J et et dady. 


2. . : : 
Nowe " isa constant as far as the integral with respect to x is concerned, so 


ji J ee dedy =i ev (/ 2) dy. 


We assume that the integral with respect to x converges, and so is a constant as far as the integral with 
respect to y is concerned. Thus, we have 


joe SL 


oo — 2 co a? . 
But aon € * dx and J-e € ? dy are the same number, so we can write 


oo oo oo oo oo 2 
J J e- G^ ro dredy = (/ ear) (/ Yay) = (J = ‘ 


(c) Using the results of parts (a) and (b), we have 


oo 2 oo oo 
(J etas) = / e~t) dedy -— gp 


Taking square roots and observing that the integral we are looking for is positive, we have 


II 


J e * dy = Vm. 
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2. (a) We want to find the average value of |x — y| over the square 0 < x <1,0<y<1: 


1 pl 
Average distance between gates = J I |x — y| dy dz. 
o Jo 


— > 
Let's fix x, with 0 < x < 1. Then |x — y| = n eu c . Therefore 
r—y fory<2 
1 T 1 
| je—yldy = | (e—y)ay + | (2) tu 
0 0 x 
2\ |7 2 1 2 2 
=| pe M NIE P ug 
= (os S) w) | 72 z t3 oe tT 
1 
E" ee 
=% or 
So, 
1 pl 
Average distance between gates = | |x — y| dy dx 
o Jo 
1 1 1 1 
-f (/ je —yldy) ax = | (x? —2+=)dz 
0 0 0 2 
a x ol x d 
= —— — — = = =, 
3 2 2 |, 3 
(b) There are (n + 1)? possible pairs (i, 7) of gates, i = 0,...,n,7 = 0,...,n, so the sum given represents 


the average distances apart of all such gates. The Riemann sum with Ax = Ay = 1/n, if we choose the 
least x and y-values in each subdivision is 


n—1n-—1 " 
2,25 Ie 
Lad Lajin n| n? 
i=0 j=0 


which for large n is just about the same as the other sum. For n = 5 the sum is about 0.389; for n = 10 
the sum is about 0.364. 
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CHAPTER SEVENTEEN 


Solutions for Section 17.1 


Exercises 


1. Since we are moving on the y-axis, x = 0, and y goes from —2 to 1. Thus a possible parameterization is 


z—0, y=t, 2<t<1. 


2. We want a quarter-circle of radius 2 starting at (2, 0) and ending at (0, 2). The equations x = 2 cos t, y = 2 sin t describe 
counterclockwise motion in a circle of radius 2 centered at the origin, passing (2, 0) when t = 0 and (0, 2) when t = 7/2. 
So a possible parameterization is 

x=2cost, y-—2sint, 0<t<7/2. 


3. As we move down the straight line from (0, 3) to (1, 0), x increases linearly from 0 to 1 and y decreases linearly from 3 
to 0. Thus a possible parameterization is 


r—t, y=3-3t, 0<t<1. 


4. We want the bottom half of a semicircle of radius 1 centered at (0, 1). The equations x = cost, y = 1 + sint describe 
clockwise motion in this circle, passing (—1, 1) when t = 7 and (1, 1) when t = 27. So a possible parameterization is 


x=cost, y=1+sint, m<t< 2r. 


5. We want the straight line segment from (1, 1) to (3, 2). The position vector of (1, 1) is? +J and the displacement vector 
from (1, 1) to (3, 2) is 2i + j , so the line has equation 
F =i +J +2 +7), 
or 
r=1+2%, y=1+t. 


This passes (1, 1) when ¢ = 0 and (3, 2) when t = 1, so a possible parameterization is 


ga=14+2t, y=1+t, O<t<1. 


6. The curve is a segment of a parabola y = ax? starting at (0, 0) and ending up at (2, 2). Thus the parabola has equation 
y= iz?. Since x goes from 0 to 2, a possible parameterization is 
lio 


z—t, y= zt 


<t< 2. 
2 Osts 


7. One possible parameterization is 


8. One possible parameterization is 


9. One possible parameterization is 


10. One possible parameterization is 
$—5, y= —-14+5t, z=1+2t. 


11. One possible parameterization is 
e2=1+3t, y=2-3t, z=3+t. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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One possible parameterization is 


e=—-342t, y=442t, z—-—-2-—8t. 


The displacement vector from the first point to the second is ® = (—1 — (—3))7 T ( 3 (-2)5 + (-1-1)k = 
2i — j — 2k. The line through point (—3, —2, 1) and with direction vector U = 2i — j — 2k is given by parametric 
equations 

z= —3 + 2t, 

y =-2-t, 

z= 1— 28: 


Other parameterizations of the same line are also possible. 


The displacement vector from the first point to the second is Y = 4i — 5j — 3k . The line through point (1, 5, 2) and 
with direction vector 7 = 47 — 5j — 3k is given by parametric equations 


z —]1-At, 
y —5-— 5t, 
z=2- 3t. 


Other parameterizations of the same line are also possible. 


The vector connecting the two points is 3i — j + k . Soa possible parameterization is 


r=2+3t, y=3-t, z—-—1l-t. 


The line passes through (3, —2, 2) and (0, 2, 0). The displacement vector from the first of these points to the second is 
T = (0—3)i -(2—(—2)j --(0—2)k = —37 +47 — 2k. The line through point (3, —2, 2) and with direction 


vector  — —3i + 4j — 2k is given by parametric equations 
x=3- 3t, 
y = —24 4t, 
z—2-— 9t. 


Other parameterizations of the same line are also possible. 


The line passes through (3, 0, 0) and (0, 0, —5). The displacement vector from the first of these points to the second is 
V = —3i — 5k. The line through point (3, 0, 0) and with direction vector ¢ = —3i — 5k is given by parametric 
equations 

z=3- 3t, 

y = 0, 

z = —Bt. 


Other parameterizations of the same line are also possible. 


A vector along the line through these points is ¢ = 2i + 2j — k. Since the line goes through the point (2, 1,3), a 
parametric equation for the line segment is 


z—2-F26y—1-42t,2—3-—t with Oc t« 1. 
Since the radius is 3, the center is (0, 0, 5), and the circle lies in the z — 5 plane, a parametric equation is 
x = 3cost,y = 3sint,z = 5, for 0 € t « 2m. 
The vector ñ = 2i — 3j — k is normal to the plane, so the line is in the direction of 7? and through the point (1, 1, 6). 


A possible equation is 
ag=1+2t,y=1-3t,z=6-t. 


The zy-plane is where z = 0, and to make the particle go in the clockwise direction we start at (2, 0, 0) and head in the 
negative y-direction. Thus one possible answer is 


X = 2cost, y= —2sint, z=0. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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Since the radius is 2, the circle must be of the form x = 2 cost, y = 2sint, z = 1. But this parameterization traces out the 
circle clockwise when viewed from below. Therefore, the parameterization we want is x = 2 cos t, y = —2sint,z = 1. 


The xz-plane is y = 0, so one possible answer is 


y -—2cost, y=0, z=2sint. 


The circle lies in the plane z — 2, so one possible answer is 


y -—3cost, y=3sint, z=2. 


The yz-plane is x = 0, so the circle of radius 3 in the yz-plane centered at the origin would have equations 
zx=0, y-3cost, z=3sint. 
To move the center to (0, 0, 2) we add 2 to the equation for z, so one possible answer is 


x=0, y-—3cost, z=2+3sint. 


The circle of radius 5 in the yz-plane centered at the origin has equations 


y—0, y-5cost, z=5sint. 


To move the center to (—1, 0, —2), we add —1 to the equation for x and —2 to the equation for z, so one possible answer 


is 
z=-l, y=5cost, z= —2 + 5sint. 


The xy-plane is z = 0, so a possible answer is 


The xy-plane is z = 0, so a possible answer is 


The plane z = 2 cuts the cone z = \/x? + y? in the circle 


2 = 1/2? +y. 
This circle is centered on the z-axis, lies in the plane z = 2, and has radius 2. A parametric equation is 


x = 2cost,y = 2sint,z = 2, for 0 € t « 2r. 


Since the curve is parallel to the zy-plane, z is constant, and since it passes through (0, 4, 4), we have z = 4. One possible 


answer is 
c=t, y=4—5t*, 2=4. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 
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Since its diameters are parallel to the y and z-axes and its center is in the yz-plane, the ellipse must lie in the yz-plane, 
x = 0. The ellipse with the same diameters centered at the origin would have its y-coordinate range between —5/2 and 
5/2 and its z-coordinate range between —1 and 1. Thus this ellipse has equation 


5 : 
q—0, y= z Cost, Zz — sint. 


To move the center to (0, 1, —2), we add 1 to the equation for y and —2 to the equation for z, so one possible answer for 
our ellipse is 


z-—0, y= 145 cost, z = —2 + sint. 


Since its diameters lie along the x and y-axes and its center is the origin, the ellipse must lie in the xy-plane, hence at 
z = 0. The x-coordinate ranges between —3 and 3 and the y-coordinate between —2 and 2. One possible answer is 


z=3cost, y=2sint, z=0. 


Since its diameters are parallel to the x and z-axes, the ellipse must be parallel to the xz-plane. The ellipse with the same 
diameters, but centered at the origin, would have its x-coordinate range between —3/2 and 3/2 and its z-coordinate range 
between —1 and 1. Thus this ellipse has equation 


qc 5 cost, y=0, z=sint. 


Since our ellipse has center (0, 1, —2), it must be in the plane y = 1. To move the center to (0, 1, —2), we add 1 to the 
equation for y and —2 to the equation for z, so one possible answer for our ellipse is 


3 
z= z cost, y=1, z= -—2 + sint. 


The displacement vector between the points is ù = 3i +5k,soa possible parameterization of the line is 


e=-1+3t, y=2, z=-3+5t. 


The vector from Po to P; is? = (5-- 1)? + (2+3)7 = 6i +57. Since Py = —7 — 37, the line is 


F(t) 2—1 —3j +t(6i +57) forO<t<1. 


In coordinate form, the equations are x = —1 + 6t,y=—-3+4+5t,0<t<1 
The vector from Pp to P; is 7 = (4—1)i + (1 +3)J + (—3—2)k = 37 + 4J — 5k. Since Po has position vector 
i= 3j + 2K , the line is 


P(t)—1—3j +2k +t(3i +47 —5k) forüct«1. 


In coordinate form the equations are x = 1 + 3t, y = —3 + 4t, z = 2 — 5t. 


Since the semicircle is in the yz-plane we have x = 0. A circle of radius 5 in the yz-plane, centered at the origin and 
parameterized in the clockwise direction (from the positive z-axis toward the positive y-axis), goes from (0, 0,5) to 
(0, 0, —5). It has equations y = 5 cost and z = —5sint. The semicircle where y > 0 is the obtained by restricting t to 
—m/2 < t < m/2. Thus a possible answer is 


v—0, y=5cost, z= —5sint, —n/2<t< 7/2. 


Since the semicircle is in the zy-plane we have z = 0. A circle of radius 1 in the zy-plane, centered at the origin 
and parameterized in the counterclockwise direction, goes from (1,0,0) to (—1,0,0). It has equations x = cost and 
y = sint. The semicircle where y > 0 is the obtained by restricting t to 0 < t < 7. Thus a possible answer is 


z= cost, y=sint, z=0, O<t<m. 


40. 


41. 


42. 
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The graph is parameterized by x = t, y = vt. To obtain the segment, we restrict t to 1 < t < 16. Thus one possible 
answer is 
c=t, y=vi, 1<t< 16. 


The line segment PQ has length 10, so it must be a diameter of the circle. The center of the circle is therefore the midpoint 
of PQ, which is the point (5,0). The upper arc of the circle between P and Q can be parameterized as follows: 

F(t) =5¢ +5(— costi --sintj), O<t<z. 
The lower arc can be parameterized as follows: 

F(t) =5¢ + 5(costi --sint), m<t< 2r. 


The equation for z is z = 3. The x-coordinate goes from 4 to 0 and the y-coordinate from 0 to —3, so possible equations 
for x and y are x = 4cost and y = —3sint, with t from 0 to 7/2. Thus one possible answer is 


zr = 4cost, y= —3sint, z=3 0<t<7/2. 


Problems 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


We find the parameterization in terms of the displacement vector OP = 2i + 5j from the origin to the point P and the 
displacement vector PQ — 10i + 4j from P to Q. 

F(t) = OP + tPQ or, expressed in coordinates, 7 (t) = (2 + 10)? + (5 + 4t)7 . To see that this is correct, note 
that the equation parameterizes a line because it is linear, that t = 0 corresponds to OB + OPO = OP, the vector from 


the origin to P, and that t = 1 corresponds to OP + iPQ E OQ, the vector from the origin to Q. 
We find the parameterization in terms of the displacement vector OP = 2% + 5j from the origin to the point P and the 
displacement vector PQ — 10i + 4j from P to Q. 

F(t) = OP + (t/5)PQ or F (t) = (2 + (t/5)10) + (5 + (£/5)4)7 
We find the parameterization in terms of the displacement vector OP -2i + 5j from the origin to the point P and the 
displacement vector PQ — 10i + 4j from P to Q. 


F() = OP + (- w) PQ = (2+ (>) 10) pP. (5+ (>) 1) i 


We find the parameterization in terms of the displacement vector OP =2 + 5j from the origin to the point P and the 
displacement vector PQ — 10i + 4j from P to Q. 
F(t) = OP + (t — 10) PQ or F (t) = (2 + (t — 10)10)£ + (5 + (t — 10)4)7 
We find the parameterization in terms of the displacement vector OP = 2% + 5j from the origin to the point P and the 
displacement vector PQ —10j + 4j from P to Q. 
F(t) = OP — tPQ or F (t) = (2— 10t)i + (5 — 4t)j 


Substituting t = —1 into the parametric equations tells us that the plane passes through the point 
(x, Y, z) = (8, —12, —6). 
A vector parallel to the line is @ = =i + 5j + 6k . This vector is normal to the plane, so an equation for the plane is 


—3(r — 8) + 5(y + 12) + 6(z 4-6) 20, or 
—3x + 5y + 6z = —120. 


The line is in the direction of the vector © = 7i + 3j — 2k and the vector ii = 27 — 3j -- 5k is normal to the given 
plane. If the vectors © and 7 are perpendicular then the line and the plane are parallel. Since 


v.d = (7)(2) + (3)(—3) + (—2)(5) = -5, 


the line and the plane are not parallel. 
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50. These equations parameterize a line. Since (3 + t) + (20) + 3(1 — t) = 6, we have z + y + 3z = 6. Similarly, 
xz — y — z = (3 + t) — 2t — (1 — t) = 2. That is, the curve lies entirely in the plane ory + 3z = 6 and in the plane 
x — y — z = 2. Since the normals to the two planes, mi = i Hj 3k and =i — j — K are not parallel, the line is 
the intersection of two nonparallel planes, which is a straight line in 3-dimensional space. 


51. (a) A vector on the line will lie in both planes and will therefore be orthogonal to both normal vectors. To produce a 
vector orthogonal to two given vectors, you can take their cross product. 

(b) The vector (i + 27 — 3k) x (31 — j +k) 2 —i — 10j — TK is parallel to the line. 

(c) We need a point on the line and a vector parallel to the line. We found a vector in part (b). To find a point, we 
set z = 0 and solve for x and y in the equations for the planes. We have x + 2y = 7 and 3x — y = 0 from 
which x = 1 and y = 3. Hence, the point (1,3, 0) is on the line. Finally, a parametric equation for the line is 
F = (1—t)i + (3 — 10t)j — Ttk . Other answers are possible. 


52. The vector 2j — j + K is in the direction of the line and therefore parallel to the plane. The line (and thus the plane) 
contains the point (1, 3, 4). The displacement vector between (1, 3, 4) and (2,3, 4) is the vector 7 , and this vector is also 
parallel to the plane. A normal, 7 , to the plane is the cross product 


ES 
Q&Q 
ov 


100 


The equation of the plane has the form y 4- z — d. Substituting either of the points gives 


ytz=7. 


53. (a) The line is parallel to a normal vector, ři , to the plane 
ü-23i—3j —k. 
Since the line goes through the point (1, 3, 7), its equation is 
— (È +37 +7k)+t(2 — 37 — Kk). 
(b) Rewriting the equation of the line as 


g=14+2t, y=3-3t, y=7-t, 


we substitute into the equation of the plane 2r — 3y = z to get 
2(1 + 2t) —3(3—3t) 2 7-t 
444+ 9t+t=7-2+4+9 
t=1. 


Thus, the point of intersection is x = 3, y = 0, z = 6. 
(c) The distance between (1,3, 7) and the plane is measured along the line perpendicular to the plane. Thus, it is the 
distance from (1,3, 7) to (3, 0, 6): 


Distance — 


54. (a) The line segment starting at Po and ending at P, is parametrized by 


F(t) = OP5 +tPoPi, O<t<l. 


We write this in coordinates: Let = = (0, yo, 20) and Pj = (x1, y1, 21). Then a vector between the points is 
DD - TH 
PoP, = (xı — zo)i + (yı — yo)À. + (z1 — zo)k , so 


> > E 


F(t) = (xoi --yoj + zok ) + t((z1 — zo)t + (y1 — yo)F + (21 — zo)k ), 


or 


a(t) = xo +t(a1 — zo) = (1— t)zo + tzi 
y(t) = yo + t(y1 — yo) = (1— t)yo + ti 
z(t) = Zo + t(z1 — zo) = (1 — t)Zo + tz1 


55. 


56. 


57. 


58. 


59. 


60. 
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Thus we have 
F(t) = (1—-t)OP +tOP. 
(b) The parametric equation 7’ (t) = (OP, + (1— t)OP, ,0 < t < Lis the line segment from P, to Po, the same line 
segment as in part (a), but traversed in the opposite direction. 


(a) Normal vectors to the two planes are 
5ü;—2i—j —3k and z= +] +k. 


The vector 71 X 72 is perpendicular to both planes and parallel to the line of intersection: 


>- 
S 
zu 


fa X Ne =|2 —1-—3 -9i 5j 3k. 
Td -T 


(b) To check that the point (1, — 1, 1) lies on the planes, substitute into each equation. 
2y — y — 3z = 2. 1 — (-1)- 3.120 
e+tyt+z=1-14+1=1. 


Thus, the point lies on both planes. 
(c) Parametric equations of the line are 


z=14+2t, y=-—1- 5, z=1+3t. 


Since the point of intersection is on the plane 2x — 3y + 5z = —7 and on the line 
w@=54+7t, y=4+3t, z=—3-2t 
for some t, substituting the equations of the line into the plane equation gives 


2(5 + 7t) — 84 + 3t) + 5(—3 = 2t) = T. 


Solving for t gives t. = —2 and so the point of intersection is x = 5 + 7(—2) = —9, y = 4 + 3(—2) = -2, 
z = —3 — 2(—2) = 1. 

The coefficients of t in the parameterizations show that line 7^, is parallel to the vector zu + 2j +k and line 72 is 
parallel to —6i + 4j + 3k . Since these vectors are not parallel, the lines are not parallel, so the lines are different. 


The coefficients of t in the parameterizations show that line 7^, is parallel to the vector zd + j + 2k and line F2 is 
parallel to 6i — 2j — AK . Since these vectors are parallel, the lines are parallel. To see if they are the same line, check 
whether they have a common point. If so, every point is common. Pick any point on 7' 1, say where t = 0, which shows that 
the point (5, 1; 0) is on line 7^1. To determine whether this point is on line 72, search for a solution of the simultaneous 
equations 


2+6¢=5 2—2t—1 2—4t-0. 
The solution of the first equation is t = 1/2, which also solves the other two equations, which shows that the point 
(5, 1, 0) is on line 72, corresponding to t = 1/2. 
Since the two lines are parallel and go through a common point, they are the same line. 

The coefficients of t in the parameterizations show that line 7^, is parallel to the vector —3i + j + 2k and line F2 is 
parallel to 6i — 2j — 4k. Since these vectors are parallel, the lines are parallel. To see if they are the same line, check 
whether they have a common point. If so, every point is common., Pick any point on 7^1, say where t = 0, which shows 
that the point (5, 1, 0) is on line ^1. To determine whether this point is on line 7’ 2, search for a solution of the simultaneous 
equations 


2+6¢=5 2—2t—1 3—4t-—0. 


The solution of the first equation is t = 1/2, which is not a solution of the third equation, so there is no common solution. 
The two lines are parallel but they are different, because one line contains the point (5, 1, 0) and the other does not. 


The lines intersect if 


c+t=s 
1l+t=l1-s 
5+t=3+s. 


Solving the last two equations gives t = —1 and s = 1. Substituting into the first equation gives c = 2. 
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61. (a) The line can be written as 
£—2-43t, y=5+t, z= 2t. 


We substitute into x + y + z = 1 and solve 


(2+3t)+(6+0+2=1 
6t+7=1 
t=-1. 


Thus, the point is (a, y, z) = (2 + 3(—1), 5 — 1, 2(—1)) = (—1,4, —2). 
(b) The vector 0 = 3i +7 + 2k is parallel to the line; the normal vector ñ = i Hj +k is perpendicular to the plane. 


Thus 
i j k 
QU xw Be qp 39 =-i—-j +2k 
1 1 1 


is perpendicular to the line and lies in the plane. Other answers are possible. 
(c) The line passes through (— 1, 4, —2) and is parallel to —i — j + 2k . Its equation can be written 


= 


F=-i+447 —2k +t(-i -j +2k). 


62. Add the two equations to get 3x = 8, or £x = &. Then we have 


n 1 
— Z-—-. 
d 3 
So a possible parameterization is 
8 1 
CSS, t, =—+t. 
gm “<3 
63. Add the two equations to get 2x+3z = 5, or z = — iz + 3. Subtract the two equations to get 2y — z = 1, ory = iz I i. 
So a possible parameterization is 
x 2. + a 1, + l t 
= — = — = = — moy. 
cus M E. 


64. Let f(x,y,z) = a? + y? — z. Then the surface z = x? + y? is a level surface of f at the value 0. The gradient of f is 
perpendicular to the level surface. 


grad f = 2xi t 2yj k —2i +47 k. 


So a possible parameterization is 
g=14+2t, y=2+4t, z-—5-t. 


65. Parametric equations for a line in 3-space are in the form 


x = xod-at 


= Yo + bt 


z = zo + ct 


where (£o, yo, zo) is a point on the line and the direction vector is = ai +bj -+ ck . We are given the point as (—4, 2, 3). 
The vector J + k is parallel to the yz-plane and at an angle of 45° to both positive y- and z-axes. Thus, the direction 
vector for this line is Y = 7 + k . Parametric equations for this line are 
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66. The question is equivalent to asking if the line through (—3, —4, 2) and (4, 5, 0) enters the sphere et+yt2=1A 
parameterization for this line is given by 


c=-34+7t, y=—44+9t, z=2— 2t. 


We want to see whether the line intersects the sphere z? + y? + z? = 1. Substituting we have 
(-34 70" + (—4 + 9%)? + (2-2)? e 
29 — 122t + 1342? = 0 


Since (122)? — 4(29)134 « 0, this equation has no real solutions. Thus, the line does not enter the sphere and the point 
is visible. 


67. (a) 


(b) 


(c) 


68. (a) 


(b) 


69. (a) 
(b) 
(c) 
(d) 


70. (a) 


Both paths are straight lines, the first passes through the point (— 1, 4, — 1) in the direction of the vector i- j 2k 
and the second passes through (—7, —6, —1) in the direction of the vector 2i + 2j +k. The two paths are not 
parallel. 

Is there a time t when the two particles are at the same place at the same time? If so, then their coordinates will be 
the same, so equating coordinates we get 


—1+t=-7+2t 
4—t=-6+2t 
-1 +2t=-—1+t. 


Since the first equation is solved by t = 6, the second by t = 10/3, and the third by t = 0, no value of t solves all 
three equations. The two particles never arrive at the same place at the same time, and so they do not collide. 
Are there any times tı and t2 such that the position of the first particle at time tı is the same as the position of the 
second particle at time t2? If so then 
—1 + ti = —7+ 2t2 
4— t4 = —6 + 2t2 
—14 2t; = -1 + t2. 


We solve the first two equations and get tı = 2 and t2 = 4. This is a solution for the third equation as well, so the 
three equations are satisfied by tı = 2 and t2 = 4. At time t = 2 the first particle is at the point (1, 2, 3), and at time 
t = 4 the second is at the same point. The paths cross at the point (1, 2, 3), and the first particle gets there first. 


The particle moves clockwise around a circle with center (a, a) and radius b, starting at (a, a + b). The motion has 
period 27 / k. 
(i) Increasing b increases the radius. 
(ii) Increasing a moves the center away from the origin along the line y — x. 
(iii) Increasing k makes the particle move faster and reduces the period. 
(iv) If a = b, the circle touches both the z- and y-axes at the points (a, 0) and (0, a), respectively. 


The curve is a loop because temperature and salinity go through the same changes every year. 
Att = 8, mid-August. 
At t = 4, mid-April. 
From the graph, we have (approximately) T'(5) = 15.9, T'(6) = 17.8, and T(7) = 20.4. Using a difference quotient, 
we have 
dT 


~ 1(7) -T(5) 
dt 


2 = 2.25 °C/month. 


t=6 
The seawater temperature in mid-June is increasing at a rate of about 2°C per month. 

The particle is moving in the direction of the vector & = (-2 — 0)? + (2— 1)j -(-2—0)k — —2i +7 — 2k. 
Since at the point (0, 1, 0) 


= (—2xi — 2yj = 2zk ) eta? +27) —-—2e j, 
(0,1,0) (0,1,0) 


gradc 


the directional derivative, which gives the rate of change we want, is given by 


ag) Di +7 — 2k 


2 i 3 
cz = (-2e j): ——= = — e microgr/m” per meter. 
(—2)? + 12 + (-2)? 3 
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(b) Substituting the parametric equation of the curve into the concentration, we have the concentration as a function of t: 


22 


+ 


e(t) E on (2-87)? +474 (1-17)?) E CO 


Differentiating gives 


c(t) = — (4 (1 = 8) (126) + 26) e7 C0), 
Setting c'(t) = 0 and observing that ere) # 0, we have 


— (4(1— €) (-20) + 2t) =0 
t(-4(1- £8) +1) 20 
t(a? —3) 20 


t = 0, £~. 


Since c(t) — 0 as t — oo, one of the critical points gives the global maximum. Substituting gives 


c(0) = e^? = 0.135 


- ($) = e7 (2073/2? 63/4) _ e77/8 — 0.417. 


Thus, the maxima occur at t = +/3 /2 seconds. 


71. The three shadows appear as a circle, a cosine wave and a sine wave, respectively. 


Figure 17.1 


72. (a) Equations II represent the line y = z. 
(b) Equations IV represent the line x + y = a. Since a > 0, this line is not through the origin. 
(c) Equations V give the hyperbola z? — y? — a?. 
(d) Equations I represent the circle z? + y? = a?, traversed clockwise starting at (0, a). 


(e) Equations III represent the circle £? + y? = a?, traversed counterclockwise starting at (a, 0). 


73. (a) Parametric equations are 
z—2-at, y=1+bt, z=3+4 ct. 


(b) The line goes through the origin if the position vector 2i + j + 3k is parallel to the vector ai + bj + ck . This 
occurs if a, b, c are in the ratio 2 : 1 : 3; that is if 


74. (a) The vector -2i + 7j + 4k is parallel to the line. A normal to the plane is ai + bj + ck . We want the normal to 
the plane to be parallel to the line, so we take a = —2, b = 7, c = 4. Any value of d will do, for example d = 0. 
(b) The same values of a, b, c as in part (a) work, though now we need to choose d so that the point (5, 3, 0) lies on the 
plane. So a = —2,b = 7, c = 4 and 
d = —2(5) + 7(3) + 4(0) = 11. 
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(c) The normal ai + bj + ck must be perpendicular to the vector —9i + 7J + 4k , SO 
—2a+7b+4c=0 


We can choose any values of a, b, c which satisfy this equation, so a = 7, b = 2, c = 0 work. To ensure that the point 
(5, 3, 0), which lies on the line, also lies on the plane, substitute the coordinates of the point into the plane, giving 


d = 7x + 2y + 0z = 7(5) + 2(3) = 41. 


75. The helices wind around a cylinder of radius a, which explains the significance of a. As t increases from 0 to 27, the 
helix winds once around the cylinder, climbing upward a distance of 27. Thus 8 controls how stretched out the helix is 
in the vertical direction. See Figure 17.2 and Figure 17.3. 


z 


238 


Figure 17.2: Three values of o with the same 8 


e ) k 5 z y 


Figure 17.3: Three values of 8 with the same a 


76. The displacement from the point (1, 2, 3) to the point (3,5, 7) is 3f +57 -- Tk — (i +27 -- 3k) = 2i +37 -- Ak . So 
the equation of the line is 
ri yj +2k =1i +27 +3k (26 +37 +4k) 
or 


vi tyj +2k = (14 2t)i + (2-305 + (3+ 4t)k. 
The square of the distance from a point (x, y, z) on the line to the origin, denoted by D(t) is 


D(t) = (x — 0)’ + (y 0)? + (z— 0 
= (1 + 2t)? +243) + (3 AD) 
=1+4t +4? +4+4 12t +9? 4 9 4 24t + 16t? 
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78. 
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= 144 40t + 29¢? 


40 14 
= 296 Ll 
JG i 29 " 3) 


20 204? 14 
20( (1+ 38). - (35) zl 


Since D(t) is minimum when t — —20/29 and 


204? 14 6 
D(—20/29) = 29 (- (55) Es x) => 


the shortest distance is 4/6/29. 


The line F = d + tb is parallel to the vector b and through the point with position vector d . 

(a) is (vii). The equation b-F =Oisa plane perpendicular to b. and satisfied by (0, 0,0). 

(b) is (ii). For any constant k, the equation b - F = k is a plane perpendicular to b . If k = ||& || 4 0, the plane does not 
contain the origin. 

(c) is (iv). The equation (G x b)- (F —@) = 0 is the equation of a plane which is satisfied by 7 = @, so the point with 


position vector @ lies on the plane. Since @ x b is perpendicular to b, the plane is parallel to the line, and therefore 
it contains the line. 


(a) Parametric equations are 
a=1+4+2t, y=54+3t, z=2-t. 


(b) We want to minimize D, the square of the distance of a point to the origin, where 


D=(e-0) +(y-—0) + (z — 0}? = (1 + 2)? + (5 +31) + (2 —1)*. 


Differentiating to find the critical points gives 


dD 
E = 2(1 + 2t)2 + 2(5 + 3t)3 + 2(2 — t)(-1) = 0 
2+4t+15+9%-2+t=0 
po 
14 


Thus 


-15\ 25 
v=5+3( u)^u 


Since the distance of the point on the line from the origin increases without bound as the magnitude of z, y, z increase, 
the only critical point of D must be a global minimum. Therefore, the point (—8/7, 25/14, 43/14) is the point on 
the line closest to the origin. 


Since the origin is beneath Denver and 1650 meters = 1.65 km, Denver's coordinates, in kilometers, are (0, 0, 1.65). From 
Figure 17.4, we see the x and y coordinates of Bismark are given by 


x = 850 cos 60° = 425km and y = 850sin 60? = 736 km. 


Since 550 meters = 0.55 km, the coordinates of Bismark in kilometers are (425, 736, 0.55). 
The velocity vector, 9 , of the plane i is parallel to the vector DB j joining Denver to Bismark, where DB = 425i + 
7367 + (0.55 — 1. 65)k = = 425i + 7367 = Lik. 
Since ||DB|| = = 425? + 7362 + 1.1? ~ 850 km and the plane is moving at 650 km/hr, the velocity vector is given 
by 
, 650 > es = zi 
UV = S50 —— (425i + 7367 1.1k ) = 325i + 5637 — 0.84k . 
Since the plane is 8000 m = 8 km above Denver, it passes through the point (0,0, 9.65). Therefore the parametric 
equation is 


F — 9.65k + t(3257 +5637 — 0.84k ). 


80. (a) 


(b) 


(c) 
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* Bismark 
850 km y 
60° 
Denver x 
x 
Figure 17.4 


We look along the line that passes through P = (1, —2, —1) and is parallel tov = id 2j +k. The question is 
which plane, the blue or the yellow, this line first meets. 
Parametric equations for the line are 


y—lctt, y=—24+2t, z-—-—1l-t. 


We substitute these into the equations of the respective planes and solve for t in each case: 


(1+ t) -3(—2 + 2t) — 2(-1 +t) 2 62(1 t) - (24-20) + (21 0) 23 
51-326 51-123 
t= t=? 


From this we see that the line first intersects the yellow plane 2x + y + z = 3, when t = 4/5. So you see the yellow 
plane. (Note that we did not need to find the points of intersection of the line with the planes.) 

A vector from P to a point on the green line gives a direction looking directly at the line. If we get a parametric 
equation for the green line then we can write down a vector from P to any variable point on the line. 

To get a parametric equation we need a vector parallel to the green line and a point that lies on the green line. 
We take the cross product of the normal of the blue plane, n =i + 37 m 2k, and the normal of the yellow plane, 
ny = 2i + j + k . This gives a vector 5i — 5j — 5k, so we take i = i — j — K as a vector parallel to the green 
line. 

We also need one point on the line. For that, we can choose a value of z, and find the corresponding values of x 
and y on both the blue and yellow planes. Taking z = 0, say, gives the equations x + 3y = 6 and 2x + y = 3, which 
have x = 3/5 and y = 9/5 as solutions. So a point on the green line is Q = (3/5, 9/5, 0). Therefore a parametric 
equation for the green line is 

zit y=2-t zZ=-t. 
A vector from P = (1, —2, —1) to a variable point on the line is then, for —oo < t < oo, 


= (1- (2-0) (2 ( t))7 +61 coy = ( ze06e(-2-0icieok. 


Thus, if we look in the direction of ? , for any value of t, we look at the line. 
Consider the plane that contains the point P and the green line; let's call it the green plane. The green plane divides 
3-space into two half-spaces. From P, if we look in a direction pointing into one of the half-spaces we see the yellow 
plane (as in part (a)) and if we look in a direction pointing into the other half-space we see the blue plane. We have 
to figure out which half-space is which. 

We need a normal vector to the green plane. We know the point P = (1, —2, —1) on the plane and the equation 


of the green line. We find that a normal vector to the green plane is i$ = 2i + j +k. 
From part (a) we know that the vector Y = i + 27 + points from P into the half-space where we see the 
yellow plane. The dot product of 7% and @ is 


n. =2-141-241-1=5>0. 


This means that any vector pointing into this half-space has a positive dot product with 7%. Thus the condition on a 
general vector ij = =ai + bj 4 ck to point into this half-space is 


2a+b+c>0; 
Similarly, w points into the half-space where we see the blue plane if 


2a+b+c<0. 
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(a) If 5i - 0 = 0, then ñ and @ are perpendicular. Since P, is perpendicular to ñ and L is parallel to U, we see that Pi 
and L are parallel. In fact, L may lie in the plane. 
(b) Since 5? x V is perpendicular to 7 and to y, the vector ñ x v is parallel to Pı and perpendicular to L. Thus, P5, 
which is perpendicular to i? x 9, is 
(i) Perpendicular to P. 
(ii) Parallel to L. 


(a) (i) is the original graph reflected in both the x- and y-axes, so (C). 
(ii) is the original graph reflected in the y-axis, so (A). 
(iii) is the original graph shifted right by 1, so (D). 
(iv) is the original graph shifted right by 1 and up by 1, so (G). 
(b) (i) Not possible; all points would lie on a circle 
(ii) Not possible; spiral would be equally spaced. 
(iii) Possible; spirals increase in diameter as t increases. 
(iv) Not possible; spiral would be equally spaced. 


(v) Not possible; all points would lie on a circle 


Strengthen Your Understanding 


83. 


84. 


85. 


86. 


87. 


88. 
89. 
90. 


91. 
92. 


93. 
94. 


95. 


The two parameterizations are different, but the curves they describe are the same. A shift of the curve in space by two 
units in the i -direction can be parameterized by 7’ 2(t) = F (t) + 27. 


The curve is a helix centered on the z-axis. All its points are at distance |R| from the z-axis. The distance from the origin 
to the point on the curve with position vector 7 (t) is given by 


Distance = yF (t) 7 (t) = y R? + t?. 


The curves x = cost, y = sint, z = 0 and x = 0, y = cost, z = sint are both unit circles centered at the origin. The 
first is in the xy-plane, and the second is in the yz-plane. 


Examples of two different lines through the point (1, 2, 3) are given by 


F(t)=1 +27 +3k +t(7 +27) 


and 


#()=7 +27 +38 41(£ - E). 


The line 


g=t,y=2t,2z=34+4 


can also be parameterized by 


r—0U,y—20,2 53-4 AC, 
and the functions x = t°, y= 2t, and z = 3 + 4t? are not linear functions of t. 
False. The y coordinate is zero when t = 0, but when t = 0 we have x = 2 so the curve never passes through (0, 0). 
True. Every point (x, y) on this curve satisfies y = (t°)? = x”. 


False. For example, the graph of x = cost, y = sint for 0 < t < 27 is a circle. A circle is not the graph of a function, 
since for some values of x there are two values of y. 

True. Every y-coordinate is one less than every x-coordinate, so the equation of the line is y = x — 1. 

False. When t = 0, we have (x, y) = (0, — 1). When t = 7/2, we have (x, y) = (—1, 0). Thus the circle is being traced 
out clockwise. 

True. The functions e* and In t are inverses, so Ine’ = t. Thus if x = e*, y = t, we have y = t = Ine! = In z. 

True. Taking two values for t, say t = 0 and t = 1 give the points (1,0) and (0, 2), which lie on a line with equation 
y = —2x +2. The second parameterization describes the same set of points, since y = —4s--2 = —2(2s)+2 = —2x +2. 


True. Adding the equations z = x + y and z = 1 — x — y gives 2z = 1 or z = i. Thus the line of intersection is parallel 


to the xy-plane at height z = i. Letting x be the parameter t and z = 4 in the first plane’s equation gives i =t+yor 


y= i — t. The same result is obtained by setting x = t and z = i in the second plane's equation. 
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96. True. To find an intersection point, we look for values of s and t that make the coordinates in the first line the same as the 
coordinates in the second. Setting x = t and x = 2s equal, we see that t = 2s. Setting y = 2 + t equal to y = 1 — s, we 


see that t = —1— s. Solving both t = 2s and t = —1— s yields t = — 2, s= -4 These values of s and t will give equal 
x and y coordinates on both lines. We need to check if the z coordinates are equal also. In the first line, setting t = -i 
gives z — L, In the second line, setting s = -4 gives z = -4 As these are not the same, the lines do not intersect. 


97. False. All points on this line lie in the plane x = 1, so the line is parallel to the yz-plane. 
98. True. The j component of 7’ is always one more than twice the i component, so the line is y = 2x + 1. 


99. False. The line F1 (t) is in the direction of the vector 7 — 27 , while the line F 2(t) is in the direction of the vector 2 i — J . 
Since these vectors are not parallel (they are not scalar multiples of one another) the lines are not parallel. 


Solutions for Section 17.2 


Exercises 


1. The velocity vector @ is given by: 


E d 3t d x d = = > > 
B= 2ta + glt + GU - ok =3i k. 


The acceleration vector @ is given by: 


_ d  d(3)> d(ljz d(1- > 
dac Ru ae ae aa 
2. The velocity vector y is given by: 
_ d ar, d 27, d PAE 2 2 H 
= — (2 + 3t —(4+t —(1-—t1^)k = 6t 2tj — 2tk. 
B= DOHIN Lar) +50 )k = 6t + 2¢) 
The acceleration vector @ is given by: 
,  d(6t)>  d(2t)> | d(2t)- 3 3 5 
= —— ———j - ——k = 2j — 2k. 
ü d + di di 6i + 2j 
3. The velocity vector y is given by: 
s ds dior disp i 27 
=—t —t —tk= 2t tk. 
y gi red du i +2tj +3 


The acceleration vector @ is given by: 


, d  d(1),? , d(2t)+ , d(3t?) 
— =t pubes 
PIU Cue ade Ty 


4. The velocity vector y is given by: 
,  d(t)2 ( d 
dur S 
The acceleration vector @ is given by: 


pP due 


dt dt 


5. The velocity vector v is given by: 

4, ad 
v= a! 
The acceleration vector @ is given by: 


@ = = = S (Casin) t © (Acost)j = —3costi — Asintj. 


"E. E 4 3 
3cost)i + q; 45i 07 = —3sinti + Acostj. 


6. Since F (t) = 3cos(t?)i + 3sin(t?)j + t?k , we have 
T (t) = —6tsin (t)i + 6t cos (t?)7 + 2tk, 
d (t) = (—6sin (t?) — 128? cos (t?))? + (6 cos (t°) — 12 sin (t?))7 + 2k. 
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The velocity vector y is given by: 


=i 4+2t7 +307k. 
The speed is given by: 
lo || = y 1 + 4t? + 904. 
Now ||? || is never zero since 1 + 4£? + 9t* > 1 for all t. Thus, the particle never stops. 


The velocity vector y is given by: 


u= £ (cos 30i + £ (sin 5t)j = —3sin 3t7 + 5cos5t7. 
The speed is given by 

IT || = \/9 sin? (3t) + 25 cos? (5t). 
Thus, ||@ || = 0 when sin (3t) = cos(5t) = 0 but there are no values of t for which this is true, so the particle never stops. 


To find à (t) we first find da /dt = 6t and dy/dt = 3t?. Therefore, the velocity vector is @ = 6ti + 3t?7 . The speed of 
the particle is given by the magnitude of the vector, 


iet - J (E) + (2) = Vrs any = 3t: VEFE. 


The particle stops when 0 = 0 , so when 6t = 3t? = 0. Therefore, the particle stops when t = 0. 


The velocity vector y is given by: 
> d ica dta 04 27 
= —((t-1 —(2 —(2t^ — 3t^)k 
ë = (t= 09 TO e ) 
= 2(t — 1)i + (6t? — 6t)k . 
The speed is given by: 
lo || = y (2(t — 1)? + (67? — 6t)? = 2t — 11/1 + 982. 


The particle stops when à. = 0, so when 2(t — 1) = (6t? — 6t) = 0. Since these are all satisfied only by t = 1, this is 
the only time that the particle stops. 


To find @ (t) we first find dx /dt = 6t cos(t?) and dy/dt = —6t sin(t?). Therefore, the velocity is & = 6t cos(t?)i — 
6t sin(£?) j . The speed of the particle is given by 
|g || = y (6t cos(t2))? + (—6t sin(t2))? 
36t? (cos(t?))? + 360? (sin(t?))? 
= 6|t|A/ cos? (£2) + sin?(t? 
= 6t. 
The particle comes to a complete stop when speed is 0, that is, if 6|t| = 0, and so when t = 0. 


The velocity vector y is given by: 
v d (3sin? t)i + 2 (cost — 1) + d (t?)k =6sintcosti — sint] + 2tk 
=— — x — = 6si i — si ; 
dt di I Gt i 


The speed is given by: 


IIg || = v 36 sin? t cos? t + sin? t + 4t2. 


E 


The particle comes to a stop when  — 0 , so when when 6 sin t cost = — sin t = 2t = 0, and so the particle stops when 
t0. 


We have 
Lew = f COUO COF dt = s E 


This is the length of a straight line from the point (8, 5, 2) to (13, 9, 1). 


14. 


15. 


16. 


17. 
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We have 
2T 
Length — l (—3 sin 3t)? + (5 cos 5t)? dt. 
0 


We cannot find this integral symbolically, but numerical methods show Length z 24.6. 
We have 


1 
Length = f (—et sin(et))? + (et cos(et))? dt 
0 


al 1 
f Vet dt = I e! dt 
0 0 


=e-l. 


This is the length of the arc of a unit circle from the point (cos 1, sin 1) to (cose, sin e)—in other words between the 
angles 0 = 1 and 0 = e. The length of this arc is (e — 1). 


The velocity vector is 


zs es i 
o=F'(t)=2i + oj +2tk, 


2 2 
Length ofcuve = f llz || dt = T [445 +40 dt = f | 4t? +14 4t* Es 
a h n 
-[ 49 L Las f : = dt = TG + 2t) dt — 3 -In2. 
1 


Note that when we took the square root, we used the fact that (1 + 21?) /t is positive for 1 < t < 2. 


so 


The velocity vector y is 


,  dx> dy>  dz> _ E > E E 
Uy i + ru + a = 3(2x)(— sin(21t))i + 3(21) cos(2rt)j + Ok 


= —6m sin(2zt)7 + 6n cos(2nt)j . 


The acceleration vector @ is 


+ ——k 61 (27) cos(2rt)i + 6z(21)(— sin(2rt))7 


= 125? cos(2zt)i — 127? sin(271)7 . 


To check that y and à are perpendicular, we check that the dot product is zero: 


T -g = (—6rsin(2zt)i + 61 cos(2nt)j ) - (2122? cos(2nt)i — 12x? sin(2rt); ) 
= 72r” sin(2zt) cos(2nt) — 727° cos(2rt) sin(2t) = 0 


The speed is 


ll || = || — 6x sin(2z£)? + 6r cos(2rt)j || = 6r y sin? (27t) + cos? (27t) = 6r, 


and so is constant. The magnitude of the acceleration is 
ll || = || — 122? cos(2zt)i — 127° sin(2x1)j || = 121^ / cos? (27t) + sin?(2xt) = 127°, 


which is also constant. 


18. The velocity vector y is 


A _ dts ae dz > - . E 
=u ud ta = 0i + 2(3) cos(3t)j7 + 2(3)(— sin(3t))k 


= 6cos(3t)j — 6sin(3t)k. 
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The acceleration vector @ is 


j + =k = 6(3)(—sin(3t))7 — 6(3) cos(3t)k 


—18sin(3t)j — 18cos(3t)k 
To check that y and @ are perpendicular, we check that the dot product is zero: 


T -a = (6cos(3t)j — 6sin(3t)k ) - (—18sin(3t)7 — 18cos(3t)K ) 
— 108 cos(3t) sin(3t) + 108 sin(3t) cos(3t) = 0. 


The speed is 
|v || = \|6 cos(3t)7 — 6sin(3t)k || = 6y sin? (3t) + cos? (3t) = 


and so is constant. The magnitude of the acceleration is 
lli || = || ^ 18sin(3t)f — 18 cos(3t)k || 2 18./sin?(3t) + cos2(3t) = 18, 


which is also constant. 


19. In vector form the parameterization is 
F=% +3] +5k +00 -27 -—k). 


Thus the motion is along the straight line through (2, 3, 5) in the direction of f= 2j — K . The velocity vector @ is 


The acceleration vector @ is 
P Jd >» d LEE E n 
t + — 


The speed is 
[||| = 20i — 27 — k || = 2v'6ltl. 


The acceleration vector is constant and points in the direction of Pe 2j — k. When t < 0 the absolute value |t| is 


decreasing, hence the speed is decreasing. Also, when t < 0 the velocity vector (i = 27 -k ) points in the direction 
opposite to Pd j — k . When t > 0 the absolute value [t| is s increasing and hence the speed is increasing. Also, when 
t > 0 the velocity vector points in the same direction as i -—2j j — k. 

20. In vector form the parameterization is 


> 


F =7 +5] — 2k + (20 + 3t)(—7 +27 +3k). 


Thus the motion is along the straight line through (1, —5, —2) in the direction of - 2j +3k.The velocity vector U is 


B= i+ =F + Sk = (6 +.3)(-7 +27 3k) 


The acceleration vector @ is 


The speed is 

l| = \6t? + 3||| 2 +27 + 3k || 2 3v14|2P + 1| = 3VTA(2¢ + 1). 
The graph of the speed is a parabola opening upward with vertex at t = 0. Thus the speed is decreasing when t < 0 
and increasing when t > 0. The velocity vector always points in the same direction 4 2j + 3k, since 6t? + 3 is 
always positive. The acceleration vector points in the opposite direction to =e. 2j --3K when t < 0 and in the same 
direction when t > 0. Thus the acceleration vector points in the opposite direction to the speed when t < 0 and in the 
same direction when t > 0. 


21. 
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At t = 2, the position and velocity vectors are 


F(2) = (2—1)7F +27 + (2-29 -3.2?)k =i +27 +4k, 
7 (2) =2-(2-1)8 + (6.22 -6-2k — 21 + 12k. 


So we want the line going through the point (1, 2, 4) at the time t = 2, in the direction 2i +12k : 


x©=14+2(t-2), y=2 z=4+12(t- 2). 


Problems 


22. 


23. 


A parameterization is " E 
F(t) 25i +47 — 2k + (t — 4)(2i —3j +k) 


or equivalently 


z—5-42(t—4) y-—4-—3(t-4), z=-2+(¢-4). 


The velocity vector for this motion is 
Jg = (2t — 6) + 39. 


The motion is vertical when the component in the i direction is 0 and motion in j direction is not 0. Motion in 7 direction 
is 0 when 


2t — 6 = 0, 
t=3. 


At that time, motion in j direction is not 0. The motion is horizontal when the component in the j direction is 0 and 
motion in direction is not 0. Motion in j direction is 0 when 


3t? — 3 — 0, 
t=1,-1. 


At these times, motion in 7 direction is not 0. To determine the end behavior, recall that a polynomial is approximated by 
its highest powered term for large values (positive or negative) of the independent variable. Thus, as t — -too, we have 
x £ t? and y e t?. The end behavior, and the x and y coordinates when the motion is vertical or horizontal, are shown in 
Table 17.1. The graph is shown in Figure 17.5. 


Table 17.1 


—104 10 


Figure 17.5 
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24. The velocity vector for this motion is 


= dz > dy > 2 > > 
= — —j = (3t — 12 2t+10)j. 
ET + BF = (3? 12) + Qt 10)j 
The motion is vertical when the component in the i direction is 0 and motion inj direction is not 0. Motion in 7 direction 
is 0 when 
3t? — 12 — 0, 
t= 22. 


At these times, motion inj direction is not 0. The motion is horizontal when the component in the j direction is 0 and 
motion in ¿ direction is not 0. Motion in j direction is 0 when 


2t +10 = 0, 
i25 


At this time, the motion in 7 direction is not 0. To determine the end behavior, recall that a polynomial is approximated by 
its highest powered term for large values (positive or negative) of the independent variable. Thus, as £ — -too, we have 
a ~ t? and y e t°. The end behavior, and the x and y coordinates when the motion is vertical or horizontal, are shown in 
Table 17.2. The graph is shown in Figure 17.6. 


Table 17.2 


y 
et=3 
10 F et = 2.5,3.5 
et=4 
8 + et=2 
6+ 
et—1.5 
AL 
et=0 et=1 
2- et=0.5 
0 l l l x 
2 4 6 8 


Figure 17.7 


(a) 


(b) 


(c) 
26. (a) 


(b) 


27. (a) 


(b) 
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We approximate dx /dt by Ax /At calculated between t = 1.5 and t = 2.5: 


dr, Ar 3-7 _-4__, 
di^ At 25-15 1 7 
Similarly, 
dy | Ay | 10-5 _5_, 
dt At 25-15 1 ` 
So, 


(2) ~ —4i +57 and Speed = ||? || = V41. 
The particle is moving vertically at about time t = 1.5. Note that the particle is momentarily stopped at about t = 3; 


however it is not moving parallel to the y-axis at this instant. 
The particle stops at about time t = 3 and reverses course. 


The vector PO between the points is given by 
PO =2% +57 +3k. 


Since ||P = V2? + 5? + 3? = v38, the velocity vector of the motion is 


JN RN RR 
g = — (2 +57 3k). 
yi j ) 


The motion is along a line starting at the point (3, 2, —5) and with the velocity vector from part (a). The equation of 
the line is 


"m "MT BAe uu " 
P —3i-42j —5k t$ —3i +27 —5k + —— (2i +57 43k yt, 
j J vss j ) 


10 25 15 
g-—3-T—L, y224 —Lt, 2=>—-5 + —t. 
V38 V38 
The particle starts at (2, —1,5) so ro = 9i es j +5k . In 5 seconds, the particle moves through a displacement given 
by PQ = 3i + 4j — 6k . Its velocity, 9 , is given by 


So 


—-Iilj zi —0.6i +0.87 — 1.2k. 
Thus, the equation of the motion is 
F =21 — j +5k +4(0.67 +0.87 — 1.2k ) 


or 
x=2+0.6t, y=—1+0.8t, 2=5-1.2¢ 
where 0 € t< 5. 
The velocity vector in part (a), Y = 0.6i +0.87 — 1.2k , means that the particle is moving with 
Speed = || || = 4/ (0.6)? + (0.8)? + (1.2)? = 1.562. 


To make the speed equal 5, take a new velocity vector given by 


> 


Š "d 2 L ird > E 
V = ggasi 0.8] — 12k) = 192i + 2.567 — 3.84k . 


Thus, the equation of the motion is 
F —2i—j +5k +4(1.927 --2.56j — 3.84k ) 


or 
r—2-1920, y — —14- 2.561, z—5— 3.84t. 


The particle reaches Q — (5,3, —1) when 
2--1.92t = 5 


or t = 1.56 seconds. The parametric equations describe the motion from P to Q when 0 < t < 1.56. 
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28. (a) We substitute x =1+t,y=5+ 2t, z = —7 + t into x + y + z = 1 and solve for t: 


29. 


30. 


31. 


(b) 


(b) 


(c) 


(d) 


(e) 


(a) 
(b) 
(c) 


(d) 


(b) 


(c) 


(1t) (5-20) -(£— 7) 21 
4t—1-—1 
t — 0.5 sec. 


When t = 0.5, the particle is at the point (x, y, z) = (1 4- (0.5), 5 + 2(0.5), (0.5) — 7) = (1.5,6, —6.5). 
The particle's velocity is 


T= +27 +k, 
so 
Speed = ||1? + 2? + 17|| = V6 meters/sec. 


Att = 0, we have F (0) = Oi +07 + 6.4k , so the stone’s initial position is (0, 0, 6.4). Thus the rooftop is 6.4 
meters above the ground. 
The stone hits the ground when the height above the ground is 0; that is, when its z coordinate is 0: 


6.4 — 4.9? =0 
6.4 


t = +4/ — = +1.14. 
4.9 


Since t must be positive, the stone hits the ground about 1.14 seconds after it is thrown. 
The velocity of the stone at time t is given by 


T(t) =F (t) 2 101 — 5j —9.8tk, 
so when the stone hits the ground at £ = 1.14 seconds, 
T (1.14) = 107 —5j —9.8(1.14)k = 107 — 5j —11.172k. 


The stone’s speed is given by || (1.14)|| = v 102 + 5? + 11.172? = 15.81 meters/sec. 
The stone hits the ground at the point with position vector 


(1.14) = 10(1.14)¢ — 5(1.14)7 + (6.4 — 4.9(1.14))k, 
which is the point (11.4, —5.7, 0). 
The acceleration of the stone at time t is given by 
a(t) = v '(t) =—9.8k. 
Thus, the acceleration is constant; the stone hits the ground at an acceleration of —9.8 meters/sec? ; that is 9.8 meters/sec? 
downward. 


Since z = 90 feet when t = 0, the tower is 90 feet high. 
The child reaches the bottom when z = 0, so t = 90/5 = 18 minutes. 
Her velocity is given by 


"E 
~ dt 


Speed = ||? || = y (—10sin t)? + (10 cos t)? + (C5)? = 4/10? + 5? = v 125 ft/min. 


Her acceleration is given by 


= —(10sint)i + (10cost)j — 5k, 


So 


> 


_ dé 


ae —(10 cos t)? — (10 sin t)j ft/min”. 

The height at time t is given by z = 100 — (t — 5)?, so the maximum height occurs at t = 5 secs, when r = 
107 + 157 + 100K, so the point is (10, 15, 100). 

The velocity of the particle at time t is given by 


ev 


g —2i43j —2(t— 5) 


|| || = 4/22 + 32 + 22(t — 5)? = 4/13 + 4(t — 5)? cm/sec. 
Thus, the maximum speed occurs when t = 0 secs and when t = 10 secs and is given by ||v || = 4/13 + 4(52) = 


V113 = 10.630 cm/sec. 
The minimum speed occurs when t = 5 and is given by ||v || = v13 = 3.606 cm/sec. 


so the speed is 
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32. We want dw/dt at t = 0. The chain rule gives 


33. 


34. 


dw | Owdx | Ow dy Ow dz 


E > > 


P'E 2 2 (0i - y (i x (0h, 
we have 
x (0)=2, y(0)—3, z(0)-6. 
Since grad f — 4i — 3j +k at the point (7, 2, 5) which the particle reaches at time t = 0, we have 


Ow Ow E Ow 21 
Ox (7,2,5) dy (7,2,5) Oz (7,2,5) 
Thus d 
SU mdesdeq5e5 
dt li—o 


(a) The ball hits the ground when y — 0, so 
2 + 25t — 4.9t? = 0. 
The quadratic formula gives 
; —25 + 4/25? — 4- 2(—4.9) 0.079 or 5.181 
= DG ——— -— hse or . Sec. 


We need the positive answer, t = 5.181 sec. 
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(b) At the time the ball hits the ground, x = 20(5.181) = 103.616 meters. Thus, the ball hits the ground after 5.181 


seconds at a point 103.616 meters horizontally from where it was thrown. 
(c) h — 2 meters. 
(d) g — 9.8 meters/sec?. 
(e) Since v cos 0 = 20 and vsin 0 = 25, we have 


vsinü — 25 


tan 0 = vena a 1.25; 
so 
0 — arctan(1.25) — 0.896. 
Then 
20 
v= cos 0.896 — 32.016 meters/sec. 


(a) To eliminate t, substitute t = x /20 into the equation for z. This gives 


x e\2 0r 2x 
=5(=-)—-05{—) == 
° E b 4 800 
(b) To decide when the particle is at ground level, set the equation for z equal to 0 and solve for t: 
5t — 0.5¢ = 0 
—0.5t(t — 10) — 0, 


sot = 0 and t = 10 seconds. 
(c) The particle's velocity is Y = z'(t)i + z/(t)k , so 


T —20i -(5— tk. 
(d) The particle's speed is 


Ilg || = 4/202 + (5 — t)? = 4/400 + (5 — t)? m/s. 
(e) No. The quantity 4/400 + (5 — t)? is never 0. 


(f) The particle is at its highest point halfway between the times when it is at ground level, or when t = 5. Alternatively, 


the highest point occurs when z’ = 0, that is 


z(t) =5-t=0 so t-5 seconds. 
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35. (a) The top of the tower is at the point (0,0, 20), so we want 7 (0) = 20k . This is (I) and (IV). Only (IV) is going 


36. 


37. 


(b) 


(c) 


downward. 

Projectile (IV) hits the ground when z — 0, which occurs when 20 t? = 0, so t = V20 = 4.5. (We take the 
positive root since the projectile is launched when t = 0.) At this time, 7 (v20) = 8.9], so the projectile hits the 
ground at the point (0, 8.9, 0), which is 8.9 meters from the base of the tower in the direction of the tree. 

To hit the top of the tree, the projectile must go through the point (0, 20, 20). This is (II). 

The projectile reaches the top of the tree when 21? = 20, so (taking the positive root) t = v10 = 3.2 sec. The 
projectile is launched from ?' (0) = 0 , the base of the tower. 

Projectiles launched from somewhere on the tower have z(0) = y(0) = 0 and 0 € z(0) < 20. Only (III) and (V) 
have nonzero z(0) and y(0). 

To hit the tree, there must be a time for which the projectile is at a point (0, 20, z) for some 0 < z < 20. 

Since (III) has z(t) = 20 for all t, it does not hit the tree. So (V) is the answer. 

For (V), we have 2t = 20, when t = 10 sec. Then F (10) = 207 + 10%, so the projectile hits the tree at 
(0, 20, 10), which is half way up. 


(a) For any positive constant k, the parameterization 
x = —5sin(kt) y — 5cos(kt) 
moves counterclockwise on a circle of radius 5 starting at the point (0, 5). We choose k to make the period 8 seconds. 
If k - 8 = 2m, then k = 7/4 and the parameterization is 
t t 
x = —5sin (=) y = 5cos (=). 
(b) Since it takes 8 seconds for the particle to go around the circle 
Speed = Circumference of circle _ 27 (5) _ in rae oe 
8 8 4 
Since the acceleration due to gravity is —9.8 m/sec”, we have 7? M CAE —9.8k . Integrating gives 


E > 


P'(t) = Cif + C27 + (—9.8t + Cs)k, 
F (t) = (Cit + Ca)i + (Cot + Cs)j + (—4.9t? + Cat + Co). 


The initial condition, 7 (0) = 0, implies that C4 = Cs = Cg = 0, thus 


F(t) = Citi + Cot] + (—4.9t? + Cst)k . 


To find the position vector, we need to find the values of Ci, C2, and C3. This we do using the coordinates of the 


highest point. When the rocket reaches its peak, the vertical component of the velocity is zero, so —9.8t + C3 = 0. Thus, 
at the highest point, t = C3/9.8. At that time 


F(t) = 10007 + 30007 + 10000K , 


so, for the same value of t: 


Cit = 1000, 
Cat = 3000, 
—4.9t? + Cst = 10, 000, 


Substituting t = C3 /9.8 into the third equation gives 


9.8 9.8 
C3 = 2(9.8)10,000 
C3 = 442.7 


Then C, = 4999. = 22.1 and C; = 23990. = 66.4. Thus, 


C3/9.8 C /9.8 


F (t) = 22.1ti + 66.4t7 + (442.7t — 4.9t?)k . 
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38. (a) The parametric equation describing Emily’s motion is 


39. 


2m T . (20 Af 1 
x = 10cos (=) = 10cos (35) + y=10sin (=) = 10sin (3) z = constant. 


Her velocity vector is 


v= en ak Suy dzy = -rsin (t) 7 +r cos (t) j 
SE a de 10 ig 
Her speed is given by: 
2 2 
le = (—rsin (59) + (reos (59) +02 


nvl=r m/sec, 
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which is independent of time (as we expected). This is certainly the long way to solve this problem though, since we 
could have simply divided the circumference of the circle (207) by the time taken for a single rotation (20 seconds) 


to arrive at the same answer. 


(b) When Emily drops the ball, it initially has Emily's velocity vector, but it immediately begins accelerating in the z- 
direction due to the force of gravity. The motion of the ball will then be tangential to the merry-go-round, curving 
down to the ground. In order to find the tangential component of the ball's motion, we must know Emily's velocity 
at the moment she dropped the ball. Then we can integrate the velocity and obtain the position of the ball. Assuming 
Emily drops the ball at time t = 0, her position and velocity vector are 


Thus, the ball has velocity only in the y-direction when it is dropped. In the z-direction, we have 


F(0)— 107 + 3k and 6 (0) = 7j. 


2 


d'z 2 
= = —9.8 m/sec”. 


Acceleration = 
dt 


Since the initial velocity 0 and initial height 3, we have 


2=3- 4.90. 


The ball touches the ground when z = 0, that is, when t = 0.78 sec. In that time, the ball also travels 7(0.78) = 2.45 
meters in the y-direction. So, the final position is (10, 2.45, 0). The distance between this point and P = (10,0, 0) 


is 2.45 meters. 


(c) The distance of the ball from Emily when it hits the ground is found by finding Emily’s position at t = 0.78 sec and 
using the distance formula. Emily’s position when the ball hits the ground is (10 cos(0.0787), 10 sin(0.0787), 3) = 


(9.70, 2.43, 3). The distance between this point and the point where the ball struck the ground is: 


d ez \/(10 — 9.70)? + (2.45 


2.43)? + (0 — 3)? = 3.01 meters. 


Note that the merry-go-round does not rotate very much in the 0.78 sec needed for the ball to reach the ground, so 


our answer makes sense. 


Since the particle moves in a circle of radius a we have ||r' (t)|| = a so 


Differentiating with respect to t gives 


so 


Thus, the position vector, 7 (t), and the velocity vector,  — f 


F- F(t) =a’. 


r'(t)-T(t) =0. 


> 


(t), are perpendicular at all times t. 
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40. (a) The center of the wheel moves horizontally, so its y-coordinate will never change; it will equal 1 at all times. In one 
second, the wheel rotates 1 radian, which corresponds to 1 meter on the rim of a wheel of radius 1 meter, and so the 
rolling wheel advances at a rate of 1 meter/sec. Thus the z-coordinate of the center, which equals 0 at t = 0, will 
equal £ at time t. At time t the center will be at the point (x, y) = (t, 1). 

(b) By time f£ the spot on the rim will have rotated t radians clockwise, putting it at angle —t as in Figure 17.8. The 
coordinates of the spot with respect to the center of the wheel are (cos(—t), sin(—t)). Adding these to the coordinates 
(t, 1) of the center gives the location of the spot as (x, y) = (t + cost, 1 — sin t). See Figure 17.9. 


Figure 17.8 Figure 17.9 


41. (a) No. The height of the particle is given by 2t; the vertical velocity is the derivative d(2t)/dt = 2. Because this is a 
positive constant, the vertical component of the velocity vector is upward at a constant speed of 2. 
(b) When 2t = 10, sot = 5. 
(c) The velocity vector is given by 


dr dr dy + dz= 
v(t) = — = — E —k 
VU ec u u ta 


= — (sin t)i + (cost)j +2k. 
From (b), the particle is at 10 units above the ground when t = 5, so at t = 5, 
T (5) = 0.9597 + 0.2847 + 2k. 


Therefore, 7 (5) = — sin(5)i + cos(5)j + 2k. 
(d) At this point, t = 5, the particle is located at 


r (5) = (cos(5), sin(5), 10) = (0.284, —0.959, 10). 


The tangent vector to the helix at this point is given by the velocity vector found in part (c), that is, Y (5) = 0.9591 + 
0.2847 + 2k . So, the equation of the tangent line is 


F (t) = 0.2847 — 0.9597 + 10k + (t —5)(0.959% + 0.2847 + 2k). 


42. We have velocity vector v (t) = —asin ti + a cos tj + Bk . For the speed we compute 


Speed = (o? cos? t + o? sin? t + 8?) = \/a2 + 8? 
which does not depend on t. 


43. (a) Let the ant begin the trip at time t = 0, and let’s place the origin of our coordinate system at the center of the disk. 
We align the axes so that at time t = O the radius along which the ant crawls falls on the positive x-axis. At time t 
seconds, the ant is at a distance of r = t cm from the origin and at angle 0 = 27t radians from the positive x-axis. 
The Cartesian coordinates of this point are (x, y) = (r cos0,rsin0) = (tcos(2zt),tsin(27t)). We can write the 
parametric equations of the ant’s motion in vector form as 


F(t) =tcos(2nt)i + tsin(21t)j ,0 € t € 100. 


(b) 


(c) 


44. (a) 


(b) 


(c) 


45. (a) 
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The velocity vector of the ant is the derivative 


3 


V (t) = F'(t) = (cos(2nt) — 2ztsin(2t))i + (sin(2zt) + 2t cos(211))j . 


The speed is the magnitude of the velocity vector 
IIg || = ((cos(2zt) — 2ztsin(271))? + (sin(2rt) + 2t cos(211))?)? 


= (1 + 4&?02)!? cm/sec. 


Observe that the speed of the ant is increasing. Even though the ant is crawling at constant rate on the disk, the turning 
of the disk moves the ant faster and faster as it gets closer to the edge. 
The acceleration vector is 


d = J'(t) = (—4msin(2nt) — An?t cos(2t))i. + (4r cos(2t) — An? t sin(21t))j . 


The magnitude of the acceleration is 


li || = ((—4m sin(2zt) — An?t cos(2zt))? + (4r cos(2zt) — Ar? t sin(2zt))?)? 
= An(1 + 2212)? cm/sec?. 


Since x = Rcos(wt) and y = Rsin(wt), and z? 4-y? = R? cos? (wt) + R? sin? (wt) = R?, we have motion around 
a circle of radius R centered at the origin. The particle moves counterclockwise, completing one revolution in time 
2n /w. Thus, the period = 27/w. 
The velocity vector is 
, dř 
ms 
We expect the velocity, v , to be tangent to the circle. To verify that this, we compute 


E 


= —wRsin(wt)i + wRcos(wt)j. 


> 


g -F = (—wRsin(wt)i + wReos(wt)j ) - (Rcos(wt)i + Rsin(wt)j ) 
= —wR? sin(wt) cos(wt) + wR? cos(wt) sin(wt) = 0. 


This shows that the velocity vector is perpendicular to the radius from the center of the circle to the particle, which 
moves counterclockwise. 

The speed is ||v || = wR, which is constant. Notice that this makes sense, because in time 27 /w, the particle 
travels a distance of 27 R, giving a speed of 2r R/ (2x /w) = wR. 
The acceleration vector is 


dit 4 E 
@ = T = —w? Rcos(uwt)i — w° Rsin(wt)j = —w?^r. 


The acceleration vector points in the direction opposite to the position vector f , and thus points toward the center of 
the circle. It has constant magnitude ||d || = w? R = ||v||?/ R. 


Let x represent horizontal displacement (in cm) from some starting point and y the distance (in cm) above the ground. 
Since - 
25. 10° 

60? 
if t is in seconds, the motion of the center of the pedal is given by 


25 km/hr — — 694.444 cm/sec, 


ai yj = 694.444ti + 307. 


The circular motion of your foot relative to the center is described by 


a 


hi +kj = 20cos(2nt)i + 20sin(2nt)j 


so the motion of the light on your foot relative to the ground is described by 


= 


ví +yj = (694.444t + 20 cos(27t))i + (30 + 20 sin(2nt))7. 
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(b) See Figure 17.10. 


40 F 


i 
600 1200 


Figure 17.10 


(c) Suppose your pedal is rotating with angular velocity w radians/sec, so that the motion is described by 
xi yj = (694.444t + 20 coswt)i + (30 + 20sin wt)j . 
The light moves backward if dx /dt is negative. Since 


e = 694.444 — 20w sin wt, 


the minimum value of dx/dt occurs when wt = 7/2, and then 


dx 
— = 694.444 — 2 
3 69 Ow « 0 


giving 
w > 34.722 radians/sec. 


Since there are 27 radians in a complete revolution, an angular velocity of 34.722 radians/sec means 34.722/2 œ~ 
5.526 revolutions/sec. 


At time t object B is at the point with position vector 7 g(t) = 7 A(2t), which is exactly where object A is at time 2t. 
Thus B visits the same points as A, but does so at different times; A gets there later. While B covers the same path as A, 
it moves twice as fast. To see this, note for example that between t = 1 and t = 3, object B moves along the path from 
T p(1) = r A(2) tor B(3) = 7 A(6) which is traversed by object A during the time interval from t = 2 to t = 6. It takes 
A twice as long to cover the same ground. 

In the case where 7 4(t) = ti + eJ, both objects move on the parabola y = x°. Both A and B are at the origin at 
time t = 0, but B arrives at the point (2, 4) at time t = 1, whereas A does does not get there until t = 2. 
In uniform circular motion the velocity vector is tangent to the circle of motion and the acceleration vector is directed 
toward the center of the circle. At all times the velocity y and acceleration d. are perpendicular. Since U -@ = (2i + j) : 
( t j) = 3 # 0, 7 and d are not perpendicular, and so the object can not be in uniform circular motion. 


The acceleration vector points from the object to the center of the orbit, and the velocity vector points from the object 
tangent to the circle in the direction of motion. From Figure 17.11 we see that the movement is counterclockwise. 


® Center of orbit 
Fd 


zZ 
rd 


= 
v 


Figure 17.11 
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49. (a) Using the product rule for differentiation we get 


din py ag poe dE 
dt dt dt di 


(b) Since @ is a constant, dd /dt = 0 so the product rule gives 


d (d xr)-dx ar 
dt 7 dt' 
(c) The product rule gives 
ac )- a ae AE gre 


50. (a) Since grad f(1,7,2) =i — (V6)j + k is normal to the tangent plane, and since the plane goes through the point 


(1, 7, 2), an equation is 
z—V6y+2=1-1—-V6-74+1-2=3-7V6 
r— V6y+z2=3-7V6. 


(b) A vector normal to the level surface is Ë =i — (\/6)j + K . The curve C pass through the point (1, 7, 2) at t = 0, 
so we find the tangent to the curve at this point: 


F'(t) =2(t+1)i — 7sintj 4-2e'k, 
r'(0)—2i —7-07 +2e°K —2i 2k. 
The angle, 0, between i. and T^ (0) is given by 
8s E-O] +k 
laI IPO È- (6) +k 
Thus, 6 = arccos(1/2) = 7/3. 


(c) By the chain rule, the rate at which the concentration, c, is changing is 
dc _ Of dx Of dy , Of dz 
dt Ox dt oy dt | Oz dt 


2 ; 
— ES k) 1:24+1-2 _ 4 1 


ZERI P+ Werte Vere Vveve 2 


= grad f - r'(t). 
Thus, at t = 0, 


r = grad f - F'(0) = (Ë — (V6)j +k )- (2i + 2k) = 4 ppm per second. 


51. Since  — scos0 i + ssin 0j, the unit vector in the direction of v is 
T —cos0i + sinQ j 


and 
N =k xT —-—sin0i +coséj. 
Using the chain rule to differentiate Y with respect to t, we have 
d = (s'cos0 — s(sin0)0')i + (s sin 8 + s(cos0)0^) 
= s'(cos0 i -- sin0 j ) + s'(—sin01 + cos0j ) 
— s'T +s0'N. 
52. Let F be the force towards O. Then F' is parallel to F (t) but in the opposite direction, so F = —kF (t) for some constant 

k. However, by Newton’s second law, F' = md , where d (t) = r” (t) is the acceleration of the particle. Now consider 


FF) xe) 


&| &. 


£ rw) x T(t) +r (t) x — (v (t) 
=i) x &(t) c r(t) x a(t) 2 ü. 


since 7 (t) and d (t) are parallel and à (t) x à (t) = 0. Thus, F (t) x & (t) = @, a constant. 
Since r (t) x v (t) = Z, the particle moves so that 7 (t) is perpendicular to c. Thus, 7 (t) is always in the plane 
perpendicular to c that contains the fixed point O. 


1610 


53. 
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(a) If At = ti41 — ti is small enough so that C; is approximately a straight line, then we can make the linear approxi- 


mations 
x(tip1) © a(ti) + a" (ti)At, 
y(tiz1) © y(ti) + y (6:)At, 
z(ti+1) & z(ti) + z' (ta) At, 
and so 


Length of C; © y (x(titi) — (ti))? + (y(tita) — y(ti))? + (2(tita) — 2(65))? 
& y a" (ti)? (At)? + y' (ti)? (At)? + 2/(ti)? (At)? 
= y x' (ti)? +y (ti)? + z (ti) At. 
(b) From point (a) we obtain the approximation 
Length of C = 5 length of C; 
& Y Voit? e y 9 + PAL. 
The approximation gets better and better as At approaches zero, and in the limit the sum becomes a definite integral: 


Length of C — jim x! (ti)? + y! (ti)? + 2/(ti)? At 


At—0 


= / ax! (t)? + y'(t)? + z'(t)? dt. 


Strengthen Your Understanding 


54. 


55. 
56. 


57. 


58. 


Velocity and acceleration are orthogonal for uniform circular motion, which is motion at constant speed. If the speed is 
not constant, then velocity and acceleration are not orthogonal. For example, if 


F(t) = (cost?)i + (sint?)7 


then 


T(t) -@ (t) =4t £0. 


Acceleration is a vector, not a scalar. 
The length of the parameter interval is not the same as the length of the curve parameterized. The length of the curve is 
given by 


B 
Length =i [|o (t)|| dt. 


A 
The particle with position 
F(t) = (t-- 20?) ? + 2tj + 307k 
has velocity & (0) = i +27 and acceleration d (0) = 47 + 6k . 


The curve 
F(t) — costi +sintj +tk, a<t<b 


with velocity 
T(t) = —sinti + cost] +k 


has 
Length = f voru- | V2 dt = (b — a) v2. 


If b — a = 10/2, the length is 10. For example, the interval 0 < t < 10/v2 corresponds to a piece of the helix of 
length 10. 


59. 


60. 
61. 


62. 


63. 


64. 
65. 


66. 


67. 
68. 


69. 


70. 


Solutions for Section 17.3 
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False. The velocity vector is ọ (t) = F’ (t) = 2ti — j. Then #(—1) = —27 — j and ọ (1) = 27 — J , which are not 
equal. 
True. The velocity vector is v (t) = F’ (t) = 2t7 — j , so the speed is s(t) = V4? + 1. Then s(—1) = s(1) = V5. 


False. While this is true for motion in a circle with constant speed, it is not true in general. For a counterexample, consider 
motion along a parabola F(t) = ti +127. Then ü (t) = i + 2tj and d (t) = 2j. Taking the dot product gives 
V (t) - d (t) = 4t, which is not zero for all t. Thus the velocity and acceleration vectors are not always perpendicular. 


False. If a particle is moving along a line with nonconstant speed, then the acceleration and velocity vectors are parallel. 
For a counterexample, consider motion along the line 7 (t) = t^i + t?7. Then 7 (t) = 2ti + 2t7 and đ (t) = 2i 4-27, 
so 7 (t) = tà (t). Thus in this case the velocity vector and acceleration vectors are parallel at all points. 


False. As a counterexample, consider the curve 7’ (t) = pL ej for 0 € t < 1. In this case, when t is replaced by —t, 
the parameterization is the same, and is not reversed. 


True. The length of the curve C is given by f? |I (t) || dt = f? ldt—b-a. 
False. The velocity of the particle is given by ọ (t) = F'(t) = 3i +27 + k, so speed is constant: ||v (£)]| = 
V3? + 2? + 1? = V/14. So the particle never stops. 


False. As a counterexample, consider motion along the helix 7? (t) = cos ti + sin tj + tk. In this case the speed is 


II? (t)|| = 4/ (— sin £)? + (cost)? + 12 = \/2. Thus the particle has constant speed, but is traveling along a helix, not a 
line. 


True. We find the tangent vector to a parametrically defined curve by differentiating 7 (t). 


False. Suppose ?' (t) = (cos t)i + (sin t) , so F (t) traces out the unit circle. Then 7" (t) lies along the radius of the circle 
and 


> 


F(t) = (— sint)? + (cost)j 
and 7 ' (t) is tangent to the circle. Thus 7’ (t) and 7 ' (t) are perpendicular, so their cross product is not zero. 
False. Suppose F (t) = ti + tj . Then F '(t) =i +J and 

F'(t)-r(t) = (t€ +t7)-(@ +7) = 2t. 
Sor '(t)- T (t) £0 fort 40. 


False. This result is true for uniform circular motion, but is not true in general. 


Exercises 

1. V =a 

2V = —yi 

3. V =ai + yj =F 

4V- —yi + zj 

5. V =-ai — yj = -f 

6. V = Fi : vectors are of unit length and point outward. 
p 

7. (a) Parallel to y-axis. 


(b) Length increasing in x-direction. 

(c) Length not dependent on y. 

(a) Not parallel to either axis. 

(b) Length does not change as x increases. 
(c) The length increases as y increases. 


(a) Parallel to x-axis 
(b) Length increases as x increases 
(c) Length decreases as y increases. 
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10. (a) Since grad(x* + e?") = Axi + 3e], the vector field is parallel to neither axis. 
(b) The length increases as x increases. 
(c) The length increases as y increases. 


11. See Figure 17.12. 
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Figure 17.12: F (x,y) 2 2i +37 


12. See Figure 17.13. 


cc + © H e HF - l 


m e | | 4 -l 


— + + + He ee + 


Figure 17.13: F (x,y) = yi 


13. See Figure 17.14. 
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Figure 17.14: F (x,y) = —yj 
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14. See Figure 17.15. 
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15. See Figure 17.16. 


Figure 17.16: F (7) — 


16. See Figure 17.17. 
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Figure 17.17: F (F) = —F /|r |? 
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17. The vector field points in a clockwise direction around the origin. Since lyi — 1j || = A/ y? + z?, the vectors get longer 
as you go away from the origin. See Figure 17.18. 


y 
gl at am ee ci I 
SZAF 
targan 
t——4 ——d1—4— « 
NN 8S toe 4 f 
NN + n 4 J 
Vn mn ef 
Figure 17.18 
18. See Figure 17.19. 
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Figure 17.19: F (x,y) = 207 + xj 
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Figure 17.20: F (x,y) = (x+y)i 4-(—y)j 


20. (a) III. The vector field 7 points outward and increases in length farther from the origin. 
(b) II. The vector field —yi + zj is tangent to a circle centered at the origin. Since || — yi + xj || = \/x? + y2, the 
vector field given has length 1 everywhere. 
(c) IV. The vector field —7^ points toward the origin and increases in length farther from the origin. 
(d) VI. The vector field yt — rj is tangent to a circle centered at the origin and points clockwise. 


21. 
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Notice that for a repulsive force, the vectors point outward, away from the particle at the origin, for an attractive force, the 
vectors point toward the particle. So we can match up the vector field with the description as follows: 

(a) IV 

(b) III 

(c) I 

(d) II 


Problems 


22. 
23. 


24. 


25. 


26. 


27. 


28. 


29. 


F (x,y) = ai 4- bj for any real numbers a and b is a constant vector field. For example, F (x,y) = 3i — 4j. 


If F (x,y) = f(x, y)UV, where f(x,y) is any positive nonconstant function and @ is any nonzero vector, then F has 


nonconstant magnitude || F^ || = ||? ||. It has constant direction because all its vectors are in the same direction as @ . For 
example F (x,y) = (1+ z2)(3i + 2j ). 
If " 
F (x,y) = —=—— (f (z, yi + 9(2.9)3). 
f(x,y)? + g(z,u)* 

then f has constant magnitude IE || = 1. For many choices of f and g the vector field F is nonconstant because its 
direction is nonconstant. For example, 

7 i, oh es 

F (x,y) = ———( — xj). 

(x,y) Nom j) 

Many answers are possible. For example, F (x,y) = xi + yj has nonconstant magnitude || F || = \/x? + y?. Its 


direction is also nonconstant, since F (1,0) — and F (0,1) — 7. 


If F (x,y) = f(x, y)((12- y)? — (x + y) ) where f(x,y) is any function, then F -G = 0, which shows that F is 
perpendicular to G . 
For example F (x, y) = (y + cos z)((1 + y?)i — (x + y)j ). 


Vector fields (B) and (C) both appear to be constant, and therefore correspond to the equally spaced level curves in (I) and 
(ID). Since the gradient points toward increasing values of the function, (B) corresponds to (II) and (C) corresponds to (1). 
Vector field (A) points away from the center, so it corresponds to (IV), which has a minimum in the center. 
Vector field (D) points toward the center, so it corresponds to (III) which has a maximum at the center. 


The sketches show that the vector fields point in different directions on the y-axis, so we examine the formulas for the 
vector fields on the y-axis. On the y-axis, where x = 0, we have: 
F (0,y) = yj, a vector pointing up if y > 0 and down if y < 0, as in I 
G (0, y) = —yi , a vector pointing left if y > 0 and right if y < 0, as in II 
H (0, y) = —yj , a vector pointing down if y > 0 and up if y < 0, as in III 
So F is I, G is I, and Ë is III. 


The sketches show that the vector fields can be distinguished by the directions they point on the coordinate axes, so we 
examine the formulas for the vector fields on the axes. 


(a) F (0,y) + G (0,y) = —yi + yj = y(—7 +7), a vector pointing up to the left if y > 0 and down to the right if 
y < 0, as in II. 

(b) F (0, y) + H (0, y) = 0, the zero vector as in III. 

(c) G (0, y) + H (0,y) = —yí — yj = —y(i +7), a vector pointing down to the left if y > 0 and up to the right if 
y < 0, as in Land IV. G (,0) + Ë (1,0) = xi + xj = x(i +7), a vector pointing up to the right if x > 0 and 
down to the left if z < 0, as in II and IV, so G + H is Iv. 

(d) —F («,0) + G (z,0) = —a2i -- xj = 2(—i +7), a vector pointing up to the left if £ > 0 and down to the right if 
x <0,asinI. 


1616 Chapter Seventeen /SOLUTIONS 


30. One possible solution is F (x,y) = xi . See Figure 17.21. 
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Figure 17.21 
31. If we let F (x,y) = CER then all vectors will be of unit length and will point toward the origin. See Figure 17.22. 


FF Fa ES 


Figure 17.22 
32. The position vector at each point is 7 = — ai ryj. We want to find F (z, y) = Ai + Bj such that F -F = Az4- By — 0. 
One possible answer i is let A = y and B = —x. So F (x,y) = yi — xj . Since the vectors are " unit length, we get 
i-r 
Ce eae 
/ £2 + y? 
y 
ug 
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33. (a) The line l is parallel to the vector v = We 2j — 3k . The vector field F is parallel to the line when F isa multiple 
of v . Taking the multiple to be 1 and solving for x, y, z we find a point at which this occurs: 


z +y = -2 
g=y +z ==3 


gives z = 1, y = —3, z = 


7, so a point is (1, —3, —7). Other answers are possible 
(b) The line and vector field are perpendicular if F' -  — 0, that is 
(zi +(æ+y)j +(a@-—y+2)k)- (i —27 —3k) 20 
x — 2x — 2y — 3x4 3y — 3z = 0 
—4zr +y- 3z = 0. 
One point which satisfies this equation is (0, 0, 0). There are many others. 


(c) The equation for this set of points is — 4x + y — 3z = 0. This is a plane through the origin. 
34. (a) The vector field L =0F 4 


-G = —yi + Tj is shown in Figure 17.23. 
(b) The vector field L = aF + G = (ax — y)i + (ay + z)j where a > 0 is shown in Figure 17.24. 
(c) The vector field L = aF + G = (ax — y)i + (ay + x)j where a < 0 is shown in Figure 17.25. 
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Figure 17.24 Figure 17.25 
35. (a) The vector field Lo 


F +40G =ai + yj is shown in Figure 17.26. 
(b) The vector field L = F 
F 


+bG = (x — by)i + (y 4- bx)j. where b > 0 is shown in Figure 17.27. 
(c) The vector field L = F +bG = (x — by)i + (y+ 0x)j where b < 0 is shown in Figure 17.28. 
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Figure 17.27 Figure 17.28 


36. (a) Since the velocity of the water is the sum of the velocities of the individual fields, then the total field should be 


i 


E EN 
= UU stream + V fountain- 
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It is reasonable to represent Ù stream by the vector field @ stream = Ai, since Ai is a constant vector field flowing in 
the i-direction (provided A > 0). It is reasonable to represent v fountain by 


Ù fountain = KF, /r’° = K(x? + y) (aT + yj), 
since this is a vector field flowing radially outward (provided K > 0), with decreasing velocity as r gets larger. 
We would expect the velocity to decrease as the water from the fountain spreads out. Adding the two vector fields 
together, we get 
T = Ai -K(z +y’) (ri +yj), A>0,K>0. 
(b) The constants A and K signify the strength of the individual components of the field. A is the strength of the flow of 
the stream alone (in fact it is the speed of the stream), and K is the strength of the fountain acting alone. 
(c) y y 
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Figure 17.31: A = 0.2, kK = 2 


37. (a) The gradient is perpendicular to the level curves. See Figures 17.33 and 17.32. A function always increases in the 
direction of its gradient; this is why the values on the level curves of f and g increase as we approach the origin. 


Figure 17.32: Level curves z = f(x, y) Figure 17.33: Level curves z = g(x, y) 


38. 
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(b) f climbs faster at outside, slower at center; g climbs slower at outside, faster at center: 


f(x,y) 


g(x,y) 


Figure 17.34 


This can be understood if we notice that the magnitude of the gradient of f decreases as one approaches the 
origin whereas the magnitude of the gradient of g increases (at least for a while - what happens very close to the 
origin depends on the behavior of grad g in the region. One possibility for g is shown in Figure 17.34; the graph of g 
could also have a sharp peak at 0 or even blow up.) 


(a) Dividing a vector F by its magnitude always produces the unit vector in the same direction as F. 
(b) Since 


IN || = ILI F) Co? + uj )|| = Q/F) v/v? + u? = (1/F)F = 
then Ñ is a unit vector. We check that Ñ is perpendicular to F using the dot product of N and F: 


> > 


Ñ -F =(1/F)(—vi -- uj )- (ui -- vj) =0. 


Which side of F does N point? The vector k is pointing out of the diagram. Since the cross product E x F is 
perpendicular to both k and F , then Ñ lies in the xy-plane and points at a right angle to the direction of F. By the 
right-hand rule, Ñ points to the left as shown in the figure. 


Strengthen Your Understanding 


39. 


40. 


41. 


42. 


To obtain a plot of the vector field G (x,y,z) = F (2x, 2y, 2z), move the vectors in a plot of F (x, y, z) halfway to 
the origin, without changing their directions or magnitudes. For example, to plot the vector G (1,2, 3), move the vector 
F (2,4, 6) to the point (1,2, 3). 

Doubling the lengths of the arrows in the vector field F (x,y, z) gives a plot of the vector field Ë (x,y,z) = 
QF (m, y, z). 
The values of a vector field are vectors, not scalars. The formula F (x,y,z) = x? — yz is not a vector field because the 
expression x? — yz is not a vector. 


The vector field 
F (z,y, z) = (z^ - 1) (T +7 +k) 
1s nonconstant and is parallel to i+ j +k at every point. 


Any vector field that is not the zero vector at any point and that has nonconstant direction can be divided by its magnitude 
to produce a nonconstant vector field of unit vectors. For example, we have 
F (z,y, 2) = ——— (0? +17 +f +f). 
(a? + 1)? + 22 + y? 
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Solutions for Section 17.4 


Exercises 


1. Since x’(t) = 0 and y'(t) = 2, we have x = xo and y = 2t + yo. Thus, the solution curves are x = constant. 
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Figure 17.35: The field / = 2j Figure 17.36: The flow x = constant 


2. Since a’ (t) = 3 and y’(t) = 0, we have x = 3t + zo and y = yo. Thus, the solution curves are y = constant. 
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Figure 17.37: The field ¢ = 37 Figure 17.38: The flow y =constant 


3. Since x’ (t) = 3 and y'(t) = —2, we have x = 3t + xo and y = —2t + yo. Thus the flow lines are straight lines parallel 
to the vector 32 — 27 . Alternatively, we have gu =— 2. Thus, y — -2r + c, where c is a constant. 
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Figure 17.39: The field / = 37 — 27 


4. As 


the system of differential equations is 


Since F d 

a 0) = ai (oe) =g 
and d d 

A) = FO =0, 


y 
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Figure 17.41: © (t) = «i Figure 17.42: The flow x(t) = ae’, y(t) =b 


5. As 


the system of differential equations is 
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Since 


i diy(t)) d 
y(t 
ANM Ss oi Ah Ge = 
E 
the given flow satisfies the system. The solution curves are the vertical lines x = a. See Figures 17.43 and 17.44. 
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Figure 17.43: & (t) = xj Figure 17.44: The flow x(t) = a, y(t) =at+b 
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Figure 17.45: o (t) = zi + yj Figure 17.46: mn z — ae', 
y = be’. 


the system of differential equations is 


Since dst) d 
a(t 
uem prid =ae — x(t) 
and 
dy(t) _ d 


the given flow satisfies the system. By eliminating the parameter t in x(t) and y(t), the solution curves obtained are 
b 
y= qu. 


17.4 SOLUTIONS 1623 


. As 


the system of differential equations is 


Since J , 
ud = lae] = ae = x(t) 
and dy() " 
t = = 
M = ghe "| 2 —be™ = y(t), 


the given flow satisfies the system. By eliminating the parameter t in x(t) and y(t), the solution curves obtained are 
xy = ab. See Figures 17.47 and 17.48. 
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Figure 17.47: © (t) = zi — yj Figure 17.48: The flow x = ae’, y = be~* 


. As 


the system of differential equations is 


Since d d 
t 
us = Gq [a sin t] = acost = y(t) 
and d d 
wo) = dt [a COS t] = —asint = —a(t), 


the given flow satisfies the system. By eliminating the parameter t in x(t) and y(t), the solution curves obtained are 
£? + y? = a’. See Figures 17.49 and 17.50. 
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Figure 17.49: 7 (t) = yi — zf Figure 17.50: The flow x = asint, 
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the system of differential equations is 


Since 


and 
dyt) | d, s t ntt 
oca —e )]-a(e +e ^)- z(t), 


the given flow satisfies the system. By eliminating the parameter t in x(t) and y(t), the solution curves obtained are 
£? — y? = 4a?. See Figures 17.51 and 17.52. 
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10. The vector field is given by &. = y?i + 2277 , that is, the flow line (x(t), (y(t)) satisfies 
a'(t) — y 
y (t) = 227 
We'll use Euler's method with At = 0.1 to find the parameterized curve (x(t), y(t)) through (1, 2). So 


Zn4l- Tn + 0.1y2 


Yn+1 = yn + (0.1)222. 
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Initially, that is when t = 0, we have (xo, yo) = (1, 2). Then 


0.1 =1+4+0.1-2? = 1.4 


Tj = To 


yi = yo + 0.1- 279 = 2 + 0.1-2- 1° = 23. 


Thus, we see that after one step, xı = 1.4 and yı = 2.2. Further values are given in the Table 17.3. 


Problems 


1625 


11. This corresponds to area A in Figure 17.53. 
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Figure 17.53 


12. This corresponds to area B in Figure 17.53 in Problem 11. 


13. This corresponds to area C in Figure 17.53 in Problem 11. 


14. This corresponds to area D in Figure 17.53 in Problem 11. 


15. (a) At every point (x, y) in the plane, the vector G (x, y) has the same direction as F (x, y) but G (æ, y) is twice as long. 


— E 


For the case where F' (x, y) = —yi + xj 


see Figures 17.54 and 17.55. 
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Figure 17.54: F = —yi +27 Figure 17.55: G(x, y) = 2(—yi + xj ) 


(b) At every point in the plane the two vector fields F andG have the same direction. Therefore the flow lines of the two 
vector fields have the same slopes at every point. By the uniqueness of solutions of differential equations with initial 
conditions, the flow lines of the two vector fields through any given point must be the same. This means that if two 
objects are placed at the same point, one into the flow of F and the other into the flow of G , they will move on exactly 
the same paths. However, they will move at different speeds. The two flows will have different parameterizations. 


For the case where F (t) — —yt + rj both flows are circular about the origin, but the flow of G is twice as 
fast as the flow of F’. 
16. The directions of the flow lines are as shown. 
(a) III 
(b) I 
(c) II 
(d) V 
(e) VI 
(f) IV 
(I) (i) (Il!) 
3 5 E z 
(IV) y (V) y (VI) 
i 5% 
| - zx 
yet 1 2 
fa l 
í —5 5 
EE RUE 
17. The object's motion is described by a function F (t) 


7 7 d 
= ax(t)i + y(t)j , where TO = 
y(t))i + v(z(t), y(t))7 . Using the chain rule to differentiate, we have 


d^r 
"T 
() dt? 
B 
dt’ di? 
_ dx dy? dx dy, > 
(ua Ge Tg + O + T 


= (usu + Uyv)i + (vu + vyv)j 


18. 


19. 


20. 


21. 
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(a) Perpendicularity is indicated by zero dot product. We have v - grad H = (—Hyi + Hej) . (Hei +H yj) =0. 
(b) If 7 (t) = z(t)i + y(t)j is a flow line we have, using the chain rule, 


£ Hey) c5 ovg dU Bn Hp HOS 


Thus H (x(t), y(t)) is constant which shows that a flow line stays on a single level curve of H. 

For a different solution, use geometric reasoning. The vector field y is tangent to the level curves of H because, 
by part (a), & and the level curves are both perpendicular to the same vector field grad H. Thus the level curves of 
H and the flowlines of y run in the same direction. 


Let F (t) = x(t)? + y(£)] be a flow line of 7 . If f (x, y) has the same value at all points (x(t), y(t)) then the flow line 
lies on a level curve of f. We can check whether 


g(t) = f(x(t), y(t) = x(t)u(t) 
is constant by computing the derivative g'(t). Since © = xi — yj , we have dx/dt = x and dy/dt = —y. Thus, 


/ dy , dr — = 
g(t) zr t V ry yr —0 


and g(t) is constant. This means that the flow line lies on a level curve of f. The flow lines are parameterized hyperbolas 
with equation zy — c. 

Let F (t) = x(t) + y(£)] be a flow line of 7. If f (x, y) has the same value at all points (x(t), y(t)) then the flow line 
lies on a level curve of f. We can check whether 


is constant by computing the derivative g'(t). Since © = yi + xj , we have dx/dt = y and dy/dt = x. Thus, 


i dx dy = = 
g (t) = 2x di 2y di 2xy — 2yr = 0 


and g is constant. This means that the flow line lies on a level curve of f. The flow lines are parameterized hyperbolas 
with equation z? — y? — c. 

Let F (t) = x(t)? + y(£)] be a flow line of 7 . If f (x, y) has the same value at all points (x(t), y(t)) then the flow line 
lies on a level curve of f. We can check whether 


g(t) = (w(t), y(t) = b(t)? — ay(t)* 
is constant by computing the derivative g'(t). Since 7 = ayi + bxj , we have dx/dt = ay and dy/dt = bx. Thus, 


/ dx dy _ 
g (t) = 2bx T 2ay 3r 2abxy — 2abyx — 0 


and g is constant. This means that the flow line lies on a level curve of f. The flow lines are parameterized conic sections 
with equation bz? — ay? — c, hyperbolas if a and b are both positive or both negative, and ellipses if a and b have opposite 
sign. 


22. (a) Each vector in the vector field 0 is horizontal, tangent to a circle whose center is on the z-axis, and pointing coun- 


terclockwise when viewed from above. Thus, @ is parallel to —yi + zj. The point (x, y, z) is moving on a circle of 


radius r = 4/ x? + y? and has 


2nr mr 
d = — = —. 
Speed = Oa = 12 
Since the vector at the point (x, y, z) has magnitude wr /12 and is parallel to the unit vector 


(—yi + 2j )/ A/ a? + y?, we have 
> ar -yi taj T > > 
= EE Sr SE, Te t . 
LET: (Ee is yi + xj ) meters/hr 


(b) A point moves in a horizontal circle, centered on the z-axis, and oriented counter-clockwise when viewed from above. 
These circles are the flow lines. 
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=: 


(ax — y)i + (x + ay)j . Thus 


23. (a) The flow line F (t) = x(t)i + y(t)j is the path with F’ (t) = @ 


g =ar-—y y —mr- ay. 
We show h(t) is constant on a flow line by showing that h’ (t) = 0. Using the chain rule, we have 
h/ (t) = e ?"  (2zz' + 2yy) — 2ae ?" (a? + y?) 
= e?" (2a(ax — y) + 2y(z + ay)) — 2ae ?"* (x? + y?) — 0. 
The function h(t) =at (£? + y?) is constant because its derivative is zero. 


=e 
(b) We have h(0) = e*'9 (£? + y?) = 1 for points on the unit circle z? + y? = 1 att = 0 . Hence, along the same flow 
line, h(t) = e ?** (x? + y?) = 1 for all t. Thus at time t, the particle's coordinates satisfy 


2 2 2at 
zx +y =e" 


, 
which is the equation of the circle of radius e^* centered at the origin. 


This result matches what can be seen in the vector field plot in Figure 17.56. If a < 0, the flow lines move 
toward the origin. If a > 0, the flow lines move away from the origin, and if a = 0 they circle the origin. 
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Figure 17.56 
Strengthen Your Understanding 
24. The vector field F = —yi + rj has linear components and circular flow lines. 


25. Although the vectors in the vector field all point in the same direction, their lengths could vary. For example F (x,y,z) = 
(x? + 1)i has flow lines that are all lines parallel to the x-axis pointing in the positive direction, but it is not constant. 


26. Since F (t) = ti +t?7 4- PK isa flow line of the vector field F (x, y, z), we have 


F(t,t?,t?) 2 (t) =i +2t7 - 30k 
where 7 (t) is the velocity of 7’ (t). Let 


F (x,y, z) ka Fi(z, y, z)i + F(x,y, z)J + F3(x,y,2)k. 


We must determine three functions, F1, F2, and F5 such that 


F,(t,#?,0°) 21 Fo(t,t?,t°)=2t P(t, t,t) = 3t. 
One solution is given by 


Fi(z,y,z) =1 Fo(a,y,2) = 2x F3(a,y,2) = 3y. 
Thus, 7 (t) is a flow line of the vector field 


F (x,y,z) =i +207 + 3yk. 


27. The vector field F (z,y,z)— vi + yj + 2k points away from the origin at every point other than the origin, so its flow 
lines are rays pointing from the origin. 


28. True, since the vectors Tj are parallel to the y-axis. 


29. 
30. 
31. 
32. 
33. 


34. 


35. 


36. 


37. 
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False. The flow lines are circles centered at the origin. 

False. The flow lines are lines parallel to the x-axis. 

False. Each flow line stays in the quadrant in which it originates. 
True. Any flow line which stays in the first quadrant has x, y — oo. 


False. The flow lines for F^ are perpendicular to the contours for f, since the flow lines follow V f, which is perpendicular 
to the contours of f. 


True. Since a vector tangent to a circle centered at the origin is perpendicular to the radius vector 7° and F (T) is tangent 
to its flow lines, F’ (7) must be perpendicular to 7°. Thus F (F) - 7 = 0 for all 7’. 


False. If the flow lines are all straight lines parallel to v, we need F (x,y) to be parallel to v for all z and y. That 
does not mean that F (x,y) must be equal to y; it only needs to be a scalar multiple y. For example, the vector field 
F (x,y) = 6i +107 has all its flow lines parallel to à. Another example is F (x,y) = 3e? "i 4-5e?-"j = ey, 
where the scalar multiplied times @ varies as x and y vary. 

True. If (z, y) were a point where the y-coordinate along a flow line reached a relative maximum, then the tangent vector 
to the flow line, namely F (x,y), there would have to be horizontal (or 0), that is its j component would have to be 0. 
But the j component of F is always 2. 


False. At all points on the x-axis, y = 0, so the vector field is a horizontal vector, F (z,0) = e*i, pointing to the right, 
since it is a positive multiple of 7 . Thus the x-axis itself is a flow line for F’ . Since there can be only one flow line through 
any point, no flow line can cross the x-axis. 


Exercises 


1. 


The line has equation 


or, equivalently 


z—24045t 
y—-1-4t 
z=3-t 


The displacement vector from the point (1, 2, 3) to the point (3, 5, 7) is 
3i +57 +7k — (Ë +27 +3k) = 27437 +48. 


So the equations are 


z-—14 2t, 
y —2-3t, 
Zz — 8 - At. 


x dy. 
. The parameterization zi + yj = 2costi +2sintj has the right radius but starts at the point (2, 0). To start at (0, 2), 


we need ri + yj = 2cos(t + Zu + 2sin(t + z) = 2sinti + 2costj. 


. The parameterization xi + yj = (4+4cost)i + (4+ 4sin t) j gives the correct circle, but starts at (8, 4). To start on 


the x-axis we need 


wi + yj = (4+ Acos(t — 5))i + (4+ 4sin(t — )j = (4+ Asint)i + (4 — 4cost)j. 


T 
2 


. The parametric equation of a circle is 


T — cost, y — sint. 
When t = 0, x = 1,y = 0, and when t = $, x = 0,y = 1. This shows a counterclockwise movement, so our original 
equation is correct. 
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7. The vector (i +27 + 5k peg eg 4k )2-i +37 + k is parallel to the line, so a possible parameterization is 


a=2-t, y= —-14+3t, z=4+t. 


8. A line perpendicular to the xz-plane will have x = constant, z = constant, y = anything: This is given by x = l,y = 
4,2= 2. 

9. Since the vector 7 = grad(2x — 3y + 5z) = 2i — 3j + 5k is perpendicular to the plane, this vector is parallel to the 
line. Thus the equation of the line is 


zr=1+2t, y—1—34, z=1+5t. 


10. The zy-plane is where z = 0, so one possible answer is 
x=3cost, y=3sint, z=0. 


This goes in the counterclockwise direction because it starts at (3, 0, 0) and heads in the positive y-direction. 


11. Since the circle has radius 3, the equation must be of the form x = 3 cos t, y = 5, z = 3sint. But since the circle is being 
viewed from farther out on the y-axis, the circle we have now would be seen going clockwise. To correct this, we add a 
negative to the third component, giving us the equation x = 3 cost, y = 5, z = —3sint. 


12. We can find this equation in two ways. First we could find two points on the line of intersection and then proceed as in 
Example 7 on page 921. To find two points just substitute two different values for z and solve for x and y for each value 
of z. Alternatively, assuming the line is not horizontal (which it turns out not to be), we could take z to be the parameter 
t, so z = t. To find x and y as functions of t we solve the two equations for x and y in terms of t. We have 


t= 4+ 2x + 5y 
t=3+2+43y. 


Eliminating z we get 
—t=-2-y and y-—-2-t. 
Substituting —2 + t for y in the second equation and solving for x, we get 


z—3-— 2t. 


Our equations are therefore 
z—3—2t,y—-—2-ci,z-—l. 


or 


Foci +yj +zk =31 —27 +t(-2 +j +k). 


13. See Figure 17.57. The parameterization is 


T 


Figure 17.57 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
24. 
25. 
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The velocity vector y is given by: 


v= L (3 cost)? + S sint = —3sinti + 4costj. 


The velocity vector y is given by: 


The velocity vector y is given by: 


4 d 2\7 d a7 d 7 > > > 
= — (2 + 3t —(4+t —(1-—t1^)k = 6t 2tj — 2tk. 
B= GAt 3+ Sates +g ) i *2tj 
The velocity vector y is given by: 
~ d oa dior doer? = ap 
=—t —t —t k = 2t tk. 
Ü qtd i +2tj +3 


Vector. Differentiating using the chain rule gives 


2): - (asin iE o2) 7 + ( l L 


1 
Velocity = | 3cos v2t + 1. ————: — 
y ( 2V FI 22i F 2V 


_ 3cosy2t+ 15 3sin /2t 4- 15 1 > 


7 -— 4 
Jarl Jai? | VES 


Scalar. The velocity vector is 


T —2t + ej, 


Speed = ||v || = 4/ (2t)? + (et)? = y 4t + e”. 


Vector. Differentiating using the chain rule gives 


and 


Velocity — See i+ =) j 
m 24/3 + sint 24/3 + cost Es 


Vector. Differentiating using the product and chain rule gives 


Velocity = (e! + te’)i + 2e? 7 
Acceleration = (2e + teji + 4e”j. 


No. The first is parallel to the vector 2 = j + 3k and the second is parallel to i+ 2j +2k. 
Yes. They are both parallel to the vector = j + 3k. 


The direction vectors of the lines, —7 + 4j — 2k and 2i — 8j 44k , are multiplies of each other (the second is —2 times 
the first). Thus the lines are parallel. To see if they are the same line, we take the point corresponding to t = 0 on the first 
line, which has position vector 3i + 37 — k , and see if it is on the second line. So we solve 


(14-20)i + (11 — 8t) + (4t-—5)k —3i +37 — K. 


This has solution £ — 1, so the two lines have a point in common and must be the same line, parameterized in two different 
ways. 
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26. (a) We get the part of the line with x < 0 and y < 0 and z < 10. 
(b) We get the part of the line between the points (0, 0, 10) and (1, 2, 13). 


27. See Figure 17.58. 
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Figure 17.58: F (x,y) = —yi + xj 


28. At each point, all these vector fields point in the same direction (rotating clockwise around the origin). Since In || = 


1 X" m y y? +r? 1 ; ; . . 
TEST lyi —23 || = =a = JA the vectors in the field shrink as you go away from the origin. See Figure 17.59. 
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Figure 17.59 


29. The vector field points in a clockwise direction around the origin. Since 


| (4, - (= |- 
= — | —— ] j || = = = 1, 
Jere) AVETE CEST 


the length of the vectors is constant everywhere. 


Figure 17.60 


SOLUTIONS to Review Problems for Chapter Seventeen 1633 


Problems 


30. Substitute x = 2t + 1, y = 3t — 2, z = —t + 3 into the equation of the sphere: 


(w— 1)? + (y—1)? + (2-2)? =2 
QU + 3t- 1)? [6E 3 
AC + 9t? — 6 140 —2t+1=2 

14? — 8t =0 


Thus, t = 0, giving z = 1, y = —2, z = 3, and when t = 4/7, x = 15/7, y = —2/7, z = 17/7. 
31. (a) To find where the particle is at time equal to 0, we simply substitute O in for all t in the equation. Therefore, the 
particle is at the point with position vector 
F (0) = [2 -- 5(0)] 7 + (3 +0)7 + 2(0)k 
= 27 +37 +0k. 
Thus, the particle is at the point (2, 3, 0). 


(b) To find the time at which the particle is at the point (12, 5, 4), we solve for t for each component, and the t should be 
the same, if the curve goes through this point. For the z-component, we get 


2+ 5¢ = 12 
t= 2. 
For the y-component, we get 
3+t=5 
CE2 
And for the z-component, we get 
2 
t= 


Therefore, at t = 2 the particle reaches (12, 5, 4). 
(c) The particle never reaches (12, 4, 4), because the equation 


F — (24-50 (34-1)j +2tk — 121 +47 +4k 


has no solution. Thus, the point does not lie on the line. 
32. (a) (1) has radius 1 and traces out a complete circle, so / = C4. 
(II) has radius 2 and traces out the top half of a circle, so JJ = C4 
(III) has radius 1 and traces out a quarter circle, so /77 = C». 


(IV) has radius 2 and traces out the bottom half of a circle, so IV = Cs. 
(b) C3 has radius 1/2 and traces out a half circle below the x-axis, so 


F —0.5costi — 0.5sin tj. 
Cs has radius 2 and traces out a quarter circle below the x-axis starting at the point (—2, 0). Thus we have 


F = —2cos(t/2)i — 2sin(t/2)j . 


33. (a) A vector field associates a vector to every point in a region of the space. In other words, a vector field is a vector-valued 
function of position given by Y = f (7) = f (x,y,z) 
(b (i) Yes? +@ = (x+ aı)i + (y+a2)j +(z+as)k is a vector-valued function of position. 
(ii) No,  - d is a scalar. 
(iii) Yes. 
(iv) z? + y? + 2? is a scalar. 


1634 


34. 
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Vector fields (A) and (D) both point radially outward, so they correspond to (I) and (II). Since (A) has vectors that are of 
constant length, it corresponds to (ID), where the level curves are equally spaced. (D) corresponds to (I). 

Vector field (B) corresponds to (III) since the vectors in (B) point away from the origin on the x-axis, and the function 
in (III) increases in this direction. To confirm, the vectors in (B) point toward the origin on the y-axis, and the function 
decreases away from the origin on the y-axis. 

In vector field (C), vectors point away toward the origin on the z-axis and away from the origin on the y-axis. This 
corresponds to (IV), in which the function decreases away from the origin on the x-axis and increases on the y-axis. 


. Sketches of the vector fields in Figure 17.61 show that E is tangent to (IV), F is tangent to (I), G is tangent to (ID, and 


35 jl 

H is tangent to (III). 
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36. 


37. 


38. 


At time t the particle is s = t — 7 seconds from P, so the displacement vector from the point P to the particle is d — sU. 
To find the position vector of the particle at time t, we add this to the position vector o = 5i + 4j + 3k for the point 


P. Thus a vector equation for the motion is: 


or equivalently, 
x=54+3(t-7), y=44+1(t-7), 2=3+2(t-7). 
Notice that these equations are linear. They describe motion on a straight line through the point (5, 4, 3) that is parallel to 
the velocity vector Y = 3i +j +2k. 
The displacement vector from (1, 1, 1) to (2, 21,3) isd = (22 —j +3k)—(i +j +k) =i —27 +2K meters. The 


> 


velocity vector has the same direction as d and is given by 


v= : — 0i — 0.45 +0.4k meters/sec. 


Since v is constant, the acceleration & = 0. 


Parametric equations for a line in 2-space are 


x = zod-at 


y = yo + bt 


where (xo, yo) is a point on the line and v = ai + bj is the direction of motion. Notice that the slope of the line is equal 
to Ay/Aax = b/a, so in this case we have 


b 
= = Slope = —2 
A Slope ; 


In addition, the speed is 3, so we have 
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Substituting b = —2a gives 


a? + (—2a)? =9 
5a? = 9 

"T E 

v5 v5 


If we use a = 3/\/5, then b = —2a = —6/\/5. The point (xo, yo) can be any point on the line: we use (0, 5). The 
parametric equations are 


3 6 
g= =t, = 5 — —t. 
" EE: 
Alternatively, we can use a — —3/ V5 giving b = 6 / 5. An alternative answer, which represents the particle moving in 
the opposite direction is 
3 6 
z————t y=5+ 


wis 


39. (a) The quantity || grad f|| represents the maximum rate of change of temperature with distance at each point. Its units 
are C per cm. 
(b) The speed of the particle is \/(g’(t))? + (K'(t))?. Its units are cm/sec. 
(c) The rate of change of the particle's temperature with time is given by the chain rule 


dH  Ofdz | Of dy 


dt ^ rd Fay ae og V fy a 


o 
Its units are C/sec. 


40. We should have x = zo — 2t. Since no initial position at time t = 0 is given, we can use any point on the line y = 3r + 7 
as (xo, yo). We choose the y-intercept (0, 7). Then x = 0 — 2t and y = 7 + bt. Since the slope of the line is 3 and the 
x-coordinate decreases by 2 units for each unit of time, we know that the y-coordinate decreases by 6 units for each unit 
of time. Therefore, b = —6. Our equations are x = —2t, y = 7 — 6t. 


41. (a) In order for the particle to stop, its velocity V. = (da/dt)i + (dy/dt)j must be zero, so we solve for t such that 
dx /dt = 0 and dy/dt = 0, that is 


dx 2 

— = 3t — 3 = 3(t— 1)(t+ 1) = 0, 

— @-DE+1) 

dy 

— = 2t-2=2(t-1)=0. 

zm (t1) 
The value t = 1 is the only solution. Therefore, the particle stops when t = 1 at the point (t? 3t 1^ 2t)|ta1 = 
(—2, —1). 

(b) In order for the particle to be traveling straight up or down, the x-component of the velocity vector must be 0. Thus, 
we solve dz /dt = 3t? — 3 = 0 and obtain t = +1. However, at t = 1 the particle has no vertical motion, as we saw 
in part (a). Thus, the particle is moving straight up or down only when t = — 1. Since the velocity at time t = —1 is 

dx > dy E 
ata Ee ay NM 
(Dm icta j —-4j, 
t=-1 t=-1 


the motion is straight down. The position at that time is (t? — 3t, t? — 2t)|t--1 = (2, 3). 

(c) For horizontal motion we need dy/dt = 0. That happens when dy/dt = 2t — 2 = 0, and so t = 1. But from part (a) 
we also have dx /dt = 0 also at t = 1, so the particle is not moving at all when t = 1. Thus, there is no time when 
the motion is horizontal. 


42. (a) The velocity vector is given by differentiating 7 (t) component by component to give 


=>: 


az » Br 
w= = = (—4sin4ti + 4cos4tj + 3k ). 


Similarly, differentiating the velocity vector gives the acceleration vector to be 


de 
| dt? 


> 


= (—16 cos 4ti — 16 sin 4tj ). 
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(b) The speed of the particle is 


|o || = V8 .U = 4/ 42 (sin? 4t + cos? 4t) + 32 = V25 = 5. 


(c) Since ||v || = 5 the particle's speed is constant. 
(d) The angle between the position and acceleration vectors, 0, is given 
T .d 
cos(8) = ET 
Ir lilja || 


F (0) =cos(0)i +sin(0)7 +0k — i 


= Sca 


a (0) = (—16cos(0)i — 16sin(0)j = —167 
rā ——16, ||r||-1 ||a|| =16 
so that 
cos(0) = —1, 0 = 180°. 


43. (a) With the center at (0,0, 8) and a point of the circle at (0,5, 8), we know that the radius is 5. When t = 0, we have 
x = Q and y = 5. Since the stone is rotating horizontally, z = 0 for all t. The period is 27. Thus, the parameterization 


is: 


x(t) = 5sint 
y(t) = 5cost 
z(t) =8 


This parameterization has the correct period (if t is in seconds) and satisfies the initial conditions. 
(b) From our parameterization with t in seconds, we can see that the stone reaches (5, 0, 8) at time 7/2. Thus at t = 1/2, 
T —n(n/2)0i + w(n/2) 
= 5cos(m/2)i — 5sin(1/2)7 
-—B5j. 
The acceleration of an object is the second derivative of its position. Thus, at t = 7/2, 
d = za(n/2)i + ya(n/2)7 
—5sin(1/2)i — 5cos(1/2)5 
= —5i 


(c) At the moment in which the stone has left the circle, the only acceleration that acts on the stone is that of gravity. 
From that, assuming a gravity vector field oriented in the —z direction, we get the differential equations 


zu(t) = —g 
zult) = yu(t) = 0. 


If we now measure t from the instant the string breaks, then the initial conditions are the velocity and position of the 
stone at t = 0. Since the velocity at the moment of release is Y = —57 , we have 


x(0) = 0, y«(0) = —5, zt(0) = 0. 


The initial position at t = 0 is: 


44. (a) Differentiating we have 


Thus at time t = 0, 


Velocity = z'(0)? + y/(0)j + 2/(O)k — 56 +37 +2k 
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(b) The particle hits the ground when z(t) = 0, so 


—(€—5)(t+ 3) 20 
t = —3,5. 
Since t > 0, the particle hits the ground when t = 5. At that time 
Position = (z(5), y(5), z(5)) = (25, 15, 0) 
Velocity = z'(5)i + y (5)j +2/(5)k =5i +37 — 8k 


so 
Speed = ||Velocity|| = 4/5? + 3? + (—8)? = v98. 
— xr. )-2:(^ -y")] Ary? 
"iden CREE Cem 
ee [—2y(a? + 9?) — 2y(@?—y?)) ^ -A4ys? 
v= (y? NcETSS 
Vf(1,1) =i — j , i.e., south-east. 
(b) We need a vector ù such that V f(1, 1) 4 = 0, i.e., such that (i — j j)ü-0. The ector =i +j j clearly works; 
so does = —i — j. Dividing by the length to get a unit vector, we have ŭ = 47+ dej ort = -zi — A s 
(c) f is a function of x and y, which in turn are functions of t. Thus, the chain rule can be used to show how f changed 
with t. " . 
df Of dr Of dy _ _ dey’ — pug. EP - (6t? + 6). 
dt Ox dt Oy dt (x? +y?) (a? + y?)? 
df 4 4 
Att= = Lay ik =-—-2---6=-4. 
0, x LY so =F 6 

46. (a) Separate the ant’s path into three parts: from (0, 0) to (1, 0) along the x-axis; from (1, e to (0, D via the circle; and 

from (0, 1) to (0, 0) along the y-axis. (See Figure 17.62.) The lengths of the paths are 1, 47 = 3, and 1 respectively. 

Thus, the time it takes for the ant to travel the three paths are (using the formula t = DES 2*5 ,and d z seconds. 

y 
(0, 1) 


(1,0) 


Figure 17.62 


From t = 0 tot = 4, the ant is heading toward (1, 0) so its coordinate is (2t, 0). From t = 5 tot = 4+4 = $. 
the ant is veering to the left and heading toward (0,1). Att = 4, it is at (1,0) and at t = 2, it is at (0, 1). Thus its 
position is (cos[27 (t — $)], sin[3#(¢ — $)]). Finally, from t = 2 tot = 2 + 4 = 4, the ant is headed home. Its 
coordinates are (0, -2(t — $)). 


In summary, the function expressing the ant's coordinates is 


(2t, 0) when 0 € t € 4 
(x(t), y(t)) = 4 (co sCE 3),sinz(t- 3)) when$ «tX $ 
(0, -2(t — 8) when 2 « t « 4. 


(b) To do the reverse path, observe that we can reverse the ant's path by interchanging the x and y coordinates (flipping 
it with respect to the line y = x), so the function is 


(0, 2) when 0 < t € 
(x(t), y(t)) = (sin(3& (t — 4)), cos( 2 (t — 3)) wheni <t< 
(-2(t — $),0) when 2 «t € $. 


oye lo 
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47. Substituting x = t, and y = t? into the temperature function gives F = 1/(t? + t). To find the rate of change of 
temperature at time t, we then take the derivative with respect to t. 


dF 
Rate of change of temperature — ie SP e^) (2t + 4t’) 


| (240) 
0 (0 +t)? 
The chain rule for a function of two variables says: 


dz zdz | Ozdy 
dt Oxdt | Oydt' 
where z is a function of x and y and these are both functions of t. For our case, the temperature 7 at any point is a function 


of x and y, and the values of x and y are specified by the parameterized curve on which the bug travels, which is given in 


terms of t. Thus we may say that: 
dF OF dx | OF dy 


dt Ox dt | Oy dt’ 
where d.F'/dt the rate of change of the temperature of the bug at the time t. We may rewrite this expression to get: 


dF fo DES (Si +47) 
dt Vx. Ody? dt^ dt? 


The first vector here is VF’, while the second vector is the velocity vector of the bug. Thus, we have 


dF 
48. The velocity vector is tangent to the path. At t = —2, we have 


> 


g = (3t? —3)i + (2-2) =9i — 67. 


t=-2 


Thus, the tangent line has parametric equations where the x-value changes by 9 for each unit change in time, and the 
y-value changes by —6 for each unit change in time. Also, the tangent line must pass through the point where the particle 
is at time t = —2 


(E — 3t, f= 2t) = (—2,8). 


t——2 


Therefore, parametric equations for the tangent line are 


g = —2+9(t +2) 
y = 8—6(t+2). 


(Other parameterizations of the line are possible.) See Figure 17.63. 


—24- 


Figure 17.63: The motion given by 
r—t — 3t,y=t? — 2t 
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49. Note that uniform circular motion is possible with the given conditions, since y : @ = 0 shows that the velocity and 
acceleration vectors are perpendicular. 
For uniform circular motion in an orbit of radius R, we have || || = ||@||?/R. Thus R = ||? ||?/||@ || = 52/13 
for both parts (a) and (b). 


The center of the orbit is at distance R in the direction of the acceleration vector from the point P on the orbit. The 
vector 


p _ 52 2% +37 
lal  vV13 VIB 

thus extends from the point P to the center of the orbit. 

(a) The center of the orbit is at the point (0 + 8,0 + 12) = (8, 12) 

(b) The center of the orbit is at the point (10 + 8,50 + 12) = (18, 62) 


= 8i +127 


50. The displacement from the point (1, 2, 3) to the point (3,5, 7) is 3¢ +57 +7 
the equation of the line is 


ev 
— 
S 
+ 
N 
Sq 


3k) = 2i +37 -- 4k. So 


vi yj +zk =10 +27 3k +t(2 +37 +48) 


or 


vi typ +2k = (14 2t)i + (2-305 + (3-- 4t)k . 
The square of the distance from a point (x, y, z) on the line to the origin, denoted by D(t) is 
D(t) = (x — 0? + (y — 0)? + (s — 0) 
= (1-- 2t? + (2 -- 3t? + (8+ At 
=14+4t+4t? +44 12t+ 9C +9 + 24t + 162? 
= 14 + 40t + 29? 


= 29 G PUES x) 


204? 20.2? 14 
20( (++ 3) - (35) zl 


Clearly, D(t) is minimum when ¢ = —20/29, and 


D(—20/29) = 29 (- (=) " x) = = 


So the shortest distance is ,/ E = —. 


51. All of the points lie on the unit circle. (You can check this since z? + y? = 1.) The problem is that there is no value of t 
that gives the point x — 0, y — 1. This is because 


2-1 


MO P T 
VP 


has no real solution. Only when ¢ approaches positive or negative infinity does the point get close to (0, 1). Technically, it 
is not a circle. 


52. (a) Since there is no horizontal acceleration, if x measures horizontal displacement of the center in meters 


d? 

ES Veri 

dt? 
Since the initial velocity is 8 m/sec, integrating gives: 

dx — 

dt ^C 
and since x = 0 when t = 0, 

qu. 


The vertical acceleration is due to gravity. So, if y is vertical displacement of the center in meters: 


dy _ 


dt 
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So 
a = —gt + 10, 
and 2 
y= E + 10t + 1.5. 
Thus, the parametric equations for the center of the baton are 
z=8t, y= n + 10¢ + 1.5. 


(b) We put a new origin at the center of the baton. Suppose (h, k) are the coordinates of the end of the baton relative to 
the center. Since the radius of the circular motion is 0.2 m and the angular velocity is 2(27) = 4 radians/sec and 
since x = 0.2 and y = 0 when t = 0, we have 


h = 0.2 cos(4nt) k = 0.2sin(4nt). 


(c) To find the coordinates of the end of the baton, we add the results from parts (a) and (b), so if x and y represent the 
position of the end of the baton relative to the ground, we have 


2 
z= 8t +0.2cos(4rt) y= -£ + 10t + 1.5 + 0.2sin(4rt). 


(d) To sketch this, use g = 9.8 meters/sec 2 


1 1 1 1 £ 
0.2 5 10 15 
Figure 17.64 
53. At time ¢ the particle has polar coordinates r = ||P (t)|| = at and 0 = wt. At time t, the ray from the origin to the 


particle is at angle wt radians from the positive x-axis. The ray is therefore rotating at a rate of w radians per unit time. 
The parameter w is the rate of change of the polar angle 0 of the particle measured in radians per unit time. The larger 
w is, the quicker the particle completes a complete revolution (a 360° trip) around the origin. At time f£, the particle is at 
distance at from the origin. Thus a equals the rate of change of the particle's distance from the origin. The larger a is, the 
faster the particle moves away from the origin. 


54. Suppose that the line goes through the point P = (a,b,c) and is parallel to the vector Ẹ. The position vector of the 
moving object at time t is then given by the formula F (t) = ai + bj + ck + f(t)@ where f(t) is a function so that 
J (t) is the displacement vector from the point P to the object at time t. 
(a) The velocity vector is given by the derivative 7'(t) = f'(t)ü , which is parallel to the line because it is a multiple of 
the vector d . 


(b) The acceleration vector is given by the second derivative 7” (t) = f"(t)ü which is parallel to the line because it is 
a multiple of the vector à . 


55. (a) Since F = T the magnitude of F is given by 


Now? = xi +yj + zk , so the magnitude of 7 is given by 


l= Ve yz. 


Thus, 


> 1 1 
F\= — — 
I'l po aye 
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iy Papo ED. 1 
rir Fir WF apye 
(c) A unit vector parallel to F and pointing in the same direction is given by Ü- Tea V 


F- FI and |F || = Fr: Putting these into the expression for Ü we have 
r 
a NEN NN 
(Fl re dri 
x P y > z > 


a+ 


——— ee eee 
/ x2 + y? + 2 / x2 + y? + 2? / x2 + y? + 22 


(d) A unit vector parallel to F and pointing in the opposite direction is given by: 
+ F 
V mL 
IF I 


m. MM MEO VM NM 
/ x2 + y? + 2? / x2 + y? + 2? / £2 + y? + z2 
(e) IFF = costi -- sint +k, then || l= = y cog? t + sin? t + = v2. 


sint 7? uM cost sin t Al: 
So, F = pF = ETHET t Ak = 2 UN tank 
(f) We know that F - Sippo “wn +sintj +k, FE. n 


— SO o — > 


— — — o — > 


M — Path of iceberg 
— — sm — — — — 


Figure 17.65 


To determine the location of the iceberg at time t = 7, we must first determine the velocity in the x and y 
direction. In this current, Vz = 1, and Vy = 0. To obtain the position, we must integrate the velocity in terms of t. 
For this current we get 


Hence 


Since V, = dy/dt = 0, y is a constant. Thus at t = 7, x has moved from x = 1 to x = 8 and y has stayed at y = 3. 
Therefore the location at t = 7 is (8, 3). 
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(b) The current and path that the iceberg would travel, would look like Figure 17.66. 


y 
P< Path of iceberg 
LAM ath of iceberg C 
HH HH 
NO 


e 


ZN 


Figure 17.66 Figure 17.67 


Assuming that the iceberg follows the current exactly, we find the position of the iceberg at time t = 7 by 
recognizing that the velocity must be equal to the given vector field. 


dx 
ee) 
dt^ 
dy 
dt 4 


These are separable equations that are solved for x and y as follows: 


dx 
wee 
dt 07 
dx 
— = | lidt 
Jaz] 
lng 
— =t4+C 
2 + 
x = kpe” 
and for y 
dy _ 
dt — 
d 
[ - fra 
y 
Iny=t+C 
y = kye 


= «(0) = kz 
3 = y(0) = ky 
so 
r= p y = Be’. 


We now substitute t = 7: 
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(c) The current, and path that the iceberg would travel, would look like Figure 17.67. 
Since 
Ü ——yi rj, 
the system of differential equations satisfied by x(t) and y(t) is 


dr ^ dy | 


d OCH 


We differentiate one of the equations and substitute into the other, giving a second order equation 


T 


dx — 
d Y 
dx dy 
dt č dt 
ag 
ue 
ax 
gg 5-9 


This differential equation has a solution of this form : 
x = Acost+ Bsint 
By taking the derivative and using the fact that y = —dx/dt, we get: 
y — Asint — Bcost 
We know the initial position of the iceberg, so we can find the constants A and B with the simultaneous equations: 


1 = x(0) = Acos0+ B sinO 
3 = y(0) = Asin0 — B cos 0 


Thus, A = 1 and B = —3. Now we evaluate the two expressions for t = 7: 


x = cos 7 — 3sin7 1.217 
y = sin 7 + 3cos7 = 2.919 


and find the position of the iceberg, (—1.217, 2.919). 


57. Consider the lines in the directions PO = -97 — 157 +12k and RS = 57i — 157 + 24k , respectively. If the distance 
between these lines is always greater than 16 then the beads can always pass without touching. If the distance is less than 
16, and if that occurs at a point along the segment from P to Q and from R to S, then the beads will touch at that point. 

Vectors in the directions of the two lines are 4 = —3i — 5j +4k and = 19; — 5j + 8k . Parametric equations 
for the lines are: 

a(t)=7-—3t, y(t) 212— 5t, z(t) = —104 4t, 
and 
g(s) = —20--19s, y(s)=17—5s, z(s)= 1+ 8s. 

(You'll see why we used different parameters for the two lines in a moment.) 

The distance between variable points on the lines is a function of s and t, we want the minimum of this function. It 
is easier to work with the square of the distance. Thus we want to find the minimum of 


D(s,t) = (—27 + 19s + 3t)? + (5 — 5s + 5t)? + (11 + 8s — 4£)*. 
Computing 0D/0s and 0 D/Ot and simplifying we find that 


oD oD 

—— = 900(-1 — = 100(—2 + t). 

a. = 900(-1 +s), S = 100(-2 +t) 

The unique critical point of D(s, t) is (s, t) = (1, 2) and the value of D at that point is D(1, 2) = 225. This must be the 
minimum value of D(s, t), because D(s, t) is a paraboloid opening upward. (We can also check that this is the minimum 
with the test for local max and local min.) The distance between the lines is therefore 4/225 = 15. 
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The points on the two lines where s = 1 and t = 2 are A = (—1,12,9) and B = (1, 2, —2); these are the points 
where the lines are closest. The only question now is whether A and B are along the segments from R to S and from P to 
Q. In the parameterizations of the lines, R and P correspond to s = 0 and t = 0, respectively, and S and Q correspond 
to to s = 3 and t = 3. So A and B do lie on the given segments. If the beads are centered at these points they will hit 
because they each have diameter 8 cm, whereas the lines are only 15 cm apart there. 

(The solution also shows why we needed different parameters, s and t, for the two lines. The points where the lines 
are closest together occur at different values of the two parameters: t = 1 for one line and s = 2 for the other.) 


58. Let Ü be the velocity and let @ be the acceleration. Since the speed v = |7 | is constant, so is v? = 4 -  , and therefore 
the derivative of v? is zero. Differentiating v? gives 
so that 


and therefore i is perpendicular to d . 


CAS Challenge Problems 


59. (a) Since € ; and €» are perpendicular, we have Z1 - € 2— 0. The normal vector to the plane i isi + j + k, and since € 4 
and € » are parallel to the plane, we have € - G AJ +k) = = 0 and é2- @ +7 +k) = = 0. Also, since € ı and €» 
are unit vectors, we have €; -ei = 1 and é -eb — 1. 
(b) We have 


c+bd=0,a+b=0,c+d+e=0,0 +b =1,2 +d +? =1 


By solving these equations, we can choose, for example, 


= 1; > HP" ES E 
€i si. 63 = Ue = 
The equations of the circle will then follow from the given formula, with 7 
60. (a) 


i +27 +3k and R — 5. 


3, 


-F = (sí +yj) (y0 -yi x0 — y) 
zy(1— y?) + yx(1— y?) =0 


This means that the tangent line to the flow line at a point is always perpendicular to the vector from the origin to that 
point. Hence the flow lines are circles centered at the origin. 

(b) The circle F (t) = costi + sin tJ has velocity vector V (t) = — sin ti + cost? = —yi 4- xj = (1 — y?)F . Thus 
the velocity vector is a scalar multiple of F , and hence parallel to F . However, since @ (t) is not equal to F (7 (t)), 
it is not a flow line. 

(c) Using a CAS, we find 


t > t? 1 E t T 1 " 
F(t) = — : E 2n ; ; 
70 ac an «( (1 12)9/2 + mJ) üx 8) i a+ 8)? 


and 
t (1- ifr) 1 12 
Bs lt > — THs t > 1 2 25 
FO) Vive | + Vee? > ase + ape? 90 


Although the circle parameterized in part (b) has velocity vectors parallel to F at each point of the circle, its speed 
is not equal to the magnitude of the vector field. The circle in part (c) is parameterized at the correct speed to be the 
flow line. 


61. (a) We have 
F' (t) = (Bae? — be *)i + (6ae?* + 20e 5) 


and 
F (F (t)) = ((ae™ + be^ *) + (2ae?* — 2be*))i + ((4(ae™ + be ^*) + (2ae** — 2be~*))7 
= (3ae?* — be^ *)i + (6ae** — be *)j = F' (t). 
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(b) We want ? (0) = i — 27, so we solve 


a+b=1 
2a — 2b = —2 
to get a = 0, b = 1. So the flow line is F (t) = e~'i — 2e~*7, which approaches (0, 0) as t — oo. For the second 
flow line, we solve 
a+b=1 
2a — 2b = —1.99 


to get a = 0.0025, b = 0.9975, so the flow line is 


=} 


F (t) = (0.0025e?* + 0.9975e~*)i + (0.005e?* — 1.995e~*)7 , 
which approaches (oo, oo) as t — oo. For the third flow line we solve 


a+b=1 
2a — 2b = —2.01 


which gives a = —0.0025, b = 1.0025, so the flow line is 


E 


F (t) = (—0.0025&?* + 1.0025e~*)i + (—0.005e?* + 2.005e 5)7 , 
which approaches (—oo, —oo) as t — oo. 
62. Answers may differ depending on the method and CAS used. 


(a) Using a CAS to solve for x and y in terms of z and letting z = t, we get x = = 2. y= +: zc. 


3 
(b) Using a CAS to solve for y and z in terms of x and letting x = t, we get x = t,y = +(—2 — 2t + 3t?), z = 
1 (20 — 10t — 3t?). 
(c) Using a CAS to solve for x and z in terms of y, we get two solutions 


xp—42—10, y=t, 2=54+5t-3/2-¢ 
y= 2-07, y=t, 2=54+5t4+3/2-?? 


Each of these is a parameterization of one half of the intersection curve. 


and 
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1. Set up the coordinate system as shown in Figure 17.68. 


Figure 17.68 


(a) We separate the initial velocity vector into its x and y components. 


V, = V cos A 
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V, = V sin A. 


Since there is no force acting in the x direction, the z-coordinate of the basketball is just 
x — (V cos A)t — 15. 


For the y-coordinate, we know that 


SO 
y' (t) = —32t + C1 


and 
y(t) = —16t? + Cit + C3. 


We also know that y'(0) = V sin A and y(0) = 6. Substituting these values in, we get C? = V sin A, 
Cə = 6 and thus 
y = —16¢? + (V sin A)t + 6. 


(b) Use a graphing calculator or computer to plot the path of the basketball for various values of V and A. 
Many pairs of V and A put the shot in the basket. For example, V = 26, A = 60°, V = 32, A = 30°. 

(c) Now that we have the equations, we need to find a relationship between V and A that ensures that the 
basketball goes through the hoop (i.e., the curve passes through (0, 10)). So we set 


x = (V cos At — 15 = 0 


y = —16t? + (V sin A)t + 6 = 10. 


From the first equation, we get t = + — 4- Then we substitute that into the second equation: 
ig X^ 15 
—16| —— V sin A)(———_) = 4 
(a) TM Bin MF cos A? 
3600 
— ————— + 15tan A = 4 
V? cos? A Tem 
2 3600 


~ cos? A(15tan A — 4) 


Keeping in mind that tan? 0 + 1 = —- we have: 


2 3600(1 + tan? A) 


P 15tanA—4 


We can minimize V by minimizing V? (since V > 0). 


d(V?^)  2tan A(15 tan A — 4) — 15(tan? A-- 1) 3600 


dA (15tan A — 4)? “cos? A 


0 


3600 [15ten? A -8tan4 -15] |, 
cos? A (15tan A — 4)? 7 


15 tan? A — 8tan A — 15 = 0 


8 + v 964 


30 
e 1.30 


Aw 52°. 


tan A = 
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2. (a) The product rule gives 


dL S psc d pie xy © 
— = —(Fr v) = — vU T E 
dt dt dt t 
=vUxv4+r xa 
But the cross product of any vector with itself is 0.Sov xg =0. Hence a Ex. 


(b) The area swept out by the planet is approximately a triangle, with sides 7,7 + Ar, and AF. Since 
lAT x r || is the area of the parallelogram formed by AF and 7’, and since the triangle is half the size of 
the parallelogram, we have AA ~ į ||AF x r |. 

(c) Dividing by At gives 


AA LAF. 
At 3| AC 


Taking the limit as At — 0 and recalling that L-rxd , we get 


dA 1.2 

— = -IL ||. 

= = gl£l 

(d) Since @ is directed from the earth to the sun, and 7’ from the sun to the earth, we see that 7 and d are 
parallel. So ^ x @ = 0 , as the cross product of parallel vectors is 0 . By part (a), this means dL /dt = 0. 


So L must be a constant. 
(e) Since || || is a constant, part (c) implies that 


area swept out between & dA Ts t Tus: 
4 = | Zas iif at= ZIE = to): 
t = to and t = tı to dt 2 to 2 


) 0 


So the area swept out over a time interval tı — to only depends on tı — to, not to and tı individually. 

(f) Let’s compare the triangles of are swept out by the planet when it is closest to and furthest from the sun, 
for a given size time interval. Since the 7 and 7 + AF sides are shorter when the planet is closest to the 
sun, the central angle and the third side must be larger then. So Ar’, and hence y = AF /At, are larger 
when the planet is closest to the sun, compared to when the planet is furthest from the sun (for a fixed At). 


3. (a) y 


(b) y 
e 
(FS 
—— p —— 
i 2 Y. 
p 
———————9————— 


———————ÓB—— 


Figure 17.69 Figure 17.70 


Solutions for Section 18.1 


18.1 SOLUTIONS 1649 


CHAPTER EIGHTEEN 


Exercises 
1. Negative because the vector field points in the opposite direction to the path. 
2. Positive, because the vectors are longer on the portion of the path that goes in the same direction as the vector field. 
3. Zero, because, by symmetry, the positive integral along the left half of the path cancels the negative integral along the 
right half. 
4. Positive, because the vector field points in the same direction as the path. 
5. Zero, because the positive contributions on the upper half of the path cancel the negative contributions on the lower half 
of the path. 
6. Negative, because the vector field points in the opposite direction to the path. 
7. Since F is perpendicular to the curve at every point along it, 
I F dr =0. 
C 
8. At every point along the curve, F = 2j and is parallel to the curve. Thus, 
| F -dF = 2- Length of curve = 2-5 = 10. 
Cc 
9. Since F is perpendicular to the line, the line integral is 0. 
10. Only the i -component contributes to the integral, so 
/ F -dř =6- Length of path = 6- (7 — 3) = 24. 
[e 
11. Since F is a constant vector field and the curve is a line, J. a F-d' =F. AF , where Ar = 7. Therefore, 
n - df = (3i 43). 7j —28 
c 
12. At every point, the vector field is parallel to segments AF = Ai of the curve. Thus, 
6 6 z? 6 
]F-«-] ci - dai -f rdx = —| -—16. 
c 2 2 2 la 
13. The J -component of F does not contribute to the line integral. Since A? = Axi , we have 
6 6 r? 6 
n : a= f (xi + yj): dai 2 zdr = —| —16. 
[o 2 2 2 |; 
14. At every point on the path, F is parallel to Ar’. Suppose r is the distance from the point (x, y) to the origin, so || || = r. 


Then F - Af = ||Ë ||A || = rAr. At the start of the path, r = V/27 + 2? = 24/2 and at the end r = 6v2. Thus, 


4 62 r2 
| F -dř =] rdr = — 
[ej 2/2 - 


6v2 
=32. 
2/2 


1650 


15. 


16. 


17. 


18. 


19. 


20. 
21. 


22. 
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The path is along the y-axis, so only the j -component contributes to the line integral. Since C is oriented in the E 
direction, we have 


[oir — k)- dr = —6- Length of path = —6- 8 = —48. 
C 


Only the i -component of the vector field contributes to the integral. This component, 5i, points in the opposite direction 
to the orientation of the path, which has length 8. Thus, 


nc +77 )- dř = —5- Length of path = —5-8 = —40. 
C 


Only the i -component contributes to the integral, so 


| 


Only the j component contributes to the integral. On the y-axis, x — 0, so 


5 
5 3 
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Since the curve is along the y-axis, only the j component of the vector field contributes to the integral: 


] Gi «sare [2i aro Length of C = 2-10 = 20. 
C C 


The path is parallel to the z-axis, so the vector field is perpendicular to the path at every point. Thus, the line integral is 0. 


Only the i -component contributes to the line integral, so d? = i dx. On C we have y =0, so 


(5,0,0) 5 
] evi +a) ar = f (TË +327) a= Tdr — 7.4 — 98. 
Cc (1,0,0) 1 


The vector field £i + yj + 2k points radially outward and is everywhere perpendicular to the unit circle. Thus, the line 
integral is 0. 


Problems 


23. 
24. 


25. 


26. 
27. 


The line integral along Ci is positive; the line integrals along C2 and C3 appear to be zero. 


The line integral along C appears to be zero, the line integral along C2 is positive, and the line integral along C5 is 
negative. 


The line integral along C is negative, the line integral along C? is negative, and the line integral along C3 appears to be 
Zero. 


The line integral along C appears to be 0, the line integral along C? is negative, and the line integral along C3 is positive. 


Since it appears that C1 is everywhere perpendicular to the vector field, all of the dot products in the line integral are zero, 
hence Ji e F -dř e 0. Along the path C2 the dot products of F with Ar; are all positive, so their sum is positive and 


we have T i F dr < f Cp F - dř . For Cs the vectors Ar} are in the opposite direction to the vectors of F , so the dot 


products F. Ar; are all negative; so, Se, F -dř <0. Thus, we have 


] Faf Fare f F -dF 
C3 Ci C2 


28. 


29. 


30. 


31. 
32. 


33. 
34. 
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The integral f. g F -dř is a sum of the line integrals of F over each of its three straight segments, which we can compute 
separately: 


| F -dř = PQ -F —(Ai +27)-i =4 

PQ 

f Fag Fii- 
QR 


= 


f F -dF = RS . F = (-27 — 27). (38 +7) = —8 
RS 


f Fasc 
[0] 


(a) See Table 18.1. 


Table 18.1 


Figure 18.1 


(b) See Figure 18.1. 

(c) From the point (0, —1) to the point (4, — 1), the z-component of the force field is always — 1, i.e., it is pushing the 
object backward with a constant force of 1. Thus, the work done on that part of the path is —1- 4 = —4, because 
only the horizontal component of the force field contributes to work. 

From the point (4, —1) to the point (4, 3), the y-component of the force field is always 16, so it is pushing the 
object forward with force of 16. Thus, the work done on that part of the path is 16 - 4 — 64, because only the vertical 
component of the force field contributes to work. 

So the total work done is —4 + 64 = 60. 

The force has no horizontal component. Therefore the (positive) work done in the first half of C1 will be exactly canceled 

by the (negative) work done in the second half, so the total work over the path C is zero. The same holds true for C2, 

again by virtue of the vertical symmetry of the path and the fact that F is constant and because the horizontal part of C» 

contributes zero work. For C5, the total work will be greater than zero, since the diagonal part of C3 is in the same general 

direction as F and the horizontal part of C3 contributes zero work. 


The dot product of F and 107 is positive if a > 0. There are no restrictions on b and c. 

The k component of F does not contribute to the line integral. Since the line integral of yt around C is negative, for the 
line integral of F to be positive, we need a < 0. No restriction on c is needed. 

The vector field F is in the same direction as C if b > 0, so we want b < 0. No restriction is needed on c. 

For any value of a, the vector field ayi — axj is perpendicular to the vector i+ j + k which is in the direction of C. 
Thus a can take any value. The k component of F is in the direction of C if the coefficient of k is positive, that is, if 
eo 
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35. The line C is parallel to the z-axis, so ai + bj does not contribute to the line integral. 
a and b. The dot product of F and —k is negative if c > 3. 


36. (a) See Figure 18.2. 


Thus, there are no restrictions on 
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Figure 18.2 
(b) For (i) and (iii) a closed curve can be drawn; not for the others. 


37. The vector field is F (F) = r. See Figure 18.3. The vector field is perpendicular to the circular arcs at every point, so 


] Ff F dř =0. 
C1 C3 
f Fæ- Fd. 
C2 C4 
be Lehelolon 
e [en 2 C3 C4 
y 


Also, since it is radially symmetric, 


So, 


m AM RN 
VAs 


Figure 18.3 
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38. This vector field is illustrated in Figure 18.4. It is perpendicular to C2 and C. at every point, since F (x,y) F(x,y) =0 
and C» and C4 are radial line segments, then 


/ Far | F -dř =0. 
C2 C4 


Since C3 is longer than C4, and the vector field is larger in magnitude along C5, the line integral along C has greater 
absolute value than that along C1. The line integral along C3 is positive and the line integral along C is negative, so 


See Figure 18.4. 


Figure 18.4 


39. This vector field is illustrated in Figure 18.5. It is perpendicular to C2 and C. at every point, since F (z,y)-r(z,y) 20 
and C» and C4 are radial line segments, then 


J Fear f F -dř =0. 
C2 C4 


Since C3 is longer than C4, and the vector field is larger in magnitude along C5, the line integral along C3 has greater 
absolute value than that along C1. The line integral along Ci is positive and the line integral along C3 is negative, so 


See Figure 18.5. 


R 


Figure 18.5 
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40. Since it does not depend on y, this vector field is constant along vertical lines, x = constant. Now let us consider two 
points P and Q on C which lie on the same vertical line. Because C, is symmetric with respect to the x-axis, the tangent 
vectors at P and Q will be symmetric with respect to the vertical axis so their sum is a vertical vector. But F has only 
horizontal component and thus F - (AT (P) + AF (Q)) = 0. As F is constant along vertical lines (so F (P) = F (Q)), 
we obtain 


F (P)- AF (P) + F (Q)- AP (Q) — 0. 


Summing these products and making || A?’ || > 0 gives us 


i F.dr =0. 
Ci 


The same thing happens on C3, so Jé F dř =0. 
3 
Now let P be on C2 and Q on C; lying on the same vertical line. The respective tangent vectors are symmetric with 
respect to the vertical axis hence they add up to a vertical vector and a similar argument as before gives 


F (P): AF(P)-- F(Q)- Ar(Q) 20 


and 


and so 


See Figure 18.6. 
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Figure 18.6 


41. First of all, F (a, y) is perpendicular to the position vector F (x,y) = xi + yj because 


> s — zy zy 
Pay)? =e aa 


Also the magnitude of F is inversely proportional to the distance from the origin because 


VF _ 1 


F (z,y)|| = es 
IF Gl — "aye 7 Femi 


So F is perpendicular to C2 and C'4 and therefore 
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Suppose R is the radius of C5. On C3, the vector field F has the same direction as the tangent vector which is approxi- 


mated by AF’, so we have 


> = E m 1 e 
F -AF = |F I [AF ll = RIA I 


When all these products are summed and the limit is taken as || AF || — 0, we get 


fJ 59-3 lař | 
C3 R C3 


1 
= — (length of Cs) = measure of the arc C3 in radians. 


R 


Similarly, suppose r is the radius of C1. On Ci, the vector field F isin the opposite direction to the tangent vector 
which is approximated by Ar’. Hence we have 


= - (length of C1)) = — (measure of C, in radians). 


Since C, and C3 have the same measure in radians, we have 


=-5+0+(+5)+0=0 
See Figure 18.7. 
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Figure 18.7 


42. Figure 18.8 shows the wind velocity vectors on each side of the square, where the speed is v meter/sec on the south side 
and (v — 12) meter/sec on the north side. The circulation is the sum of the line integrals along the four sides of the square. 
The line integrals along the eastern and western edges are both zero, since the wind velocity is perpendicular to these 
edges. The integral to the right along the south side equals (1000 km) (—v meter/sec) = —v x 10° meter? /sec, and the 
integral to the left along the north side equals (1000 km)((v — 12) meter/sec) = (v — 12) x 10° meter? /sec. 


Total circulation = —v x 10° + (v — 12) x 10° = —1.2 x 10" meter" /sec. 
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(v — 12) meter/sec 
4— 


1000 km 


1000 km 


a 
v meter/sec 


Figure 18.8: Wind velocity across a 
square 


43. Yes, the line integral over Ci is the negative of the line integral over C5. One way to see this is to observe that the vector 
field xi + yj is symmetric in the y-axis and that Cı and C^» are reflections in the y axis (except for orientation). See 
Figure 18.9. Since the orientation of C2 is the reverse of the orientation of a mirror image of C, the two line integrals are 


opposite in sign. 


(0, 2) 


(—1,0) (1,0) 


Figure 18.9 


44. Since ||F || € 7, the line integral cannot be larger than 7 times the length of the curve. Thus 


/ Ë dF < 7 - Circumference of circle = 7-27 = 147. 
C 


The line integral is equal to 147 if F is everywhere of magnitude 7, tangent to the curve, and pointing in the direction in 


which the curve is traversed. 
The smallest possible value occurs if the vector field is everywhere of magnitude 7, tangent to the curve and pointing 


opposite to the direction in which the curve is transversed. Thus 


f F dř > —14r. 

C 

45. The line integral is defined by chopping the curve C into little pieces, C;, and forming the sum 
bus 
Ci 


When the pieces are small, A? is approximately tangent to C';, and its magnitude is approximately equal to the length of 
the little piece of curve C;. This means that F’ and AF are almost parallel, the dot product is approximately equal to the 


product of their magnitudes, i.e., 
F . AF ~ m- (Length of C;). 


46. 


47. 
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When we sum all the dot products, we get 


SOF LAPS Som: (Length of C;) 
G, 6; 


=m- S (Length of C;) 
Ci 
= m- (Length of C) 


Suppose J. a F . dř = 0 for every closed curve C. Pick any two fixed points Pi, P» and curves Ci, C» each going from 
P, to P2. See Figure 18.10. Define —C^» to be the same curve as C» except in the opposite direction. Therefore, the 
curve formed by traversing C, followed by C^ in the opposite direction, written as C1 — C^», is a closed curve, so by our 
assumption, f C1-02 F -dř =0. However, we can write 


if Fear f Far-[ F dr 
C41—C5 C1 C2 


since C2 and — C5 are the same except for direction. Therefore, 


so 


f Far = f FB dr. 
Ci C2 


Since C and C^» are any two curves with the endpoints P;, P2, this gives the desired result — namely, that fixing endpoints 
and direction uniquely determines the value of f o F . dr’. In other words, the value of the integral n " F - dr does not 
depend on the path taken. We say the line integral is path-independent. 


Pz 


Py C2 


Figure 18.10 


Pick any closed curve C. Choose two distinct points Pi, P» on C. Let Ci, C» be the two curves from P, to P» along C. 
See Figure 18.11. Let — C» be the same as C2, except in the opposite direction. Thus, C1 — C2 = C. Therefore, 


fra] Paro] Feae-[ Far 
Cc C1—C»o Cı C2 


since C» and —C differ only in direction. But C1 and C» have the same endpoints (P, and P2) and same direction (Pi 
to P5), so by assumption we have f € F -dr = if Co F . dr’. Therefore, 


P, C2 


Figure 18.11 
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48. Let r = ||r ||. Since AF points outward, in the opposite direction to F , we expect the answer to be negative. 


E 10000 
fF var = f a ac] Bur. 
c c T 8000 n 


10000 


NES - GMm (tos - gu) 
Pes 0000 8000 
= —2.5.10 ?GMm. 


49. Let r = ||P ||. Since AF points outward, in the opposite direction to F , we expect a negative answer. We take the upper 
limit to be r = oo, so the integral is improper. 


]F«-[-98a-[ 8 
T T 
C C 8000 


b b 
= lim EM e lim EM — lim GMm (s = au) 
bee J'sooo r a PO 9^? b | 8000 
u |. GMm 
~ 8000 


50. The force of the field on the particle at each point is E , so the force applied in moving the particle against the field is 
—E , so 


«py-- f Ear 


where C is a path from Po to P. 


51. Any point P which is a units from the origin can be reached from Po by a path C lying on the sphere of radius a. Since E 
is perpendicular to the sphere, f i E -dF —0,so Q(P) = 0. On the other hand, if P does not lie on the sphere of radius a, 
it can be reached by a path consisting of two pieces, C, and C5, one lying on the sphere of radius a and one going straight 
along a line radiating from the origin (see Figure 18.12). f. e E -dř = 0 as before, but J. Co E dF # 0, since E is parallel 


to C2 and always points out. Thus, if C is the path consisting of C1 followed by C2, we have ri c E.dr- f Co Ë- dr. 


Thus f c E dr is always positive or always negative along the path C which joins Po to P. Hence the set of points with 
potential zero is the sphere of radius a. 


Figure 18.12 


52. In Problem 51 we saw that the surface where the potential is zero is a sphere of radius a. Let S be any sphere centered at 
the origin, and let P, be a point on S, and C4 a path from P» to Pj. If P is any point on S, then P can be reached from 
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Po by a path, C, consisting of C; followed by C5, where C^» is a path from P; to P lying entirely on the sphere, S. Then 
Io E - dr = 0, since E is perpendicular to the sphere. So 


op)=- | Bar =- f Bar- f Bar =- f E . dř = (P). 
C Cı C2 Ci 


Thus, $ is constant on S. The equipotential surfaces are spheres centered at the origin. 


53. (a) Suppose P is b units from the origin. Then P can be reached by a path, C, consisting of two pieces, C1 and C», one 
lying on the sphere of radius a and one going straight along a line radiating from the origin (see Figure 18.13). We 
have E - AF = 0 on Ci, and, writing r = ||F ||, we have E - AF = ||E || Ar on C», so 


b b 
E Q 1 
=0- Élldr 20-— —. 
o- f liar Ems 
Qi' Qi qi 
Aner|a Aneb 4nea’ 


Let P be the point with position vector 7'. Then 


oF) =- 


Figure 18.13 


(b) If we let a — oo in the formula for ¢, the first term goes to zero and we get the simpler expression 


4re ||P || 


Strengthen Your Understanding 


54. This is only true if fo F -dř >0. However, if Je F -dř < 0, then io F -dř >0. 
55. The value of a line integral is a scalar, not a vector. 


56. The curve C is parallel at every point to the vector i+ j. The vector field F = i — j is perpendicular to C', because 
F. (i tj ) — 0. We have Í e F -dr = 0 because the vector field and the curve are orthogonal at every point. 


57. Choose for C; a curve going in the direction of the vectors in the vector field, and choose for C? a curve going in the 
opposite direction of the vectors in the vector field. See Figure 18.14. A second option for C» consists of using C; oriented 
in the downward direction. 
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58. 
59. 


60. 


61. 
62. 


63. 


64. 


65. 


66. 


67. 


Solutions for Section 18.2 
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Figure 18.14 


False. Because F - AF is a scalar quantity, Ía F -dF is also a scalar quantity. 


True. You can trace out C2 using the same subdivisions, but each A? will have the opposite sign as before and will be 
traced out twice, so fa F -dř = -2 f F -dř —-—6. 
2 Ci 


True. The vector field F = zi + yj = f has radial direction, pointing everywhere perpendicular to the path of 
integration, so the line integral is zero. 


True. The line integral is the limit of a sum of dot products, hence is a scalar. 


False. The relative sizes of the line integrals along Ci and C^ depend on the behavior of the vector field F along the 
curves. As a counterexample, take the vector field F = i, and Ci to be the line from the origin to (0, 2), while C2 is 
the line from the origin to (1, 0). Then the length of Cii is 2, which i is greater than the length of C2, which is 1. However 
Se, F.dr =0 (since F is perpendicular to C1) while da F.da? >0 (since F points along C). 


False. For example, the vector field F could be perpendicular to C everywhere. For instance, let F= j and C be the 
curve ti , for 0 < t < 1. Alternatively, F might point along part of C and in the opposite, direction on another part of 
C and so that the sum cancels out, yielding a zero line integral. For instance, let F = ri and C be the curve ti, for 
—1<t<1. 

True. All of the dot products F (T i) - AF; in this line integral are positive, since the vector field (the constant i) points 
in the same direction as AT ;. 


False. All of the dot products F (Ti) - Ar’; in this line integral are zero, since the vector field (the constant i) points 
perpendicular to Ar ;. 


False. The relation between these two line integrals depends on the behavior of the vector field along each of the curves, 
so there is no reason to expect one to be the negative of the other. As an example, if F (x, y) = yi, then, by symmetry, 
both line integrals are equal to the same negative number. 


False. The vector field swirls counterclockwise about the origin, and the path is oriented clockwise, so the line integral is 
negative. 


Exercises 


1. 


2. 


If we use the parameterization x = sin t, y = cost for 0 < t < m, we have x’ = cost, y’ = — sint, so 


T 


F -dř = d cos t)i sint) cost)i — (sin d cos? t — sin? t) dt. 
f ] (cost + (inti) (eost - (inoj yar =f (eost -sinë at 


0 0 
Other answers are possible 


If we use the parameterization x = t, y = 1 + t, z = t for 0 < t < 2, we have x’ = 1, y’ = 1, z’ = 1, so 


2 2 
fra- (+PER) ei + Ram | (a. 
C 0 0 
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3. If we use the parameterization x = cost, y = sint, z = 10 for 0 < t < 27, we have x’ = — sint, y’ = cost, z’ = 0, so 


> 


2n 
/ F -dF = / (cos(cost)i + cos(sint)j + (cos 10)k ) - (— sint)? + (cos t)7 ) dt 
e 0 


2n 
f (— sin t cos(cos t) + cos t cos(sin t)) dt. 
0 
4. Only the y-component of the vector field contributes to the line integral. On the curve, d? = j dy, so 


E > 3 2 
nz +w) ar = f (y + 5) dy = (4 sv) 


5. Only the i -component contributes to the line integral, so d? = i dx and 


" B (5,0,0) E = , 5 
[ ei «bae f Qui taj) Tae = [22a 
C (1,0,0) 1 


39 


0 


5 
= 24. 
1 


6. We will find the line integral from (0, 0) to (3, 1) and then take the negative. The line segment is parameterized by 
$-—9L y=t, forü € t € 1. 


Then F'(t) = 3i + j , so 


1 1 
feriti a=- | (287 36) (BT +7) dt = I (6t? 4 3t) dt = — (a6 + 3e) 
C 0 0 


7. The semicircle has radius 1 and is centered at (2, 0). It can be parameterized by 
x=2+cost y- sint, forO € t € m. 
Then F'(t) = — sint? + costj , so 
1 (zi +yj)-dF = f ((2 +cost)i + sin tj ) .(—sinti + costj ) dt 
C 0 


T 
-f (—2sint — costsint + sin t cos t) dt = 2cost| = —4. 
0 0 


8. Since F = (a? + yji + yp , the line integral along the third segment, which is parallel to the z-axis, is zero. On the first 
segment, which is parallel to the y-axis, only the 7 -component contributes. On the second segment, which is parallel to 


the x-axis, only the ï -component contributes. On the first segment z = 4 and y varies from 0 to 3; on the second segment 
y = 3 and 7z varies from 4 to 0. Thus, we have 


3 0 
fra] (4 eae D dE av f (a? + 3)¢ -- 353) - d dx 
C 0 4 


3 0 A13 3 
3 2 y T 
— dy d | d. Lm — 4 
f y ay f (x 3) T ^ (5 ar) 


9. Only the i component of F contributes to the line integral. Since C goes a distance of 3 in the —i direction, we have 


^ 801 64 _ 157 
o 4 3 12" 


D F dř = (27). (-3i) = —6. 
e 
10. Parameterizing C by z(t) = t, y(t) = t for 1 < t < 5, we have F’ (t) 2$ +7, 


pte f a i)-G@+j)dt= | 2dt=8. 
1 
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11. The curve C is parameterized by (x, y) = (t,t) for 0 < t < 3. Thus, 


3 
Le gu (ti 4-1) Ge Da | 2tdt = t? 
0 


12. Parameterize the curve: 7’ (t) = sint? + costj ,0 < t < s. Then 


je 


raf cos ti — sin tj) . (cos ti — sin tj) dt 
z ((cos t)? + (— sint)?) a= | ldt=n. 
0 0 
13. The line can be parameterized by (1 + 2t, 2 + 2t), for 0 € t € 1, so the integral looks like 
1 
n dr = F (14 2t,2 + 2t) - (21 +27 ) dt 
e 0 


- f [1 + 2t)?¢ + (2 + 205] - (21 +27) dt 
0 


1 
- f 2(1 + Ag + 40) 4 2(4 + 8t + At”) di 
0 


1 
= / (10 + 24t + 16t°) dt 
0 


= (10t + 122? + 160 /3)|: 
= 10 + 12 + 16/3 — (0 + 0 + 0) = 82/3 


14. Use z(t) = t, y(t) = t?, so x(t) = 1, y' (t) = 2t, with 0 < t < 2. Then 
2 
fF -dř = f (—t? sin ti + cost] ) - (È + 2t7 ) dt 
0 


2 
aj (—t? sint + 2t cos t) dt = t? cost|” = 4cos2. 
0 


15. Parameterizing C by x(t) = 3t, y(t) = 2t for 0 < t < 1, we have F’ (t) = 3i +27, so 


J Pd -f (CAPT + (3t)°7) - (3i + 27) dt 
C 0 


1 
= ji (24t? + 18t°) dt = 6t* + 6t¢?| = 12. 
0 0 


16. The curve C is parameterized by 
T — costi +sintj, for 0 € t € 27, 


so, 
F'(t) 2 —sinti + costj. 
Thus, 


2m 
n var = f (2sin ti — sin (sint)j ) - (— sin ti + costj )dt 
c 0 


2n 
=] (—2sin? t — sin (sin t) cos t)dt 
0 


2T 
= sintcost — t + cos (sin t) 

0 
= —2n. 
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17. The parameterization is given, so 
n -dF -f F (21,0) - (21 + 305) dt 
e 2 
= f [In(t2)7 + In(2t)7] - (22 + 3025 ) dt 
2 


= I i (2In(t*) + 3t? In(2t)) dt 


= f (6 In(t) + 3t* In(2t)) dt since In(t?) = 3 In(t). 
2 


This integral can be computed numerically, or using integration by parts or the integral table, giving 


F -dř = ES 3t? In(2t)) d 
f 3 (t) +3 In(2t)) dt 


= (6(tIn(t) — t) + t? In(21) — &/3)|; 
— 2401n 2 — Bs. (281n 2 — H 
3 3 
= 2121In 2 — 92/3 ~ 116.28. 
The expression containing ln 2 was obtained using the properties of the natural log. 
18. Parameterizing C by x(t) = t, y(t) = t, z(t) = t for 0 < t < 2, we have F'(t) =i +J +k, so 


2 
fa E)ar= | +o pee te 0024 
C 0 
2 n 
= | exs-na-$ ex — 12. 
€ 2 


19. The triangle C consists of the three paths shown in Figure 18.15. 


(3,2) 
C3 " 
(0, 0) C4 (3, 0) 
Figure 18.15 


Write C = C, + Co + C3 where C1, C2, and C3 are parameterized by 


Cı : (t,0) forO < t< 3; Co: (3,t)forO<t< 2; Cs:(3—3t,2—2t) for0 € t € 1. 


[eae | Fars f Fears f F dF 
[6j Cı C2 C3 


3 3 
/ Fear =f F(.0-Ta- | eaa («am 
Ci 0 0 


Then 


where 
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2 2 
J F a= f FB) Ja= [ (5t + 3)dt = (5t7/2 4 3t)|° = 16 
C2 0 0 


1 
f Fæ- fFe 3t, 2 — 2t) - (—3i — 27 )dt 
C3 0 
1 
x: ((—4t 4-8). + (—19t + 13)7 ) (30 = 23 )dt 
0 


1 
- so f (t — 1)dt = —25. 
0 


So 
f Far =n +10-25=12 
C 


i rtz(t)k =ti +07 +k, forl<t<2, 
we have F’ (t) = z'(t)i + y'(t)j +2'(t)k =i +2t7 +307. Then 


2 
[eae ( +2627 +R) +207 +308) at 
C 1 


2 
= l (t + 4t? + 305) dt 
1 
t 
2 


4"  3t*|? _ 2389 
= t= + —]| = —— m 85.32 
T 4 lh 28 
21. We parameterize C by 
T —2ti --3tj + 4tk, for 0 «€ t <1. 


Then (t) = 2¢ +37 +4k and so 
= 1 E > 
T F dF -f ((20?1 + (30)?j + (4t)k) - (2i +37 + Ak )dt 
C 0 
1 
= 1 (16t? + 27? + 16t)dt 
0 


21. 


22. Since C is given by F = costi +sintj + tk , we have F’ (t) = — sin ti p costj + k . Thus, 


An 
fra- (—sinti + cost] +5k)-(—sinti +costj +k )dt 
C 0 
Am Am 
= / (sin? t + cos? t + 5)dt = Í 6dt = 24m. 
0 0 
23. The first step is to parameterize C by 


(a(t), y(t), z(t)) = (0,2cost, —2sint), O<t< 2r. 


Thus, we have 
z'(t)k — —2sintj —2costk. 


So we have 


2v 
fF -dF - f (et? +) - ((-2sint)j + (-2cost)k )dt 
C 0 


24 
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2v 
= f —2 cos tdt 
0 


27 
— —2sint 


0 
=0 


. Je 3rdx — ysin zdy 


25. [y^ dz + z^ dy + (x? — 5)dz 

26. F = (x --2y)i +a? yj 

27. F — e?" 1 — yz(sinz)j + (y + z)k 

28. From x = t? and y = t? we get dx = 2tdt and dy = 3t? dt. Hence 


5 


J ydz + zdy = / t? (2t)dt + t? (31?)dt = / 5t^dt = 5° — 1 = 3124. 
C 1 


1 


29. From 
x = cost, y=sint, z= 3t 
we get 
dx = — sint dt dy = cost dt, dz = 3dt. 
Hence 
2m 
f dx + ydy + zdz = J sint dt + sin t cos t dt + 3t(3dt) 
C 0 
= cost + lsin? t+ 9g 2T = 187. 
2 2 

30. Parameterize C: 


g -—1-At, y — 3-4 6t, O0<t<l 
so that dx = 4dt and dy = 6dt. Hence 


1 1 
f 3ydx + Ardy = J 3(3 + 6t)4dt + 4(1 + 4t)6dt = / 60 + 168tdt = 144. 
C 0 0 


3]. Parameterize C: 
x = 0, y = 3 cost, z = sint, O<t< 27 
so that 
dx = Odt, dy = —3sint dt, dz = 3costdt. 
Hence 
2v 2v 
f zdz + zdy — ydz = n Odt + 3sin t(—3 sin t)dt — 3 cos t(3 cos t)dt = Í —9dt = —18r. 
e 0 0 

Problems 
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32 


. (a) Since F (t) = ti + 127 , we have F’ (t) =7 + 217 . Thus, 


+ 

1 
fræ- F (t,t?) (€ +2tj )dt 

C 0 


1 
- f (3t ti + t7] @ + 267 ) dt 
0 
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1 
= | ec ea 

0 

s^ ef 3.1 11 
Up gh cag re 


(b) Since 7 (t) = £?7 + t , we have F’ (t) = 2t + j . Thus, 
1 
n var = f F (8,1) - (2t +7) dt 
c 0 


1 
- I (ae — 07 4477 | + (ati 4 7 )di 
0 


= | (6? — ?)dt 
0 
30 e 
Cr 3) 
3 1 7 
aa Ug 
33. (a) Figure 18.16 shows the curves. 
y 
1 
C2 
Ci 
T 
=i 
Figure 18.16 


(b) On C4, only the j -component of F contributes to the integral. There dř = j dy, so 


1 1 y? : 
] Fæ] ui Fay= | ydy — 3 
Ci -1 —1 z 


On Co, we have i" (t) = — sin ti + costj , so 


=0. 


32/2 
f F a= f ((cost + 3sint)i -- sintj ) - (— sint + costj ) dt 
C2 1/2 


37/2 37/2 
-f -eostsint —3sin? te costsintdt = | —3 sin? t dt 
1/2 1/2 
32/2 
3m 


t sintcost 
(ae g 


2 2 


T/2 


34. First, check that each of these gives a parameterization of L: each has both coordinates equal (as do all points on L) and 
each begins at (0, 0) and ends at (1, 1). Now we calculate the line integral of the vector field F = (3r — y)i + zj using 
each parameterization. 


(a) Using B(t) gives 


1/2 3 


1/2 2 1/2 
fE a=] (6-2072 T= f 12t dt = 6t? 
L 0 0 


0 
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(b) Now we use C(t): 


35. (a) The unit circle centered at the origin has equation x? + y? = 1. At any point in the plane, the magnitude of F is 


given by | || = ,/(—y)2 + 22. Along the unit circle, || F || = 1. 


(b) Suppose 7 = ri + yj is a radius vector to a point (x, y) on the unit circle centered at the origin. See Figure 18.17. 
Then 


> 


F- F = (xi +yj)-(-yi 2j) 2 -ry + xy = 0. 


So the vector field is perpendicular to any corresponding radius vector, that is, the vector field is tangent to the circle 
at every point. 


F = —yi +r] 


z? +y? =1 


Figure 18.17 
(c) We can parameterize C by (cos t, sin t), for 0 < t < 27. Then 
2v 
fF a= f F (cost,sint) - (— sint + costj ) dt 
c 0 


2v 
= J (- sin ti + cos tj): (—sinti + cos tj ) dt 
0 


2m 
I (sin? t + cos? t) dt 
0 


Thus, 


f F . d? = 2« = Circumference of the unit circle. 
[e] 


36. We parameterize the helical staircase by observing that 


y = 5cost, y=5d5sint, z=t 


1668 


37. 


38. 


39. 
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has the correct radius, but climbs 27 in one revolution. To make it climb 4 meters in one revolution, we write: 


At 2t 
x= 5cost, y=5sint, z= — = —. 

2m T 

Thus, 
= EOM 
P'(t) = —5sinti --5costj + Ck. 
T 

The gravitational force is given by F = —70gk , and we want to go around 2 turns of the staircase, so we take 0 < t < 
47. Thus, 


Am 
Work done by gravity — fF -dr - f 7Ogk - (—5sinti +5costj + 2t di 
T 
0 


Am 
14 14 
- f E cec 
0 D 


Am 


= —560g. 


T 


0 


Notice that the result can also be obtained by multiplying the force by the vertical distance: 
Gravitational force - Vertical distance moved = (—70g)8 = —560g. 


Now 
Work done by person — — Work done by gravity — 560g. 


The original integral is along the line from (1, 0, 0) to (2, 2, 3). 


(a) This integral uses the same parameterization, but starting at (2, 2, 3) and ending at (1,0, 0). Thus, the value of the 
integral is —5. 

(b) This integral is along the same line segment from (1,0, 0) to (2, 2, 3) but using the parameterization z = t? + 1, 
y= 20, z= 3t. Thus, the value of the integral is the same, 5. 

(c) Using the parameterization in part(b), this integral traverses the line segment twice, from (2, 2, 3) to (1,0, 0) and 
then back to (2, 2, 3). Since the segment is traversed once in each direction, the value of the integral is 0. 


1 
n 3t dt. 
0 
1/2 
n 12t dt. 
[U 


The substitution s = 2t has ds = 2 dt and s = 0 when t = 0 and s = 1 when t = 1/2. Thus, substituting t = 3 into the 


1/2 E d 1 
f reat = | 12(2)(z ds) -f 3s ds. 
0 0 xii 0 


The integral on the right-hand side is now the same as the integral corresponding to A(t). Therefore we have 


1/2 1 1 
Í 12t dt =f 3s ds - f 3t dt. 
0 0 0 


Alternatively, a similar calculation shows that the substitution t = 2w converts the integral corresponding to A(t) 
into the integral corresponding to B (t). 


The integral corresponding to A(t) = (t, t) is 


The integral corresponding to B(t) = (2t, 2t) is 


integral corresponding to B(t) gives 


The integral corresponding to A(t) = (t,t) is 


t-i 4 


The integral corresponding to C(t) = (——, 3 


40. 


41. 
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— i21 
The substitution s = 


has ds — t dt. Also s = 0 when t = 1 and s = 1 when t = 2. Thus, substituting into the 


integral corresponding to C(t) gives 


2 2 2 2 1 
J (e -9a- f (gear | 3s ds. 
3 1 1 3 0 


The integral on the right-hand side is the same as the integral corresponding to A(t). Therefore we have 


2 2 . 1 1 
J i-9a- f asds= | 3t dt. 
3 1 0 0 


2 
: Pd w'-— 
Alternatively, the substitution t = 


to C(t). 
The integral corresponding to A(t) = (t, t) is 


converts the integral corresponding to A(t) into the integral corresponding 


1 
| 3t dt. 
0 


The integral corresponding to D(t) = (e* — 1,e* — 1) is 


In2 
3 | (e?* — ef) dt. 
0 


The substitution s = e* — 1 has ds = e' dt. Also s = 0 when t = 0 and s = 1 when t = ln 2. Thus, substituting into the 
integral corresponding to D(t) and using the fact that e?! = et . e! gives 


ln2 ln2 1 
Ji (e™ — ef) dt = |f (e* — 1je* dt = I 3s ds. 
0 0 0 


The integral on the right-hand side is the same as the integral corresponding to A(t). Therefore we have 


1n2 1 1 
af (e?* — e) dt = J 3s ds = p 3t dt. 
0 0 0 


Alternatively, the substitution t = e" — 1 converts the integral corresponding to A(t) into the integral corresponding to 

B(t). 

(a) The line integral JF S (xyi + zj) - dr. is positive. This follows from the fact that all of the vectors of ryt + zj 
at points along C point approximately in the same direction as C (meaning the angles between the vectors and the 
direction of C are less than 7/2). 

(b) Using the parameterization x(t) = t, y(t) = 3t, with z'(t) = 1, y'(t) = 3, we have 


4 
EI F (530) (37) dt 
C 0 
4 
a (31 +tj) (1 +37) dt 
a 
=] (3t? + 3t) dt 
0 


4 
= (6 zb 5^) 
2 


— 88. 


0 


(c) Figure 18.18 shows the oriented path C’, with the “turn around” points P and Q. The particle first travels from the 
origin to the point P (call this path C1), then backs up from P to Q (call this path C2), then goes from Q to the point 
(4, 12) in the original direction (call this path C5). See Figure 18.19. Thus, C" = C1 + C2 + Cs. Along the parts of 
C1 and C^ that overlap, the line integrals cancel, so we are left with the line integral over the part of C; that does not 
overlap with C5, followed by the line integral over C3. Thus, the line integral over C” is the same as the line integral 
over the direct route from the point (0, 0) to the point (4, 12). 
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: (4, 12) 

12 
11 C2 
10 

9 

7 

6 Ci 

5 

4 

3 

2 

1 

0 z 

Figure 18.18 Figure 18.19 


The parameterization 
z(t),y(t)) = lus _ 6? 4 1t ,(t? — 6t? + 11t 
3 


has (x(0), y(0)) = (0,0) and (x(4), y(4)) = (4,12). The form of the parameterization we were given shows that 
the second coordinate is always three times the first. Thus all points on the parameterized curve lie on the line y = 32. 

We have to do a bit more work to guarantee that all points on the curve lie on the line between the point (0, 0) 
and the point (4, 12); it is possible that they might shoot off to, say, (100, 300) before returning to (4, 12). Let’s 
investigate the maximum and minimum values of f (t) = t? — 6t? + 11t on the interval 0 < t < 4. We can do this on 
a graphing calculator or computer, or use single-variable calculus. We already know the values of f at the endpoints, 
namely 0 and 12. We'll look for local extrema: 


O= f'(t) = 3t? —12t - 11 


which has roots att = 2+ a These are the values of t where the particle changes direction: t = 2 — 


corresponds to point P and t = 2+ 7 corresponds to point Q of C”. At these values of t we have f(2— 5) zx 6.4, 
and f(2 + 5) & 5.6. The fact that these values are between 0 and 12 shows that f takes on its maximum and 
minimum values at the endpoints of the interval and not in between. 

Using the parameterization given in part (d), we have 


sl- 


> 


F(t) -zG +O] = 


m 


(3t? — 12t +11)? + (30? — 12t + 117. 


wlre 


= 


F Ge — 6t? + 11t), t? = 6t? + 11t) - Ger — 12t + 11)? + (3t? — 12t + 11)7) dt 


(iie — 6€ 4-110)? + 5e — 6t? + 118)7 )+ (Z(30 = 12t + 11)7 + (32^ = 12t + 11) ) dt 


3 


re — 6t? + 11t) (32? — 12t + 11) Ke — 6? - 110) +7)- Gi +j)} dt 


Il 
=~ n SO 
wI] = 


1 
(t? — 6t? + 11t) (GP = 12t + 11) Eg — 6t? + 11t) + i} dt 


4 
= J (t? — 6t? +11) GP = 12t + 11) — 6t? + 11t + 3) di 
0 


Numerical integration yields an answer of 88, which agrees with the answer found in part b). 
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Strengthen Your Understanding 


42. 


43. 


44. 


45. 


46. 


47. 
48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


The substitution of the parameterization into the vector field F was done correctly, but instead of computing dr = 
T'' (t)dt, the second integral used F (t) dt. Since (t) = costi + sin tj , we have r''(t)dt = — sinti + costj, so the 
correct parameterized line integral is 


7/2 
fF var = f (costi — sintj ) - (— sint? + cos tj ) dt. 
C 


0 


The sign and value of jJ. c3 dx + 4dy depend on the oriented curve C. For example, if moving along C in the direction 
of its orientation increases x and y, then the integral is positive, and if it decreases x and y, then the integral is negative. 

If the curve is in the direction of the vector 3i. + 4j, then the integral is positive, but if the curve is in the opposite 
direction, then the integral is negative. 


The path is a semicircle of radius 3 centered at the origin, so a vector field that points away from the origin will be 
perpendicular to the path at all points, and the integral will be zero. For example, if F (x, y) = xi +yj , then y ar dr = 
0. 


The vector field points parallel to the x-axis at every point and is constant along any horizontal line, since the magnitude 
only depends on y. The parameterized path y = 7/2, x = t, 0 € t € 3, has length 3, and at every point on the path the 
vector field points in the direction of the path and has magnitude || sin yi || = sin(7/2) = 1. So Je F -dř =3-1=3. 
False. The relation between these two line integrals depends on the behavior of the vector field along each of the curves, so 
there is no reason to expect one to be larger than the other. If, for example, the line integral along C2 is negative, then the 
line integral = both taken together (C1 + C2) will be less than the line integral over C; by itself. A specific example 
is given by F = 7, with C; the line from (0,0) to (1,0), and Co the line from (1,0) to (0, 1). Then la. F.d? = 


fi -@ dt = 1/2, and f. o, F - dř =1/2+ fj ï- (~T +J )dt = 1/2- 1 = —1/2. 


True. The dot product of the integrand 4i with F '(t) — ; + 20j is 4, so the integral has value ri » 4dt — 8. 


False. The curves Cı and C% are different. The curve C starts at the point (1,0) and travels around the unit circle 
counterclockwise to (— 1, 0). The curve C» starts at the point (1, 0) and travels around the unit circle clockwise to (— 1, 0). 


True. The curves C and C» both parameterize the upper unit semicircle with the same orientation (but at different speeds). 
Since the line integral is independent of parameterization, the integrals over C1 and C^» are the same. 


False. As a counterexample, consider the unit circle C, centered at the origin, oriented counterclockwise and the vector 
field F = —yi + xj . The vector field is always tangent to the circle, and in the same direction as C, so the line integral 
is positive. 


False. As a counterexample, consider the vector field F = xi. Then if we parameterize C by r (t) = ti withO<t<1, 


we get 
1 1 e 
J siano | aias f id= 3 
Cı 0 0 


A similar computation for C^» gives a line integral with value 2. 


1 


1 
z 


0 


True. If we parameterize C by F (t) = acosti + asin tJ , with 0 < t < 2, then 


2m 2n 
[eet uae = f (2a cos ti +asintj): Casinti +acostj)dt = | —a? cos t sin t dt 
[e 0 0 


27 


=0. 


a? cos? t 


2 


False. If we parameterize C by r' (t) = a cos ti + asin tj, with 0 < t < 27, then 


T 2n 
f (2yi +z] d£ = » (2a sin ti +a cos tj ):(—asin ti +a cos tJ ) dt = f (—2a° sin? t + a? cos? t) dt = —ra?. 
e 


0 


True. The curves C'; and C^ are the same (they follow the graph of y = zx? between (0, 0) and (2, 4)), except that their 
orientations are opposite. 


(a). The two parameterizations give the same path, but one goes in the opposite direction to the other. Since F points 
away from the origin, and C is oriented away from the origin, J. ei F . dF is positive, so J. Co F -dF is negative. 
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(a). The two parameterizations move along the line y = z in the direction away from the origin, but they have different 
endpoints. The path C1 goes from (0, 0) to (1, 1) and the path C2 goes from (0, 0) to (sin 1, sin 1) ~ (0.84, 0.84). Since 
F points away from the origin, and both paths are oriented so that the direction of travel is oriented away from the origin, 
the integral along the longer path is larger, so [à e F dF > Jf Cp F dr. 


Exercises 


1. 


SS m e 


10. 


11. 


12. 


13. 


Since F isa gradient field, with F = grad f where f(x,y) = z? + y^, we use the Fundamental Theorem of Line 
Integrals. The starting point of the path C' is (2, 0) and the end is (0, 2). Thus, 


na f(0,2) — f(2,0) = 16 — 4 = 12. 
C 


Since, if f(x,y,z) = sin(xy) + e^, we have gradf = F , we use the Fundamental Theorem of Line Integrals. The 
starting point of the path is (0, 0, 0) and the end is (v2, 5, 2) so 


F -dř = f(V2, V5, 2) — f(0,0,0) = sin V10 + e — 1. 


C 


Notice that since F is a gradient field, the intermediate points on the path do not affect the answer. 
Negative, not path-independent. 

Zero, path-independent (a constant vector field is path-independent). 

Negative, not path-independent. 

Zero, appears path-independent 


The field appears to be path-independent. If the path between any two points is a line segment, the line inegral will have 
a value V. Any detour up or down appears to be perpendicular to the field, thus having no effect. Any detour left or right 
will be compensated for because the vector field appears to take on the same values for all points along any vertical line. 


Alternatively, the field could be imagined to be the gradient field of a function like z = z?. 


The field appears to be path-dependent. If we choose two points lying on a line that passes through the center, it appears 
that the line integral on a straight path between them has value zero, but a line integral on a circular path clockwise has 
positive value. 


The field appears to be path-independent, because the vector field appears constant and could thus be the gradient field of 
a linear function. 


The field appears to be path-independent. If the path between any two points is a line segment, the line inegral will have 
a value V. Any detour left or right appears to be perpendicular to the field, thus having no effect. Any detour up or down 
will be compensated for because the vector field appears to take on the same values for all points along any horizontal 
line. Alternatively, the field could be imagined to be the gradient field of a function like z = y?. 


The field appears to be path-independent. If the path between any two points is a line segment, the line inegral will have 
a value V. Any detour up-left or down-right appears to be perpendicular to the field, thus having no effect. Any detour 
up-right or down-left will be compensated for because the vector field appears to take on the same values for all points 
along any line going from top-left to bottom-right on a 45? angle to the image of the field. 


The field appears to be path-dependent. If we choose two points lying on a line that passes through the center, it appears 
that the line integral on a straight path between them has value zero, but a line integral on a circular path counterclockwise 
has positive value. 

We know that 


Of _ Of ə 
ME and gy "s 


so, integrating with respect to x, thinking of y as a constant gives 


f(x,y) = à?^y + C(y). 


14. 


15. 


16. 


17. 
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Differentiating with respect to y gives 


so we take C(y) = k for some constant K?. Thus 


We know that 


Now think of y as a constant in the equation for ôf /Ox and integrate, giving 


f(x,y) = z°y + Cly). 
Since the constant of integration may depend on y, it is written C (y). Differentiating this expression for f(x,y) with 
respect to y and using the fact that Of /Oy = x? + 8y?, we get 
a =27+C'(y) = £? + 8y’. 

Therefore 

C'(y)— 8y! so Oly) =2y* +K. 
for some constant K. Thus, 

f(a,y) = a^y + 2y* +K. 


Integrating 


of = yze "^ 


Ox 


with respect to x and thinking of y and z as constant gives 


+ z? cos(zz?) 


f(a, y,z) = e” + sin(zz^) + C(y, 2). 
Differentiating with respect to y and using the fact that Of /Oy = xze*4* gives 


of = yze" + e = ze", 


Oy 
Thus, C /Oy = 0. This means C does not depend on y and can be written C (z), giving: 
f(x,y, z) = e*** + sin(zz?) + C(z). 


Differentiating with respect to z, we get 


The expression for grad f tells us that 


+ 2zz cos(zz?). 
Thus, we have C'(z) — 0 so C — constant, giving 


f(x,y, z) = e*** + sin(zz?) + C. 


Since F = grad f is a gradient vector field, the Fundamental Theorem of Line Integrals give us 


(0,0,5) " " 
—3.5 —4 = 1859. 
(4,0,0) 


I F . dř = f(end) — f(start) = (a? + 2y? + 32*) 
C 


Since F = 3077 + 4y°7 = grad(a? + yf), we take f(x,y) = a? + ^. Then by the Fundamental Theorem of Line 
Integrals, 


fF a= 1,0) — f(1,0) 2 (-1? - 1? = -2. 
C 
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18. Since F = (x + 2)? + (2y+3)7 = grad (+ +2r +y? + y). the Fundamental Theorem of Line Integrals gives 
2 (3,1) 
[E (pem em) =($+6+1+3)-(54+2) 212 
c (1,0) 
19. Since F = 2sin(2x + y)i + sin(2x + y)j = grad(— cos(2x + y)), we take 
f(x,y) = — cos(2x + y). 
Then, using the Fundamental Theorem of Line Integrals, 
/ F dř = f(0, 57) — f(a, 0) cos(57) — (— cos(27)) (—1) — (-1) = 2. 
ó 
Notice that only the endpoints of the curve affect the answer. 
20. Since F = 2ai — 4yj + (22 — 3)k = grad(z? — 2y? + z? — 3z), the Fundamental Theorem of Line Integrals gives 
(2,3,—1) 
n -dř = (a? — 2y? + z? — 3z) = (4-2-3 (1) .-3)—(0 31 +1? — 3) = —7. 
(e; (1,1,1) 
21. Since F = 27/37 + ej — grad (32/9 + ze"), we see F isa gradient vector field. Therefore, 
f (a? 5$ 4 e""3). dF — 0. 
C 
22. Since F = 7/37 + ej = grad (22°/° + ze"), we have 
3 igi 
f (xT + e") .dr — a + ge 
e (1,0) 
3 (as/3 | loi 3 5/3 1 vo 
— l0 ee > 
5 n 5 : 
17 3 
eer qs 
n ae 
23. Since F = grad(e"" + sin z), we take f(x,y,z) = e7” + sin z and use the Fundamental Theorem of Line Integrals 
f F dř = f(3,1,9x) — f (0,0,7) = e? + sin (97) — e° — sin 
[e] 
=e -1. 
24. Since F = ysin(xy)i + zsin(ry)j = grad(— cos(zy)), the Fundamental Theorem of Line Integrals gives 
(3,18) 
if F -dř = — cos(ay) = — cos(54) + cos(2) = cos(2) — cos(54). 
e (1,2) 
25. Since F = Qey2ze” Y z] 42x? yze* V z7 +r?y e Yk = grad(e* ”*) and the curve C is closed, the Fundamental 
Theorem of Line Integrals tells us that f a F . dF = 0, since 
„a [TOD 
F dr =e ¥* 2e .g 2g 
C (1,0,1) 
Problems 
26. Since @ is a gradient field, the end point should be (5, 4), the point with largest value of f = x? + y?, and the starting 


point should be (0, 0), the point with smallest f. 


27. 


28. 


29. 


30. 


31. 


32. 
33. 
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Since F isa gradient field, to maximize T e Ü -di^ we need to choose the path with the end point that makes 2z? + 3y as 
large as possible and with the starting point that makes 2x? + 3y? as small as possible. Path PQ satisfies these conditions. 


The vector field is a gradient field since 
cos(zy)e*" "9 (yf 3) +k = grad(e* (99 + z), 


so we use the Fundamental Theorem of Line Integrals: 

(0.5,7,7) 

i (cos(xy)e™"™™ (yi +2j)+ k) -dr = go, 
C (7,2,5) 

= efin(t/2) 47 _ qein2m _ 5 

—etT—1—5 


—e-l. 


The vector field F points radially outward, and so is everywhere perpendicular to A; thus, Í r F -dř —0. 


Along the first half of B, the terms F . AF are negative; along the second half the terms F . AF are positive. By 
symmetry the positive and negative contributions cancel out, giving a Riemann sum and a line integral of 0. 

The line integral is also 0 along C, by cancellation. Here the values of F along the x-axis have the same magnitude 
as those along the y-axis. On the first half of C the path is traversed in the opposite direction to F ; on the second half of 
C the path is traversed in the same direction as F . So the two halves cancel. 


We parameterize A by x = t, y = t, where 0 < t < 1. Then 
1 
]*«-[ (ti +t7)-(@ +7) dt 
A 0 


1 1 
= ot dt = t? 
0 


=f; 
0 
The path B has the parameterization x = t, y = t?, where 0 < t < 1. Then we have 
1 
| F dr z. (ti -- 23) - ( + 267) dt 
B 0 
1 2 4 
: t 2t 
= | (t-20)dt = — 4 — 
] eae- S5 
We have to break the path C into two separate parameterizations: x = t, y = 0, where 0 < t < 1 and x = 1, y = t, 
where 0 < t < 1. Then 
1 1 
fF a= f (ti Das f (i +tj)-j dt 
c 0 
Yes. If f(a, y) = 4a, then grad f = ai. 


0 
1 1 
SEE 
q : 2.39 
2 


Yes. If f(x,y) = tr? — xy”, then grad f = (x? — y?)i — 2zyj. 


i 
zu 
0 


Yes. Let i 
FF) =- =l? Hy +2? 

Then 

Of 2 2 24—3/2 

aL = s(a? +y? +2?) 

Of |. 2 21—3/2 

ay y(r ty tz) 

Of _ 2 2 24—3/2 

aL = sa +y? +2") 


So grad f = (x? + y? + 27) 9? (ef yj +. 2k) =F /r? 
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34. No. Suppose there were a function f such that grad f = F . Then we would have 


Of _ =z 
ðr JTA 


Hence we would have 


Of 0 —z 


Buda T Oy VTP T 


In addition, since grad f = F , we have that 


Thus we also know that 


Notice that 
OF, OF 


OyOx ! Oxdy 


2 2 
of — Of we have got a contradiction. The only way out of this contradiction is to conclude there 


OyOr Oxdy 
is no function f with grad f = F . Thus F is not a gradient vector field. 


Since we expect 


35. Since F (x,y,z) = grad(e* ^" *), we use the Fundamental Theorem of line integrals 


Dg x +yz = a? Lys | 09 9 0 9 
F -dř = grad (e Pes ge =e -e =e —-l. 
C [el (0,0,0) 


36. (a) To find the change in f by computing a line integral, we first choose a path C between the points; the simplest is a 
line. We parameterize the line by (x(t), y(t)) = (t, wt/2), with 0 < t < 1. Then (x'(t), y'(t)) = (1, 7/2), so the 
Fundamental Theorem of Line Integrals tells us that 


T 


fü. 3) — f(0,0) — J grad f - dr 
C 


This integral can also be approximated numerically. 
(b) The other way to find the change in f between these two points is to first find f. To do this, observe that 


FON NE z? + Ó a. * [?) z? ri z2 . 
2re sinyi +e cosyj mi. e siny iex siny) 9 = grad (e siny). 


So one possibility for f is f(x, y) = e^ sin y. Thus, 


(1,7 /2) (1,7/2) 


Change in f =e" siny 


= e' sin (=) — e sin0 =e. 
(0,0) (0,0) 


The exact answer confirms our calculations in part (a) which show that the answer is e. 
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37. The unit circle cuts the negative x-axis at (— 1, 0, 0), and it cuts the negative y-axis at (0, —1, 0). There is a quarter circle 
between these points if the circle is traversed counterclockwise. 


(a) Since 2rxi + y?7 = grad(xx? + y? /3), we use the Fundamental Theorem of Line Integrals: 


3\ | (0,—1,0) a3 3 
n +47) -dF = (ns? + £) = («e^ ( 2 ) " (sc =) E -i -— 
[e] (—1,0,0) 


(b) Since F is nota gradient field, we parameterize c. If x = cost and y = sint, then m < t < 37/2 parametrizes C. 


Thus 
32/2 4 
] c +27) e-[ —2sin ti -- costj ) - (— sinti + costj ) dt 
C 
32/2 32/2 
-[ « (2 sin? t + cos? t) dt = J (1 + sin? t) dt 
- (t 4 t mum SES _ 390 
2 (04^ 
P r? 4 y? 
38. Since F = grad , the line integral can be calculated using the Fundamental Theorem of Line Integrals: 
V2, 
a 5, +y PISIS 9 
Fedr = ==. 
2 2 
c (0,0) 


39. This vector field is not a gradient field, so we evaluate the line integral directly. Let C1 be the path along the x-axis from 
(0, 0) to (3, 0) and let C2 be the path from (3, 0) to (3/4/2, 3/ V2) along x? + y? = 9. Then 


faa Ë-ar+ | H.ar. 
C Cy C2 
On Ci, the vector field has only aj component (since y — 0), and H is therefore perpendicular to the path. Thus, 


| H -dř =0. 
Ci 


On C5, the vector field is tangent to the path. The path is one eighth of a circle of radius 3 and so has length 27 (3/8) = 
37/4. 


H -dF = ||H || - Length of path = 3 - (=) =—. 


Jaah. 
c 4 


40. Since F = grad(yln(x + 1)), we evaluate the line integral using the Fundamental Theorem of Line Integrals: 


(3/V2,3/V2) 
3 3 3 3 
= —In{ +1] -0hi= =h] ~+1). 
(0,0) v2 (5 ) v2 (= ) 


C2 
Thus, 


n dF = yln(z +1) 
C 


41. Since G = grad(e*" + sin(z + y)), the line integral can be calculated using the Fundamental Theorem of Line Integrals: 


(3/v2,3/ v2) 6 
= e??? 4 sin (5) — e? = e? + sin(3V2) — 


F -dř =e" +sin(x +y) 
J (0.0) v2 
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42. Since F = yrrere d + rze”? ] + 2ryze"”? k = grad(e®”?’), we can use the Fundamental Theorem of Line 
Integrals. The start of the path, where t = 0, is (1,0,0). The end of the path is (cos(1.257), sin(1.257), 1.257) = 
(-1/V2, -1/V2, 1.251). Thus 


] Fee 
c 


43. Since F = grad(x? + y? + 2°), by the Fundamental Theorem of Line Integrals we have 


(-1/V2,—1/V2,1.2577) 
= eO 290) 7/2 — 1. 


(1,0,0) 


(1,5,9) 


— 1? 4 5? 4 9? = 107. 


/ F dF = [mat e etr heh 
[eo [o (0,0,0) 


Since G = F + yi, we have 


[Gera F-a fyi ar =i gea. 
C G C C 


To find | yi - dř , we parameterize the line by * = ti + 5t7 + 9tk , for 0 < t < 1. We have r'(t)— i4 5j + 9k , so 
C 


1 1 5t2 
fia] 5ti «(i +59 esa f 5tdt = — 
C 0 0 2 0 


[Gears [pore [bar me ois 
C C C - 


44. (a) Since F = grad(ye^), we can use the Fundamental Theorem which says that 


1 


Thus, 


(3,7) 
= Te? — 2el., 


(1,2) 


It does not matter how the curve goes because the Fundamental Theorem gives the line integral in terms of the values 


of the function f(x, y) = ye” at the end points only. 
(b) The line is given by  — i +27 +t(2i +57) = (14 2t)i + (2 + 5t)j . Thus, r’(t) = 2i + 5j , so 


1 1 
n dr - f ((2+ 5t)e ta + ett] ) - (2i 4 sa f (4+ 10t + 5)e!?' qt 
C 0 0 


1 1 
+ f te! + qi, 
0 0 


"elt? v el F412 for the second integral, we get 


1 1 142t 
= J € dt 
0 0 2 


1 


Qe!t2t 


1,v 


142t 
n E c ee) +10 t 
n 2 2 


5elt2t 
2 


= =(e? — e!) + 5e? 
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45. Although this curve is complicated, the vector field is a gradient field since 


P =n (5) se (8)7 =o (E) on (2)7 omnem (3) 2) 


Thus, only the endpoints of the curve, P and Q, are needed. Since P = (—37 /2, 37/2) and Q = (—37/2, —37/2) and 


=> 


F = grad(—2cos(x/2) sin(y/2)), we have 


f F . dř = —2 cos (2) sin (4) 
" 2 2 
P=(—32/2,37/2) 
(-=) sin (-=) + 2 cos (-=) sin (=) 
4 4 4 4 
(=) sin (=) + 2cos (=) sin (=) 
4) ni 4 4 


Q—(—37/2,—3n/2) 


Il 

| 
N 
C3 
le 
na 


ll 
wo 
Q 
o 
[72] 


46. (a) By the Fundamental Theorem of Line Integrals 


(3,4) 
l grad f - dr = f(3,4) — f(0,2) = 66 — 57 = 9. 
(0,2) 


(b) By the Fundamental Theorem of Line Integrals, since C is a closed path, Í c grad f - dr — 0. 
47. (a) Three possible paths are shown in Figure 18.20. 


Figure 18.20 


Since F is perpendicular to the horizontal axis everywhere, F .dr =0 along Ci. 

Since C% starts out in the direction of F , the first leg of C2 will have a positive line integral. The second 
horizontal part of C2 will have a 0 line integral, and the third leg that ends at Q will have a positive line integral. Thus 
the line integral along C2 is positive. 

A similar argument shows that the line integral along C3 < 0. 

(b) No, F is nota gradient field, since the line integrals along these three paths joining P and Q do not have the same 
value. 


48. (a) See Figure 18.21. 


Figure 18.21 
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(b) Vector at P is shorter than vector at Q. 
(c) By the Fundamental Theorem of Line Integrals 


| oar ar = to f(P)=9-3=6. 
e 
49. Since F isa gradient vector field, we use the Fundamental Theorem of line integrals, giving 
n; dF = l grad f - dr = f(end) — f (start). 
C C 


(a) The line integral f P F - dř is 0, since the curve begins and ends on the same contour, so f (end) = f (start). 
2 
(b) Since C crosses more contours than C4, and since both curves are oriented in the direction of increasing f, 


o< f Fear< f F .d?. 
C4 Cı 


Since C3 goes from higher to lower values of f, 


Thus, we have 


f «f Fare] Fear < f PB dr. 
C3 C2 C4 Ci 


(c) Since C3 and C4 have endpoints on the same contours, but with start and finish reversed, 


f Bar =~ f F.dr. 
C3 C4 


The line integral f Cs F . df is negative because Qs is on a contour of lower value than P3. 


50. (a) The integral is positive, because the portion of the path that goes with the vector field is longer than the portion of the 
path that goes against it, and in addition the vectors are larger in magnitude along the former and smaller in magnitude 
along the latter. 

(b) If it were true that F = grad f for some function f, then the integral around every closed path would be zero. But 
in part (a) we saw that the integral around one closed path was not zero, so F cannot be a gradient vector field. 

(c) The region shown is in the first quadrant. In that quadrant, the vectors of F, point away from the origin, so F, does 
not fit. The vectors of both F5 and Fy point up and to the left, so they are both possibilities; of these, F fits best 
because its vectors get larger in magnitude as you move away from the origin, which fits the diagram. The vectors in 
F 3 shrink as you move away from the origin. 


51. Since the vector field is path independent, the line integral around the closed curve (0, 0) to (1,0) to (1, 1) to (0, 1) to 
(0, 0) is zero. Thus 


(0,0) = (1,0) E (1,1) P (0,1) E 
| Far --(f Fears f Fara f F ar ) (5.1 + 3.2 — 4.7) 2 —3.6. 
(0,1) (0,0) (1,0) (4,1) 


52. (a) To maximize the line integral, we choose C to be parallel to grad f = 3i + 4j. Thus C has parametric equation 
T = (2i 4j) -- t) where Y = 3i 4- 4j, so 


z—2-30 y=1+4t. 

If the other end of C is at (x1, yi), since the length of C is 10, we have 
(m 39 + IF = 10 
(30)? + (4t)? = 10 


ty 32 + 4? = 10 
5t — 10 
i3. 


(b) 


53. (a) 


(b) 


(c) 
54. (a) 
(b) 
55. (a) 
(b) 
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Thus t = 2 at (£1, y1), so 

$1—242.3—8 and yw=14+2-4=9. 
Thus C ends at the point (8, 9). 
By the Fundamental Theorem of Line Integrals, 


f grad f - dr = f (8,9) — f(2,1) = (3-8 +4- 9) — (3-2 +4- 1) = 50. 
C 
Alternately, since grad f and C are parallel, 


i grad f - dr = || grad f|| - Length of C = 5-10 = 50. 
& 


Since T - d = aix + a2y + azz, we have 


grad(F -d) E +aaj task = 2. 


By the Fundamental Theorem of Line Integrals, if rọ = xoi + Yo) + zok , We have 
(x0,90;20) 
J maaar area =fo-d. 
e (0,0,0) 
Since o à = ||r'o||||a || cos 9 = 10]||d || cos 0, where the angle between i^o and d , the maximum value of o - à 


occurs if ^o is parallel to à. Then 0 = 0 and 
f grad(r -a@)- dr = 10||@ || cos0 = 10||à ||. 
C 


Work done by the force is the line integral, so 


= 


Work done against force = -f F -dř =— / (—mgk)-dr. 
[e C 


= 


Since F = (cost)i + (sint)j + tk , we have F’ = —(sint)i + (cost)j +k, 


20 
Work done against force = if mgk - (- sintf + costj 4 k )dt 
0 


2T 
= | mg dt = 27 mg. 
0 


We know from physical principles that the force is conservative. (Because the work done depends only on the vertical 
distance moved, not on the path taken.) Alternatively, we see that 


F =—mgk = grad(—mgz), 


so F isa gradient field and therefore path independent, or conservative. 


We parameterize the path by (cos t, sin t) for 7/2 < t € m. Since t = 7/2 gives the end point, (0,1) and t = 7 
gives the starting point (—1, 0), we have 


1/2 
n -dr = F (cost, sint) - (—sinti + costj ) dt 
C T 


= -f (sint? — costj )- (— sinti + cost] ) dt 
1/2 


T 
= 2 (— sin? t — cos? t) dt 
T 


/ ldt=t 
7/2 


The work done by the force is 4-7/2. The work is positive since the force is always in the direction of the path (in 
fact it is always tangent to C since FE.p-Q. 

If we redo our computations using the entire unit circle, the only change will be the limits of integration: they'll 
change to 0 to 27. This yields an answer of 27 (or —27r, depending on orientation). Since the work around a closed 
path is not zero, the force is not path-independent. 


= 7/2. 
7/2 
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(a) Since F (x,y) — a (x, y) is parallel to grad h(x, y), it is perpendicular to the level curves of h. Since the oriented 
path C is on a level curve of h, F (x,y) — G (a, y) is perpendicular to C at every point of C. Hence 


] £e - 6 caa =0. 
c 


[Raw faar. 
Cc e 


(b) By the Fundamental Theorem of Calculus for Line Integrals we have 


Therefore 


/ G -dř z. grad ó- dF = ¢(Q) — é(P). 
a e 
Using part (a) we have 
| F dr —e(Q) - &(P). 
C 
(a) We have 


gradh =j 
grad ó = yi 4j 
F — grad ọ = rj = x grad h. 


Thus, F — grad ¢ is a multiple of grad h. 

(b) By part (a) the vector fields F and grad @ have the same components perpendicular to grad h, which is to say the 
same components in the direction of the level curve C of h. Thus, the line integrals of F and grad ġ along C are 
equal. Using the Fundamental Theorem of Calculus for Line Integrals, we have 


n dr = | maear p(Q) — (P) = 80 — 30 = 50. 
C [e] 
(a) We have 


grad h = i 
grad o = 2yi + 2rj 


F grad o = yt — —y grad h. 


Thus, F — grad ¢ is a multiple of grad h. 

(b) By part (a) the vector fields F and grad @ have the same components perpendicular to grad h, which is to say the 
same components in the direction of the level curve C of h. Thus, the line integrals of F and grad ¢ along C are 
equal. Using the Fundamental Theorem of Calculus for Line Integrals, we have 


[Rae | oar ¢(Q) — 6(P) = 60 — 30 = 30. 
C C 


(a) We have 


grad h = —2xi +7 
grado = (2z? +y)i + xj 
F grad o = 2z^i 4 Tj = xr grad h. 


Thus, F — grad ¢ is a multiple of grad h. 

(b) By part (a) the vector fields F and grad @ have the same components perpendicular to grad h, which is to say the 
same components in the direction of the level curve C of h. Thus, the line integrals of F and grad ¢ along C are 
equal. Using the Fundamental Theorem of Calculus for Line Integrals, we have 


[Fae | mio tr = m o(P) = 384 — 0 = 384. 
C C 
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60. (a) We have 


gradh = i Lj 
grad o = (x + 3y)i + (3 + 2y)j 
F — grado = (=z — 2y)i + (2x — 2y)j = —(x + 2y) grad h. 
Thus, F — grad ¢ is a multiple of grad h. 
(b) By part (a) the vector fields F' and grad ¢ have the same components perpendicular to grad h, which is to say the 


same components in the direction of the level curve C of h. Thus, the line integrals of F and grad ¢ along C are 
equal. Using the Fundamental Theorem of Calculus for Line Integrals, we have 


n var = | grado: dF = 0(Q) p(P) = 1800 — 1850 = —50. 
C C 


61. (a) By the chain rule 
dh | of dx of dy / 
"c(t t), 
dt^ osa oya 7 Ot fy 
which is the result we want. 
(b) Using the parameterization of C that we were given, 


f grad f - dr - f (FEE YEE + fu(w(t), (0)3) E (08 + y (05)8t 
C a 


-f (fo (w(t), YEE (0) + fy(a(t), yEy (0)at. 


Using the result of part (a), this gives us 


b 
f masar f h/ (t)dt 
C a 


= h(b) — h(a) = f(Q) — f(P). 


62. (a) The level surfaces are horizontal planes given by gz — c, so z — c/g. The potential energy increases with the height 
above the earth. This means that more energy is stored as “potential to fall" as height increases. 

(b) The gradient of ¢ points upward (in the direction. of i increasing potential energy), so Vo= gk. The gravitational 
force acts toward the earth in the direction of —k. So, F = — gk. The negative sign represents the fact that the 
gravitational force acts in the direction of the decreasing potential energy. 

63. (a) We have 
E piv + pay + paz 
90) 7 Qr yr em 


Taking partial derivatives gives 


p(z? + y? + 229? — (3/2) (pc + poy + paz) (22) (z? + y? + 22)? 


pal?) = (a? + y? + 23)3 
Lo p S (p :r)m 
(lr > (Ir LP 
= -Dı (r). 


Similar computations give py = — D2 and p- = — D3, so grad o = =D 
(b) The field D is necessarily path-independent since it is a gradient vector field. 


Strengthen Your Understanding 


64. The statement cannot be correct, because f 5 F . dř isa scalar and F (Q) — F (P) is a vector. The correct statement of 
the Fundamental Theorem of Calculus for Line Integrals is as follows: if F = grad f, then f d F -dř = f(Q)—f(P). 
Evaluate the potential function, f, for F , not F itself, at the endpoints of C. 
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65. 
66. 


67. 


68. 
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This is only true if F is path-independent; if it is not, then f is not well-defined. 


If a vector field F is not a gradient vector field, then f c F . dF can’t be evaluated using the Fundamental Theorem of 
Calculus for Line Integrals. However, other methods such as parameterizing C might work to evaluate the integral. 


The integral is required to have the same value for all oriented paths from (0, 0) to (1, 2). This is achieved by choosing 
F = grad f to be a gradient vector field. Since Jo grad f -dr = f(1,2) — f(0, 0), we seek a function f(x,y) such that 
f(1,2) — f(0,0) = 100. For example, we can take f(x,y) = 50xy. With 


F = grad f =50yi +5007 


J F9 
C 


Every gradient field is path-independent. For example, 


we have 


F= grad zy = yi +j 
is path-independent. 


A path-independent vector field must have zero circulation around all closed paths. Consider a vector field like F (x,y) = 
|æ|j , shown in Figure 18.22. 

A rectangular path that is symmetric about the y-axis will have zero circulation: on the horizontal sides, the field is 
perpendicular, so the line integral is zero. The line integrals on the vertical sides are equal in magnitude and opposite in 
sign, so they cancel out, giving a line integral of zero. However, this field is not path-independent, because it is possible to 
find two paths with the same endpoints but different values of the line integral of F . For example, consider the two points 
(0, 0) and (0, 1). The path C in Figure 18.23 along the y axis gives zero for the line integral, because the field is 0 along 
the y axis, whereas a path like C2 will have a nonzero line integral. Thus the line integral depends on the path between 
the points, so F is not path-independent. 


y y 
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This is false, because the line integral yields a scalar whereas the total change in F would be a vector. In the special case 
when F' happens to be the gradient of a scalar function f, the line integral does give the total change of the scalar function 
f along the path—but not of the vector function F . 


You can easily come up with counterexamples: suppose that F z G but that both are gradient fields. For example, 
F —iandG = j. . Then, if C is a closed curve, the line integral around C of both F and G will equal to zero. But this 
does not mean that F = G. 


The total change of f along C depends only on the endpoints of C. If f has the same values at each endpoint (or if C is 
closed, so that the endpoints coincide) then the total change will be zero. This in no way restricts the shape of the curve 
C. For example, take f(x,y) = cz? + y? and C to be the straight line from the point (1, 0) to the point (0, 1). Then 
f(1,0) = f(0,1) = 1 so the change in f along C is zero, but C is not a contour of f. 
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False. The line integral of a gradient vector field around this circle would be 0, but the converse is not necessarily true. 
That is, the fact that the line integral around this one circle is zero does not mean F is necessarily a gradient field. 


True. Since vi + yj — grad ($ (x? +y Pj) the Fundamental Theorem of Line Integrals gives 


] ee - 
c 


False. The line integrals of many vector fields (so called path independent or conservative fields) are zero around closed 
curves, but this is not true of all fields. For example, a vector field that is flowing i in the same direction as the curve C all 
along the curve has a positive line integral. A specific example is given by F= —yi ta J, where C is the unit circle 
centered at the origin, oriented counterclockwise. 


(a,b) 


(z? +y’) (a? +b”). 


NI = 


NI = 


(0,0) 


True. By the Fundamental Theorem for Line Integrals, if C is a path from P to Q, then / grad f - dr = f(Q) — f(P), 
e 
so the value of the line integral Jf " grad f - dr depends only on the endpoints and not the path. 


False. The statement is true if C1 and C2 have the same initial and final points. For example, F (x,y) = i is path- 
independent (since it is the gradient of f(x,y) = x), but the line integral of F’ over a path from (0,0) to (1,0) is 
f(1,0) — f(0,0) = 1, but the line integral over a path from (0, 0) to (0, 1) is /(0, 1) — f(0,0) = 0. 

False. However, if F isa gradient field, the line integral gives the total change in the potential function f, where F= 
grad f. 

True. The construction at the end of Section 18.3 shows how to make a potential function from a path-independent vector 
field. 


True. Since a gradient field is path-independent, and C and C2 have the same initial and final points, the two line integrals 
are equal. 


True. Since the curve can be thought of as having the same initial and final points, if f is a potential function for F we 
have f F dr = fo grad f - dF = f(P) — f(P) =0. 
False. If there were a potential function f, then fe = y?, so f(x,y) = wy? + g(y), where g(y) is a function of y only. 


Then f, = 2xy + g'(y), which depends on x no matter what g'(y) is. Thus fy cannot be equal to a constant k, and so 
there is no potential function f such that P = grad f. 


False. For example, take F = yi. By symmetry, the line integral of F over any circle centered at the origin is zero. 
But the curve consisting of the upper semicircle connecting (—a, 0) to (a, 0) has a positive line integral, while the line 
connecting these points along the x-axis has a zero line integral, so the field cannot be path-independent. 


Exercises 
OF: OF OF: 
1. = land — 2 —1,so —— z — and this cannot be a gradient vector field. 
7 Ox Oy Ox 
2. Yes, since F = 2zyi +277 = grad(z?y). 
3. The domain of the vector field F (x,y) = yt + yj is the whole zy-plane. In order to see if F isa gradient let us apply 
the curl test: 
OF, 
IM eto 
Oy 
and "m 
2 
—— =0 
Ox 
So F is not the gradient of any function. 
4. No, since if F = 2xyi + 2xyj , 
OF» OF, 
—— —2y and —— —2x, 
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i OF, OF 
2 1 
De y *° 


5. The domain of the vector field F (x,y) = (a? + y?)i + 2xyj is the whole xy-plane. Let us apply the curl test: 


OF, _ 4, _ 2E 
dy ar 


so F is the gradient of some function f. In order to compute f we first integrate 


Of | 2 2 
dn * TY 


with respect to x, thinking of y as a constant. 
We get 
x? 2 
Differentiating with respect to y and using the fact that Of /Oy = 2xy gives 


Of _ "o 
9,77 EU c 


Thus C" (y) = 0 so C is a constant and 


x? 2 
f(z, y) = u try +O. 


6. The domain of the vector field F = (2xy? + y)i + (327? + x)J is the whole xy-plane. We apply the curl test: 


OF, _ 2 _ OF. 
8y eer 


so F is the gradient of a function f. In order to compute f we first integrate 


OF ong 
On V d 


with respect to x thinking of y as a constant. We get 
f(x,y) = a^y! + oy + C(y) 


Differentiating with respect to y and using the fact that Of /Oy = 3x?y? + x gives 


" =307y E r4 C'(y) = 3r y +2 
Thus C" (y) = 0 so C is constant and 
f(x. y) = a^y! tay +C. 


> > > 


= j k 
7. The domain of the vector field F = — + L + — is the set of points (x, y, z) in the three space such that z 4 0, y # 0 
T y z 


and z Æ 0. This is what is left in the three space after removing the coordinate planes. This domain has the property that 
every closed curve is the boundary of a surface entirely contained in it, hence we can apply the curl test. 


curl F = 


aie Slo x 


So curl F = 0 and thus F is the gradient of a function f. In order to compute f we first integrate 


of 1 


Ór x 


10. 


11. 
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with respect to x, thinking of y and z as constants. We get 
f(x,y, 2) = In|a| + Cy, z) 
Differentiating with respect to y and using the fact that Of /Oy = 1/y gives 
Of OC 1 
Oy Oy y 
We integrate this relation with respect to y thinking of z as a constant. We get 
f(z.y,z) = In |zy| + K(2) 
Differentiating with respect to z and using the fact that Of /Oz = 1/z gives 
Of 7 1 
LaK 2 
Oz ed z 


Now we integrate with respect to z and get 
f(y, z) = In Ale] 


where A is a positive constant. 


> > > 


E j j k 
The domain of the vector field F = + + E + — is the set of points in the three space, (x, y, z) such that x zz 0 and 
x x 


y y 
y # 0. This is the set of points in the three space left after removing the planes x = 0 and y = 0. This domain has the 
property that every closed curve is the boundary of a surface entirely contained in it, hence we can apply the curl test. 


tog 
po — | 0 8 
curl F = Ox 57 


Therefore F is not the gradient of any function. 


The domain of the vector field F) = 2x cos(z? + 2?)i + sin(x? + 2?)j + 2z cos(x? + 2?)K is the whole three space 
so we can apply the curl test. 


i j k 
P a a a 
curl F = = 5r E 


2x cos(x? + 3?) sin(x? + y?) 2z cos(x? + y?) 
= —Ayz sin(z? + y?)i + Azzsin(z? + y?)j + (2 cos(x? + y?) + 4rysin(x? + y?))k #0 


> > 


As curl F #0, F is not the gradient of any function. 


We have 
OF, _ (@*+y")i-y@y)_  cz-y 
ay) (x49 O (ry 
OF,  (z-y)-zQs y- ry 
ðr — (a? + y2)? 0 (a?-92? (+y 

OF, OP ; TE EE pi 
Thus ou Or However, the domain of the vector field contains a “hole” at the origin, so the curl test does not apply. 
y T 


This is not a gradient field. See Example 7 on page 992 of the text. 
We have F; = y? and P5 = x. By Green's Theorem 


"PN 8E OF us 
y à +23 )- dr -f (2-2) day = | | (1 — 2y) dz dy = —12. 
L ( ) r\ Ox dy o Jo 
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12. By Green’s Theorem, with R representing the interior of the circle, 
E ð ð 
F -dř = / (ico — $0) dA = -2 f dA 
[ R\ OL Oy R 
= —2. Area of circle = —2r (1°) = —2r. 


13. By Green’s Theorem, with R representing the interior of the square, 


14. By Green’s Theorem, with R representing the interior of the triangle, 


] £o f (eh Zee +s) a= [e 3)dA = [as 


= — Area of triangle = -> -4-3=—-6. 


15. By Green’s Theorem, with R representing the interior of the circle, 


fF ar = f (Zen- Zon) da= [ (y-3)aa. 


The integral of y over the interior of the circle is 0, by symmetry, because positive contributions of y from the top half of 
the circle cancel those from the bottom half. Thus 
f ydA — 0. 
R 


]F«-[o 344- | 3dA = —3- Area of circle = —3- z(1)? = —3m. 
C R R 


So 


16. Green's theorem gives 


[e+ suit + meae -Jf (Sere + Zee +50) dA 


x 3dA = —3- Area of R = —30m?. 
R 


17. (a) The vector field points in the opposite direction to the orientation of the curve, hence the circulation is negative. See 
Figure 18.24. 


> — — — — 
> > > > 
x 
< = L E 
— -— << — — 


Figure 18.24 
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(b) Since F = yi, we have OF, /Oy = 1 and OF2/Ox = 0 and OF; /Oy = 1. Thus, using Green's Theorem if R is 
the region enclosed by the closed curve C (the unit circle centered at the origin and traversed counterclockwise), we 


have 
[tae] (52-8) dzdy= f (-1) de dy = -Area of R= =n. 
c R\ OF Oy R 


Problems 


18. The perimeter of the rectangle is a closed curve, C, so we can use Green's Theorem. See Figure 18.25. The curve is 


traversed in the correct direction to apply Green’s Theorem directly. Let R be the interior of the rectangle, 


F.d = Mety — oo dxdy = 1 dady = Area of rectangle = 4-5 = 20. 
a R Ox Oy m 


ol 
x 


Lo. 4— 60) 


Figure 18.25 


19. By Green's Theorem, with R as the interior of the square, we have 


" 2 > ^ 2 TA B cm 2 isin 2 e? ~ 2 tein r? cos 
][ entes + int?) eer ar S (Zesty?) +e") - Sein?) + cosy) da 


n NOx 


1 pl 
-f Í (e^ + sin y) dz dy 
o Jo 
1 
dy 


1 
-f (e^ + x sin y) 
$ 0 


zi (e+ sin y) — 1) dy 
0 


1 


= (ey — cosy — y) 


0 


20. The curve is closed, so we can use Green's Theorem. If R represents the interior of the region 


[rn AER) a | (92-22) o 
C R R 


-fa ( 1))dA= f 24A =2- Area of sector 
R R 


Since R is 1/8 of a circle, R has area 7(3?)/8. Thus, 


—e-—cosi—1-Fcos0 = e — cos 1. 
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21. The curve is closed, so we can use Green's Theorem. If R represents the interior of the region 


c nNOv y n\ ðr ay 


= fi 1) dA = (—1) - Area of sector. 
R 


Since R is 1/8 of a circle, R has area 7(3*) /8. Thus, 


E on on 
B sdr = (eee 
]*4-c»€--5 


22. (a) Since F= grad(«”e"), the Fundamental Theorem of Line Integrals gives 


(2,4) 
fF dF = xe = 4e*. 
C (0,0) 
(b) Since 
dG. OQ) ð, a E 
de By a; F y) aj y) = 2, 


we know that G is not a gradient field. Parameterizing C by x(t) = t,y(t) = 2t for 0 € t < 2, we have 
F'(t) =i +27, 80 


[ea] ((t — 2t)i + (t+ 20)3 ) - ($ +27) dt 
C 0 


-f 2t) + (2t uas f sa- 5e 
0 0 


2 
= 10. 
0 


23. (a) By symmetry between quadrants II and IV, this integral is zero. To confirm, we can parameterize. This line is given 
by 
F=(-t+j)+t(2i — 27) = (21-20) + (1-20) forü0 «t & 1. 


Then (t) = 27 — 25 , so 


fref ((1 — 20 +(-1 +4 24)7) (20 Fas [a 8t) dt = 0. 
C 0 0 


(b) The curve C is closed, so we use Green's Theorem: 


[r -f (i-o) da= f oda =0. 


(c) Since C = C2 — Ci, we have 


So 


(d) The magnitude of G is constant on Co: 


|G || = /(3y)? + (-3z)? = 3 / y? + 22 = 32. 


Thus, since G is everywhere tangent to C2 and points in the opposite direction to C5, we have 


Í G -dř =—||G||- Length of C; = —(3V2)rV/2 = —6r. 
C2 
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(e) The curve C is closed, so we use Green's Theorem: 


n dF - | (3:39 - Fen) da= f 924 


n(v2)? 
2 


= —6- Area of R = —6 = —67. 


(f) Since C = C2 — C1, we have 


Hence, 


/ G. dr =0. 
Ci 


(g) The curve C is closed, so we use Green's Theorem: 


fe ed) arc [ aui —20j)-a7 = [ Soz) - Fa aa= f -oaa 
c c a 9v Oy R 


2 
=-6- Areaot R= —6. EO Las. 


Alternately, 


fE ed) arc | Far + f Gdr =0- 6r = -6r 
C C C 


24. (a) The curve, C, is closed and oriented in the correct direction for Green's Theorem. See Figure 18.26. Writing R for 
the interior of the circle, we have 


] (eee) sae f (AEE - 997-9) aas 


= ) (1 — (—1)) dzdy = 2 f dady 
R R 
= 2- Area of circle = 2( - 3?) = 187. 


(b) The circle given has radius R and center (a, b). The argument in part (a) works for any circle of radius R, oriented 
counterclockwise. So the line integral has the value 2z R°. 


y (a — 5)? + (y—4)? =9 
x 


Figure 18.26 
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25. (a) 


(b) 


(c) 


(d) 
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The particle moving along C; starts at the origin and moves simultaneously radially outward and counterclockwise in 
the zz-plane, describing a spiral. The spiral completes two full revolutions around the origin, starting at (0,0, 0) and 
ending at the point (2, 0, 0). The particle moving along C^ starts at the origin and moves simultaneously outward, 
counterclockwise, and forward along the positive y-axis, describing a 3-dimensional spiral coil growing in diameter 
as it wraps around the y-axis. The coil completes two full revolutions around the y-axis, starting at (0, 0, 0) and 
ending at the point (2, 2, 0). 

We suspect F isa gradient field and look for a potential function f. We have: 


faz) | zo f yede = yee ato 


We now have two expressions for fy, which we set equal to each other: 


z(z +1) = fy = z£ + gy. 


This means 
zr-z-zr--gy œœ gy-—z. 
Thus, 
gly, z) = Jows = n = zy + h(z), 
and also 


f(x,y, 2) = yzv + zy  h(z). 
Lastly, we set both expressions for f equal to each other 


zy-yl-f.-—yzd yh). 


This means h(z) = z which gives us 
f(x,y, 2) = xyz + zy + z. 
Thus, F = V f and we can calculate the line integral using the Fundamental Theorem of Calculus for Line Integrals: 


/ F . dr = f(2,2,0) — f(0,0,0) 20—0-— 0. 
C2 


The beginning points and the endpoints of C1 and C», respectively, have identical z-values. Since this common z- 
value is zero, we may look for a gradient field G whose potential function has a factor of z, then use the Fundamental 
Theorem of Calculus for Line Integrals to calculate both integrals. Note that 


G =F —V(zyz--zy--z) and 
G = V (ze ™”*) 


both work, for example. In each case we have: 


There are many other possible answers. 
Reasoning as in (c) above, we choose 


Hı =F =V(eyz+zy+z) and 
Hy = V(ze *"^), 
for example. These fields work because, using the Fundamental Theorem of Calculus for Line Integrals, we get 
Hi -ar = | Hz -dF =0. 
Ci Ci 
The fields 
Hı — V(ya?) and 
Hz = V(y(z + z)) 


also work, since y = 0 at the beginning and endpoints of C1 and the Fundamental Theorem of Calculus for Line 
Integrals yields: 


Hı -d= | Ha.dr =0. 
Ci Ci 
There are many other possible answers, and not all of them yield a zero value for the integrals. 
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26. Since F = 7j, we have OF5/Ox = 1 and OF1/O0y = 0. Thus, using Green's Theorem if R is the region enclosed by the 
closed curve C, we have 


[tae] (2-2) dody= [ Lardy = areaot R 
e B \ T Oy R 


27. Using F = xj = acostj and ?'(t) = —asinti + bcos tj , we have 


A= [LF dr sf (a cos t) (bcos t) dt 
c 


= ab cos? t dt 


Tu LEY 


= rab + Z sin 2ta m = mab 


Il 
2 


The ellipse is shown in Figure 18.27. 


y 
b 
ax 
a 
ey? 
Figure 18.27: — + = g^ 1 
28. Using F = zj = acos? t and ?' (t) = —3a cos? tsin ti + 3asin? t cost , we have 


27 
a-l 2 car = f (a cos? t) (3a sin? t cos t) dt 
0 


F 
C 
2v 2n 2n sin? 2t 
= 3a? f cos? t sin? t dt = 3a? I cos? t(sin t cos t)? dt = 3a? n cos? t dt 
0 0 0 4 
3 7T 


2 
= = (1 + cos 2t)(1 — cos 4t) dt 
3a? [?* 
= 16 (1 + cos 2t — cos 4t — cos 2t cos 4t) dt 
2 2T 
m (1 daosdi Ge dt D ont 1 cos 2t) di 
16 2 2 
2v 
3a? 1 , 1 . 1 : 1 . 3ra? 
= 1g 6 - 3t- t sin 4t + 15 sin Ot + 7 sin 2t) = 


0 


For the last integral we use the trigonometric formula cos 2t cos 4t = i(cos 6t + cos 2t). 
The hypocycloid is shown in Figure 18.28. 


1694 Chapter Eighteen /SOLUTIONS 


Figure 18.28: x?/3 + y? = q?/? 


> = 5j =H +  3t(2—10).4 
29. Using F = zj = ——z;j r'(t) 1-20 » | 3070): 


= > 8  83t(2—-0) 
A=] F.d = —— E di 
[i f 1+8 (1+8) 


We make the change of variables u = 1 + t? so du = 3t?dt and 2 — t? = 3 — u. So 


a=3 f 3 du. 
i u 


This is an improper integral, so it can be computed as follows 
oo b 

a=3 f 2" au dm 3 f (4-3) wu 
1 u boo J, NU u 

" b 

i -2 
b—oo |: ( 5) d 

: 9/1 1 
=, al ey | = 

jm | 5 (7 1) (5 jJ 


9 3 
=-50-1)+30-1)=5 


The Folium of Descartes is shown in Figure 18.29. 


II 
= 
B 


y 
Qe 


Figure 18.29: x° + y? = 3ry 
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30. Suppose C encloses a region R. Then, using Green's Theorem, we have 
fra] (2-4) dA 
o R\ T Oy 
(6) 2 ; [2] 3 i 
= [| 5-(4e(1—y") + vsin(zy)) - z-(—y + ysin(zy)) dA 
p Ox Oy 
= Í 4(1 — y?) + sin(xy) + xy cos(xy) + 3y? — sin(xy) — zy cos(zy) dA 
R 


- fu- Pas 


This integral over R is largest if C encloses the maximum possible region where 4 — y? > 0, that is, where —2 < y < 2. 
Therefore C should be the curve with two sides along the lines y = —2 and y = 2, as well as two arcs of the circle 
z? + y? = 25. See Figure 18.30. 


y 
5 
Pe rue x? + y? = 25 
"4 E 
/ ks 
2 
x 
\ =2 Í 
EN "i 
—5 
Figure 18.30 


31. Since the level curves must be perpendicular to the gradient vectors, if there were a contour diagram fitting this gradient 
field, it would have to look like Figure 18.31. However, this diagram could not be the contour diagram because the origin 
is on all contours. This means that f (0, 0) would have to take on more than one value, which is impossible. At a point P 
other than the origin, we have the same problem. The values on the contours increase as you go counterclockwise around, 
since the gradient vector points in the direction of greatest increase of a function. But, starting at P, and going all the way 
around the origin, you would eventually get back to P again, and with a larger value of f, which is impossible. 

An additional problem arises from the fact that the vectors in the original vector field are longer as you go away from 
the origin. This means that if there were a potential function f then || grad f|| would increase as you went away from the 
origin. This would mean that the level curves of f would get closer together as you go outward which does not happen in 
the contour diagram in Figure 18.31. 


Figure 18.31 
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32. The drawing of the contour diagrams in Figure 18.32 fitting this gradient field would look like Figure 18.32. The values 
on the contours would increase both as y increases (for positive x) and as y decreases (for negative x), following the rule 


that the gradient vector points in the direction of greatest increase of a function. Therefore, it is impossible for this to be a 
contour diagram. 


y 
Increasing o Increasing 
f-values [] $ f-values 
Figure 18.32 


33. (a) We see that F ; G : H are all gradient vector fields, since 


grad(ry) — 


F forall x,y 
grad(arctan(r/y)) = Œ except where y = 0 

H 

/ 


grad (is^ + oy) = except at (0, 0). 


(b) Parameterizing the unit circle, C, by x = cost, y = sint, 0 < t < m, we have F’ (t) = — sin ti + cos tj. so 
4 27 2v 
/ F . dř = / ((sint)i + (cos t)j ) - ((—sint)i + (cos t)j ) dt = f cos(2t) dt = 0. 
C 0 0 


The vector field G is tangent to the circle, pointing in the opposite direction to the parameterization, and of length 1 
everywhere. Thus 


I G.dr —-—1- Length of circle — —27. 
g 


The vector field H points radially outward, so it is perpendicular to the circle everywhere. Thus 


f A-a =o. 
G 


(c) Green’s Theorem does not apply to the computation of the line integrals for G and H because their domains do not 
include the origin, which is in the interior, R, of the circle. Green's Theorem does apply to F = yi + x7. 


[tae] (52-8) dzdy= [ ode dy =o. 
a 5 Ox Oy 


34. (a) I Green’s Theorem can be used. The curve is closed and the vector field is smooth throughout the interior of the 
region enclosed 


II Green's Theorem cannot be used. The vector field is not defined at the origin which is inside the curve. 
IH. Green's Theorem cannot be used. The curve is not closed. 
(b) For the integral in [I], let R be the region enclosed by C. See Figure 18.33. Green's Theorem gives 


auo 9: pe ad = OP, OF 2 3,3, 2 32,2 
fe cr y^) da + (x exa f (82 2: aa- f (2e +y’) oy +v) dA 


1 x 
= f (2x — 2y) dA = f / (2x — 2y) dy dx 
R 0 a 


1 E 1 
= I (2xy —?)| dx = f (22? — x? — (2x? — x*)) dx 
0 x2 0 


1 3 2 5 
2 3 4 x 4 X 
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Figure 18.33 


35. Green’s theorem says that for a closed curve C oriented counterclockwise, bounding region R, 


[tae] (2-2) da= [ Ge - 024. 
e Rr \ Ox Oy 5 


If R is a region contained strictly inside the unit circle, then z? + y? < 1 for any point (x, y) in R, so z? 4- y? — 1 < 0, 
which gives 


nc -- y^ — 1)dA < 0, which implies that f F -dř <0. 
R 


C 
Now, let C be the curve C, — C5. Since 


fF var =f 
C C1—C» 


we have Lı < Lə. Similarly, if we let C = C2 — C3, then 


[Fae Far- f F -dF = Lə — La <0, 
[0] C2 C3 


Li < La < La. 


^ 
a 
3 
| 
oo 
ES 
a 
3, 
| 
g— 
ES! 
a 
3 
| 
is 
| 
tH 
N 
A 
e 


which gives Lə < La. Thus 


36. (a) Writing Rı for the interior of the circle, Green's Theorem gives 


f Fear = [ (52-98) da= | saa=3- Area of disk = 3-71? = 3r. 
ei m Ox Oy é 


(b) Writing Rə as the interior of the rectangle, Green's Theorem gives 
f Bear f 3dA = 3- Area of rectangle = 3- 3- 2 = 18. 
C2 Rə 


(c) In parts (a) and (b), we see that the line integral is three times the area enclosed in the curve. Since C3 encloses a disk 
of radius 7 and area 7 - 7? = 153.9, and C4 encloses a disk of radius 8 and area 7 - 8? = 201.1, and Cs encloses a 
square of side 14 and area 14? — 196, we have 


] «f Fare Far 
C3 Cs C4 
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37. (a) 


(b) 


38. (a) 


(b) 


(c) 
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We use Green's Theorem. Let R be the region enclosed by the circle C. Then 


eas am OF J a 2 BA ee ?) 
F -dř = L————— dA —(e* --12xr)— —(3zr^y-4- +e dA 
f j L(G 2) (2e J- Eeay ty? +e" 


= [ a2- 6 +3y*)aa= f 02 - so e aa, 
R R 


Converting to polar coordinates, we have 


27 1 
f F -dř = | f (12 — 3r?)r dr d0 = 2n (6r? z +r‘) 
G 0 0 4 


The integrand of the integral over the disk R is 12 — 3(z? + y^). Since the integrand is positive for z? + y? < 4 and 
negative for x? + y? > 4, the integrand is positive inside the circle of radius 2 and negative outside that circle. Thus, 
the integral over R increases with a until a = 2 and then decreases. The maximum value of the line integral occurs 
when a — 2. 


1 
3 21r 
zorl- tS. 
: x ( i) 2 


Taking partial derivatives using the product rule, we have 


OF 2 [?) ( x ) 1 ele y!- 2? 
2 


Dr Bs ere) Pte F Gn 
Similarly, 
m -s( -y )- -1 y2y — p-r 
Oy dy \ a2 + y? ety (x24? (Fy?) 
Thus, 
curl of F = OF — ELT = 
Ox Oy 
Let C be the clock-wise oriented closed path consisting of four pieces 
e Ci 
e BD, the straight line path from B to D 
e —C2 


e CA, the straight line path from C to A. 
By Green's Theorem and part (a), 


[asf Far- f Fear + f F dř =0. 
Ci BD Co CA 


The key observation is that the vector field F is perpendicular to each of the radial paths BD and C A. To see 
this, consider the radial vector field 7 = xi + yj which is tangent to the paths BD and C A. Since 


Hence 


= 


r-F =0 


the vector fields F^ and F are orthogonal. 
Therefore, es F-.dr-— doo F -dř = 0 and it follows that 


/ Far-[ F- dr. 
Cı C2 


Compute the integral over C», which is on the unit circle. On the unit circle, F is tangent to the circle and ||F || = 1. 
Thus, 


n d£ = ||F || - Length of curve = 1 - 0 = 6. 
C 


39. 
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(a) We can show 


v 7 K 
curl É = — & — =0. 
qz qy qz 
TETS Tee Tei 
Let's check, for instance, the 7? component of curl E: 
9 ey _ (-3/22ayz ~ (=3/2)202y _ 9 
Oy (x? Fy? +22)372 — Oz (x? + y? + 23/7? (x? + y? + 22)5/2 * 


The vector field E is a gradient vector field, as curl E = 0 and É is defined everywhere in 3-space except at the 
origin. This domain satisfies the criteria for the curl test in 3-space. Every closed curve in 3-space which does not 
pass through 0 bounds a surface not containing the origin. 

(b) The function (F) = q/||7 || is a potential for E , since 


Ov 
Ox 


-1/2 Z gale? +y? + z2)78/2 So 


a Ope? 2 2 
= qai +y +z’) 


and similarly for Op/Oy and 0/0; hence E = — grad g. 


Strengthen Your Understanding 


40. 


41. 


42. 


43. 


To conclude that F is path-independent, we must know that Í c F .dr =0 for every closed path in the domain of FE. 
is not sufficient to check the equality for a single specific closed path. 


Since C is not a closed curve, Green's Theorem does not apply. Calculating the line integral requires more information 
about Ff’. 


fF = xyi + Q(z, y)j is a gradient field, then by the curl test we see that 


26) 99 
Oy ar 


Therefore, 0Q/Ox = x. If Q(z, y) = x? /2, then 
2 2 
F = ryt + = = grad (=) : 


Because the scalar curl of F is zero everywhere except at the origin, the vector field F is path independent in any region 
that does not contain or encircle the origin. Let C1 be the counterclockwise path on the unit circle from (1,0) to (0, 1) 
and let C2 be the clockwise path on the unit circle from (1, 0) to (0, 1). See Figure 18.34. 

The paths C; and C2 are not both contained in a single region of the plane that does not contain or encircle the origin, 
so it is possible that the line integrals of F over C, and C^ are not equal. Since F is tangent to the unit circle, points 
counterclockwise, and ||F || = 1, we have 

T 


/ F -dř —1- Length Ci = ~ and / F -dř ——1- Length C2 = — 
Ci 2 C2 


3T 


2 


y 
(0, 1) 
C4 


(170) 


C» 


Figure 18.34 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Solutions for Chapter 18 Review 
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The vector field F = zi + z?j is not a gradient field because its scalar curl is not zero: 


ofz OPi = 23 —xr= 2x £0. 


Or Oy ðr Oy 


True. The value of en — EIN is 0 — 0 = 0, so the field is path-independent. 

Ox Oy 
False. The fact that F = grad f means that F isa potential field, hence F is path-independent. Thus if D F.dr-0 
since C is closed. 


True. Since F and G are both path-independent, we know F = grad f and G= grad g for some scalar functions f 
and g. Then grad(f + g) = grad f + grad g = F + G, so F +G isa gradient field, hence path-independent. 


False. As a counterexample, consider F = = rj _and G= yi. Then both, of these are path-dependent (they each have 
nonzero curl), but the curl of F4+Ge= yi +r j is zero everywhere, so F +Ġ is path-independent. 


True. This vector field has components Fı = x, F2 = y, and F5 = z. Using the 3-space curl test gives zero for all of the 
components of curl F , so the field is path-independent. 

OF 2 9B . . . 
True. The value of —— — —— is 0 — 0 = 0, so the field is path-independent. 

Ox ay 
True. Since F is path-independent, we know F= grad f for some scalar function f. Then grad(k f) = k grad f = kE ; 
so kF is a gradient field, hence path-independent. 


False. As a counterexample, consider the vector field F = 2xi , which is path-independent, since it is the gradient of 
f(x,y) = x°. Multiplying F by the function h(x, y) = y gives the field yF = 2zyi . The curl of this vector field is 
—2x Æ 0, so yF is path-dependent. 


Exercises 


1. 


On the top half of the circle, the angle between the vector field and the curve is less than 90°, so the line integral is positive. 
On the bottom half of the circle, the angle is more than 90°, so the line integral is negative. However the magnitude of the 
vector field is larger on the 2 top half of the curve, so the positive contribution to the line integral is larger than the negative. 
Thus the line integral Í e F .d? is positive. 


The angle between the vector field and the curve is more than 90° at all points on C, so the line integral is negative. 


(a) The line integral around A is zero, because the curve is perpendicular to the field everywhere. 

(b) The line integral along C or C3 is zero because the curves are everywhere perpendicular to the vector field. Along 
C^, the line integral is negative, since F points along the opposite direction to the curve. Along C4, the line integral 
is positive, since F points in the same direction as the curve. 

(c) The line integral around C is zero because C1 and C3 are perpendicular to the field and the contributions from C2 
and C4 cancel out. 


(a) The line integral around A is negative, because the vectors of the field are all pointing in the opposite direction to the 
direction of the path. 

(b) Along C1, the line integral is positive, since F points in the same direction as the curve. Along C2 or C4, the line 
integral is zero, since F is perpendicular to the curve everywhere. Along C3, the line integral is negative, since F 
points in the opposite direction to the curve. 

(c) The line integral around C is negative because C3 is longer than C and the magnitude of the field is bigger along 
C3 than Ci. 


Scalar. The displacement along the line from (5, 2) to (1,8) is given by —4i + 67 , so 


nc +4j)-dF = (3i + 4j ) -(-4i +67) = 12. 
C 
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6. Scalar. Since the path is along the y-axis, the i component does not contribute to the line integral. On the path, d = j dy, 


so 6 6 2 
fraa fete du [ ydy = = 
[e 2 2 


7. Since F 2 6i — 7, consider the function f 


6 
= 16. 
2 


f(x,y) = 6x — Ty. 


Then we see that grad f = 6i — 7j. so we use the Fundamental Theorem of Calculus for Line Integrals: 


[Bea | gatar 
C C 


f (4,4) — f(2, —6) = (—4) — (54) = —58. 


x? 


2 
8. We know that if f(x, y) = 7 + ce then grad f = vi tyj = F . Thus, 


] F-a =o. 
Cc 


2 2 
9. Since F is a gradient field, F = grad (= + z) , we have 


2 2 
[ia (245) 
? 2° 2 


10. We can parameterize the curve C by (t, t? + 1), for 0 < t < 1. Then 


(0,10) 
— 10 hs: 


(0,0) 


1 1 
]F«-[ FP ey enia | (CDT + (t* -- 2 - t - 1)3) - ($ + 2tj )dt 
C 0 0 


1 1 
=f 14-04 865414 Da= f 14-20 + 4t? +2? + 2t)dt 
0 0 


2 2 
11. Since F = grad (5 + + Js ) , the Fundamental Theorem of Line Integrals gives 


2 2 2\ |(6:0,7) 2 2 2 
Bon [t y z E 27 3 u 
]59-(G v) 3 (243 18. 
(2,3,0) 
12. The path can be broken into three line segments: C1, from (1, 0) to (—1, 0), and C2, from (— 1, 0) to (0, 1), and C3, from 
(0, 1) to (1, 0). (See Figure 18.35.) 


(0, 1) 


C^» C3 


(—1,0) Ch (1, 0) 


Figure 18.35 
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Along C; we have y = 0 so the vector field ryt + (a — yj is perpendicular to C1; Thus, the line integral along 


C4 is 0. 
C^ can be parameterized by (—1 + t,t), for 0 < t € 1 so the integral is 


1 
ER EI F(-1+t,t)-(@ 4 5)dt 
C2 0 


> > > 


= fw 14-06 +(-1)7]-@ +7) dt 
0 


= (-£ 2-4 P[3- t) 


= —1/2 + 1/3 — 1 — (0 + 0 + 0) = —7/6 


Cs can be parameterized by (t, 1 — t), for 0 < t € 1 so the integral is 


1 
ERE FUI-Dq =9 jas 
C3 0) 


- f (t1 — 84 + (9t—1)3 - ($ — 3 ) di 
0 


1 
m (t —t+1)dt 
0 


= (-&/3- € [2 t| 
—1/3 - 1/2 c 1 — (0+0 +0) = 1/6 


So the total line integral is 


E E = = 1 
pean f Bears f Bears [Fano igi 1 
[07 Cı C2 C3 6 6 
13. Using x as the parameter we have dy = 2xdx. Thus 
f 3z°dz + 4ydy = 1 3x°dz + Az? (2xda) = J x? + 82° dz = r? +2x*| = 1372. 
C 1 1 


1 
14. Using x as the parameter we have dy = cos x dx. Thus 
7/2 7/2 
[vate ody f sin ede + 2(cosede) = | sin z + xcos x dx 
c 0 0 


7/2 


r T 
= — COS T + COST + TSIN T 2 


15. The domain is all 3-space. Since F; = y, 


> = OF3 OF» = OF; OF3 ud OF 2 OF, 3d SON 7s ~ 
auly — (E-n (58 - SB); y (= - ye ae 


so F is not path-independent. 


16. The domain is all 3-space. Since F5 = y, 


+ (8B Ə- (Ə OF\+, (0 ORYp z 
curly = (35 - 9) 7 4 (0 - 0) (2 - 2 e 


so F is path-independent. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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The domain is all 3-space. Since F3 = z, 


2 (OF; ƏN- (OF, OF3\ + 
est = (FE - RE 4 (FRO) 7 4 ( 


so F is path-independent. 
Since Fh = F3 = z, 


Oz Ox 


curl(zj + zk) = (E-B) (8-0 ( 


so F is not path-independent. 
The domain is all 3-space. Since F = y, F2 = x, 
curl dg 2 OF 3 = OF 2 "i (= _ a) > 
p e Oy Oz Oz ax)? 
so F is path-independent 


The domain is all 3-space. Since Fı = x + y, 


> (OF; OP»- OF, — OF3\ > 
ewe e) = (2E — ase (m — mF +( 


so F is not path-independent. 


The domain is all 3-space. Since F| = yz, F5 = zz, F3 = xy, 


curl (yzi + zzj + zyk) = (= 25 i+ De 


OF3 OF, \ + UT oF; 
Ox 


Os 
Ox 


OF 2 


NN 
Ox 


> 


=(x-a)i+(y—y)j +(z-2)k =ð, 


so F is path-independent. 


)i( 


“Or 


Oy 


YR =O, 
a) TAi 
D 
-A sA 
OF, OF, 


)r 
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Since the line is parallel to the y-axis, only the j -component contributes to the line integral. On C, we have x = 2, so 


F —10i +6j and d? = j dy. Thus, 


8 
[w=] 6j -j dy = 6- 5 = 30. 
C 3 


Since the line is parallel to the z-axis, only the i -component contributes to the line integral. On C, we have d = i da, 


SO 


2 


12 


= 350. 


Parameterizing C by x (t) = t, y(t) = t?, with 1 < t € 2, we have F(t) = ï + 217 . Thus, 


2 2 
[tae (5ti + 3t7)- (i + 2t7 ) dt nz + 6t?) dt = 
C 1 1 2 


Parameterizing C by a(t) = 3cost, y = 3sint, with 0 € t € 7, we have F’ (t) = —(3sint)? + (3cost)7 . Thus, 


5t? 
Lb 


]F«-[ (15 costi + 9costj ) - (-3sint? + 3cost7 ) dt 
C 0 


= o f (—5costsin t + 3 cos? t) dt 
0 


=9 (2 cos? ¢ + 5 (costsint +t)) 
2 2 

| 270 

EG 


The integral f cos? t was calculated using Formula IV-18. 


T 


0 


2 
2) = 


1 


43 
9" 
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26. We use Green’s Theorem: 


n; dF = | (07 «sai: dr -f e - 29) dz dy 
J c R Ox Oy 


1 
= f 3dzdy=3; Area of region = 3(3 -2 4 33:3- 
R 


63 
M 


27. We can calculate this line integral either by calculating a separate line integral for each side, or by adding a line segment, 
C1, from (1, 4) to (1, 1) to form the closed curve C 4- C1. Since we now have a closed curve, we can use Green's Theorem: 


> > 2 a) ð 
F.dr =), (Sai + 3aj)- dr B (Zen — Zon) dz dy 
" C4Ci n \ Ou Oy 


SEL Area of region = 3 (2-3: 53-4) = 36. 
R 


Since dr = 2j dy on C1, we have 


Since 


/ Bear=[ F araf Bear =| F- ar-9=3 
C+C1ı C Cı Cc 


we have 


28. Since F = grad(5x + 4y), we have 


/ F . dř = (5x + 4y) = (5-7 +4- 4)— (5-3 +4- 4) = 20. 
C2 


29. Since F = grad (32? + 2y^), we have 


I F dF 
Ci 
f F.dr (30° + 24°) 
c 2 
2 


30. Since F is nota gradient vector field, and 


Il 
(=; 


(7,4) 
=(3-7 2-4?) (5-3 2-4) — 100. 


ð o 

a; (45) - 5, 69) 
we find the line integral around C; by Green's Theorem. The path Ci is oriented clockwise, so with R4 as the disk inside 
C4, we have 


/ F -dz = 1 ldxdy = Area of disk = 97. 
Cı Ry 
For C2, we parameterize the curve 


z-—5-—2cost, y=4+4+2sint, O<t<r7. 
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Then (t) = (2sint)i + (2cost)j , so 


The 


[Faw (5yi + 4xj ) - d 
C2 C2 


= 1 (5(4 + 2sint)? + 4(5 — 2cost)j ) - (2sin ti + 2cost7 ) dt 
0 


= J (40 cos t — 16 cos? t + 40 sin t + 20 sin? t) dt 
0 
— 88.283. 


integral has been computed numerically. The exact answer, obtained using the Table of Integrals, is 80 + 27. 


Problems 


31. 


32. 


33. 


34. 


35. 


If a vector field is a gradient vector field, it has zero circulation around every closed curve. Vector fields (1) and (iii) do 
not have this property. Therefore, (ii) and (iv) could represent gradient vector fields. 


(a) 


(b) 
(c) 


(b) 
(c) 


(a) 


The curves C and C3 give line integrals which we expect to be zero because at every point, the curve looks perpen- 
dicular to the vector field. 

The curve C4 gives a negative line integral because the path is traversed in the direction opposite to the vector field. 
The line integrals along C2, C5, Ce and C7 are all positive. The vector field is path-independent; it is the gradient 
of a function f whose contours appear to be equally spaced circles centered at the origin; the value of f increases 
going outward. By the Fundamental Theorem of Line Integrals, the value of a line integral is the difference between 
the values of f at the two endpoints. The difference between the radii of the circles containing the endpoints of C2 
and the difference between the radii of the circles containing the endpoints of Ce look about the same, so the line 
integrals along C? and Cs are approximately equal. Since C; and C7 have the same endpoints, their line integrals are 
also equal. The difference between the radii of the circles containing the endpoints of C^» is less than the difference 
between the radii of the circles containing the endpoints of C5, so the line integral along C2 is smaller than the line 
integral along C's. Thus 

C2 = Cs = C7 < Cs. 


original integral is around the unit circle, oriented counterclockwise. 


This integral uses the same parameterization, but goes twice around the circle. The value of the integral is 24. 

This integral uses the same parameterization, but with the limits reversed and with —dr instead of dr. Thus, the 
value of the integral does not change; it is 12. 

This integral uses a different parameterization of the circle x = sin t, y = cost, which goes once around the circle 
clockwise. The value of the integral is —12. 


The path C is a line segment, tangent to T =i Lj at every point. Because the path C is on the line y = x we have 
F (x,y) = 2i + 2j = 2T on C. Thus F is tangent to C at every point and points in the direction of the orientation 
of C. The angle between C and F isO. 

On C we have || F || = ||27 + 27 || = 2v2. 

The path C has length 5V2. Since the vector field F is everywhere tangent to C in the direction of the orientation 
and of constant magnitude 2/2 we have 


= 


f F . dř =||F || - Length of C = 2V2- 5V2 = 20. 
[e 
For path (i), we have x(t) = t, y(t) = t°, so z'(t) = 1, y'(t) = 2t. Thus, 
E : E 
n; -dF -f F (t,t?) - (È +2tj )dt 
g 0 


1 
al [t 4- 27 -13]- (8 +2tj ) dt 
0 


1 
- J (t + 3?) dt 
0 
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I 
~ 
+ 
c 

w 
— 


Il 

l 
4E 
= 

| 
= 
e 
4 
e 
© 

Il 

No 


For path (ii), we have x(t) = t?, y(t) = t, so z'(t) = 2t, y' (t) = 1. Thus, 
1 
J7 -dF - f F (£,t)- (2t +7) dt 
[e 0 


1 
= n (EHDE - 23]- (2t7 +7) dt 
0 


1 
= (2t? + 3€?) dt 
(0) 
1 
t 
meti 
0 
1 
=5+1-(+0=5 


1 
= f (tti +tj]- (£ +nt” 35) dt 
0 


T 
SG t^ + nt^) dt 
0 


0 
1 
P n+l 
0 
1 3 
=-+4+1-(04+0)=-. 
a ear) 2 


(b) If f(x,y) = xy + 2? /2, we have F = grad f. Each path goes from (0, 0) to (1, 1). Thus in each case 


n -dF = f(1,1) /(0,0) = 5. 
C 


36. The path C is the displacement Y = (4— 5) +(7- 5) =-i+ 2j . Since the vector field is constant, the line integral 
is 


[Gi cae sei -13j)-(—$ +27) = —2 + 26 = 24 
C 


37. This is a gradient vector field, 
Axi + 3yj — grad (20° + 5i) : 


Thus, 
(4,7) 


J U emer = ag eS) 2.444 ir 2-57— 3b = 18. 
C 


(5,5) 


38. This is not a gradient field, so we parameterize the line segment. The vector from (5,5) to (4, 7) is = — +27 , so the 
parameterization is 
z—5—t, y=54+2t, O<t<1, 
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and dr = (—i + 2j ) dt. The integral is 


/ (4a + 5y)i + (2x + 3y)j)- dF 
C 


-f (4(5 — t) + 5(5 + 2t))¢ + (2(5 — t) + 3(5 + 20)3 ) - (—$ + 25 ) dt 
0 


1 
= —(20 — At + 25 + 10t) + 2(10 — 2t + 15 + 6t) dt 
0 


1 
-f (5+ 2t)dt = 5t - ^| — 6. 
0 


39. Since the curve is closed, we use Green's Theorem: 


] eris + (2z4-3y)j): dF ET Da Dy 


(ze + 3y) — 2 tte + w) dA = | —3 dA = —3.- Area of star. 
R R 


Each of the four points of the star has area i -2.2 = 2; the square center has area 2? = 4, so area of star is 4-2-- 4 = 12. 
Thus, 


f ((4a + 5y)i + (2x + 3y)J ) - d? = —3 - 12 = —36. 
Cc 
40. (a) By Green's Theorem, if R is the interior of C, 


f7 ar = f (60-00) da= | 344 — 3- Area ofregion = 3 (2: 3109- 1) = 240. 


(b) On Ci, we have y = 1, so F =2 + 5rj. Only the i component contributes to the line integral, so 
/ F .dr =2-Length of Cy = 2- 20 = 40. 
Ci 


(c) Since C = C, + Co, we have 


/ Far-[Fa-[ F . dř = 240 — 40 = 200. 
C2 [0] Cı 


41. (a) Since F = grad(z?e) is a gradient vector field and C is a closed curve, Je F -dř =0. 
(b) Since 
0G» OG, o Ó 
IL EI | == LÍ 
BR oy oe (x+y) By (z — y) 


by Green's Theorem, 


[ore] (m dA — 2- Area of triangle EU UL 
c R 


Ox Oy 


42. (a) Since F = grad (z? /3+ su the Fundamental Theorem of Line Integrals gives 


p E 3,4 
F -dř = — + r°y 
c 3 
T 


(b) Since a gradient field is path-independent, and the endpoints of C1 and C^ are the same: 


/ Bar f ee 
C2 Cı 3 


(2,0) 
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(c) The vector field G is not a gradient vector field, so we parameterize C1. Using x(t) = t, y(t) = 0, from t = 2 to 


t = —2 gives 
—2 —2 5 
4 as 4 > 2. 7 4 t 
] è=] (t ++ O) T= [ tdt = = 
C 2 2 5 
1 


(d) Parameterizing C5 by x(t) = 2cost, y(t) = 2sint for 0 € t < « gives 


f G dF = T (((2cost)* + (2cost)?(2 sin t)”) i+ (2cost)?(2sin t)°7 ) .(—2sinti + 2costj ) dt 
C2 0 
= 32 f (— cos? tsin t — 2 cos? t sin? t + 2 cos? t sin? t) dt 
0 


T 54 (7 ; 

t 4 

-32 f cos? tsin t dt = gue ES xD 
0 


9 |, 5 


43. (a) The vector field is everywhere perpendicular to the radial line from the origin to (2, 3), so the line integral is 0. 
(b) Since the path is parallel to the x-axis, only the ? component of the vector field contributes to the line integral. The i 
component is —3 on this line, and the displacement along this line is —2i , so 


Line integral = (—3i) - (—27) = 6. 


(c) The circle of radius 5 has equation x? + y? = 25. On this curve, ||F || = /(—92) + x2 = V25 = 5. In addition, 
F is everywhere tangent to the circle, and the path is 3/4 of the circle. Thus 
75 


Line integral = || || - Length of curve = 5- Z :22(5) = 37 


(d) Use Green's Theorem. Writing C for the curve around the boundary of the triangle, we have 


OF, DR 
Ox Oy 


=1-(-1)=2, 


so 
[tae] 2dA = 2- Area of triangle = 2- 7 = 14. 
C Triangle 


44. (a) Since F = (6x + y?)i +2ryj = grad(3a? + xy”), the vector field F^ is path independent, so 


(b) Since C is closed, we use Green's Theorem, so 


3 ð Ó 
8ar-] (ie zen) dA 
f, Interior of c, Ou Oy 


=2 f dA = 2- Area inside C1 =2-5-2-2=4, 
Ci 


(c) Since F= grad(3z? + xy’), using the Fundamental Theorem of Line Integrals gives 


(0,-2) " 
=0-3-2? =-12. 


J F -dř = (32? + ay’) 
C2 (2,0) 
(d) Parameterizing the circle by 

x = 2 cost y = 2sint O<t< =, 
gives 


x = —2sint y. = 2cost, 
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so the integral is 


[aw 
C2 


32/2 
— cos t sin t + sin? t + cos? t + sin t cos t) dt 


32/2 
I ((2cost — 2sint)i + (2cost + 2sint)j ) - (-2sint£ + 2costj ) dt 
0 
4( 
0 


32/2 
ze da= i T ep, 
ü 2 


re +y? 


45. (a) Since F =xi + yj — grad ( ) we know that F is a gradient vector field. Thus, by the Fundamental 


2 2 
] FE 
OA 2 


(b) We know that F is path independent. If C is the closed curve consisting of the line in part (a) followed by the 
two-part curve in part (b), then 
/ F -dř =0. 
c 


Thus, if ABO is the two-part curve of part (b) and OA is the line in part (a), 


/ Bear =f a 
ABO OA 2 


46. (a) Ci isa line along the vertical axis; C» is a half circle from the positive y to the negative y-axis. See Figure 18.36. 


Theorem of Line Integrals, 
(3,0) 9 


(0,0) 


C3 


Ci 


—1 


Figure 18.36 


(b) Either use Green's Theorem or calculate directly. Using Green's Theorem, with R as the region inside C, we get 


E ð ð 
F -dř -f (iw - $c) dA 
LA rR \ T Oy 
7:1? 30 


= / —3dA = —3(Area of region) = —3 = 
R 


2 2° 


47. See Figure 18.37. The example chosen is the vector field F (x, y) = yj and the path C is the line from (0, —1) to (0, 1). 
Since the vectors are symmetric about the x-axis, the dot products F’ - AF cancel out along C to give 0 for the line 
integral. Many other answers are possible. 
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Figure 18.37 


48. (a) See Figure 18.38. Notice that C = C1 + C2 + C3 is a closed curve. 
(b) See Figure 18.39. 
(c) (i) Since the component of F' in the direction of C3 is —i, 


i BF -dř = —Length of C1 = —1. 
Ci 


Gi) Since F is parallel to C and in the same direction, and || F || = v2, 


| F . dř = V2- Length of C2 = V2- V2 = 2. 
C2 


(iii) Since the component of F in the direction of C3 is j. and a vector in the direction of C3 is -f » 


I F -dř = —Length of C3 = — 1. 
C3 


(iv) Since F is constant, it is a gradient field and C is closed, 


NNN NNN NANA 
NNNNNNNNNN 
NNNNNNNNNN 
NNNNNNNNNN 
NNNNNNNNNN 
C3 C2 NNNNNNNNNN 
i NNNNNNNNNN 
NNNNNNNNNN 
NNNNNANNNNN 
(1,0) NNNNNANNNNN 
A NNNNNNNNNN g 


Figure 18.38 Figure 18.39 


3 


; ð, 5 o 
49. (a) Since EU +2) a” 


y) = 14-1 = 2, any closed curve oriented counterclockwise will do. See Figure 18.40. 
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x 
— x 
ai 
a 
Figure 18.40 Figure 18.41 
: 3, 5 0,3 , : t 
(b) Since —(y^ — xy) — — (x°) = —y, any closed curve in the lower half-plane oriented counterclockwise or any 


Ox Oy 


closed curve in the upper half-plane oriented clockwise will do. See Figure 18.41. Other answers are possible. 

50. A contour of f is a set on which f does not change, so the total change of f from P to Q, f(P) — f(Q), is zero. If C is 
a part of a contour of f, we know that grad f is perpendicular to C’. This means that the line integral of grad f along C, 
which also computes the total change in f between its endpoints, must be zero, since the dot products in its definition are 
all zero. 

51. (a) The vector field V f is perpendicular to the level curves, in direction of increasing f. The length of V f is the rate of 

change of f in that direction. See Figure 18.42 


y 
23.3 
1 23 
P 
22.7 
Q 
| = cv 
1 2 
Figure 18.42 


(b) Longer. 
(c) Using the Fundamental Theorem of Calculus for Line Integrals, we have 


fyra = f(Q) — f(P) = 22.7 — 23 = —0.3. 
C 


52. (a) (i) The curve C is the line given by 7 = vi tyj. which we can parameterize by x = t, y = —t4-1for0 € t € 1. 
Then 7'(t) =i — j so 


[i [oim iyae= fa 3t)dt 


(ii) The curve C is the circle given by  — ai + yj where x = sint, y = cost for 0 € t € £. Thus (t) = 
costi — sin tj and 


NI = 


1/2 7/2 
[are] (costi + 2sin tj ) - (costi ~sintj at = f (cos? t — 2sin t)dt = -F 
C 0 0 


(b) Since the value of the integral along two paths gives different results, 0 is not path independent. 
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53. (a) The path C i isa line e segment, tangent to T = i-j at every point. Because the path C is on the line y = x we have 
F (x,y) = 2i —27 j on C. Hence T -F = 0, which shows that C and F are perpendicular at every point of C. The 
angle between them in 7/2. 


(b) f A F .dr = 0 because F and C are perpendicular at every point of C. 
54. By Green's Theorem, if Ra is the interior of Ca 


J Fear f (58 - 58) aa. 
m z Oy 


a 


OF, OF, 


The quantity Ti Ou is positive for points (x, y) near the origin and negative farther away. This quantity changes 
T y 
sign where 
OF, OF, 2 2 2 243/2 
—— ——— =3 = =0 
or ay eRe ee) 
B? +9?) = (a? + hy 
(a? +y?) m 
OF» OF, 
Thus r D is positive within C3, the circle of radius 3, and negative outside. The maximum value of the line 
T y 


integral occurs when a — 3. Converting to polars, 


/ Bear =f (3(a? + y?) — (x? + y???) dA 
C3 
27 
-f [: (3r? esp )r dr d0 
3r r5 
(ee) 


55. We’ll assume that the rod is positioned along the z-axis, and look at the magnetic field B inthe xy-plane. If C is a circle 
of radius r in the plane, centered at the origin, then we are told that the magnetic field i is tangent to the circle and has 
constant magnitude IB ||. We divide the curve C into little pieces C; and then we sum B - AF computed on each piece 
Ci. But AF points nearly in the same direction as B , that is, tangent to C', and has magnitude nearly equal to the length 
of Ci. So the dot product is nearly equal to || B || x length of C;. When all of these dot products are summed and the limit 
is taken as || AT || — 0, we get 


0 


f B . dF = ||B || x length of C = ||B || x 27r 
C 


Now Ampeére's Law also tells us that 


Setting these expressions for the line integral equal to each other and solving for ||B || gives kI = 27r||B ||, so 


kI 


IBI = 
"T 


56. (a) An example of a central field is in Figure 18.43. 


(b) 


(c) 


(d) 


(e) 


57. (a) 


(b) 
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Figure 18.43 Figure 18.44 


The vectors of F are radial and the contours of f must be perpendicular to the vectors. Therefore, every contour 
must be a circle centered at the origin. Sketching some contours results in a diagram like that in Figure 18.44. 

No, not every gradient field is a central field, because there are gradient fields which are not perpendicular to circles. 
An example is the gradient of f(x, y) = y, where grad f = j. so the gradient is parallel to the y axis. Thus, F = j 
is an example of a gradient field which is not a central field. 

When a particle moves around a circle centered at O, no work is done, because F is tangent to the circle. Thus the 
only work done in moving from P to Q is in moving between the circles. Since F is central, the work done on any 
radial line between C and C5, for example, depends on only the radii of C; and C3 (F is parallel to this path and 
its magnitude is a function of the distance to the center of the circle only). For that reason, on a path which goes from 
Cı to C» and then from C^» to C3, the same amount of work will be done as on a path direct from C, to C3. 

Pick any two points P and Q. Any path between them can be well-approximated by a path which is partly radial and 
partly around a circle centered at O. By the answer to part d), the work along any such path depends only on the radii 
of the circles on which P and Q sit, not on the path. Thus, the work done is independent of the path. Hence, F must 
be path-independent and therefore a gradient field. 


Since —yi + rp is a counterclockwise rotation, both w and K must be positive. In order to find the values of w and 
K, we must look at the velocity field where we know the magnitude. At a radius of 100 m from the center, we know 


that ,/x? + y? = 100, and that || || = 3- 10°. Thus, using 7 = w(—yi + xj ) we get 


lg || = wy/ (=y)? + x? = 100w = 3- 10? meters/hr, 


SO 


w = 3000 rad/hr. 
Using ¢ = K (a? + y?) ! (-yf + 27 ) gives 


l2] = |K (a? +y) Rue tus € = 3- 10? meters/hr, 
so K = 3- 107 meters?-rad/hr. 
NECS Pe ee a 
sf ~ \ a ow € NON 
gir ge um Not 
(MELLE EIS » 
(d. + | 
i, = L 

Vas EE ad 
P ` BE Pd us E: 
`~ ` > EY a - > - r 1 


Figure 18.45 Figure 18.46 
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The vector field in Figure 18.45 shows the velocity vectors inside the tornado, (i.e. r « 100 meters). The vector 
field in Figure 18.46 shows the velocity vectors as seen from a great distance (i.e. r >> 100 meters) with the tornado 
at the origin. 

(c) Let C be the circle of radius r around the origin. If r < 100 meters, the velocity vectors at distance r from the origin 
have magnitude wr. Since they are tangent, and point counterclockwise, the circulation is 


f T -dF = | || - Length of C = Qwar’. 
C 


If r > 100 meters, the vectors at distance r from the origin have magnitude K/r and are again tangent to the circle. 
The circulation here is 


K 
f y -dr = ||v|| - Length of C = (mr = 2Km. 
g 


58. The free vortex appears to starts at about r = 200 meters (that’s where the graph changes its behavior) and the tangential 
velocity at this point is about 200 km/hr = 2 - 10° meters/hr. 


Since i = w(—yi + xj ) for ,/x? + y? < 200, at r = 200 we have 


IIT || = e/ (~y)? + zx? = w(200) = 2- 10° meters/hr, 


so 
w = 10° rad/hr. 
Since = K(x? + y*)~1(—yi + xj ) for J/a? + y? > 200, atr = 200 we have 


|e || = K (2007) ~* (200) = = = 2- 10° meters/hr 


so 
K = 4-10" m?-rad/hr. 


CAS Challenge Problems 


59. (a) We parameterize Ca by 7 (t) = a cos ti + asin tj. Then, using a CAS, we find 


2T 3 3 
/ F (F(t))-#'(t) dt = J acost (s cost — -——— 4- à? cos tsin e) 
0 


2a?sin t? 
—asint (-(esing + eS dt 
= -3 (6a? +a) 


The derivative of the expression on the right with respect to a is —(27)(—3a + a?), which is zero at a = 0,+ V3. 
Checking at a = 0 and as a — oo, we find the maximum is at a = V3. 


(b) We have 


OF OF, _ 2,,2 a ee er 


/ Far-[[ (3 — x? — y?) dA, 
Ca a 


where D, is the disk of radius a centered at the origin. The integrand is positive for x? + y? < 3, so it is positive 
inside the disk of radius V/3 and negative outside it. Thus the integral has its maximum value when a = V3. 


So, by Green's theorem, 


60. We parameterize the line from (0, 0) to (x, y) by F (t) = t(zi + yj ). Using a CAS to compute the integral, we get 
(a) 


1 1 
f(x,y) = f F (F) - F'(t)dt = f 2axytdt = axy + Constant 
0 0 
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(b) 
1 — 
jy | F (FO) (dt 
0 
: 2 2 
= ri (abe tay + (c+ abe" ™tax)y) dt = ae" + cy + Constant 
0 
61. We have 
3 
f F -dř = J F (F(t))-7'(t)dt 
Cı 0 
3 
= (2 (2at + bt”) + 2t (2ct + dt?)) dt = 18a + 18b + 36c + (81d/2) 
0 
and 


= [ (2208-9 48-97) -2 (268-9 8 - y) (3 — £)) dt 
0 
18a — 18b — 36c — (81d/2) 


1715 


The second integral is the negative of the first. This is because C% is the same curve as C but traveling in the opposite 


direction. 
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> 


1. (a) Since ||? (£)||? = 7 (t) -  (£) and since v (t) = F(t) = a (t) + y (t)j + z'(t)k , we have 
ee ee m » 
5:18 IP — 2-567) (0) 
= $50 0? +? +20?) 


= 5 (22! (t)a""(t) + 2y'(t 

a! (t)a"(t) + y Oy" (8) + 22") 

= (0 Hy! OF e 2 (OR) "OF v" 03 +208) 
t) -a (t) (Since d (t) = £” (HT 4- y'(t)j 4 z"(t)k ) 


y” (t) + 22 (02^ (t)) 


(b) (i) We use F = mä and the parameterization of C given by r(t) for to < t < tı. In addition, we need 


the fact that 4 7 ||? (¢)||? =a-U: 


II 


to 


II 


= Kinetic energy at Q — Kinetic energy at P. 
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(ii) Since F=-V f we use the Fundamental Theorem of Line Integrals: 


J Ff via = -GEE - eto) 
C C 


— (Potential energy at Q — Potential energy at P) 


— Potential energy at P — Potential energy at Q. 


(iii) In parts (a) and (b) we derived two expressions for the work done by F as the particle moves from P 
to Q. These two expressions must be equal, so 


Kinetic energy at Q — Kinetic energy at P = Potential energy at P — Potential energy at Q. 
Rewriting this equation we have, 
(Potential energy + Kinetic energy) at P = (Potential energy + Kinetic energy) at Q. 


This shows that the total energy is the same at P as at Q. Since P and Q are arbitrary points in space, 
the total energy of a particle moving in a force vector field F = —V f is a constant. 


2. (a) We have 


m —(x—a)-dyj. 


Since 7 has magnitude L we have 
(z— ay +y — D? 


s-a-/DI-y 


where we have used the fact that a < x. Thus 


and so 


k xm ——yi - (x—a)j. 


Using once more the fact that 7 has magnitude L, we see that the unit vector F in the direction of k x ri 
is 


E l1 > —y2 1 5> 
F —-—(k mM) = =i + —V L —- y?j. 
pik xmj= Sits y?j 
(b) We have 
ES OP, OF 
IF = — — — 
cur an Dy 
Loyie—y 10g) d 
udi Ox L Oy L 
(c) By Green’s Theorem and part (b), we have 


[Bea = f oma 
C R 


SELLE 


Since F is by definition in part (a) a vector field of unit vectors in the direction of the wheel vector along 
C, we have 


(Area of R) = L I F .dr = L- (Total roll of planimeter wheel). 
C 
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3. (a) We take the surface to be a disk of radius r, parallel to the zy-plane and centered on the z-axis. The 
boundary of the disk is the circle C. We know that the magnetic field, B , is tangent to the circle and has 
constant magnitude, || B ||, along each circle. Thus, for any such circle, 


I B .dr = |B || - Length of C = 2zr||B ||. 
re] 
If r > ro (where ro is the radius of the wire) then the current through the surface is /. Therefore 
2sr||B || = f B -dF = kl, 
C 


so 2; 
IBI == 
Tr 
If r < ro, then the current flowing through the surface is not J, but the amount of current passing through 
a disk of radius r. Such a disk has an area which is (wr) / (zr) of the cross-sectional area of the wire. So 


the current to use in Ampére’s Law is (77?)/(zr2) I. Thus, 


Solving for || B || gives 


E kIr 
IBI = m. 
nr 
(b) We again use Ampère’s Law on a disk of radius r, lying perpendicular to, and centered on, the z-axis (See 


Figure 18.47). If the boundary, C, of this disk lies inside the torus, then the wire goes through the disk N 
times, and so the net current through the disk is N 7. Thus, 


2zr||B || 2 B -dF —kNI, 
Cc 
which gives 


kNI 


2mm ` 


IB || = 


On the other hand, if the boundary, C, lies outside the torus, then the net current through the disk is 0. (The 
wire goes into the disk N times and out of the disk N times, and so the currents cancel.) Hence we have 


Qnr||B || =| B .dr =0. 
c 
So ||B || = 0. 


Wires formin 
solenoi 


(0, B, 0) 


P NIS 2 


Circle C of radius r; 
(B, 0, 0) boundary of horizontal 
is 


Figure 18.47 
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4. (a) (i) For each plane F = —c||V || and since (t) = 9 (t), the work done is given by 


[Ba - [ Caimi) vo «a - -e f eoa. 
C 0 0 
The velocity of the first airplane is 

T(t) = (-2sint)? + (2cost)7 + 3k. 


Since 
l9 1@)|| = y (—2 cost)? + (2sint)? + 3? = 
the work done by the force F 1 is 
B x: LE = [70l dt = -e f 133/2dt = —133/2me. 
C b ' 


For the second plane 


4. 
T(t) = ——i + 3k, 
T 
so 
m 16 
lo) I| = yÉ +9, 


and the work done by the force F gis 


E T 7 /16 3/2 16 3/2 
Wwa= f By-di'y=-c | |ea(o| Pat = —e f (+9) a - - (9) TE. 
c 0 0 XT T 


(ii) At time ¢ = 0, both airplanes are at the point (2,0,0). At £ = 7, both airplanes are at the point 
(—2, 0, 37); therefore, their trajectories have the same endpoints. The fact that W4 4 W^» shows that 
the drag force is not conservative, since the work done by a conservative force is the same on all paths 
with the same endpoints. 

(b) (i) The first plane’s path is given by 


> 


Filt) =2costi 4-2sintj + 3tk, 


i lla 51] = V2 cost)? + 2sint)? + (302 = V/A 4- 9t, 

and | ! i 
Tilt) = r1) = (-2sint)i + (2cost)7 +3k. 

Thus, the gravitational force acting on the first airplane at time t is 

GMm 


Fi(t) = -Fo 


((2 cos t) + (2sint)7 + 3tk ), 
so the total work done by the gravitational force on the first plane is 


Ta ™ GM 3 "m 7 ae 


ü GMm 
= | -— 9t. 
f aeoe %4 


Using the substitution x = 4 + 9t?, we get 
T 


W; = GMm(4 + 9£2)-1? 


1 1 
ee scr 
"(A ^) 


0 


(ii) 
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Similarly, for the second plane, we have 


SO 


and 


Thus, the gravitational force on the second plane is 


F40- gars cann (2) 98). 


so the work done by the gravitational force on the second plane is 


W = [Fo -T 9(t) dt 


T GMm 4\5 = 4> 3 
-[ a 5 toe) at 
= Jo ((2 — 4t/m)? + 9t?)3/2 "T qm? f 


Using the substitution x = (2 — 4t/7)? + 9t?, we get 


Ws = GMm((2 — (4t/1)? 4-92) 1| =GMm ( 


0 


1 1 
ru 


The fact that W; = W^? suggests that F might be conservative, since a conservative force does the 
same work along two paths with the same endpoints. That this is indeed the case can be seen from the 
fact that F is a gradient vector field with potential function 


GMm 


IF dU 


e(r)-- 


(so that F = — grad p). 


Solutions for Section 19.1 
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Exercises 


1. 


The surface is a right triangle in the yz- plane with sides 2. and 3, so its area is (1/2) - 2-3 = 3. The area vector A is 
perpendicular to the plane yz-plane, so A isa multiple ofi with magnitude 3. There are two such vectors, 3i and —3i. 
Since A points in the negative x direction, we have A — 3i. 


The disc has area mR? = 25. The area vector A has magnitude 257 and is perpendicular to the xy-plane. Since it points 
upward, the area vector is A = 257k. 


The surface is a 5 x 3 rectangle of area 15. The area vector A is perpendicular to the plane y — 10, so A isa multiple of 
j with magnitude 15. There are two such vectors, 15j and —157 . Since y > 0 and A points away from the xz-plane, 
we have A = 15j. 


The surface is a 5 x 3 rectangle of area 15. The area vector A is perpendicular to the plane y — —10, so A isa multiple 
of j with magnitude 15. There are two such vectors, 15j and —15j. Since y « 0 and A points away from the x z-plane, 
we have A = —15j. 


We need a flat surface with area 150 that is perpendicular to the vector j. There are many examples. For instance, we can 
take any 3 x 50 rectangle in the xz-plane oriented in the positive y direction. 


Scalar. Only the j -component of the vector field contributes to the flux and dA = j dA, and on the disk y = 6, so 


] eias = 6- Area of disk = 6-13” = 54m. 
S 


(a) Only the k -component of the vector field contributes to the flux and dA =k dA, so 
] i sai = 5. Area of square = 5-3” = 45. 
S 


(b) This flux is the negative of the flux in part (a) because the surface is oriented in the opposite direction, so its value is 
—45. 
Calculating directly, here dA = —k dA, so 


nz +5k)-dA = —5- Area of square = —5-3? = —45. 
S 


(a) Only the i -component of the vector field contributes to the flux and dA = —i dA, so 


[E+ aA = —2- Area of disk = —2- 14” = —32r. 
S 


(b) This flux is the negative of the flux in part (a) because the surface is oriented in the opposite direction, so its value is 
32m. 
Calculating directly, here dA = i dA, so 


] 8 sad = 2. Area of disk = 2-714? = 32s. 
S 


(a) The flux is positive, since F points in direction of positive x-axis, the same direction as the normal vector. 

(b) The flux is negative, since below the xy-plane F points toward negative x-axis, which is opposite the orientation of 
the surface. 

(c) The flux is zero. Since F has only an x-component, there is no flow across the surface. 

(d) The flux is zero. Since F has only an x-component, there is no flow across the surface. 

(e) The flux is zero. Since F has only an z-component, there is no flow across the surface. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
21. 
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The vector field F = Fi + Foj + Fk = —zi + zk isa field parallel to the zz-plane that suggests swirling around 
the origin from the positive x-axis to the positive z-axis. 


(a) The flux going through this surface is negative, because F.üu- (—zi + ck) éd = —z,zds positive here. 
(b) The flux going through this surface is positive, because F -ñ = -—z, zis negative here. 

(c) The flux through this surface is negative, because F - i$ = (—zi + xk )- (—k) = —2, v is positive. 

(d) The flux through this surface is negative, because F.üu- —2X, x is positive. 


(e) The flux through this surface is zero, because it is in the zz-plane, which is parallel to the vector field. 


The vector field 7^ is a field that always points away from the origin. 


(a) The flux through this surface is zero, because the plane is parallel to the field. 

(b) The flux through this surface is zero also, for the same reason. 

(c) The flux through this surface is zero also, for the same reason. 

(d) The flux through this surface is negative, because the field in that quadrant is going up and away from the origin, and 
since the orientation is downward, the flux is negative. 

(e) The flux through this surface is zero also. 


The area of the rectangular region is 4, and the orientation vector is k. So, A =4k , and the flux is 9 - A= G + 2j = 
3k) -4k = —12. 

The rectangular region is parallel to the yz-plane and has area 8. The orientation vector is i,so A — 8i and the flux is 
T-A = (i +27 —3k)- 8i —8. 

The rectangle lies in the plane z + 2y = 4. So a normal vector is 2j +k and a unit normal vector is z (27 +k ). Since 
this points in the positive z-direction it is indeed an orientation for the rectangle. Since the area of this rectangle is 4/5 
we have A = 8j + 4k, 
T-A — (i +27 —3k)- (87 +4k) = 16-12 = 4. 

The rectangle lies in the plane 3x + 2z = 6. So 37 + 2k is a normal vector and Æ (37 + 2k ) is a unit normal vector. 


Since this points in both the positive x-direction and the positive z-direction, it is an orientation for this surface. Since the 
area of the rectangle is 2v 13, we have A = 6i + 4k and Y - A = (i +27 —3k)- (6i +4k) = 6 — 12 = —6. 


On the surface, dA — k dA, so only the k component of y contributes to the flux: 


Flux = [ead = [6 -F +3F)-E dA = 3- arent disk = 3-72? = 12r. 
S S 


On the surface, dA = i dA, so only the i component of à contributes to the flux: 


Flux = [ead = [6 dies) aA = Arca of iango — 4. 
S S 


On the surface, dA = ï dA, so only the i component of à contributes to the flux: 


Flux = [vad = f Œ -F esi) aao Area ot square = 4, 
S S 


= 


The triangle lies in the plane z + y + z = 1, with normal 7 + J +k. A unit normal is i = G+7 4 k )/ 3, so 


= 7 2 > jj +k 3 : 
Flux = | -dA - [6 —j +3k)- Lg AS — Area of triangle . 
[ s v3 v3 


The base of the triangle in the z:y-plane has length \/2; the height is 4/3 /2, so the area is V3, /2. Thus 


Flux = —: —=-. 


Since the surface is closed and the vector field is constant, the flux is zero. 

Since the surface is in the plane z = 2, only the i -component contributes to the flux. The area vector of the surface is 
27 7 

mli = ri . Thus, 


fE esi) ad = 28 af on. 
S 


22. 


23. 
24. 


25. 


26. 


27. 


28. 


29. 


30. 
31. 


32. 


33. 
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Since the surface is in the plane x + y + x = 1, whose normal vector is i+ j +k , a unit normal in the direction of the 
orientation is (¢ +7 +k )/V/3. Thus, the area vector of the surface is 71°(i +j +k)/V3 — m(i +7 +k)/V3. The 
flux is given by 


ee ee ee aa ee eT 
fa +37 +5k)-dA = (2i +3) yaro = tko ey 1 
i 3 3 V3 
Since the surface is closed, the flux of a constant vector field out of it is 0. 
The only contribution to the flux is from the face x = 1, since the vector field is zero or parallel to the other faces. On this 
face, G = i. This face has area 6, so its area vector A = 6i . Thus 


Flux =i -Å =6. 


The only contribution to the flux is from the face z = 3, since the vector field is zero or parallel to the other faces. On this 
face, Ë = 3xk. The vector field i is everywhere perpendicular to the face z = 3 but varies in magnitude from point to 
point. On this surface, dA =k dx dy. Thus 


2 1 D 2 1 342 1 
Flux zi 1 3rk -k dzdy= | f 3r dx dy = —— 
0 0 0 0 2 0 


Only the z-component of the vector field contributes to the flux. On the surface, F =3i + 4j and dA = —i dA, so 


=3. 
0 


] 8 eai = —3- Area of disk = —3- m5? = —75r. 
S 


Since r^ is perpendicular to S and || || = 3 on S, we have 
/ F -dÄ =3- Area of surface = 3- 4 3? = 108m. 
E 
Only the i component contributes to the flux. On S, we have dA — idA and x = 3 /2, so 


n HQ? 4 22)j y? E): dA = sin(31/2) - Area of disk = —1- x(x”) = —7. 
S 


Since 5j +57 + 5k is perpendicular to S and in the same direction as the orientation, and since ||5i + 57 + 5k || = 


V5? + 52 + 52 = V75 on S, we have 
nz +57 +5k)- dd = V75- Area of circle = v/75- x3? = 9r V75. 
E 


Since the vector field F lies in the plane of the square, the flux is 0. 


Since the disk is in the yz-plane, dA — idA and only the n component of F contributes to the flux: 


Flux = F - A —2- Areaof disk = 27. 


The square is in the plane y= 5, so only the j component of F contributes to the flux. This component is 5j j on the 
square and the area vector A is parallel to j. so 


Flux = F - A = 5- Area of square = 5(1.6)? = 12.8. 


The plane is z — —2. Since the vector field is —2k on the plane, it is parallel to the normal and in the same direction, and 
of length 2 there. Thus, 


Flux = / zk -dA = 2- Area of square = 2- (V/14)? = 28. 
S 
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34. See Figure 19.1. The vector field is a vortex going around the z-axis, and the square is centered on the x-axis, so the flux 
going across one half of the square is balanced by the flux coming back across the other half. Thus, the net flux is zero, so 


JF- d =o. 
S 


Figure 19.1 


35. Only the i -component contributes to the flux, so 


n .dA — T- Area of disk = 7-712? = 283. 
S 


36. In the plane y — 3, we have F =xri + 67 + 32k. Only the j -component contributes to the flux, so 


fF :dÁ =6- Area of square = 6.2? = 24. 
S 


37. Since the vector field is constant, the flux is zero. 


38. On the sphere of radius 2, the vector field has ILE || — 10 and points inward everywhere (opposite to the orientation of 
the surface). So 


E 


Flux — f F -dÄ = —||F ||- Area of sphere = —10- 4x2? = —160 s. 
S 


39. We have dÅ = k dA, and z = 4, so, 


[Rada foe Hyj -- (44 35) aa f 102A 
S S S 
= 19(Area of rectangle) = 19(6) = 114. 


40. The normal to the plane is % = 7 + j ; a unit vector in this direction and in the direction of orientation is ( + j) /N 2. 


Thus, 
130 


SET ggat 

v2 V2 

41. The only contribution to the flux is from the j -component, and since dA = j dx dz on the square, S, we have 
2 p2 2 32 

Flux = [t+ 287-8) a8 =l / Pj dasas- | EN pcd gp 

E -24-2 -2 3 3 3 


—2 


Flux = (67 4- 7j )- 


—— - Area of triangle = 
Iiz || 


42. We have dA = idA, and x = 4, so, 
fF -dA = [asa +w &GenE)Taa- [ raa 
E E E 
= 7 - Area of rectangle = 7-6 = 42. 
43. On the sphere of radius 3, the vector field has || F || = 21 and points outward everywhere. So 


Fux = f F -dÄ = ||F || - Area of sphere = 21 - 4x3? = 756 7. 
S 
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44. The vector field F and the area vector on the surface of the sphere are parallel, but in opposite directions. Since F is 
pointing inward and ||F' || = 6 on the surface 


Fux = f P -dÄ = | IIF cosx dA = —6: Area of sphere = —6: 472? = 96r. 
S S 


45. We have dA = idA, so 


n A = [ esi «ai ex) dA = [22:4 
S S S 


2 p3 
= i n 2z dzdy — 18. 
0 Jo 


46. Since the vector field is constant, if A is the area vector of the square 
Flux — F- A. 


An upward normal to the plane is i+ j +k, so a unit vector in this direction is ( + j +k )J3. The area vector has 
magnitude 4, so A = 4(i + 7 + k )/ /3. Thus 


v3 VB 


47. Since the disk is in the xy-plane and oriented upward, dA =k dxdy and 


J F -dÄ = J (a? +y?)k -k dady = J (x? + y?) dzdy. 
Disk Disk Disk 


2m r3 4 |3 
J Fad = f ] redz IET 
Disk 0 0 4 0 2 


48. Since the disk is horizontal and oriented upward, dA =k dxdy, so 


Using polar coordinates 


J F -dÄ = T cos(z? + y?)k -k dady = 1 cos(z? + y?) dzdy. 
Disk Disk Disk 


Using polar coordinates, since the disk has radius 3, we have 


2T 3 
| F -dÄ = T cos(z? + y?)drdy = | | cos(r?)rdrd 0 
Disk Disk 0 0 


[ T 5 3 
= zsin(r^) 
o 2 
0 


3 
d0 = 2m - 5 sin(r?) 
= 2n (5 sin(3?) — = sin(9*)) — m sin 9. 


0 


49. Since the disk is oriented in the positive x-direction, dA =ï dydz, so we have 


Flux — / F.dA =i er thu. idydz — | e^ *? dydz. 
Disk Disk Disk 


To calculate this integral, we use polar coordinates with y = r cos 0 and z = r sin 0. Then r°? = y? + z? and 


2 


2v 2 p 
1 Fad = f ] mmt 
Disk 0 0 2 


2 
= r(ef — 1). 
0 
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50. See Figure 19.2. Since F is parallel to the xy plane, there is no flux across the surface, so 


JE- d =o. 
S 


ey 


Figure 19.2 


51. See Figure 19.3. The area vector of a small area element AA is the vector pointing in the direction normal to the surface 
with magnitude AA. The unit vector normal to the surface is k , so AA = k AA. Thus, 


fF a- lim F-AA = lim PARS [rA 
S AA 0 IA AJ[0 S 


Now F -& = 2 for all the points on S because all such points have z-coordinate equal to 2. Thus, we have 


[Bada [ran [24a 2 areaots = sr 
S S S 


z 
E 
n 

E 

P 

^ 
y 
x 


Figure 19.3 


52. See Figure 19.4. Since the vector field is parallel to the x-axis, only the two sides perpendicular to the x-axis contribute to 
the flux integral. On the side where x = 0, the vector field is 27 , and hence the flux through that side is —(2)(37) = —18 
(negative because the flow is inward and the normal vector is pointing out). The flow out the other side is at x = 3, so 
F = —7, so the flux out that side is (—7) - (327) = —9. So the net flux is —18 — 9 = —27. So 


fE =- 
S 


Figure 19.4 
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Problems 


53. (a) (i) The flux f. B xi -dA is positive. The vectors vi all point out of the box. 


(ii) The flux f. B yi -dÄ is zero. The vector field is parallel to the z-axis. For each y-value, the flux entering the box 
at one end cancels the flux leaving at the other end. 
(iii) The flux f. s ali - dA is zero. The flux entering the sphere where x < 0 cancels the flux leaving where x > 0. 
(iv) Since qe (y—a)i -dÄ = f yi -dA — T vi -dÄ = Zero — Positive , this flux is negative. 
(b) From the Divergence Theorem, f B ví -dÅ is greater. Since div(zi ) =1, 


7 ai -dÅ = J 1-dV = Volume of sphere = A 
S Inside sphere 3 


[ats | Tady = Volime'of bor css 
B Inside box 3 


54. (a) Consider two opposite faces of the cube, Sı and S2. The corresponding area vectors are A 1 = 4v and A 2 = —4r 
(since the side of the cube has length 2). Since E is constant, we find the flux by taking the dot product, giving 


Flux through Sı = Ë - A4 — (af +b +ck)-4i = 4a. 


Flux through S2 = É - A» = (ai -- bj + ck)- (—4i) = —4a. 
Thus the fluxes through Sı and S2 cancel. Arguing similarly, we conclude that, for any pair of opposite faces, the 
sum of the fluxes of E through these faces is zero. Hence, by addition, JS P E -dÄ =0. 

(b) The basic idea is the same as in part (a), except that we now need to use Riemann sums. First divide S into two 
hemispheres Hı and H» by the equator C located in a plane perpendicular to Ë Fora tiny patch S; in the hemisphere 
Hi, consider the patch 5S» i in the opposite hemisphere which is symmetric to Sı with respect to the center O of the 
sphere. The area vectors AA 1 and AA 2 satisfy AA 2= = -AÅ 1, SO if we consider 5$; and 5» to be approximately 
flat, then E - AÑ = —E - AA». By decomposing Hı and Hə into small patches as above and using Riemann 


sums, we get 
f B-ad--f[ Baa, so [8 -aa =o 
Hi Hə S 


(c) The reasoning in part (b) can be used to prove that the flux of E through any surface with a center of symmetry is 
zero. For instance, in the case of the cylinder, cut it in half with a plane z = 1 and denote the two halves by Hı and 
H^». Just as before, take patches in Hı and Hə with AA; = —AA»,sothat E - AA; = —E - AA». Thus, we get 


f Ei Ea 
Hi Aa 


[aa 
S 


55. Notice that the speed is 3 cm/sec at the center of the pipe and 0 cm/sec at the sides. Suppose i is the unit vector parallel 
to the direction of flow. Then, at a distance r from the center of the pipe, the velocity is given by 


which shows that 


Ux (3 — žr?) i cm/sec. 


Divide the circular cross-section into concentric rings of width Ar, so that the velocity is approximately constant on 
each one. The area of a typical ring is AA ~ 2rrAr. Then since 0 and AA are parallel (see Figure 19.5), we have 


Flux through ring ~ TAA = ||? ||| AA |] = (3 — žr?) = - (2arAr) cm? 


Figure 19.5: Flux through pipe when 
velocity varies with distance from the center 
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56. 


57. 


58. 


59. 


60. 


61. 
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Thus, the flux through the circular cross-section of the pipe is given by 


Flux = lim ySCEP Y! 


AA || 0 


Ar—0 


r=2 3 2 r3 . 
= J (3 — ar?) 2nr dr = on f r — — | dr = 61 cm? /sec. 
r=0 4 0 4 


(a) The net electric flux through this surface is zero, because the surface is placed so that it is always parallel with the 
electric field, and there is no flow through the surface. 

(b) The net flux is zero, because the flow in through one half of the cylinder is canceled by the flow out through the other 
half. 


The j components of G and Ë do not have flux through S because they are parallel to the cylinder that S lies on, and 
are therefore tangent to S. The three vector fields, F ,G ,and Ë have the same i and k components, so they have the 
same flux through S. 


= lim (3 — a) 2rrAr 


Since this vector field points radially out from the origin, it is everywhere parallel to the vector representing the surface 
area, dA . Thus since || F (7) || = 1/R? on the surface, S, 


SO 


fF (F)- dÄ = 2 - Surface area of sphere = m R?) = 4n. 


Since this vector field points radially out from the origin, it is everywhere parallel to the area vector, AA. Thus since 
IE (7°) || = 1/R on the surface, S, 
= > J 
F (T): AA == AA 
(F) z 
so 
(41 R^) = Ax R. 


xe 


F@r)-ad == ii AA- - Surf f sphere — 

1 (r) R im. 5 urface area of sphere 

(a) The vector field is perpendicular to the surface of a sphere centered at the origin. Thus the magnitude of the flux 
depends on the magnitude of the vector field on the surface. Since for fixed 7’, the value of ||F || decreases as p 
increases, the maximum flux occurs when p = 0. 

(b) For a sphere of radius 2 with p = 0, we have || F’ || = 2 on the surface. Thus 


Flux = J F .dA = 2. Area of surface = 2-412? = 327. 
S 


(a) For a flat surface, flux through A is V - A. Therefore, the flux through each face of the cube is equal to (- + 2j + 
k ) - (Z of the face). 
First we shall find the flux through the two faces parallel to the xy-plane, beginning with the one with negative 
z. The unit vector normal to this face and pointing outward is —k . The area of the face equals 4, so A = —4k . The 
flux through the face with negative z equals 


(T +27 +k)-(-4k) =04+0-4=-4 


For the face with positive z, the unit normal vector that points outward is k. Therefore A = 4k. The flux through 
this face is given by 
(—i +27 +k)-4k =04+04+4=4 
Next, we will find the flux through the two faces parallel to the xz-plane, beginning with the one with negative 
y. A unit vector normal to this face pointing outward is — j . Therefore A = —47 . The flux then equals 


E 


(-i +27 +k)-(—47) =0-8+0=-8 


For the face with positive y, the unit normal vector pointing outward is j. Therefore A = 4j . The flux then equals 


(T +27 +k) (4J)=0+8+0=8 


(b) 


(c) 


62. (a) 
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Next, we will find the flux through the two faces parallel to the yz plane, beginning with the one with negative 
x. A unit vector normal to this plane pointing outward is —4. Therefore A = —4i . The flux then equals 


(T +27 +k). (-4$) 244-04-0—4 
For the face with positive z, the unit normal vector pointing outward is i. Therefore A = 4i . The flux then equals 
(T +27 +k) (472) =-44+0+0=-4 
Adding up all of these fluxes to get the flux out of the entire cube, we get 


Total flux = —4--4—8-4-84-4—4-—0 


For any constant vector field Y = ai + bj + ck , we can calculate the flux out of the cube by the same method. 

First we shall find the flux out of the two faces parallel to the xy plane, beginning with the one with negative z. 
A unit vector normal to this plane, that points negative (because of the orientation of the face) is —k . The area of the 
face equals 4, therefore A = —4k . The flux through A then equals 


(ai +b7 +ck)-(—4k) 204-0— 4c = —4c 
For the face with positive z, the unit normal vector pointing outward is È . Therefore A = 4k . The flux then equals 
(ai 4-bj 4- ck) - (Ak) =0+0+4 4c = 4c. 


Next, we will find the flux through the two faces parallel to the xz plane, beginning with the one with negative 
y. A unit vector normal to this plane pointing outward is —7 . Therefore A = —47 . The flux then equals 


(ai --bj +ck)-(—47) = 0 — 4b +0 = —4b 


For the face with positive y, the unit normal vector pointing outward is j. Therefore A == 4j. The flux then equals 


(ai +b7 +ck)- (4j) = 0-- 4b 4-0 — 4b 


Next, we will find the flux through the two faces parallel to the yz plane, beginning with the one with negative 
x. A unit vector normal to this plane pointing outward is —7 . Therefore A = —4i . The flux then equals 


(ai +b] +ck)-(—47) 2 —4a +0 +0 = —4a 
For the face in the positive x, the unit normal vector pointing outward is i. Therefore A = 47. The flux then equals 
(ai +b] + ck). (4i) 2 4a 4-0--0 — 4a 
Adding up all of these fluxes to get the flux out of the entire cube, we get 


Total flux = —4c + 4c — 4b + 4b + 4a — 4a = 0 


The answers in parts (a) and (b) make sense because the vector field is constant, and so it does not change as it comes 
in the one side of the cube, and exits the other side. Therefore the two fluxes cancel each other out, making the total 
flux zero. 


Let A be the area vector of any face of the tetrahedron in Figure 19.6. The flux through the face equals 9 - A because 
the vector field is constant. Therefore, the flux through each face of the tetrahedron is equal to (7 + 2j +k ): A, 
where A is the area of that face. 

First we shall find the flux out of the triangle in the xy plane. A unit vector normal to that plane, that points 
negative (because of the orientation of the face), is equal to —Kk . The area of the face equals 0.5, therefore A= 
—0.5K . The flux through A then equals 


c 3 > 


(-i +27 +k)-(-0.5k) 204-0— 0.5 = —0.5. 


Next, we will find the flux out of the triangle in the xz plane. A unit vector normal to that plane, that points 
negative, is equal to — j . The area of the face equals 0.5, therefore A = —0.57 . The flux through A then equals 


m 


(—£ +27 +k)-(-0.57) 20—1-4-0— —1. 
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Next, we will find the flux out of the triangle in the yz plane. A unit vector normal to that plane, that points 
negative, is equal to —i . The area of the face equals 0.5, therefore A = —0.5í . The flux through A then equals 


(d 4 2j +k)-( 0.57) = 0.5 +0+0=0.5. 

Last, we will find the flux out of the triangle with vertices (1, 0, 0), (0, 1, 0), (0, 0, 1). A unit vector normal to 
that plane, that points positive, is equal to 5 G Hj +k ). The area of the face equals V3, /2, since it is an equilateral 
triangle with side \/2. Therefore: 

1 


A = GE +J +k\v3/2) = 050 +7 +h), 


The flux through A then equals 


(7 +27 +k). (0.5% +0.57 +0.5k) = —0.5 + 1+0.5= 1. 


The total flux out of the tetrahedron is —0.5 — 1 + 0.5 + 1 = 0. Therefore the flux equals zero. 


Figure 19.6 


(b) For any constant vector field Y = ai + bj + ck , we can find the flux out of the tetrahedron. 
First we shall find the flux out of the triangle in the xy plane. A unit vector normal to that plane, that points 
negative (because of the orientation of the face), is equal to —K . The area of the face equals 0.5, therefore A= 
—0.5k . The flux through A then equals 


(ai -- bj 4- ck) - (-0.5K ) = 0 +0 — 0.5 = —0.5c. 


Next, we will find the flux out of the triangle in the xz plane. A unit vector normal to that plane, that points 
negative, is equal to — j . The area of the face equals 0.5, therefore: A = —0.57 . The flux through A then equals 


(ai +bj + ck) -(—0.57 ) = 0 — 0.5b +0 = —0.5b. 


Next, we will find the flux out of the triangle in the yz plane. A unit vector normal to that plane, that points 
negative, is equal to (—i ). The area of the face equals 0.5, therefore A = —0.5i . The flux through A then equals 


= 


(ai 4-bj +ck)-(—0.51) = —0.5a + 0 + 0 = —0.5a. 


Last, we will find the flux out of the triangle with vertices (1, 0, 0), (0, 1, 0), (0, 0, 1). A unit vector normal to 
that plane, that points positive, is equal to Pd + j +k ). The area of the face equals /3/2, therefore: 


Zl axe cd +7 +5). 


The flux through A then equals 
(ai 4-bj -- ck)-(0.5í +0.57 4- 0.5k ) = 0.5a + 0.5b + 0.5c. 


The total flux out of the tetrahedron is —0.5c — 0.5b — 0.5a + 0.5a + 0.56 + 0.5c = 0. Therefore, the flux is 
equal to zero. 
(c) The answers in (a) and (b) make sense because the vector field is constant, so it does not change as it enters through 
one side of the tetrahedron, and exits the other side. Therefore the two cancel each other out,causing the flux to be 
equal to zero. 
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63. Since Pressure = Force/Area, we have 
Force on a small patch with area AA at point (x, y, z) ~ P(x,y, z)\|AA ||. 


This force is directed inward and normal to the surface, so the force is P(x, y, z)AA Gf S is oriented with the inward 
normal). For buoyancy, take the upward component of this force, so 


= 


Buoyancy force = P(x,y,z)AA - k. 


Then: 


ev 


Totalbuoyancy — lim 5 P(a,y,2)AA - 


|| AA || 0 
s 


= f Pea -dË 
S 


= f Fad 
S 


64. (a) From Newton's law of cooling, we know that the temperature gradient will be proportional to the heat flow. If the 
constant of proportionality is k then we have the equation F=k grad T'. Since grad T points in the direction of 
increasing 7’, but heat flows toward lower temperatures, the constant k must be negative. 

(b) This form of Newton's law of cooling is saying that heat will be flowing in the direction in which temperature is de- 
creasing most rapidly, in other words, in the direction exactly opposite to grad T. This agrees with our intuition which 
tells us that a difference in temperature causes heat to flow from the higher temperature to the lower temperature, and 
the rate at which it flows depends on the temperature gradient. 

(c) The rate of heat loss from W is given by the flux of the heat flow vector field through the surface of the body. Thus, 


Rate of heat = Flux of F = [Fad =k fma) ai 
loss from W out of S S S 


65. (a) Figure 19.7 shows the electric field E . Note that E points radially outward from the z-axis. 


Figure 19.7: The electric field in the zy-plane due to a line of positive charge uniformly 
distributed along the z-axis: E (x, y,0) = pees 
a 4 y 


(b) On the cylinder x? + y? = R?, the electric field E points in the same direction as the outward normal 7 , and 


2A 


E 2A, > E 
|Z || = gil +yj || = R 
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f Bad f 
S S 


B-ada- | \B\aa= f aa 
S s R 
2A 2A 


R I dA = = area of S = Rat Rh = 40h, 


So 


which is positive, as we expected. 
66. (a) The vector field B is sketched in Figure 19.8 for J > 0. 


y 
4 EM 
» " a ~~ hj LI 
SIRE 
" , r N * 
H | | x 
ed " -2 Z? 444 
M 
x ` ~ a a a 
—4+ 
Figure 19.8 
(b) The disk S can be parameterized as z = h (viewed as a constant function of x and y), for x,y in the region 


{r?° +y? < a°}. Hence 


since 7 - k = 0 and J- k = 0. The answer is as we would expect, since the vector field B is tangent to the surface 
S, hence there is no flux through S. 


(c) The flux of B through S% is given by du: B «dA. On S2 we have 
> I —yř I 
B = —. = —=—— T. 
(2,9. 2) = > P mp 
and 
dA =ñ dA = —vdydz 
Hence, 


I h 
=Z f mne 
0 
I h 
— (In |b] — In |a|) dz 
MSO 
I b 
z^ (ED 


This time we get a non-zero flux since the direction of B is everywhere parallel to the orientation of $5. For 0 < 
a < b the flux is positive since |b/a| > 1 and increases as the area S2 increases. This is as Figure 19.8 would lead 


us to expect. For a < b < 0, the flux is negative since |b/a| < 1. If a < 0 < b, the flux can be either positive or 
negative. 
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67. (a) IEF = zv +y7 + zk is the position vector of a point on the sphere, then 


(b) 


J (25) .dĀ =0. 
S 


(See the solution to Problem 54 on page 1727). Let us also apply a symmetry argument to 


] Sg ai. 
s v 


We will show that the flux of D through the upper hemisphere Hı equals minus the flux of D through the lower 
hemisphere H5. The flux of D through Hı and H» will be computed as limits of Riemann sums. 

Consider a small patch P; in H and call its reflection about the zy-plane P2. The contribution of P, to the flux 
of D through S is 


3zıp ra 3zıp 


T T 3zp 
=f -dA\ a5 —— 


T - Area(P1) Fl =- - Area( P1) 


whereas the contribution from P5 is 


322p, . dA, — 322P Area( Po). 
a° a 


But Area(Pi) = Area(P2) and z2 = —21, so the contributions from P, and P» cancel each other. Dividing Hı and 


H» into symmetric patches as above, and taking the limit as the areas of the patches become smaller and smaller, one 
gets 


18. 


Since we also know that 
we can conclude that 


By Gauss's Law, 
n: -dÄ = 4r(q— q) = 0, 
S 


which is the same as the flux of D through S. 


Strengthen Your Understanding 


68. The value of a flux integral is a scalar, not a vector. 


69. The sign of a flux integral T. " F -dÄ is determined by the interaction between the vector field F and the oriented surface 


70. 


71. 


S. It can not be determined from either one alone. For example, if S is oriented in the +k. direction, then the flux through 
S of F =k is positive and the flux through S of F = —k is negative. 

The integral f. P F . dA is zero if the vector field F is tangent to the surface S at every point of S. The displacement 
vector F = —i + J between the two points (1, 0, 0) and (0, 1, 0) in S is tangent to S. Hence, with the constant vector 
field F = —i + j we have fo F -dA =0. 


Let F = zk, and let S be the square 0 < x < 1,0 < y < 1, z = 1, oriented upwards. The vector field is normal to 
the surface, in the direction of the orientation, and has constant magnitude 1 on the surface, even though it has varying 
magnitude elsewhere. 


[Fed Ferias 
S 
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72. 
73: 
74. 


75. 


76. 


TT. 


78. 


79. 


80. 


81. 


82. 


Solutions for Section 19.2 
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True. By definition, the flux integral is the limit of a sum of dot products, hence is a scalar. 
False. A is perpendicular to the flat surface. 


False. The flux integral measures the net flow through the surface. There could be as much flow into the sphere as out, 
which would give a flux integral of zero. As an example, the constant field F = i has zero flux integral over the entire 
sphere, yet is not the zero vector field. 


True. The flow of this field is in the same direction as the orientation of the surface everywhere on the surface, so the flux 
is positive. 
True. The flow of this field is in the same direction as the orientation of the surface everywhere on the surface, so the flux 
is positive. 
True. Since the vector field is constant, the negative flux into the bottom of the cube is equal in magnitude to the positive 


flux out of the top, so these cancel in the sum defining the flux integral. The other four faces of the cube each have zero 
flux from the field, since the field is parallel to each of them. 


True. Reversing the orientation on S replaces all of the area vectors AA in the sum defining the flux integral with their 
negatives, so that the flux integral over — S is the negative of the flux integral over 5. 


False. There is no reason to expect a relationship between the flux integrals over Sı and $5 simply based on their relative 
areas. The value of the flux integral over a surface depends both on the shape of the surface and the behavior of the vector 
field at points on the surface. For example, let 51 be the square 0 € x < 1,0 € y € 1,z = 0, oriented upward, and let 
S2 be the rectangle 0 < y € 1,0 < z < 2, x = 0 with positive orientation in the i direction. The area of Sı = 1 and the 
area of $5 — 2. Then if F = i we have de F.dA-0 (since F is parallel to 51) and i F -dA = 2. These values 


do not satisfy 2 f... F :dÁ - f dA. 


True. In the sum defining the flux integral for F , we have terms like F - AA = (2G)- AA = 2(G - AA). So each 
term in the sum approximating the flux of F is twice the corresponding term in the sum approximating the flux of G, 
making the sum for F twice that of the sum for G . Thus the flux of F is twice the flux of G . 


False. The flux integral measures the net flow through the surface S. The vector field G could be large in magnitude on 
S (larger than I ||), but be parallel to the surface S, and so contribute nothing to the flux. Put another way, a “small” 
vector field, flowing directly across S, can have greater flux than a much “larger” field flowing parallel to S. 

For example, take S to be the square 0 € x < 1,0 € y € 1, z = 0, oriented upward. Then if F =k and G = 5i, 
the flux integrals have values i= F.dÁ = 1and Js G -dÁ = 0 (since G is parallel to S). Thus Js F.dÁ > Js G dA, 
but || || 2 1 « 5 — [IG |]. 


For (a), we want the vector field with the largest i component so Fi 
For (b), we want the vector field with the largest i component so F. 
For (c), we want the vector field with the most negative k component, so F 74. 
For (d), we want the vector field with the most negative k component, so Pu 
For (e), we want the vector field with the largest component so Fs. 


Exercises 

1. We have E N 

= (—fei — fuj +E) dedy = (-3i +57 -- E) dz dy. 
2. We have , . 

= (— fai — fuj +h) de dy = (-8i — 7j +k) dz dy. 
3. We have , 7 

dA = (- f.i — fj  K) dedy = (—4ai + 6yj +h) dz dy. 

4. We have 


dA = (- f.i — fyj +k) da dy = (—yi + (x — 2y)5 +h) dz dy. 


10. 
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We have 7 n 
dA = (— fsi — fyj +k) dzdy = (—2i +37 +k) dz dy. 
We have 
F -dA = (—20 + 60 + 30)dz dy = 70 dz dy. 
The flux of F through the surface S is given by 
4 7 3 pd 
[Fa f 70 dy dz. 
E -240 
We have 
dA = (—fei — fyj +k) dzdy = (4i — 107 +k) dz dy. 
We have 7 
F -dA = (Az — 102 + y) dz dy. 
The flux of F through the surface S is given by 
8 p4 
RENI ] a=- 10r +y)dzdy. 
S o Jo 
We have 
dA — (—fei — fyi + k) dx dy = (sin zi — 2 cos 2yj + k) dz dy. 
We have 
F -dA = (yzsinz — 2xycos 2y + zy)dx dy. 
The region R is a triangle bounded by the x-axis, the y-axis, and the line y = 5 — x. Thus, R is described by the 
inequalities 0 < y < 5 — x, 0 < x < 5. The flux of F through the surface S is given by 
5 5—z 
n -dA x J (yzsin x — 2xy cos 2y + zy) dy dz. 
E 0 Jo 
We have T 4 
dA = (— fei — fj +k) dzdy = (-&"1 — 3ze"j +k) dz dy. 
We have 
F .dA = —3xe" cos(x + 2y) dz dy. 
The region R is the part of the disk z? + y? < 5? where x > 0 and y > 0. Thus, R is described by the inequalities 
0 < y € V5? —2?,0 € x < 5. The flux of F through the surface S is given by 
4 4 5 V 25-22 
i, F -dA = y | —3xe" cos(x + 2) dy dx. 
S 0 Jo 
We have 


dA =(—fei — fyj +h) dzdy = (-4¢ +27 +k) dz dy. 
Hence J - 
F -dA = (—12 — 4 + 6)dx dy = —10 dz dy. 
The flux of F through the surface S is given by 


5 10 
n -dÄ -f / —10 dy dx = —500. 
S 0 0 


dA = (— fai — fyj +k) dedy = (-yi — xj +k) dz dy. 


We have 


Since z — zy we have 
F -dA = (—y + 2z + ay) dx dy. 
The flux of F through the surface S is given by 


H 10 p10 
n -dA -f | (—y + 2a + zy) dx dy 
S o Jo 

10 


= f 100 + 40y dy = 3000. 
0 
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11. We have 
dA =(—fet — fy +k) dedy = (—22i — 27 +k) dz dy. 


Since z = x? + 2y have 7 
F .dA = (—2z cosy — 2x? — 4y + 1) dz dy. 


The flux of F through the surface S is given by 


1 pl 
[ead J | Cim 2- ay + Dardy 
E o Jo 

“I 


- f IL. ap-dddye dudes 
"HES 3 


12. We have 
dA = (— fsi — fyj +k) dudy=(-i —j +k) dz dy. 
Since z = x + y + 2 have 7 
F «dA = (y+ 2) dz dy. 


The (a, y) values for points on S are in the triangle with vertices (—1, 0), (1,0), (0, 1). The edges of the triangle are 
given by the x-axis, y = 1 + x and y = 1 — x. For this region, it makes sense to integrate on z first, so we describe the 
region by the inequalities y — 1 < x < 1 — y, 0 € y € 1. The flux of F through the surface S is 


1 1—y 
n -dA -f jl (y + 2) dz dy 
S 0 y—1 
1 


2E 2y w? dt 
E 3 


13. Since the cylinder radius is 10, we have 
dA = 10 (cosi + sin6j ) dz d6. 


Hence 
F -dA = 10(cos0 + 2sin 0) dz d0. 


The 0z-region corresponding to S is given by 0 < 0 € «/2, 0 < z < 5. The flux of F through the surface S is given by 


n/2 5 
n -dÄ -f J 10 (cos 0 + 2sin 0) dz dð. 
S 0 0 


14. Since the cylinder radius is 10, we have 


dA = 10 (cosi +sin6j) dz dð. 
Using x = 10 cos 0 and y = 10sin 0 we have 
F = 10cos0i + 20sin0j 4-3zk. 


Hence 
F -dA — 10 (10 cos? 0 + 20 sin? 0) dz d0. 


The 0z-region corresponding to S is given by 0 < 0 < 27,0 € z < 5. The flux of F through the surface S is given by 


27 5 
fF -dA = f 10 (10 cos? 0 + 20 sin? 6) dz dð. 
S 0 0 


15. 


16. 


17. 


18. 
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Since the cylinder radius is 6, we have 
dA = 6(cos6i +sin0j) dz d6. 
Using x = 6 cos 0 and y = 6sin 0 we have 
Fog «9993 +k. 
Hence 
F -dË = (62° cos 0 + 6sin de® m dz d0. 


The surface S is the part of the cylinder z? + y? = 6? that is inside the sphere x? + y? + z? = 10°. The cylinder and the 
sphere intersect at points where z? = 10? — 6? = 64, where z = 8 or z = —8. Therefore, the 9z-region corresponding 
to S is given by 0 < 0 < 27, —8 € z < 8. The flux of F through the surface S is given by 


27 8 
n dA -f f (62? cos 6 + 6 sin 9e? °°) dz dð. 
E 0 -8 


Since the cylinder radius is 2, we have 


dA = 2 (cos6i -- sin6j ) dz d6. 
Using x — 2cos 0 and y — 2sin 0 we have 
F = 8z cos? 0sin 0j tz. 
Hence 
F . dÄ = 16z cos? 0 sin? 0 dz d0. 
The surface S is the part of the cylinder x” + y? = 2? that is between the zy-plane z = 0 and the paraboloid z = x? +4”. 


The cylinder and the paraboloid intersect at points where z = 2°. Therefore, the 0z-region corresponding to S is given 
by 0 € 0 € 27,0 < z < 4. The flux of F through the surface S is given by 


27 4 
n -dÁ =l f 16z cos? 0 sin? 0 dz dé. 
S 0 0 


Since the cylinder radius is 5, we have 
dA =5(cos@i + sin0j ) dz de. 


Hence 
F -dA =5zsin@dz dð. 


The 0z-region corresponding to S, the part of the cylinder with y > 0 and 0 < z < 20, is given by 0 < 0 < m, 
0 < z < 20. The flux of F through the surface S is given by 


T 20 T 
n dA = / Sesindde dd = | 1000 sin 6 dà = 2000. 
S 0 0 0 


Since the cylinder radius is 10, we have 
dA = 10 (cos ï + sin 0j ) dz dð. 
Using x = 10 cos 0 and y = 10 sin 0 we have 
F — 10sin0i + 10z cos 0k . 


Hence 7 
F -dA =100cos@sin 0 dz dé. 


The surface S is the part of the cylinder with x > 0, y > 0 and 0 € z < 3, so the 0z-region corresponding to S is given 
by 0 < 0 < 7/2, 0 € z < 3. The flux of F through the surface 5 is given by 


1/2 3 
n -dA sf f 100 cos 0 sin 0 dz d0 
S 0 0 


7/2 
= / 300 cos 0 sin 0 d0 
0 


= 150sin? 07/2 = 150. 
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19. Since the cylinder radius is 2, we have 
dA =2(cos6i -- sin6j ) dz d6. 
Using x = 2cos 0 and y = 2sin 0 we have 
F = 4AzcosÓsin6j + 2e” cosók . 


Hence " 
F -dÄ = 8z cos 0 sin? 0 dz dð. 


The surface S is the part of the cylinder with 0 < y < x and 0 < z < 10, so the 0z-region corresponding to S is given 
by 0 < 0 X 7/4, 0 < z < 10. The flux of F through the surface S is given by 


4 4 nT/A 10 
n -dÄ =] / 8z cos 0 sin? 0 dz d0 
S 0 0 
n/4 


f 400 cos 6 sin? 0 dO 
0 


= 100 gis = 102 


20. Since the cylinder radius is 1, we have 7 
dA = (cos0i +sin67) dz 6. 


Using x = cos 0 and y = sin 0 we have 
F = cossin ĝi + 2z). 


Hence 2 
F dA = (cos? 0sin0 + 2zsin0) dz d0. 


The surface S is the part of the cylinder with x > 0,0 < y < 1/2 and 0 € z < 2, so the 0z-region corresponding to S is 
given by 0 € 0 < 7/6, 0 € z € 2. The flux of F through the surface S is given by 


7/6 2 
n -dÄ -f I (cos? 0 sin 0 + 2z sin 0) dz d0 
S 0 0 


7/6 
= 2 cos? 0 sin 0 + Asin 0 dO 
0 


= -Ž cos’ 9 — 4cos 0|7/9 =—- T= 0.770. 


21. Since the sphere radius is 10, we have 
dA = 10? (sin cos 0i +sin ġsin 0j + cos ok ) sin ọ dọ dé. 
Hence 
F -dA = 100 (sin $ cos 0 + 2sin o sin 0 + 3 cos ¢) sin $ dọ dé. 


The 6¢-region corresponding to 5, the upper hemisphere z > 0, is given by 0 < 0 < 27,0 < $ € 7/2. The flux of F 
through the surface S is given by 


2n 1/2 
fF -dÄ - f i 100 (sin $ cos 0 + 2sin o sin 0 + 3 cos ¢) sin $ dọ dé. 
S o Jo 
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22. Since the sphere radius is 5, we have 
dA =5? (sin cos 0i +sin osin 0j + cos ok ) sin ddd dé. 
Using x = 5sin $ cos 0, y = 5sin ġ sin 0 and z = 5 cos 9 we have 
F = 5sin $ cos 07 + 10sin 9 sin 07 + 15 cos $k. 


Hence 
F -då =5 (5 sin? $ cos? 0 + 10 sin? ó sin? 0 + 15 cos? $) sin ọ dọ dé. 


The 0ó-region corresponding to S, the entire sphere, is given by 0 < 0 < 27,0 < $ < m. The flux of F through the 
surface S is given by 


2v T 
i F -dÄ = n J 25 (5 sin? $ cos? 0 4- 10 sin? ó sin? 0 + 15 cos? $) sin ddd dé. 
S 0 0 


23. Since the sphere radius is 2, we have 
dA 22 (sin bcos 0i +sin ó sin 0j + cos ok ) sin ddd dé. 
Using z = 2 cos ¢ we have 
F = 4cos? Qi. 
Hence 
F .dA = 16 cos? ósin? cos 0 d d0. 

The 6¢-region corresponding to S, the part of the sphere with x > 0, is given by —7/2 < 0 € «/2, 0 € $ < m. The 
flux of F through the surface S is given by 


7/2 T 
n -dÄ -f f 16 cos? ¢ sin? ¢ cos 0 dó dd. 
S —m«/240 


24. Since the sphere radius is 3, we have 


dA —3? (sin Ó cos 0i +sin sin 0j + cos ok ) sin ddd dé. 


Using x = 3 sin $ cos 0 we have 


F= gisinócos0p. 


Hence 
F .dA = 9cos ósin e? 9^ $°? do do. 
The 0ó-region corresponding to S, the part of the sphere with y > 0 and z € 0, is given by O < 0 < m, 7/2 € à X m. 
The flux of F through the surface S is given by 


n -dÄ =f / 9 cos sin Qe? "°°? do do. 
S 0 7/2 


25. Since the sphere radius is 20, we have 


dA — 20? (sin $ cos 0i + sin ġsin 0j + cos ok ) sin ọ dọ dé. 


Using z = 20 cos ó we have 
F = 20cos di. 


Hence 
F . dÄ = 8000sin? ¢ cos d cos 0 do do. 


The 6¢-region corresponding to S, the part of the sphere where x > 0, y > 0 and z > 0, is given by 0 € 0 < 7/2, 
0 € à € 1/2. The flux of F’ through the surface S is given by 


7/2 7/2 
n -dÄ = J 8000 sin? ¢ cos $ cos 0 dọ dO 
S 0 0 


|. [^P 8000 8000 
E — 


cos 0 dð = 
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26. Since the sphere radius is 4, we have 
dA =4? (sin $ cos 0i +sin ó sin 0j + cos ok ) sin ddd dé. 
Using x = 4sin $ cos 0, y = 4sin ġ sin 0 and z = 4 cos ¢ we have 
P= 4sinġsin 07 — 4sin $ cos 0j + 4cos ok. 


Hence 
F .dA = 64cos? ósin ¢ dọ dé. 


The 0¢-region corresponding to the entire sphere is given by 0 < 0 < 27,0 < $ < m. The flux of F through the surface 


S is given by 
27 T 
[59 - f i 64 cos? à sin 6 dọ d0 
E 0 0 
2T 64 
= T — — cos? [5o d0 
" 3 


2T 
=| Bue. 
oo 3 3 


27. Since the sphere radius is 1, we have 
dA = (sin ó cos 0i +sin ó sin 0j + cos ok ) sin do dé. 
Using x = sin $ cos 0 and y = sin ¢ sin 0 we have 
F = sin $ cos 0i + sindsin 07 . 


Hence l 
F . dĀ = (sin? ġ cos? 0 + sin? ósin? 0) do d0 = sin? 6 dó d6. 


The 6¢-region corresponding to region above the cone ¢ = 7/4 is given by 0 € 0 < 27,0 < $ € 1/4. The flux of F 
through the surface S is given by 


N n/4 2n m/4 
n -dA zi f sin’ gødd = 27 | sin? ddd 
S 0 0 0 


n/4 
= an f sin ¢(1 — cos? 4) do 
0 
n/4 


I 
= 2r (— cos ó + 3 cos? $)|5—o 


|. 8- 5/2 


gp 7S 0.486. 


28. We find the equation for the plane S in the form z = f(x, y). The rectangle lies in the plane z + 2y = 4 we have 
z = f(z,y) 2 4— 2y. 
Thus, we have 
dA = (- fsi — fyj +k) dzdy = (0i +27 +k) dzdy = (27 +k) dz dy. 


The flux integral is therefore 


2 2 2 2 
[F:4-[ I acm OF +R)dedy = [ | 4 — 2y dz dy = 8. 
S 0 0 0 0 
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29. We find the equation for the plane S in the form z = f(x, y). The rectangle lies in the plane 3x + 2z = 6 so we have 
z= f(x,y) =3- 22. 


Thus, we have 
ra > > - 35 = H 32 p? 
dA = (— fri — fyj + k )dz dy = (5i 4-05 +k) dx dy = (5i +k) dz dy. 


The flux integral is therefore 
PEN 2 p2 3*2 /3 4 2 p2 3 
]*4-[][ (3-52) k- (SE) ady- | f 3- Zearay=6. 
E o Jo 2 2 o Jo 2 


Problems 


30. We find the equation for the plane S in the form z = f(x,y). We have 


z= f(z,y)=1-zr-y. 


Thus, we have 


dA = (— fsi — fyj +k) dydx = (-(-1)i — (C1 +k )dydz =( +7 +k) dydz. 


The surface S intersects the xy-plane in the line x + y = 1, so the region R in the zy-plane below S is bounded by the 
x-axis, y-axis, and the line y = 1 — x. The flux integral is, therefore, 


1 1-2 
]*4- (1—z — y)k - (€ 4-5 -- K) dydz 
S o Jo 


1 l-a2 1 2 
= (1-2 y)dyar= f y-ay- 2% 
0 0 0 2 


31. Using z = f(x,y) = x + y, we have dA = (—i — j +k) dz dy. As S is oriented upward, we have 


3 2 
fE aa- fo yji +(a@+y)j +3xk)- (-1 —j +k) dady 
S 0 0 
3 2 3 2 
= | | Ce+y-2-y+32)dsdy= | | xdaxdy = 6. 
0 0 0 0 


32. Writing the surface S as z = f(x,y) = —y + 1, we have 
dA = (— f.i — fyj + k )dzdy. 


1—z 1 
ax = [ gl eee 
" 5 2 2 6 


Thus, 


fF -dA = [| Bleu fm (C = fyi +E) dedy 
S R 


1 pl 
= | f exi «un G easy 
o Jo 


1 3 1 
= | [ enam f(a +20) 
0 0 0 
1 1 


2 


= | asya = w+ t 
0 


dl 
dy 
0 


0 
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33. Writing the surface S as z = f(x,y) = y? +5, we have 


Thus, 


fF -dA = [| Bleu See): (had — d +E) dedy 
S R 


> 


= fi yj + (y? - 5)k) - (-2yj +k) dady 


-[T, (3? +5) Jaedy = f (9y? + 15) dy 


= (3y? + isl. 


= 18. 
0 


> 


34. One the surface S we have z = —y -- 1anddÁ = (—z,i — zyj +k )dxdy = (f + k )dz dy. The flux is 


n dA -f n ((n(a?)? 4-e*j + cos(1 — (-y + )k)- (F -- K) da dy 
S 0 0 


1 1 1 
= | [em | (e? + x cos y) 
o Jo 0 


1 


=e+sinl—1. 
0 


-f (e + cos y — 1) dy = (ye + siny — y) 
0 


35. On the curved sides of the cylinder, the k component of F does not contribute to the flux. Since the 7 and j components 
are constant, these components contribute 0 to the flux on the entire cylinder. Therefore the only nonzero contribution to 


the flux results from the k component through the top, where z — 2 and dA = K dA, and from the k component through 
the bottom, where z = —2 and dA = —k dA: 


fu = f Fad + | F.d 
Top Bottom 


D 


= af dA = 4- Area of top = 4- 1(3”) = 36r. 
Top 


36. On the curved side of the cylinder, only the components ai + zk contribute to the flux. Since zi + zk is perpendicular 
to the curved surface and ||xi + zk || = 2 there (because the cylinder has radius 2), we have 


Flux through sides = 2 - Area of curved surface = 2- 27 - 2-6 = 487. 


On the flat ends, only yj contributes to the flux. On one end, y — 3 and dA = J dA; on the other end, y = —3 and 
dA = —j dA. Thus 


Flux through ends = Flux through top + Flux through bottom 
= 39 -j a(2) + (37) - (~j (2) = 24r. 
So, 


Total flux = 487 + 24r = 727. 


37. Writing the surface S as z = f(x,y) = —2x — 4y + 1, we have 


dA =(—fri — fyj + k )dzdy. 


19.2 SOLUTIONS 


With R as shown in Figure 19.9, we have 


fF -dA = | Reuse): Chad — d +E) dody 
S R 


= f es Hyj +(—2a —4y+1)k)- (21 +47 +k) dady 
R 


1 —2xr+2 
= J (4a + 1) dzdy = | | (4a + 1) dydx 
R o Jo 


= f (4x + 1)(-2x + 2) dx 


1 3 
= [ Cs + 60+ 2) a0 = ( Ba” 4 32? + 22) ls 
o 3 3 


Figure 19.9 


38. Writing the surface S as z = f(a, y) = 25 — x? — y?, we have 
dA = (— foi — fj +k )dzdy. 


Thus, 
n : dA = [| Bleu See): (Cha = d + Bey 
S 


= [e eui esi end +k) dady 


27 5 
= [3e eines - f / 2r?r drd0 
R 0 0 
2m 4 
B f r 625 
o 2 


d0 = =z Qm) = 6257. 
2 


39. Writing the surface S as z = f(x,y) = 25 — x? — y?, we have 
dA = (—f.i — fyj +k )dxdy = (2yi + 2y7 +k )dzdy. 


5 
[U 


Thus 
f F.dA = J cos(z? + y?)k - (2xi +2yj + K) dzdy 
E R 


2m 5 
= J cos(z? + y?) dzdy = J / cos r? -r drd 
R o Jo 


dO = m sin 25. 


1743 
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40. Using z = 1 — x — y, the upward pointing area element is dA = (i + j +k ) dz dy, so the downward one is 
dA = (—i —j — k ) dz dy. Since S is oriented downward, we have 


[Bad = [eai 
S S 


E E > 


3 2 
=f f EE r—y)k):(—i —j —k)daxdy 
0 0 


3 p2 
-f ] Cr-v- 1+ es y) - -e. 
o Jo 


41. Using z = x? + y?, we find that the upward pointing area element is dA = (—2a7 — 2yj +k ) dx dy. Since S is 
oriented downward, we have dA = (2i + 2yj — k ) dz dy, so 


[Pad = [enden 
E E 
m (zi 4 yj + (a? y))k)- (Qui +2yj — k)dzdy 
Disk 


- f, Qr em os —y")dedy = [| (a? + y?) dz dy 
is 


Disk 
2v 1 A 

- f n r^r dr dó = 2s . — 
0 0 4 


T 


1 
0 


42. Here z = 4/9 — x? — y?, so 
The flux integral is given by 
n E" -f (s 9 yk) ( 
S 


S 
3 V 9-2? 
— J (x? + y) dydx 
—34—4/9-z? 
Changing to polar coordinates gives 


27 3 
7 F dÄ = / f (r? cos? 0 + r sin 0) rdrd@ 
S 0 0 


27 
-f (7 costo + = sin 6) do = Pi. 


43. We have 0 < z < 6800 < z? + y? < 36. Let R be the disk of radius 6 in the xy-plane centered at the origin. Because 
of the cone’s point, the flux integral is improper; however, it does converge. We have 


n ad = [| F æy fæ): (fei = fyi +E) dedy 
S R 


x > ? 
|o ES 


= | 2(x? + y?) dedy 
R 
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6 27 
=2 I f r? ddr 
0 0 


6 
= an f r? dr = 12967. 
0 
44. Since y = f(x,z) = x? + z?, we have 


dA = (—f.i +j — f. k)dzdz = (—2ai +j — 2zk ) dxdz. 


Thus, substituting y = x? + z? into F , we have 


[Fae (a? + 2°)i +] —azk)-(—20i +7 — 22k) dzdz 
S z2422«1 


ET (—22? — 2zz? + 1-- 2x2?) dadz 
z2-pz2«1 


Nm m 
-f / (1 — 22?) dzdz 
E mm 
1 py/1=22 1 pVA-z2 
=i fi aed - | J 2a? dzdz 
-1 J-/1-22 -14-i-z2 
—z2 


1 x V 1—z 
— Area of disk — J — 


dz-7r—-0= 
a 2 Z T T 


= 1—22 


45. The plane through the points (1, 0, 0), (0, 1, 0), and (0,0, 1) is given by x + y + z = 1, so S is the part of the graph of 
z = f(x,y) = 1 — x — y above the region R in the zy-plane where x > 0, y > 0, and x + y < 1. Thus 


n -dÄ = | F æy Se): C — i +E) dedy 
S R 


= [e ey +0 -a-v k) Gd D deas 
R 


= [e e + 0 2-y)aedy 
R 


1 l-g 
z / (1 + 22? + 2y? — 2x — 2y + 2ry) dy dx 
o Jo 
1 
[a 


d 


z) +22? (1 — z) 4 : 


46. Since the radius of the cylinder is 1, using cylindrical coordinates we have 


dA = (cos0i + sin0j )d0dz. 
Thus, 


6 20 
fF -dÄ - f | (cos 67 + sin 0j ) - (cos 0i + sin 67 ) d0 dz 
E o Jo 
6 20 
zd 


1d0dz = 12m. 
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47. Since the radius of the cylinder is 1, using cylindrical coordinates we have dA = (cos 0i +sin 0j )d6dz. Thus, 


6 
n -dÄ - f | (zcos 0i + zsin0j + z?k)- (cos0i +sin6j ) dO dz 
S o Jo 


6 2T Z2 6 
a f dias as (=) 
0 0 2 0 


48. The flux of F through S is given by 


= 367. 


2T 2 
fF -dÄ =u / (2cos ok ) - (sin cos Oi + sin ósin0j + cos $k )2? sin ¢ dọ d8 
E o Jo 


7/2 
cos? à l 


27 7/2 E 
= f T 8 sin $ cos? ¢d¢dd = 16x (————-) 
0=0 J ¢=0 3 


49. A parameterization for the surface S is given by z = 4/1 — x? — y? over R for —/1— x? < y € V1—2?, — 


16r 
= 


o=0 


1. Thus 
22 = —————— and z= mpu 
V1 — 2? — y? V1 = 2? — y? 
so 


QI UI. + z dz dy = cm 
_/i—22 4/1 — x? — y? 


E [iac dace us 
5 " 2 3 3 


0 


50. Since the radius of the sphere is 5, using spherical coordinates we have 
dA = (sin $ cos 07 + sin sin 0J + cos ok )25 sin à d0 dd. 
Thus, 


Es 2n 
E E 2 E > E E 
n -dA - f f (25 cos? ok ) - (sin cos i + sin ọsin 0j + cos dk )25 sin 6 d0 dd 
E o Jo 


* 2v . 
— 625 | f cos? ġsin ¢ düdó 
0 0 


(cos 9)* |? 


= —12 
507 1 


0 


51. Since the radius of the sphere is a, using spherical coordinates we have 
dA = (sin ġ cos07 + sin ósin0j + cos ok Ja? sin à dọ dd. 
Thus, 


2m T 
n -dÄ zx I (asin $ cos 0i + asin ósin0j + acos dk) - 
E o Jo 
(sin $ cos 07 + sin ġsin 8f + cos ok Ja? sin $ dọ d0 


27 T 
=a] | sin ddd d8 
0 0 


= 2ra’? I sin ddd = (2xa?)(2) = 4xa?. 
0 
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52. The k -component of F does not contribute to the flux as it is perpendicular to the surface. The vector field ri + yj is 
everywhere perpendicular to S and has constant magnitude ||x? + y?|| = 1 on the surface S. Thus 
T 


[Fad = fet tui) dA =1- mers iz = ; 
S S 2 2 


Alternatively, the flux can be computed by integrating with respect to x and z, treating y as a function of x and z. A 
parameterization of S is given by y= v1 — z?,0 < x < 1,0 < y < 1,0 < z < 1. Thus, 


> > > 


1 ‘ll 
[eae] n (ai 1—22j +2k)-(—yot +J — y; Kk) dz dz 
S [U 0 
1 1 


a zy T E z > 
= xi 1—z?j + zk). | ——i +j +0k | drdz 
MK Fes (emt eie) 


= ]-arcsinz 


0 


53. We integrate with respect the y and z, thinking of x as a function of y and z. Since x = sin ysin z, we have zy = 
cos y sin z and x, = sin y cos z. The surface is oriented in the direction of increasing x, so 


- 4 7/2 7/2 4 4 
fF] / F . (i — zyj —azk)dydz 
S g 0 


7/2 7/2 
- f | (sin ysinzi +7 +k)-(¢ —cosysinzj — sin y cos zk ) dy dz 
0 0 


7/2 7/2 
= f f (sin ysin z — cos ysin z — sin y cos z) dy dz 
0 0 
1/2 
dz 
0 


7/2 
- f — cos y sin z — sin y sin z + cos y cos z 
0 


1/2 
ze. 


0 


7/2 
-f (sin z — sin z — cos z) dz = — sin z 
0 


54. We integrate with respect the x and z, treating y as a function of x and z. Since y = x? + z?, we have y, = 2x and 
yz = 2z. The region of integration in the zz-plane is given by x? + z? = 1, x > 0, z > 0. The orientation is toward the 


xz-plane, so we have 


z2 


1 1—z 
- f I ((x +2) +f +2k)- (Qed — j +22k)dzdz 
0 


0 
1 V 1-22 
-f f (22? + 2xz — 1 + 22?) dz dz. 
0 0 


Using polar coordinates with x = r cos0, z = r sin 0, 


1/2 1 
n -dÄ EB | (2r? + 2r? cos @ sin 0 — 1)r dr dO 
S 0 0 
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1/2 4 4 2 
-f (G+ Femina 


1/2 i 2 
1 egsdsind dn. Ime 
ò 2 2- -2 


1 
L 
0 


1/2 


55. On the disk, z — 0 and dA =k dz dy, so 


f Pd i 
S z2+y2<1 


2m 1 
=] (+a e) dedy = | n (5 4- r?)r dr do 
z2-y2«1 0 0 


1 


(zxze"*i taj 4 (54-2? 4 y?)k)- k dz dy 


Figure 19.10 


2 R2 
Fux - f f ((e"" + 3z +5)? +(e” +5z +3) + (3z - e"")k) - ($ — k ) dz dy 
0 0 


2 R2 
af f (e** +3z -- 5 — 3z — e") dz dy = 5(2)(V2) = 10/2 
0 0 


Alternatively, since a unit normal to the surface is % /V/2 = (i — j )/ v2, writing dA = ||dA ||, we have 


"t > i-k 5 
Pux= fad = fat? da= | aa 
s V2 V2 
5 5 


— (Area of slanted square) = —=4 = 102. 
Won quare) A 


57. (a) The charge is contained in a sphere of radius a centered at the origin, and uniformly distributed through the region 
enclosed by the sphere. 


(b) Since €, is the unit vector outward normal to the sphere of radius p, we have E=E (p)é p. Let S be a sphere of 
fixed radius p, centered at the origin. Then 
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On the other hand, since on the sphere dA =ë pdA, we have 


n -dÄ = | re, eaa = m) f dA = E(p)4r p’. 
S S S 


Therefore, by Gauss's Law, 


Since E = E(p)é p, simplifying gives 


ô 
MEL PEE 
— doa? e 
ETE p p > a. 


58. (a) The charge is contained in a cylinder of radius a centered at the origin, and uniformly distributed through the region 
enclosed by the cylinder. 
(b) Since €, is the unit outward pointing normal to the cylinder of radius r, we have E=E (r)é,. Let S be a cylinder 
of fixed radius r, height 1, centered along the z-axis. If r < a, 


I ôdV = rr’ôo, 
W 


/ ódV = «a?ós. 
W 


On the other hand, since dA =ë rdA on S, we can write 


andifr >a 


fE -dÄ = [ 8e zaa - E f dA = E(r)2ar. 


S 


(The flux across the top and bottom of the cylinder is zero.) So, by Gauss's Law 


krr?ðo ifr<a 
E(r)2rr = 
kma?óg ifr >a. 


Since E = E(r)é,, simplifying gives 


zkóore r ifr<a 


ej 
Il 


lkóoo-8, ifr >a. 
T 


Strengthen Your Understanding 


59. The formula dÅ = (cos 0i + sin 0j) R dz d0 applies only to surfaces that lie on a cylinder centered on the z-axis of 
constant radius R. The distance from the cone to the z-axis is not constant, but depends on the point on the cone from 
which you measure the distance. 


60. The orientation vector 7 is a unit vector in the direction of dA , SO 
=> T P R Pid 
Hmc quies sk) 


y f2 4 f241 
dA = y f2 + f? + 1da dy. 


and 
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61. For a surface z = f(x, y) oriented upwards, we have 
dA =(—fet — fyi +k) dz dy. 
If f(x,y) = —x — y, then f; = —1, fy = —1, and 
dA — (Ï +7 +k) dz dy. 


62. The vector field F = xi + yj in polar coordinates is 
F (r,0,z) = rcos0i 4- rsin6j. 


For a surface S on the cylinder r — 10, oriented outwards, we have 


fF -dA = | # (10,0,2)- (costi + sind) 104 a8 
S T 


= f (10 cos 67 + 10 sin 6j ) . (cos 0i + sin6j ) 10 dz dé 


-f 


where T is the 0z-region corresponding to S. If, for example, 0 < 0 < 2 and 0 < z < 3, then [s dz d@ is 6. Hence 
Te F .dA = 600 for the surface S parameterized by r = 10, 0 < 0 < 2, 0 € z < 3, oriented outwards. 


An intuitive geometric solution is also possible. On the cylinder z? + y? = 10? of radius 10, the vector field 
F = vi +yj has magnitude || F || = 10 and is normal to the cylinder, pointing in the orientation direction. Hence, for a 
surface S on the cylinder oriented away from the z-axis, we have 


100 dz d = 100: f d: dO, 
T 


H 


n : dÁ = 10- Area of S. 

S 

The region 5 on the cylinder r = 10 with 0 < 0 < 2, 0 < z < 3 is a curved rectangle with base 10A0 = 10-2 = 20 
and height 3, so has area 60. Hence Js F -dA = 600. 


63. True. The area vector for the graph of f(x,y), parametrized in the usual way, is given by A= foi + f +k. The 
surface area is then the double integral of the magnitude of A, namely 4/ f2 + f2 + 1 over the given rectangle. 


64. False. Both surfaces are oriented upward, so A (x,y) and B (v, y) both point upward. But they could point in different 
directions, since the graph of z = — f (x, y) is the graph of z = f(a, y) turned upside down. 


65. False. The total flux can be 0 without the vector field always being perpendicular to the surface. For example, if F(x,y, z) 
k , then the flux is zero over the sphere, but F is not perpendicular to the sphere except at the north and south poles. 


66. (a) The surface can be considered as made up of two rectangles, the original one and another “next door" along the 
x-axis. Because the vector field is independent of x, the flux through both rectangles are the same. Thus, the flux has 
doubled. 

(b) Because the vector field does not depend on z, the flux is unchanged. 

(c) The sign is reversed, but the magnitude of the flux remains the same. 

(d) Tripling each side of the rectangle multiplies its area by 9. However, the surface now extends further up the z-axis, 
where the vector field is not given. If the vector field is larger further up the z-direction (as suggested by the diagram), 
then the flux has multiplied by a factor of more than 9. 


Solutions for Section 19.3 


Exercises 


3 


1. Scalar. div (œ? +y)i + (xye”)j — (n(z? + y°))k ) = 2x + re” 
2. Scalar. div((2sin(ry) + tan z)i + (tany)j + (e yk) = 2y cos(zy) + 1/ cos? y. 


3. The first vector field appears to be diverging more at the origin, since both fields are zero at the origin and the vectors near 
the origin are larger in field (T) than they are in field (II). 
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4. (a) Positive. The inflow from the lower left is less than the outflow from the upper right. The net outflow is positive. 
(b) Zero. The inflow on the right side is equal to outflow on the left. 
(c) Negative. The inflow from above is greater than the outflow below. The net outflow is negative. 


_ a oO ð 
5. div F E Eg =e 
2 0 o 
6. div F = pr Saree 
7 dB ulta pd biet z+7r)=-1+1-1=-1 
i ~ Oa yt ay az 
8. div F = $ (2? — y^) + S; xy) = 2x + Qa = 4x 
9. We have E 
div(3a7i — sin(zz)(i + k )) = 6x — zcos(zz) — x cos(zz). 
10. We have 
OF, = 0 2 = 2x 
us e E MUS 
SER > 2 nios ) = —sin 
EN ce e^) = zye? 
Oz Bg YE HRS 
So, 
. pR _ OF, ôF ôF; 
div F' E oy Oe 
a e + zye” 
= x2? +1 ny y $ 


11. Using the formula for @ x 7 in Cartesian coordinates, we get 


12. Taking partial derivatives, we get 


13. In coordinates, we have 


- (x — xo) > (y — yo) 7 
F (x,y, z) = ——————————— G Iua E aaam 
Pa (x — x0)? + (y — yo)? + (z — 20)? G2 ES C RR 


i 40) K. 


a 
(x — zo)? + (y — vo)? + (2 — 20)? 


So if (x,y,z) zz (xo, yo, zo), then 
iv B 1 u (2 — zo)? 
os ( e n U ne a eo FU) e a =] 


(z — zo)? + (y — yo)? + (z — z0)? ((z — 20)? + (y — yo)? + (2 — 20)?)3/? 


n 1 E (z— zo)? 
(£= xo)! + (y— yo)? + (z — zo? — ((x — 2o)? + (y — yo)? + (z — 20)?)?/? 
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((a — x0)? + (y — yo)? + (z — 20)?)3/? 


- ( (r—-z0) + (y - wo) -t(z—z) —— 
((z — zo)? + (y — yo)? + (z — 20)?)3/? 
+( (x — xo)? +(y— yo)” + (z-z)? _ 
((x — z0)? + (y — yo)? + (z —29)7)/* — (3 — xo)? 4 
+( (z—zo) + (y— yo)? -(2—20? __ 
((x — z0)? + (y — yo)? + (z —29))9/* (ae — x0)? 4 
3((x — zo)? + (y — yo)? + (z — zo) — ((x — zo)? 4 


Problems 


((@ — zo)? + (y — yo)? + (z — zo)??? 


2 


(a — x0)? + (y — yo)? + (z — 20)? 


2 


lr — Foll 


(a = zo)? 


(y — yo)? 
F (y — yo)? 4 


(z— zo)? 


) 


-(z— — | 


F (y — yo)? 4 


14. Two vector fields that have positive divergence everywhere are in Figures 19.11 and 19.12. 


i: ee ae ee 
SITIO 
"T. qu 
Eu x cx 


Figure 19.11 


15. Two vector fields that have negative divergence everywhere are in Figures 19. 


Figure 19.13 


Eee "uu 


(y — yo)? + (z — zo?) 


y 
— a + > > — 
— + + >_> — 
= = + $ a — 
——+ e ————— r 
= R— c > > — 
— — € > => — 
— — + > = — 
Figure 19.12 
13 and 19.14. 
y 
—— > - — s 
— > >» - —— 
— — > - —— 
— - 0 — zx 
—— > - — — 
— + - | — 
—— > - —— 
Figure 19.14 


16. Two vector fields that have zero divergence everywhere are in Figures 19.15 and 19.16. 
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VIS 7 Tre 13 
hy TOM 
Weg Raines 


Figure 19.15 Figure 19.16 


17. Since divG ata point is approximately equal to the flux density out of a small region around the point, at (2, 3, — 1) we 


have 
. A _ Flux out of small region — —0.000047 
d Dy ——_—_£@o i $ qe — mm  — —Uy. . 
we Volume of region 4n (0.1)? /3 “an 


Note that since the original flux was given into the region, we take the negative to get the flux out of the region. 


18. Since div F'(1, 2,3) is the flux density out of a small region surrounding the point (1, 2, 3), we have 


Flux out of small region around (1, 2, 3) 
Volume of region. 


div F (1,2,3) e 
So 
Flux out of region z (div F (1,2, 3)) - Volume of region 
4 
=5- 37(0.01)* 


|. 0.00002 
=. 


19. (a) (i) By the definition of divergence, if S is a sphere centered at (2, 0, 0), we have 


divF = f ia 
an Gals Volume of S" 


Thus, if the sphere is small 
n -dÄ z div F - Volume of S. 
E 
Since div F = x? + y? — z, if S is the sphere given 
f F dË ~ (2? +0- 0). nip? gre 
7 3 3 
(ii) The relationship between flux, divergence, and volume holds when S is cube. Thus 


n dA zi div F. - Volume of S, 
E 


gives 
f F .dA ~ (0? 4-0? — 10) - (0.2)? = —0.08. 
S 


(b) The point (2, 0, 0) is a source because the flux out of a small region around the point is positive; (0, 0, 10) is a sink 
because the flux out of a small region around the point is negative. 
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20. (a) Since div F ata point is approximately equal to the flux density out of a small region around the point, at (4, 5, 2), 


we have 


. = _ Flux out of small region 0.0125 
div F x —— —————À— = —_ = 2.984. 
1y Volume of region (4/3)n(0.1)? 36 


(b) The flux through the sphere is approximated by 


Flux through sphere = / F . dA z div F - Volume of sphere = 2.984 - 37(0.3)* — 0.100. 
E 


We could also estimate the flux by noticing that it is eight times the original flux, that is, 8(0.0125) — 0.100. 
21. (a) On Si, x = a and normal is in negative x-direction, so 


E 


F .AA = (2ai — 3yj -- 5zk)- (AAT) = —2aAA. 
Thus 


i F -dÄ -f 2adA = —2a(Area of $1) = —2aw”. 
S1 Sı 


On S2, x = a + w and normal is in positive x-direction, so 


= 


F - AA = (2(a+w)i — 3yj +52zk)-(AAZ) = 2(a + w)AA. 


Thus 
f F -dÅ = f 2(a + w)dA = 2(a + w) (Area of S2) = 2(a + w)w? 
S2 S2 
Calculating the flux through the other sides similarly, we get 
Total flux 
= f Feats | Reads f Fake [ Fake [ Pade [ Feud 
Sy S5 S3 S4 Ss S6 


= —2aw? + 2(a + w)w? + 3bw? — 3(b + w)w? — Sew? + 5(c + w)w? 


= (2w — 3w + 5w)w? = 4w”. 


(b) To find div F at the point (a, b, c), let the box shrink to the point by letting w — 0. Then 


div F 


li (5m through 2x) 


w—0N Volume of box 


Il 

e E 

i8 
"m 
BE 
e w 
We 

Il 

A 


(c) 


E= ð [o o 


22. Using flux: On S1, x = a and normal is in negative x-direction, so 


E 


F - AA = ((3a+2)i +4aj + (Ba + Dk): (AAT) = —(3a + 2)AA 


Thus 
7 F -dÄ =] — (3a + 2)dA = —(3a + 2) (Area of S1) = — (3a + 2)w”. 
Sı Sı 


On S2, x£ = a + w and normal is in the positive x-direction, so 


esl 
> 
D 


— [(3(a 4- w) +2)? -- 4(a 4- w)j +(5(a+w)+1)k]: (AAT) = (3a + 3w + 2)AA. 
Thus 

[| F -dÄ =F, (3a + 3w + 2)4A = (3a + 3w + 2)(Area of S2) = (3a + 3w + 2)w?. 

S5 S3 
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Next, we have Js: F.dA = Ja. —4adA and Sa, F -d8 = Ja 4adA. Since these two are integrated over the same 
region in the xz-plane, the two integrals cancel. Similarly, Te F dÄ = Ío — (5x + 1)dA cancels out Ss, F.dA = 
T. (5a + 1)dA . Therefore, 

6 


Total flux 
= | Fats f Reads f Pads f Fade [ Pade [ Pad 
Sy So S3 S4 S5 Sg 


= — (3a + 2)w? + (3a + 3w + 2)w? + ^ —4xdA + f ArdA 
3 S4 


S 


«f — (5x + 1)dA +f (5z + 1)dA = 3w?. 
S5 S6 
To find div F at the point (a, b, c), let the box shrink to the point by letting w — 0. Then 


div F = lim ( 


w—0 


Flux through x) 
Volume of box 


Using partial derivatives: 


a ð ð ð 
div F = —(3 2 — (4 —(5 1) =3 
wË = (8042) + 5 (de) + (60+ 1) 
23. Figure 19.17 shows a two dimensional cross-section of the vector field Y = —2r . The vector field points radially inward, 


so if we take S to be a sphere of radius R centered at the origin, oriented outward, we have 
ð -AŽ — —2R|AA |. 


for a small area vector AA on the sphere. Therefore, 
| g -dÅ = / —2R |dA || = —2R(Surface area of sphere) = —2R(4r R°) = —87 RP. 
S 5 
Thus, we find that P 
Ü- 3 


Notice that the divergence is negative. This is what you would expect, since the vector field represents an inward flow at 


the origin. 
Since U = —2r = —2xi — 2yj — 2zk , the coordinate definition give 
ð ð ð 
div = —(-2x) + —(—2y) + —(-2z) = —2 — 2 — 2 = — ô. 
iva = (722) + 5 (29) + (22) 


a 
ue 
"2 X 


Figure 19.17: The vector field  — —2r 
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24. 


25. 


26. 


27. 


28. 
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(a) Since a is a constant, 


div grad f = = 2 (22) T ay 2 GL) = Zlaya 2axy) 4 Fr (ae + az? + 3y?) = 2ay + 6y. 


(b) Since div grad f = (2a + 6)y, we have div grad f = 0 for all x, y if a = —3. 
(a) Since 


EN 3z — 10z? — 10y”) = 9a? — 6a — 3, 


2 (195? - 6ay) + > 


div F = Z oax + 10ay?) + Dy 
we have div F = 0 when 


9a? — 6a —-3 =0 
3(3a + 1)(a — 1) =0 


a=—- or a-— [l. 


(b) Taking the derivative with respect to a to locate the minimum gives 


— (9a? — 6a — 3) = 18a — 6 = 0 


a= -—. 


3 
This value of a gives a minimum because the expression for div F isan upward-opening parabola. 
Take S to be a small sphere of radius R centered at the origin. Then on S we have 
H| R 1 


z | 
|F || = RR P E 


In addition, since F points radially outward, F is parallel to the outward normal on the surface, so 


F-AA =||F\|AA= FAA. 


doy 1 1 
JE 8-[u- g J^ 


= qc (Area of diem = pate R?) = 4r. 


Thus, 


The divergence is therefore given by 
E Flux out of sphere 4n 3 
div F = lim —————_ = li = Timi 
N rae Volume inside sphere Lacs ( iu =) = R-0 (x): 


Since this limit is infinite, or undefined, we say that divergence of this vector field is not defined at the origin. 


(a) div B — cao, + 2 es + Se + y) = 0, so this could be a magnetic field. 

Ox Oy Oz 
(b) divB = S eg + E d — (z) = 0+ 1+0 = 1, so this could not be a magnetic field. 

Ox Oy > 
(c) div B = Zie y^ —x)4 Zy 2ry)4 2:0) = 2x — 1 + 1 — 2x 4-0 = 0, so this could be a magnetic field. 

z z 
(a) We have 
= oz 
div F = az =l; 


(b) Above the xy plane, the vector field consists of vectors pointing vertically upward, getting longer as you go up. 
Below the xy plane, it consists of vectors pointing vertically downward, getting longer as you go down. You can 
clearly see the divergence on the xy plane, since vectors on either side of it point in opposite directions, but it is not 
so clear elsewhere. However, the fact that the vectors are getting longer as you go up means that the flux through a 


cube situated above the xy plane will be non-zero, since the flux out of its top face will be greater than the flux into 
the bottom face. 
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29. (a) In Cartesian coordinates, 
7 eg — a — 
F (x,y,z) = (a? + y? + 2238/2" * (a? + y? + 22)5/2? + mep 


So if (x, y, z) # (0,0, 0), then 


Z > 


div F " 1 32? 1 3y? 
iv F (x,y,z) = (a? + y? + 22)3/2 i (x? + y? + 22)5/2 + (a? + y? + 22)3/2 ud (x? + y? + 22)5/2 


1 32? 
3b (x? + y? + 22)3/2 v (x? + y? + 22)5/2 


E z Ly +2” u 32? 
«24? 22)9/2 — (a2 y? 4 z2)5/2 


3(z? +y + 2? — 3(z? +y’ + 27) 
(x? + y? + 22)5/2 


(b) z 


Figure 19.18: The vector field F (7) = 
shown in the zz-plane 


The vector field is radial (all the arrows point out), so you might think that it is has non-zero divergence. (See 
Figure 19.18.) However the fact that the divergence is 0 at every point shows that flux density out of any small 
volume around a point must be 0. This is possible because the arrows also get shorter as you go out. 


30. The charges that produce this electric field are concentrated along two vertical lines, one near x = —1 and the another 
one near x = 1. This is seen by the change in direction of the field at those lines. Near x = — 1 the field is being repulsed 
by the line (seen by the field going away from the line), and the charge is therefore positive. Near x — 1 the field is being 
attracted to the line (seen by the field going toward the line), and the charge is therefore negative. 


31. (a) Translating the vector field into rectangular coordinates gives, if (x, y, z) 4 (0,0,0) 


É _ ka > ky E kz i 
(x,y, 2) = (x? + y? + z)3/2 T (x2 4 y? + 225727 + (x2 + y? + 22)3/2 


We now take the divergence of this to get 


N- r? +y rz 3 
Ai (^ae (5*4 yt n) 
= 0. 


(b) Let S be the surface of a sphere centered at the origin. We have seen that for this field, the flux ri Ë . d Á is the same 
for all such spheres, regardless of their radii. So let the constant c stand for f E . dA. Then 


div Ē (0,0,0) = li Ca 
iv E (0,0,0) — AE inside — «ia Volume" 
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(c) 
32. (a) 


(b) 


(c) 


33. (a) 


(b) 
(c) 


(d) 


(e) 


34. (a) 


(b) 
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For a point charge, the charge density is not defined. The charge density is 0 everywhere else. 


The velocity vector for the traffic flow would look like: 


— PP PP | | | | | > e —— — 
— PPP PP | a Ld -— La Lai | e —— —]NnÀ 
— PPP m» M» Ls Ld Ls Ls Ls > e — —— 
— P» P P» » Ls Ls Ls = Lai e e — Ne —— 
— PPP PP æ »- > > > | »-— —— —— 
— PPP PP La Ls | | a | > e —P_ — 
— PPP PP | Ld - | | a > e —— ÀÀ — o 


When 0 < x « 2000, the velocity is decreasing linearly from 55 to 15, so its formula is (55 — z/50)i mph. Then, 
when 2000 < x < 7000, the speed is constant, so Y (x) = 15i mph. Next, when 7000 < a < 8000, the velocity 
is increasing linearly from 15 to 55, so ọ (a) = (15 + (a — 7000) /25)i mph. Finally, when x > 8000, the speed is 
constant, so 0 (a) = 55; mph. 
div? = dv(x)/dz. 

At x = 1000, v(x) = 55 — 7/50, so div = —1/50. 

At x = 5000, v(x) = 15, so div = 0. 

At x = 7500, v(x) = 15 + (x — 7000)/25, so divi = 1/25. 

At x = 10,000, v(x) = 55, so div y = 0. 


miles/hour 
eet i 


Usually, the distance between cars is more at higher speeds and less at lower speeds. The cars are traveling the fastest 
at x = 0, so at that point, the traffic should be the least dense. Thus, 


p(0) < p(1000) < p(5000) 


In each case the units of div v are 


Since p is in cars/mile, U is in miles/hourü is in km/hour pv is in cars/hour. The vector quantity pU gives the number 
of cars passing through a fixed point in a time interval. 

Pick any two points on the highway, x = a and x = b (a < b). We expect pU to be the same at both places. This 
is because if more cars pass through a than b, that would mean cars are disappearing (or at least stopping, which we 
know is not the case since the velocity field is not 0) between a and b. On the other hand, if more cars pass through b 
than a, that would mean cars are being created between a and b. So we expect pU to be the same at a and b. Since a 
and b were chosen arbitrarily, we can say that pU is constant at all x. This means div(pv ) = 0. 

Ata = 0,0 (0) = 55i and p(0) = 75. We have pU (0) = 41257 = constant. So p(x) = ||p? || /||@ (z)|| = 4125/v. 


p(x) = cle if0 < x < 2000 
55- 5 
4125 
p(x) = = = 275 if 2000 € x < 7000 
4125 ; 
p(x = S = tite > 8000 


We have p(0) = 75, p(1000) = 118, p(5000) = 275, where p is given in cars/mile. At z = 0, there are 75 cars in 
a l-mile stretch of highway. Since there are two lanes, there are about 38 cars in a mile in one lane. A mile is 5280 
feet, so that says on average, one car occupies 139 feet. So at x = 0, the distance between two cars is 139 feet. 


Similarly, we find that at x = 1000, the distance is 89 feet, and at x = 5000, the distance is 38 feet. 
We calculate 
ijk 


FX€=/a y z| = (cay caz)i — (cam — e1z)j. + (eam — cry) k. 


Ci Ca C3 
Thus 


By the Divergence Theorem 
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35. Leti = aii + a2j + ask with a1, a2, and a3 constant. Then fa = f(x,y, z)(aii + a2j + azk) — i z)ari + 
f(x,y, 2)a2j + f(a,y,z)ask = fait + fasj + fask.So 


div(fa) = fan) , 2a) | (fas) 


= ə Əy ^ Oz 
O 0 Ó ; 
= üi 2i + ae + asst since a1, @2, 43 are constants 
Bie. hy ls tat eg da 
m. ap t" (aii +a2j + ask) 
= (grad f) - d 


36. Let F = Fii + Foj + Fsk . Then 
div(gF ) = div(gFii + gF»j + gFsk) 
a a ð 
= — (oF. — (gF. —(oF. 
a; 9 ) tg, 2) + az (9F3) 


g Og OF» Og OF3 
= OO feg ae M p a gu UE p ge 
az "Ias By |^? By | Og 5^7 Ge 
-Ip Ip , 9, (OF , OF» , OFs 
= gs t lis cle is c Oy” Oz 


= (grad g) - F +gdivF. 


37. Now grad f — fot + ful + f-k and grad g is similar. Thus 
i j k 
grad f x grad g = | f, f, f. | = (fuge — fegu)t — (fegz — f29«)3. + (fo9y — fuga)k . 
Ge Jy Gz 


Therefore 9 9 ə 
div(grad f x grad g) = az v9 — fsgy) + By ^9 — fsgs) + Bz «9v — fugz). 


Expanding using the product rule gives 


div(grad f x grad g) = fyxgz + fugzx — fexgy — fegyx + feyge + fegry 
feyGz — fegzy + fuu + fagus — fuzge — fugaz- 


Now consider pairs of terms such as fyzgz — frygz. Since fy; = fxy provided the second derivatives are continuous, 
these two terms cancel out. All the other terms cancel in pairs, showing that 


div(grad f x grad g) — 0. 


38. Using div(gF ) = (grad g) - F + qdiv F, we have 


E 1 1 
div F = ——div(@ x r) + grad(——) -a@ xr 
Ilr" ||? Il" ||? 
1 =p 
Ire ^ qp 


— 0 since and d. x f? are perpendicular. 


39. Using div(gF ) = (grad g) - F + g div F , we have 
div Ë = grad (=) P+ d div? ——az C*"f.rf-pg "(3)—(3—a)x *. 
xe H 
40. Using div(gF ) = (grad g) - F + gdiv F, we have 


divG = grad(b -7)-(@ x *)+6-Fdiv(é x F) =b-(€xF)+0-FO=5- (a xr). 
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41. 


42. 
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First compute the unit vectors 7" and N . Since T is in the direction of F we have 


Since N is the unit vector in the direction of k x F we have 


= 


k x F =k x (ui +07) 
—vi tuj 
1 
|| - vf uf 


zu 
| 


(-vi 4 uj) 
= E + uj Ji 
The chain rule for partial differentiation of the formulas u = F cos 0 and v = F sin 0 gives 
ug = (cos 0)F, — F (sin 0)0; 
vy = (sin0)F, + F (cos 0)0,. 
We have 
divF = Ua + Vy 
= ((cos 0) Fy, — F'(sin0)04) + ((sin @)Fy + F(cos0)0,) 
= (—v0s + uby) + a (uF +vFy) 
1 


pO + Fj) (uf +7) 


= (Oxi + Oyj) + (~vi + uj) + 
= Fgrad0- Ñ t grad F - T. 


Since the directional derivative of 0 in the direction of Ñ is 0 N = grad0- N and the directional derivative of F in 
the direction of T is Fp = grad F - T we have 


divF = Fg + Fp. 


We have now our temperature a function depending on t, x, y, z, hence T = T(t, x, y, z). For a fixed moment, say to, T 
is a function of only x, y, z. For this moment, t = to, we have: 


Rate of heat loss 5 
from volume V = k 7 (grad T) - dA. 
S 


. Now the rate of change, with respect to time, in the average temperature 
t=to 
in the region, at t = to, is proportional to the average rate at which heat is being lost per unit volume at t = to, so 


where grad T = (Zi + ory + si) 


OTavg 


_ = heat Ust) | ck f; (grad T)-dA 
Ot = 


Volume V Volume V 


t=to 


Taking the limit as V shrinks around the point, the average temperature through the region becomes the temperature at 
that point. Thus using the definition of the divergence (with respect to x, y, z), we have 
ƏT | . z 
Ot 


—ck lim 
V0 


Volume V 


t=to 


(—ck div grad T)i=t, 


As this holds at every moment to, one has: 


A = B - div grad T, 


where B = —ck is a function of time only, and the gradient and divergence are taken with respect to the variables x, y, z. 
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43. (a) At any point 7? = vi + yj , the direction of the vector field @ is pointing away from the origin, which means it is of 
the form Y = fr for some positive function f, whose value can vary depending on 7’. The magnitude of y depends 
only on the distance r, thus f must be a function depending only on r, which is equivalent to depending only on r? 
since r > 0. So 7 = f(r?)r = (f(a? + y?)) (zi 4- yj ). 
(b) At (x,y) A (0,0) the divergence of v is 

2  OK(a? +y) r) (Ke? +y’) y) _ Ky- Kr? Kz? — Ky? 
divg =A a E a ——— LÁ U 

Ox Oy (x? + y?)? (x? + y?)? 


Therefore, Y is a point source at the origin. 
(c) The magnitude of y is 


> = Ed F = = K 
Fl = KG? - y)" += KG? y!) G? ey!) = KG? ey!) = =. 


(d) The vector field looks like that in Figure 19.19: 


ls +s 
Pi 


NON 
N 
SNS 


aA = 
— Ll 


x 
I LAS 


Figure 19.19 


(e) We need to show that grad ¢ = 


ð K 2, 27, 9 ,K 2.27 
dés c 
grad ó = 3c (5 logo? y^) Sc (e log + ^) 
| g? +y "aw 
= K(z^ y^) "(ui +y) 


E 


=U 

44. (a) At any point 7 = ai + yj. the direction of the vector field Y is pointing toward the origin, which means it is of 
the form Y = fr for some negative function f whose value can vary depending on 7’. The magnitude of y depends 
only on the distance r, thus f must be a function depending only on r, which is equivalent to depending only on r? 


since r > 0. So 7 = f(r?)r = (ie + y?)) (zi 4- yj). 

(b) At (x,y) A (0,0) the divergence of v is 
divg - UG? +9") v) " O(K(rL-9)'y) _ Ky? - Ke? Ke- Ky | 
i Ox Oy pap” ety 


Therefore, Y is a point sink at the origin. 
(c) The magnitude of @ is 


HS 
=, 


IZI = IKI? +y "at i| = KE yT a +97)? = Ku? a) = 


(remember, K < 0) 
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(d) The vector field looks like the following: 


NON Yo | yo 4 o * 


* ox OX | yo. xw 
» ZIN z 
- 7 / | N NX 


(e) We need to show that grad o = 9. 


BN. uu E i das 
grad ¢ = E 5 log(z + y"))i + By! 5 log(z^ + y^))j 


Strengthen Your Understanding 


45. Divergence of a vector field is a scalar not a vector. We have div(2zi ) z 2. 


46. The divergence of a vector field is a scalar function, not a vector field. The correct divergence is 


div F = 2x + 2 — 2z. 


47. Only vector fields have a divergence. A scalar function such as f(x,y,z) = £? + yz does not have a divergence. 


48. If F (x,y,z) = 2zi +3yj + 42k. then 


div F (x,y,z) = 2 Qr) 4 Ze) + 2u) =2+3+4=9. 


More complicated examples work too, such as if F (x, y, z) = (2x + z?)i — 2yj , giving 


div F (x,y,z) = 2 (2a + x”) + 5 (-20y) + o= (24 2x) — 2x +0 = 2. 


49. If . 
F(z,y,z) 2 yi -22j -- xk 
then 9 9 9 
. ri ET 2 M m = 
div F (x,y,z) = aa! + as at 0. 


50. The vector field F (x, y) = 2x7 is not divergence free since div F (x, y) = 2 4 0. 
51. True. 


ding +) PLEC , MALES | 20 cr) 
OK, OF» Fs, Gi , 0G» , 0Gs 


Ox Oy Oz Ox Oy Oz 
=divF +divG. 


52. 


53. 
54. 
55. 


56. 


57. 
58. 
59. 
60. 
61. 


62. 
63. 


64. 


Solutions for Section 19.4 
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False. Let's compare the z-components of each side of the equation. The z—component of grad(F "G ) is given by 


> >š O(F1G FoG FG 
(grad(F G)), = (FiGi + F2G2 + F3G3) 


Ox 
_ OF, dG, | OF 8Gs  OFs 8Gs 
= aa Tw + pz C? tia ar + pz C Td 


However, the z—component of F - (div G ) + (div F') - G is 
(F (div G) + (div F)G) = Fi (divG ) + (div F )Gi 


0G, | 0G» , 0Gs\ , (OF , OF | OF, 
ami ug eI SLE oe a, 
(8 ur xz tay E 


These two x—components are different and therefore 
grad(F - G) 4 F (divG ) + (div F)G. 
True. div F is a scalar whose value depends on the point at which it is calculated. 


False. The divergence is a scalar function that gives flux density at a point. 


True. The net flow through a small volume is zero since the flow in is canceled by the equal flow out. Alternatively, 


>- Oa ðb Oc 
div. = = + —4+>—= 
v a a g 
False. As a counterexample, consider F = xk . Then divF = E: zu. 
z 


False. As a counterexample, consider Ë = i and f(x,y,z) = x. Then div( f Ë ) = div zi = 1, and fdivF’ = x-0 = 0. 
False. As a counterexample, consider F = 2ri +2yj +2zk . Then F = grad(x?+y?+2°), and div F = 2+2+2 #0. 
False. As a counterexample, consider F = a?i ThendivF = 2x, and grad 2x = 2i # 0. 

False. Since F can be written F (z,y,z) = zi + yj + zk, the divergence of F is3. 


True. Here is a way of constructing a vector field F . The idea is to think of f as a function of x (with y and z constant) 
and take the antiderivative. We define 


de) - | f(t, y, 2) dt. 
0 


By the Fundamental Theorem of one-variable calculus, we know Og — f. So, if f is given, the vector field F = 


- - Ox 
g(x,y, z)t has divF’ = f. 
False. As a counterexample, note that F =iandG = j both have divergence zero, but are not the same vector fields. 


False. The left-hand side of the equation, div(grad f), is a scalar function and the right hand side, grad(div F )isa 
vector. There cannot be an equality between a* scalar and a vector. 


(a), (b), and (e) all depend on the point (x, y, z), so they are vector fields. Since div = 3 and divi = 0, the vectors in 
(c) and (d) are constant vector fields. 


Exercises 


1. 


First directly: On the faces x = 0, y = 0, z = 0, the flux is zero. On the face x = 2, a unit normal is i anddA = dAi. 
So 


J rax = f (2i +yj 4- zk)- (dAi) 
S,-2 S,-2 
(since on that face, z — 2) 


al 2dA = 2- (Area of face) = 2 - 4 = 8. 
Sy-2 
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In exactly the same way, you get 


so 


Now using divergence: 


SO 


2 p2 p2 
Flux = Í f n 3dxdy dz = 3- (Volume of Cube) = 3-8 = 24 
o Jo Jo 


2. First directly, since the vector field is totally in the j direction, there is no flux through the ends. On the side of the 
cylinder, a normal vector at (x,y,z) is xi + yj . This is in fact a unit normal, since x? +y? = 1 (the cylinder has radius 
1). Also, using x = cos 0, y = sin 0, in this case, the element of area dA equals 1d0dz. So 


2 Qn 
emx= [Fad = ff (yj ) (at + yj) dO dz 
0 Jo 
2 27 2 27 2 
=] | Pas [ f sin? odode = | mdz = 2r. 
0 J0 0 Jo 0 


Now we calculate the flux using the divergence theorem. The divergence of the field is given by the sum of the 


Oy 


respective partials of the components, so the divergence is simply 557 1. Since the divergence is constant, we can 
y 


simply calculate the volume of the cylinder and multiply by the divergence 


Flux = 1zr?h = 27 


3. Finding flux directly: 
1) On bottom face, z = 0 SO. F= Z i+ 2y" j is parallel to face so flux is zero. 
2) On front face, y — 0 so Pe = z’ i + 327k is parallel to face so flux is zero. 
3) On back face, y = 1 so F =r i 2j + 327k and A Lj so flux is 2. 
4) On top face, z= 1so F =2 "ü + 2y 5 +36. and A = K so flux is 3. 
5) On side x = 1, F =i IA j + 327k and A = —i so flux is —1. 
6) On side x = 2, F = 4i -2yj + 322k and A =7 so flux is 4. 
Total flux is thus 8. 
By the Divergence Theorem: 


div F = 2x + 4y + 6z 


So, if W is the interior of the box, we have 


[Fate f octayecoav=2 f LE (a + 2y + 3z)dz dy dx 
S 
32? 
Et [em ET m n+ 2y +5 dy dx 
3y]! 
=2 Jes + z dx —2 (oni 5) dz 
1 2 lo 1 


ES [e + 5)dz = (x° + 5x) 


4. Since div F =1+1+1=3, the Divergence Theorem gives 


n -dÄ =] sav =3 | dV =3- Volume of the cylinder = 37. 
E wW w 


19.4 SOLUTIONS 1765 


5. The location of the pyramid has not been completely specified. For instance, where is it centered on the zy plane? How 
is base oriented with respect to the axes? Thus, we cannot compute the flux by direct integration with the information we 
have. However, we can calculate it using the divergence theorem. First we calculate the divergence of F’. 

O(—z) | 00 , Ox 


20 T ee sl ut 
Dc DA og Tm 


div Ë = 


Thus for any closed surface the flux will be zero, so the flux through our pyramid, regardless of its location or orientation, 
is zero. 


6. Since the surface is closed, the flux of a constant vector field out of it is 0. 


7. Since divG = 1, if W is the interior of the box, the Divergence Theorem gives 


Flux =d ldV = 1. Volume of box = 1.2.3. 4 — 24. 
w 


8. Since div Ë = y, if W is the interior of the box, the Divergence Theorem gives 


4 p3 p2 213 
mu = f yav= f f | ydrdyaz=42 t = 36. 
w o Jo Jo 2 Jo 
9. Since div J = 2xy, if W is the interior of the box, the Divergence Theorem gives 
2 513 |4 
Flux -f 2xydV = [ [ [ d —|z|-"2. 
o lo 


10. Since div N = 0, the flux through the closed surface of the box is 0. 


11. We have 
div((3x + 4y)i + (4y + 5z)j + (5z -3x)k) = 3+ 4+5 = 12. 


Let W be the interior of the cube. Then by the divergence theorem, 


nc --Ay)i + (Ay + 52)7 + (5z - 3x)k)- dA = Í 12 dV = 12- Volume of cube = 12- (2 - 3 - 4) = 288. 
S w 


12. By the Divergence Theorem, 


Fux = [a ai = f onis b dV — [If (zy + 5) dz dy dz 
S Ww 
ZEE TE + 5¢ wef f Qu bro dyde= f G + 10y) 
0 


3 


dz — 156. 
0 


Problems 


13. Since 
divF 20414021, 


we have 
n .dA = (div F ) - Vol = Era? = 36r. 
S 


14. Since div F = y + z + c, the flux is given by 


| Fad = f (£ +y + z)dV. 
Sphere Sphere 


1766 Chapter Nineteen /SOLUTIONS 


We calculate the first term of the integral 


d —22 1—-y2-22 
| tdV = / / z) x dz dy dz 
Sphere 1 1—22 1—-y2—22 


V is y2—22 
p Les dy dz 
1-22 —4A/1—-y2-22 


i —z 
= r j 0dydz = 0. 
—14—4/1—22 


The other terms in the integral are zero by a similar calculation. 
The same result can be obtained by a symmetry argument, which is much shorter: Since x, y, and z each take equal 
positive and negative values on half the sphere, the integral of each term is 0. Thus, the flux is zero: 


i F dA -f (z +y+2z)dV =0. 
Sphere Sphere 


15. Since div F = 3a? + 3y? + 32°, the Divergence Theorem gives 


[Fas av F av = f 3(a? + y? + 2”) dV. 
S Ww Ww 


Since W is the interior of a cylinder of radius 2 centered on the z-axis, we use cylindrical coordinates, giving 


jf -dA -j "golpe LE einn 
= [7 [ (X) aam f^ fon I5 ara 


2 

5r 125 r? 

= 3.9 ee ee M 
3 : (854 3 23! 


= 6207. 


16. Since div F = 32? + 3y? + 32°, the Divergence Theorem gives 


Flux -j* -dÄ = (3x? + 3y? + 32?) dV. 
5 Ww 


In spherical coordinates, the region W lies between the spheres p = 2 and p = 3 and inside the cone 9 = 7/4. Since 
32? + 3y? + 32? = 3p?, we have 


Flux = fF. dA = [ [ 2 3p? - p? sin ó dp dd d8 


"^ 633(2 - v2) = v2) 


= 232.98. 
5 


tod) 


2 


0 


17. We calculate div F and use the Divergence Theorem: 


op 208 yz 9 2.2 LÀ mu 
divF = Dg X t 3e Jg n z +1) +y) + a) =3. 


Thus, with S representing the surface of the cylinder and W the region inside, we have 


/ F -dağ =] 3dV = 3. Volume of cylinder = 3 - 1274 = 487. 
S Ww 
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18. Since div F = div(e * 7 + (tan(0.0012?22) Hy?) t (In(12-224?)4 27)k) = 2y+2z, by the Divergence Theorem, 
if S is the surface of the box W, 


3 4 5 
Flux [rax-[ div F a= f f f (2y + 2z) dx dy dz 
S 
-f f: (2xy + 2x2) | s - f fi (10y + 10z) dy dz 


= f + 10yz) a= f (80 + 40z)dz 
0 0 


0 


3 
= (80z + 202°)| = 420. 
0 
19. We use the Divergence Theorem, with 
M 3, ə [o] ð 
div F = — E + ——(y) = 27. 
wë = (0) + 5) + $y) = 22 


Let W be the interior of the cone. Then 


[Fas] aivF av = f Qa dV. 
S W W 


The region W is shown in Figure 19.21. Evaluating the integral over W as an iterated integral gives 


ri 2a dV a ia ae nardus f [— 
W y2 } Jute 
1 1—22 
L [pua “(= +2) aas - f oa zy zy) dz 
i 3 LA 


"NC ^y» Za gy ar (i a) dz = 1.571. 
= 


dy dz 


Jy2+22 


I 


The last integral was computed numerically. It can also be done by trigonometric substitutions; the exact value is 7/2. 


Figure 19.21: The cone x = 4/ y? + z?, 


withhO<a2<1 
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20. By the Divergence Theorem, if W is the cylinder and S is its surface: 


1 F -dË = / div É dV = | 10 dV = 10- Volume of cylinder = 10za?. 
S Ww WwW 


21. Apply the Divergence Theorem to the solid cone, whose interior we call W. The surface of W consists of S and D. Thus 


fJ E-aä+ [Pais | div F dV. 
S D W 


But div F = 0 everywhere, since F is constant. Thus 


f F-a =- [Fo m 
D S 


22. Since div?’ div(ai ! yj + zk ) = 3, applying the Divergence Theorem to the vector field F =F gives 
frä = f sav =s f av =v. 
S V V 
Thus ader dA LV. 


23. By the Divergence Theorem, T P F -dÄ = So divF dV = [i E OdV = 0 for a closed surface S, where W is the region 
enclosed by S. 


24. (a) Since ||F || = [I7 ||/]|7 ||?, we have ||F || = 1 on the unit sphere. Thus 


Flux — I F -dÄ — 1- Surface area of sphere = 4r. 
Sphere 


(b) Since 
r _ T " db y > + Z > 
TIAE E (x? + y? + 22)3/2 (x? + y? + 2 (x? + y? + 22)3/2 


we compute the partial derivative of each component 


? 


ra 


z _ 1 ds 
(x? + y? + 22)3/2 = (£2 + y? + 22)3/2 E (x? + y? + 22)G/2)+ 


= 


= 


x 

Ox 

ð y _ 1 3y? 

oy (a? + y? + 22)3/2 J (a? + y? + 2?)3/2 7 (a? + y? + 22)(8/2)+ 
2 

Oz 


z J 1 3z? 
(x? + y? + 22)3/2 a (£2 + y? + 22)3/2 — (x? + y2 + 22)8/2917 


So 
diy T E 3 _ 3(z? + y? + 2?) 
WF 3) (v2 +y? +.22)8/2 (£2 +y? + 22)G/2)41 
—O3( +y? +27) -3@? + y? +27) _ 0 E" 
Im (a? + y? + 22)5/2 z (x2 + y? + z2)5/2 = 


(c) Consider the region W between the box, B, and the sphere, S, with the box oriented outward and the sphere oriented 
inward. Then the Divergence Theorem says 


/ avPav- f Fads [ Fad. 
W B S 


Since the sphere is now oriented inward, 
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Since div F = 0, we have 


: T uds ri + yp E À x o y 
i (rT) p [en 2 Ez (s 2) + By (=>) 


a? +y? — Qe? + a? + y? — 2y? 


(a2 + y2)? 


(b) Since the cylinder contains points where * = 0 (on the z-axis) and div(7 /||7 ||?) is undefined there, we cannot use 


the Divergence Theorem. 
(c) Since the cylinder is closed, it is oriented outward. Calculating the flux directly, the flux through the ends of the 


cylinder is O since the vector field has no k -component. (The flux is zero even though the vector field is undefined on 
the z-axis.) On the curved sides of the cylinder, the vector field is perpendicular to the surface and of length 1. Thus 


Flux = I TF - dÁ = 1- Area of curved side = 1- 271-2 = 4r. 
T 
S 
(d) The cylinder, S, in part (c) lies inside this one, $1. In the space, W, between the cylinders, the divergence is 0. The 


surface of W consists of S oriented inward and Sı oriented outward. The Divergence Theorem can be applied to the 


region W, so 


Thus, the flux through this cylinder is the same as the flux through the cylinder in part (c). 
26. We use the Divergence Theorem to compare the integrals. We have 
div P, = y? +327 +. 3a? + 22? + 3y? = 32? + Ay? +52” 
div F 5 = y? 4274 x 
div F 3 = P4427 xy xy xz = x? +2? + 327. 


For all x, y, z, 
div F'3 € div F3 € div Fi, 


with equality only at the origin. Since the flux integrals are all through the same surface S, we have 
[Read < [Road < f Fial, 
S S S 
27. (a) By the Divergence Theorem, if S is the surface of the rectangular solid W, 
e b a 
Flux — | F -dÄ -f div F dV — | | / 2(6 — x) dx dy dz 
E w o Jo Jo 
c b 
B Í l 12x — x? 
o Jo 


dy dz — cb(12a — a?). 
0 
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(b) To maximize the flux cb(12a — a”), we take b and c to be as large as possible and choose a to maximize (12a — a?) 
on the interval 0 < a < 10. Thus we take a = 6, b = c = 10. Then 


= 3600. 


a=6,b=10,c=10 


Flux = cb(12a — a?) 


28. (a) Since F is radial, it is everywhere parallel to the area vector, AA. Also, \|F || = 1 on the surface of the sphere 
2 PEN 
z^ +y” +z = 1, so 


Flux through the sphere = / F .dA = lim 5 F.AA 
s ||AA || 0 


= lim FIHIAA|-— lim AA 
SOF NAA n M» | 


||AA || +0 


= Surface area of sphere = 47 - 1? = 4m. 


(b) In Cartesian coordinates, 


a > y z > 


F Se Fee 
(x,y, 2) (a2 +y2 4 zi + (323 y? 2253) + (a? +y? + 22)3/2 


So, 
M 1 32? 
div F (x,y,z) = | B ae} 


1 3y? 
EH (a2 + y2 + 22)3/2 B (x? + y? + 22)5/2 


1 32" 
3 (x? + y? + 22)3/2 E (a? + y? + 22)5/2 
B tyt? 0 3x? 
~ \ (a2 4 y? 4 22)5/2 (x2 4 y2 + z2)5/2 
apy 4 22 3y? 
a (a? + y? + 22)5/2 7 (x? + y? + 22)5/2 


a? ty? +2? 322 
(a2 +y? + 22)8/2 (x2 4 y? + 22)5/2 


3(z? +y? + 2? — 3(z? +y? +27) 
x? + y? + z2)9/? 


= 0. 


(c) We cannot apply the Divergence Theorem to the whole region within the box, because the vector field F is not 
defined at the origin. However, we can apply the Divergence Theorem to the region, W, between the sphere and the 
box. Since div F' = 0 there, the theorem tells us that 


/ F -dÄ + J Fad = f awF av =o. 
W 


Box Sphere 
(outward) (inward) 


Therefore, the flux through the box and the sphere are equal if both are oriented outward: 


f Fu f Fai- J Bak = an. 


Box Sphere Sphere 
(outward) (inward) (outward) 
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29. We have: " x 4 

zi +yj +2k 
Calculating the flux of F through the ellipsoid directly would be difficult. However, since div F = 0, we can replace the 
ellipsoid by a sphere. Except at the origin, we have div F = 0. Let T be the surface of a sphere centered at the origin 
inside the ellipsoid S, and let W be the region between S and T. Suppose both S and T are oriented away from the origin. 
By the Divergence Theorem, we have 


F (x,y,z) = 


Flux out of w = f div F -dV = 0, 
WwW 


and therefore 


Flux out of W = (Flux out — Flux in) = J. 


Fad [ Fad =o, 
S T 
Thus, we have 


> 


J F.dA x F -dÄ = (Magnitude of F on sphere) - (Surface area) 
S T 


1 
E ( di z) - (4r - radius”) = 4m. 
radius 


30. Use the Divergence Theorem. Since 


1 


(z? + y? + 2?)3/2 bs RI 


F (x,y,z) = 
we have div F = 0, except at the origin. 
Let T be the surface of a sphere inside the cylinder 5, and let W be the region between S and T'. By the Divergence 
Theorem, 


Flux out of W = Fad = f div F dV =0. 
S+T Ww 
Since S is oriented outward and T' is oriented inward, 


> 


Net ux outof W = Flux out - Fuxin - | F-a- f F .dA =0. 
T 


S 
so 


f F -dÄ = f F -dÄ = Magnitude of F on sphere - Surface area 
S T 


x 1 
— \ Radius? 


) - (4x Radius”) = 4r. 


31. (a) Let Wi be the ball inside 51. By the Divergence Theorem, 
| F -až =] (£? +y? +27 +3) dV. 
Sı Wi; 


Using spherical coordinates, we have 


2v T 1 
/ F.dA -f (+y +2? 4 sav f I / (p? + 3)? sin ġ dp dọ d0 
Sy Wi 0 0 0 


5 1 
24 
— 9m. (£s) 6 


(—cosQ)| —2-.2.2-— —m. 
ò 6 5 5 
(b) If we were to calculate all three integrals using the Divergence Theorem, we would be integrating div F through 
the interior of each of these regions. Since S» lies entirely inside S3, and 53 lies entirely inside S4, and since 
div F =a? +y? + z? + 3 is positive everywhere, 


[rads f rab Fa 
So S3 Sa 


T 
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32. (a) At the point (1,2, 1), we have divF = 1- 2-1? = 2. 
(b) Since the box is small, we use the approximation 


div F = Flux density ~% Flux out of box. 
Volume of box 
Thus 
Flux out of box ~ (div F' ) - (Volume of box) = 2(0.2)? = 0.016. 


(c) To calculate the flux exactly, we use the Divergence Theorem, 


Flux out of box = l 


Box 


div F dV = Í xyz? dV. 
Box 


Since the box has side 0.2, itis given by 0.9 < x < 1.1, 1.9 < y < 2.1, 0.9 < z < 1.1, so 


E 1:1 
u^ d Sn LYZ ais f d vy > R 
0.9 0.9 m 
E A ay? 2.1 " (1. — (0. " NT 1)? — (1.97? E 1 
: o9 2 lis 3 2 2 los 
1.1 2.1)? — (1.9)? Gay — (0.9)? 
_ (D? O9 QD O9 Gay ZUON = 0.016053 


Notice that you can calculate the flux without knowing the vector field, F. 


33. Any closed surface, S, oriented inward, will work. Then, 


J Fad =- | Fad, 
S(inward) S(outward) 


so, by the Divergence Theorem, with W representing the region inside S, 


T Fad =- f div F dV = ] e ea 
S(inward) Ww WwW 


The integral on the right is positive because the integrand is positive everywhere. Therefore the flux through S oriented 
inward is negative. 


34. (a) The rate at which heat is generated at any point in the earth is div F at that point. So div F = 30 watts/km?. 
(b) Differentiating gives div(a(ai + yj + zk )) = a(1 + 1 + 1) = 3a so a = 30/3 = 10 watts/km?. Thus, F = ar 
has constant divergence. Note that F = of has flow lines going radially outward, and symmetric about the origin. 
(c) The vector grad T' gives the direction of greatest increase in temperature. Thus, —grad T' gives the direction of 
greatest decrease in temperature. The equation F --k grad T' says that heat will flow in the direction of greatest 
decrease in temperature (i.e. from hot regions to cold), and at a rate proportional to the temperature gradient. 
(d) We assume that F is given by the answer to part (b). Then, using part (c), we have 


F =10(xi +yj + zk) = —30,000 grad T, 


So 


10 > + > 
dT = ———— (zi j k). 
gra 30,000 (xi +yj + 2k) 
Integrating we get 
=10 2 2 2 
= — C. 
x30004 TY **)* 
At the surface of the earth, x^ y? +2 = 64007, and T' = 20°C, so 
T= 6400? C = 20. 
oo )+ 
Thus, 
6400? 
=2 = 6847. 
C 0+ 6000 6847 


At the center of the earth, x^ y? += 0, so 


T = 6847°C, 
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35. (a) Using the expression given for the force, we have 


Force in ï direction = F -i = — 1 ógzi -dÄ 
S 


E dA. 
E 


Now apply the Divergence Theorem to this integral. (Notice that in order to do this, you need to orient S outward, 


hence the minus sign disappears.) 
Pa sf 98 des. 
y Ox 


Similarly: 
Force inj direction = F - j = -3 f zj -dĀ 
E 
= og OF ay =0 
v Oy 
(b) 


Force ink direction = F -k = -3 f zk -dA 
S 


=ò | Zav = sg [ dV = gV. 
v 92 V 


36. (a) Taking partial derivatives of Ë gives 


OE Ó = s _ 
T gu lene +y? 2) 797] = alla? + 9? + 27)? + 2-3/2) (20) 0? + y? +2) 
= aly? a 2? _ 27?) (a? + y? + 22) 5/2. 
Similarly, 
E 
= = q(x? ae 2” = Qy?) (ax ^ir. y. E gy 
A = g(a? Lap 22”) (2? +y? + PA 


Summing, we obtain div E =0. 
(b) Since on the surface of the sphere, the vector field and the area vector AA are parallel, 


BAA =Ë AZ 


Now, on the surface of a sphere of radius a, 


Thus, 
[ qx q T1. _ 4 2 
I E -dA = J = lldA || = — - Surface area of sphere = — - 4ra“ = 4nq. 
a a a 


(c) It is not possible to apply the Divergence Theorem in part (b) since E is not defined at the origin (which lies inside 
the region of space bounded by Sa), and the Divergence Theorem requires that the vector field be defined everywhere 
inside S. 

(d) Let R be the solid region lying between a small sphere Sa, centered at the origin, and the surface S. Applying the 
Divergence Theorem and the result of part (a), we get: 


o= f a«£av - f Beads [ Bad, 
R Sa S 
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where S is oriented with the outward normal vector, and Sa with the inward normal vector (since this is “outward” 
with respect to the region R). Since 


f oce I Bad, 
Sq, inward Sq, outward 


[Bad = sma, 
S 


[Note: It is legitimate to apply the Divergence Theorem to the region R since the vector field E is defined everywhere 
in R.] 


the result of part (b) yields 


37. Check that div Ë = 0 by taking partial derivatives. For instance, 


^X. = delis — 20)|( — 20)? + (y — vo)? + (z — 20)" 


and similarly, 


A = q[(z — xo)? + (z — zo)? — 2(y — vo)" |[(z — 20)” + (y — yo)? + (z — zo] ^^? 
25 = q[(z — zo)? + (y — yo)” — 2(z — 20)"][(@ — z0)? + (y — yo)? + (z — zo)"] ?^. 


Therefore, 
OE T OE» OEs 


Or | Oy | Oz 


The vector field Ẹ is defined everywhere but at the point with position vector f'o. If this point lies outside the surface S, 
the Divergence Theorem can be applied to the region R enclosed by S, yielding: 


[bad = | awd av =o. 
S R 


If the charge q is located inside S, consider a small sphere Sa centered at q and contained in R. The Divergence Theorem 
for the region R’ between the two spheres yields: 


ERE Bad = f div E dV =0. 
S S R 


a 


=0. 


In this formula, the Divergence Theorem requires 5S to be given the outward orientation, and Sa the inward orientation. To 
compute f s E -dA , we use the fact that on the surface of the sphere, Æ and A A are parallel and in opposite directions, 
so 


= 


E -AA = -|E ||||AA || 
since on the surface of a sphere of radius a, 


z Ir — roll q 
Popa 
IE |I FFP a 


Then, 


| E .dA = ] -&wü E = : Surface area of sphere = =< - 4ra? = —4nq. 
Sa a a a 


| E .dA = —Anq. 
Sa 


Strengthen Your Understanding 


38. 


The surface S is not the boundary of a solid region, so the Divergence Theorem does not apply. 


39. 


40. 


41. 


42. 
43. 
44. 
45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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The correct statement of the Divergence Theorem is: 


[Fae] div F dV. 
S WwW 


Since div F = 0 everywhere, the Divergence Theorem shows that 


fE ai=] div F dV = 0 
S Ww 


for every surface S that bounds a solid region W. For example, we can take S to be a sphere with any center and radius. 


If S is a sphere of radius 1 centered at the origin and W is the region inside it, then 
Flux out of S = / F dA =] div F dV =3. 
S w 


We pick F to be a vector field with constant divergence, div F = k, and calculate the constant k so as to get a flux of 3. 
Let F = kai. Then div F = k everywhere and 


Flux out of S = I k dV = k - (Volume of the sphere) = Enk. 
w 


So we have 4 9 
Flux out of S = =7k = 3, which gives k = —. 
3 Ar 


Thus, F = (9x/4r)i is one possible answer. 

False. Since the divergence is positive, F has a net outflow per unit volume everywhere. 

True. The divergence of the field zi + (3y)7 + (y — 5x)k is equal to 1 + 3 + 0 = 4 at all points. 
False. The divergence of any constant field is zero at all points. 


False. The vector field could be Ë = Ax, which is parallel to the zy-plane and hence has zero flux through the circle. 
Note that the Divergence Theorem cannot be used to calculate the flux in this case since a circle is not a closed surface 
enclosing a volume. 


True. The Divergence Theorem applies in this case and, since divĒ is constant, the flux of F through the cylinder is 
equal to 4 times the volume of the cylinder, or 4(37). 
2 


False. If this were true, div F , which is a function, would always be constant ( f. g F -dA isa constant). Take F =r i, 
so div F = 2x, which is not constant. 


False. Neither side of this equation makes sense: div F isa scalar, and we cannot take the flux integral of a scalar. On the 
other side, F is a vector field, and we cannot take the triple integral of a vector field. 


True. By the Divergence theorem, f. E F.dA=- f w div F dV, where W is the solid interior of S and the negative 
sign is due to the inward orientation of S. Since div F = 0, we have Ae F.dA =0. 


True. By the Divergence theorem, f. P F.dA= rà ir div F dV, where W is the solid interior of S. Since div F = 1, 
we have Í F. dÄ = f wl dV which is equal to the volume enclosed by S. 


True. The Divergence theorem says that f w div F dV = f " F . dA, where S is the outward oriented boundary of W. 
In this case, the boundary of W consists of the surfaces $1 and S2. To give this boundary surface a consistent outward 
orientation, we use a normal vector on 5, that points toward the origin, and a normal on S2 that points away from the 
origin. Thus Lm div F dV = fz; F -dÄ + Js. E. dÁ, with S2 oriented outward and Sı oriented inward. Reversing 


the orientation on 5, so that both spheres are oriented outward yields pe div F dV — f. Sp Ped f 8 F dA. 


False. The boundary of the cube W consists of six squares, so the Divergence theorem requires adding the flux integrals 
over the four remaining sides. 


True. The boundary of the cube W consists of six squares, but four of them are parallel to the xz or yz-planes and so 
contribute zero flux for this particular vector field. The only two surfaces of the boundary with nonzero flux are Sı and 
S5, which are parallel to the xy-plane. 
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55. 
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False. The Divergence theorem tells us in this case that f. S F -dÄ = f w div F dV = 0, where W is the solid ball with 


boundary S. But this does not necessarily mean that div F =Oatall points in W. The divergence of F can be positive 
at some points in W and negative at other points in W, yielding a triple integral of zero. For example, let F = z?i. 
The flux of this vector field through the sphere is 0. (The flux out for x > 0 cancels the flux in for x < 0.) However, 
div F' = 2z, which is not 0. 

True. Let D be the disk that forms the bottom of the cylinder, x? y? X 1,z — 0, oriented downward. Then the surface 
consisting of S» and D is closed and oriented outward, so the Divergence Theorem says Í. SB F -dA = Í w div F dV, 

h 
where W is the solid interior of the cylinder. Since div F = 0, we have y SB F -dA = 0. Writing the flux integral 
h 

as the sum of integrals over Sa and D gives Ís, F -dA + Js F -dA —0,so Sa, F -dA = - fp F -dA . The flux 


integral f D F . dA does not depend on the height h, so f. $, F .dA is independent of h. 
Since div F = 54-7 4-9 — 21, by the Divergence Theorem, if W; is the region inside S;, we have 
Qi EL 21dV = 21- Vol Wi. 
w, 


i 


Thus, we arrange Q; by the volume of W;, so 


Qa < Q3 « Qo < Qı. 


Solutions for Chapter 19 Review 


Exercises 
1. Scalar. Only the j -component of the vector field contributes to the flux and dA = -j dA, so 
n -- 4j )- dA = —4- Area of disk = —4- «5? = —100. 
E 
2. Scalar. Since 


3. 


. yi — xj —y-2x x- 2y 
dyl E jea A uo i. 
(44) (a? + y2)2 + (x? + y2)? 0 


(a) Only the ï -component of the vector field contributes to the flux and dA = i dA, so 
[eva +k)-dA =1- Area of square = 16. 
E 
(b) Only the i -component of the vector field contributes to the flux and dA = i dA, so 
] és +k)-dA =1- Area of square = 16. 
E 
(c) Only the k -component of the vector field contributes to the flux and dA = —k dA, so 
nz +27 +k)-dA = —1- Area of square = —16. 
E 
(d) Only the k -component of the vector field contributes to the flux and dA = —k dA, so 
n +27 +k)-dA = —1- Area of square = —16. 
E 
(e) Only the j -component of the vector field contributes to the flux and dA = j dA, so 


] E+ ad = 2- Area of square = 32. 
E 
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4. Zero, since dA is parallel to the z-axis, so (aj + yk) -dA — 0. 
5. Negative. On S, we have dA ——i dy dz and x = 7, so (ai + yk E dA = -7 dy dz. Thus, the flux integral is negative. 
6. Zero. Since dA = —idA, we have 


(yi 4-zxk)-dA =- [uda co. 
E E 
The integral is 0 because the disk is centered on the x-axis, so the contributions from the parts of the disk where y is 


positive and where y is negative cancel. In more detail, since dA = ~i dz dy on S, we have 


] ii cad = | -yardy =o. 
S S 


7. Positive. Since dA = —i dA and (a — 10) = —3 on S, 


] (e 10 + n1 ai = [esi «eii cian - f saa=s. Area of S. 
S S 


8. The disk has area 257, so its area vector is 2513. Thus 


Flux = (2i +37 )-252j = 757. 


9. Since F is a constant vector field, the flux through a closed surface is zero. (The flux that enters one side, exits the other 
side.) 


10. The square has area 16, so its area vector is 167. Since F = 5j on the square, 


Flux = 5j .16j = 80. 


11. The square has area 9, so its area vector is 9i.Since F = —5i on the square, 


Flux = —5i - 9i = —45. 


12. Since the square, S, is in the plane y = 0 and oriented in the negative y-direction, dA — =j dxdz and 


i F -dË = fo + 3)J -(—j dzdz) = -3 f dxdz = —3- Area of square = —3(27) = —12. 
S S S 


13. Since the square, S, is oriented upward, dA =k dxdy and 


"E "" 3 3 8 2 
Fix = f F -dA = f ak astu - f n dad = | — 
E E o Jo o 2 


14. Since the vector field is constant, Flux — 0. The flux through opposite faces of the cube cancel. 


0 


15. The only contribution to the flux is from the k -component, and since the square, 5, is oriented upward, we have 


Flux = [+j a = f k -dÁ = —Area of square = —4. 
S S 


16. All the vectors in the vector field point horizontally (because their z-component is zero), and the surface is horizontal, so 
there is no flow through the surface and the flux is zero. 


17. We have dA — kdA, so 
[Fad = | (i+ +208) Ea f awaa 
S S S 


3 p2 
a / | 2r drdy = 12. 
0 Jo 
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We have dA — idA, so 
n -dÄ = f (goes nad +208) aao | osa 
E E E 
4 v3 
xi J (2+ 0082) tis = 3(8 sin) 
o Jo 


On the surface S, y is constant, y = —1, and dA = -j dA, so, 


[Fad = [eim k)-(-j)dA= feta 


-f / (x +e" )drdzz —4(2--967 ) = =8(1 + 27"). 
o Jo 


Observe that the j and k components of F are parallel to the surface S, so they contribute nothing to the flux integral. 
On the surface S, the 7 component of F equals 5i , because z = 0 on S. Since 57 is normal to S and in the direction of 
the orientation of S, ihe F dA = Js 5i -dÁ = ||5i | (Area of S) = 20. 

There is no flux through the base or top of the cylinder because the vector field is parallel to these faces. For the curved 
surface, consider a small patch with area AA. The vector field is pointing radially outward from the z-axis and so is 
parallel to AŽ . Since || F || = 4/2? + y? = 2 on the curved surface of the cylinder, we have F - AA = ||F AA || = 
2AA. Replacing AA with dA, we get 


n F -dÄ = 2 dA = 2(Area of curved surface) = 2(27 - 2-3) = 24m. 
Curved 
S surface 
The vector field F = —yi + Tj + zk is tangent to the curved surface of the cylinder. (The area vector is parallel to the 


vector pointing radially outward from the z-axis, namely xi + yj and (—yi + xj +zk )- (xi + yJ) — 0.) Thus the 
only contributions to the flux integral are from the top and the bottom. On the top, z — 1 and dA = dAK , so 


> > 


F -dÄ =(-yi + uj +k)-dAk = dA. 


Thus 
f F.dA =] dA = Area of top = q (1)? = m. 
Top 


Similarly, on the base, z = —1 and dA = (-dA k ), so 


F -dÄ =(-yi 4- 2j — k)- (CdAK) = dA. 


| F -dÄ T dA = Area of base = m. 
Base Base 


Total flux through cylinder = Flux through top + Flux through base = 27. 


Therefore, 


First we have 
a8 | 42 Y 


Although z is not a smooth function of x and y at (0, 0), the improper integral that we get converges: 


[Fee z? +y2k)- J +k)dA 
S S 


x > y 
SS a 
xu? + y? x? + y? 
3 3 
z” +y 
= ———á z? +y? dA 
J. \/ z? +y? 
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Changing to polar coordinates we have 


7/2 1 
| F -dA = f n (—r? cos? 0 — r° sin? 0 + r)r drd 
E 0 0 
7/2 4 r=1 
- f —" (cos? 0 + sin? paly 3 do 
0 4 3 r=0 


1/2 1 
E — 7 (cos 0 + sin? 0) + 5) do 
0 
7/2 1 1 
- f (- 1 (6050 — cos 0 sin” 0 + sin 0 — sin 6 cos? 0) + z) dé 
0 
7/2 
zc lug lua gne poop 
4 3 3], 


T 
6 
. The vector normal to S is j; the dot product of F and j is positive if b > 0. There are no conditions on a and c. 


. By the symmetry of the sphere, the i and j components of F do not contribute to the flux; only the k component 
contributes. The vector normal to S has a negative k component, so we need c > 0. There are no conditions on a and b. 


. The sphere is oriented outward. Provided a > 0, the vector field points outward, giving positive flux. 


. The normal to the plane is i Hj +k. Converting this to a unit vector, we see that on the plane dA = o Hj +k )/ V3dA. 
The flux integrates the dot product 


a oe eet p Uta ck atbte 
F -dÄ =(ai +bj +ck)- dA = “aa. 
ET V3 


Thus we need a +b +c » 0. 


. (a) By direct calculation, the flux of F through the plane x = 0 is 0 because the 7 -component of the vector field is 0 
there. The flux of F through S, the square O < y < 1,0 < z < 1 inthe plane x = 1 is 


1 1 1 1 1 2 
Fux = [Pai = f i (yl tues be 1k) Tayde = | | yay de = | 2 
S 0 0 0 0 0 2 


Similarly, the faces y — 0 and y — 1 contribute a flux of 0 and 1/2, respectively, as do the faces z — 0 and z — 1. 
Therefore 


1 


1 
jm 
mg 


1 1 1 3 
Total flux =O Or eS Ss: 


(b) Since div P= y + z + x, the flux is given by 


We calculate the integral 


1 2 1 
f (e+tyt+z)dV= i [ K (a+ty+z) Javdyds = f (5 ees) 
Box 0 0 2 o 
EE | 
= Lays? )ayaz= f (i + 
odo 2 " 2 2 
1 1 2 
=| (5+5+2) a= | ü«24- 2L 
o \2 2 ö 2 


dy dz 
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29. (a) We will compute separately the flux of the vector field F =i + 2yj + 3k through each of the six faces of the 


cube. 
The face Sz where £ = 1, which has normal vector 7 . Only the i component a?i — i of F has flux through 


Sr. 
f F -d8 -f i -dÁ = ||i || (area of Sr) = 4. 
S; Sr 


The face S;; where x = —1, which has normal vector zi. Only the i component ri = —i of F has flux 
through Syr. 


| Fad = f i -dÁ = || —7||(area of Srr) = 4. 
Sir Sir 


The face S777 where y = 1, which has normal vector j. Only the j component 2yj = 2j of F has flux 
through SIIr. 


J F.dA ad, 2j -dA = ||2j ||(area of Strr) = 8. 
SIII SIII 


The face Sry where y = —1, which has normal vector e. Only the 7 component 2yj = —23 of F has flux 
through Srv. 


| F -dÄ -f —2j -dA = || — 2j ||(area of Srv) = 8. 
Srv Srv 
The face Sy where z = 1, which has normal vector X . Only the k component 3k of F has flux through Sy. 
| F -dÄ = f 3k -dA = ||3k || (area of Sv) = 12. 
Sy Sy 


The face Sy; where z = —1, which has normal vector —k . Only the k component 3k of F has flux through 
Svr. 


1 F .dA -f 3k -dË = —||3k | (area of Svr) = —12. 
Syr Syr 


(Total flux through S) = 4 + 4 + 8 + 8 + 12 — 12 = 24. 


(b) Since S is a closed surface the Divergence Theorem applies. Since divF = 3x? +2, 


1 1 1 
f F -dÄ = J | J (32? + 2)dzdydx = 24. 
S z——14Jy-—-14z-—-—1 


30. Since div F = —1 + 2 + 2 = 3, we use the Divergence Theorem: 


Flux — | F dA = f div F dV = 3 - Volume of Sphere = 3 - Qe — 32m. 
S Ww 


31. Since divVF =24+3+4+4= 9, the Divergence Theorem gives 


i es - 4 
n | dA = f div F dV = 9 - Volume of sphere = 9 - 379 — 15007. 
S Interior 


of sphere 


32. Since div = 2r + 2y, the Divergence Theorem gives 


fraai] (2x + 2y) dV 
S Interior 


of cube 


3 (3 p3 
zu J I (x + y) dz dy dz 
o Jo Jo 
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3 
dz= 2 f 27 dz = 162. 
0 


33. Since divF =14+2-1= 2, the Divergence Theorem gives 


eS 4 4 
n -dA a div F dV = 2- Volume of sphere = 2 - gm B T. 
S Interior 


of sphere 


34. Since divF = 3x? + 3y”, using cylindrical coordinates to calculate the triple integral gives 


2r p5 p2 4|? 
]*4-[ Gs e ahyav -s f n f r?-rdrdzdð =3-2n-5—| = 120r. 
S Interior 0 0 0 4 0 


of cylinder 
35. Since div F = 1 + 1 +1 = 3, the flux through the closed cylinder, S1, with interior W, is 
f F -dÄ = / 3dV — 3. Volume of cylinder = 37. 
Sy w 


With the base of the cylinder oriented downward and the top of the cylinder oriented upward, 


[Ff Fa- f Fad - f Bad. 
S Sy Base Top 


1781 


Since F is parallel to the base, the flux through the base is 0. The flux through the top is contributed entirely by the k 


component. Since z — 1, we have 


Flux through top = | Fad = f (i tui +E) aA = f k-dA =n. 
Top Top 


Top 
Thus 
n dA —3r— r = 20 
S 
Problems 
36. z 
z 
(0, 0, 2) b t 
e 09 
I= S2 
y 
—2c 
. Lo 


Figure 19.22 Figure 19.23 
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/ 


Figure 19.24 


Flux through Sı = F . A = (-i —j +k)-(k)=1 

Flux through S2 = F - A = (-i —j +k)-(k)=1 

Flux through S3 = F - A = (-7 —j +k)-(-27) 22 
For $4, a normal is —7 +k and the area is 2, so Å = — 2i 4- V2k 


Flux through Sy = F . A = (-i — j +k) (-V2i + V2k) = 2v2. 


So, 
Flux through Sı = Flux through 5» < Flux through $5 < Flux through Si. 


37. (a) We have grad f = (y + yze^"^)i + (x + zze^*?)j + vye^"^k. 
(b) By the Fundamental Theorem of Line Integrals, we have 


(2,3,4) 


= (2.34 e*?4 (1.1 p e) 254 e2* — el, 


J grad f - dr = (xy +e") 
e 


(1,1,1) 


(c) Only the k-component of grad f contributes to the flux integral. On the xy-plane, dA — k dx dy and z — 0, so 
4-2 


2 pr/4—x2 3 15 2 m T 
f enr dá -f f oye dy de = | I =| Ž(4— 27) dx = (2-5) 
S o Jo o 21 o 2 8 


38. The square of side 2 in the plane x = 5, oriented in the positive x-direction, has area vector A = Ai. Since the vector 


field is constant 


2 
l2: 
0 


Flux = (ai 4- bj -- ck)- 4i = 4a = 24. 
Thus, a = 6 and we cannot say anything about the values of b and c. 

39. (a) In the first and third integrals, only the i component contributes to the flux integral. The orientation is in the positive 
i directions in both cases, the disks are the same size, and the (a? + 4) is larger on the surface 55, so the flux through 
$5 is larger than the flux through S1. In the case of S», only the 7-component contributes. Since the disks in S2 and 
S5 are the same size, and S2 oriented in the positive y-direction, the fact that (x? + 4) is larger on 55 than y is on S» 
tells us that the flux through 53 is largest. 

(b) On S3, the vector field is ((—3)? + 4)? -- yj — 13i -- yj anddA =i dA, so 


] e mnake f asi +j) taam f 13dA = 13- Area of disk = 13r. 
S3 S3 S3 


40. (a) At the north pole, the area vector of the plate is upward (away from the center of the earth), and so is in the opposite 
direction to the magnetic field. Thus the magnetic flux is negative. 
(b) At the south pole, the area vector of the plate is again away from the center of the earth (because that is upward in the 
southern hemisphere), and so is in the same direction as the magnetic field. Thus, the magnetic flux is positive. 
(c) At the equator the magnetic field is parallel to the plate, so the flux is zero. 
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41. (a) By the definition of divergence as flux density, we have 
Flux out of small region ~ Divergence - Volume. 
(i) At (2, 1, 1), we have div F = 2? + 1? — 1? = 4, so 


Flux = 4- 3^ (0.1)? = LUE. — 0.0168. 


Gi) At (0,0, 1), we have div F = 0? -- 0? — 1? = —1, so 


Flux + —1- 37(01)* — —0.004. 


(b) The fact that the flux in part (i) is positive tells us that the vector field is pointing, on average, outward (rather than 
inward) on the sphere around (2, 1, 1). The fact that the flux in part (ii) is negative tells us that, on average, the vector 
field is pointing inward (rather than outward) on the sphere around the point (0, 0, 1). 


42. (a) The cube is in Figure 19.26. The vector field is parallel to the x-axis and zero on the yz-plane. Thus the only 
contribution to the flux is from $5. On S2, x = c, the normal is outward. Since F’ is constant on 5S», the flux through 
face S2 is 


I Perae 
S2 


=a-ct 
=. 
Thus, total flux through box = c?. 
(b) Using the geometric definition of divergence 
div F = lim (m through A) 
c0 \ Volume of box 
3 
c 
= jj E. 
$30 ( c3 ) 
=i 
(c) Using partial derivatives, 
div F a quc 9 j= +0+0=1 
^ Ox Oy ' Oz DS 
S1 (back) 
z ! 
<— S4 (back) 
^ 
£ Ss (bottom) 


Figure 19.26 
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See Figure 19.26. 

(a) Since 2i --3k is a constant field, its contribution to the flux is zero (flux in cancels flux out). Therefore f F -d = 
f G3) dA = Ja; yj -dÄ + Ja; yj : dA since only S5 and S4 are perpendicular to yj. On S3, y = 0 so 
Tes yj -dÄ = 0. On Su, y = c and normal is in the positive y-direction, so den yj dA = c(Area of $4) = 
c: c = c). Thus, total flux = c. 

(b) Using the geometric definition of divergence 


. 2 . Flux through box 
div F =1 —————— 
i 0 ( Volume of box ) 


3 
C 
= li =)=1. 
nan, (5) 


ð ð ð 
ga as Mg AeL 


(c) 


See Figure 19.26. 


(a) This vector field points radially outward from the z-axis. Thus, the vector field is parallel to the surface on 51, S3, 95 
and Ss, so the only contributions to the flux integral are from S2 and S4. 
On S2, x = c and normal is in the positive x-direction, so the flux is 


i. F -dÄ -f (ci -- y )- (dAT) = | cdA = c(Area of $5) = œ. 
S2 S2 
Similarly, the flux through 54 is 
f F -dÄ zd (xi +cj )- (dAJ) =] cdA = c(Area of S4) = œ. 
S4 S4 S4 


Thus, the total flux through the box = 2c’. 
(b) Using the geometric definition of divergence, we have 


div F = lim ( 


c—0 


Flux through surface of =) 
Volume of box 


(c) 
ð [o ð 
az; 9 + I” + 5; 0 =14+1+0=2. 


We close the cylinder, S, by adding the circular disk, $1, at the top, z = 3. The surface S + $1 is oriented outward, so S1 
is oriented upward. Applying the Divergence Theorem to the closed surface S + 51 enclosing the region W, we have 


f Fad = f dwf av 
S+S81 Ww 
[Ff Fa = f div F av. 
S Sy 


div F = div(z?i +277 +5k) — 0, 


fE ai=- f Bad. 
S Sy 


Only the k -component of F contributes to the flux through 51, and dA =k dx dy on $1, so 


Since 


we have 


G ak =— f Gest es) E dedy =~ | 5drdy = —5- Area of Sı = —5r (V2)? = —107. 
S Sı Sı 


46. 


47. 


48. 
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We close the cylinder, S, by adding the circular disk, $1, at the top, z = 3. The surface S + $1 is oriented outward, so S1 
is oriented upward. Applying the Divergence Theorem to the closed surface S + 51 enclosing the region W, we have 


| Fad = f awh av 
S+S81 Ww 
[Rade | Bead = [aav 
S Sy 


div F = div(y?i +277 + (z? +k) — 0, 


[Fra 
S Sy 


Only the k -component of F contributes to the flux through 51, and dA =k dx dy on $1, so 


Since 


we have 


[F:4--[ Q^ ez] + (et e) dedu - | (a? + y?) dz dy. 
S Sı 


Converting to polar coordinates, since the cylinder has radius v2, we have 


T E 2T ya x 
fF ai=- / r^.rdrdü = —2r — 
S 0 0 4 


We close the cylinder, S, by adding the circular disk, 51, at the top, z = 3. The surface S + $1 is oriented outward, so S1 
is oriented upward. Applying the Divergence Theorem to the closed surface S + 51 enclosing the region W, we have 


f Fad = f acPav 
S+S81 Ww 

[eas | Fad = f aiv F av, 
S Sy 


div F =div(zi 4 zj +yk) — 0, 


peda [ex 
S Sy 


Only the k -component of F contributes to the flux through 51, and dA =k dx dy on $1, so 


V2 
= —2m. 


Since 


we have 


fE a=- (ei taf e) E dedy =~ f y dz dy. 
S Si 


Since y is an odd function, by symmetry, its integral over S is zero. Thus, 


[Fad =- [mtn 
S S 


We close the cylinder, S, by adding the circular disk, 51, at the top, z = 3. The surface S + $1 is oriented outward, so S, 
is oriented upward. Applying the Divergence Theorem to the closed surface S + S4 enclosing the region W, we have 


f Fad = f divf av 
S+S81 Ww 
[Ff Fad = f div P av. 
s Sy 


div F = div(y?i -- a?j + 7zk) — 7, 


Since 
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[Pas rav- f F dA =7- Volume of cylinder -f 
S Ww Sı Sı 


we have 


Sn 
a 
Dı 


Only the k -component of F contributes to the flux through 51, and dA =k dx dy and z = 3 on 51, so 


[F9 WPT +a] 47-38) E dedy in - | 21 dx dy 
S Sy Sı 


= 84r — 21 - Area of Sı = 84r — 21 - n( V2)? = 427. 


49. We close the cylinder, S, by adding the circular disk, $1, at the top, z = 3. The surface S + Sj is oriented outward, so S, 
is oriented upward. Applying the Divergence Theorem to the closed surface S + 5; enclosing the region W, we have 


| Fad = f awh av 
S+S81 WwW 
[Rade | Bad = fav av 
S Sy 


divF = div(a?i + y?j +k) = 3a? + 3y?, 


[ras (30? + ay?) av - | Bou. 
S Ww Sı 


To find the integral over W, we use cylindrical coordinates. For the integral over 51, we use the fact that dA =k dx dy, 
so only the k-component of F’ contributes to the flux. 


2m 3 V2 
[Fa J f 3r? rdrde do — | (a?i +y] +k)- k dedy 
S 0 —340 Sy 
27 13 V2 
-f dx dy 
ŝi 


0 


(v2) — Area of Sı 
= 367 —7 (/2)? = 34m. 


Since 


we have 


50. By the Divergence Theorem, since div F =0, the | flux through the cone equals the flux upward through t the disk r < 4 
in the plane z — 4. The area vector of the disk is A = 747k. Since the flux is negative, F = —c(i +k ) with c > 0. 
Thus 


so 


£? +y? — 2a? + x? + y? — Qy 
(a2 + y?)2 


52. 


53. 
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(b) For 7 = 0, which is the z-axis. 
(c) Since the cylinder does not include the z-axis, we can use the Divergence Theorem. If S is the cylinder and W is its 


interior, we have 
|t] av (Tae) av - f 0dV =0. 
s lir Il w Lr w 


(d) Since the vector field 7 /||F ||? has no component perpendicular to the flux there, it has no flux through the ends. Thus 
the flux through the sides of this cylinder is also 0. 


(a) The divergence of F must be zero. 
(b) We calculate the divergence: 


div(a(e* + y — z)í + 12y(1 — e”)j ) = ae” — a + 12(1 — e?) = (a — 12)e* 4- 12 — a. 


Thus, the divergence is 0 if a — 12. 


(a) First we calculate 
PXd-—|m y z | (yas — za2)i + (zai — xa3)j + (zaz — yai)k . 


Qj a2 43 


Then we calculate 


> 


div(r x d) = div ((yas —zaz)i + (za1 — za2)j + (xa — yai)k ) =0. 


(b) The cube is closed and oriented outward. By the Divergence Theorem, 


I @xa)-ad = | div(£ x @)dV =0. 
Box Interior of box 


54. We use the Divergence Theorem, where W is the region inside S: 


[Fas div F dV. 
S Ww 


Since W = Wi + W2, where Wi is the region inside the cube and W^» is the region outside the cube and inside the sphere 
S, we find the integrals over W; and W2 separately: 


f div F dV = 3- Volume W, = 3 - 4° = 192. 
Wi; 


| div F dV = 5. Volume W3 = 5- ($010) = 4?) = a — 320. 
W2 


Thus, 


T — 320 = T — 128. 


20,000 20,000 
3 3 


EI div F dV = 192 + 
S Ww 


55. (a) The disk 55 is in the plane x = 2. It is oriented away from the origin because S is closed and oriented outward. See 


Figure 19.27. 
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Figure 19.27: The cone x = 4/ y? + z? for 
O0O<a<2 


(b) (i) On S5, we have dA =7 dA, so only the i component of F contributes to the flux through $5. On S2, we have 
xz = 2 so 


f F -dÄ -f 3-27 -I dA = 6- Area of S2 = 6(n2?) = 24m. 
So S3 
(ii) Since it is difficult to calculate the flux through Sı directly, we use the Divergence Theorem, with 


.gB 0 o ð 
div F = a, 3) + 5, 49) + 53; 02 =34+4+5=12. 


Let W be the interior of the cone. Then by the Divergence Theorem, 
[Fas Fad + f Fad = f div F dV, 
S Sy S2 Ww 
n E = 12dV = 12- Volume of cone = 12- (572-2) = 32r. 
S w 3 


J Fad = f av av- f F .dA = 320 — 24r = 8r. 
Sı WwW S2 


56. (a) On the disk, only the i -component, 5i, contributes to the integral, so 


So 


Thus 


F -dÅ = / 5i -i dA — 5- Area of disk = 5n(v/T)? = 35r. 
$1 Sy 
(b) Using the Divergence Theorem, with W the region within the cylinder and div?’ = 3, 
"E , 2 
f T.dA = | 3dV =3- Volume of cylinder = 3- (V7)? -5 = 1057. 
S2 W 


(c) The closed cylinder S» has sides consisting of Sı and S3, and also a disk, S4, in the yz-plane y? +2? < VT, x — 0. 
Since the 7 component is 0 on S4, the flux through S4 is 0. Thus, 


Jr [rfr [ran 
S2 Sı S3 S4 


1057 = 357+ f F- dA +0, 
S3 
so 


j F- dA = 105r — 357 = TOT. 
S3 
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57. We cannot find f F.dA directly as we do not know fı and fa. We close the surface by adding D, the disk x? + y? < 9 


E 
in the zy-plane, oriented upward. If W is the solid region enclosed, the Divergence Theorem tells us 
= > 2 1 4 ,s 
F -dA = div F dV = 5dV =5. Volume of W = 5. =. =73° = 90r. 
S+D wW w 2 3 


Thus, 


[Beads | Fai me. 
S D 


Only the k component of F contributes to the flux through D, where dA — kdA, so 
I F -dÄ al k -k dA = Area of D = 13? = 9r. 
D D 


Thus, 
fF . dA =90n— f F -dÄ = 90x — 9r = 81r. 
S D 
vi yj +zk 
(x? + y? + 22)8/2? 
0n o 
Ox Ox 


58. (a) Since F = 


r? +y 4 27 — 32? 
(a? + y? + 22)5/2 ^ 


Similar calculations for OF2/Oy and OF3/0z show that 


2 2 2 2 2 2 
div p = ÎE q OF OF3 _ 3(x Ty + 2°) — 32° — 3y“ — 3z =i, 
Ox Oy Oz (a? + y? + z2)5/72 
Thus div F is undefined at the origin, but it is zero everywhere else. 
(b) The vector field F' is everywhere perpendicular to the surface of the sphere, and on the sphere we have 
= 10 1 
F || = =. 
IF I 10? 10? 


Thus 


E > 1 1 
"E -dA = pa ` Area of sphere = ior 4710" = dm. 


(c) Since div F =0 throughout B1, by the Divergence Theorem 


| Fad = f div F dV = 0. 
Bı Interior of Bı 


(d) Since div F is not defined at the origin, we cannot use the Divergence Theorem in the same way as we did in part (c). 
However, we can apply the Divergence Theorem to W, the space between B» and S, with B2 oriented inward: 


[Fas f Fad [| awh av =o, 
S Bs (inward) Ww 


J Fad =- f Bead = [Bad oa. 
B» (outward) Bz (inward) S 


(e) If the origin is outside the surface, the flux through the surface is 0, by the Divergence Theorem. If the origin is inside 
the surface, then we apply the Divergence Theorem to the region between the surface and a sphere. The sphere is 
taken large enough to contain the surface entirely within it, or small enough to lie entirely within the surface. We find 
that the flux is 47. The only case we do not consider is when the origin actually lies on the surface. 


Thus 
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59. 


60. 


61. 


62. 
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We can rewrite F in terms of (a, y, z) as 
E —Gma E —Gmy E —Gmz > 
= i 5 i H aS EER 
(a2 + y? + 22)3 / (x? + y? + 22)3 (£2 + y? + 22)3 


Now we find the divergence of F in the usual manner 


. B ð —Gmz ð —Gmy ð —Gmz 
div E =m ea 
Oz SF y+ Iy SaF y+ Oz (a? y 4 223 
2 2 2 
E NE ty +z 3Gm 


(a? + y? + 22)5/2 oF (a? + y? + 22)3/2 


Thus, div F = 0 for all points except the origin. We consider a region enclosed by two concentric spheres. Since the 
divergence of the field is zero at all points except the origin, the volume enclosed contains only points with zero divergence. 
Consequently, the flux through the surface of the enclosed volume must be zero. Since the field is always inward pointing, 
this is equivalent to saying that the flux into the outer sphere must equal the flux out of the inner sphere, and so we see 
that for any two spheres, the flux must be equal, which shows that the flux is independent of the radius of the spheres. 


Since the divergence is zero at all points not containing the charge, the flux must be zero through any closed surface 
containing no charge. We imagine a surface composed of two concentric cylinders and their end-caps, where the axis of 
both cylinders is the z-axis. Then, since no charge is contained in the region enclosed, the flux through the surface must 
be zero. Now, we know that the field points away from the axis, which means it is parallel to the end-caps. Consequently, 
there must be no flux through the end-caps. This implies that the flux through the inner cylinder must equal the flux out 
of the outer cylinder. Since the strength of the field only depends upon the distance from the z axis, the flux through each 
cylinder is a constant. This implies that the following equation must hold 


Flux through each cylinder = E,2zr4L = E,2aryL 


where Ea and E; are the strengths of the field at ra and r, respectively, and L is the length of the cylinders. Dividing 
through, we can arrive at the following relationship: 


Ea/Ev = rra 
If we take E, to be a constant at a fixed value of ry, then the equation can be simplified to 
Ea=k/ra 
where k = Evry. Thus we see that the strength of the field is proportional to 1/r. 


(a) If we examine the equation for ? , we see that when r = 0, that is, at the center of the pipe, U (0) becomes ui.Souis 
the speed at the center of the pipe; it is also the maximum speed since u(1 — r? / a?) reaches its maximum at r = 0. 
(b) The flow rate at the wall of the pipe (where r — a) is 


8 (a) = u(1— a?/a?)i 2 0. 


(c) To find the flux through a circular cross-sectional area, we use polar coordinates in the plane perpendicular to the 
velocity. In these coordinates, an infinitesimal area, dA becomes r dr d0i . So the flux is given by 


27 a 
Fux = f a-a = | acte rarai = | / u(1 — r?/a?)r dr d0 
S S 0 0 


a 3 2 2 2 
= zru f (r — 5) dr = 2ru E DN 
^ a 2 4 2 


(a) (i) The integral f w P&V represents the total charge in the volume W. 


(ii) The integral f Š J -dÄ represents the total current flowing out of the surface S. 
(b) The total current flowing out of the surface S is the rate at which the total charge inside the surface 5 (i.e., in the 
volume W) is decreasing. In other words, 


Rate current flowing out of $ — — 2 haige in W) 


Ot 


SO 
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63. (a) Since ¥ = grad ¢ we have 
2 2 
= y — r > —2xy >+ 
y = | L+ = |i + 
( (a? — | (x? T4227 
(b) Differentiating the components of v , we have 


2 2 2_ 9,2 2. 2 
( y —z )«s( —2zy )-35 3y ) | 2z(3y x") 


dive = 2 a Md 
E (0 (£? + y2)? (324-92) — 


a C Gn) y Gt ry 


(c) The vector @ is tangent to the circle z? 4-y? = 1, if and only if the dot product of the field on the circle with any radius 
vector of that circle is zero. Let (x, y) be a point on the circle. We want to show:  - 7 = 0 (x,y) - (xi 4- yj ) = 0. 


We have: 
2 2 
y —c > —2xy 7 = > 
12 pee en ay : 
(( + ai + c) (zi + yj) 


2 2 


g(x,y) (ai +7) 


2 
i YT cy — 
PPC ye (xay? 
_ g(x? +y?—1) 
x? + y? a 


but we know that for any point on the circle, z? + y? = 1, thus we have & - i? = 0. Therefore, the velocity field is 
tangent to the circle. Consequently, there is no flow through the circle and any water on the outside of the circle must 
flow around it. 

(d) See Figure 19.28. 


4 
i 
4 
! 
|): 4:4 
VI 
\ 
i 
l 
i 


=> = => => - > > > > 


=- -= -> -> -> -> > > > > 


Figure 19.28 


64. (a) The distance from any point to the origin is given by ,/x2 + y? + 22, so the denominator is simply r°. The field can 


then be rewritten in components as (Ei + Ej + Ek ). Its magnitude is thus: 


r6 r4 r2 


which is only a function of the distance from the origin. It is clear that the vector field points away from the origin for 
all points (x, y, z), because it is the radius vector xi + yj + zk, multiplied by the positive scalar K / r?. Suppose 
(x,y,z) Æ (0,0,0), then 


dx V r3 Oy \ r3 Oz \ r3 
-x (etg NET EE gc) m 
p? po T 


Hence, indeed @ is a point source at the origin. 
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(b) The dependence of @ on r, the distance from the origin, is shown in part (a). 
(c) The flux through a sphere centered at the origin is calculated as: 


Flux= f oad 
S 


Since the vector field's magnitude is a function only of the distance from the origin, it will be constant over the 
surface of a sphere centered at the origin. Furthermore, since it is pointed away from the origin, Ọ - dA will be 
simply ||@ || - ||d.A ||. Thus 


is r= 2 


Total flux out of a sphere of radius r = ||7 -|| - A spherell E o 
r 


So the flux does not even depend upon r since the rate at which the area of the sphere is increasing is exactly equal 
to the rate at which the magnitude of the field is decreasing. 

(d) This is best handled by observing (as in part (a)) that the divergence of the vector field at any point besides the origin 
is zero. Since the divergence anywhere but the origin is zero, the net flux through any closed surface not enclosing 
the origin must also be zero. 


CAS Challenge Problems 


65. (a) When x > 0, the vector vi points in the positive x-direction, and when x < 0 it points in the negative x-direction. 
Thus it always points from the inside of the ellipsoid to the outside, so we expect the flux integral to be positive. The 
upper half of the ellipsoid is the graph of z = f(x,y) = Z z? — y?), so the flux integral is 


Lt dA = rà ds — fai — fyj +k) dady 
-1/2 zm 


1/2 1/2 1/2 1/2 y 
J J (—a fx) dxdy = J J —————2— drdy 
—1/2 J —1/2 -1/2 J -1/2 / 1— z2 — y? 
7 -v2 +11 arcsin( =) +10 arctan(74) — 8 arctan(7z) 


27 — 
= 1 — 0.0958. 


Different CASs may give the answer in different forms. Note that we could have predicted the integral was positive 
without evaluating it, since the integrand is positive everywhere in the region of integration. 

(b) For x > —1, the quantity x + 1 is positive, so the vector field (x + 1) always points in the direction of the positive 
x-axis. It is pointing into the ellipsoid when x < 0 and out of it when x > 0. However, its magnitude is smaller when 
—1/2 < x < 0 than itis when 0 < x < 1/2, so the net flux out of the ellipsoid should be positive. The flux integral 
is 


1/2 p1/2 : 
[Fas J (x +1)i -(—fot — fuj +h) dady 
S —1/2 J —1/2 


1/2 p1/2 
z(1 
z ].- (a + 1)fz dzdy = Le = em lo dxdy 
—1/2 J-1/2 —1/2 J -1/2 J1— 2? —y? 


V2 — 11 arcsin( &) — 10 arctan( =z) + 8 arctan( m 


_ 3 v2" 
MM ——ÉÓBR eB 0.0958 


The answer is the same as in part (a). This makes sense because the difference between the integrals in parts (a) and 
(b) is the integral of ruo RE /1 — «x? — y?) dzdy, which is zero because the integrand is odd with respect 
to x. 


(c) This integral should be positive for the same reason as in part (a). The vector field yj points in the positive y-direction 
when y > 0 and in the negative y-direction when y « 0, thus it always points out of the ellipsoid. Evaluating the 


integral we get 
LE dA = E fs Chi- Fay +k) dady 
-1/2 ee 


1/2 1/2 1/2 1/2 2 
= | TN (—y fy) dzdy = J / — dxdy 
—1/2 J —1/2 —1/2 4 1/2 Y 1— x? — y? 
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_ y/2-2 arcsin(7z) — 19 arctan( <5) +8 arctan(75) 
12 


The symbolic answer appears different but has the same numerical value as in parts (a) and (b). In fact the answer is 
the same because the integral here is the same as in part (a) except that the roles of x and y have been exchanged. 
Different CASs may give different symbolic forms. 


— 0.0958. 


The surface has a shape of a flower or trumpet opening in the direction of the positive y-axis. See Figure 19.29. 
The outer rim is a circle of radius 4, so the surface lies above z = —4. Thus z + 4 > 0 on the surface, so the 
vector field (z + 4)k points in the positive z direction everywhere on the surface. Thus it crosses the surface in the 
opposite direction as the orientation when it is below the xy-plane, and in the same direction when it is above the 
xy-plane. Also, it has smaller magnitude when —2 < z < 2 than it does when 0 € z < 2, so we expect the negative 
contribution to the flux integral to be smaller than the positive contribution, so the flux integral should be positive. 


zZ 


Figure 19.29 


(b) The area vector element is 


Os Ot 


This points in the direction of the negative y-axis, as required for computing the flux integral. The flux integral is 


F -dË = lá  P(F(s)- OF Wt. dedi 
" Ja Jo ? Os X Ot 


zd s 327 
= Í f (s? sint + 2)s? sin t dsdt = —— 
o Jo 5 


= s? costi — (2s?cos(t)? + 2s?sin? t)7 -- s? sin(t)k . 
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1. (a) Taking partial derivatives using the product rule, we have 


BM o. a 
dc — Oz (F y? iiy 


1 3 r.2x 
= (a? + y? + 22)3/2 ED! (x2 + y? + 22)5/2 
u y? + 2? — 2x? 
E (x? + y? + 22)5/2" 


Similarly, 
Oh. D y u z?--22—929? 
Oy Oy N(z249?22)9/2] — (x24 y? + z2)5/2 
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and 
OF, ð z _ Hy — 22? 
Oz Oz (z? + y? + 22)3/2 (z? + y? + 22)5/2' 
Thus, 
: >- OF, OF, OF; 
divergence of F = —— + —— + —— = 0. 
Ox Oy Oz 
(b) Let S be the closed surface, oriented outward, consisting of three pieces 
e $1 
e — So 
e Ss, the surface connecting the boundaries of S, and 55, consisting of line segments on lines through 
the origin. 
By the Divergence Theorem and part (a), 
| Bad =0. 
S 
Hence 
| Peu — Fa f F -dÅ =0. 
Sy S2 S3 


The key observation is that the vector field F is tangent to the lateral surface S3. Therefore, f Ss P. 


dA = 0 and it follows that 
/ F.d =] F-dA. 
$1 


(c) Compute the integral over 55, which is on the unit sphere. Notice that F is perpendicular to the sphere 
and that on the sphere, || || = 1. Thus 


f F dÄ = F -dÄ = ||F || - Area of $5 = Area of Sp. 
Sı S2 


2. (a) Since é , is a unit vector pointing radially away from the origin, €p = r'/||r || = r /p. Thus, we have 


p p 
Let g(p) = f(p)/p. Since p = ||r|| = Vx? +y? +2?, and 0p/Ox = i(a? + y? + 2?) 2x = 


x / A/ x? + y? + z2, using the chain rule, we have 


o od Op — T i 
5,90 "y (6) z mI (p) 
o _ y / 
5,4 SISTI (p) 
o u z ; 
979) 7 73 "UE (p). 
So 
o o 
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= EE NM / a y? / z? / 
254/452, 2 f 
= JSISISU (p) + 39(p) = A (p) + 39(p) = pg (p) + 39(p) 
f 3 
=p (LO LB) , 0 — py) 4 28), 
p p p p 
On the other hand, 
ld 1 
ZENO) = olo) + Pro) = 278. + gg, 
Thus, i 
div Ý = zO) 
(b) Applying the formula from part (a), we have 
ld, 
div F = Bap? (0) = 


Since p # 0, multiplying by o? gives us (d/dp)(p?f(p)) = 0, hence p? f(p) is a constant, say k. So 
f(p) = k/p?, and hence 


= k 
F = —é,. 
p 


(c) Suppose the sphere, S, has radius R. Since F has constant magnitude on S and points perpendicularly to 


S, we have F - dA = f(R) dA, so the flux of F out of S is Js F -dA = f; f(R)dA = F(R) fg dA = 
f(R)- Area of S = Ax R? f (R). On the other hand, using spherical coordinates, part (a) tells us that: 


so if W is the region enclosed by S' then 


= R pr p20 1d " 3 
div F av = | n — —(p*f sin ó dô dọ d 
f, E R Hap” (p)) p sin 6d0 dọ dp 
R 


R D 
— | 5 (PFO) dp = Ane? fo) EL 


The fact that Íw div F dV equals the flux integral, f S F . dA, confirms the Divergence Theorem. 
(d) Since we are assuming E is spherically symmetric, we can write 


E = E(pJe p. 
By part (a) and Gauss's Law, 
gp 1d ô <a 
div Ë = ——— (p^ E(p)) “| T me 
0 p>a 


Suppose p < a. Then, since p Z 0, 
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Therefore 
2 2 op? 
p E(p) = | õp dp = —— + C, 


and so 


Since Ē , and hence E, is assumed to be continuous, we must have C = 0, so E(p) = ôop/3. 
Now suppose that p > a. Then 


PEW) =0, 


therefore 


and so 


pat pa- 
Now, 
lim E(p) = — 
ho (P) = z3 
lim E(p) = ag 
pa- 3 
so k = óga?/3. Thus 
ô 
E(p) = dpa? 
up ee 


3. (a) (i) Since the direction of the electric field is perpendicular to the surface of any cylinder with the wire 
as an axis, it is parallel to the surfaces of the two washers. Consequently, there is no flux through the 
washers. 

(ii) Gauss's Law tells us that the total flux through the surface must be zero, since no charge is contained 
within it. (Note that the region within the surface S lies between the cylinders.) Since the flux through 
the washers is zero, the flux into the inner surface must equal the flux out of the outer surface in order 
for the net flux through the surface to be zero. 

(iii) Since the surface area of a cylinder is given by A = 27 RL where R is the radius of the cylinder and 
L is its length, and we know that E, A, = EA, (since the fluxes are equal), we have 


Ey(2nbL) = E,(21aL) 


Ey 2naL 
E,  2nbL 
E, u a 
E, b 


(iv) The equations in part (iii) imply that 


(b) Since the electric field points perpendicular to the sheet, it is parallel to all sides of the box, except for the 
two sides parallel to the sheet. Additionally, since there is no charge contained in the box, Gauss’s Law 
tells us the net flux through the surface of the box must be zero. This implies that the flux into the near 
face must equal the flux out of the far face. Since the faces have the same area, the field must have equal 
strengths at the two faces in order for their fluxes to be equal. Since we did not use the values of a or b, we 
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Since a, b are arbitrary radii we can say: 


rE, = Constant 


1 
E, = Constant (=) ; 
" 


for any radius r. This statement tells us that the strength of the electric field at r is proportional to 


l/r. 


see that for all points in space on the same side of the sheet, the field has the same magnitude. 


4. (a) G) 


i) 


In cylindrical coordinates, the position vector of a point (R, 6, z) on the cylinder is given by 
f = Rcos6i + Rsin0j + zk. 

So || || = VR? + 22. For an area element on the cylinder we have 
dA = (cos0i 4-sin0j )R dz d6, 


so the flux integral is: 


27 
Le -dË = | [a ap (cos 07 + sin 07 )R dz dð 


T. H Roos? 0+ Rsin? 0 
=y A 
o J—H 


H 2 
R? dz 
Rdzd0 —2 
(R2 + 22)3/2 i va | ( 


og (R2 + 28/2" 


To compute this one variable integral, we write: 
IN Rèdz _ i (R? + 2?)dz ‘a z?dz 
og (R2R+22)832 — Jg (R24 2387 og (R2 + 22)8/2 


a z?dz E zdz 
We calculate the integral L M (E S = ri z ^ Ua Sm using integration by parts: 
H 


i. z?dz p Lr dz f. dz z 
og GO x 2? og (R24 2)12 og (R2+2)12 (R24 2)172 


_ 2H 
~ VRH? 


H 
d 
Note that the integral L » ae has canceled. Therefore we have 


"x H 
E -dA —41q—2———. 
1 TR + 


e Let R be fixed. We have 
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e Now let H be fixed. We have 


lim f E .dA = lim 4 = Arq. 
R>0 Js 


H 
Rao \/H? 4 RB 


a H 
li EB -dA = lim 4xq———— = 
Roc Je Ham EDGE 


Each of these results is as we would expect from Gauss's Law. 
(b) Let S denote the side of the cylinder. We have 


fE- aä=fE.aã+f Beads fo Bad. 
T S Top Bottom 
The result of part (a) shows that 


> 1v H 
E dA = 4rq—— m. 
[ "VE + H? 
Let’s compute Stop E -dA. The normal at any point on the top isi = k and so dA = k r drd6. On the 
top, z = H so = 
r —rcos0i --rsin0j + Hk. 


Therefore ||r'|| = Vr? + H? and we have 


3 ER 2T R P N 
E -dA = q— kr dr dé 
Ir ||’ 
Top 0 0 
?" fR (rcos0i J-rsin6j 4- Hk)-k 
= af i (2 + 2372 r dr d 
2n R 
rdr d0 1 
M [ (amm aH. 


—2m + 27q. 


"A TH 


Similarly, or using a symmetry argument, we find that the flux through the bottom is given by 


> > H 
E -dA = —2rq— = + 2nqQ. 
= VR? +H? 


Thus, the total flux is given by 


+ 274 — 27q + 27q 


m H H H 
Ë -dÄ = srq - 219——— ——— 
[ "V+ H? ORFE VR? + H? 


= Arq. 
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Solutions for Section 20.1 
Exercises 
1. Vector. We have 
ij k 
> = T Y = 8 8 8 oT 7 Pd 
curl(zi — xj + yk) = Eu ee =i+j —k 
zZz —T y 
2. Vector. We have 
i j k 
curl(—2z7 — zj +2yk) = 2 5 2 =(x+1)i —(y42). 
—2z —z Ty 
3. We have 
TJE 
7 7 Pd = 8 8 8 _ ge? 
curl(3zi —5zj +yk) = Ze l= 6i. 
3x —5z y 
4. Using the definition in Cartesian coordinates, we have 
i Pj k 
| — 8 a ə 
curl F = A ay "Ds 
z?—4?2xy 0 
Ó ð > ð ð 2 2 ) o 2 2 L 
= | = — (2 —— (rz — —(2ry) — (x — k 
(Zo = ( 2»)i«( 5 (0) + Sz G* = v) F + ( Sey) A - v) 
E Ayk i 
5. Using the definition in Cartesian coordinates, 
i j k 
p o= a a a 
curl F = x E = 
(-a+y) (y+z) (-2+2) 
i S4 z+a)—-—(ytz))i+ (- e+e) + Elsta) 7 
Oy ð Ox Oz 
WOTE R 
Ir” ð " 
nd LA 
6. Using the definition in Cartesian coordinates, 
ij k 
| a a a 
curllF = A 5r A 
2yz 3xz "zy 
= (Tx — 3z)i — (Ty — 2)j + (3z — 2z)k 


= Avi — 5yj + sk. 
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7. Using the definition in Cartesian coordinates, 


ij k 
curl F = c Ž — 
oy 2A 
7-05 - 2:0 ) E (2569 2269) - (2:690 - 26 JF 
= | =(z")- = — — —— k 
(2 ) Zw) +A * (5:60 - 5,65 
20. 
8. Using the definition in Cartesian coordinates, 
i j k 
curl F =| 2 á 3 
e” cosy e? 
o z? o 2 o x x L 
- (2e - Zeon); t (o5: Ee) + (eo - MC ) k 
= 0; 


9. Using the definition in Cartesian coordinates 


D j k 
| a a a 
curl F = A 5r + 


L+ YZ y? + zzy zzy? + ry’ 
= (2a?yz + 6x" y? — zy)i + (—327y?z — Ta9y8 -- y)j + (yz — z)k 


10. This vector field points radically outward and has unit length everywhere (except the origin). Thus, we would expect its 


curl to be 0. Computing the curl directly we get 


a j k 


T = (6) 8 8 
curl (x) = E x 2 
E y 


(z24-y2p22)172 (z2--y2--22)1/2 (z24-y2 


E EE 1 2yz 1 2yz E 
The z -component 1s given by = (- 3 : CETATILE jai (- 3 2 cuam) ( 
=0 


Similarly, the j and k components are also both 0. 


The circulation of the vector field around the boundary of any square centered at the origin with sides parallel to the axes 


11. 
is positive because the line integrals on the top and bottom sides are positive and the line integrals on the left and right 


sides are zero. Therefore, we suspect a nonzero curl. 


12. The circulation around any square centered on the origin with sides parallel to the axes is zero because the line integrals 


on all four sides are zero, so we suspect a zero curl. 
The circulation around any rectangle centered on the origin with sides parallel to the axes is zero because the line integrals 


13. 
on the top and bottom sides add to zero and the line integrals on the left and right sides are zero. We suspect that the vector 


field has zero curl. 


14. The vector field is swirling counterclockwise, so the circulation around any circle centered at the origin is positive. Thus 


we suspect a nonzero curl. 
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Problems 


15. (a) The vector field always points perpendicularly to both k and? , in the direction determined by the right hand rule, 
and its magnitude is twice the magnitude of 7’. Thus 


=> 


F (rf) =2k xr — —2yi +2a7. 


(b) Using the definition in Cartesian coordinates 


ij k 
curld = 2 Z — 
—2y 2r 0 

ð [7] > ð Ó + ð ð 2o 

= (£0 - ĝen + Zea - Loni + Lea - Fak =a 


This makes sense, because we computed the circulation density of this vector field in the z-direction and found it was 
4, and we would expect the z-direction to give the maximum circulation density from the symmetry of the vector 


field. 
16. The part of this vector field in the zy-plane looks like Figure 19.29 on page 1025, and shows no rotational tendency. Thus 
we expect the curl to be 0 . In fact it is, because the circulation around every closed curve C is zero, since 


F = xri +yj +zk = grad(a?/2 + y? /2 + 27/2), 


so F isa gradient field. Thus the circulation density is zero in any direction, and hence curl F (P) = 0 for every point 
P. Using the formula, we see that 


ij k 

= polo 8 a 

curl F VxPz- zn m m 
r y z 


a gr. Du i Ox Oz $3 Oy Ox E n? > Yo > 


17. The curl is defined in such a way that if 7 is a unit vector and C is a small circle in the plane perpendicular to 7 and with 
orientation induced by 7 , then 
(curl G) - i$. = Circulation density 
Jf c C dr 
Area inside C 


Q 


so 
Circulation = / G :dr &z ((curl e). ü) : Area inside C. 
e 
(a) Let C be the circle in the zy-plane, and let ñ = k . Then 
Circulation ~ (27 — 3j +5k)-k - «(0.01)? 
— 0.00057. 
(b) By a similar argument to part (a), with 7 = i, we find the circulation around the circle in the yz-plane: 
Circulation ~ (27 — 3j -- 5k) - f - (0.01)? 
— 0.00027. 
(c) Similarly for circulations around the circle in the zz-plane, 


Circulation ~ —0.00037. 
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18. The vector curl F has its component in the x-direction given by 


Circulation around small circle around x-axis 


wa 
(one i Area inside circle 
u Circulation around C5 | 05T |. 50 
/ Areainside Có — — «(0.12 ^^ 
Similar reasoning leads to 
Circulation around C3 _ 3T 
1 F = —— = 300 
cool ne Area inside C3 7 (0.1)? , 
(curl Phu Circulation around Cy _ 0.027 EP 
Area inside C1 7 (0.1)? 


Thus, 
curl F = 50i + 3007 + 2k. 


19. The conjecture is that when the first component of F depends only on x, the second component depends only on y, and 
the third component depends only on z, that is, if 


F = Y + Fi) FG 


then 


curl F = 


Oy Oz 
=0 
20. (a) We have 
curlG = 2 Z — = (f —c)i + (be? — ecosz)j + (2dx — 3ay?)k . 


ay? + be? cz + da? esing + fy 


(b) If curl G is parallel to the yz-plane, then it has no i | component. Thus, f - c= 0or f =c. 
(c) If curl G is parallel to the z-axis, then there are no i and j components. Thus, 


f—c=0 and be*-—ecosz — O0. 


Since the second equation holds for all z and x, we have b = e = 0 as well as f = c. 
21. (a) A thin twig at the origin along the z-axis would only feel the velocity along that axis, and thus go counterclockwise. 


(b) Clockwise. 
(c) Using the Cartesian coordinate definition, we get 


> E 


curl É = =0 +07 +(1-1)k — 0. 


e ge 
8 go su 
o ge æm 


This is as expected, since a paddle-wheel (instead of a twig) placed in the field would not rotate at all. 
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22. We have 
F (t x,y,z) = (costj +sintk) x r —(zcost — ysint)i +asintj — xcostk , 
so 
(curl F )(t, z, y, z) =2cost7 + 2sintk. 
(a) At t = 0 the vector (curl F )(0, x,y, z) = 2j is horizontal, pointing in the y direction. 
(b) At t = 7/2 the vector (curl F )(1/2, x,y,z) = 2k is vertical, pointing in the z direction. 
(c) At 0 < t < 7/2 the vector (curl F )(t,v, y, z) = 2costj +2sintk is parallel to the yz-plane, making an angle of 
t radians with the horizontal plane. Thus as t goes from 0 to 7/2, the curl goes steadily from horizontal to vertical. 


23. Investigate the velocity vector field of the atmosphere near the fire. If the curl of this vector field is non-zero, there is 
circulatory motion. Consequently, if the magnitude of the curl of this vector field is large near the fire, a fire storm has 
probably developed. 


24. (a) Figure 20.1 shows a cross-section of the vector field in zy-plane with w = 1, sov = yt H zj. 
Figure 20.2 shows a cross-section of vector field in zy-plane with w = —1,sov = yi zj. 
y y 

E NON, "A. ie ERAS 
LEAT LR 
[4t NN m NE E 
HF ttf s | + s 
v tes / Ye oe oy 7 
ey eae ur uf Nosque 
Figure 20.1: 6 = —yi + xj Figure 20.2: / = yi — xj 


(b) The distance from the center of the vortex is given by r = 4/z? + y?. The velocity of the vortex at any point 
is —wyi + waj, and the speed of the vortex at any point is the magnitude of the velocity, or s = || || = 


(wy)? + (ex? = |u| /? +? = o|r. 
(c) The divergence of the velocity field is given by: 
diyy = 
The curl of the field is: 
> - d o a z 
curl? = curl(—wyi +wzrj ) = | — (wr) — — (—wy) | k = 2wk 
Ox y 
(d) We know that & has constant magnitude |w|R everywhere on the circle and is everywhere tangential to the circle. 
In addition, if w > 0, the vector field rotates counterclockwise; if w < 0, the vector field rotates clockwise. Thus if 
w > 0, 0 and AF are parallel and in the same direction, so 
|! Ü.dr = |T|- (Length of C) = wR - 2r R = 2nwR? 
[on 


If w < 0, then |w| = —w and @ and Ar are in opposite directions, so 


f 7 -dr = — |T|- (Length of C) = — |w| R- (2r R) = 2rwR?. 
C 
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25. To show that the force field is irrotational we must show that its curl is zero. Let us do this in Cartesian coordinates: 


F — f(r)? = f(/z2 + y2 + z2)(vi +yj + zk) 


The third component of curl F is 


A similar computation shows that the other components of curl F are 0 too. 
26. Let Č = ai + bj + ck . Then 


curl(F 4- C) = (Fie +c)— 2. (5 + ») i (zc +a)— SiR + 9) j 


à Tis 8 
x13 td) nde) i 

aa” Oy | 
O [Əks ƏR- (OF OFs\+ (OF, ƏF\- 
(Se - ra (m -m ZIEL E 

= curl F 
27. 

aeta OF3 OF». OF, Fz. 4 OF» OF, = 

Cm oy pet oe oe ae oy 
4 ð ,0F& OF). 0,0F, OF& ð ,0F, OF 
dvor = — m OG Oe a tw ay” 


OP OF, CR rr CR PF 


~ Oxdy Oxdz | OyOz OyOx | OzOx  Oz0y 


4 
Since, if F' has continuous second partial derivatives, 


OF; OF OF FP 


OF, On 
OrOy  OyOr' OxOz  OzOx' 


OyOz  OzOy 


and 


everything cancels out and we get div curl F =0. 


28. The Fundamental Theorem of Calculus for Line Integrals states that if C is a path from P to Q, then 


J eur r9 - no. 
[o 
Since C is a closed path we have 


J grad f d = f(P) — f(P) <0 


c 


(a) For any unit vector 7 
J grad f- dr ( 0 
circ; grad f = lim = |-— lim —)=0 
s f Area—o ( Area of C Area—o \ Area 


where the limit is taken over curves C in a plane perpendicular to ři , and oriented by the right hand rule. Thus the 
circulation density of grad f is zero in every direction, and hence curl grad f = 0. 
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(b) Using the Cartesian coordinate definition 


9f 5 
3y” 


fey Pfr Of fx. 9? f Pf \ -> 
= (LE XX P wes Droz) I "loros Buon)” 


— 0f +07 +0k — 0. 


un 
c 


curl grad f — ean (2f 7 + =j + 7 


29. 
curl($F ) 
- (Ze 0-2 (eri + | E id + P (oF) - 2 (or) i 
c 2 — AON 


_( (0% BRBY. (OF 9B. (0h ƏR\ z 
6((4B- SB) i+ (ER 0s (A) 


06, Dép lr (86m, 2p) 7, (Wp, 0p 7 
+ (Fon - em) ia (= Fı — sen) i+ (Hr - r) E) 


= $ curl F + (Ser of; + sk ) x (Fii + Poj + Fak) 


= ócurl F + (grad 9) x F. 


1805 


30. By Problem 29, curl F = grad f x grad g 4- f curl grad g — — grad f x grad g, since curl grad g — = 0. Since the cross 
product of two vectors is perpendicular to both vectors, curl É is perpendicular to grad g. But F isa scalar times grad g, 


so curl F is perpendicular to F. 


31. If F = Fi + Fj 4+ Fk ,di = wui tuej pusk,U = vi +v) +u3k, then 


grad(F - d): — grad(F - d)- V 


= grad(Fivi + Fove + F303) : (ui + u2j + usk ) — grad(Fiui + F5us + F3u3) : (vii + vj + vak) 


-or OF» F3 OF, OF OF 3 
= Jz nm 1+- V2U 1+- U3U d Tae u2 + yu PT e 
OF, OF» OF 
3z a Urs. Dz ——v2ua + Dz = sua = 
OF, OF» OF OF, OF» OF 3 
(= pm uivi + On ——u2Ui + 75, B + p a + 2 2s + FE d 
OF) a OF» OF 3 wen 
Er 1v3 + By aUa + S usva) 
= ($ = a) (uzv3 — uaa) 4 es 25) (ugv1 — u1v3) d (% 2) (u1v2 — u2v1) 
Oy Oz Oz Ox Ox Oy 


32. (a) Since F is in the xy-plane, curl F is parallel to k (because F3 = 0 and Fi, F> have no z-dependence). Imagine 


computing the circulation of F counterclockwise around a small rectangle R at the point P with sides of length A 
parallel to F’ and sides of length t perpendicular to F as shown in Figure 20.3. Since F’ is perpendicular to C2 and 
C4, the line integral over these two sides is zero. Assuming that F’ is approximately constant on C and C3, its value 
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on these sides is F (Q)T and —F (P)T , respectively. Thus, since F is parallel to C1 and C5, the line integral over 
C is approximately F (Q)h and the line integral over C3 is approximately — F(P)h. Finally 


are os Fee ee 


Area of R ~ ht t 
x Directional derivative of F in the direction of PO. 


C3 


C4 C1 


Figure 20.3: Path R used to find curl F at P 


(b) Since F = F(z,y)T. = F(x, y)ai + F(x,y)bj , with a, b constant, we have 
curl F = (bF, — aF, )k . 
Also T x k = (ai +bj) x k = bi — aj, so 


bF, — aF, = (gradF)- (bi — aj ) = gradF - ((a$ +7) x k ) = Fz 


where Fi; „g is the directional derivative of F in the direction of the unit vector T x k, which is perpendicular to 
F . The right-hand rule applied to T x k shows that T x k is obtained by a clockwise rotation of T through 90°. 


33. (a) Using r = (z?--y?)!/?, we calculate re = (1/2) (a?--y?) 7"? 2x. Notice that r = x/r and, by a similar argument, 
Ty = y/r. We have 


i j k 
A - T 
apti] E E OR 


_ (20) 96^2; (Ariy) 90). , (ar4z) 9Ccr*9g 
= (2-992 (E5222 «(89 en) 


— 0i +07 +ck — ck 


where 
c= D e - BS oup) = r^ + Azr^ Ir, + r^ + Ayr^ Ir 
Ox Oy 7 d = 
= 2r^ + Ar^ (ar, + yry) 
2 
= 2r^ + Ar^! (5 + z) 
T 
= ^4 Ar^ r? +y? 
r 
= 2r^ + Ar^! $ 
r 
= (24- Ar^. 
(b) The curl is in the direction of k forA — —1, is the zero vector for A = —2, and is in the direction of —k for 


A=-8. 
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The counterclockwise flow in the figure suggests the curl is in the +k direction in all three cases. However, it 

is not easy to see all the effects in the picture. The counterclockwise flow indicates that the circulation on any path 
around k is positive, but the curl is the circulation density, not the circulation, in the k -direction. To understand the 
curl, we must see how the circulation around the K -direction changes when the circles get smaller and smaller. We 
need to take into account the changing length of the vector field as well as the changing direction. This is too subtle 
an effect to be measured accurately by eye. The three vector fields differ in the rate at which the magnitude of the 
vector field changes as you move perpendicular to the flow (the shear) and this accounts for the differing directions 
of their curls. When A = —1 the magnitude of the vector field is constant, when A = —2 or —3 the magnitude 
decreases as you move farther from the origin, and the decrease is most rapid for A = —3. 
The curl has a component only in the K direction. Think of the this component as the limit of the circulation density 
around a small circle in the xy-plane, as the circle shrinks to zero. Thus the sign of the component of the curl tells us 
that this circulation around the circle centered at (1, 1, 1) is positive for A = —1, zero for A = —2, and negative for 
A = —3. (This assumes that the circle is small enough that it does not go around the origin, where the vector fields 
are not defined.) 

Since the vector fields and their curls are not defined at (0, 0, 0), the curl calculated in part (b) does not tell us 
anything about the circulation around a circle centered at (0, 0, 0). 


Strengthen Your Understanding 


34. 
35. 


36. 


37. 


38. 


39. 


40. 
41. 


The curl of a vector field is another vector field, not a scalar function. 


The vector field F = yi is parallel to the x-axis at every point, but curl F=-k z 0. 
Though the flow of F consists of parallel straight lines, the vector field does exhibit shear, which can produce curl. 
If FP =r + yj + z?k then 


pus 22 (4-223) 2 p ae a 
e£ = (2 oy is 5z" 8z^ j + an! pj" k —0. 


For F = Fii + Pj + F3k, we have 


>- (OF; OF\-, (AF OFs 4S (ôF OF. \ » 
curl F = (= mi +( EE «(22 2312 


If F, = z and F5 = F5 = 0, then F = zi and curl F = J: 
True. The circulation density is obtained by dividing the circulation around a circle C (a scalar) by the area enclosed by 
C (also a scalar), in the limit as the area tends to zero. 


True. 


curl grad f = i 


(ZE OF qur SI oe GT 
= | Gyaz Oz0y) | T \3zðx dxdz)? | \ dxdy  OyOx 


False. As a counterexample, any constant vector field F =ai + bj + ck has divF = 0 and curl F = 0. 
True. Writing F = Fi + Foj + Fk andG = Gii + Goj + G3k , we have FiG- (Fi t+ Gi)é + (Fo+ G3)j + 
(F3 + G3)k . Then the 7 component of curl(F + G ) is 


O(F3 + G3) = O( F2 + G2) B OF3 OP» OGs OG» 


Oy Oz Oy Oz Oy Oz 


which is the 7 component of curl F plus the i component of curlG . The j and k components work out in a similar 


manner. 
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42. False. The left-hand side of the equation does not make sense. The quantity (F i ) is a scalar, so we cannot compute 


the curl of it. 
43. False. For example, take F = zi adG = zj. Then F x G = vzk, and curl(F x G) = —zj. However, 


(curl F ) x (culG) 2j xk =i. 


44. True. We calculate the z—components for each side of the equation: 


_ O(fGs)  B(fGs) 


(curl(fG ))1 = n Ec 
— Of a, , pC 9f 9G» 
Oy Gat f Oy Oz Su ae 
af af dG; 8G»; 


= (3, - 95,0» Noy SR 
= ((grad f) x G Jı + (f(curlG ))1. 


Computations for the other two components are similar, so 


curl(fG ) = (grad f) x G + f - (curlG). 


45. False. For example, take F=zi + Tj . Then curl Ë = j +k , Which is not perpendicular to F , since (zi + 1j) . Gj + 
k)=x #0. 

46. True. F is rotating around the y axis, so by the right hand rule curl F hasa positive y component. Therefore taking the 
dot product of curl F' and j will give a positive number. 


47. (a) 
ijk 
i —2j +2k)—-|2 2 8|— ok 
curl(yi — xj + zk) = Xxx 2k 
y =r z 
(b) 
i jk 
curl(yi + zj + xk) = 222 =-i-j-k 
y zc 
(c) 
i jk 
curl(-zi +yj + zk) = 22 = —2j 
—279y T 
(d) 
i j k 
i+23—-yk)=|2 2 9 |—2—92i 
curl(ri + 29 — yk) = ZE2E/= 2i 
T z —y 
(e) 
i jk 
curzi *zj *yk)— 3X 3; 352|—- 603 +k 
z ry 


So (a), (c), (d) are parallel to the z-, y-, and x-axes, respectively. 
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Solutions for Section 20.2 


Exercises 


1. To calculate J. T F dr directly, we compute the integral along the paths C1 and C in Figure 20.4. Now C is parame- 


terized by 
z(t) 23—1t, y(t) 20 z(t) 20 for0<t<6, sor'(t) 2 —i, 


and C» is parameterized by 
a(t)=—3cost, y(t)=0, 2(t)=3sint forüXtXm, sor'(t) =3sinti + 3costk. 


6 T 
-f 6-0d «3» ces | ((—3 cost + 3sint)i — 3costj )- (3sinti + 3costk ) dt 
0 0 


6 T 

--| @-oaso | (— sin t cos t + sin? t) dt 
0 0 

6 


ab È M sint 1. gees 97 
=— = — — = sin t cos = ==. 
2 2 2 2 2 
" 0 
Formula IV-17 was used to calculate the last integral. 
To calculate f gf dr using Stokes’ Theorem, we find 
i jk 
p—- s 28 d@/_F4i7ik 
curl F = Sz: 5; Br =i +ņj +k. 
T+zZ Œt y 


For Stokes’ Theorem, the semicircular region S in Figure 20.4 is oriented into the page, so dA = j dx dz. Thus, 


] Fo [oria = f @+7 +E) F dedz= f ded 
C S S S 


— Area of semicircle — d = 37. 


zZ 
C2 


(-3, 0, 0) C1 (3, 0, 0) 


Figure 20.4 


2. Since C is the curve x? + y? = 4, oriented counterclockwise, we calculate f. B F dr directly using the parameterization 
a(t)=2cost, y(t)=2sint, 2(t)=0, 0<t<2n, sor'(t) 2 —2sinti +2costj. 
Thus, 


2m 
[ra=] (2sinti — 2costj )- (—2sin ti + 2costj ) dt 
c 0 


2v 
= -4 f (sin? t + cos? t) dt = —4- 2m = —8n. 
0 
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Since S is given by z = 4 — z? — y?, we have 


MR —2x and ae =-2y, so dA = (2ri +2yj + k) dx dy. 


— = —2r 
Ox Oy 
Also 
i j k 
5.98 8 O0|—.9k 
curl F = 2 l= 2k, 
y — 0 


so, writing R for the disk below S in the xy-plane, Stokes’ Theorem gives 
/ F . dF = our -dÄ -f —2k - (2xi --2yj +k) da dy 
e S R 


= -2 [ azdy = —2. Area of disk = —2- 72? = —8r. 


To calculate ri a F dr directly, we compute the integral along each of the sides C1, C2, C3 in Figure 20.5. Now C, is 


parameterized by 
2(t)=0 for0<t<5,  sor’(t)=7. 


z(t) —t, y(t)=0, 
Similarly, C» is parameterized by 
z(t) 25, y(t) 2t, z(t) 20 for0<t<5, sor'(t)—j. 


Also, C3 is parameterized by 
z(t)25—1, y(t) 25—t, z(t) 2-0 forO0<t<5, sor'(t)——i-j. 


= [sitar [eode pras [eo 


0 
5 5 5 5 
x vats | 5-ta | oa - [ 5 dt = 25. 
0 0 0 0 


To calculate if a F -dar using Stokes’ Theorem, we find 


i 


[> ~u 
D 
S 
— 
EN 
— 
= 
WH 
— 
ev 
l 
Sel 
+ 
Sa 
b 
ev 


B o " 
curl F A 5; 


For Stokes’ Theorem, the triangular region S in Figure 20.5 is oriented upward, so dA =k dx dy. Thus 


] Fo fcuk ad = [Cn +28) dedy 
C S S 


= f 2dxdy = 2. Area of triangle = 2- ; -5.5 = 25. 
E 
: (5,5,0) 
C3 O 
zr 
(0, 0, 0) Ci (5,0,0) 


Figure 20.5 
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4. A sketch of the surface S and curve C which is the union of four curves C1, C2, C3, and C4, and the region R is shown 
in Figure 20.6. 


Figure 20.6 


To compute the flux integral, we find dA , oriented upward. 
dA = (2zi + k )dady and curl F =—yi —zj — xk. 


Thus, 


n -dÄ = fyi- — zk ) - (2zi + k )dædy 
S S 


1 p2 
= I / (—2ry — x)dydx = —2. 
o J-2 


The line integral F -dř is the sum of four integrals along Ci, C2, C3, and C4. 


2 
fE æ=] Ody — 0. 
S —2 


On Co: y = 2, z = 1 — a?,dy = 0, dz = —2xdc, so 


S 
On Ci: x = 1, z = 0, dx = 0, dz = 0, so 


0 
f Feds =] Qedx + 2(1 — 22)0 + z(1 — z?)(-2x)dx = (2x — 22? + 2a*)\dae = -is 
C2 C2 . 


On C3: x = 0, z = 1, dz = 0, dz = 0, so 


-2 
| Fear = | 0+ ydy+0= [ ydy = 0. 
C3 C3 2 


On Cy: y = —2,2 = 1 — 27, dy = 0, dz = —2xdz, so 


1 

f Fear = f 2rdx — 2(1 — a?)0 + z(1— z?)( 2e - fi Qe — Qn? + 21*)dz = — —. 

C C 0 15 
4 4 


3 u 19 
F -dř =0- = +0- = = 
a i 15 15 


nz ] ona 
e S 


3, 
Il 
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5. The boundary of S is C, the circle z? + y? = 1, z = 0, oriented counterclockwise and parameterized in polar coordinates 


by 
F (0) =cos@i +sin0j, 0<0< 2r, 
so, 
T'(0) = —sin0i 4- cos0j . 
Hence 
2n 
fF -dr a (sinĝi + 07 + cosðk )-(—sinĝi + cos0j + 0k )dé 
[ei 0 
2m 
= / — sin? 0d0 = —. 
0 
Now consider the integral JS 3 curl F - dA. Here curl F = —i — j — k and the area vector dA, oriented upward, is 
given by 


dA — 2zi + 2yj +k dzdy. 


If R is the disk x? + y? < 1, then we have 


nn -dÄ =|- —k)-(Qei + 2yj + k )dædy. 
5 R 
Converting to polar coordinates gives: 


2T 1 
nn -dÄ - f f (-i —j — K)- (2rcos0i + 2rsin0j + k )rdrdð 
E o Jo 


2m 1 
- f i (—2r cos 0 — 2r sin 0 — 1)rdrdé 
o Jo 


Thus, we confirm that 


6. Since 


i 
curl F = | 2 


the line integral i " F .dr = 0 around any closed curve, including this unit circle. 


7. Since 


> 


k 
a cx ale ae 
we |= -j k, 


and the area vector of the disk z? + y? < 5 is A= n(V/5)?k = 5rk , Stokes’ Theorem gives 


E 


fF LE (-i -j —k)-dA =(-i — j — K)- Area vector = (-i — j —k)-5xk = —5r. 
[e Disk 
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8. If C is the circle z? + y? = 9 oriented counterclockwise when viewed from above, Stokes’ Theorem gives 


pout aa = | Far. 
S c 


Only the i and j components of F , namely —yi + rj, contribute to the line integral. Since | —yi + rp | — 3on the 


circle, and —yi + rj is tangent to the circle and points in the direction of the orientation of C we have 
f curl É -dÄ = I F dF = | -vi + rj | : Length of curve = 3- 273 = 187. 
S [o 


Alternatively, the line integral can be evaluated by parameterizing the curve using x = 3cost, y = 3sint for 0 < t < 
2m. 


9. If C is the rectangular path around the rectangle, traversed counterclockwise when viewed from above, Stokes’ Theorem 


gives 
ncn ak = fF di. 
S [ei 


The k component of F does not contribute to the line integral, and the j component contributes to the line integral only 
along the segments of the curve parallel to the y-axis. Thus, if we break the line integral into four parts 


"P G0) (3.2) | (0,2) (0,0) | 
fontai = | Fears f Fears f Fears | F dF, 
S (0,0) (3,0) (3,2) (0,2) 


we see that the first and third integrals are zero, and we can replace F by its j component in the other two 


"E (3,2) (0,0) 
fontai = f (eni ara | (x 4 7)j dr. 
S ( 


3,0) (0,2) 
Now «x = 3 in the first integral and x = 0 in the second integral and the variable of integration is y in both, so 


2 0 
pout ai = f way f 7dy = 20 — 14 = 6. 
S 0 2 


10. (a) A counterclockwise parameterization of the circle is 
z(t)— cost, y(t)=sint O0<t< 2r. 


Since x’(t) = — sin t, and y'(t) = cost, we have 


n 
C 


2v 
7 (sin ti — cos tj) : (^ sin ti + cos tj )dt 
0 


2T 
= I (— sin? t — cos? t)dt = —2m. 
0 


k 
(b) curl F = 2|=0 +07 — 2k =—2k. 
0 


€ go su 
g Hesu 


(c) Using Stokes’ Theorem, where R is the region inside the circle oriented upward 


fF -dr =] curl P -dA -f 2k -dA = —2. Area of circle = —2r. 
C R R 


(d) Stokes’ Theorem, which says that if C is a closed curve which is the boundary of a surface R, and F is a smooth 


vector field, then 
n LESE dA. 
e R 


Here, the orientations of C and of R are related by the right-hand rule. 
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11. (a) We have 


i j k 
| a a 8 —— Rm 
curl F = dx + i—j. 


cor e"r—y-—z 


(b) If S is the disk on the plane within the circle C, Stokes’ Theorem gives 


[Bear fcuk aa 
C S 


For Stokes’ Theorem, the disk is oriented upward. Since the unit normal to the plane is ü + j +k )/V3 and 
the disk has radius 3, the area vector of the disk is 


Y i+j +k 2 b ag voto 
A = — ÁLa3)-23V3«z(i +7 +k). 
v8 (3°) (i +j ) 


Thus, using curl F=-i- j. we have 


J Fiar = (2 7) +3 +8) S Vn: 
te 
12. No, because the curve C over which the integral is taken is not a closed curve, and so it is not the boundary of a surface. 


Problems 


13. By Stokes’ theorem, the circulation of F around C is the flux of curl F through the disk S in the yz-plane enclosed by 
C. By the right hand rule, a positive normal vector to the disk points in the direction of the negative x-axis, —i . Thus 
curl F -dA = curl F- (—i )dA = —dA, so the flux through S is negative. So the circulation is negative. 


14. (a) We use Stokes’ theorem, with S the interior of the circle in the xy-plane, oriented upward. Then 
I FaF = f amf “ga = [n +58) a4. 
[o S S 
Since dA =k dA, we have 
n ‘ar = f 5aa=s. Area of S = 5-13? = 45r. 
C S 
(b) Using Stokes’ theorem again, this time with S as the interior of the circle in the xz-plane, we have 


[Fm f omg = [ent eaa 
C S S 


Since dA = j dx dz, only the j component of curl F contributes to the flux. Thus, converting to polars gives 


M fs r^ i 8lr 
fF ar = fete zac - | f r?rdrdó =2n—| = ——. 
C S 0 0 4 0 - 


15. (a) We have 


i jk 
curl(yi +27 +k) = d. d mlt ee 
y zc 


(b) Let S be the triangular interior of the curve C, oriented upward. Then, by Stokes’ Theorem, 


= 


[itd tek) ar = f omi esi tak) dA = f -G+ E) a. 
c E E 


On the triangle dA =k dA, so 


[+i +B ad = f -G +7 +E): E dA =— Area of wriangle = -5.4-3 =—6. 
S S 
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16. (a) We have 


curl P = 


e ge EN! 
«Sea 
B Se m 

| 

S 

— 

= 

— 

SY 

— 

jan 

i 

rl 

A 

m 

= 

| 

ew 

& 

> 


(b) (i) Using Stokes’ Theorem, with S representing the disk inside the circle, oriented upward, we have 


[Beare fcuk ad = [E LE) E dA =~ Areaofdisk = ar. 
c S S 


(ii) This is a right triangle in the plane x = 2; it has height 5 and base length 3. Using Stokes’ Theorem, with S 
representing the triangle, oriented toward the origin (in the direction —? ), we have 


f Fo for ad = ft 1-3 Rh) faa) - f da= Area of triangle alaga. 
[e S S S 2 2 


17. (a) We have 


i jk 
curl(zi --zj +yk) = Zz 2 =I +7 +k. 
Zz č 


(b) Let S be the square interior of the curve C, oriented toward the origin. Then, by Stokes’ Theorem, 
[Gira 4 yk):dF = | enit eoi 4 yk): dÁ = [G47 +k)-dA. 
C E S 


Since the plane has normal vector ñ = i +J + k, a unit normal in this direction is (7 + 7 + k)/V3. But S is 


oriented toward the origin, so dA = —(i + j +k)/V3dA. Thus 

"INE AE. Y EE ARS -@+j +k) 3 3 2 

(i +j +k)-dA - [6 +7 +k) => dA = —-—. Area of square = ——— - 2? = —4V3. 
[ S V3 v3 V3 


18. Since F is constant, curl F = 0, so if S is the disk in the plane enclosed by the circle, Stokes’ Theorem gives 


[Fae f om” ad =o. 
C S 


19. Since 
i j j ð ð 
pla 8 8|. u u por 
—y © z 


writing S for the disk in the plane enclosed by the circle, Stokes’ Theorem gives 


[Bear [om ad = [2i -aå 
C S S 


Now dA = ii dA, where ii is the unit vector perpendicular to the plane, so 


> > 


@ +7 +k). 


E 


23 
| 48 


Thus 


= > 1 - o > 2 , 2 2 8m 
F -dř = 2b +7 Eda = f da - Lus areaotaisk = P = ÈE, 


Job: 


1816 


20. 


21. 


22. 
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Since 
5 Pg R ð > O > ð 
onF =|2 2 2 |=2u-of-Zw-o7- EX z) 
y —c—y—c 


writing S for the disk in the plane enclosed by the circle, Stokes' Theorem gives 


[Fea f omt ad = [ed 28) ad. 
g 5 S 


Now dA = ii dA, where ñi is the unit vector perpendicular to the plane, so 


L1 
ñ = —(i +j +k 
Tal j +k) 
Thus CODE 
= i+j +k 
F av = [6m da= | Lda =0 
l s v3 s V3 
Since 
i j k 
curl F = — á = 2i —(-1) + (-1-2)k 22i +j 
2y+e* (siny) — x 2y — x 4- cos z? 
writing S for the disk in the plane enclosed by the circle, Stokes’ Theorem gives 
n ar = f om F dA = [et +7 casas. 
le, E S 
Now dA = ii dA, where ii is the unit vector perpendicular to the plane, so 
ccu p) gy) 
JB 
Thus FERRE 
= | +k 
fF a= Gii] ok f da= | oda - o. 
c E v3 E 
Since 
ij k 
curl Ë =|2 2 2|= e 2: z) |i —0j +0k =27 
Ox Oy Oz Oy Oz ? 
0 —z y 
writing S for the disk in the plane enclosed by the circle, Stokes' Theorem gives 
n LESE -dÄ = sias. 
C S S 
Now dA = ii dA, where ii is the unit vector perpendicular to the plane, so 
Poe GE £7 ag) 
Van 
Thus ae 
fF sav = fot ALE aa f Zaa 2 E = ota 5 
T " V3 s V3 V3 V3 V3 
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23. Since 
i j k 
p = a a a ERST "i i 
curl F = + 5T + = 21 +27 +2k, 


24. 


25. 


26. 


(z — y) (x — z) (y — v) 
writing S for the disk in the plane enclosed by the circle, Stokes’ Theorem gives 


[Rear f omg ad = [ ini +28) aA. 
C S S 


Now dA = ii dA, where ñ is the unit vector perpendicular to the plane, so 
MN 
n = —(i +j +k). 
v3 


I F -dar = [eres + 2k). ti a= f D: da = 2V3. Area of disk —9/ tn? = 8/3«; 
c s v3 s V3 

(a) All 3-space, because (1 + az? + by? + cz?) is always positive. 

(b) We have 

- 2 2 2 2axi + 2byj + 2czk 
grad f = grad(In(1 + az^ + by“ + cz*)) = ee re EAT 
(c) We expect curl(grad f) = 0 because all gradient vector fields satisfy the curl test. Direct calculation gives the same 
result. 
(d) Vector field F = grad f = grad(In(1 + az? + by? + cz?)) with a = 1, b = 2, c = 3. So, if P and Q are the start 


and end points of C: 
fF sar = | grad far =f 
C C P 


Since P is the point on C where t = 0, we have P = (cos0,sin 0,0) = (1,0, 0). Since Q is the point on C with 
t = 137/2, we have Q = (cos(137/2), sin(137/2), 13/2) = (0, 1, 137/2). Thus, 


Q 


(0,1,137 /2) 


n -dF =In(1 +2? + 2y? + 327) 
C 


(1,0,0) 


= In(3 + 5072? /4) — In(2) 


(a) The equation of the rim, C, is z? + y? = 9, z = 2. This is a circle of radius 3 centered on the z-axis, and lying in the 
plane z = 2. 


(b) Use Stokes’ Theorem, with C oriented clockwise when viewed from above: 


n +2k)-dA = [e si + zk).dr. 
E C 
Since C is horizontal, the k component does not contribute to the integral. The remaining vector field, —yt + xj, is 


tangent to C, of constant magnitude || — yi + Tj || = 3 on C, and points in the opposite direction to the orientation. 
Thus 


| curl(—yi 4- 2j + zk) -dÄ = nz +2j)-d? — —3- Length of curve = —3- 273 = —18m. 
E 


The curl F (x,y, z) of this vector field is equal to =95 ; Notice, as a check, that this field rotates in a direction opposite 
to the direction of C. Therefore we expect a negative line integral. The surface S' is the disk parallel to the zz plane with 
radius 2. The curl points in the opposite direction to the normal vector to the surface with this orientation, so by Stokes? 
Theorem, 


Circulation around S = f amf -dA = [ eon dA = f -2 dA 
S S S 


= —2(Area of circle) = 272? = —8r. 
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27. We calculate 
= (3-1)i —(0—0)j +(0—2)k=2i — xk. 


Let S be the surface of the square, oriented in the positive x-direction. Then, by Stokes’ Theorem 


f a-a [end ax = [0i aR) ai. 
C S S 


On the square we have, dA =ï dydz, so 


n: vai’ = f 8 — aÑ) 7 dydz = 2- Area of square = 2-36 = 72. 
ğ E 


28. Since F is the curl of a vector field , we can use Stokes’ Theorem to replace the spherical surface, S, by the disk, D, of 
radius 2 centered at the origin and oriented upward. Calculating F gives 


F= 2 + — = (2y sin(z?))i — (2zy? cos(z?) + 2z sin(z2))j +k. 


z? + cos(z*) x + sin(y?) y? sin(z?) 


On the horizontal disk D, only the k component of F contributes to the flux, so 


Fux = f F ak = f F . dÄ =1- Area of disk = 4r. 
S D 


29. Use Stokes’ theorem, applied to the surface R, oriented upward. Since curlÉ =k for F = i(-yt + 2j), we have 
$ folyt +aj)-dF = LA -dË = ||k || (area of R) = area of R. 


30. The region is shown in Figure 20.7, so C2 — Ci is the boundary of the region, traversed with the region on the left. Thus, 
Stokes’ Theorem applies with the region oriented upward, so dA = k dx dy and 


/ Foar- f Bear = | mF aa = f ak E dedy =3 Area of ring = 3(15? — 42?) = 63r. 
C2 [er R R 


C3 : £? +y? = 25 


C1: £? +y? —4 


Figure 20.7 


31. Let S be the curved surface of the cylinder. The boundary of S consists of the curves C, and C2, so Stokes’ Theorem 


gives 
fom ad =f Bears f Far 
S Ci C3 


We calculate the flux of curl F through S. Only the i and j components of curl F contribute to this flux. The surface S 
has equation x? + y? = 4, so the component of curl F perpendicular to S has constant magnitude on S 
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33. 


34. 
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IF || = ||3z? + 3yj || = v (3x)? + (3? =3-2=6. 


The vector dA has no k -component on S, and it is parallel to 3zi + 3yj on S. Evaluating the flux integral 


nn -dË = ||3zf + 3yj || - Area of S = 6 - (272-5) = 120. 
S 


Thus, 


(a) 


(b) 
(c) 


(a) 
(b) 


(c) 


(d) 


(b) 


(c) 


f Far. F -dř = 120m. 
Cı C2 


Let F = xĉ’i + sin(y?)j + e* K . Then 


D j k 
Fr _| 9a a 8 |—n 
curl F' an oe E 0. 
3 23 


z^ sin(y?)e 


Since C is a closed curve, f o F.d? =0 by Stokes’ Theorem. 
The line integral is 0 for any closed curve C in 3-space. 


F has only i and j components, and they do not depend on z. Thus F is everywhere parallel to the zy-plane, and 
takes the same values for every value of z. 


We have 
i j K 
4 | 28 ð 0| (dm 0RMYz 
cule =| 55 By Ba (FE - Se. 
Fi(x,y) Fo(a,y) 0 


Since C is in the zy-plane, oriented counterclockwise when viewed from above, for an area element dA in S, we 
have dA = k dz dy. Thus Stokes’ Theorem says 


[Few = ome ad = f (ER Rae [ (5 - 9) aay 
a s s \ 3T Oy g \ Ox Oy 


Green’s Theorem. 


Notice that the denominators (z? + 1)? and (2? + 1) are always positive and so affect the magnitude (but not the 
direction) of the motion of each of the terms. 

The (—yi T 2j) term represents rotation around the z-axis (counterclockwise when viewed from above). The 
—z(xi + yj) term represents radial motion (toward the z-axis when z > 0 and away when z < 0). The k term 
is downward motion. So F is a flow rotating inward and downward around the z-axis (for z > 0), like an actual 
bathtub drain. 

Let D be the disk representing the drain, oriented downward. Then the rate at which the water is leaving the bathtub 
is the flux of water flowing out of the drain: 


[Rada [Fase f o 
D D p^ +1 


Because D is in the xy-plane, z = 0, so 
Flux out of D = dA = r cm?/sec. 
D 


We have, in units/sec, 


E p Z 22 
wp pe ie Ey 
VE S F E 
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(d) Let W be the closed region bounded by the hemisphere 5 of radius 1 lying below the xy-plane and the disk, D, in 
the zy-plane representing the drain. Both S and D are oriented downward, so by the Divergence Theorem, we have: 


0— | div F dV = Flux out of W — Flux into W 
w 


Thus, 


> 


f F -dÄ = r cm?/sec. 
S 


(e) Since C is oriented clockwise, we parameterize the circle by F (t) = (sint)? + (cost)j . In addition, on the drain, 


z = 0. Thus, 
^ > l, > = 2 2\7 = 
n: ‘dr -f (yt — zj — (x° +y )k)- dr 
c c2 
1 2m 4 
= J (costi — sintj —k)- (costi — sin tj ) dt 
0 
1 2v 
= J (sin? t + cos? t)dt = s. 
2 Jo 
So, 


I G .dr =x cm?/sec. 
[o 


(f) Computing the partial derivatives, we find that 


(g) By Stokes' Theorem, we have: 


[Gea [onda = | Fal. 
[6j D D 


Thus, since curl G=F , Stoke’s Theorem tells us that the answers to parts (d) and (e) should be equal. 


Strengthen Your Understanding 


35. The curve C is not the boundary of a surface, so Stokes’ Theorem does not apply. 


36. The orientations of the surface S and its boundary curve C are not compatible. For Stokes’ Theorem to apply with the 
downward orientation of the surface, the boundary C must be oriented clockwise in the zy-plane. With the orientations 
of S and C as given in the problem statement, we have 


] Foo [om ad. 
e S 


37. Since curl F = 0 everywhere, Stokes’ Theorem shows that 


[Fear [om ad =0 
Cc S 


for every closed curve C that is the boundary of a surface S. For example, we can take C to be any circle with either 
orientation. 


38. The surface S could be the flat disk x? + y? < 1, z = 0 oriented upward, since using the right hand rule would orient the 
boundary circle counterclockwise. 


Job: 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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True. By Stokes’ Theorem, the circulation of F around C is the flux of curl F through the flat disc S in the zy-plane 
enclosed by the circle. An area element for S is dA = +k dA, where the sign depends on the orientation of the circle. 
Since curl F is perpendicular to the z-axis, curl F -dÄ = +(curl F -k )dA = 0, so the flux of curl F through S is 
zero, hence the circulation of F around C is zero. 


True. On a small patch of S that includes the boundary circle, the positive normal is outward. Letting the thumb of the 
right hand point in this direction makes the fingers curl in the counterclockwise direction. 


False. Using the right-hand rule gives C oriented clockwise and C2 oriented counterclockwise when viewed from the 
positive y-axis. 

False. The curl needs to be in the flux integral, not the line integral, for a correct statement of Stokes’ theorem: Í. i F df = 
f g curl F dA. 

True. By Stokes’ theorem, both flux integrals are equal to the line integral f a F . di’, where C is the circle x? + y =1, 
oriented counterclockwise when viewed from the positive z-axis. 


True. By Stokes’ theorem, the flux integral is equal to the line integral Í a F . dr, where C is the boundary of the closed 
sphere. Since the sphere has no boundary curve, the line integral is zero. Alternatively, the closed sphere can be divided 
into two hemispheres Sı (the top half with upward orientation) and S2 (the bottom half with downward orientation.) Then 
Sı and S2 both have the circle C (a? + y? = 1,z = 0) as their common boundary, except that for S1, C is oriented 
counterclockwise when viewed from above, and as the boundary of S5, C is oriented clockwise. Then, using Stokes’ 
theorem on Sı and 5» gives f; cui -dA = js curlF - dA + fa curlF -dA = Jof -dř — Ja F -dr =0. 
The same result can be obtained using the Divergence theorem and the fact that div curl F = 0. 
True. Let D be the interior disk of C, oriented by the right hand rule. By Stokes’ theorem, f a Ë -dř = Js curl -dA ; 


and f, G -dr = fp culG - dÄ . Since curl F = curlG , we have f, F' -dr = LG dr. 

True. Let S be the rectangular region inside C, oriented by the right hand rule. By Stokes’ theorem, Js Ë. dř = 
[^ curl F - dA =0. 

False. The condition that [i a F .dF =0 implies, by Stokes’ theorem, that J. E curl Ë -dÄ =0. However, curl F need 


not be 0 for this to occur. For example, let F= yi, and let S be the upper unit hemisphere x” + y? + 2? = 1,z > 0 
oriented upward. Then C is the circle z? + y? = 1, z = 0 oriented counterclockwise when viewed from above. The line 
integral Jus yi - dr = 0, but curl F = —k. 


Since 


j k 
curlF =| 2 £ ££ |-(6-C206-CT 2) -(1— 3k 2 7i +97 —2k, 
2z + 3y x — z y — Tx 


by Stokes’ Theorem, if S is the flat interior of the circle, with area vector A p 
fF var = f con F E = [et +97 - 28). af -= (T +97 — 2%). A. 
c E E 
This is a maximum if A is parallel to curl F=Ti + 9j — 2k, so curl F is the normal to the plane of the circle. Since 
the plane containing the circle is through the origin, its equation is 
7z + 9y — 2z = 0. 


To give the orientation of S shown by curl F’, notice that curl F points downward (because the z-component is negative). 
Therefore, the circle must be oriented counterclockwise when seen from the negative z-axis, or clockwise from the positive 
Z-axis. 
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Solutions for Section 20.3 


Exercises 
1. We have 
= (1-1) + (0-0)7 + (0—0)& =O. 


Since curl F = 0 and F is defined everywhere, we know by the curl test that F isa gradient field. In fact, F = gradf, 


where f(x,y,z) = x? + yz, so f is a potential function for F . 
2. We have 
= (0—1)? +(0-1)7 +(0-1)k £0. 


Since curl F z G; by the curl test F isnota gradient field. 
3. We have 
curl Ë = 


Since curlF = 0 and F is defined everywhere, we know by the curl test that F isa gradient field. In fact, 
+ 2rz, so f is a potential function for F . 


F = gradf, where f(x,y, z) = vy + yz 4 


4. We have 
i j k 
| a a a —(—1—(—1WM + (-2—2)7 aiki 
alf =| 2 >è £& = (-1-(-1))i + (—2-— 2)j +(1-1)k #0. 


y — 2z z — z 2g — y 


Since curl F £ 0, by the curl test F isnota gradient field. 
5. Since curlG = 2k z 0, the vector field G is not a gradient field. 


6. We have 
j k 

£o RO | = (ew +22) — (w +22)? -u-t e-k =O. 
yz zz + 27 yx + 2yz 


Since curl F = 0 and F is defined everywhere, we know by the curl test that F isa gradient field. In fact, F = gradf, 


ge EMIT 


curl F = 


where f(x,y,z) = vyz + yz’, so f is a potential function for F . 
7. We have 9 8 5 
. B8 z z y 
div F = = + = + = =0+0+0=0. 
dida "ka gy oz VU 
Since div F = 0, by the divergence test F is a curl field. 


8. We have 9 0 8 
2o R z y z 

div F = — = 1 =; 
nig 212 259 ae TU 


Since div F Æ 0, by the divergence test F is not a curl field. 


Ox) Əy) | 9(73) 5 i 
m tuy t o 211-8 


9. We have 
div PF = 


Since div F — 0, by the divergence test F isa curl field. 
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11. 


12. 


13. 


14. 


15. 


16. 


20.3 SOLUTIONS 1823 


We have 


der s 9 TU ML PUT LEE Tes 
Ou Oy Oz 

Since div F # 0, by the divergence test F is not a curl field. 

We have à 85 , " 
div F = cy) T ES T = —y +22 4 (y— 22) =0. 

Since div F = 0, by the divergence test F is a curl field. 

We have 
divF = ory) 4 uL + 2) =y+rt+0. 

Since div F Æ 0, by the divergence test F is not a curl field. 

The region is all points above the xy-plane. Any curve in that region can be contracted in that region to a point, so the curl 


test can be used. Also, any surface in that region bounds a solid in that region, so the divergence test can be used. 

A small circle in the zz-plane centered at the origin surrounds the y-axis and cannot be contracted in the region to a point, 
so the curl test cannot be applied. A closed surface in the region bounds a solid in the region so the divergence test can be 
applied. 

Any closed curve in the region can be contracted in the region to a point; even a small circle around the z-axis can be 
contracted by pulling it around the end of the positive z-axis. Thus, the curl test can be applied. A closed surface in the 
region bounds a solid in the region so the divergence test can be applied 

Any closed curve be contracted in the region to a point. Even a small circle around the missing segment of the x-axis 


can be contracted by pulling it around either end of the segment. Thus, the curl test can be applied. A sphere of radius 2 
centered at the origin contains inside it the missing segment, so it does not bound a solid in the region. Thus, the divergence 


test cannot be applied. 


Problems 


17. 


(a) We calculate the curl of each of these vector fields. 


i k 
curl = curl(—byi) = — 2 Z |= EE —bk. 
—by 0 0 
(b) sos 
B ] i 9 k 9 p 7 
curl A = curl(bzj ) = — E x = 5; Cok —bk 
0 br 0 


(c) 


curl A = curl (58 x r) 
i j k 
= 2 2 2 
Ox Oy Oz 
0 


Il 
£C CON 
e 
F|% 
ae 
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l 
hd 
~ 
8 
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18. Let à = ai + bj +ck and try 


> > > 


F=tx7f =(ai +b] +ck) x (ai +yj +2k) = (bz —cy)i + (ex — az)j + (ay — bx)k. 


Then 
i j k 
nae a a a ie * E 
curl F = 5n 5T = = 2ai + 2bj +2ck. 


bz— cy cx—az ay—bx 
Taking a = 1, b = —3, c = 2 gives curl F = 2i — 3j + AK , so the desired vector field is F = (-iz 2y)i + (2x 
z)j + (y + 3a)k. 
19. In Example 3 on page 1051 we showed that curl(b x F) = 2b. Thus (1/2) x F is a vector potential for B . 
20. Note that 


dry taj 2 y) ME T, 


and 


i 
curl(3a? + 9yj ) =| 2 


so (31 + 9yj ) + (2yf + 4xj ) is the required decomposition. 


21. Since divG = 2x + 2y + 2z # 0, there is not a vector potential for e. 
22. Since div F = 2+ 3 — 5 = 0, a vector potential does exist. One such is the vector field Ë = (—xy + 5yz)i + (2zy + 
2:2? )k , but there are many others. 


23. (a) Yes. To show this, we use a version of the product rule for curl (Problem 29 on page 1805): 
curl($F ) = curl F + (grad à) x F, 


where ¢ is a scalar function and F is a vector field. So 


T q4 > q z q E 
1 — |= l| =r] = 1 d x 
d (agis) eu (rs) rip tae (r) i 
3 1 = 
=0 + agaa (is) xr 


Since the level surfaces of 1/ ||7 ||? are spheres centered at the origin, grad (1/||F ||?) is parallel to 7, so grad (1/||7 ||?) x 
P = 0. Thus, curl É = 0. 

(b) Yes. The domain of E is 3-space minus (0,0,0). Any closed curve in this region is the boundary of a surface 
contained entirely in the region. (If the first surface you pick happens to contain (0, 0,0), change its shape slightly to 
avoid it.) 

(c) Yes. Since E satisfies both conditions of the curl test, it must be a gradient field. In fact, 


24. We must show curl A = B. 


fo OS pret ctc ee 
curl A == ( z In(a +y ) 5 (= ln(x +4) 
I 
c 
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25. (a) Yes. This is the case p = 2 of Example 5 on page 1052. 


26. 


27. 


28. 


(b) No. The domain of B is 3-space minus the z-axis. A closed curve C which surrounds the z-axis cannot be contracted 
to a point without hitting the z-axis, so it cannot remain at all times within the domain. 
(c) No. In Example 2 on page 1058 we found that if C is a circle around the origin, 


paw 
C € 


Thus B has non-zero circulation around C, and hence cannot be a gradient field. 


(a) Using the product rule from Problem 29 on page 1805, we find 


E m 1. 1 
curl E = curl (r) = —— curl? + grad ( — ) XT. 
II" ||? Ilr" ||? Il" ||P 


Now curl? = 0 and grad ( v] is parallel to ^, so both terms are zero. Thus curl É =0. 


(b) The domain of É is 3-space minus the origin if p > 0, and it is all of 3-space if p < 0. 

(c) Both domains have the property that any closed curve can be contracted to a point without hitting the origin, so E 
satisfies the curl test for all p. Since E has constant magnitude r^ on the sphere of radius r centered at the origin, 
and is parallel to the outward normal at every point of the sphere, the sphere must be a level surface of the potential 
function 4, that is, ¢ is a function of r alone. Further, since || || = r!~”, a good guess is 


that is, 


p2-? . 
g(r) = { ce ee 
You can check that this is indeed a potential function for E by checking that grad 9 = E. 


We apply Stokes’ Theorem to the vector field F (x, y, z) = u(z,y)i + v(r,y)j + Ok. Since Qu/O0z = 0v/0z = 0, it 
is straightforward to compute that curl” = (0v/Ox — Ou/Oy)k . Therefore, by Stokes’ Theorem, 


fo +vj)- dř = f (8v/Ox — ðu/Əy)k -dË 
e R 
Since the surface R is in the xy-plane, oriented upward, dA = dxdyk . The result follows. 


(a) Although div B =0, the vector field B does not satisfy the divergence test because its domain is 3-space minus the 
origin, which does not have the required property that every closed surface is the boundary of a solid region which 
is entirely contained within the domain. For example, the solid region inside a sphere centered at the origin contains 
the origin, hence is not in the domain of B. 

Using the product rule from Problem 29 on page 1805, we find 


curl A = (rr) curl( x 7) + grad (rr) x (i xr). 
T T 


By Example 3 on page 1051, 


(b 


— 


and by Problem 68 on page 796 


So 


curlA = 2 H 
|r 


E 
"e 

| 

w 

P agnum 
A2 
“a 
So 

3, 

x 
~ 
Tu 

x 

3, 


From Problem 47 on page 750, we have 


So 
$ ü 1 m ü 3(d -r)r 
curl A = 2——~ — 3 Sire (IZI E —-(@-r)r) = -— + ST. 
Ilr" IP T J Ir IP Ir IP 
(c) No. The divergence test says a vector field must be a curl field if it satisfies the conditions of the test; it does not say 
the vector field cannot be a curl field if the vector field fails to satisfy the test. 
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29. 


Chapter Twenty /SOLUTIONS 


(a) Since curl grad v = 0 for any function v, curl(A + grad y) = curl A + curl grad v = curl A — B. 
(b) We have S 
div(A + grad Y) = div A + div grad  — div A + V?y. 


Thus w should be chosen to satisfy the partial differential equation 


V^y — — div Á. 


Strengthen Your Understanding 


30. 


31. 
32. 
33. 
34. 
35. 


36. 


37. 


38. 


Since div curl F = 0 for any smooth vector field F, and divai = 1 # 0, there can be no vector field F such that 
curl F = ai. 


The expression curl div F is meaningless, because div F is a scalar function, but curl is only defined for vector fields. 
fF = xi + Yj, then div F # 0, so F is not the curl of another vector field. 

If f(x,y,z) = x”, then grad f = 2x and div grad f = 2 £ 0. 

True. For example, take F = yk à 

False. To see why, write F =i + Foj + Fsk . Then curl F = zi gives 


OF; OF2 OF, F; OP; OF; 


Oy dz | dz Ox ^x dy 


= 0. 


Now take the partial 2 of the first equation, & of the second and — of the third. This gives 


PF PRF OR OF; OF 0H 


ðrðy  Oxdz ^ OyOz yðr OzÓx  Oz0y 


Assuming the continuity of the second order partials, the equality of mixed partials in the second and third equations 
2 “Fs — oF 
Oy OrOz 


False. The condition that f. 5 curlF -dA =0 implies, by Stokes’ theorem, that J ö F -dr =0. However, F need not be a 


gradient field for this to occur. For example, let F = xk , and let S be the upper unit hemisphere z? + y? 4-2? = 1,2 > 0 
oriented upward. Then C is the circle z? + y? = 1, z = 0 oriented counterclockwise when viewed from above. The line 
integral f " xk - dr = 0, since the field F’ is everywhere perpendicular to C. The curl of F' is the constant field —7 , 


which contradicts the first equation. Thus there cannot be a vector field F with curl F = zi. 


shows that 


so F is not a gradient field. Yet we have f P -f -dÄ = 0, since the constant field - flows in, and then out of the 
hemisphere S. 


True. By Stokes' theorem, f. " curl F -dA = Js F dr , where C is one or more closed curves that form the boundary 


of S. Since F isa gradient field, its line ae over any closed curve is zero. 


Of aL) - 
(a) Is zero, since, for example, BE Al of) By > ( Əz 


(b) Is not zero. Let F = rj tak , then 


curl F = 


© Be ~u 
8 glo su 
& go x 

I 

| 

RS 

Fa 

ey 


so F x curl F #0. 


dx \ Oz | Oy | Oz 
ð (OF3 OF» 9 (OF, OF3 ð (OF, OFL\ | 
(d) Is zero, since 2 (8-0) 9 (GO) (Se - 28) = 0. 
Pf Of F 


(e) lYX27852'82 not zero. 


Oy? Og” 


(c) Has components like 2 E OF | DFs ) , not zero. 


Job: chap20-sols Sheet: 29 Page: 1827 (August 24, 2012 11:19) [ex-misc] 


SOLUTIONS to Review Problems for Chapter Twenty 1827 


Solutions for Chapter 20 Review 


Exercises 
1. We have 
i j k 
curl(e+y)i-(ytzj+@tak)=| 2 2 Bf |-i-j-k 


2. We want the j component of curl ñ . Since 


i j k 
i= 9. We oO 
curl 5 L sy = ; 


2x + 3y Ay + 5z 6z + Tx 


the j component is 
"— 29 a 7 


3. Fields with zero curl: (c), (d), (f) because these don’t appear to be swirling. 

4. Fields (a), (c), (e) because they do not appear to be exploding or collapsing. 

5. C5, C3, C4, Cs, since line integrals around C and Cs are clearly nonzero. You can see directly that J. Ca F . dF and 
f Co F . dř are zero, because C2 and Ce are perpendicular to their fields at every point. 

6. Not defined, since we can’t take the gradient of a vector function. 


7. Defined; scalar because F (r) x G (r^) is a vector field; the integral represents the flux—a scalar—through the surface 
S. 
8. Defined; scalar because grad f is a vector field, so (grad f) x 7 is a vector field, so we can calculate its divergence, 
giving a scalar. 
9. Defined; vector since curl F is a vector and the cross product of two vectors is a vector. 
10. The circulation around any square with sides parallel to the axes and centered at the point is zero because the line integrals 


on the top and bottom sides add to zero and the line integrals on the left and right sides add to zero. We suspect that the 
vector field has zero curl. 


11. The circulation around the boundary of any square with sides parallel to the axes and enclosing the point is nonzero 
because the vectors at the bottom are larger than those at the top, so we suspect a nonzero curl at this point. 


12. We have 


. B [o] ð [o] 
div F = a; (9) ts) uid = 2x + 3y? + 42°, 
ijk 
curl F = Eas =0. 
a? y? 24 


So F is not solenoidal, but F is irrotational. 


13. We have 
. mn 0 ð ð 
div F = 2 (ay) + (yz) + Ê (ex) =y +z +a, 
Ox Oy Oz 
ijk 
|| Or e OU eae ET cp 
curl F = be By Be | I xk. 
LY yz zc 


So F is not solenoidal and not irrotational. 
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14. We have 9 " 8 
div F = poe ae. H z Hy +z)=-sing +e” +1 
ij k 
"NES a a E 
curl F = a ae + —4-—3. 


cor eYa+y+z 


So F is not solenoidal and not irrotational. 


15. We have à r 
iy F = {ettz — (sj Eai aN 
div F = as € y+ oe + z)) 4 ERIS Ey )20 
cul F =| 2 a = = (2y — cos(x + z))i (2x py + (cos(x +2)- e”+7) k. 


et?  sin(r4-z)az?-4 gy? 
So F is solenoidal, but F is not irrotational. 


16. (a) Direct method: 


i j k 
curl F = Es — = —2xi —(—y)j t zk — —2ri +yj + zk 


On the surface, dA has no i -component, so the 7 -component of curl F does not contribute to the flux. Thus 
nn -dÄ = [ug eas. 
S S 


Since yj + zk is perpendicular to 5 and llyj 4 zk || = \/y? + 22 = V5 on S, we have 


nc . dA = 5. Area of S = V/5.2nV5-3 = 307. 
S 


(b) Using Stokes’ theorem, we replace the flux integral by two line integrals around the circular boundaries, C1 and C5, 


of S. See Figure 20.8. 
n a= | Fas PB dr. 
S Ci C2 


On C^, the left boundary, x = 0, so F = 0, and therefore Í e F . dř = 0. On Co, the right boundary, z = 3, so 


F = 3zj — 3yk. This vector field has || || = ,/(3z)? + (—3y)? = ./9(2 + y?) = 3V5. and F is tangent to 


the boundary C^» and pointing in the same direction as C5. Thus 


/ F -dF —||F || - Length of C2 = 3V5-2rv5 = 30. 
C2 


z 


Figure 20.8 


Job: chap20-sols Sheet: 31 Page: 1829 (August 24, 2012 11:19) [ex-misc] 


SOLUTIONS to Review Problems for Chapter Twenty 1829 


17. (a) Let us parameterize the curve C by 7 (t) = 3 cos ti +3sin tj, 0 € t € 2n. 
Then dr’ = (—3sin ti + 3costj )dt and so 


f ((yz? —y)i + (xz? +x)j 4 2xyzk)- dF = | (—3sinti 4-3costj )- dF 
c 


2m 
= J 9dt = 18m. 
0 


(b) Since C is a closed curve, Stokes’ Theorem applies. We choose the surface S to be the disk in the zy-plane bounded 
by C, and it must be oriented upward. Since curl = 2k, 


os 


n dF = [ 2 -dË = ||2k ||(area of S) = 2(x3?) = 18m. 
C S 


18. (a) Let C be the boundary of the disc D, given by y? + z? < 1 and x = 0, oriented counterclockwise when viewed from 
the positive x-axis. Using Stokes’ Theorem, we have 


fo (eT + (etuk) -dÄ >] (T+ etok) dr. 
D c 


Parameterize the curve C by F (t) = costj +sintk for0 < t < 2r. Then, F’ (t) = — sintj + costk . Thus, 


2m 
T («^i T (xc pk) -dř = I (et + (0+ cost)k ) . (—sintj + costk )dt 
C 0 
2T 
—m. 
0 


2T 
1 
- f cos? t dt — 3 (t + sintcost) 
0 


(b) We have 
curl (Py + (+ y)k) =i-j, 


[owt (et + +k) ad = f E-F) da= f dA= areaot aise D =x. 
D D D 


19. First C is parameterized by 
T (0) — 2cos0i +2sin6j +k. 


Note that C bounds the disk S given by x? + y? < 4, z = 1. Then 
F'(0) = —2sin0i +2cos67. 


Now, 
i j k 
| a a a EPR i 
culF =| 2 37 ao 0-739» +j +5k, 


z — 2y 3x — Ay z + 3y 
anddA = k dA. Using Stokes’ Theorem we get 


] o [ome -aa 
C S 


= f (5+7 +57) EdA= | saa 
S S 
= 5(Area of circle) = 5(47) = 207. 


20. First note that curl = 2% . 
(a) By Stokes' Theorem, Jf 5 Fd? = [i 3 2k - dA where S is the disk of radius 10 in the xy-plane centered at the 
origin, oriented downward. Since this orientation is opposite to 2k , ne 2k -d = —||2k ||(area of S) = —2007. 
(b) By Stokes’ Theorem, JT. 5 Fd? = n 5 2k - dA where S is the disk of radius 10 in the yz-plane centered at the 
origin, oriented in the negative x direction. Since the vector field 2k is parallel to the surface S, its flux through the 
surface is zero. 
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21. The graph of F = F /||F ||? consists of vectors pointing radially outward. There is no swirl, so curl F = 0 . From Stokes’ 


Theorem, 
[eae f omg ad = [8 ai =0 
C S S 


22. The circulation is the line integral Jf a F . dF which can be evaluated directly by parameterizing the circle, C. Or, since 
C is the boundary of a flat disk S, we can use Stokes' Theorem: 


[Fae [omg as 
ro] S 


where S is the disk z? + y? < 1, z = 2 and is oriented upward (using the right hand rule). Then curl F = —yi — rj +k 
and the unit normal to S is k . So 


n ad = [Cal — aj +E): E dedy 
E E 


= i 1 dady 
S 


= Areaof S — « 


Problems 


23. (a) is (D since div(r + d) = 3. 
(b) is (I) since 
div(? x d) = div((asy — a2z)i + (az — asz)j + (ax — aiy)k ) = 0. 
(c) is (V) since 7 - d. is a scalar. 
(d) is (ID) since curl(' -- à) — 0. 
(e) 1s (IV) since 


curl(7 x d) = curl((asy — a2z)i + (aiz — aax)J + (ao — ary)k) = —2aii —2a9j —2aak = —24. 


(f) is (V) since P - @ is a scalar. 


24. (a) grad(r - d) = grad(aix + ay +a3z) — d . 
(b) Not defined. Can't take the divergence of a scalar. 
(c) Not defined. Can't take the curl of a scalar. 
(d) Not defined. Can't take the gradient of a vector. 


(e) Now 
PXd-—|m y z |=(asy a2z)i — (azz — a12)] + (aoe — aiy)k . 
ài a2 a3 
Thus, 


div(r x à) = O0. 
(f) Using the expression for ' x d in part (e), we have 


> > > 


j j k 
curl(? x @) = + — = —9a4í 2a5j 2aak = —2a. 


a3y — 022 012 — A3X 2% — a1y 


25. (a) Only the y-component of F contributes to the flux integral. On S we have y = 5 and dA = —j dA (since S is 
oriented toward the origin), so 


n -dÄ = / 553 -(—j dA) = —125- Area of S = —125(13?) = —11257. 
S S 
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(b) Not defined; we cannot integrate a vector field over a solid region in space. 
(c) Since 


>- 


J 
" ES 


"o So n. 


pes 20 
curl F = 5: 3 
3 y 
we have Js curl F -dÄ — 0. 
(d) Not defined; we cannot calculate the gradient of a vector field. 
(e) Since 
div F = div(z?i 4-y?j + zik) = 3a? + 3y? + 327, 


] ss Fav =3 f (a? + y? + 2?)dV. 
Ww Ww 


Converting to spherical coordinates gives 


2v T 2 T 
] ss Pav =3 f | n p^ p? sin $ dp dó dÓ = 3 - 27 (— cose 
Ww 0 0 0 0 


(f) Since F= grad((a* +y + z^) /4), we use the Fundamental Theorem of Line Integrals to get 


4 4 4|( 
T Par st 
Cc (0,0,0) 


we have 


2,3,4) 944344 44 B 353 


4 | 


Alternatively, we parameterize the line by x 2t,y 3t, Z 4t for 0 < t < 1. Then on the line F = 
8ti + 27055. -- 64t?k andr’(t) = 2i +37 + 4k , giving 
1 


1 1 4 
fra] (BPT +2787 164E) ai +37 +4k) ae = [ (16¢3 + 8105 + 256t°) dt = 353 = 353 
Cc 0 0 4 0 4 
(g) Not defined; curl F is a vector field and we cannot integrate a vector field over a solid region in space. 
(h) We have F = x?7 + y?7 + z?k so 
T 3 42 pl EL 412 AP 
| FE. rj «bu - | / D (x? +y? --z2)dzdydz =2-3—| +1-3%| 41-25 
w o Jo Jo 4], UM 4 lo 
4 4 4 
=2. 3 +1: 3T +1 23 = 54. 


26. (a) Defined; equal to (e) and (f) by Stokes’ Theorem. 
(b) Not defined. 
(c) Not defined. 
(d) Defined; not equal to others in list. 
(e) Defined; equal to (a) and (f) by Stokes’ Theorem. 
(f) Defined; equal to (a) and (e) by Stokes’ Theorem. 
(g) Defined; not equal to others in list. 


27. (a) At P, we have curl Ë = 6i + 5j — 8k, so 


E > 


culF -(¢+j7 +k) =64+5-8=3. 


(b) The definition of the curl tells us that if 7? is the unit vector normal to the plane containing the circle and pointing 
away from the origin, then 
T NS Jo E -ar 
curi Um f "Area enclosed by C` 


= 


Since = (i +7 + k )/v3, we have 


z (0.01)? = COT _ 0.000544. 


v3 


gan 
$ 


(curl F - ñ )Area of circle = 


3 
c "i 
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28. . 
The vector curl G has its component in the z-direction given by 


(curl G ) Circulation around small square around x-axis 
cur 2 — — 
Area inside square 


. Circulation around S2 6 —— 600 
. Areainside S2 . (0.12 ^" 
Similar reasoning leads to 
= Circulation around S3 —5 
1 x = L— , 
VUELOS Area inside 53 (0.1)? ane 
= Circulation around 5, —0.02 
cane) Area inside Sı (0.1)? 


Thus, 
curl G = 600; — 5007 — 2k. 


29. (a) It appears that div F <0,anddivG <0;divG is larger in magnitude (more negative) if the scales are the same. 
(b) curl F andcurlG both appear to be zero at the origin (and elsewhere). 
(c) Yes, the cylinder with axis along the z-axis will have negative flux through it (ends parallel to xy-plane). 
(d) Same as part(c). 
(e) No, you cannot draw a closed curve around the origin such that F has a non-zero circulation around it because curl 
is zero. By Stokes’ theorem, circulation equals the integral of the curl over the surface bounded by the curve. 
(f) Same as part(e) 


30. (a) Since the disk is in the plane z = v5, only the k component of F contributes to the integral. Since the disk is 
oriented downward, dA = —k dA on the disk; in addition, z = v5 on the disk. Thus, 


JF -dĀ = [ F) . (CK dA) = —V5- Area of disk = —v57r(V10)? = —10v5r. 
S S 


(b) The line is parallel to the x-axis, so only the i component of F contributes to the integral. Since dř = i dx and 
y= V3 on the line, 


fF sar = | (80: G da) = V3: Length of line = 2V3. 
G a 


(c) Using Stokes’ Theorem, if C is the boundary of S with induced orientation, 


font ad = | Far. 
S C 


The boundary of the rectangle C' has four parts. The orientation is counterclockwise when viewed from above. The 
integral along the x-axis is 0 because the i component is 0 there. Similarly, the integral along the y-axis is 0 because 
the j component is 0 there. 

The integral along the top of the rectangle uses the reverse orientation to the answer to part (b), so its value is 
—24/3. The integral along the right side depends only on the j component at z = 2, so the value is of this integral is 
7-2- Length of line = 24/37. Thus, 


] sn aa = | Far 040 2V3 + 23m = 2 /3(n — 1). 
S C 


Alternatively, direct calculations gives 


curl F = — (v — Dk. 


e ge eg 
d Sees 
x Ple m 


Thus, 
n -dÄ = |œ- oë -k dA = (m — 1) - Area of S = 2V3(7 — 1). 
E E 
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31. We calculate 


i j k 
27 27 > P 
curl (z^i cy j +(a@tytz)k)=|2 2 — =i-j, 
x y atyte 


and use Stokes’ Theorem with D as the surface (x — 1)? + (y — 2)? < 4 in the xy-plane, oriented in the positive 
z-direction: 


J T+ etuk): a= f G-7). dA. 
C D 


Since dA =k dA, we have 


32. We use Stokes’ Theorem. We have 


curl(—y*i + x°] +e*k) = 2 E — = (3a? + 3y?)k. 
-y? P e? 


So if D is the disk x? + y? < 3, z = 4, oriented upward, we have 


[cv +°] +k) dF -f (32? + 3y))k -dA =3 f (a? + y?) dA. 
C D D 


Converting to polar coordinates, we have 


> ae ous r* d 2'm 
[vised eer =s | f r'.rdrdó =3:2r—| = 
C 0 0 4 0 2 
33. We calculate 
i gj k 
curl (sina? 4- cosy?j + (x + y)k) = — 2 — =i-j, 


sin x” cosy? £ +y 


and use Stokes’ Theorem with D as the surface (y — 1)? + (z — 2)? < 4 in the yz-plane, oriented in the positive 
x-direction: 


J Gr + (e+ wR) ar = f E-F): aA. 
C D 


Since dA = i dA, we have 


[e-n-ai= | 1dA = Area D = 12? = 4r. 
D D 


34. We use Stokes’ Theorem. If C is the circle y? + z? = 3, oriented counterclockwise when viewed from the positive 
x-direction, then Stokes’ Theorem gives 


fot ai =| Far = f (G F y) — (z--z)3 +(y4 z)k) + dr. 
S [e e 


Since C is in the yz-plane, the i component does not contribute to the line integral. On the yz-plane, x = 0 so 


font ad = | Bar = | ob tuk) ar. 
S c ë 
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On the circle y? + z? = 3, we have \|-27 + yk | = V3 and —zj + yk is tangent to the curve pointing in the 


counterclockwise direction, so 


nc -dA = | cz + yk ) - d? = V3 - Length of curve = V3 - 2r V3 = 6r. 
E C 


zyk) =3+4+0=7, 


35. Since 
div(3xi + 4yj 4 


we calculate the flux using the Divergence Theorem: 


Flux = [exi cdi ena = f 7dV = T. Volume of box = 7-3: 5.2 — 210. 
: ; 


W 


36. We use the Divergence Theorem. 
Since divf = 3 — 1 + 2 = 4 and a closed surface is oriented outward, the Divergence Theorem gives 


[Ff div F dV 2d Volume of sphere =4: ue 
s Interior 3 3 
of sphere 


We use the Divergence Theorem. Since divF = 32? + 3y? +32? and a closed surface is oriented outward, the Divergence 


37. 
Theorem gives 


| F -dÄ = div F dV 
S Interior 


of sphere 


(32? + 3y” + 327) aV 


Interior 


of sphere 
27 T 1 
zi T J p^ - p? sin $ dp d$ do 
0 0 Jo 
"e| i2 
= 3: 2n(— cos 9) = ==. 
0 0 
38. We use Stokes' Theorem. Since 
i j k 
= a a a —_97 _37 Lk 
curl F = = ay x |= 721-33 k, 


etyyt2z24+32 


if S is the interior of the square, then 


[Bear [om Fad = [xi cni E) aA 
C S S 


Since the area vector of S is 497 , we have 


P — a a a = (37? 2E 
curl F = = Em — = (3a + 3y^)k, 


c-ypt+ze+yt+z2nt+yt+2 


if S is the disk z? + y? < 10 oriented upward, 
4 |v 
r 
= 1507. 


4 4 27 VIO 
[Fear f atak ad =s [ / r° -rdr d0 =3-2n-— 
C S 0 0 4 0 
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40. We use the Divergence Theorem. Since divF = 3y? + 32°, we have 


n -dÄ = (3y? + 327) dV. 
S Interior 


of cylinder 


Converting to cylindrical coordinates with y = r cos 0, z = r sin 0, we have y? + z? = r?, so 


» " 1 2n 4 ril 
[Fads / f r?°- rdrdð dz =3-2-2n—| = 768r. 
S —140 0 4 0 


41. We use the fact that if Sı and S2 are surfaces which share a common boundary C, and if Sı and S2 determine the same 


orientation of C', then 
f oF -aA = f curl F - dA. 
Sı $2 


We replace the surface S by So, the base of the cube, oriented upward because So is easier to integrate over. (Both 
surfaces have the unit square in the xy-plane as the boundary.) Since So is horizontal, we need only find the k component 
of curl F': 


alye") | O(-ae") 
Ox Oy 


z-component of curl F = = (ye? + xe?) . 


Thus, we have 


1 pl 1 2 
n -dA -f we +e") da = | n (ye e?) dedy = | ye + Ze” 
s E o Jo 0 2 
0 


1 


T 
dy 
0 


y 2 y 


J 
e È 
=] (ey m -y)dy-(e- 00 
0 


5 =e-l. 
0 


42. Let S be the disk inside the unit circle, oriented upward. By Stokes’ Theorem, 


n sae = fak .dA = 4- Area of disk = 4-71? = 4m. 
C S 


43. (a) Let D be the face of the box which was removed from the yz-plane. We use Stokes’ Theorem with D as the surface. 


i jfk 
curl F = 2 Es = 2% — 2k, 
zEry —2 y 
so 
L F ar = f curl F - dA = [ ei -28)-aa = 2(Area of D) = 2. 3? = 18. 
C D D 
(b) To use the Divergence Theorem, we calculate that div F = 1. Since the Divergence Theorem requires a closed 


surface, we close S by adding D, oriented in the direction of the negative x-axis. Then 


i, Fead= fF ad+f Fai = | ldv = Volume of box = 27. 
S+D S D Interior 


Now on D, where z — 0, we have F= yi — zj + yk. In addition, on D, we have dA — —i dy dz, so 


3 43 
fF -dÄ = foi zj 4 yK)- (—idy dz) = f 7 y dy dz 
D o Jo 


Thus, 
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44. (a) Can be computed. If W is the interior of the sphere, by the Divergence Theorem, we have 


4 


[Fas div F dV = 4. Volume of sphere = 4: $r- 2* = EE, 
S w 


3 


(b) Cannot be computed. 
(c) Can be computed. Use the fact that div(curl F') = 0. If W is the inside of the sphere, then by the Divergence 


Theorem, 
f curl F - dA x divieu Fav = | 0dV —0 
S w w 


45. (a) curl F = x iy 2 = (x — 2zy)i — (y—- yJ + (2yz — 2yz)k #0. Since curl F Z 0, we know F 


yz 2ryz xy 
is not conservative. 
(b) A line integral round the closed path shown in Figure 20.9 is not zero, so F is not conservative. 
Note: To show that a vector field is not conservative, we only need to find one path whose line integral is nonzero. 
To show that a vector field is conservative, we must show the line integral is zero on all paths. 


N 
ra P 
/ ‘a ~ N X 
J QUEE E 
NP 
NÉ pg 
NO aad 
Figure 20.9 
46. (a) We have 
i j k 
ZI ð 0 0 > > (6) z ð y > 
curl F = ae oy Oz = (2 es +(F (zx) a(r)i 
x? + y? x? + y? 0 
Since 
o x _ 1 2222) _@ +y- yar 
ðr \ ety) +y (+y (typ +y) 
ð y re- y? 
and similarly oj (= T =) = CETA we have, provided z? + y? 7 0, 


curl Ë = 0. 


The domain of curl F' is all points in 3-space except the z-axis. 
(b) On Ci, the unit circle z? + y? = 1 in the zy-plane, the vector field F^ is tangent to the circle and || F || = 1. Thus 


Circulation = / F . dF = ||F || - Perimeter of circle = 2. 
Ci 


Note that Stokes' Theorem cannot be used to calculate this circulation since the z-axis pierces any surface which has 
this circle as boundary. 
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(c) Consider the disk (a — 3)? +4? <1in the plane z = 4. This disk has C»? as boundary and curl F — 6 everywhere 
on this disk. Thus, by Stokes’ Theorem Ja; F -dř =0. 

(d) The square S has an interior region which is pierced by the z-axis, so we cannot use Stokes’ Theorem. We consider 
the region, D, between the circle C1 and the square S. See Figure 20.10. Stokes’ Theorem applies to the region D, 
provided C is oriented clockwise. Then we have 


f Bears [Faro f uth ax =o. 
C1 (clockwise) S D 


]*:«--] Far-[ F . df =2n. 
S C (clockwise) C (counterclockwise) 


(e) If a simple closed curve goes around the z-axis, then it contains a circle C of the form z? + y? = a?. The circulation 
around C is 27 or —27, depending on its orientation. A calculation similar to that in part (d) then shows that the 
circulation around the curve is 27 or —27, again depending on its orientation. If the closed curve does not go around 
the z-axis, then curl F = 0 everywhere on its interior and the circulation is zero. 


Thus, 


(-2, 2,0) i (2,2,0) 
S 
zx 
D 
(—2, —2, 0) (2, —2, 0) 
Figure 20.10 
47. (a) Notice that F is tangent to the circle, because 
jai wm) esie, 


x? + y? 


and F has constant magnitude on the circle z? + y? = 9, since 


ES —yi + rj (—y)? + x? T 
IE || = UmAdgonA || ^^ aaa 8 
zr? +y zł +y 3 


Thus, the line integral can be calculated as follows: 


f F -dř = ||F || - Circumference of circle = : 213 = 2m. 
C1 


(b) We have 
: j h o ð 
| — ə EE NET a E N E us Wr E 
ouihi = ae Oy Əz (2 (=>) Oy (=))F 
ES é 
gut wae” 


E 1? PEN S 2y? z 
ui x? + y? (a? + y?) x? + y? (a? + y?)? 
ety 2? H ty? — dys i 
———MM—ÓÀÁásá———k -0. 

(a? + y?) 


Thus, curl Ë =6 except where z = y = 0, on the z-axis, where it is not defined. 
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(c) Stokes’ Theorem cannot be used to calculate Tf o because the z-axis cuts any surface whose boundary is C1. 
1 
(d) Since the disk D» inside C2 does not intersect the z-axis, Stokes’ Theorem can be used: 


E cul -aA = f 0-dA =0. 
C2 Doz D2 


(e) The vector field F is not a gradient field since tes F dr # 0. 


48. Note that planes of the form ma + ny = d are vertical, so their normals have no k component. 


curl Ë = OF; OF k= A(z) 9O(-y) k =2k, 
Ox Oy Ox Oy 
by Stokes’ Theorem, the circulation around curves in the xy-plane and the plane z + y + z = 0 can be nonzero. The 
circulation is 0 for (II), (IID, (V). 
(b) Since Œ = grad(xy), the circulation around any closed curve is 0. So the circulation is 0 around (1), (ID, (IID, (IV), 
(V). 
(c) Since 


(a) Since 


OHa- o ( z) F = 
i= =i; 
Oz Oz 
the circulation can be nonzero around any curve in a plane whose normal has a nonzero H component. The circulation 
is 0 for (D, (IID. 


curl Ë = 


49. (a) Only the k -component of F contributes to the line integral, so 


" 10 ES 10 z2 
fra] dR de= | zdz = > 
C 0 0 2 


(b) Only the k component of F contributes to the flux integral; this component is 10K . Thus, 


0 


fF -d = 10- Area of S = 10r (V3)? = 30r. 
S 
(c) We use the Divergence Theorem, with div Fsi Thus, if W is the region inside the box, 
fF -dÄ = 1dV = 1. Volume of box = 2° = 8. 
S w 


(d) Only the i and j components contribute to the line integral. The horizontal component of the vector field, yi — zj, 
is tangent to the circle, and points in the clockwise direction. On C, the length of the horizontal component is 


luf -zf || = VP +2? =3. 


Thus, 


f F . dř = —3- Circumference of circle = —3- 273 = — 187. 
e 


CAS Challenge Problems 


50. (a) curl F (1,2, 1)= —6i — 87 + k. 
(b) Ja F dř = —3(4a? + a*)n. 
So, F dF 


— =ô. 


lim 
a—>0 TA 


This is the 7 component of curl F (1,2, 1) according to the circulation density formula. 
(c) Jo F . dř = —8a?n. 


F -dř 
lim Jum =-8. 


This is the j component of curlF (1, 2,1). 
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This is the k component of curl F (1, 2, 1). 

(e) The curves C'a are circles of radius a around the point (1, 2, 1) facing in the positive x-direction, so the limit as a — 0 
of the circulation around them is the i -component of the curl, according to the geometric definition. Similarly, the 
curves Da are circles facing in the y-direction and the curves Fa are circles facing in the z-direction, so they give the 
j and k components of the curl. 


51. (a) Let W be the region enclosed by the sphere. We have div F —2ardbz4 2cy 4- p 4- q so by the Divergence Theorem 
Js F.dA = Jy (Qax+bz+2cy+pt+q) dV. Now bs zdV = pm ydV — Jas zdV = 0, because W is symmetric 


about the origin and x, y, and z are odd functions. So Jy (Qax - bz -2cy - p- q)dV — Ja (p4-q)dV = Lean 
(b) Using spherical coordinates, we calculate the flux integral directly as 


> 


| I ((bR? cos(0) cos(ġ) sin($) + a.R?cos(0)?sin($)?)i 
0 0 


-(pRsin(0) sin(@) + cR?sin(0)?sin($)?)3 + (qR cos() 


3 
+r R?cos(0)?sin($)?)K ) - (sin $ cos07 + sin ósin0j + cos ók )R? sin ¢ dód0 = EE 


Rather than entering this integral directly into your CAS, it is better to define the vector field and parameterization 
separately and enter the formula for flux integral through a sphere. 


52. (a) div F (1,1, 1) = 5. 
(b) On a small sphere centered at (1, 1, 1) the divergence is approximately constant and equal to its value at (1, 1, 1), 
namely 5. Geometrically the divergence is the flux density, so the total flux is approximately the divergence multiplied 
by the volume, so Js F . dÄ z 5( volume of S) = 22 (0.1)? ~ 0.02094... 
(c) The area element on the sphere is dA = (sin ¢ cos 0i + sin $ sin 0j + cos ok )a? sin ó dód0. Using a CAS to 
calculate the flux integral we get UP F .dA = (20ra? /3) + (4a? /5), which is .02097 when a = .1. This is close 
to the approximation we found in part (b). The limit 


fo, F aA (201a? /3) + (41a? /5) 3a? 
lim —-2—————— -— lim SEE — Ji 34 yas. 
a0 Volume inside Sa — a0 (4/3)ra? lim (5 Ts )=5 


This agrees with the value of the divergence we found in part (a). This makes sense, because the limit is just the 
geometric definition of divergence. 


PROJECTS FOR CHAPTER TWENTY 


1. (a) Since S does not touch the wire, it is in a region of space where there is no current. Hence curl B =0 at 
every point of S. Therefore, 


f curl B - dÁ =0. 

S 
The flux of curl B through S is 0. 

(b) The boundary of S is a curve, C, in two pieces, C1 and C5. Given the upward orientation of S, the curve 
C is oriented clockwise and C% is oriented counterclockwise when viewed from above. (See Figure 20.26 


in the text.) 
The vector field has constant magnitude on each circle and is parallel to the circle. Therefore, 


f B .dr = ||B (P5)| - Length of C; = 2x Ra||B (P). 
C2 
Because C^ is oriented in the opposite direction 


f B .dr = —|B (P,)| - Length of C1 = —2r R || B (P,)||. 
Ci 
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(c) From Stokes’ Theorem, 
f o8 -dA -| B .dr. 
E C 
Since 
| cul B -dA =0 
8 
and 
| Bid = B -dr + B -dF 
C Ci C2 
we have 
/ B.dr-- i B.dr 
C2 Ci 
Hence, 2 2 
2n Ra||B (P2)|| = —(—27 F5]|B (Pi) I) 
and thus : 
|B (P2)|| = (Ril|B (PDR 
2 
Letting k = R,||B (P,)|| be constant and thinking of Ry = r as a variable, we have 
> 1 
IB (P2)|| = k-. 
" 
This relationship shows that || B (P2)|| is proportional to the reciprocal of the distance r from P to the 
wire. 
(d) If the distance from P to the wire is r, then the distance from Q to the wire is 2r. Using the proportionality 
in part (c), we have 
IB (Ð) => 
and " à 
B =—=-=|B(P 
IB(QOI = 5- = zIB CI 
Doubling the distance from the wire cuts the magnitude of B in half. 
(e) Suppose the distance from P to the wire is r, so that 


iB (Py - 5. 


If the distance from Q to the wire is R and if || B (Q)|| = 0.8|B (P)||, then 


k k 
B == =0.8-. 
|B (QI =F =08- 
Solving gives 
7 
= — =1.25r, 
0.8 i 
so the distance from the wire must be increased by 25%. 
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2. First compute the unit vectors T and Ñ . Since T is in the direction of F we have 


5 1 z 1, > + 
T = ——F = —(ui 4 vj). 
ILE || F 


Since N is the unit vector in the direction of k x F we have 


k x F =k x (ui vj) 


= vi +uj 
3 1 m 
N = — —(-vi + uj) 
| ^ vi + uj |l 
= (—vi + uj) 
= —(-vi uj). 
F J 


The chain rule for partial differentiation of the formulas u = F cos 0 and v = F sin 0 gives 


uy = (cos 0)Fy — F (sin #)0, 
Vg = (sin 0)Fr + F(cos0)0,. 


Since, for a 2-dimensional vector field, curlF = (vs — uy)k we have 


C = Ug — Uy 


= ((sin 9) Fy + F (cos @)6,) — ((cos @)Fy — F(sin0)0,) 
1 
= (ufs + v0,) + peo — uF,) 
m m m m 1 m m = = 
= (si + Oyj) + (ui t v3) — (Fei + Fyj ): (~vi + uj) 
= F grad 0 -T — grad F - Ñ. 


Since the directional derivative of 0 in the direction of T is 05 = grad0- T and the directional derivative 
of F in the direction of N is F N = grad F- N we have 


c= Füg —Fy. 
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Solutions for Section 21.1 


Exercises 


There is just one parameter, s, so the parameterization describes a curve. 
There are two parameters, s and t, so the parameterization describes a surface. 
There are two parameters, s and t, so the parameterization describes a surface. 
. There is just one parameter, s, so the parameterization describes a curve. 

. A horizontal disk of radius 5 in the plane z = 7. 


. A cylinder of radius 5 centered around the z-axis and stretching around from z = 0 to z = 7. 


NAMB wWHN Ee 


. A helix (curve) of radius 5 which makes one turn about the z-axis, starting at the point (5, 0, 0) and ending at the point 
(5, 0, 107). 


8. Since z = r = Ja? + y?, we have a cone around the z-axis. Since 0 < r < 5, we have 0 < z < 5, so the cone has 
height and maximum radius of 5. 
9. The top half of the sphere (z > 0). 
10. The half of the sphere with y < 0. 
11. A vertical segment lying between two longitudinal lines (9 = 7 and 0 = 3) and stretching between the poles. 


12. Half the horizontal ring around the sphere between two latitude lines (6 = > and o = $) in the northern hemisphere. 


Problems 


13. Two vectors in the plane containing P = (0,0,0), Q = (1, 2,3), and R = (2, 1, 0) are the displacement vectors 
Tı = PQ =i +27 +3k 


— PR =2 +j. 
Letting o = Oi +07 -- 0k = 0 we have the parameterization 


T (s,t) — r'o-- sU1-- tU» 


= (s - 20)i + (2s +t)j +3sk. 


14. Two vectors in the plane containing P = (1,2,3), Q = (2,5,8), and R = (5, 2, 0) are the displacement vectors 
3, = PO =1437 +58 
d2= PR =4i — 3k. 
Letting o = i+ 2j + 3k we have the parameterization 


T (s,t) — T'o-- sU1-- tU» 


= (14r 5 4- 4t)i -- (2--3s)j + (34-5s — 3t)k . 


15. To parameterize the plane we need two nonparallel vectors yı and @ 2 that are parallel to the plane. Such vectors are 
perpendicular to the normal vector to the plane, i = id j +k. We can choose any vectors yı and Y2 such that 
Ti n —U2-: n =0. 

One choice is 
1-i-j  Vó3-i-k. 
Letting o = 3i + 5j + Tk we have the parameterization 


T (s,t) =7Fo+st¥i14+t02 


=(3+s +i +6=8)7 +(7-t)k. 


1844 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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To parameterize the plane we need two nonparallel vectors yı and @ 2 that are parallel to the plane. Such vectors are 
perpendicular to the normal vector to the plane, i = i+ 2j + 3k. We can choose any vectors à ; and V 2 such that 
Vi- n =72- n =0. 
One choice is 
T= -j Tz=3i—k. 
Letting 9 = 5i + j + 4k we have the parameterization 


= 


F(s,t) =Fo+st¥it+tv2 


= (54-2s -30)i +(1—s)j + (A— tk. 


(a) We want to find s and f£ so that 


2+s=4 
3+s+t=8 
4i = 12 


Since s = 2 and t = 3 satisfy these equations, the point (4, 8, 12) lies on this plane. 
(b) Are there values of s and t corresponding to the point (1, 2, 3)? If so, then 


122-45 
2=3+s8s4t 
3 = 4t 
From the first equation we must have s = —1 and from the third we must have t = 3/4. But these values of s and t 


do not satisfy the second equation. Therefore, no value of s and t corresponds to the point (1, 2, 3), and so (1, 2, 3) 
is not on the plane. 


If the planes are parallel, then their normal vectors will also be parallel. The equation of the first plane can be written 
P =20 +4] +k Rs +5 +2k)+t7G -7). 


A normal vector to the first plane is #1 = (7 +7 + 2k )x(—3)22i +27 — 2k . The second plane can be written 


E 


F—O9ij-s(-k)MtP +j —k). 


> > 


A normal vector to the second plane is #2 = (7 +k) x (28 +7 —k) = —i +37 +k. Since i and ii 2 are not 
parallel, neither are the two planes. 


The surface is the plane z = 1. The family of parameter curves with s constant and t varying consists of lines in the plane 
parallel to the y-axis. The family with t constant and s varying consists of lines in the plane parallel to the x-axis. 


The surface is the cylinder of radius 1 centered on the x-axis with equation y? + z? = 1. The family of parameter curves 
with s constant and £ varying consists of circles on the cylinder, the cross-sections of the cylinder parallel to the yz-plane. 
The family with £ constant and s varying consists of lines on the cylinder parallel to the x-axis. 


The surface is the graph of the equation z = x? + y?, a parabola. The family of parameter curves with s constant and t 
varying consists of cross-sections of the graph with x fixed. If s = so, the cross-section has equation z = sz + y? in the 
plane x = so, so it is a parabola. The family of parameter curves with ¢ constant and s varying consists of cross-sections 
of the graph with y fixed. If t = to, the cross-section has equation z = x? + 12 in the plane y = to, so it is a parabola. 
The parametric equations are the spherical coordinate parameterization of the unit sphere centered at the origin, with 
s = 0 and t = d. The family of parameter curves with s = 0 constant and t = @ varying are meridians of constant 
longitude, semicircles from the north pole to the south pole. The family of parameter curves with t = @ constant and 
s = 0 varying consists of latitude circles. 

Since you walk 5 blocks east and 1 block west, you walk 5 blocks in the direction of yı, and 1 block in the opposite 
direction. Thus, 


Similarly, 


24. 


25. 
26. 
27. 
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Hence 


Thus the coordinates are: 


(a) Nearer to the equator. 
(b) Farther from the north pole. 
(c) Farther from Greenwich. 


A horizontal circle in the northern hemisphere at a latitude of 45? north of the equator. 


A vertical half-circle, going from the north to south poles. 


1845 


Set up the coordinates as in Figure 21.1. The surface is the revolution surface obtained by revolving the curve shown in 


Figure 21.2 about the z axis. From the measurements given, we obtain the equation of the curve in Figure 21.2: 
z = cos (22) +3, 0<z<48 


(a) Rotating this around the z-axis, and taking z = t as the parameter, we get the parametric equations 


x = (cos (Z) + 3) cos 0 


y = (cos (51) + 3)sin@ 


zd 0<0<27,0<t< 48 


(b) We know that the points in the curve consists of cross-sections of circles parallel to the xy plane and of radius 


cos((7/3)z + 3). Thus, 
2 
Area of cross-section = 7r (cos (s: + 3)) 
Integrating over z, we get 


48 a 2 
Volume = Ji (cos 5z + 3) dz 
0 


3 
48 a - 
sa] (cos? Zz + 600s Tz +9) dz 
" 3 3 
— 4567 in 
z z 
I 4" 
beg a 6" 
zx 
x 3 
Figure 21.1 Figure 21.2 
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28. The sphere (x — a)? +(y—b)?+(z—c)? = d? has center at the point (a, b, c) and radius d. We use spherical coordinates 
0 and $ as the two parameters. The parameterization of the sphere with center at the origin and radius d is 


x = dsinócos0, y=dsingsind, z-dcosó. 


Since the given sphere has center at the point (a, b, c) we add the displacement vector ai + bj + ck to the radial vector 
corresponding to a parameterization of the sphere with center at the origin and radius d to give 

x = a + dsin ó cos 90, OSET, 

y = b + dsinósin0, 0<0<2r, 


z = c+ dcos. 


To check that this is a parameterization for the given sphere, we substitute for x, y, z: 
(a — a)” + (y—b)?  («- e) 
= d? sin’ (o) cos? 0 + d? sin? ó sin? 0 + d? cos? à 
= d? sin’ ot d? cos? o = d?. 


29. Let (0, 7/2) be the original coordinates. If 0 < m, then the new coordinates will be (0 + 7, 7/4). If 0 > 7, then the new 
coordinates will be (0 — m, 7/4). 


30. If we set z = u, x? + y? = u? is the equation of a circle with radius |u|. Hence a parameterization of the cone is: 


T = ucosv, 
y = usinv, O<v< 2r, 


ZU. 


31. Since the parameterization in Example 6 on page 1079 was r = (1 — £)a and since the cone is given by z = r, we have 
z = (1— =)h. The parameterization we want is 


T —rcos, O0<r<a, 


y-—rsin0, 0 «€ 0 € 2m, 


z= (1-2)h. 


32. The plane in which the circle lies is parameterized by 
F (p,q) = zoi + yoo + zok + pit + qi. 


Because 4 and @ are perpendicular unit vectors, the parameters p and q establish a rectangular coordinate system on this 
plane exactly analogous to the usual zy-coordinate system, with (p,q) = (0,0) corresponding to the point (xo, yo, zo). 
Thus the circle we want to describe, which is the circle of radius a centered at (p, q) — (0, 0), can be parameterized by 


p — acost, q=asint. 
Substituting into the equation of the plane gives the desired parameterization of the circle in 3-space, 
r(t)= Zoi + oj + zok +acosti + asintv, 


where 0 < t < 27. 


33. (a) Add second and third equations to get y + z = 1 + 2s. Thus, y + z = 1 + x or —x + y + z = 1, which is the 
equation of a plane. Now, s = x/2, and t = (y — z + 1)/2, so the conditions 0 € s < 1, 0 € t < 1 are equivalent 
too0<2<2,0<y-—z41<20r0<24<2,-l<y-z<1. 
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(b) The surface is shown in Figure 21.3. 


Figure 21.3: The surface x = 2s, 
y=s+t,z=1+s-t,for 
O0<s<10<t<1 


34. (a) 2? =1-—s?-t? = 1— gr?’ — y’. Soz? y? +2? = 1 which is the equation of a sphere. The conditions s? +t? < 1, 
s,t > 0 are equivalent to z? + y? < land z,y > 0. But if z? + y? + z? = 1, then x? + y? < 1 is satisfied 
automatically, so our surface is defined by: 


r +y +z? =l, ty g> 0. 


(b) The surface x = s, y = t, z = V1 — s? — t? for s? + t? < 1, s,t > 0 is shown in Figure 21.4. 


35. (a) From the first two equations we get: 


Hence the equation of our surface is: 


Epe- 
z= ( rg ) a" oF 


which is the equation of a paraboloid. 
The conditions: 0 < s € 1, 0 € t < 1 are equivalent to: 0 < x +y € 2,0 € x — y € 2. So our surface is 
defined by: 


ay? 
LESS O<e+y<2 0<r-y<2 


2= 


(b) The surface is shown in Figure 21.5. 
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Figure 21.5: The surface £ = s + t, 
y=s—-tz=8? + fo0<s<1, 
0<t<l 


Strengthen Your Understanding 


36. A counter example is provided by an unusual parameterization of the xy-plane: 


F 


F(s,t)=si +(s+t)j. 


The parameter curves with £ constant are lines parallel to 0 1 = i+ j. and the parameter curves with s constant are lines 
parallel to Y 2 = 7 . Since yı and v 2 are not orthogonal, neither are the parameter curves. 


37. A parameter curve for constant $ on the sphere is parameterized by 
ri (0) = Rsin$cos0i + Rsinósin0j + Rcosók. 


It is a circle with radius R sin 9. 


38. The point on the unit sphere where 0 = 7/4 and ¢ = 7/4 has position vector 


15 /2 


= 4 4 ds Ds 
Fo =singdcos# + sin sinj + cosók = 5! + zÍ + zE : 
Vectors perpendicular to the radius vector f'o are parallel to the tangent plane. Two such vectors are 8 1 = i-— j 
and 2 = /2i — k. A parameterization of the tangent plane can be given by 
T (s, t) — fo-4- sU1-- tU». 


39. Since 
1—sctly-ict2,2—-s-ct 


we have x + y = z + 3. Therefore, an equation for the plane is given by 


f(@,y,z) =ax+y—z2-3=0. 


40. To give a parameterized curve on the sphere, we assign a point on the sphere to every parameter value t, by giving values 
of 0 and ¢. For example, letting 0 = t and ¢ = t? we have the curve 


Fi(t) = sint? costi 4- sint? sintj + cost? k 
which is not a parameter curve because neither 0 nor ó is constant. 


41. True. The plane passes through the point (1, —2, 3) and contains the vectors i and j. 


42. False. There is only one parameter, s. The equations parameterize a line. 


43. 


44. 


45. 
46. 


47. 


48. 


Solutions for Section 21.2 
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True. The position vector of a point on the lower hemisphere is the negative of the position vector of the opposite point 
on the upper hemisphere. As 7 ranges over all points in the upper hemisphere, —7 ranges over all points in the lower 
hemisphere. 

False. For example, if F (s, t) = si +t7 + V1-— s? — (2k with (s, t) inside the unit disk s? + t? < 1 then F (—s, —t) 
parameterizes the same upper hemisphere. 

True. Adding a constant vector shifts the plane by a corresponding displacement, keeping it parallel to the original plane. 


True. If the surface is parameterized by 7’ (s, t) and the point has parameters (so, to) then the parameter curves F (so, t) 
and F (s, to) pass through (so, to). 


False. For example, the lines of longitude on a sphere correspond to different values of the parameter 0, but all pass 
through the north and south poles. 


(I) Part of a plane, since z = x + y. 

(II) Part of a cylinder of radius 1 with center on the z-axis, since x? + y? = 1. 

(III) Part of a sphere of radius 1 centered at the origin, since £? + y? + z? = 1. With s = $ and t = @ this is the 
usual parameterization of the sphere using spherical coordinates. 

(IV) Part of a cone with vertex at the origin and central axis on the z-axis, since z = 4/ £? + y?. 

The match-up is: I-b, II-a, III-c, IV-d 


Exercises 
1. We have 
alx, y) _|as ar} |52 P 
a(s t) Ys Yt sw l 
Therefore, 
O(ry) _ 
a(s, t) i 
2. We have 
a(x, y) — Ls Tt - 2s —2t = As? + AP? 
O(s,t) Ys Yt 2t 2s 
Therefore, 
O(a, y) 2 2 
| =4 At’. 
a(s,)| ^ t 


Notice we can drop the absolute value signs because in this case the Jacobian is nonnegative for all s and t. 
We have 


a(x, y) _|&s t| _ |e’ cost —e*sint| _ (e cos t)? 4 (e sin t)?. 
o(s, t) Ys Yt e^sint e*cost 
Therefore, 
a(x, y) 


2s 


= |e” (cos? t + sin? t) =e 


a(s, t) 
Notice we can drop the absolute value signs because the Jacobian in this case is positive for all s and t. 
We have 


2 92 

O(x, y) _ | Es te} 3s^ — 3t 6st m 9(s? — 2)? 4368222. 
O(s, t) Ys Yt 6st 387 — 3 

Therefore, multiplying out and simplifying 

a(x, y) 

O(s,t) 


Notice we can drop the absolute value sign since the Jacobian in this case is nonnegative for all s and t. 


= 9|s! — 22? +t 4s"? | = 9(s? +17)’. 
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5. The square T is defined by the inequalities 


O0<s=ar<l O0<t=by<1 


that correspond to the inequalities 
0<a<1/a=10 0<y<1/b=1 


that define R. Thus a = 1/10 and b = 1. 
6. The square T is defined by the inequalities 


O0<s=ar<l O0<t=by<1 


that correspond to the inequalities 
0<a<1l/a=1 0€ y € 1/b — 1/4 


that define R. Thus a = 1 and b = 4. 
7. The square T is defined by the inequalities 


O0<s=ar<l O0<t=by<1 


that correspond to the inequalities 
0<a<1/a=50 0 € y € 1/b — 10 


that define R. Thus a = 1/50 and b = 1/10. 


8. Inverting the change of coordinates gives x — s — at, y — t. 


The four edges of R are 
1 1 
y 0,y 3,y avy ri 10). 


The change of coordinates transforms the edges to 


al 1 1 1 10 
t 0,t 3,t 4° g% t 2" que p 


These are equations for the edges of a rectangle in the st-plane if the last two are of the form: s — (Constant). This 
happens when the £ terms drop out, or a — —4. With a — —4 the change of coordinates gives 


IH 


T:0<Ł<3,0< s< 10. 


ds dt 


a(z, y) 
O(s, t) 


over the rectangle 


9. Inverting the change of coordinates gives x = s — at, y = t. 
The four edges of R are 


1 1 
=0,y = 5,y = -32,y = -7 10 
y m jy 3^9 3€ ) 
The change of coordinates transforms the edges to 
1 1 1 1 10 
120,0125,0125—— at. t = —— lat -- —. 
, , 3s + 3^ ; z5 + 3° + 3 


These are equations for the edges of a rectangle in the st-plane if the last two are of the form: s = (Constant). This 
happens when the ¢ terms drop out, or a = 3. With a = 3 the change of coordinates gives 


over the rectangle 


Problems 
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10. Given T = {(s,t)| 0 < s < 3, 0 < t < 2) and 


x = 2s — 3t 
y= s—2t 


The shaded area in Figure 21.6 is the corresponding region R in the xy-plane. 


(6, 3) 


(—6, —4) 
Figure 21.6 
Since 
a(x, y) -[ F- 2-3 
=| 2s ə |= 
O(s,t) | Su 8v 1—2 
9(r.y)| | 
O(s, t) f 
Thus we get 
a(z, y) ER: 
i - asd - f as f dt 
r | Ost) 0 0 
Since 
0 2x 
f «-[ dzay+ | dzay= [ 22] 
R Ry H3 —6 4z—1 
0 6 1 
-f (G2 +1) a+ f (-g« 41) dx =3+3=6, 
—6 0 6 
thus 
f day= [ ABD) sdt. 
E r| 9(s.t) 
11. Given 


x = psin ġ cos 0 


y = psin ġsin 0 


z = pcos Q, 
Ox Ox Ox " a à 
Bp D6 08 sin$cosÓ pcosocosÜ —psin ġsin 0 
O(r,y,z) _ dy dy Oy | 5. | sin 6 sing ing 0 
Alp, $,0) Bs Dé 00 sinósinÜ pcososinÓÜ  psin cos 
5 = — cos @ —psing 


0 
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=cos¢ pcos écos@ —psinósin6 posing sinġcosð —psin ġsin 0 


pcosósinÜ psin ¢ cos 0 sinsin psin ¢ġ cos 0 
= cos $(p” cos? 0 cos o sin ¢ + p? sin? 0 cos ¢ sin $) 

+psin $(psin” ¢ cos? 0 + psin? ósin? 0) 
= p. cos? ó sin $ + p sin? Ó 


p. sin $. 
12. Given 
x= 3s— At 
y = 5s + 2t, 
we have 
s= 4(w+2y) 
t = 4 (3y — 5x) 
Since 
A(x, y) -|ë |- 3—4] _ o 
dy 9 : 
O(s,t) | Su 8v 5 2 
0st) |5 99 . a n - (à) (4)+(2) (3)-4 
O(r,y) |æ æj | 385 3| \26/ 13 26/ \13/ 26 
Or Oy 26 26 
So à á 
(my) OD og, 1 _ 4 
O(s,t) O(a,y) 26 
13. Given 
yz -—2s-t 
y —9— t, 
we have 
ox Ox 
Bea =g zl- th |e-3 
, CETT 1-1 
hence 
aly) 4 
a(s, t) ` 
We get 
[ ena [5m asat= f (3sy(a)asar=9 | s ds dt, 
R T o(s, t) T T 
where T is the region in the st-plane corresponding to R. 
y t 
(0,3) (1,3) 
(2,1) 
(0,0) z : 
(5, —2) 
(0, 0) i 
(3, —3) (1, 0) 


Figure 21.7 Figure 21.8 


14. 


15. 


16. 
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Now, we need to find T. 
As 


1 
x=2s+t - s= a(m 4 y) 
y= s-t t = 4(x — 2y), 


so from the above transformation and Figure 21.7, T is the shaded area in Figure 21.8. Therefore 


] eeiam f sa [a= map iss 


The area of the ellipse is f f R da dy where R is the region z? + 2zy + 2y? < 1. We must change coordinates in both 
the area element dA = dx dy and the region R. 
Inverting the coordinate change gives x = s — t, y = t. Thus 


Or Ox 
(st) 22 2| jo 1 
Therefore 
A(x, y) 
dax dy = ds dt — ds dt. 
x dy ES s s 


The region of integration is 


£? +2ry + 2° = (s - t + 2s — tt +W — s? H. 


Let T be the unit disc s? + t? < 1. We have 


I aay= | f ds dt = Area of T = m. 
R T 


We must change coordinates in the area element dA = dz dy, the integrand x and the region R. 
Inverting the coordinate change gives x = \/s — t, y = s where we use the positive square root because the region 
R is in the first quadrant where x > 0. Thus 


de - e gl- MQVs-i -iQyvs-o| i 
dy a TE 
O(s, t) Bu By Ï 0 2/s—t 
Therefore 
olx, y) 1 
dz dy = ds dt = ——— ds dt. 
isi [ss n 2/s—t B 


The integrand is x = Vs — t. 

The region of integration can be transformed by examination of its boundaries. The left and right boundaries of R 
are given by y — x” = t = 0 and y — z? = t = —9. The bottom and top boundaries of R are given by y = s = 0 and 
y=s=16. 

Let T be the rectangle 0 < s < 16, —9 < t < 0 of area (9)(16) = 144. We have 

1 


1 
dx dy = — t—— ds dt = ~(Area of T) = 72. 
J [i f [temm iom 


Let 
— zo 
d that is a= a(s-Ft) 
t—r-cy y = i(t— s), 
we get 
O(x, y) To 1 
oY) | 2221 
O(s, t) sid 2 
Hence 
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where R is the triangle bounded by z + y = 1, x = 0, y = 0 and T is its image which is the triangle bounded by t = 1, 


s=-t,s=t. 
Then 

Lf rt : ir 

I=- cos (3) ds dt = = t[sin(1) — sin(—1)] dt 
2 Jo Ja t 2 Jo 
1 1 
=i] nasnidbesni] td 755 943. 
2 Jo B 2 
17. (a) The probability that (x + y)/2 is less than or equal to t is the integral of the joint density function p(x, y) over the 


(b) 


(c) 


(d) 


infinite region (half plane) where (x + y)/2 < t. Thus 


1 oo 2t—c 5 5 5 
F(t) = > / / e C ty) dy ds, 
TO ae ES 


With u = (x + y)/2, v = (x — y)/2, we have z = u + v, y = u — v. Thus 


So 


dz dy = m du dv = 2du dv. 


O(u, v) 


Also z? + y? = 2(u? + v?). After writing the limits of integration in the wv-coordinates, we have 


t oo t oo 
F(t) = | J e C18? odu du = x] ES e 6? do du. 


s ] ež ja? : : 
Continuing using the fact that p pm e * /^ dy = a 5 with a replaced by c, we obtain 


2 : —u?/o? 1 i —u?/o? 
F(t) = Jno? e (c m)du = Jra e du. 


The probability density function of z is the derivative of its cumulative distribution function F (t). By the Fundamental 
Theorem of Calculus, 


p(t) = F'(t) = m 


Since the density function for z can be written in the form 


l =le?) 


D= eA 


the distribution of z is normal, with mean 0 and standard deviation ø / V2. 

Notice that the standard deviation of the average z = (a + y)/2 is less than the standard deviations of the 
individual numbers x and y. The average of two random numbers is more likely to be near the mean than are either 
of the two numbers individually. 


18. Let's denote the (x, y) coordinates of the points in the lagoon by L. Since x and y are measured in kilometers and d is 
measured in meters, and 1 km = 1000 m, the volume of a small piece of the lagoon is given by 


AV & d(z,y)(1000A2) (1000A;)m?. 


Thus, the total volume of the lagoon is given by 


v - i00 | dizi) andy 
L 


Changing coordinates using u = 2/2 and v = y — f(x) converts the depth function to: 


d(a(u, v), y(u, v)) = 40 — 160v? 1604? = 160(7 u? — v?) meters. 
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Thus, the points in the lagoon have (u, v) coordinates in the disk, D, given by u? +u? «1 /4. 
The Jacobian of the transformation is: 


Ox Ox 
du wl=| ? Dl. 
gu ou 2f'(2u) 1 

Thus, the integral in u, v coordinates is 

V= i000? f d(x,y) dxdy = i f 160(+ — u? — s?)2dudv = 320 - w f es — u? — v?) dudv. 
L D 4 p 4 
Converting to polar coordinates, we have 
d 1 1r? rt Ms 
V — 320- w f / (= —r?)r drdé = 320 - 10°2n(=— — —)|  — 10a m? 
d 4 42 £s 
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19. 


20. 


21. 


22. 


23. 


24. 


The region R does not correspond to the region 7'. The region R corresponds separately to both 


Tı: 0<s<1,-2<t<0 and to To: 0<8<1,0<t<2. 


In a change of coordinates for the integral over R, we use only one of these two regions. Both the following integrals are 
correct: 


O(a, y) 
f(x,y) dx dy = f(s, t?) 2 asa 
J, T, O(s,t) 
and 
O(a, y) 
f(x,y) dx dy = fls, t ds dt. 
h” a eee) 
The Jacobian for the change of coordinates is given by 
a(x, y) 0 3¢? = _ 3/2. 
A(s,t) |10 


The change of coordinates formula requires the absolute value of the Jacobian. The correct formula is 


f (a + 2y) dz dy = | (t? +28) (3¢7) ds dt 


T 


The change of coordinates x = 2s, y = 3t transforms the region 0 < s < 1,0 < t < Lin the st-plane into the rectangle 
O0<a<2,0<y< 3 inthe ry-plane. 


Let x = 2s, y = t. Geometrically, this change of coordinates stretches every region in the horizontal direction by a factor 
of 2, while leaving the vertical distances the same, which doubles the area. 
To see this analytically, let T be a region in the st-plane, corresponding to region R in the zy-plane. We have 


Ox Ox 
et) ER Eos 
ds Ot 
Hence 
O(a, y) 


arao R= [ aedy= f 
R T 


False. The change of variable leaves the value of the integral unchanged. Thus, calculating the value of the s, t-integral 
gives you the value of the x, y-integral. 


ds dt — 2 ds dt = 2- Area of T. 
O(s,t) p 


False. The Jacobian can be negative; we use the absolute value of the Jacobian in the integral. 
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Solutions for Section 21.3 


Exercises 
1. Since E 
T(s,t) 2 (s--t)i +(s—t)j t stk, 
we have aF ás 
r PE > T > > > 
ne +j +tk and ap + sk, 
so 
, 7 ijk 
> OF or 


For the opposite orientation, dA has the opposite sign: 


dA  —((s--t)i — (s — t)f — 2k ) ds dt. 


2. Since 4 
r(s,t) 2 sinti +cost7 +(s+t)k, 
we have ag ar 
Fe =07 +0] +k and Sp = costi —sint] +k, 
so 
"M i Jj E 
Y Or or : > > 
dA = = x g dsdt = 0 0 1) dsdt = (sinti + cost j ) ds dt. 
E 


cost —sint 1 
For the opposite orientation, dA has the opposite sign: 


dA = —(sinti + cost j ) ds dt. 


3. Since 

F(s,t) 2 e^ i +costj +sintk, 

we have 5e ar 
Fe = CE +OF +0K and Sp = Ot -sint +costk, 

so 

> Or Or 

dA = — x —dsdt 
üs ^ 9t ^ 


=e Ü 0 | dsdt 
0 — sint cost 
= (—e° cost] — e° sint k ) ds dt 
= —e°(cost j +sintk )dsdt. 
For the opposite orientation, dA has the opposite sign: 


dA = e'(cost j +sintk) ds dt. 
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4. Since 
r(u,v) = (ut v)j t (u—v)k, 
we have ag ag 
T > > T > > 
— k d —z=j-k 
Ou jt a Ov f 
so 
Or or ij k 
dA = 2. x Z dudw=l01 1 | dudv = -27 du dv 
Ou Ov 
01-1 


For the opposite orientation, dA has the opposite sign: 


dA — 2i dudv. 


5. Since S is given by 
F(s,t) — (s +t) +(s-t)j - ( +e )k, 
we have ar ag 
Apc + 28k and Ad + 20k, 

and 

Or Or i j " 

T F > S - 

1—1 2t 


Since the k component of this vector is negative, it points down, and so has the opposite orientation to the one specified. 


Thus, we use 
> or x = 


To 


LE dA = -[ f« s? E C)E - ((2s + 20) + (2s — 2t)7 — 2k) dsdt 


and so we have 


3 4=1 
E Sap jasar=2 f (+57) dt 
3 s=0 
fe +t?) dt = ola E Lad, l4 
a 2C aL o» 3-2 


6. Since S is parameterized by 


we have - 
> or 


8r "e — 
pg T” +3 +k and g 4e 
SO 

am wo s 

q F > E > 

ca ee = —2i +27 +2k 

Aa ^ 8t 211 1 +27 + 2k, 
01-1 


which points upward, in the direction opposite to the orientation given. Thus, 


l^ dA = -[ fx Qsi +(s+t)j)(—2i +27 + 2k) ds dt 
1 1 
-f f omms f f 2-29 asa 
0 0 0 [U 
1 


1 s=1 1 
-f g — 2st a= fa 20) dt =t- t? 
0 s=0 0 


= 0. 
0 
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7. The cross-product ðr /Os x Or /Ot is given by 


xxl; 
T T ; > gis z 
Ss ur £ 0 6 | = 18sin(3t)i — 3e sin(3t)k . 


0 —3sin(3t) 0 


Since the z-component, —3e? sin(3t), of 07 /Os x Or /Ot is always negative for 0 € s < 4and0 < t < 7/6, the vector 
Or /Os x OF /Ot points downward and so in the direction of the given orientation of S. 
Thus, 


and 


4 7/6 
Í F -dA = / f (e^) - (18sin(3t)? — 3e? sin(3t)j ) dt ds 
S 0 0 


4 pn/6 i 
= f T 18e? sin(3t) dt ds = as f e? cos(3t) 
o Jo 0 3 


4 4 
--j e0- 04-6 f e? ds = 6(e* — 1). 
0 0 


F(s,t) =3sinsi + 3cossj 4- (t 4- 1)k, 


1/6 
ds 
0 


8. Since S is parameterized by 


we have m uc 
T 7 ote T > 
gs ~ 2008 st — Sain sj and ur cs 
So 
> d k 
Or OF _ : a a 
Os Ot 3coss —3sins 0| = sin 5? COS Sj , 
0 0 Ja 


which points toward the z-axis and thus opposite to the orientation we were given. Hence, we use 


and so we have 


1 T 
n -dÄ --| f (3cossi + 3sin sJ )-(—3sinsi — 3 cos sj ) ds dt 
E o Jo 


1 T 1 T 
=9 f f 2sinscossdsdt=9 | f sin 2s ds dt 
o Jo 0 Jo 


9. Using cylindrical coordinates, we see that the surface S is parameterized by 
F(r,0) 2 rcos0i --rsin0j +rk. 


We have 
za x M : = —rcosÜi —rsin0j 4 rk 
Or 900 — cos sin 1| = a J . 
—r sin 0 r cos0 0 


Since the vector F /Or x Or /00 points upward, in the direction opposite to the specified orientation, we use dA = 
— (Or /Or x OF /00) dr d0. Hence 
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^ 


R 
A =- f f (r5 cos? 0 sin? 0k ) - (—rcos0i — rsin0j -- rk) dr do 


x! [ rê cos? 0 sin? 0 dr d0 
== =f sin? 0 cos? 0 dé 


sin? (1 — sin? 0) d8 


J, 


sin? 0 — sin* 0) d0 


7 

ae 
7h 
~ -50-3 EE 


The cone is not differentiable at the point (0, 0). However the flux integral, which is improper, converges. 


10. Place the cylinder S of radius a and length L so that its central axis is the z axis between z = 0 and z = L.A 
parameterization of S is 


r-—acosÜ, y-asin0, z=t, for0O<@0<27, O0<t<L. 


We compute 


Or | or me rS Sh > at s 
E seal (—asin0i + acos6j) x k =acos#i + asin6j 
00 «Ot 
or 
Surface area = | dA = dA = E = 2naL. 
z 86 * x PET 


11. A parameterization of S is 


r—3s5, y=t, z=3s+2t, forO<s<10, O0O<t< 20. 


We compute 


or or = T z z Eg 7 T 
oe Br = + 3k) x (j +2k)= -3i —27 +k 
Or Or 
IE za 


Surface area — dA = 


20 p10 
= / J v 14dsdt = 200v 14. 
t=0 


Problems 


12. The surface S is parameterized by 
F(a,z) = xi +(x? 4+27)\j + 2k. 


The surface S, together with its given orientation fi , is graphed in Figure 21.9. Using the right-hand rule we see that the 
vector Fs X 7 z points in the direction of ñi . Thus, 


-> > > 


ijk 
> Or Or PEN 2 
a = (Fx 8) dz dz = | 1 2g 0 | dz dz = (2xi — j + 2zk) dz dz. 
02z1 
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Thus 


n dd - ft rz) -j--zk):(2xi —j + 22k) dx dz 
S S 


-: nc + 2Qaz— 1 + 22?)dz dz. 
S 


Changing to polar coordinates, x = r cos 0, z = r sin 0, where 1/2 < r < 1,0 € 0 € 27, we obtain 


2T 1 
n dA - f | (2r? + 2r° sin 0 cos 0 — 1)r dr dO 
S 0 1/2 
2m / 4 4 2X (r=! 
-f (5+ smocoso- t) 
2T 
1 
-f (5 sind cosd + =) dé 
Qr 
15 3 


ees 1 2 ss, 
= gq (sin 8) + 33? 


do 
r=1/2 


Lam 
^ 16 


Figure 21.9 


13. The plane is parameterized by 


P—cicyj tek =ci yj +(2-— 2x- y)k, 


where (z, y) is in the disk R lying inside the circle £? + y? = 2x. By completing the square, this circle can be rewritten 
as (a — 1)? + y? = 1 and so the disk has area r. 
We have dA = || —— x $ || dady, where 


" 2 ij k 
BP er =2U +j Kk 
or Uy 1 .0-2|-— Jj 
0 1 -1 
and so 

Or Or 

— x —|| = v6. 

|< Oy v6 


Thus, the surface area of the ellipse S is given by 


Surface area = / 1dA = f V6 dady 
E R 


= V6 x (Area of disk z? + y? = 2x) 
= 6n. 
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Figure 21.10 


14. The surface S is parameterized by 


F =ai + f(x) cos07 + f(x) sink , ax<«x<b0<0< 2r. 
The area element on A is 


Or | or 
—— x —— 


or * BO dx d0 


75 


= [E + f(x) cos 07 + f'(x)sin0k ) x (—f(x)sin0j + f(x) cos 0k )|| dz d 
= || F (x) f'(x)i — f(x) cos 07 — f(x) sin Ok || dz dO 

= f(x) f' (x)? + cos? 0 + sin? 0 dx d0 

= f(x)y 1 + f'(x)? da dé. 


So 


Qn pb b 
surface area = f aa = f J f(x) TP GP de do = 2s | f(x) J/14+ fi (x)? dz. 
S 0 a a 
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15. Let x be the distance dı. Since w is the total width of the channel, we have do = w — x. The flux through a rectangle 


with dimensions A = w x h, is given by 


Flux = f aå. 
A 


For a thin section of the channel of width dx, we have dA = (h dz)j . Thus 


Flux =) B- (hdx)j zi kz(w — z)j - (h- dz)j 2 kha(w — x) dx 
0 0 0 


= f kh(wa — x?) dz = kh (si — gu") = 1 hai meter pee, 
o 2^ 3 6 


16. (a) Building on the parameterization x = cos u, y = sin u, z = 0 of the circular base of the cone, we get 


x = (1 — v) cosu + av 
y = (1 — v) sin u + bv 
z = cv 
O<u<2m,;, O<v<l. 
Note that v = 0 corresponds to the base of the cone and v = 1 is its vertex. 
(b) Writing = zi + yj + zk we have 

Pu 
Ou 
or 
Ov 


= —(1—v)sinui + (1— v) cosuj 


=(a—cosu)i + (b — sinu)j +ck. 
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17. 


18. 


19. 
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Thus 
"m i j k 
Or Or . J 
mtu —(1— v)sinu (1 — v) cosu 1 
à — cos u b —sinu c 
— c(1— v) cosu£ -- c(1— v)sinuj + (1 — v)(1— acosu — bsin u)k 
so 
| = x = = (1—v)y c + (1 — acosu — bsinu)?. 
Thus , i " 
Surface area — / T Br RUE dudv — i J c? + (1 — acos u — bsin u)?du. 
o Jo | 9u | Ov 2 Jo 


This is an elliptic integral that can not be evaluated in terms of elementary functions. 
(c) We have Surface Area — (1/2) s 1+ (1 — 2 cos u)?du = 5.805. 


If S is the part of the graph of z = f(a, y) lying over a region R in the xy-plane, then S is parameterized by 
F(zy)-ai- wj f(my)k, (ay) in R. 
So 
or " Or 
Or Oy 


Since the k component is positive, this points upward, so if S is oriented upward 


= (i + fak) x (F +fyk) =—fet — fyj +k. 


dA = (— fsi — fyj +k) dady 


and therefore we have the expression for the flux integral obtained on page 1018: 


JE aA = [Fes Chi -hE +E) dedy, 
S R 


If S is the part of the cylinder of radius corresponding to the region 7' in 0z-space, then S is parameterized in cylindrical 
coordinates by B 
T (0,2) — Rcos0i + Rsin0j + zk, (0, z) in T. 
So be ge 
<= (—Rsin6i + Rcos0j) x k = Reos#i + Rsin0j . 
00 Oz 
This points outward, so 
dA = (Rcos0i + Rsin6j ) dó dz = (cos0i + sin 0j )Rd0 dz 


and therefore we obtain the expression for the flux integral in cylindrical coordinates on page 1019: 


n -dA = | F (Reos0, Rin, 2) (cost + sind] ) RB dz. 
S T 


If S is the part of the sphere of radius R corresponding to the region T in 0Q-space, then S is parameterized in spherical 
coordinates by 
T (0,9) = Rsinócos0i + Rsinósin0j + Rcosók, (0, 9) in T. 


So 


i j k 
— Rsin 9 sin 0 Rsin $ cos0 0 
Rcosġcosð HRHcosóosin0 —Rsingd 
= —R? sin? $ cos 0i — R? sin? ọsin 0j — R? sin $ cos ok 
= — R? sin ó(sin ġ cos 67 + sin ó sin 0j. + cos ok ). 


or OF _ 
80 Ob 
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This points inward, so the outward area element is 
dA = (sin ¢ cos 0i + sin ġsin 0j + cos ok )R? sin ¢ dô d, 


and therefore we obtain the expression for the flux integral in spherical coordinates on page 1020: 


i 
= | F (Rsin $ cos 0, R sin o sin 0, R cos @) - (sin $ cos 0i + sin ósin 0j + cos ok )R? sin ¢ dé dọ. 
T 
20. In terms of the st-parameterization, 


By the chain rule, we have 


Or | Or Ou , Or Ov 
Os  OuOs ` ðv ðs 
Or — Or Ou , Or Ov 
Ot | OuOt ðv Ot 


So taking the cross product, we get 


Or Or  [OrOu OF Ov OF Ou OF Ov 
Fx = (ars zx) e aa) 
| (9uOv Oudv\ Or Or 
= (Sa m) or 


Now suppose we are going to change coordinates in a double integral from uv-coordinates to st-coordinates. The 
Jacobian is 


Q(u,v) _ | 32 | 9uOv  OuOv 
O(s,t) - zu | Os Ot ötös 


] ZZ |r A Or OU) aeiy 
T Y. R 


ðu ð Ou dv As,t) 
> Or Or (Oudv OuOv 
-fF Da ” Ba (Bear BeBe) P 


However, we know that this gives us 


= Or Or = Or Or (OuOv  OuOv a Or Or 


Thus, the flux integral in uv-coordinates equals the flux integral in st-coordinates. 


Strengthen Your Understanding 


21. The integral ri i Jf x f(s, t) ds dt gives the volume of the region between the square 0 € x < 1,0 € y € 1 in the xy-plane 
and the surface z = f(x,y). 


22. The area of the region R given by 0 € s < 2,0 € t € 3in st-space is f á JE ds dt — 6, but the area of the parameterized 
surface S in xyz-space depends on its parameterization. 


The surface S is parameterized by F = f(s,t)i + g(s,t)j +h(s, tk. The surface area of S is given by 


3 p2 
awa = faa= [ f 
S o Jo 


aa gr ds dt. 


S 2E 
s Ot 
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23. 


24. 


25. 
26. 


27. 


28. 
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The region 0 < s < 1, 0 € t < 1 in the parameter space must correspond to surface area i M T 2ds dt = 2 on the 
xy-plane being parameterized. This suggests a parameterization that is a scaling of the usual y coordinates. 
Let x = 2s, y = t, z = 0 so that the parameterization is 


F(s,t) 22si +t]. 


We have 
Or Or oS > 
aa ae m x] EE 
Or Or 


Since F = (s — t)i -- t?j +(s+t)k we have 
Or | Or x > 
= X ew —-—2li — 2j +2tk. 
ðs * Ot diis d 


Therefore, if F (x,y,z) = —j , we have 


"m a aos Or or 
F -dA = F (r(s,t)) | — x =] dsdt = 2 > 0. 
S o Jo ðs dt 


True. At every point on S the vector field F is perpendicular to the area vector dA. 


True. The vector 27 — 47 + 6K is the gradient vector for f(a, y,z) = x? — y? + z? at (1, 2,3) so it is perpendicular to 
the surface. Thus it is parallel to the area vector. 


False. It is true that both dA and 3i + 4j --5K are perpendicular to the plane at every point, so they are multiples of each 
other. However, the ratio between them might not be a constant. For example, x = s?, y = t?, z = (1/5)(7 — 3s? — At?) 
is a parameterization of the plane, but 


dA = (3s?i — (9/5)? K ) x (35 — (12/5)? K )dsdt 
= ((27/5) tT + (36/5)8? t] + 9s? t? k )dsdt 
= (9/5)s?t? (3i -- 4j +5k )dsdt. 


Since the half sphere is x = — yA- y? - z , we parameterize in the form x = z(y, z). Thus, the answer is either (e) 
or (f). We have 07° /Oy = (y/ A — y? — z2)i +j and Or /Oz = (z/ A — y? — 22i +k, and Or /Oy x Or /ðz = 
i — (y/ Jl — y? — 2? i — (z/ VA - 3? — 2)k =-7/ Jl —y?— 23. Our surface is oriented away from the origin, 
so we want (OF /Oz) x (Or /Oy) = F/ Jl — y? — 2, so the answer is (f). 


Exercises 


1. 


2. 


Since z? + y? = 42”, we have z = EE / x? + y?. Thus we have a cone of height 7 and maximum radius 14, centered 
around the z-axis. 


This is a parabolic cylinder y = z?, between z = —5 and x = 5, with its axis along the z-axis, stretching from z = 0 to 
g-—T. 
The disc S is defined by the inequality 
Sq ou Wy ei 
that corresponds to the inequality z? + y? < 15? or equivalently 


i? 4. 43.5 
1537 tY $1 


that defines R. Thus a? = 1/15? and b? = 1/15?. We have a = 1/15, b = 1/15. 
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4. The disc S is defined by the inequality 
S. 8-g + By? <1 
that corresponds to the inequality z?/4 + y?/9 < 1 that defines R. Thus a? = 1/4 and b? = 1/9. We have a = 1/2, 
b= 1/3. 
5. Inverting the change of coordinates gives x = s — at, y = t. 
The four edges of R are 


y = 15,y = 35, y = 2(x — 10) + 15, y = 2(x — 30) + 15. 
The change of coordinates transforms the edges to 


t = 15,t = 35,t = 2s — 2at — 5,t = 2s — 2at — 45. 


These are equations for the edges of a rectangle in the st-plane if the last two are of the form: s = (Constant). This 
happens when the £ terms drop out, or a = —1/2. With a = —1 i 2 the change of coordinates gives 


J fs 


over the rectangle 


T:15<t<35, eee Ë. 
2 2 
6. The cross product 07 /Os x ƏT /Ot is given by 
Or or 3 z " 
3s oe T 2s 2 0 | =102 —10sj +4stk. 
0 2t 5 


Since the z-component, 4st, of the vector 07 /Os x ƏT /Ot is positive for 0 < s < 1,1 < t € 3, we see that Or /Os x 
Or /Ot points upward, in the direction of the orientation of S we were given. Thus, we use 


> or or 
a = (Fx x) ds dt, 


and so we have 


[faa - [ [969 (107 — 10sj + 4stk ) dt ds 
S 


=3 
zi f: (50t — 10s?) dt ds = 1 (25t? — 10s | ds 
=1 
1 
= af (200 — 20s?) ds = (200s — 5s*) 
0 0 
— 200 — 5 — 195. 
7. Since 
P (a,0) — acos0i J- asin0j +sina’k, 
we have 
Or Or J j k 
S- x E =| cosð sinb 2acosa? = —2a” cos 6 cos à? 1 — 2a? sin0 cosa? j ak. 
a 
—a sin 0 a cos 0 0 


The z-component, a, of the vector OF /Oa x Or /00 is positive for 1 < a < 3, 0 € 0 < v, so 07 /0a x OF /O0 points 
upward, in the direction of the orientation of S we were given. Thus, we use dA = (F /0a x OF /00) da d9, giving 


yi 2 > Or or 
Lt dA = AC ins Zi EE oe 
-f l (4a cos a? — 4a cos a?) d9 da = 0. 
1 Jo 
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8. Two vectors in the plane containing P = (5,5, 5), Q = (10, —10, 10), and R = (0, 20, 40) are the displacement vectors 


vı =PQ =5 — 157 +5k | 
2 — PR = —5i +157 + 35k. 
Letting o = 5i +57 +5k we have the parameterization 


T (s,t) — To-- sU1-- tU» 
= (B--5s — 5t)i + (5 — 15s + 150)j +(5 + 5s + 35t)k. 


9. We use spherical coordinates ¢ and 0 as the two parameters. The parameterization of the sphere center at the origin and 


radius 5 is: 
z = 5cosó. 


x —5sin$cos0, y= 5sin ġsinð, 
We have to shift the center of the sphere from the origin to the point (2, —1, 3). This gives 


x =2 + 5sinġcosð, y=—1+5singsind, z=3-+45cos¢. 


Problems 
(a) The cone of height h, maximum radius a, vertex at the origin and opening upward is shown in Figure 21.11. 


10. 


SN 


By similar triangles, we have 


T a 
z k’ 
so 
hr 
z= —. 
a 
Therefore, one parameterization is 
xz = r cos 0, O<r<a, 
y —rsin, 0 «€ 0 « 2m, 
hr 
z= —. 
a 


(b) Since r = az/h, we can write the parameterization in part (a) as 


= cos 8, O0<2z<h, 
y= sind, 0<0<2r, 
FA 


De 


h 


Ze 
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11. (a) The surface is the cylinder x? + y? = 1 of radius 1 centered on the z-axis. 
(b) The parameter curves with constant s and varying t are helices that wind clockwise around the cylinder as they 
advance up the cylinder with increasing t. See Figure 21.12. 
The parameter curves with constant t and varying s are helices that wind counterclockwise up the cylinder. See 
Figure 21.13. 


zZ z 
E D 
2 " " ae i 
Figure 21.12: Constant s, varying t Figure 21.13: Constant t, varying s 


12. The plane through (1,3, 4) and orthogonal to i? = 27 +7 — k is given by 2(x — 1) + (y — 3) — (z — 4) = 0, that is, 


2rc-y—z—120. 


Thus, thinking of the plane as z = 2x + y — 1, one possible parameterization is 


f—u, yv, z—2u-crv-l1. 


13. The parameterization for a sphere of radius a using spherical coordinates is 
x —asinócosÜ, y=asingsind, z= acoso. 
Think of the ellipsoid as a sphere whose radius is different along each axis and you get the parameterization: 
x = asin $ cos 0, USOS T 
y = bsin ọsin 0, 0 «€ 0 € 2m, 


z = ccosó. 
To check this parameterization, substitute into the equation for the ellipsoid: 


a2 yY 2? _ a?^sin?$ cos?0 | b? sin? dsin?@ | cos? ¢ 
a p cg a? p? c 
= sin? (cos? 0 + sin? 0) + cos? ¢ = 1. 
14. The vase obtained by rotating the curve z = 10/z — 1, 1 € x < 2, around the z-axis is shown in Figure 21.14. 


z-—]10yr—1 


Figure 21.14 
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At height z, the cross-section is a horizontal circle of radius a. Thus, a point on this horizontal circle is given by 
f =acos#i +asin0j + zk. 


However, the radius a varies, so we need to express it in terms of the other parameters 0 and z. If you look at the zz-plane, 
the radius of this circle is given by x, so solving for x in z = 10./a — 1 gives 


Thus, a parameterization is 


> z\? = EX? -—. H 
T= (=) +1] cos@i + (=) +1) sin@j + zk 
z\? 0 EX? ‘nO 
qe (=) -1|cos0, y= (=) +1)sin@, z-—z, 


where 0 € 0 < 27,0< z < 10. 


15. (a) As a? + y? = 9 and s € [0,7] is equivalent to x > 0, and £ € [0, 1] is equivalent to z € [1,2]. So, z? + y? = 9 is 
the equation of a cylinder, and our surface is defined by: 


so 


ety? =9, g>0, 1€&2zz2. 


(b) The surface x = 3sins, y = 3coss,z=t+1for0<s<a,0<t< 1 is shown in Figure 21.15. 


zZ 
=] 
d 
IS 
N 
n 
S 
23 
y 
Figure 21.15 
16. y 
2 r 
R 
j zx 
4 
Figure 21.16 


Given T = ((s,t)| 0€ s < 2, s < t € 2) and 
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R=({(a,y)|O<a2<4, a<y <2}. 
E Or 


2s 0 
01 


Os Ot 
dy dy 
Os Ot 


= 2s, 


= 2s since 0 € s « 2. 


So, 


4 2 4 
f dz dy = da: dy — (2 — Vx) dx 
R 


Thus 


17. We must change coordinates in the area element dA = dz dy, the integrand sin(x + y) and the region R. 
Inverting the coordinate change gives z = (s + t)/2, y = (t — s)/2. Thus 


en | -| 1/21/2)_ 1 
dy 9 ` 
O(st) | Su 2v =1/21/2| 2 


Therefore 


dei) dsdt = Maca 
O(s,t) 2 


The integrand is sin(x + y) = sin t. 
The region of integration is 


2 = eX 2 2 2 
Psy = (227) +(- *) 2$ +t <1, 


Let T be the disc s? + t? < 2 of radius V2. We have 


| |era | [ 56a o 


The final integral is zero by symmetry, the integral over the part of the disc where t < 0 canceling the integral over the 
part where t > 0. 


18. Given 
s= xy 
beu, 
we have 
O(s,t) _ $2 32 _ y T = ay =t 
olx, y) — 2 y? 2xy 
Since 
Ast) ery) _, 
A(a,y) O(st) ^" 
O(x,y) - O(z,y) _ 1 
spp ^ 7 8(50)| 
So 
a(x, y) 


Q 
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where T is the region bounded by s = 1, s = 4, t = 1, t = 4. 


Then 
4 4 
[wae | as f dt = 9. 
R 1 1 


19. The elliptic cylindrical surface is parameterized by 


F=ai 4 yj + zk =acosbi + bsin0j + zk where 0 <0 < 27,-c<z<e. 


We have 
"ee i j k 
am gE i = bcosÜi +asin0ĵ 
EY] de —asin0 bcos0 0| = 1 Jj. 
0 0 1 


This vector points away from the z-axis, so we use dA = (bcos 0i + asin 0j) d0dz, giving 


& 27 
fF -aÃ -f n (3 (acos0)i + £(bsin 0] )) - (bcos 67 + asin 07 ) dd dz 
S —c40 


c 2n 
= f (b? cos? 0 + a? sin? 0) dOdz 
0 


=g 


= 2nc(a? + b°). 


20. The surface of S is parameterized by 
7 (0,6) = zi +yj + 2k, 
where 
x = a + dsin$cos0, 
y =b+dsinġsinð, for 0<¢6<7,0<0< 27. 


z = c+ dcosó, 


The vector 07 /O¢ x OF /00 points outward by the right-hand rule, so 


0o ^ 90 
Thus, 
= > = Or or 
F -dA =F — x — | déd0 
COL. 
ay? 2? 
— | Ox Oy Oz 
—|8$ $$ ag | 20? 
Ox Dy Oz 
00 00 20 
(a + dsin $ cos 0)? (b + dsin $ sin 0)? (c + dcos 9)? 
= d cos ¢ cos 0 dcos o sin 0 —dsin $ ddd. 
—dsin $ sin 0 dsin $ cos 0 0 
Hence, 


2v T 
f F.dA = ef I ( a? sin? $ cos 0 + 2ad sin? ¢ cos? 0 + d? sin’ $ cos? 0 
S 0 0 


+ b’ sin? ó sin 0 + 2bd sin? ġ sin? 0 + d? sin? (o) sin? 0 
+ sin $ cos ó + 2cd sin ó cos? ¢ + d? sin $ cos? p) dod0. 
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Since 
2v 2r 2v 27 
/ cos do = | sino ao = | cost 0.d0= | sin? 0 d0 = 0, 
0 0 0 0 
and m x 
/ sindcos odo = | sin $ cos? à dọ = 0, 
0 0 
we have 


2m T 
n Pad æ f f (2ad sin? ¢ cos? 0 + 2bd sin? ¢ sin? 0 + 2cd sin à cos? à) ded 
E 0 0 
= 2nd? a sin? $ + bsin? à + 2csin ¢ cos? $) do 


2 
= And? (a sin? à + bsin? ¢ + 2csin $ cos? $) do 


f: 
0 
[ 
0 

8 53 
= 374 (a 4- b 4- c). 
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1. The sphere x? + y? + z? = 1 is shown in Figure 21.17. 
b 0,1) 


(0,0, —1) 


(x,y, z) 


zZ 


(p,q) 


Figure 21.17 


(a) The origin corresponds to the south pole. 

(b) The circle x? + y? = 1 corresponds to the equator. 

(c) We get all the points of the sphere by this parameterization except the north pole itself. 
(d) z? + y? > 1 corresponds to the upper hemisphere. 

(e) x? + y? < 1 corresponds to the lower hemisphere. 
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2. We use the angles 0 and $ shown in the figure in the problem. The angle 0 is in the zy-plane measured 


counterclockwise from the positive x-axis; the angle ó is measured perpendicular to the zy-plane. 


(a) The circle of radius b in the zy-plane is parameterized by 


F —bcos0i + bsin0j 0 € 0 € 2n. 


(b) One vector is always k . The other vector is in the same direction as ?' in part (a) but has length 1. Therefore, 
we take the other vector to be 7% = cos6i + sin 0j . Thus, relative to its center, the small circle of radius 


a can be parameterized by 
E =acosdm -- asinók = acosó(cos0i --sin0j) --asindk 0 € $ € 2m. 


(c) The parameterization of the torus with parameters 0 < 0 < 27,0 € $ < 27, is given by 


vi +yj +zk =f +78 
= (bcos 0 + acosġcos0)i + (bsind + acosósin0)j + asin k. 


Solutions for Section A 
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APPENDIX 


1. The graph is 


40 


(a) The range appears to be y < 30. 
(b) The function has two zeros. 


(a) The root is between 0.3 and 0.4, at about 0.35. 
(b) The root is between 1.5 and 1.6, at about 1.55. 
(c) The root is between —1.8 and —1.9, at about —1.85. 


The root occurs at about —1.05 
. The root is between —1.7 and —1.8, at about —1.75. 
. The largest root is at about 2.5. 
. There is one root at x = —1 and another at about x = 1.35. 
. There is one real root at about z = — 1.1. 
. The root occurs at about 0.9, since the function changes sign between 0.8 and 1. 
. Using a graphing calculator, we see that when x is around 0.45, the graphs intersect. 
. The root occurs between 0.6 and 0.7, at about 0.65. 
. The root occurs between 1.2 and 1.4, at about 1.3. 
. Zoom in on graph: t = 40.824. [Note: t must be in radians; one must zoom in two or three times.] 
. (a) Only one real zero, at about x = — 1.15. 
(b) Three real zeros: at x = 1, and at about x = 1.41 and x = — 1.41. 
. First, notice that f (3) ~ 0.5 > 0 and that f(4) ~ —0.25 < 0. 


Ist iteration: f (3.5) > 0, so a zero is between 3.5 and 4. 

2nd iteration: f (3.75) < 0, so a zero is between 3.5 and 3.75. 

3rd iteration: f (3.625) < 0, so a zero is between 3.5 and 3.625. 
Ath iteration: f(3.588) « 0, so a zero is between 3.5 and 3.588. 
5th iteration: f (3.545) > 0, so a zero is between 3.545 and 3.588. 
6th iteration: f (3.578) < 0, so a zero is between 3.567 and 3.578. 
7th iteration: f(3.572) > 0, so a zero is between 3.572 and 3.578. 
8th iteration: f (3.575) > 0, so a zero is between 3.575 and 3.578. 


Ln 
MAN het haw Se 


Thus we know that, rounded to two places, the value of the zero must be 3.58. We know that this is the largest zero 
of f(x) since f(a) approaches — 1 for larger values of x. 
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15. (a) Let F(x) = sin x — 2~*. Then F(x) = 0 will have a root where f(x) and g(x) cross. The first positive value of x 
for which the functions intersect is x ~ 0.7. 
(b) The functions intersect for x e 0.4. 


16. The graph is 


We find one zero at about 0.6. It looks like there might be another one at about —1.2, but zoom in close. . . closer. . . closer, 
and you'll see that though the graphs are very close together, they do not touch, and so there is no zero near — 1.2. Thus 
the zero at about 0.6 is the only one. (How do you know there are no other zeros off the screen?) 


17. (a) Since f is continuous, there must be one zero between 0 = 1.4 and 0 = 1.6, and another between 0 = 1.6 and 

0 = 1.8. These are the only clear cases. We might also want to investigate the interval 0.6 < 0 < 0.8 since f(0) 
takes on values close to zero on at least part of this interval. Now, 0 = 0.7 is in this interval, and f (0.7) = —0.01 < 0, 
so f changes sign twice between 0 — 0.6 and 0 — 0.8 and hence has two zeros on this interval (assuming f is not 
really wiggly here, which it's not). There are a total of 4 zeros. 

(b) As an example, we find the zero of f between 0 = 0.6 and 0 = 0.7. f (0.65) is positive; (0.66) is negative. So 
this zero is contained in [0.65, 0.66]. The other zeros are contained in the intervals [0.72, 0.73], [1.43, 1.44], and 
[177; 1.71]. 

(c) You've found all the zeros. A picture will confirm this; see Figure A.1. 


f(0) = sin 30 cos 40 + 0.8 


Figure A.1 


18. (a) There appear to be two solutions: one on the interval from 1.13 to 1.14 and one on the interval from 1.08 to 1.09. From 
1.13 to 1.14, z5 increases from 0.0465 to 0.0478 while (sin 3r)(cos 4a) decreases from 0.0470 to 0.0417, so they 
must cross in between. Similarly, going from 1.08 to 1.09, = increases from 0.0406 to 0.0418 while (sin 3x) (cos 4x) 
increases from 0.0376 to 0.0442. Thus the difference between the two changes sign over that interval, so their differ- 
ence must be zero somewhere in between. 

(b) Reasonable estimates are x = 1.085 and x = 1.131. 


19. (a) The first ten results are: 


L9 4.3 o2 pF $-| w.osd x jp oss 


5.57299 
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(b) The solution is x & 5.573. We started with an initial guess of 1, and kept repeating the given procedure until our 
values converged to a limit at around 5.573. For each number on the table, the procedure was in essence asking the 
question “Does this number equal 4 times the arctangent of itself?" and then correcting the number by repeating the 
question for 4 times the arctangent of the number. 

(c) Po represents our initial guess of x = 1 (on the line y = x). P is 4 times the arctangent of 1. If we now use take 
this value for P and slide it horizontally back to the line y = x, we can now use this as a new guess, and call it 
P5. P5, of course, represents 4 times the arctangent of P», and so on. Another way to make sense of this diagram is 
to consider the function F(x) = 4arctan x — x. On the diagram, this difference is represented by the vertical lines 
connecting P; and Pi, P» and P5 and so on. Notice how these lines (and hence the difference between arctan x and 
x) get smaller as we approach the intersection point, where F(x) = 0. 

(d) For an initial guess of x = 10, the procedure gives a decreasing sequence which converges (more quickly) to the same 
value of about 5.573. Graphically, our initial guess of Po will lie to the right of the intersection on the line y = zx. 
The iteration procedure gives us a sequence of P;,P2,... that zigzags to the left, toward the intersection point. For 
an initial guess of x = —10, the procedure gives an increasing sequence converging to the other intersection point 
of these two curves at x zz —5.573. Graphically, we get a sequence which is a reflection through the origin of the 
sequence we got for an initial guess of x = 10. This is so because both y = x and y = arctan x are odd functions. 


20. Starting with x = 0, and repeatedly taking the cosine, we get the numbers below. Continuing until the first three decimal 
places remain fixed under iteration, we have this list and diagram: 


y 
x COS X 
0 0.735069 
1 0.7401473 
0.5403023 | 0.7356047 
0.8575532 | 0.7414251 
0.6542898 | 0.7375069 
0.7934804 | 0.7401473 
0.7013688 | 0.7383692 
0.7639597 | 0.7395672 
0.7221024 | 0.7387603 
0.7504178 | 0.7393039 
0.7314043 | 0.7389378 
0.7442374 etc. 7 


21. 


Bounded and —5 < f(x) < 4. 
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22. 


Bounded and 2 < h(@) < 8. 
23. 


Not bounded because f(t) goes to infinity as t goes to 0. 


Solutions for Section B 


7 Qe /2 
. 5e’™ 


1 Vei" /4 


514.069 


5 e37i/2 


. vV10e”?, where 0 = arctan(—3) + x = 1.893 is an angle in the second quadrant. 


1 
2 
3 
4 
5. 0e’’, for any 0. 
6 
7 
8. 13e, where 0 = arctan( i) œ~ —1.176 is an angle in the fourth quadrant. 
9 


. —3— 4i 
10. —11 + 29i 
11. —5 + 12i 
12. 1+ 3i 
13, 1 — % 
14. 3— 6i 
15. cos 2* + isin 22 — —1 i8 
16. cos S + isin Ẹ = sS + i is one solution. 
17. 5° (cos + isin 34) = —125i 


18. W/10cos gt iV10sin = is one solution. 
19. One value of Vi is Ve’? = CESE I = cos $ +isin 5 = x2 +2 


20. One value of / —iis V e* 2: = (e7)? =e = cos 34 + isin 84 = -2 +i 
4 4 2 


«Is 
m 


21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 


29. 


30. 


31. 


32. 
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One value of Wiis Ve! (ei$)3 e's cos $ + isin = xs F3 
One value of VTi is V Te? = (Též)? = Viet = = V7cos 4 +iV/7sin f = via i 


(La = (act) = (08) et 100 — 250 . e257 — 250 cos 257 + 0080 sin 257 80 

One value of (1 + i)?/? is (V2et7)?/3 = (22e'F)3 = 2's = V2 cos £ +iV2sin 4 = V2. XS yg. 
One value of (—4 + 4i)?/? is [/32e(057/0]G/3 = (,/32)2/3eG7/2) = — 96/2 cos $ + "T sin £ = 2i V/A 
One value of (V3 + i)!/? is (2658 )!/? = V2e' = V2 cos 5 + iv/2sin 5 e 1.366 + 0. adi 

(v3 


One value of (4/3 + i)~1/? is (2658) 1/2 = ae Tz) = 25 cos(— 45) + iz sin(— i5) & 0.683 — 0.183i 


Since V5 + 2i = 3e/?, where 0 = arctan z = 0.730, one value of (v5 + 2i) V? is (3e)? = 3v = 
3Y? cos V20 + i3? sin V20 ~ 3V? (0.513) + i3 7 (0.859) ~ 2.426 + 4.062i 


We have 

y= 1 1 4 Š 

1 SSS S05 > =4, 
i i 4 

E, 1 

i =a h 
il 1 ài 

A ue -= 

"cB 
1 

.—4 

l =a 


The pattern is 


Since 36 is a multiple of 4, we know i ^? = 1. 
Since 41 = 4-10 + 1, we know i ^! = — i. 


Substituting A; = 2 — A» into the second equation gives 


(1 —%)(2 — A2) + (1+ i) A2 =0 


SO 


Therefore Ay = 2 — (14-i) =1 — i. 
Substituting A2 = 2 — Aı into the second equation gives 
(i — 1)Aı + (1 +i)(2 — A1) = 0 
iA, — Ai — Ai — iA + 2+ 2i = 0 
—2A; = —2 — 2i 
A =1+i 


Substituting, we have 


A=2- A, =2-—(14i)=1-i. 


(a) To divide complex numbers, multiply top and bottom by the conjugate of 1 + 2i, that is, 1 — 2: 
3-41 3-41 1-2 3-4 6i + 8i? | —5 — 10i 
1-2i 142) 1-20 — 1? +2? BENE: 

Thus, a = —1 and b = —2. 
(b) Multiplying (1 + 24) (a + bi) should give 3 — 4i, as the following calculation shows: 


(1 + 2i)(a + bi) = (1 + 2%)(—1 — 2i) = —1 — 2i — 2i — A? = 3 — 4i. 


==] 24; 
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33. To confirm that z = hus we calculate the product 
c 4 di 


p ac+bd _ be— 
z(c + di) = (S lg Fa p) (c 4- di) 
_ ac? + bcd — bed 4 + (bc? — acd + acd + bd?)i 
N ae + d? 
2 2) 2 2; 
E ELL ae 


34. (a) 


z122 = (—3 — ivV3)(—1 + iV3) = 3 + (V3)? + i(V3 — 3V3) = 6 — i2 v3. 
= iv3. 


a _ -3-iV/3 -1-iV/3 _ 3-(V3)?+i(V3+3V3) _ i-4Vv3 


a A+ l4 (—1)? + (V3)? ~~ 4 
(b) We find (r1, 01) corresponding to z; = —3 — iv 3: 


ri = 4/ (—3)? + (V3)? = 12 = 2/3 
tan@, = =v3 = v3 so 0, = a 
—3 3 6 


(See Figure B.2.) Thus, 
; TT 
3-—iV3 = rie 22 /3e* 9. 


We find (r2, 02) corresponding to z2 = —1 + iv 3: 


(See Figure B.3.) Thus, 
; -27 
l4 iV3-2 ree? = F, 


Z2 +3 
01 = 77/6 
p: N 1 T/ " 05 = 27/3 
-1 
Tl 
ZA E -v3 
Figure B.2 Figure B.3 


zl 
We now calculate z1z» and —. 
z2 


aids = (273e) (2&5) za 3e UE P = gui e 


= AV8 [cos HT + isin = = Hz) -ava [$ | = 6 — i2V3. 


Z2 F 


V3 (cos 5 + isin Z) EUM D 


These agrees with the values found in (a). 


35. 


36. 


37. 
38. 
39. 
40. 
41. 


42. 
43. 


44. 


45. 


First we calculate 


2122 = (a1 + bii)(a2 + boi) 


Thus, Z122 = a1a3 — bi be i(a102 i à2b1). 
Since z1 = a, — b1i and Z = a3 — bai, 


Q102 
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bib» + i(a102 + a2b1). 


bıb2 


2122 = (a1 bit) (a2 bai) = 0102 


Thus, 2722 = Z122. 


i(a102 t a2b1). 


If the roots are complex numbers, we must have (2b)? — 4c < 0 so b? — c < 0. Then the roots are 


—2b + ,/(2b)? — 4c 
t = = 


2 


band q = vc — b2. 
True, since 4/a is real for all a > 0. 


True, since (x — iy)(x + iy) = x? + y? is real. 


Thus, p — 


False, since (1 + i)? = 2i is not real. 
False. Let f(x) = x. Then f(i) = i but f (i) =i = —i. 


—b mnm 


—b xo 
—b+ 


True. We can write any nonzero complex number z as re??, where r and £ are real numbers with r > 0. Since r > 0, we 


iB 


can write r — e^ for some real number c. Therefore, z 
number. 


re 


False, since (1 + 2i)? = —3 + 4i. 

1 = e 20-9 — pt? eil) 
= (cos 0 + isin 0)(cos(—0) + isin(—0)) 
= (cos @ + isin 0) (cos 0 — isin 0) 
= cos?0 + sin?8 

Using Euler’s formula, we have: 


eei? 


e! C9) — cos 20 + isin 20 


On the other hand, 


t20) (ei)? = (cos 0 + isin 0)? = (cos?0 


Equating imaginary parts, we find 


sin 20 = 2sin 0 cos 0. 


Using Euler's formula, we have: 


eC) — cos 20 + isin 20 


On the other hand, 


eil2) _ (ef? = (cos 0 + isin 0)? = (cos?0 


et — e" where w = c + ib isa complex 
sin?0) + i(2cos0sin 0) 
sin?0) + i(2 cos 8 sin 0) 


Equating real parts, we find 


cos 20 = cos? 0 — sin? 0. 
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46. Differentiating Euler’s formula gives 


d 


ae) = ie"? = i(cos 0 + isin 0) = — sin 0 + i cos 0 


Since in addition Le) = £ (cos 0 + isin 8) = £ (cos 0) + if (sin 0), by equating imaginary parts, we conclude 


that d6 sin 0 = cos 0. 


47. Differentiating Euler's formula twice gives 


dog d u d2 Ê. 
E j= ggz (0088 + isin b) = ggz (0089) + ia (sin 8). 
id d? , ig — 2 i0 io ics 
4g: € ) =e" — —e" = — cosh — ising. 
Equating real parts, we find 
Z (eos 0) = — cos 8. 


48. Replacing 0 by —z in the formula for sin 0: 


gines gre uet BE e* — e^!) — — ging. 
2i 


49. Replacing 0 by (x + y) in the formula for sin 0: 


© 


sin(x + y) = (ure _ gee) 2 i ( ia iy 


|= le 


= — ((cosx + isin x) (cos y + isin y) — (cos (—x) + isin (—2)) (cos (—y) + isin (—y))) 


-x 


E ((cos x + isin x) (cos y + isin y) — (cos x — isin x) (cos y — isin y)) 
i 


= sin g cos y + cos z sin y. 


50. Since x1, yi, £2, y» are each functions of the variable t, differentiating the sum gives 


(z1 + 22)! = (a1 + iyı + x2 + dya) = (xı + £2 + i (yı + y2) 
= (xı + 22)' +i (yi + yp)’ 
= (x1 +22) +i (yi + v2) 

( 


zı iyi) + (x2 + iy)’ 


Differentiating the product gives 


(2122) = ((a1 + tyr) (2 + iy2))' = (x182 — y1y2 + di (yia 4-2 y2)) 
= ( 


xia. — yiy2). + i (yizo + ziy2) 


PER / 1 / / 1 Li ri / 1 f / 
(aao r ©1X2 — Ay yiy2) T i (yia YıT2 + 1192 d 212) 
= Fd i Lè y 1 / 1 $ 1 H 1 1 / 
[r122 — yry2 + i(ziy2 + yio2)] + [x19 — yiyo + i(yixo + 212)] 
= (a + iyi) (a2 + iy2) + (a1 + tyr) (x3 s iy) 
A 


£ 1 
= 24122 + 2122. 
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Solutions for Section C 


1. (a) f'(x) = 3a? + 6x +3 = 3(a + 1). Thus f'(x) > 0 everywhere except at x = —1, so it is increasing everywhere 
except perhaps at x = —1. The function is in fact increasing at x = —1 since f(x) > f(—1) for x > —1, and 
f(x) < f(—1) for z < —1. 
(b) The original equation can have at most one root, since it can only pass through the x-axis once if it never decreases. 
It must have one root, since f (0) = —6 and f(1) = 1. 
(c) The root is in the interval [0, 1], since f(0) < 0 < f(1). 


(d) Let zo = L 
to = 
i= ELE -5 Z ~ 0.917 
u 
n= BL voss 
s = 0.913 — FE x 0.913. 


Since the digits repeat, they should be accurate. Thus x ~ 0.913. 


2. Let f(x) = z? — 50. Then f(3/50) = 0, so we can use Newton’s method to solve f(x) = 0 to obtain x = W50. 
Since f'(x) = 3z?, f' is always positive, and f is therefore increasing. Consequently, f has only one zero. Since 
3? = 27 < 50 < 64 = 4, let £o = 3.5. Then 


Xo = 3.5 
£(3.5) 


——— = 3.694 
f (3.5) 3.69 


qq = 3:5 = 
Continuing, we find 
$3 & 3.684. 


Since the digits repeat, x3 should be correct, as can be confirmed by calculator. 


3. Let f(a) = z^ — 100. Then f(4/100) = 0, so we can use Newton’s method to solve f(a) = 0 to obtain x = v/100. 
f'(x) = 4a?. Since 3* = 81 < 100 < 256 = 4*, try 3.1 as an initial guess. 


zo = 3.1 

ti = 3.1— AA & 3.164 

x2 = 3.164 — M & 3.162 
x3 = 3.162 — DR & 3.162 


Thus 4/100 ~ 3.162. 

4. Let f(x) = x? — 4. Then f (1071/5) = 0, so we can use Newton’s method to solve f(a) = 0 to obtain x = 1071/5. 
f(a) = 3a. Since V3 zd V is « V1. ty zo = i. Then xı = 0.5 — —— = 0.467. Continuing, we find 
x2 ~ 0.464.x3 ~ 0.464. Since zo ~ z3, 1071/3 zz 0.464. 


5. Let f(x) = sin x — 1 + x; we want to find all zeros of f, because f(x) = 0 implies sin z = 1 — a. 
Graphing sin x and 1 — z in Figure C.4, we see that f(a) has one solution at x ~ i. 


1882 


10. 
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Figure C.4 


Letting zo = 0.5, and using Newton’s method, we have f'(x) = cos x + 1, so that 


sin(0.5) — 1+ 0.5 


—0.5— = 0.511 
ie cos(0.5) + 1 Te 
sin(0.511) — 1 + 0.511 
= 0.511 — ——9——— —— — — & 0.511. 
a= cos(0.511) +1 us 
Thus sin x = 1 — z has one solution at x ~ 0.511. 
. Let f(x) = cos x—x. We want to find all zeros of f, because f(x) = 0 implies that cos x = x. Since f'(x) = — sin z—1, 


f’ is always negative (as — sin x never exceeds 1). This means f is always decreasing and consequently has at most 1 
root. We now use Newton’s method. Since cos 0 > 0 and cos  « $, cosx = x for 0 < x < Lr Thus, try zo — T. 


2 2? 
PE ELLA EE EST UT 
6 — gin t 1 
x2 F2 0.7391, 
x3 F2 0.7390. 


v2 fd v3 & 0.739. Thus x & 0.739 is the solution. 


. Let f(z) = e~” — Ina. Then f'(x) = —e~* — 4. We want to find all zeros of f, because f(x) = 0 implies 


thate ^ = Inz. Since e`” 


is always decreasing and In x is always increasing, there must be only 1 solution. Since 
e! »1n1 = 0, and e^ < Ine = 1, then e^? = ln z for some z, 1 < £ < e. Try xo = 1. We now use Newton's 


method. 


e p 
$1—1— =i 1.2689, 
z2 & 1.309, 
T3 © 1.310. 
Thus x z 1.310 is the solution. 
. Let f(x) = e” cos z — 1. Then f'(x) = —e* sin x + e” cos x. Now we use Newton's method, guessing zo = 1 initially. 
1 
zı=1— fü & 1.5725 
PO) 


Continuing: z2 ~ 1.364, x3 ~ 1.299, x4 ~ 1.293, x5 & 1.293. Thus xz ~ 1.293 is a solution. Looking at a graph of 
f(x) suffices to convince us that there is only one solution. 


Let f(x) = Inz — ż, so f'(z) = 1 + 5. 

Now use Newton's method with an initial guess of xo = 2. 

1n2 — 4 
I. 
231 

x2 & 1.763, 


21—2— x 1.7425, 


Thus x zz 1.763 is a solution. Since f'(x) > 0 for positive x, f is increasing: it must be the only solution. 


(a) One zero in the interval 0.6 < x « 0.7. 
(b) Three zeros in the intervals —1.55 < x < —1.45, x = 0, 1.45 < x < 1.55. 
(c) Two zeros in the intervals 0.1 < x < 0.2, 3.5 < x < 3.6. 


11. 


12. 


Solutions for Section D 
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f'(x) = 3a? + 1. Since f’ is always positive, f is everywhere increasing. Thus f has only one zero. Since f(0) < 0 < 
f(1), 0 < zo < 1. Pick zo = 0.68. 


xo = 0.68, 
xı = 0.6823278, 
x2 & 0.6823278. 


Thus x ~ 0.682328 (rounded up) is a root. Since xı 7 x2, the digits should be correct. 
Let f(x) = x” — a, so f'(x) = 2x. 
2 a 


Then by Newton’s method, #41 = £n — —2—- 


Fora=2: d 

zo = 1, zı = 1.5, ro © 1.416, z3 © 1.414215, z4 ~ 1.414213 so V2 & 1.4142. 
For a — 10: 

£o = 5,21 = 3.5, v2 & 3.17857, v3 © 3.162319, z4 ~ 3.162277 so V10 ~ 3.1623. 
For a = 1000 : 


zo = 500, zı = 251, x2 ~ 127.49203, x3 & 67.6678, x4 ~ 41.2229, x5 ~ 32.7406, re & 31.6418, v7 ~ 31.62278, 
xg & 31.62277 so v 1000 ~ 31.6228. 
Fora=7: 


to = 5,01 X 1.7853, v2 ~ 1.7725 £3 & 1.77245, x4 & 1.77245 so Ja ~ 1.77245. 


Exercises 


1. 


2. 


Low 


The magnitude is ||3i || = V37 + 0? = 3. 
The angle of 3i is 0 because the vector lies along the positive x-axis. 


The magnitude is ||27 +7 | =V24+P = V5. 
Since 2i + 7 is in the first quadrant, the angle is arctan(1/2) = 0.464 radians, or about 26.6 degrees. 
The magnitude is || — /27 + V27 || = / (—V2)? + JP =2. 
The direction of the vector — /27 + /2 j is given by the angle 0 = 37/4 as the vector bisects the second quadrant. 
+ü =(1-2)¢ + (24+3)7 —-(-Di +57 =-7 +57. 
2U +0 —(2—2)i +(443)7 — 73. 
d -(-2) —-2i -(3—4)j = (-2)i + (-1j = -2i - 3. 


. Calculating magnitudes of each vector yields: 


l3 +47 || = V32 +42 =5 
li +7 || =/2+P2=v2 
|| — 52 || = \/(—5)? +0? =5 

Isi = vo +5 =5 

IVZ I = v vB = v 
|2¢ +27 || = V2 4-22 = V8 
|| — 67 || = /0? + (-6? =6 


Thus 37 + 4j ; —5i and 5j have the same magnitude. 
Alsoi +j and \/2j have the same magnitude. 


1884 


8. 


10. 


11. 


12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 
20. 


21. 


22. 


23. 
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Two vectors are in the same direction if one is a positive scalar multiple of the other. 
Since 
i 47) S26 +2) 
the vectors 7 + j and 2i + 2j are in the same direction. 
Also 


5J = Sf) 


so 5j and /25 are in the same direction. 


Two vectors have opposite direction if one is a negative scalar multiple of the other. Since 


3 —5 2 
5j — rum 


the vectors 5j and —63 have opposite direction. Similarly, —6j and /25 have opposite direction. 
We work out the left hand side ||k7 || and show that it is the same as the right hand side |Kk|||' ||. We have 


l| || = kai + kbj || = / (ka)? + (kb)? = Vk? (a? +b?) = Vk? v/a? +b? = kr ||. 


(a) The magnitude of —3i + 4j is ,/(—3)? + 4? = 5, so we want to scale down the magnitude by a factor of 5. Scalar 


multiplying by 1/5 does not change the vector's direction, and gives the unit vector (—3/5)7 + (4/5)7 . 
(b) Scalar multiplying by —1 reverses a vector's direction without changing its magnitude. So 


32 4- 32 4- 
cog + BF) = BF - 33 


is a unit vector in the direction opposite to the original. 


A vector making an angle of 90° with the positive x-axis lies along the positive y-axis, so it is of the form 0 = aj with 
a positive. Its magnitude is ||v || = V0? + a? = a, so a = 5. The vector is 5j . 
Scalar multiplication by 2 doubles the magnitude of a vector without changing its direction. Thus, the vector is 2(4i — 
3j ) =8i — 6j. 
Scalar multiplication by —1 reverses the direction of a vector without changing its magnitude. Thus, the vector is 
(—1)(4i — 3j ) = —4i + 3j. 
The vector is (4— 3)í + (4— 2)j — i +2). 
In components, the vector from (6,6) to (—6, —6) is ((—6) — 6)? + ((—6) — 6)7 = —12i — 127 , which is not equal 
to6? — 6). 
In components, the vector from (7, 7) to (9, 11) is (9 — 7) + (11—9)j7 = 27 +27. 

In components, the vector from (8, 10) to (10, 12) is (10 — 8)? + (12— 10); = 2i +27. 

The two vectors are equal. 


In components, the vector of length \/2 making an angle of 7/4 with the positive x-axis is i+ j. which is not the same 
as —i +j. 


In components, the vector from (1, 12) to (6, 10) is (6 — 1)? + (10 — 12); = 5? — 27 . The two vectors are equal. 
The velocity is V (t) = 1i + 2t7. When t = 1 the velocity vector is =ï +27. 

The speed is || V || = V + 22 = V5. 

The acceleration is d (t) = 2j . 
The velocity is à (t) = ett + (1/(1 + t))j . When t = 0, the velocity vector is ð =i +]. 

The speed is ||v || = /12 + P = V2. 

The acceleration is d (t) = e*i — 1/((1 + t)”)j . When t = 0, the acceleration vector is d =i — j. 


The velocity is à (t) = —5 sin ti + 5costj . When t = 7/2, the velocity vector is = —5i. 
The speed is ||v || = 4/(—5)? + 0? = 5. 
The acceleration is d (t) = —5cos(t)í — 5sin(t)j . For t = 7/2, the acceleration vector is à = —5j. 


The position vector is . 7 7 4 
F (1/4) = cos(n/4)i + sin(n/4)j = (1/V2)i + (3/V2)j . 


The velocity vector is 


V (t) q costi i sint sint? 4- cost 7 
U =— Aes EE cs 
dt dt / us 


APPENDIX D SOLUTIONS 1885 
V (4/4) = — sin(x/4)i + cos(x/4)] = (—1/V2)i + (1/V2)7. 
The speed is 
lē || = y (71/2)? + 1/V2)? = 1. 


We recognize f (t) as the parameterization of a unit circle, centered at the origin. Figure D.5 shows the curve together 
with the position and velocity vectors when t = 7/4. We see that the velocity vector is tangent to the circle. 


Figure D.5: Position and velocity vectors 
for motion along a circle 


